ESSAYS ON DISCRIMINATORY PRICING
IN OLIGOPOLISTIC DIFFERENTIATED MARKETS

by

Silvia Ferreira Jorge

A Dissertation submitted to the Faculdade de Economia

in partial fulfilment of the requirements for the degree of

Doctor of Philosophy

Supervision Professor Cesaltina Pacheco Pires

Co-supervision Professor Vasco Santos

Faculdade de Economia

Universidade Nova de Lishoa

August 2006



Contents

1 Delivered versus Mill Nonlinear Pricing in a Duopoly 1
1.1 Introduction . . . . . . . . . o L 1
1.2 Linear city duopoly model . . . . . . . .. ..o L 3

1.2.1 Themodel . . . .. .. . . 3
1.2.2  Mill nonlinear pricing . . . . . . . . ... 4
1.2.3 Delivered nonlinear pricing . . . . .. .. .. ... ... ... ... 11
1.3 Welfare under MNP and DNP . . . . . ... ... . . . L. 19
1.4 Conclusion . . . . . . . 23
1.A Monopoly analysis . . . . . . . .. L 25
1.A.1 Mill nonlinear pricing . . . . . . . . . . ... 25
1.A.2 Delivered nonlinear pricing . . . . . . . . . . .. ... 27
1.B Kuhn-Tucker conditions of firm 1’s problem . . . . . ... ... ... ... .... 30
1.B.1 Mill nonlinear pricing — Market fully covered . . .. ... ... ... ... 30
1.B.2 Mill nonlinear pricing — Market fully covered for type Gonly . ...... 32
1.B.3 Delivered nonlinear pricing — ¢ < % ..................... 33
1.B.4 Delivered nonlinear pricing — 02 <t< % .................. 34
1.C Welfare computations . . . . . . . . . . . . . . ... 35

2 Delivered versus Mill Nonlinear Pricing with Endogenous Market Structure 38

2.1 Imtroduction . . . . . . . . . . . 38
2.2 Equilibrium price contracts for a given market structure . . . . . . . . ... ... 41
2.2.1 Mill nonlinear pricing . . . . . . . .. L L L L 43



2.2.2 Delivered nonlinear pricing . . . . . . .. .. .. oL 44

2.23 MNP versus DNP . . . . . . . . 47
2.3 Pricing policies and market structure . . . . . . .. ..o 51
2.3.1 Some analytical results . . . . . . . ... 52
2.3.2 Numerical Results . . . . . .. .. . 55
2.4 Conclusion . . . . . . e e 58
2.A Profit Functions . . . . . . . . . . 60
2.A.1 Mill nonlinear pricing — Firms’ profit functions . . . . .. ... ... ... 60
2.A.2 Delivered nonlinear pricing — Firms’ profit functions . . . . .. .. .. .. 60
2.B Welfare computations . . . . . . . . . . ... 61
Entry Decision and Pricing Policies 64
3.1 Introduction . . . . . . . . . L 64
3.2 The model and demand derivations . . . . . . . . . . ... 66
3.3 Discriminatory versus uniform pricing under monopoly . . . . . . . . .. ... .. 69
3.3.1 Discriminatory pricing . . . . . . . . ... 69
3.3.2 Uniform pricing . . . . . . . . .. 70
3.3.3 Comparison of pricing policies . . . . . . . . . . . . .. ... 71
3.4 Discriminatory versus uniform pricing when F enters market A . . . . . . .. .. 72
3.4.1 Discriminatory pricing . . . . . . . . ... Lo Lo 72
3.4.2 Uniform pricing . . . . . . . . . 73
3.4.3 Comparison of pricing policies . . . . . . . . . . . ... ... ... 7
3.5 Entry decision. . . . . ... 78
3.6 Conclusion . . . . . . . e e 80
3.A Discriminatory Pricing . . . . . . .. ... oo 81
3.A.1 Monopoly inmarket A . . . . . . . ... 81
3.A2 Duopoly inmarket A . . . . . ... 81
3.A.3 Monopoly inmarket B . . . . . .. ... 81
3.B Uniform Pricing . . . . . . . . . .. 82
3.B.1 Sell both markets and monopoly in market A . . . . . ... ... ... .. 82
3.B.2 Sell both markets and duopoly in market A . . . . .. ... ... ..... 82

ii



4 Discriminatory Limit Pricing 85

4.1
4.2
4.3

4.4
4.5
4.A

4.B
4.C
4.D
4.E
4.F

Introduction . . . . . . ..o 85
The Model . . . . . . o e 89
Perfect bayesian equilibria . . . . . . . . ... L oo 93
4.3.1 Separating equilibria . . . . . ... oo 93
4.3.2 Pooling Equilibria . . . . .. ... oL 102
4.3.3 Summary and further equilibrium refinements . . . . . . . .. .. ... .. 108
Extension of results. . . . . . . . .. L 110
Conclusion . . . . . . . .. 111
Firms’ profit functions . . . . . . . . . . ... 113
4.A.1 Monopoly inmarket Aand B . . . . . . .. ... ... .. 113
4.A.2 Duopoly inmarket A . . . . . ... 113
Non-negative constraints analysis . . . . . . . . . . . .. ... L. 115
Proof of Proposition 4.1 . . . . . . . . ... 116
Single-crossing condition analysis . . . . . . . .. .. L Lo oL 117
Low cost incumbent firm’s Kuhn-Tucker conditions . . . . . . . .. ... ... .. 118
Characterization of S1, Soand Sz . . . . . . . . ... ... o 119

iii



Acknowledgments

First of all, I wish to thank my supervisor, Cesaltina Pacheco Pires, for guiding me through this
dissertation and for her unending support. I am truly grateful to have had the opportunity to
work with her and I owe her a great deal. I am also indebted to my co-supervisor Vasco Santos
for reading this dissertation thoroughly and for all the guidance and advice he has provided.

I would like to thank Fundagao para a Ciéncia e Tecnologia (SFRH/BD/857/2000) for fun-
ding this project and Universidade de Aveiro for providing the time required to close this dis-
sertation, in particular to Joaquim Borges Gouveia, Celeste Amorim and also to Elsa Sarmento.

The first two essays benefited greatly from the remarks of participants at the Informal
Seminar in Universidade Nova de Lisboa (September 2004), the 9* Conferéncia Anual da So-
ciedade Portuguesa de Investigagio em Economia (Lisboa, October 2004), the ASSET Annual
Conference (Barcelona, November 2004), the International Industrial Organization Conference
(Atlanta, April 2005) and the 32™% Annual Conference of the European Association for Research
Industrial Economics (Porto, September 2005). T am grateful to the editor of the International
Journal of Industrial Organization, David Martimort, and to two anonymous reviewers for their
insightful comments.

For all the support over the period of studies at Lisbon I thank my godfathers, Ana Garrett
and Joao Figueiredo, Gracinda and my colleagues at Universidade Nova de Lisboa, with special
thanks to Jane, Daniel, Ana Lacerda and Maércia.

I am also really grateful to my friends, Olga, Patricia, Sofia, Rui, Sérgio and especially to
Carla, Claidia, Mafalda, Jodao Pedro and Pedro Brandao, for all the support and friendship.

Last and most of all I want to thank my family, Mum, Dad, Ruben, Leo, Sénia, Ana Georgina,
José Adriano, Isabel and especially to you, Pedro: you were an endless source of strength and

encouragement putting up with all my ups and downs. To all of you I dedicate this dissertation.

iv



Preface

This dissertation is composed of four essays which address discriminatory pricing in oligopolistic
differentiated markets.

Under the most varied setups, a vast literature has explored the impact of different pricing
policies upon various economic issues such as welfare, entry deterrence, locational choice and
long-run market structure. The first two essays extend the discriminatory versus
non-discriminatory pricing’s literature to a setup where equilibrium prices are nonlinear. Both
essays focus on a spatial competitive model where consumer’s preferences differ over two dimen-
sions: brand preferences or horizontal preferences (which are typically related with consumer’s
location in the market) and quality preferences or vertical preferences (which are related to
consumer’s marginal valuation of product quality). Discrete vertical uncertainty is modeled by
assuming that at each location there are two types of consumers with different preferences for
quality, either low or high valuation, and that these consumer’s vertical preferences are not obser-
vable by the competing firms whereas consumer’s brand preferences are complete information.
In these circumstances nonlinear prices arise in equilibrium. Within this framework two different
nonlinear pricing policies are compared: delivered nonlinear pricing, where firms offer different
price-quality nonlinear contracts at each location and mill nonlinear pricing, where firms are not
allowed to discriminate among consumers at different locations and they must simultaneously
offer a unique price-quality nonlinear contract. All degrees of vertical differentiation (given by
the ratio of the types’ quality preference parameters) and degrees of horizontal differentiation
(i.e., the typical spatial models’ differentiation parameter) where competition is effective are
analyzed.

The first essay presents a short-run analysis under a linear city model. Considering two

identical firms, full characterization of equilibrium contracts is studied for each nonlinear pricing



policy. The comparison of the equilibrium nonlinear contracts under the two pricing policies
shows that the quality offered to high valuation consumers under both pricing policies is the
socially efficient one. The quality offered to low valuation consumers is the socially optimal one
under mill nonlinear pricing but it may be suboptimal under delivered nonlinear pricing. The
two policies may also differ in terms of market coverage of low valuation consumers. There is
only a small set of degrees of vertical and horizontal differentiation where there are more low
valuation consumers being served under mill nonlinear pricing.

Previous nonlinear pricing studies showed that when firms use delivered nonlinear pricing the
type of contracts offered depends on the location and there can exist different market regions:
monopoly, intermediate and competitive regions. The complete analysis of delivered nonlinear
pricing shows that these three market regions may not always exist. In fact, we show that in order
to have the three market regions we must have a relatively low vertical differentiation degree and
a relatively high horizontal differentiation degree. For high degrees of vertical differentiation,
the monopoly region does not exist even for high degrees of horizontal differentiation.

Apart from a complete characterization of equilibrium nonlinear contracts, the first essay
also presents a short-run welfare comparison of the two nonlinear pricing policies. Taking into
account contracts’ efficiency as well as market coverage, the short-run welfare under delivered
nonlinear pricing may be smaller, equal or larger than under mill nonlinear pricing.

The welfare comparison performed in the first essay considers a given market structure.
However, complete welfare comparison should also include the effect of pricing policies on market
structure since the entry incentives differ in the two entry policies. The second essay discusses
the impact of nonlinear pricing policies on the free entry long-run equilibrium. Using a circular
city model, the free entry long-run equilibrium number of firms is computed for each pricing
policy when firms’ relocation is costless, i.e., when there is spatial contestability.

It is shown that the free entry long-run equilibrium number of firms under delivered nonlinear
pricing may be smaller, equal or higher than under mill nonlinear pricing, depending on the
degree of vertical and horizontal differentiation. The main contribution of this essay is to show
that delivered nonlinear pricing may increase the free entry long-run equilibrium number of firms.
This result only occurs when vertical differentiation degree is low and horizontal differentiation
degree is close to the limit where local monopolies for both types of consumer start to appear.

We also prove that under spatial contestability there is excess of entry under both mill nonlinear

vi



pricing and delivered nonlinear pricing.

This framework applies to the study of firms’ pricing policy regulation since it revisits the
issue of whether regulatory authorities should prohibit firms from practicing price discrimination
among consumers who differ according to some observable characteristic (consumer’s location).
We extend the analysis of the economic justification of firms’ pricing policies regulation to a
nonlinear pricing setup. The analytical results show that delivered nonlinear pricing yields higher
long-run welfare than mill nonlinear pricing when (%) fixed costs are low and when (ii) fixed costs
are intermediate and consumer types are sufficiently different. Numerical results suggest that
this also holds for other parameters’ values, supporting the view that discriminatory nonlinear
prices should not be prohibited.

A paper based on the first two essays (with more emphasis on the second essay) was submitted
to the International Journal of Industrial Organization who required a revision of the paper. This
revision has already been sent and a decision over the publication of this paper is forthcoming.

The third essay focuses in the impact of firms’ pricing policies upon entry decision. We
extend the analysis of the impact of pricing policies upon entry to a framework where price
competition and differentiated products are present. We consider a model where an incumbent
firm serves two distinct and independent geographical markets and an entrant firm may enter
in one of the markets offering a differentiated product. Entry under discriminatory pricing is
more likely than under uniform pricing when we have entry costs levels where entry is profitable
under discriminatory pricing but unprofitable under uniform pricing.

We compare the impact of firms’ pricing policies upon entry decision. We analyze how this
comparison is affected by the difference in the competitive threat across markets, the difference
in market demands and the degree of product substitutability. This latter effect was not present
in previous studies.

It is shown that the impact of pricing policies upon entry is ambiguous since entry under
discriminatory pricing may be more, less or equally likely than under uniform pricing. For all
degrees of product substitutability, there is always some level of degree of difference in market
demands where under discriminatory pricing entry is more likely than under uniform pricing.
This happens for a larger interval of degree of difference in market demands when there are
lower degrees of product substitutability.

We reinforce the idea that any regulation decision should be based on a complete evalua-
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tion of the market conditions in terms of markets’ demand differences and degree of product
substitutability.

The fourth essay is on discriminatory signaling prices to deter entry. In a two-period frame-
work, a multimarket incumbent firm faces a single potential entrant firm in one of the two
markets where he operates. We develop a model of cost-based informational asymmetry where
the incumbent has private information about his production costs, either low or high. The en-
trant observes the incumbent’s first period prices in both markets and decides whether to enter
or not. If entry occurs in the second period firms are price-setting duopolists in a differentiated
product market. The incumbent may use both pre-entry prices as predatory signals for his
production costs. We thus have discriminatory limit pricing.

To date, the use of differentiated products has not been widely explored in cost-based in-
formational asymmetry setups. We show that the degree of product substitutability affects the
low cost incumbent firm’s multiple signaling strategy.

Due to the lack of restrictions upon off-the-equilibrium path posterior beliefs, we find multiple
pure strategy perfect bayesian equilibria. However, we show that there is always a unique
reasonable perfect bayesian equilibrium. In some cases the only equilibrium that survives the
domination criterion is the least cost separating equilibrium. In this separating equilibrium, the
low cost incumbent’s complete information prices may no longer hold. The low cost incumbent
uses pre-entry prices in both markets to signal low production cost and there may be a downward
distortion in both pre-entry prices. Moreover, we show that this distortion is identical in both
markets for every relationship between markets’ demand parameters. The price distortion is
increasing with the discount factor, the degree of product substitutability and the efficiency of
the entrant. For the remaining cases, a pooling equilibrium where both types of incumbents set
the low cost incumbent’s monopoly prices is the unique equilibrium that survives the Grossman
and Perry (1986) criterion.

An implication of the analysis to predatory pricing detection is the fact that regulatory
authorities should reach worldwide information since firms are becoming global and may price
lower than the monopoly prices in more than one market in order to deter entry. Multinational

firms may not be using purely discriminatory pricing but discriminatory limit pricing.
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Chapter 1

Delivered versus Mill Nonlinear

Pricing in a Duopoly

1.1 Introduction

Nonlinear pricing has been widely explored in the past two decades. Nonlinear pricing analysis
within a competitive environment gave rise to a vast number of studies, starting with the notable
examples of Katz (1984), Spulber (1989), Champsaur and Rochet (1989) and more recently Stole
(1995), Hamilton and Thisse (1997), Armstrong and Vickers (2001) and Rochet and Stole (2002).

Focusing on a spatial competitive model, Stole (1995) considers a framework where con-
sumer’s preferences differ over two dimensions: brand preferences (horizontal preferences — which
are typically related with each consumer’s location in the market space) and quality preferences
(vertical preferences — consumer’s marginal valuation of product quality). Stole first presents
vertical uncertainty: a setting where consumers’ vertical preferences are unknown by the compe-
ting firms while consumers’ brand preferences are common knowledge. In this setting nonlinear
prices arise in equilibrium. Within this framework one can analyze two different nonlinear pri-
cing policies: delivered nonlinear pricing — DN P — firms offer different nonlinear contracts at
each location; or mill nonlinear pricing — M NP — firms are not allowed to discriminate among
consumers at different locations and they must offer a unique nonlinear contract.

There are three relevant studies that discuss these pricing policies using a duopoly model

considering two types of consumers at each location. Villas-Boas and Schmidt-Mohr (1999)



study mill nonlinear contracts under discrete vertical uncertainty. They analyze a credit-market
setting where banks offer a menu of credit contracts (which include a gross interest rate and a
collateral requirement) and show that those contracts and their screening degree depend upon the
degrees of horizontal differentiation (i.e., the typical differentiation parameter in spatial models)
and vertical differentiation (given by the ratio of the types’ quality preference parameters).

Delivered nonlinear pricing was studied by Pires and Sarkar (2000) and Valletti (2002). Both
analyze the locational equilibrium, the former considering price-quantity nonlinear contracts and
the latter price-quality nonlinear contracts. The discrete case analysis showed that when firms
use delivered nonlinear pricing the type of contracts offered depends on the location and there
can be different market regions: monopoly, intermediate and competitive regions. In addition,
Valletti studies what happens to these regions as the vertical differentiation degree increases but
considering a fixed horizontal differentiation degree. However, it would be interesting to explore
how the equilibrium contracts change with the degrees of horizontal and vertical differentiation
since this would give a complete description of delivered nonlinear pricing.

Notice that these articles do not compare delivered nonlinear pricing with mill nonlinear
pricing (since they study each pricing policy separately) and this is certainly an interesting
comparison to do. In this chapter we use a discrete vertical uncertainty framework where at
each location there are two types of consumers with different preferences for quality, either low
or high valuation. We characterize the equilibrium solution contracts for delivered nonlinear
pricing and mill nonlinear pricing for all degrees of vertical and horizontal differentiation where
competition is effective. Our analysis has two objectives: firstly, to complete the analysis of
previous studies on delivered nonlinear pricing; secondly, to compare the two pricing policies in
terms of contracts’ efficiency, market coverage and welfare.

Our analysis of delivered nonlinear pricing shows that the three market regions identified by
Pires and Sarkar (2000) and by Valletti (2002) may not always exist. In fact, we show that in
order to have all these regions we need to have a relatively low degree of vertical differentiation
and a relatively high degree of horizontal differentiation. For a low degree of horizontal differen-
tiation, only competitive contracts are offered. For a high degree of vertical differentiation, the
monopoly region does not exist even for high degrees of horizontal differentiation.

The comparison of the nonlinear contracts under the two pricing policies shows that the

quality offered to the high valuation consumers under both pricing policies is the socially efficient



one. The quality offered to the low valuation consumers is the socially optimal one under mill
nonlinear pricing but it may be suboptimal under delivered nonlinear pricing. The two pricing
policies may also differ in terms of market coverage of the low valuation consumers. Taking
into account the efficiency of the quality offered to the low valuation consumers as well as their
market coverage, we compared welfare under the two pricing policies. The welfare results are
ambiguous: welfare under delivered nonlinear pricing may be smaller, equal or larger than under
mill nonlinear pricing.

The chapter will proceed as follows: Section 1.2 presents the linear city model with two
identical firms and studies the equilibrium contracts for each pricing policy. Section 1.3 analyzes
and compares both pricing policies in terms of contracts’ efficiency, market coverage and welfare.

Our main conclusions are presented in section 1.4.

1.2 Linear city duopoly model

1.2.1 The model

Consider two identical firms offering nonlinear contracts (price p;, quality u;) to consumers dis-
tributed on a unit length line (brand preferences space). At each location d, d € [0, 1], there are
two types of consumers characterized by their preference for quality, measured
by 6: 6 > 6 > 0. The two types are uniformly distributed along the line, both having mass equal
to 1. We assume that firms observe each consumer’s location d whilst the quality preference
parameter @ is consumer’s private information (i.e., there is vertical uncertainty). We assume
that firms are located at diy = 0 and da = 1 and have identical production cost for a good of
quality u;, given by C(u;) = %22 Each consumer type buys a single unit of a good and chooses
the contract (p;,u;) that yields the maximum net surplus (purchasing at most from one firm).
When a consumer is indifferent between buying from firm 1 or firm 2, we assume he buys from
the nearest firm. If a type 6 consumer located at d buys at price p; a product of quality wu;

produced by firm i, i = 1,2, located at d;, d; € [0, 1], his net surplus is given by:

V =U(0,d,u;,d;) — pi = Ou; — t|d — d;| — pi, (1.1)



where ¢ is a differentiation parameter (horizontal differentiation degree where ¢ > 0) and as in
other spatial models ¢ |d — d;| measures the consumer’s loss of not consuming his ideal brand.!
The horizontal differentiation degree, t, will be crucial for the competition analysis when firms
use MNP and for the competition intensity when firms use DN P. Also consider k to be the

asymmetric information degree or the vertical differentiation degree, i.e., the dispersion of types’

2

|DIDI

quality preference parameters: k =
Notice that (1.1) implies that, independently of their brand preferences, consumers with

higher 6 will be willing to accept larger rises in price for a given increase in product quality.

1.2.2 Mill nonlinear pricing

Let us first consider the case where firms are not allowed to discriminate among consumers at
different locations: they must simultaneously offer a unique nonlinear contract (p;, @; and P, u;)
for all consumers distributed along the line. All prices and qualities must be non-negative.

In general, under wertical uncertainty, when firms set mill nonlinear contracts they face
a multidimensional screening problem as they may use both § and d as screening variables.?

However, under our utility specification the sorting condition only holds with respect to 6 since:

9[- (9V/ou) /(0V/Op)] 9[= (9V/du) /(0V/0Op)]
50 =1>0 but 94

Therefore, in our model mill nonlinear contracts only screen consumers according to their

=0.

quality preferences. Consumers differ in their relative preference for the two firms but these
brand preferences are neutral with respect to quality preferences.*
Under monopoly mill nonlinear pricing (see Appendix 1.A.1), a monopolist located at d,, = 0

always stops selling to type 6 at a location further away than the one where he stops selling

'We consider a general specification given by V = @u; — 0"t |d — d;| — p; but restrict our analysis to 7 = 0
for technical simplicity since for r # 0 brand preferences and quality preferences interact. Thus, we may have
changes in the consumer ranking since the type of consumer who is willing to pay more for a given u may be
type 6 consumers for locations distant from the firm’s location. These cases are interesting but require additional

complex computations.
?Notice that 6 can be reinterpreted as the inverse of the marginal utility of income in a setup where consumers

have identical ordinal preferences but differ in their incomes. Wealthier consumers have lower marginal utility
of income and consequently higher 6. In this case, a high k (k € [1;+00[) implies a high asymmetry in income

distribution.
3Rochet and Stole (2000) discuss in detail the multidimensional screening scenario.
*Valletti (2002) considers interaction between horizontal (brand) and vertical (quality) preferences, using the



. 3 52
to type 6 and there are no local monopolies at least for one type (type 0) as long as t < 5.

Henceforth we call this the non-existence of local monopolies condition under duopoly — NLMd
condition.’
Assuming that ¢ belongs to the previous interval, firms may cover the whole market for both

types, cover the whole market for type 6 only or sell to type 6 only.

Market fully covered

When firms cover the whole market for both types, firms’ demand is determined by the indifferent
consumer location for each type. From (1.1) if a type 6 consumer located at d buys from firm 1
she gets a net surplus of fu; — td — p; while if she buys from firm 2 she gets Qus — t(1 — d) — po.
Hence, the location where a type 6 consumer is indifferent between buying from firm 1 or from

firm 2 is given by:
o 1 0(ur —u2) +p2—p1
2t '

Therefore, firm 1 solves the following problem:

_9 9

- Ui\ 56 Uy \

max pL— — d+<p—>d
(P1,21)(p,,u1) < ! 2 > =1 2

subject to:

IRP? : 0a; —td® —p; >0
IRP® : O uy —td®—p >0
IC7 ¢ fuy —p1 > Ouy — p,
IC% ¢ Quy —p, > 60U —py

FE? . 0<d’<1for0=0,0.

following utility function:
V = U(@,d,ui,di) — Pi = 9(1 —_ |d*d2‘|)ui — Di-
In this case screening is feasible both on d and 6. However, this would increase considerably the complexity of

the mill nonlinear pricing problem and would require the use of recent techniques for solving multidimensional

screening.
5Under monopoly delivered nonlinear pricing the condition for non-existence of local monopolies would be less

restrictive (see Appendix 1.A.2). Therefore, we consider the limit given by the monopoly mill nonlinear pricing

analysis.
SFor all these cases we focus on symmetric Nash equilibrium solutions only.



The first two constraints are the individual rationality participation constraints (I RP) — the
indifferent consumer, located at d?, must have a non-negative net surplus (notice that this assures
that any type 6 consumer located to the left of d? gets a strictly positive net surplus). The third
and fourth constraints are the incentive compatibility constraints (IC') — firm 1 will set (p1, 1)
and (]31, uy) so that each type of consumer prefers the price-quality bundle designed for it. It is
interesting to notice that the incentive compatibility constraints do not depend on d. Thus, if
they are satisfied at one location, they are satisfied at every location. The last constraints are
the feasibility constraints (FE) — d? must belong to the unit line for both types.

Obviously, firm 2 faces a similar problem with demands (1 — d?) and (1— d?). Notice that
if the incentive compatibility constraints of firm 2 are satisfied, then types 6 and @ located to
the left of the indifferent consumer do not want to buy from firm 2 at (p,,u,) and (P2, u2),
respectively. Therefore, firm 1’s demands are indeed d° and d°.

There are two possible solutions to this problem. In one of them, indifferent consumers of
both types get positive net surplus. In the other one, type 8 indifferent consumer gets zero net

surplus (the Kuhn-Tucker conditions of firm 1’s problem are described in Appendix 1.B.1):

g0 | v=20 and p:%—l—t
Cli — n 52
u=0 and p=% +1
go| u=0 and p=06>—1
027 — n 92
’&29 and ﬁ:7+t

The price contracts offered at these two solutions are very similar. In both cases the quality
offered to each type is the socially efficient one.” The two contracts differ only in terms of
the price charged to type 6 consumers, p. At C?Q both prices (p and p) are increasing with ¢
thus, market power increases with the horizontal differentiation degree. However at ng, pis
decreasing with ¢. This last result is due to the fact that type 6 indifferent consumer has a zero
net surplus. Thus when ¢ increases, p has to decrease for the consumer to be willing to buy.

As we will see afterwards in more detail, the market is fully covered for both types for low

values of t. When ¢ is close to zero, all consumers get positive net surplus (Cfg). However, as

t increases type 6 indifferent consumer starts getting zero net surplus (ng). When t increases

"Simple computations reveal that v = 6 is the socially optimal quality.
8This pattern also holds for type @ but for higher values of ¢.



even further the market is no longer completely covered for type 6. Thus, ng may be inter-
preted as an intermediate case between full competition for both types and local monopolies for

type 6.

Market fully covered for type 6 only

When firms cover the whole market for type 0 only, demand from type @ consumers is determined
by the location where type 6 consumer is indifferent between buying and not buying at all. For

firm 1, this consumer is located at a?% where:

0 u;, —p

d = i (1.2)

! t

In this case, firm 1 solves the following problem:

_9 9

- Ui\ 5o uy\

max P — — d+<p—>d
(P1,21)(p,,u1) ( ! 2 ) =1 2 1

subject to:

IRPY . Buy —td’ — 51 >0

PC? . 0<d]<dy.

The last constraint is the Partially Covered constraint (PC). Again, firm 2 will solve an
analogous problem.

Considering the demand for each type of consumer and maximizing profits subject to the
usual asymmetric information constraints, we get the following solutions (the Kuhn-Tucker

conditions of firm 1’s problem are described in Appendix 1.B.2):

o~

%[\\J |,

S? u=0 an +

d p
d p

DNO| e+

Sg u=0 an




u=20 and p= 36>
LM? | E =

u=0 and p= 326
Lve | ¢ M ET AR

At S? and Sg firms only sell to type @ consumers. At LM% and LM% firms sell to both types
of consumers but have local monopolies for type §. Type 6 indifferent consumer gets a positive
net surplus with solutions S? and LM? but no surplus at Sg and LM%.

When the two firms compete for type 6 consumers and have local monopolies for type 6, they
offer the socially efficient qualities and charge p = %QZ, which is precisely the price that would
be charged by a monopolist, and serve type 6 consumers located to the left of & = % < % The
price contracts in these two solutions only differ for p.

Notice that there is no distortion in the quality offered to both types of consumers in every
solution under mill nonlinear pricing. Since we assume a perfectly separable utility function
between 6 and d (quality and brand preferences) we obtain precisely the same result as Armstrong
and Vickers (2001) and Rochet and Stole (2002). However, under LM% and LM% type 6
consumers located further away from the firm are not served and under S? and Sg type 6
consumers are not served. In these cases, as we will see later, there are too few type 6 consumers
being served.

Until now we have described several possible equilibrium solution contracts under M N P but

did not specify the set of parameters’ values for which each of them holds. Lets analyze the

symmetric Nash equilibria as a function of the parameters’ values.

Nash Equilibrium solution

For some parameters’ values, the Kuhn-Tucker conditions for the previous problems have mul-

tiple solutions.” In these cases, we consider the global maximum solution.! To achieve the

9There are also some undetermined solutions. But since their profits are equal to the profits of other determined
solutions and their intervals’ limits belong to the determined solutions intervals’ limits, we can exclude them from

analysis.
10Since we only analyze symmetric solutions of the Kuhn-Tucker conditions we cannot guarantee that the Nash

equilibrium described is unique (there may exist Nash equilibria corresponding to local maxima). However, even

if the Nash equilibrium described is not unique, it certainly is the most reasonable symmetric equilibrium.



maximum profits’ equilibrium solution, we proceed by computing each solution’s profits cove-
ring all ¢ and k. We only have equilibrium solutions for all ¢ < § if k> (1 + %) A

Figure 1.1 shows the set of parameters’ values where each of the previously described solution
contracts holds. Figure 1.1 illustrates several interesting features of the equilibrium solution

contracts as a function of the horizontal and vertical differentiation degrees (¢ and k). First, for

a given level of k = g, as t rises we move to less competitive solutions. Second, the solution

contracts depend on k.

104"
892 1
6q
4q

Zg2 1

1.447

Figure 1.1: Duopoly MNP equilibrium contracts

Discussion of results under mill nonlinear pricing Under MNP firms set a unique
nonlinear contract for the whole market. Curiously, some characteristics of the equilibrium
nonlinear contracts are similar to the well known results of mill linear pricing: for low ¢, firms
cover the whole market and the indifferent consumer gets positive net surplus; for intermediate
t, firms cover the whole market but the indifferent consumer gets zero net surplus; and for high
t, firms have local monopolies. When vertical differentiation is introduced, this phenomenon

happens for both types but for different degrees of horizontal differentiation. As type € consumers

"1Villas-Boas and Schmidt-Mohr (1999) also get similar non existence of (pure strategies) equilibrium.



are characterized by a lower preference for quality parameter, the previous phenomenon appear
for low degrees of horizontal differentiation for this type of consumers.'?> As it is shown in
Figure 1.1, for a given k£ and very low values of ¢, the market is fully covered for both types
and as t rises, firms start having local monopolies for type . If ¢ rises above the non-existence
of local monopolies condition limit there is no competition between firms as they have local
monopolies for both types.'?

When t is very low, we get a separating equilibrium where firms screen consumers and cover
the whole market for both types. For very low ¢, both types of indifferent consumers get positive
net surplus but for slightly higher ¢, type 6 indifferent consumer gets zero net surplus.

When ¢ is intermediate or high, the market is no longer completely covered for type 6
and the equilibrium contract depends on k. For low k, as ¢ rises firms start offering only one
price-quality bundle directed to type @ consumers. This happens because when k is low, i.e., the
two types are very similar, it becomes difficult to set screening contracts (it becomes difficult to
satisfy the incentive compatibility constraints). Therefore, for low &k and high ¢, firms sell only to
type 6 consumers (first leaving a positive net surplus and then capturing the entire net surplus
from type 6 indifferent consumer). For high k, i.e., when the two types are very different and
separation of the two types is easier, as t rises firms continue to use screening and to sell to both
types of consumers (going from full competition to local monopolies for type #). Therefore, for
high values of k, we get a separating equilibrium for all t. Finally, for intermediate values of k,
firms offer two price-quality bundles for low and high values of ¢ while for intermediate ¢ firms

sell only to type 6 consumers.!*

2For instance, for some degree of horizontal differentiation, we may have type 6 indifferent consumer with

positive net surplus but type 8 indifferent consumer with no net surplus or not buying at all.
13 That level of differentiation depends on k. The higher k is, the higher is the level of horizontal differentiation

needed for local monopolies to hold for both types. As mentioned earlier, we do not discuss the case where firms

have local monopolies for both types.
Y“The previous results have similarities to Villas-Boas and Schmidt-Mohr (1999). They present an interesting

exposition about the three effects that should be considered with mill nonlinear pricing: business stealing or

demand effect, margin effect and screening effect.
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1.2.3 Delivered nonlinear pricing

Suppose now that firms are able to offer different nonlinear contracts at each location in the
line (pi(d), u;(d) and p,(d),w;(d)). To simplify notation we will drop the argument d for the
remaining of this chapter. However, one should keep in mind that a different nonlinear contract
is set at each location. Since the two firms are identical, with DN P, the market will be split
in two equal parts and each firm will have its own market area. Therefore, we will restrict the
analysis to the optimization problem of firm 1 within half of the spatial market: d € [0, %] -
firm 1 market area.'® Also, for this pricing policy all prices and qualities must be non-negative.

When selling to both types of consumers firm 1 chooses, for each location d, the nonlinear

contract that solves:

uf . w2
(Fran)(p, )t 2 2

subject to individual rationality and incentive compatibility constraints:

IR 0ty — td — p1 > max {0, net surplus when buying from firm 2}
IR : Qu, —td— p, > max {0, net surplus when buying from firm 2}
ICé : éﬂl—ﬁlzégl—gl

IC% : Quy —p, > 0y — pr.

The individual rationality constraints incorporate the fact the consumer has the outside
options of buying from firm 2 or not buying. Thus, in order to induce the consumer to buy from
firm 1, this firm has to offer a net surplus at least as high as the one the consumer can get with
the best outside option.

In order to determine consumer’s best outside option, we need to compute the net surplus
when buying from firm 2 for each location d. Following an undercutting argument, firm 2 will
offer a price equal to its marginal cost ps = “72 (from the zero profit condition) to the consumers
located at firm 1’s market area. The maximum net surplus that a type 6 consumer can get

w2

when buying from firm 2 is the solution to max, fu — t(1 — d) — %. The optimal quality is

u = 0 and the maximum net surplus is then given by % — t(1 — d) which is only positive when

2t—02

5 = dy. Considering k > v/2, type 6 consumers located at firm 1’s market area always

dg >

15We would have a symmetric situation for the rest of the line but with firms’ positions reversed.
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72
get positive net surplus for ¢t < % but that does not always occur for type  consumers.'® More

precisely, type 8 consumers net surplus when buying from firm 2 behaves as follows:

t type 6 consumers located at d buying from firm 2
2
0<t< % de [0, %] have positive net surplus
02 ) de {0, ug} have negative net surplus
T <t<#@ Lo
de { 0, %-‘ have positive net surplus
72
PP <t< % de [0, %] have negative net surplus

2
Therefore, when 0 < t < % firm 1 must consider the following individual rationality cons-

traints (case 1):
_ B >
IR? . fQuy —td—p1 > E—t(l—d)
02
IR? s Quy —td—p, > 5 —t(1—d).

When 6% < t < g (case 2) firm 1 must consider:
_ B 6>
<m9:0m—M—m2§~¢a—@

IR? . le—td—glzo.

Finally, when % < t < 62, firm 1 considers case 2 constraints for consumers located at
de [0, JQ] and case 1 constraints for d € [JQ, %}

Notice that if individual rationality constraints hold then both types, # and 6, will not buy
from firm 2 marginal cost pricing (32, uy) and (P2, Ug), respectively.

When firm 2 does not sell to type @ at some location d (within firm 1’s market area), firm 1

— 72
might consider to sell only to type 8 at that location. Firm 1 should maximize p; — % subject

to:
_ 5>
IR : 0uy —td — py > 5 —t(1—d).

and fu; —p1 < 0.

0On account of the mentioned mill nonlinear pricing and local monopoly analysis, we focus on these ¢ values.
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Nash equilibrium solution

Since type €’s individual rationality constraint change with ¢ and d, we must solve two diffe-
rent maximization problems when firm 1 sells to both types of consumers!” (the Kuhn-Tucker

conditions optimization problems of firm 1 are described in Appendix 1.B.3 and 1.B.4).

Case 1 — Low t When 0 < t < %, consumer’s best outside option is to buy from the
competitor, for all locations in the firm 1’s market area. In this case, the unique solution is
characterized by the incentive compatibility constraints not binding and both types of consumers
being indifferent between buying from firm 1 or firm 2. Firm 1 offers, at its market area, the

following two bundles at location d:

u; =0 and g1:%—2td+t
_ 72
4 =0 and py = & —2td +1¢

Thus when the horizontal differentiation degree is low, firm 1 offers to both types of con-
sumers the socially optimal qualities and matches the net surplus offered by firm 2. We call this
solution contract the full competition (F'C) since firms have to give consumers the positive net
surplus they would attain when buying from the competitor. Since F'C' contracts are set at all

locations of firm 1’s market area, this scenario is called 1Reg.

2
Case 2 — High t When 6> < ¢ < %, the characteristics of the equilibrium contracts may
depend on the location, a result which is similar to Pires and Sarkar (2000) and Valletti (2002).
Depending on ¢ and k, there may be three different regions within firm 1’s market area: ‘mo-

nopolistic — M’, ‘intermediate — I’ and ‘competitive — C’ regions (see Figure 1.2).

M | C

o d° d

600—30% —46% 12t

Figure 1.2: Three regions within firm 1’s market area, where d* 5

~ 7002 _op2
and d = 200—6 2t2Q +2t.

"For more details on similar mathematical computations see Valletti (2002).
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These regions are characterized by different equilibrium nonlinear contracts. In all of them

firm 1 sells to both types of consumers and the contracts are given by:

Region Contracts
v u; =20 — 0 and leQ(QQ—@)—td
i =0 and py =6 + (0 —0)(20— 0) — td
_ 0*42td—2t _00°+2td(20—0)—20t
P R el R T
— a2
=0 and py = & — 2td + ¢
u; =60 and =6%—td
C - BF
=0 and py = & — 2td + ¢

Region M is the nearest to firm 1’s location (until d*). In this region, firm 1 offers typical
monopolist asymmetric information contracts: only type €’s individual rationality constraint and
type @’s incentive compatibility constraints are binding, type 6 consumes the socially efficient
quality whilst type 8 consumes a suboptimal quality. Between d and cz, we have an intermediate
region, region I, where type 6’s individual rationality constraint is also binding and firm 1 faces
more competition (firm 2 offers a contract very attractive for type ). In this region, firm 1 does
not distort w as much as in region M, because its power to extract rent from type f consumers
is limited. Finally, closer to the market center — region C, firm 1 faces vigorous competition. In
region C', only the individual rationality constraints are binding and both consumer types get
the socially optimal qualities.

When firm 1 sells to type 6 only, the contract offered to type 6 consumers is equal to the
contract set in regions I and C for type 6 consumers Type 6 consumers do not want to buy the
good from firm 1 under this contract thus we denote this region by C%. The profits achieved
are never higher than profits obtained by selling to both types of consumers setting contract M.
However, for high horizontal differentiation degrees (closer to NLMd limit) the firm is better of
selling only to type 6 consumers than selling to both types of consumers and setting contracts
I and C.

Figure 1.3 shows the set of parameters’ values where each different equilibrium solution
contracts hold, considering the conditions for regions’ existence and comparing profits of selling

only to type 6 consumers or to both types of consumers.
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\ 4

Figure 1.3: Duopoly DN P equilibrium solutions when ¢t is High

The different scenarios in the parameter space are characterized as follows:

2Reg* | C ([0,d°]) and C? ([d°, 1))

8Reg* | I ([0,d]),C (d,d°[) and C? ([d, }])

4Reg* | M ((0,d*[), I [d*,d[,C (|d,d"[) and C? ([d°, }])
2Reg** | I (]0,d![) and C? ([d! .3

8Reg™ | M ((0,d*[), I ({d*,d![) and C? ([d!, }])

600—30° 40742t -+ \/ 4(0-0)” (20°+40%— 4902t

c _ 6° I _
where d~ = 5 and d' = 5

Figure 1.3 shows that when ¢ is high, closer to the market center firms only sell to type
consumers, offering the efficient quality and matching the net surplus offered by the competitor.
Moreover, it shows that the number of regions in a firm’s market area depends on the parameters’
values.

Notice that locations d*, cZ, d® and d' depend on t and k, which means that the way
firm 1’s market area is divided depends on the parameters’ values. Figure 1.4 illustrates how
firm 1’s market area is divided for different sets of parameters’ values. For example, when
k=1.5and ¢t = #2, firm 1 offers monopolist nonlinear contracts to consumers located between 0
and d* = 0.125, intermediate contracts for consumers located between d* = 0.125 and d = 0.375
and competitive contracts for consumers located between d =0.375 and d° = 0.5.

The first plot in Figure 1.4 shows that, for low k, there is a region M within firm 1’s

market area and as t rises this region becomes larger, i.e., there are more locations where
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Figure 1.4: Case 2 — Firm 1’s market area

the monopolistic nonlinear contract is set. This result is quite intuitive, when the horizontal
differentiation degree increases there are more locations where matching the net surplus offered
by the competitor to type 6 consumers is not a binding constraint and thus competition is not
effective.

However, when k increases, region M becomes gradually smaller until it disappears (see
the various plots in Figure 1.4). This happens because when k is high, the two types are very
different and the net surplus offered by the competitor to type 6 consumers is much higher than
the one offered to type 6 consumers. This implies that type #’s individual rationality constraint
starts binding for locations closer to the firm. Notice that the set of locations closer to the
market center, where firms sell only to type § consumers, increase with ¢ but also with k (see

curves d° and d’ in Figure 1.4).

2
Case 3 — Intermediate values of ¢ For % < t < 62 the outside option of type § depends
on consumer’s location. For d € [0, J] the best outside option is not to buy and we make the
same reasoning as in the previous case. For d € [cf, %} the best outside option for 8 is to buy

from the competitor and we get the same Nash equilibrium contract as in case 1. Figure 1.5
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shows the Nash equilibrium for low and intermediate ¢ values (cases 1 and 3).

[
9T 1Reg
2Reg
4 Reg = J
3 Regh : ‘ ‘ ‘ ‘ L
1.447 2 3 4 5 6 Kk

Figure 1.5: Duopoly DN P equilibrium solutions for low and intermediate ¢

The different scenarios in the parameter space are characterized as follows:

1Reg | FC ([0,
2Reg | C ([0,d,
3Reg | 1([0,d]),C ([d,dy[) and FC ([dg. 3])

AReg | M ([0,d*]), 1 [d*,d[,C (|d,dp]) and FC ([dg, 3])

As expected, for low and intermediate ¢ values, firms offer F'C' contracts closer to the market
center.
It is interesting to analyze how firm 1’s market area is divided depending on the parameters’

values (see Figure 1.6), for intermediate ¢ values.

‘A k=18 ‘A k=3

o 4
o 4
o 4

Figure 1.6: Case 8 — Firm 1’s market area

For low k, there may be up to four submarket regions (M, I, C' and F'C). However, the
monopolistic region only appears for high t. As k increases, the less competitive contracts
(regions M and I) are offered at a smaller set of locations and for relatively high k, only C' and
FC contracts are offered (see Figure 1.6). Notice that the locations where F'C' contract is set

do not change with k£ but decrease with ¢.
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Discussion of results under delivered nonlinear pricing Under DN P the equilibrium
contract solution may change with the location of the consumer. The market served by a
firm may be subdivided in several regions according to the nonlinear contract offered. The
nonlinear contracts may differ in terms of the degree of inefficiency in the quality offered to
type 8 consumers and with respect to the net surplus offered to each type of consumer. The
quality chosen is always the social optimal for type 6 consumers but may be optimal or subop-
timal for type 6 consumers.

When t is very low, the outside option of buying from the competitor is very attractive at
every location in a firm’s market area. Consequently a large net surplus has to be offered to both
consumer types. Moreover, the net surplus that has to be offered to type @ consumers, in order
for them not to buy from the competitor, is so high that this type of consumers do not want
to buy the efficient quality bundle offered to type 6 consumers. Therefore, the quality offered
to both types of consumers is the socially efficient one and the net surplus offered to each type
is exactly the same they would receive if they bought from the competitor. In other words, for
very low horizontal differentiation degrees we get full competition at all locations of the market.

When ¢ is intermediate, % < t < 62, closer to the market center, firms always offer FC
contracts and consequently we have intense competition. This happens because, closer to the
market center, the outside option of buying from the competitor is very attractive for both types
of consumers. However, for locations further away from the competitor, the best outside option
for type 8 consumers is not to buy the good. At these locations, the firm will be able to extract
more consumer surplus from type  consumers (and also from type 6 consumers, whenever the
incentive compatibility constraint is binding). The number of regions in each firm’s market area
depends on t and k. When k is very high, the two types are very different, implying that the
net surplus offered by the competitor to type # consumers is much higher than the net surplus
offered to type @ consumers. In these circumstances, the relevant constraint with respect to
type  consumers is to meet the competitor’s net surplus offer (incentive compatibility is not
an issue). Consequently when k is large, the efficient quality is offered to type 6 consumers
at every location in a firm’s market area. However, the contract set is not the same at all
locations since the outside option for type 6 consumers depends on whether the consumer is
close to the market center or not. In other words, for intermediate ¢ and high &, contracts are

either C' (closer to the firm) or F'C (closer to the market center). As k decreases, we may start
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having more submarket regions. The intuition is that for smaller &, the difference between the
reservation net surplus of type 6 consumers and the reservation net surplus of type @ consumers
is relatively small. This implies that type @’s incentive compatibility constraint may start to
be binding, especially as we consider locations further away from the market center. As soon
as this happens, one starts having contracts where the quality offered to type 6 consumers is
suboptimal. For intermediate k, we may have a region where u is efficient and a region where
u is suboptimal but with a smaller distortion than if there was a monopoly. Finally, for very
low k£ we may have monopolistic, intermediate and competitive regions (but always with FC
contracts closer to the market center).

Finally, when ¢ is high, 6% <t < g, type 0’s best outside option is not to buy (for every
location in a firm’s market area). In this case, closer to the market center firms only sell to
type 6 consumers, offering the efficient quality and matching the net surplus offered by the
competitor. Once again, the number of regions in a firm’s market area depends on t and k.
For low k, each firm’s market area can be divided into four regions: monopolistic, intermediate,
competitive and a region where only type 6 consumers are served while for larger k values, the
monopolistic region does not exist. In addition, as ¢ increases the region where firms only sell to
type 6 consumers becomes larger and the competitive region becomes smaller. For high ¢ values,
there is no competitive region.

Notice that, similarly to M N P, for a given k, as ¢ rises we move to less competitive contracts.
On one hand, for low k values, as t rises region M becomes larger and region C smaller (%Lt*
and %‘Z are both positive). On the other hand, for high k values, as ¢ rises competition is only
relevant for type f consumers and firms do not sell to type @ consumers located closer to the

market center.

1.3 Welfare under MNP and DNP

Let us now compare welfare under the two pricing policies for a duopoly. Since the quality
offered to type 6 consumers is always the efficient one and this type of consumer is always
served, both pricing policies maximize social welfare for this type of consumer (they only differ
in the price charged but this a transfer between consumers and firms that does not affect social

welfare). Therefore, for a duopoly, welfare differences are explained by what happens with
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type 6 consumers.

There are two issues which are relevant in the welfare comparison for type 6 consumers: the
first one is whether this type of consumer is offered the efficient quality or not; the second one
is whether all consumers of this type are served or not. We know that under M N P, when a
type 6 consumer is served he consumes the efficient quality. Conversely the quality offered to
type 6 consumers under DN P may or may not be the efficient one (the scenarios with a region
closer to the firms’ location where the quality offered to type € consumers is suboptimal are
3Reg, 4Reg, 3Reg*, 4Reg*, 2Reg** and 3Reg**). This seems to suggest that for a duopoly
MNP is better in welfare terms. However, the previous analysis is incomplete since some type
0 consumers may not be served under MNP and/or under DNP. Figure 1.7 overlaps the
DNP and MNP solutions for the various parameters’ values'® and shows the only subset of
parameters’ values where there are more type 6 consumers served under M NP (in grey).

t 4

10q° |
80" 1
6g"

2

29" 1

4Regi’.- = .
3 Regl

Figure 1.7: Duopoly DN P (solid and black) versus M N P (dots and grey) equilibrium solutions

One should notice that for high ¢, it may not be socially optimal to serve all type 8 consumers.
The social net surplus for consumer 6 at each location d is given by fu — td — “72 Since u = 0

is the socially optimal quality, the social net surplus from a consumer 6 located at d is given

2
'8For example, this figure shows that when ¢ is low (¢t < £-) we have fully competitive contracts (1Reg) under

DNP and we may have either Cf Q, CZ % or S? contracts under M NP.
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2
by % — td. Thus, type 6 consumers should be served only for locations to the left of dj = %—t.

It turns out that there are many parameters’ values for which we can easily compare welfare

under MNP and DN P (see duopoly welfare functions in Appendix 1.C).
Proposition 1.1 For a duopoly, welfare under DN P is:

(i) Equal to welfare under MNP when both types of consumers are completely covered under

MNP (contracts C?Q and C'gg).

(ii) Higher than welfare under MNP when only type 8 consumers are served under MNP
(contracts S‘? and Sg ); when only competitive and fully competitive contracts are offered
under DNP (2Reg) and when under DN P firms serve only type 6 consumers closer to

the market center but offer competitive contracts elsewhere (2Reg™* ).

(iii) Lower than welfare under MNP when under DN P firms only serve type 0 closer to the
market center and offer intermediate contracts elsewhere (2Reg**) and under M N P there
are local monopolies for type 0 and type 0 indifferent consumer gets no surplus (contracts

LM%) and there are less type 0 consumers served under DN P than under M NP.

(iv) When under MNP there are local monopolies for type 0 and type 0 indifferent consumer
gets mo surplus (contracts LM%) and under DNP firms serve only type 0 closer to the
market center and offer suboptimal quality to type 8 consumers at locations closer to the
firm and there are more type 0 consumers served under DN P than under MNP, the

welfare comparisons are ambiguous.

Proof: (i) When both types of consumers are completely covered under M NP (contracts
C?Q and ng) we have full competition contracts under DN P. In this case, both pricing policies
maximize social welfare since every consumer is served and in addition the efficient quality is
offered to both types of consumers. Thus, they yield the same social welfare.

(ii) When under M N P only type  consumers are served, it is clear that DN P yields higher
welfare. Type 6 consumers get no surplus under M NP whilst under DN P there are always
some type 0 consumers who are served and for these consumers the social welfare is positive

(even though quality may be suboptimal).
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When we have competitive and fully competitive contracts under DN P (2Reg) we either
have local monopolies for type 6 or type @ is not served under M NP. In either case, DN P
yields higher welfare since both types are completely covered and they both consume an efficient
quality.

When under DN P firms only serve type 8 closer to the market center but offer competitive
contracts elsewhere (2Reg*), we either have local monopolies for type 8 or type § consumers are
not served under M N P. In the latter case, DN P is clearly better in welfare terms. In the former
case, since under DN P firms serve both types of consumers with the efficient qualities until

92

c _ 63 [
d 2t

2
= 5; whilst under MNP type ¢ consumers are only served until & = %—t <d¢ = dy =

one can conclude that DN P yields higher welfare.

(iii) When LM% and 2Reg** simultaneously hold and d2 > d’ (notice that dy > d?), there
are less type 6 consumers served under DN P than under M N P. Moreover, under DN P these
consumers are offered a suboptimal quality. Consequently welfare is higher under M N P.

(iv) This case happens when LM% and 2Reg** hold and & < dl , and when LM% and
3Reg* hold. Under DN P, firms serve more type @ consumers but on the other hand some of

type 0 consumers are not offered the efficient quality. l

Notice that welfare comparisons are unambiguous for most of the set of parameters’ values
that satisfy the NLMd condition. We show that welfare under DN P is higher than welfare
under M NP for a wider subset of parameters’ values. In fact, welfare under M N P is higher
than welfare under DN P only when the degree of horizontal differentiation is relatively high and
the degree of vertical differentiation is not low. When the degree of horizontal differentiation
is low, welfare is identical under both pricing policies. The only subset of parameters’ values
where the welfare comparisons are ambiguous is for high degree of horizontal differentiation and

intermediate or high degree of vertical differentiation.
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1.4 Conclusion

In this chapter we considered a model where two firms compete for two types of consumers with
different preferences for quality, either low or high valuation, and where both types of consumers
are distributed on a unit length line. We assumed that consumers’ location is observable by the
firms but preferences for quality are not. In this setup of discrete wvertical uncertainty, we
compared two pricing policies: delivered nonlinear pricing and mill nonlinear pricing. Our work
provides a complete characterization of equilibrium nonlinear contracts for all sets of parameters’
values where competition is effective. In other words, we analyzed the equilibrium contracts for
all degrees of horizontal and vertical differentiation until the level of horizontal differentiation
where firms stop competing for the high valuation consumer. Two important contributions stem
from of our analysis: the first one is that it extends previous results on delivered nonlinear pri-
cing, giving a complete description of how delivered nonlinear pricing changes with the horizontal
and vertical differentiation degrees; the second one is that it provides a comparison between the
two pricing policies with respect to the efficiency of the quality offered, market coverage and
welfare.

As expected, the equilibrium nonlinear pricing contracts have relevant differences as we
cover all degrees of horizontal and vertical differentiation. Our mill nonlinear pricing analysis
has qualitative similarities to Villas-Boas and Schmidt-Mohr (1999) although our work focus
on price-quality contracts. For very low degrees of horizontal differentiation, the market is
fully covered for both types of consumers. For high degrees of horizontal differentiation the
market is not completely covered for the low valuation consumers: when there is a low degree of
vertical differentiation, firms sell only to the high valuation consumers whereas for high degrees
of vertical differentiation, firms start having local monopolies for the low valuation consumer.
Our delivered nonlinear pricing analysis identifies the sets of parameters’ values where there
are different market regions, including the ones described by Pires and Sarkar (2000) and by
Valletti (2002): monopoly, intermediate and competitive regions. However, our work extends
their analysis since Pires and Sarkar (2000) do not analyze what happens as the horizontal
or vertical differentiation degrees change and Valletti (2002) does not consider the impact of
changes in the horizontal differentiation degree. We show that the three market regions identified

may not always exist. In fact, we show that in order to have all these regions we need to
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have a relatively low degree of vertical differentiation (as in Valletti (2002)) and a relatively
high degree of horizontal differentiation. When the degree of vertical differentiation is low, the
monopoly region does not exist for low degrees of horizontal differentiation. Moreover, for a high
degree of vertical differentiation, this region does not exist even for high degrees of horizontal
differentiation.

Using the same framework to analyze both pricing policies allowed us to compare the
characteristics of each nonlinear pricing policy equilibrium contracts and their welfare. Our
comparative analysis is based on the efficiency of the quality offered to the low valuation con-
sumers and on whether all low valuation consumers who should be served are covered or not. We
show that welfare under delivered nonlinear pricing may be either lower, equal or higher than
welfare under mill nonlinear pricing. When the degree of horizontal differentiation is high and
the degree of vertical differentiation is intermediate or high, welfare comparisons are ambiguous.
For the remaining set of parameters’ values, delivered nonlinear pricing yields higher welfare
except when (i) the degree of horizontal differentiation is low, where welfare is identical under
both pricing policies and when (i) the degree of horizontal differentiation is relatively high and

the degree of vertical differentiation is intermediate or high.
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1.A Monopoly analysis

Consider a monopolist located at d,,, = 0. In this section, we analyze the monopolist mill and

delivered nonlinear contracts.

1.A.1 Mill nonlinear pricing

When the monopolist is not allowed to offer different nonlinear contracts at each location, his
demand from type 6 consumers is determined by the location, (ifn, where type 6 is indifferent
between buying or not buying at all:
50 50 0 ui —pi
Gui—tdm—pizo = dm:T.
If the monopolist sells to both types of consumers, he will offer (py,, @) and (gm, u,,) that
solve the following problem:
=2 2
— Um \ 56 Um \ 70
max — = |d;, + - == |d,
(ﬁm’ﬁm)’(gm’y'm) <pm 2 > " <pm 2 > "
subject to incentive compatibility constraints and feasibility constraints:

Icé : éam_ﬁm Zéﬂm_p

—m

1C% : Qu,—p, = Otm —Pm

FE? . 0<d’ <1for0=20,0

The Kuhn-Tucker conditions have multiple solutions.'® Obviously, the solution of the mo-
nopolist problem is the one which yields the highest profit. Therefore, the optimal nonlinear

contracts which hold for different parameters sets are given by:

=20—0 and p =06(20—-0)—t
Sol. 1 _ L _
Um =0 and p, =0"+(0—0)(20—-0)—t

19We also achieve some undetermined solutions which could be represented by one of the stated solutions since
the profits from these possible but undetermined solutions are equal to the profits of other determined solutions

and their intervals’ limits belong to the determined solutions intervals’ limits.
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Sol. 2 Um = 6 and pm—éz—t
U, =0 and p = 36°
Sol. 3 ~ -m S
Uy =0 and p, =60 —t
Sol. 4 Um =0 and p, = %92
U, =0 and p = 30°
Sol. 5 ~ -m L
Um =60 and ﬁm—gﬁ

Incentive compatibility constraints are not binding, except at Sol. 1 (where type 6’s incentive
compatibility constraint binds). At Sol. 1, Sol. 2 and Sol. 3, the monopolist covers the whole
market for type 6 (that is, cf?n = 1). Notice that the quality offered by the monopolist to each
type is socially optimal except for type 6 consumers at Sol. 1. However, for some parameters’
values, the monopolist offers a product quality such that no type 6 consumer buys — Sol. 2 and
Sol. 4.

At Sol. 4 and Sol. 5, the monopolist stops covering the whole market for type 6. Under

~5 =2 Af
these optimal nonlinear contracts d?, = Z—t. Since dY, is decreasing with ¢, for sufficiently high

1.

values of ¢ we will have ci?n < 3

72
Aé _97

d,, = L & t> f
o4t 2 2
For this horizontal differentiation degree interval, if we consider two identical firms located
at the extremes of the unit length line, we get local monopolies (LM) for type 6 as each firm
covers less than half of the market (Sol. 4*™ and Sol. 5/M). Notice that, for a given t, a??n is
always higher than CZ%L Thus, we may have local monopolies for type 6 for even lower ¢ values.
Local monopolies for type @ arise when ¢ > % (and k > 3).

Figure 1.8 shows the sets of parameters’ values where each solution holds.?’

Discussion of results under monopolist mill nonlinear pricing When & is low, the
monopolist only sells to type § consumers except for very low t. When k is high, the monopolist

still prefers to sell type § consumers only until an intermediate ¢ level (since taking all the

2For k close to 1 and high ¢, there is a pooling equilibrium solution. This region is not represented in

Figure 1.8.
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Sol. 3

Sol. 2

Figure 1.8: Monopolist MNP equilibrium contracts

possible type 6 consumers’ net surplus maximizes its profits). However, when ¢ increases, the
monopolist starts selling to both types of consumers since screening becomes more profitable
(first covering the whole market for type 6 and when ¢ rises even more, not covering the whole

market for both types).

1.A.2 Delivered nonlinear pricing

Let us now assume the monopolist is allowed to offer different nonlinear contracts at each location
(Dm(d), Um(d) and p_(d), u,(d)). When he considers selling to both types, at each location d,

he solves the following problem:

ma. — =+ Dy, — —
Grim)p ) 2 P

subject to:

IRP’ . Oa,, —td —py, >0
IRP® : Qu, —td—p >0

c? . Gﬂmfﬁmzégmfgm

IC* : 0w, —p,, 2 Om — P
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Notice that type 6’s individual rationality constraint is redundant given type 6’s incentive
compatibility constraint and type #’s individual rationality constraint. When k£ < 2, we get
the typical asymmetric information monopolist contract, with type 0’s incentive compatibility
constraint and type @’s individual rationality constraint binding, the quality offered to type 6
consumers is the socially efficient but the quality consumed by type 6 consumers is suboptimal.

The optimal contract and profits are given by:

T = 0° — 200 + 20% — 2td

The monopolist will set this contract for a given ¢, until the location d where 7, > 0.
The monopolist can also choose to sell to type # consumers only and the maximization

problem is:
=2
_ Ty,
max e
i) "2
subject to:

IRPY : Oty — td — > 0.

The unique solution has type 6’s individual rationality constraint binding with @,, = 6 and

P = 0% —td. Type 6 consumers prefer not to buy under these conditions and profits at location
72

d are equal to % — td. Also, the monopolist will set this contract for a given ¢, until the

location d where m,,, > 0.

Comparing the profits in these two possible cases when k < 2, we conclude that for ¢ < %

2 on2
the monopolist sells to both types at every location. If ¢t > %, the monopolist only serves
both types until location d = %.ﬂ Notice that for ¢ > (6 — 26)2, the monopolist sells only

to type 6 for locations to the left of the center of the market (d < %) As a consequence, if

we consider two identical firms operating at the extremes of the unit line, we may have local
monopolies for type 8. Due to the non-negativity profits condition, as t rises the monopolist stops

covering the whole market (even for type § consumers — the monopolist only set the contract

described above until d? = %i) Therefore, for ¢ > @2, we achieve local monopolies for both

types.

21 Afterwards, the monopolist sells only to type @ consumers — by doing so the monopolist is able to extract a

higher surplus from these consumers than if he also offered a price-quality contract to type 6 consumers.

28



For k > 2, it is optimal for the monopolist to sell to type 6 consumers only (for these k
values that is the unique solution of the Kuhn-Tucker conditions). Also, due to the non-negati-
vity profits condition, as ¢ rises the monopolist stops covering the whole market (sells until cié)

and for ¢ > 6° we achieve local monopolies for type 6.

Discussion of results under monopolist delivered nonlinear pricing When £ is high,
the monopolist only sells to type 6 consumers (first covering the whole market for type 6 and
then, when ¢ rises, will stopping to do so). Notice that the monopolist takes all the net surplus
of type 6 consumers.

When £ is low, the monopolist always sells to both types at locations closer to the mono-
polist’s location (covering the whole market for low t). However, for locations near the market
center, the monopolist only sells to type 6 consumers. As t rises, the locations where the
monopolist sells to both types decrease since the monopolist prefers to sell only to type 6

consumers than selling to both types of consumers and thus leaving more net surplus to type 6

consumers.
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1.B  Kuhn-Tucker conditions of firm 1’s problem

1.B.1 Mill nonlinear pricing — Market fully covered

Let o1, 01, A1, p; and py; be the Lagrange multipliers (j = 1,...,4) associated with IRPé,
IRPY T Cé, ICY and FE, respectively. We can construct the Lagrangian function:

—9 N/ — — — — 2 _ —
_ _ Uy } O(uy — u2) + P2 — P1 oy 1 0(uy Qz)JFZjQ b,
L= (pl 2)(27L 2 G AR 2

. [%1 B % _O(a —u2) + P2 — P —ﬁl] 5 [eul ot 0w —u) +p,—py —pl}
+A1 {é?h — Py — Ouy —1—121] + Py :Q u —p, — 0w +p1] + g [; . 0(uy — mz)t-l-m _p1:|
iy B 0w - az;: P2 — 151: g B | Bl — u22)t+ 12 —pl}

+ 14 [; - Bw - u2;t+ Py~ Py ]

The Kuhn-Tucker conditions, when all p and v must be non-negative, are given by:

oL ~ u?
87131:t+0(a1_ﬂ2)+]§2_2]31+?1—t0'1—2t)\1+2t,01—/.1,11+/.1112SO,
oL
p1 2 0; ]5187_ =0
P1
oL u?
%:t+Q(y1—@2)—1-]22—2}21—1-?1—7551—1—%)\1—2tp1—,u13+u14§0;
Py
oL
> 0; — =0
P2 Blaljl
oL _ o L T _ _
o, = W (t+0(u —u2) +p2—p1) + 0 p1 — 5 | +0tor + 2t0x — 2t6p,
- - oL
+Opyy — Opyp <0511 > 0; Up—— =0
ou
oL 2 _
Uy

oL
+Opys — Opyy < 05wy > 0;@187 -0
U
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;i = éﬁl—;—e(ul_uz)2+p2_pl—15120; o1 > 0; Ulgfl
gfl - Gul—;—e(ul_%);pfpl—plzo; 61> 0; 512(51:0
gfl = §@1—]51—@1+ng20; A1 > 05 Algflzo

gpcl = Q@l_—yl—Qm-HﬁZO; p1 = 0; Plgpﬁlzo

aiﬁn _ ;+?(ﬂ1—ﬂ22)t+}52—151 >0; pgy > 0; Mll@iﬁuzo

aiﬁu - ;_H(m_%;;m_ﬁl”; 2 2 0; “’128(1?2:0

;jflg = ;+9(u1u22)t+p2p1 > 05 py3 2> 0; Mlgaiizo

6(;)1,?4 = ;_0(u1—u22)t+p2 b > 0; g 20; M14£i4=0.

The symmetric equilibrium solutions of the Kuhn-Tucker conditions are:

e when no constraint is binding:

2
s. L. u=0 and p=% +1¢
oolo<t<E | T ET2
Ci” u=0 and p=% +1t
e when TRP? is the only binding constraint:
s. 1L 5 u=0 and p=6>—1
5 %<t<(%+(93@2) - = 0, 7
c? u=0 and p=% +1¢
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1.B.2 Mill nonlinear pricing — Market fully covered for type 6 only

Let o1, A1, p; and puy; be the Lagrange multipliers (j = 1,...,4) associated with IRPé, ICé,

1ce, FE? and PCY?, respectively. We can construct the Lagrangian function:

2 i i 5o — D 2 —
_ _up) (1 0(u1 — uz) + P2 — P1 oy 0 u; —p,
L = <p1 2) <2+ o7 + 17 5 —

ot By — )+ P2 — . 5
Yoy [9@1—2— (1 2)2 D2 pl_p1]+)\1 [9@1—151—0@1 +131]
o 1 0(u —u2) + P2 — P
+p1 [Q uy —p, — 0t +p1} + K1 [2 + ( ;t
1 By — ) + P2 — 1 Ou —p Quy—p, Bu—p
+M12{2— o + ts Tl + g |1 — : 2 - 7 ok

We get the same Kuhn-Tucker conditions as in the previous case except for:

oL u? oL
—— = Qu;—2p + = — 5+t —tp — <0;p, >0; p— =0
o, 0 u; —2p, + 5 1+ iA1= tpy — g + p1g < O5pp 205 py dp,
oL u? - oL
ou —Uy (9%—291-)4-9(171—21) —t9A1+tQP1+QM13—QM14SO;El20&1@:0
oL 0 uy — oL
= LB =05 pag =05 pugg =0
8#13 t aII"L13
oL 0 uy — 0 uy — oL
e - =05 p1g 205 gy =0.
8#14 t t 811'1/14

The symmetric equilibrium solutions of the Kuhn-Tucker conditions are:

e when no constraint is binding:

s. IIL. 3207 - u=0 and p=0
_ k>gandw<t§§ o B,z
S¢ u=060 and p=%5 +t
. 2< k< (6+2/6) and 0<t< =27 u=20 and p=26°

S. . _ B T
or k>(6+2\/6) and 0<t§§ =0 and ﬁzg—i—t
— s
s. V. <1+§)<k§(3+¥) and %<t<% g:Q and B:%Q2
LM’ or k> (3+22) and £ <t<§ i=0 and p=2 +1¢
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e when IRP? is the only binding constraint:

s. IV. p 72 _ u=0 and p=0
_ k><xand 5 <t <20(0—0) ~ T,
s =0 and p=6"—3%
- 2<k§(6+2\/6) and 40(0 —0) <t < 20(0 — 0) u=20 and p= 26>
S. . _ o _ 7_
or k> (6+2V6) and §<t<29(9—Q) =46 and }5:92—%
— 2 72
5. VI 2<k§(3+¥> and 20 (0 - 30) <t < O | g and p= 202
— - 22 _ —
LM% or k><3+¥> and §<t<% =0 and ]3:92—%

e when only [ 0% and non-negativity PC? constraints bind:

9<k<(6+2V6) and 0<t< @200 | 2 20 4y po 2Py

s. IX. _ a _
or k>(6+2\/6') and O<t<§ =60 and ﬁz%—i—t

e when IC? is the only non-binding constraint:

X 2<k<(6+2V6) and 40(0 —0) <t <20(0 —0) U= 2((;_0) and p= 2(5_9)Q
s. X. z - z

or k> (6+2V6) and §<t<29(@—ﬁ) =0 and p=6 —1%

1.B.3 Delivered nonlinear pricing — ¢t < %2

Let o1, §1, Ajand p; be the Lagrange multipliers associated with IR(;, IR?, IC? and 1ce,

respectively. We can construct the Lagrangian function:

—2 2
I e Uy
L = <p1—2>+<p1—2>+01

6> — —~
+01 |:9u1 —td—gl — E—Ft(l —d):| + A\ |:9’L_L1 — D1 —0@1 +£1:|

_ 6
Qﬁl—td—ﬁ1—2+t(l—d)]

+p1 [Q u; —p, — O +ﬁ1} .
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The Kuhn-Tucker conditions, when all p and v must be non-negative, are given by:

88;1 = 1l—01—-X+p <0; p1 >0 pl(‘?]fl:o

g}i = 1-0+M—p<0; p 20 plgpﬁlzo

g; = —@y + 001 +60X\ —0p, <0; @y >0; ulaaaﬁl:()

gfi = —uy + 061 — 0\ +0p; <O; ulzo;ulguﬁl:o

;fl = 91]1—td—231—022+t(1—d)20; o1 >0 Ulaiﬁlzo
gé = 9U1—td—pl—922+t(1—d)20; 51> 0; 513551:0
g)\ﬁl = g —pr —Ouy +p, > 0; M\ >0; Alg)i_o

gpﬁl = Quy—p, — 0l +p1>0; p; >0; plg[izo_

1.B.4 Delivered nonlinear pricing — > <t < %

Let o1, 61, A1and p; be the Lagrange multipliers associated with IRé, IR?, ICY and 1ce,

respectively. We can construct the Lagrangian function:

—2 2
_ _ uy uy
¢ = (n-3)(n-3)+n

+01 {QM —td—ﬂl} + A1 [9711 —p1— Oy +QJ + [Q uy —p, — O +puf.

_ 6>
Hﬂl—td—ﬁl—z—i—t(l—d)]

We get the same Kuhn-Tucker conditions identical to the previous case except for:
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1.C Welfare computations

In a duopoly, the aggregate total surplus under mill nonlinear pricing, WM~P  is given by:
Contract WMNP
09 00 92
Cr=C | 5+5-3
0 _ Qb 6>
si-s) ||
0 __ 01 8% | 30 ¢
LMy =LM; | £+ —1L
On the other hand, welfare under delivered nonlinear pricing, WPN? | is given by:
Scenario WwhNP
_ 0> 0% ¢
lReg =2Reg | % +5 — 3
3Reg 2t [2t+<29Q_é2_2Q2>]3
TtT 73 241(0—0)?
4Reg 2,0t [2t+(2@fé2_2§2)r + 2+ (6@_392_4@2)]27[2”(_6@%3@2“@2)]
2 2 2 24t(60—0)2 24t(6—0)2
* 0t 8t
2feg #t3 1
3Reg* oy ()]
T2 4 24t(0—0)°
AReg* YRR [2t+<25Q7?)272Q2>}3 [2t+<69Q739274Q2)]2 [2t+ (769Q+392+2Q2>]
w31 24t(0—0)2 + 241(0—0)?
0 £+
2 1 ,
o _ _ 3%(0% —2t)(2t— (0—26)2)+2x (2t + (690—36° —46°
2Reg . (2t + (6600 — 307 — 46?) ( e 072)) 6t ( ( >)
4(6-0)2 [_16(9—@2 (29@—92—2Q2+t>] V/A(6—0)2((—400+20°+462)—2t)
61
2 [2t+(69@—392—4g2)]2[2t+<—6ég+392+2g2)]
T 1T 24t(0—0)2 + )
s _ _ 3x(0% —2t) (2t — (0—20)2)+2x 2t + ( 600—30° — 402
3Reg | (o (o0 - 387 - a0)) O ik Gl )
4(0-9)? N {716(97@2 (2@79272@2%)] V/A(0—0)2((—400+20° +40%) —2t)
6t
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Chapter 2

Delivered versus Mill Nonlinear
Pricing with Endogenous Market

Structure

2.1 Introduction

Regulation theory has been one of the most active areas of research in the last decade. However,
regulation of firms’ pricing policies has been almost neglected within this wave of research. This
chapter revisits the issue of whether regulatory authorities should prohibit firms from practicing
price discrimination among consumers who differ according to some observable characteristic.
The currently accepted view that unregulated markets are more competitive has been jus-
tified by economic theory using spatial pricing models. Most existing studies compare spatial
discriminatory pricing with non-discriminatory mill pricing! for a given market structure (see,
for example, Norman (1983) and Thisse and Vives (1988)). Under spatial discriminatory pri-
cing, firms can price discriminate across locations. Hence, firms compete in each of them. On
the other hand, if firms have to set the same price at every location, competition only occurs at

the boundary of each firm’s market. As a consequence, for a given market structure, discrimi-

'Implicit in this comparison is the idea that without pricing regulation firms will practice discriminatory prices.
Thisse and Vives (1988) have shown that if firms are free to choose their pricing policy, in equilibrium, they will

in fact price discriminate even though this implies lower profits for all firms.
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natory pricing is more competitive than mill pricing. However, as pointed out by Norman and
Thisse (1996), the previous analysis is incomplete if one does not consider the effect of pricing
policies on market structure since entry incentives are not the same under both pricing policies.

Norman and Thisse (1996) analyze the economic justification of firms’ pricing policies regula-
tion taking into account the effect of pricing policies on welfare for a given market structure and
the effect of pricing policies on market structure. They consider a circular model of horizontal
product differentiation where the location of each consumer is observable and firms may price
discriminate (delivered pricing) or set a mill price (mill pricing). The free entry long-run equili-
brium and its number of firms (number of product varieties?) is computed for each pricing policy
and degree of spatial contestability (when firms’ relocation is costless we have spatial contesta-
bility; when location is once-for-all we have spatial non-contestability). Their work illustrates
an important trade-off: as delivered pricing implies fiercer competition and lower profits, in the
long-run it acts as an entry deterrent and reduces the free entry number of firms. Therefore, mill
pricing always leads to more variety than delivered pricing. However, this higher variety is not
necessarily welfare improving. When relocation is costless, both mill and delivered pricing have
too much product variety. Thus, the equilibrium number of firms under discriminatory pricing
is closer to the socially optimal one and discriminatory pricing leads to higher social surplus.
Under spatial non-contestability the welfare comparisons are less clear. In this case, there is too
much product variety under mill pricing but too little product variety with delivered pricing.

The previously mentioned works consider linear prices: mill linear price is compared to
discriminatory linear price, in a setup where consumers differ according to one observable charac-
teristic (location). However, if consumers differ simultaneously according to one unobservable
(e.g. quality preference) and one observable characteristic (e.g. location — brand preference),
we would expect nonlinear prices to arise in equilibrium. Therefore, the issue of whether firms
should be allowed to practice different nonlinear prices at each location or should be forced to
set the same nonlinear contract in every location is relevant.

In order to study this previously unexplored issue, our work adds vertical differentiation to

?The free entry long-run number of firms has been interpreted as the number of product varieties (MacLeod et
al. (1988) and Anderson and Palma (1988)). When firms use delivered pricing, they customize the basic products
in order to offer consumer’s optimal product specification. Since firms’ location can be seen as the basic product

characteristic, the free entry long-run number of firms measures the degree of product variety.
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the Norman and Thisse (1996) setup. This is an important extension since horizontally differen-
tiated firms competing in product lines are notorious in various markets (e.g. car, telecom-
munications, airline, etc.). Within this more realistic setup, we assume that firms face uncer-
tainty about consumers’ quality preferences but observe their location (or brand preferences’
parameter). Under these circumstances, firms set price-quality nonlinear contracts that screen
consumers according to their preference for quality. The regulatory issue?® is then whether firms
should be allowed to practice different nonlinear price contracts at each location (delivered non-
linear pricing) or, on the contrary, should be forced to set a unique nonlinear price contract
(mill nonlinear pricing).

One interesting example where our discussion applies and which has been the subject of
sizable debate within the European Union is the car market. The recent policy stance strongly
acts upon its distribution sector to stop the practices upon which car manufacturers rely to
prevent arbitrage (therefore acting upon a crucial feature for price discrimination). Although
not acting upon price regulation, the economic justification of the European Commission is
the need to create more competition to the advantage of European consumers. The European
Commission claims that “the consumer should be in the driver’s seat” and thus building a single
market may put pressure on price differentials.* By comparing delivered nonlinear pricing and
mill nonlinear pricing, our analysis uncovers some features that may be felt in the car market
after its distribution sector liberalization.

Our work builds on previous results on nonlinear pricing under oligopoly. The framework
we use is similar to the one first presented by Stole (1995), who named it vertical uncertainty.
Stole studies delivered nonlinear price contracts considering a continuum of consumer types.
Delivered nonlinear pricing with a discrete number of consumer types was studied by Pires and
Sarkar (2000) and Valletti (2002). On the other hand, Villas-Boas and Schmidt-Mohr (1999)
studied mill nonlinear contracts under discrete vertical uncertainty.

Focusing on the discrete case, with two types of consumers at each location, the economic

justification for pricing policies’ regulation is discussed in a model of horizontal and vertical dif-

3Regulation always acts upon discrimination based on some observable characteristic. In our model this

characteristic is consumer’s location.
*Brenkers and Verboven (2002) discuss the impact on competition from liberalizing the European car market

distribution system and show empirically that there may be a reduction in international price discrimination and

price differentials.
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ferentiation where firms set price-quality nonlinear contracts. Considering spatial contestability,
we study the impact on welfare and market structure of two pricing policies: delivered nonlinear
pricing — DN P — and mill nonlinear pricing — M N P.

Our results show that delivered nonlinear pricing may bring smaller, equal or larger product
variety (free entry long-run equilibrium number of firms) than mill nonlinear pricing. Moreover,
our analytical results show that long-run welfare is higher under delivered nonlinear pricing for
low fixed costs and for intermediate fixed costs and sufficiently different consumer types. Our
numerical results suggest that this result also holds for other parameters’ values.

This chapter will proceed as follows: Section 2.2 presents the circular city model with n iden-
tical firms, studies the equilibrium contracts and compares profits and welfare for both pricing
policies for a given market structure. Section 2.3 analyzes the free entry long-run equilibrium
under spatial contestability and compares both pricing policies in terms of long-run product

variety and welfare. Our main conclusions are presented in Section 2.4.

2.2 Equilibrium price contracts for a given market structure

Our main objective is to study the impact of pricing policies on market structure. We address
this issue in two steps. First, for a given market structure (fixed number of firms, n), we
study the equilibrium under each pricing policy. This analysis is similar to the one presented in
Chapter 1. Second, we determine the free entry long-run equilibrium under each pricing policy.
We use the circular city oligopoly model to analyze our problem.

Consider n identical firms simultaneously offering nonlinear contracts (price p;, quality u;)
to consumers distributed on a unit length circle. There are two types of consumers at each
location d, d € [0,1] and both types are uniformly distributed along the circle, both having
mass equal to 1. These consumers are characterized by their preference for quality, measured
by 6: 0 > 0 > 0. We assume vertical uncertainty, i.e., firms observe consumer’s location d while
the quality preference parameter 0 is consumer’s private information. All firms have a fixed cost
F and firms’ relocation is costless (i.e., we focus on spatial contestability). In addition, all firms
have identical production costs for a good of quality wu;, given by C(u;) = %12 We assume a

location pattern where firms are equidistantly located around the circle:® an arc distance of %

’Notice that this assumption is appealing since this location pattern is one of the possible locational equilibrium
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separates every two neighbor firms in the market.

Each firm ¢ will always compete directly with two neighboring firms (the first firm located at
its left and the first at its right) implying that every firm deals with two independent symmetric
problems. In this section, we will look for the equilibrium contracts between two of the n firms
since the reasoning would be similar for all other pairs of firms. Notice that each firm’s profit
function is achieved by duplicating the profits attained in the market region under analysis.

Let us consider firm 1 and firm 2, located at d; = 0 and do = %, respectively. We consider
that each consumer type buys a single unit of a good and chooses the contract (p;, u;) that yields
the maximum net surplus (purchasing at most from one firm). When a consumer is indifferent
between buying from firm 1 or firm 2, we assume that he buys from the nearest firm. If a

type 6 consumer located at d € [O, %] buys at price p; a product of quality u; produced by

firm 4, 1 = 1,2, located at d;, his net surplus is given by:
V:U(O,d,ul-,dl-)—pizﬁui—t|d—di|—pi, (2.1)

where ¢ is a differentiation parameter (horizontal differentiation degree — ¢ > 0) and ¢ |d — d;|
measures the consumer’s loss of not consuming his ideal brand. Also consider k£ to be the

asymmetric information degree or the vertical differentiation degree, i.e., the dispersion of types’

DD

quality preference parameters: k =
In this section we describe the nonlinear contracts for a given market structure. Since

mill and delivered nonlinear pricing have been previously analyzed in Chapter 1 considering a

configurations. When firms practice delivered nonlinear pricing, firms choose locations at the median of their sales
distribution (Pires and Sarkar (2000), Pires (2002) and Hamilton and Thisse (1992)). If firms are equally spaced
in the circle, each firm’s equilibrium sales distribution will be symmetric around its location. But then the
firm’s equilibrium location is at the median of its sales distribution. Thus the equally spaced configuration is an
equilibrium of the two stage location-price game. Kats (1995) shows that equally spaced location configuration is
one of the possible equilibria when firms practice mill linear pricing. When firms practice mill nonlinear pricing
and are equidistantly located around the circle, if a firm 4 gets closer to firm j (located at the right of firm
i) it will rise the distance between firm ¢ and firm [ (located at the left of firm 7). As firms have competing
firms at both sides of their location, the business stealing effect from getting closer to one of the neighboring
firms will cancel out by getting further away from the other firm. When equally spaced in the circle, firms will
minimize transportation costs and steal the biggest possible share of the consumers’ surplus. For more discussion
on symmetric locational equilibrium see Eaton and Wooders (1985), Lederer and Hurter (1986), MacLeod et al.

(1988) and Novshek (1980).
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duopoly, we do not present a detailed deduction of the equilibrium contracts.

2.2.1 Mill nonlinear pricing

Lets us look at the case between two of the n firms when they simultaneously offer a unique
nonlinear contract — similar to Subsection 1.2.2. From the local monopoly analysis (similar to
Appendix 1.A.1 but considering a monopolist selling in a market whose length is %) there are
no local monopolies at least for one type (type ) as long as 0 < t < "Qiz — NLM condition.’
Following the same procedure as in Chapter 1 and assuming that ¢ belongs to the previous
interval, firms may cover the whole market for both types, cover the whole market for type 6
only or sell to type 6 only.

When firms cover the whole market for both types, firms’ demand is determined by the indif-
ferent consumer location for each type. Following an optimization procedure as in
Chapter 1, the equilibrium solutions are similar to the linear city duopoly model. We achieve

the following equilibrium solutions:

C?Q u:? and p_?:JrfL
=260 and ﬁ:%+%
ng y:Q_ and E:Qi_%
=60 and 52%4_%

When firms cover the whole market for type 6 only, demand from type € consumers is deter-
mined by the location where type 6 is indifferent between buying and not buying at all. Following

an optimization procedure as in Chapter 1, we obtain the following equilibrium solutions:

S? u=0 and pz%—l—%
Sg w=20 and p:§2—ﬁ
302

p| uwu=40 and p=30

LM7 L o2,
u=0¢ and p=%5 +

302

9| uwu=0 and p=30

LM; | oy,
u=0¢ and p=60"— 5

%Under monopoly delivered nonlinear pricing in a market whose length is %, the condition for non-existence of
local monopolies would be less restrictive. Therefore, we consider the limit given by the monopoly mill nonlinear

pricing analysis.
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We only have equilibrium solutions for all ¢ < "792 if k> (1 + %) Figure 2.1 illustrates
the set of parameters’ values where each of the previously described solution contracts holds.
Figure 2.1 is similar to Figure 1.1 but here the number of firms affects the scale of the vertical
axis. Thus, the values of ¢ such that a given solution holds change with n. For a given ¢ and k,

when n rises we move towards more competitive solutions.

14
10ng”
8ng’ f
éng’ |
ang’ f
1 q9 ~0q
2ng” JZ :
1.447 2 3 4 5 6 K

Figure 2.1: Equilibrium contracts under M N P

2.2.2 Delivered nonlinear pricing

Suppose now that firms are able to offer different nonlinear contracts at each location in the
circle (pi(d), u;(d) and p.(d), u;(d)) — similar to Subsection 1.2.3. To simplify notation, we will
drop the argument d for the remaining of this subsection. Since the two firms are identical,
with DN P the arc between firm 1 and firm 2 will be split into two equal parts and each firm
has its own market area. We will restrict the analysis to firm 1’s optimization problem within
d e [0, ﬁ], firm 1’s market area, since the analysis would be symmetric for d € [ﬁ, %] but
with firms’ positions reversed. The reasoning is similar to the linear city duopoly case but here

the maximum net surplus attained when buying from the most direct competitors is equal to

2t—nb?>
2tn

02

5 = dy. Considering k > v/2, type 6 consumers

(1 — d), which is positive when dy >

n
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72
located at firm 1’s market area always get positive net surplus for ¢t < %. On the other hand,

type 6 consumers net surplus when buying from firm 2 may be positive or negative. The change

in the net surplus of the consumers’ best outside option lead to the following types of contracts:

Region Contracts
v u; =20 — 0 and &zQ(?Q—@)—td
i =60 and py = 8"+ (60— 0)(20 — 0) — td
_ nB>+42tdn—2t _ n00°+2tdn(20—0)—20t
T w =G g, and py = 2(6-0)n
_ 52
] =0 andﬁlz%—Qtd—i-%
o u; =6 and leﬁz—td
ﬂlzéandm:%—%d—l—%
Figure 2.2 shows these three possible regions at firm 1's market area

2 72 2 ~ ol 72 2
x _ 6n00—3n0"—4nh°+2t _ 2nB0—nO” —2n0°+2t
d* = 7 and d = T .

M I C

| |
0 d* 4 Zi

5

Figure 2.2: Three regions at firm 1’s market area

where

The conclusions and contract analysis are analogous to the linear city duopoly case.

Figure 2.3 shows the set of parameters where different equilibrium solution contracts hold. The

bottom part (in grey) corresponds to low and intermediate values of t. The different scenarios

in the parameters’ space are characterized as follows:

1Reg | FC ([0, %D

2Reg | C([0, dg[) and FC([dg, 5])

3Reg | 1([0,d]), C([d, dg[) and FC([dp, -~])

AReg | M([0,d*[), I[d*,d][,C(|d,dp[)and FC([dp, -.])
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Figure 2.3: Fquilibrium solutions under DN P

The top part (in white) in Figure 2.3 corresponds to high values of ¢. The different scenarios

in the parameters’ space are characterized as follows:

2Reg* | C ([0,d°]) and C? ([d°, &])
3Reg* | I ([0,d]),C ({d,dC[) and 09 ([2%, &)
4Reg" [0,d*[), T [d*,d[,C (|d,d°[) and C? ([d°, L]

M (
2Reg** | I ([0,d!]) and C? ([d! ,2=1)
3Reg™ | M ([0,d*[), I ([d*,d[) and C? (|d’, 2])

) 2n

6100 —3n8° —4nh+2t+ \/ 4n(0-0)* (2n(§2 +4n? 74n9Q72t)

c _ 9 I _
where d~ = 57 and d* = o

In Figure 2.3 the number of firms affects the scale of the vertical axis. As in MNP, the
values of ¢ such that a given solution holds change with n and, for a given k and ¢, when n rises

we move towards more competitive solutions.
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2.2.3 MNP versus DNP

In this subsection we compare the two pricing policies for a given market structure, both in terms
of profits and welfare. Figure 2.4 shows DN P and M N P solutions for the various parameters’
values and illustrates that when n rises the NLM limit also rises. For a given k, when more
firms enter the market we must have a higher horizontal differentiation degree (higher ¢ values)

in order to get local monopolies for both types of consumers.

14

10ng”

2

8ng” -

4Regi7_..v

Figure 2.4: DN P (solid and black) versus M NP (dots and grey) equilibrium solutions

Profits comparison

Using the equilibrium contracts, for a given market structure, one can compute the equilibrium
profit functions (see Appendices 2.A.1 and 2.A.2 for MNP and DNP, respectively). As expected,
the equilibrium profit functions are all decreasing with n in the relevant range (i.e., for the
parameters’ values where they are the equilibrium solution).

Under mill nonlinear pricing, for a given n, the profit functions of C?Q, CZQ, S? and LM% are
increasing with ¢ whereas Sg and LMS profits are decreasing with ¢. There are discontinuities
in the profit function between LM% and S?, ng and S? and between Sg and LMg.

Under delivered nonlinear pricing, for a given n, the profit functions of 1Reg, 2Reg and
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2Reg* are always increasing with ¢t whereas in all the other profit functions there are some
parameters’ values where profits are decreasing with ¢ and other parameters’ values where they
are increasing with ¢. However, under DN P there is no profits discontinuity.

If we compare profits for a given set of exogenous parameters, ¢,6,6 and F, and for a given

market structure (i.e., given n), we get ambiguous results:

Proposition 2.1 For a given market structure, the profit under DNP may be either smaller,
equal or larger than under MNP. That is, for certain sets of parameters’ values MNP yields
higher profits. For other sets of parameters’ values the two pricing policies yield the same profits.

Finally, there are some sets of parameters’ values for which DN P has higher profits.

Proof: Our proof does not compare DN P and M NP for every set of parameters’ values.
We only prove the existence of sets of parameters’ values such that the result holds.

Let us denote by Hfl and II!", the profit of firm ¢ under DNP and MNP, respectively.
For t < nTQQ and under DN P, full competition contracts are offered in every location and each
firm gets a profit equal to Hld = 7:—2 — F. On the other hand, under M NP we may have C?Q,
CZQ or S? contracts. For the set of parameters’ values where contracts C?Q and ng hold each
firm’s profit is either 1I" = % — For III" = % + ﬁ — F. In this case, it is trivial to show
that II" > H;-i. On the other hand, when S? holds, each firm’s profit is II* = % — F, hence
I = 1¢.

For low k and high ¢ (close the limit where M NP yields local monopolies), DN P yields
higher profits than M N P. Here we just show a single case where this happens. However, there
are other sets of parameters’ values where H‘ii > II'". Let us consider the set of parameters’
values where Sg and 4Reg both hold and let ¢ and ¢ denote the lower and upper boundaries of
this set (in terms of t), respectively. For k < 1.507, it is simple to show that TI¢(¢) > II"(t)
and T1¢(¢) > TI7(%), i.e., at the lower and upper boundaries profits under DN P are higher than
profits under M N P. Furthermore, in this set of parameters’ values both profit functions are

continuous and III" is always decreasing with ¢ whilst Hf initially increases and then decreases

with ¢. Thus, we can conclude that H? > II7", for all ¢t € [L ﬂ. [ ]

Using the type of arguments applied in the previous proof we were able to compare profits
in every subset of the parameters’ space. Profits under DN P are higher only when Sg holds

and t is close to the N LM condition.
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The fact that DN P may yield higher profits than M N P seems to contradict Norman and
Thisse’s results under linear pricing. However, Norman and Thisse (1996) limited their analysis
to the case where no firm has monopoly power in any segment of its market area. If they
had compared delivered and mill linear pricing for parameter values such that there are local
monopolies under mill pricing, they would have concluded that profits under delivered pricing
are higher than under mill pricing. This conclusion is obvious when we have local monopolies
under both pricing policies, but it also holds when we have local monopolies under mill pricing
but firms still compete, closer to market center, under delivered pricing. This happens because
under delivered pricing, at locations closer to the firm, the firm is able to charge delivered
monopoly prices (which, with inelastic demands means charging a price equal to the consumer
reservation price). Consequently for a given market structure we may have higher profits under
delivered linear pricing than under mill linear pricing.

In a footnote, Norman and Thisse state, without proof, that their analysis is not significantly
affected by their assumption. Since they were interested in the free entry long-run equilibrium,
we agree with this statement. In fact, if we ignore integer constraints (as Norman and Thisse
did) in a free entry equilibrium we can not have local monopolies. Under local monopolies each
firm’s variable profit does not depend on the number of firms. But then, either variable profits
are smaller than fixed costs or variable profits are higher than fixed costs. In the first case, every
firm will exit the market. In the second case, each firm gets positive profit and thus more firms
will enter the market. This is true as long as local monopolies hold (since profit does not depend
on n). Thus, we will continue to have entry until the local monopoly situation disappears.”
However, we should notice that since monopoly delivered profits are higher than monopoly mill
profits, we may have values of F' such that no entry occurs under linear mill pricing while entry
occurs under delivered linear pricing. But for values of F' such that entry occurs under both
pricing policies, Norman and Thisse’s result is valid.

The previous argument justifies why we did not study the case where there are local monopo-
lies for both types of consumers. However, with two types of consumers and under M N P, we

may have firms competing for type 6 consumer and having local monopolies, or even not serving

"If F is large, the argument that one cannot have local monopolies under free entry is not valid. In this
scenario, ignoring integer constraints is not an adequate assumption and we may have local monopolies under free

entry. Thus, we may have higher profits under delivered linear pricing.
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at all, for type . Simultaneously, under DN P firms may be able to charge monopoly nonlinear
prices at locations closer to the firm. Moreover, since each firm’s profit depends on n under both
pricing policies (firms are competing for type 6 under M N P and competition is effective under
DN P for locations closer to the market center) there seems to be no reason for this situation not
to happen in a free entry equilibrium. Whilst in the Norman and Thisse’s framework the local
monopolies case was not interesting in the free entry equilibrium, with two types of consumers,
we may have free entry equilibria where firms are competing only for type 6 consumer.

Since, for a given market structure, profits under M NP may be higher, equal or smaller
than profits under DN P, we also expect ambiguous results when comparing the free entry
long-run equilibrium number of firms under the two pricing policies. This result will be shown

in Section 2.3.

Welfare comparison

Let us now compare welfare under the two pricing policies, for a given market structure (i.e.,
given n). Since the quality offered to type 6 consumers is always the efficient one and this
type of consumer is always served, both pricing policies maximize social welfare for this type
of consumer. Therefore, for a given market structure, welfare differences are explained by what
happens to type 8 consumers. There are two issues which are relevant in the welfare comparison
for type 6 consumers: the first one is whether this type of consumer is offered the efficient quality
or not; the second one is whether consumers of this type are served or not.

Using an analysis similar to that in Section 1.3 but considering n firms’ equilibrium solution
contracts, we conclude that there are many parameters’ values for which we can easily compare

welfare under MNP and DNP.
Proposition 2.2 For a given market structure, i.e., n fized, welfare under DN P 1is:

(i) Equal to welfare under MNP when both types of consumers are completely covered under

MNP (contracts C?Q and ng).

(ii) Higher than welfare under MNP when only type 0 consumers are served under MNP
(contracts S’? and Sg ); when only competitive and fully competitive contracts are offered
under DNP (2Reg) and when under DN P firms serve only type 6 consumers closer to

the market center but offer competitive contracts elsewhere (2Reg™* ).

50



(iii) Lower than welfare under MNP when under DN P firms only serve type 0 closer to the
market center and offer intermediate contracts elsewhere (2Reg**) and under M N P there
are local monopolies for type 0 and type 0 indifferent consumer gets no surplus (contracts

LM%) and there are less type 0 consumers served under DN P than under MNP.

(iv) When under MNP there are local monopolies for type 0 and type 0 indifferent consumer
gets mo surplus (contracts LM%) and under DNP firms serve only type 0 closer to the
market center and offer suboptimal quality to type 8 consumers at locations closer to the
firm and there are more type 0 consumers served under DN P than under MNP, the

welfare comparisons are ambiguous.

Proof: The reasoning is similar to the one presented in the proof of Proposition 1.1 in

Chapter 1. B

In other words, for a given market structure, welfare under DN P may be either lower, equal
or higher than under M NP. When the degree of horizontal differentiation is high and the
degree of vertical differentiation is intermediate or high, welfare comparisons are ambiguous.
For the remaining set of parameters’ values, welfare under DN P is higher than welfare under
MNP except when the degree of horizontal differentiation is low (where welfare is identical
under both pricing policies) and when the degree of horizontal differentiation is relatively high

and the degree of vertical differentiation is not low.

2.3 Pricing policies and market structure

In this section, we want to address several questions. First, for given values of the exogenous
parameters, t, 0, @ and F, which is the free entry long-run equilibrium number of firms for M N P
(n™) and DNP (n%)? Second, for the same parameters’ values, what is the socially optimal
number of firms and how does it compare with the free entry equilibrium under the two pricing
policies? Finally, which of the two pricing policies brings higher long-run welfare?

In the first part of this section we present some analytical results concerning the free entry
equilibrium. We are able to show that for low and intermediate fixed costs the free entry long-run
equilibrium number of firms is larger or equal under M N P but long-run welfare is higher under

DNP. In the second part of this section we present some numerical results which confirm that
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the free entry number of firms under DN P may be smaller, equal or higher than under M N P

and suggest that long-run welfare is always higher under DN P.

2.3.1 Some analytical results
Socially optimal market structure

The social planner’s problem is easily described by:

% 6 % 0
max  2n° / (—t:v)dx—i—/(—tx)dx —n°F
o 2 o 2

nsds dy

subject to dj < %, dy < 5, and n®, dj, dj non-negative.

Notice that if dj < ﬁ the market is not fully covered for type #. Thus, the previous
formulation allows for the possibility of not covering the whole market for one or for both types.
The socially optimal number of firms depends on the parameters’ values as described in the

following proposition.

4
Proposition 2.3 When F < %t it is socially optimal to cover the whole market for both types

and the optimal number of firms is given by:

74
When % <F< o LQLI the market should not be fully covered for type 8 and the optimal number

of firms is:
t

VAFt — 0%

4
Finally, for F' > 0 Z;Q it is socially optimal not to serve the market (n®* =0).

n’ =

Proof: These results are obtained from the solution of the social planner’s problem. B

Notice that it can never be socially optimal to have both types of consumers only partially
covered. Why? In this case, the variable welfare (i.e., excluding F') generated by each firm
does not depend on n. Thus, either the variable welfare generated by each firm is higher than
F or smaller than F. In the former case, it is socially optimal to keep increasing n until the

market is covered for at least one type. In the latter case, it is socially optimal not to have
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entry. However, for intermediate values of F, it may be socially optimal not to serve all type 6
consumers. This provides an additional argument why analyzing the case where not all type 6
consumers are served is important (this case is relevant from a social welfare point of view).

In the next subsection we compare the socially optimal number of firms, n®, with the free

entry long-run equilibrium number of firms under the two pricing policies, n™ and n¢.

Equilibrium market structure

As it was mentioned in Section 2.2.3 the profit function is continuous with n under DN P but
not under M N P. Consequently there may exist some parameters’ values where there is no n™
such that II7"(n™) = 0. However, these discontinuities only happen when one «jumps» between
S? and LMZ, S7 and C2 and between LMY and S§. Everywhere else the M N P profit function
is continuous. Moreover, for the purpose of equilibrium existence, discontinuity with n is only
a problem when the profit function «jumps» down® when n increases (which only happens
between LM% and Sg).

In the next proposition we compare the free entry number of firms and social welfare?, for
low F' and for intermediate F' and intermediate or high k (for these parameters’ values equilibrium

existence is guaranteed).

Proposition 2.4 If (i) F < % or (i) k > 2 and % <F< %, the free entry number of
firms under DN P is smaller or equal than under M N P. In addition, the long-run social welfare

under DN P 1is larger than under MNP.

Proof: ) f F < %, under DN P full competition contracts hold in every location of a firm’s
market (1Reg) and the free entry equilibrium number of firms under DN P is n? = \/% =/2n°.
Thus, there exists too much entry. Proposition 2.1 states that, for a given n, profit under DN P
with full competition contracts is either smaller or equal to profit under M NP (depending on

whether C?Q, CZQ or S(f contracts hold). By definition, n™ is such that II!"(n™) = 0. Since

¢ (n™) < I (n™) = 0 and 1¢ is continuous and decreasing with n, this implies that n? < n™.

8When the profit function «jumps» up we may have a problem of multiplicity of equilibria. In one of these

solutions n™ is equal to n?.
In a monopolistic competition model where there are informed and uninformed consumers, Katz (1984) shows

that price discrimination impact on long-run social welfare is ambiguous and depends of the proportion of informed

to uninformed consumers.
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When 1Reg and C?Q or Cgﬁ hold, every consumer is served and qualities are the socially
efficient ones under both pricing policies. Thus, welfare differences are exclusively due to the
number of firms. Since n™ > n? > n® (M N P has more excess entry than DN P), one concludes
that We(n?) > W™(n™). When S? contracts hold under M NP, the two pricing policies have
the same long-run number of firms, but since type 6 consumers are not served under M N P,
once again W(nd) > W™ (n™).

(i) If £ > 2 and % <F< %, under DN P we have competitive and fully competitive
contracts (2Reg) and n? > n®. For a given n, profit under DN P is smaller than profit under
MNP (whether LM% or S? hold). Since profits are decreasing with n, this implies that n? < n™.
Notice that in the free entry equilibrium we may have CZQ contract under M NP (since n™ > n¢,
CZQ holds for higher values of ¢ than 1Reg).

When LM% (S?) and 2Reg hold the quality offered is optimal under both pricing policies.
However, there is more excess entry under M N P since n™ > n > n® and under M N P there are
too few (no) type @ consumers being served. When ng and 2Reg hold every consumer is served
and qualities are the socially efficient ones under both pricing policies, thus welfare differences

are exclusively due to the number of firms and consequently W¢(n¢) > W™ (n™). B

For very low fixed costs our results are very similar to Norman and Thisse (1996). In fact,

. _
if we restrict the analysis to F' < 20_ " solution C?Q holds under MNP and the free entry

T
number of firms is n™ = \/% = v/2n?, which is precisely the result obtained by Norman and
Thisse (1996). However, our previous proposition extends their results to higher values of F,
including cases where the market is not completely covered for type # under M N P.

It is possible to extend the previous proposition even further to the set of parameters’ values
where 2Reg* holds under free entry. However, in this case, there may exist parameters’ values

for which no free entry equilibrium exists under M N P. The next proposition is limited to the

case where free entry equilibrium exists under both pricing policies.

.. 304 (524-2@2—25@)2 94 .
Proposition 2.5 If k > 2 and T < F < ~——5—" + 37 and there exists a free entry
equilibrium under M N P, then the free entry number of firms under DN P is smaller than under

MNP. Moreover, long-run social welfare under DN P is larger than under M N P.

N N2
4 0" +260%—200 4
Proof: If kK > 2 and % < F < % + %, under DN P we have competitive
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92

57> closer to the market center only type 0 is served (2Reg*) and

contracts until d¢ = dp =
n > n®. Under M NP, we may have either LM%7 S?, LM% or Sg contracts. If there exists a free
entry equilibrium under M N P, n™ is such that II"(n™) = 0. Since I1¢(n™) < II7*(n™) = 0 (no
matter whether LM% S?, LM% or Sg contracts hold) and Hf(n) is continuous and decreasing

d

with n, we know that n® < n'™, thus there is more excess entry under M NP. Moreover,

the quality offered is the socially optimal one under both pricing policies but under DN P all
92

type @ consumers who should be served are served (d¢ = dy = 5;7) Whereas under MNP too

few type @ consumers are served. Consequently W%(n?) > W™ (n™). B

Ideally, we would like to compare analytically the two pricing policies with endogenous
market structure for every set of parameters’ values. However, some of the profit functions
are so complex that we can not find the equilibrium number of firms analytically. In the next
section we present numerical results that allow us to make a more complete comparison of the

two pricing policies.

2.3.2 Numerical Results

Due to the complexity of some profit functions and the need to guarantee that the free entry
long-run equilibrium number of firms and the profit function used are internally consistent!?,
we decided to compute numerically the free entry long-run equilibrium number of firms for each
pricing policy (n™ and n?). Using Gauss programs, we computed the free entry long-run number
of firms for each of the possible equilibrium solution contracts for different sets of parameters ¢,
0, 0 and F (for MNP and DN P, separately).

In each of our simulations, we fixed § and F' and computed the long-run equilibrium for a
large grid of values for k£ and t. We ran several of these simulations, considering different values
for § and F'. Obviously, the free entry equilibrium number of firms and welfare levels under each
pricing policy depend a lot on the parameters’ values. However, the qualitative results on the

comparison of the two pricing policies are the same in all the simulations we have performed.

ONotice that the profit function varies from solution contract to solution contract. The relevant solution
contract for a given set of exogenous parameters also depends on n. This implies that, for each set of exogenous
parameters’ values, we need to identify simultaneously which is the relevant solution contract (and consequently

the profit function to use) and the number of firms such that this profit is zero.
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Free Entry number of firms

Figure 2.5 exemplifies the results of our simulations, when § = 2 and F' = 0.2. There are
several interesting features which are common to all simulations we performed. The first one is
that the socially optimal number of firms and the equilibrium number of firms under DN P are
both continuous with ¢. On the other hand, the equilibrium number of firms under M N P may
present one (for low k) or two (for intermediate k) discontinuities!! and it is decreasing with ¢ for
values of ¢ close to the N LM limit (where either LM% or Sg contracts hold). Curiously, the fact
that n" is decreasing with ¢ for high ¢ values was already present in the linear price case (see
Salop (1979)). Our results also emphasize the fact that there is excess of entry under both

pricing policies once n® is always lower than n™ and n?.
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Figure 2.5: Free Entry Long-Run Number of Firms

Simulations for other values of F' and 6 reveal the same type of pattern for n®, n® and n™.
In addition, these simulations show that the free entry number of firms is decreasing with F' and
non-decreasing with 8, under both pricing policies.

The first plot in Figure 2.5 shows that for low & (similar types) and high ¢ (close to the
NLM condition limit), n? is higher than n™, confirming that the free entry number of firms
may be higher under DNP than under M NP.'? For this set of parameters’ values, DN P
solution contracts have firms setting the typical asymmetric information monopolist contract at
locations near the firms and this fact outweighs the competitive pressure of delivered pricing

policies. Moreover, for this set of parameters’ values, M N P solution contracts have firms selling

"'The case of intermediate k is not shown in Figures 2.5 and 2.6.

2This plot also shows that we may have n? = n™, a result which we proved analytically.
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only to type 6 consumers. As a consequence, for a given n, profits are higher under DN P, which
leads to a larger number of firms in the long-run. Notice that, as F' increases, the free entry
equilibrium number of firms decreases, which implies that, for a given k, £ does not have to be
so high for this phenomenon to hold.

One should notice that n? > n™ holds only for a relatively small set of parameters’ values.
For higher k£ and/or smaller ¢, the long-run equilibrium number of firms is larger under M N P.
If k is higher (or ¢ is lower), the firm is not able to set monopoly contracts even for locations
near the firm (there is no region M). Therefore, DN P has more competitive contracts and firms

achieve lower profits, which leads to lower entry.

Welfare comparisons

Whether discriminatory nonlinear pricing should be prohibited depends on which of the two
pricing policies is better in welfare terms. Therefore, comparing long-run welfare under the two
pricing policies is extremely important. Propositions 2.4 and 2.5 tell us that long-run welfare
under DN P is higher than under M NP for small F', and for intermediate F' and k above a
certain level. However, it would be interesting to learn something about the long-run welfare
comparisons for other parameters’ values.

Considering the results in the previous subsection and the results in Subsection 2.2.3 there
are some sets of parameters’ values for which the long-run welfare comparison is, a priort,
ambiguous since welfare comparisons for a given market structure and the excess entry under
the two pricing policies have welfare effects which run on opposite directions. For example, when
k is low and ¢t is high, n™ is closer to n® but under MNP type 6 consumers are not served.
Thus, it is not obvious whether welfare is higher under DNP or M NP. On the other hand,
when both k and ¢ are high, n? is closer to n® but under DN P type # consumers are offered a
suboptimal quality and less consumers are served than under M N P. Once more one does not
know whether long-run welfare is higher under DNP or MNP.

Unfortunately, for the set of parameters’ values where there is uncertainty about long-run
welfare comparisons, it is impossible to compute long-run welfare levels analytically, so we
decided to do it numerically (even though we are aware of the limitations of this analysis). In
order to compare long-run welfare, we first derived welfare function for each pricing policy (see

Appendix 2.B). After computing n™ and n?, for given values of ¢, #, § and F, we then compared
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WMNP (pm) with WPNP (nd),
Figure 2.6 illustrates the qualitative results when § = 2 and F' = 0.2. While the long-run
welfare is always continuous with ¢ under DN P, the long-run welfare presents one (for low k)

WMNP {g also

or two (for intermediate k) discontinuities under M N P (for the other values of ¢,
continuous). Moreover, for values of ¢ close to the NLM limit, long-run welfare is increasing

with ¢ under M N P, a feature which was already present in mill linear pricing.
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Figure 2.6: Free Entry Long-Run Welfare

In our simulations, we always reached higher free entry long-run social welfare with DN P
than under M NP. Although this does not prove that long-run welfare is always higher under

DNP, it seems to suggest that this is in fact the case.

2.4 Conclusion

The issue of whether price discrimination should be prohibited has been previously addressed
in a setup where consumers differ according to one observable characteristic (location). Under
this setup mill linear pricing and delivered linear pricing have been compared and it has been
shown that when there is spatial contestability (firms can costlessly relocate), in the long-run
delivered linear pricing yields higher welfare and consequently discriminatory prices should be
allowed.

This chapter considers a model where consumers simultaneously differ according to one
unobservable (quality preferences) and one observable characteristic (location — brand preferen-
ces). In these circumstances, nonlinear prices arise in equilibrium. The main question addressed

in this work is whether firms should be allowed to discriminate according to the observable
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characteristic. In other words, should firms be allowed to practice different nonlinear contracts
at each location or should they be forced to set a unique nonlinear contract?

We show that, when firms can costlessly relocate and set nonlinear contracts to screen
consumers according to their quality preferences, delivered nonlinear pricing may bring smaller,
equal or higher free entry equilibrium number of firms than mill nonlinear pricing, depending
on the degree of horizontal and vertical differentiation. The fact that the number of product
varieties (free entry number of firms) may be higher under delivered nonlinear pricing is not
present in Norman and Thisse (1996) and occurs when consumer types are similar and horizontal
differentiation degree is close to the level where local monopolies for both types start to appear.

Our results corroborate Norman and Thisse (1996), under spatial contestability, in terms of
too much product variety (excess entry) with both mill nonlinear pricing and delivered nonlinear
pricing, since the free entry socially optimal number of firms is always smaller than the free entry
equilibrium number of firms. This also happens in terms of welfare, since delivered nonlinear
pricing yields higher long-run welfare than mill nonlinear pricing when (i) fixed costs are low
and when (7)) fixed costs are intermediate and consumer types are sufficiently different. In
addition, our numerical results suggest that long-run welfare is higher under delivered nonlinear
pricing than under mill nonlinear pricing for other parameters’ values, supporting the view that
discriminatory nonlinear prices should not be prohibited.

Two extensions seem worth considering. It would be interesting to study settings where
there is a different proportion of types at each location or where brand preferences interact with

quality preferences.
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2.A Profit Functions

2.A.1 Mill nonlinear pricing — Firms’ profit functions
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2.B Welfare computations

With n firms, aggregate total surplus under mill nonlinear pricing, W™N¥(n), is given by:
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Chapter 3

Entry Decision and Pricing Policies

3.1 Introduction

Entry incentives differ according to the pricing policy set in markets. Different pricing policies
imply different market equilibria and thus different profit levels for the firms in the market (both
entrants and incumbent firms). Therefore, the pricing policy is undoubtedly a determinant of
competitors entrance in markets.

For very different setups, one can find various studies that illustrate the impact of firms’
pricing policies upon the entry decision. Some of them show that discriminatory pricing tends
to discourage entry. Armstrong and Vickers (1993) consider an incumbent firm that serves two
identical independent geographical markets where entry can only occur in one of these markets.
Both firms sell a homogeneous product and the entrant is price-taker.! They emphasize that the
incumbent sets lower prices in the market where entry is possible when discriminatory pricing
is effective. Thus, for intermediate levels of entry costs, there is less entry than under uniform
pricing. In this analysis the impact on entry is due to the difference in the degree of competitive
threat across markets since markets’ demand is identical. Aguirre et al. (1998) explore the
strategic choice of pricing policies under a spatial market model. When focusing on symmetric
information, they show that discriminatory pricing is more aggressive and entry is more difficult
than under uniform pricing. Motta (2004) also illustrates that discriminatory pricing always

deters entry while uniform pricing may or may not deter entry using a very simple example with

! Armstrong and Vickers (1993) first study the case where the entrant firm’s scale of entry is exogenous followed

by the case where it is endogenous.
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Bertrand competition and two identical independent geographical markets. In this example, the
author explores the welfare impact of the two pricing policies.

On the other hand, allowing discriminatory pricing can increase profits and thus encourage
more entry as shown in Katz (1984), which analyzes long-run monopolistic competition with a
mixture of informed and uninformed consumers. In a research note, Cheung and Wang (1999)
extend Armstrong and Vickers (1993) analysis considering non-identical demands. They showed
that discriminatory pricing may have a positive or negative effect on entry since the impact on
entry due to the difference in markets’ demand may overwhelm the impact due to the difference
in the degree of competitive threat across markets. Their analysis assumes that both markets
are served by the monopolist under uniform pricing.

Our aim is to extend the analysis of the impact of pricing policies upon entry to a framework
where product heterogeneity is present and thus add a third effect: the degree of product
substitutability. This setup is more realistic since firms frequently use product differentiation
as one of their strategies and consumers tend to be more diverse thus, demanding product
differentiation in several markets. We show that the degree of product substitutability affects
the impact of pricing policies upon entry decision.

Considering an incumbent firm that serves two distinct and independent geographical mar-
kets, an entrant firm may enter one of the markets with a differentiated product. If entry occurs
the firms compete in prices. First we look for the price equilibria under monopoly and under
entry for both discriminatory and uniform pricing. Then we compare the two pricing policies
in terms of entry decision and analyze how this comparison is affected by the difference in the
degree of competitive threat across markets, the degree of markets’ demand difference and the
degree of product substitutability.

Notice that our setup has two important differences with respect to Armstrong and Vickers
(1993) and Cheung and Wang (1999). On one hand, they consider a dominant firm model with
a price-taker entrant where firms sell homogeneous products whereas we use a duopoly price
competition model with differentiated products. On the other hand, they just analyze the case
where, under entry, the incumbent firm sells in both markets under uniform pricing whereas we
also study the case where the incumbent’s optimal decision when entry occurs is to abandon
one of the markets.

We consider that entry under discriminatory pricing is more likely than under uniform pri-
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cing when we have levels of entry costs where entry is profitable under discriminatory pricing
but unprofitable under uniform pricing, i.e., when entrant’s post-entry profit is higher under
discriminatory pricing than under uniform pricing. Our results show that entry under discrimi-
natory pricing may be more, less or equally likely than under uniform pricing. For all degrees of
product substitutability, there is always some level of degree of markets’ demand difference where
under discriminatory pricing entry is more likely than under uniform pricing. This happens for a
larger interval of degrees of markets’ demand difference when there are lower degrees of product
substitutability.

Previous studies do not take into consideration the effect of the degree of product substi-
tutability. We show that this effect has an impact on determining which of the two pricing
policy is more entry deterrent.

This chapter is organized as follows. In Section 3.2 we set up the model and compute the
demand functions for each market and product. Section 3.3 studies the monopoly solution under
discriminatory and uniform pricing whilst Section 3.4 analyzes these two pricing policies when
a competitor enters one of the markets. Comparison of pricing policies, in terms of the impact

upon entry decision, is presented in Section 3.5. Finally, Section 3.6 sets the conclusions.

3.2 The model and demand derivations

Consider an incumbent firm, I, operating in two distinct and independent geographical markets.
In one of these markets entry is possible — the competitive market, henceforth we denote it by
market A — and in the other market entrance is not possible — the captive market, henceforth
we denote it by market B. The incumbent firm and the entrant firm, £, compete in prices:
they choose their prices simultaneously and independently. The products sold by the two firms
are differentiated, i.e., products are imperfect substitutes. We assume linear demand in both
markets. This type of demand function can be derived from the consumer’s utility maximization
problem with a quadratic utility function.

To derive demand in the captive market, where there is no product variety, we assume that

the representative consumer’s preferences are given by:

0 1 2
Ulai) = ab + apai — 5bs (a5) " (3.1)
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where qé represents the quantity sold in market B by the incumbent, ¢% represents all other
captive market products (with a price normalized to unity) and ap, bp are positive constants.
The consumer’s budget constraint is Mp = pIBqé +4q%.

In the competitive market, the representative consumer’s utility function takes the form of a

standard quadratic utility function (similar to the one suggested by Dixit (1979)):

1
U(dh,q%) = ¢4 + aadly + aag” — 3 [bA (@)% + 2daghq® + ba (qEﬂ : (3.2)

where ‘LI4 and ¢F represent the quantity sold in market A by the incumbent and by the en-
trant, respectively. All other competitive market products are represented by ¢% (with a price
normalized to unity) and a4, by are positive constants. The degree of product substitutability
can be measured by d4 € [0,ba[ where products become closer substitutes as d4 — b4 which
implies intense price competition. When d4 — 0 products are completely differentiated. We
require that d4 < by in order to assure that each product price is more sensitive to a change in
its product quantity than to that of the other firm’s product quantity. Let us define 7 as the
ratio between d4 and by, i.e., T = Z—Z‘. Thus the degree of product substitutability can also be
measured by 7 with 7 € [0, 1]. Values of 7 close to 1 represent highly substitutable products and
7 values close to 0 correspond to highly differentiated products. In the remaining analysis we
will use 7 to measure the degree of product substitutability. The utility function (3.2) assumes
the two products have symmetric effects on consumer’s utility. Notice that when entry does
not occur, this market has no product variety since ¢ = 0. In this case, the consumer’s utility
function in the competitive market will be similar to the captive market. The consumer’s budget
constraint is given by M4 = pilql{1 +pFgf + q%-

From constrained optimization of the utility functions we obtain the inverse demand function

in each market. In market B, we get:
ph = ap — bpqp.
In market A, when no entry occurs, we get:
ph = aa —bagh.
Finally, in market A when entry occurs, we obtain:
ph = aa—baqgh—dag”
p¥ = aa—baq” —dagh.
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In order to derive the Nash equilibrium of the price-game, we need to compute the demand

functions. Solving the previous expressions with respect to the quantities demanded we get,

respectively:
r_oas _ 1
r_oa 1 g
qa ba bAPA
and finally:
I aa(ba —da) ba da g
gy = - pa+ D
vy —d% vy —d% vy — d%
B aa(ba —da) ba g da
qg = — p-+ P4-
vy —d% vy —d% vy —d3

To simplify computations, when there is a duopoly in market A we define:

_aa (ba —da) ba da

= and ¥ = 5———-.
by — d% by —d4 by —d5

Then the last two demand functions simplify to:

¢h = a—Bph+pt
¢" = a—pBp" +pl.

With this demand specification, the quantity demanded of a given product depends nega-
tively on its own price and positively on the price of the other product. As 7 = i—ﬁ — 1, the
price of the other product affects more and more the quantity demanded of a firms’ product.

For simplicity we assume that both firms’ production costs are nil. The entrant’s cost of
2

entering market A is non-negative.

Finally, we assume the following relationships between market B and A’s parameters:
bp =ba (3.3)

ap = kaa,k €10, +00]. (3.4)

Parameter k measures the degree of markets’ demand difference. Under no entry and as-

suming (3.3) and (3.4), when & — 1 market A and B are identical. When k£ > 1 demand in

2We assume that the entrant’s cost of entering in market B is so high that entry in this market would always

be unprofitable.
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market B is larger than demand in market A and for a given market price, demand in market B
is less elastic than demand in market A. Conversely, when k < 1 demand in market A is larger
than demand in market B and for a given market price, demand in market A is less elastic than
demand in market B. Therefore, low k£ and high £ stand for high degrees of markets’ demand

difference and k around 1 corresponds to low degrees of markets’ demand difference.

3.3 Discriminatory versus uniform pricing under monopoly

In this section we compare discriminatory pricing with uniform pricing when the incumbent
is a monopolist in both markets. Although we are mainly interested in studying the impact
of pricing policies upon entry, the monopoly analysis is interesting for comparative purposes
since it allows us to identify one important effect when we compare discriminatory and uniform

pricing: differences in markets’ demand of the various markets.

3.3.1 Discriminatory pricing

Under discriminatory pricing the incumbent may set different prices in each market. Since firms
have null production costs, the incumbent solves two separate profit maximization problems.
In market A, the incumbent solves the following problem:

max ! ai — i !
i Pam bA bApAm

Pam

and similarly for market B:
I 4B Lo
max Ppm b Fme )
PBm B B
where pilm and qi[m denote the incumbent’s price and quantity in market ¢ under discriminatory
pricing and monopoly in both markets. Notice that all quantities must be non-negative.

The solutions to these problems are given by (first order conditions are described in

Appendix 3.A.1 and 3.A.3):

T I aA

Pam = 5 and gy, = BT
7 ap kan I aB ka g
= — = — d = — = —
PBm 9 9 an dBm 2bB 2bA )

where the last equalities follow from the assumptions on ap and bg. Under our assumptions

these solutions imply positive quantities. Thus, it is optimal for the incumbent to sell in both
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markets. Notice that if £ < 1, the price is higher in market A while if £ > 1, the price is higher
in market B. This result is expected: a discriminatory monopolist charges a higher price in
the less elastic market. When k < 1, market A is larger and less elastic thus, pﬁlm > pIBm.
Conversely, when k& > 1, market B is larger and less elastic thus, pgm > pﬁlm.

We can compute the incumbent’s profits under monopoly discriminatory pricing:

I a}
TAm = m (35)
[ _ op K}

= = . 3.6

Therefore the incumbent’s total profit is given by:

T _a4(1+47)
T(Am+Bm) = 4by :

3.3.2 Uniform pricing

In order to find the incumbent’s optimal solution under uniform pricing we need to evaluate
whether the incumbent is better of selling in both markets or selling only in one of the markets.
If the incumbent sells his product in both markets, he will choose a unique price so as to

maximize his total profit. Therefore, the incumbent solves the following problem:

_rfea 1\ _rfas _ 1
Hg}x P <bA bAp)+p <bB be>

subject to non-negativity constraints for quantities. We denote by p’, @Qm and EIBm the incum-
bent’s price and quantities produced in market A and B, respectively, under uniform pricing
and monopoly in both markets.

The solution to this problem (first order conditions are described in Appendix 3.B.1) is:

1 apba+aabp  aa(k+1)

2(bg +bp) 4
i = 2a4 — ap aabp _aa (3—k)
Am 2(ba+bp)  2ba(bs +bp) 4b 4
- 2ap —aa agba _ as(3k—1)
B 2(ba +bp)  2bp(ba + bp) by

where the last equalities are obtained using the assumptions on ap and bg. Notice that qgm >0

if k <3 and gk, >0if k> 1.
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The incumbent’s profit under monopoly uniform pricing when selling in both markets is

given by:
i _ (apba+aabp)® _ af (k+1)°
(Am+Bm) 4bsbp(ba + bp) 8ba ’

If the incumbent abandons one of the markets, the optimal solution in that market is the one

obtained under monopoly discriminatory pricing (Subsection 3.3.1). Therefore, the incumbent’s
profit function when selling in market A only is given by (3.5) whereas profit obtained when
selling in market B only is given by (3.6).

Comparing the incumbent’s profit in all three alternatives (selling in both markets, selling

in market A only, selling in market B only) one concludes that:

e When k < v/2 — 1, the incumbent prefers to sell in market A only;
e When k > v/2 + 1, the incumbent prefers to sell in market B only;

e For /2 — 1<k < +/2+1, the incumbent prefers to sell in both markets.

Under uniform pricing selling in both markets brings lower profit than only selling in the
largest market when there are large differences in markets’ demand. For very low k values,
demand in market A is considerably larger than demand in market B and the incumbent prefers
to sell in market A only. On the other hand when demand in market B is considerably larger
than demand in market A, for high levels of k, the incumbent abandons market A given its
relatively smaller demand. Finally, the incumbent prefers to sell in both markets when markets

are similar, i.e., V2 —1 < k < v/2+ 1 and for these k values aﬁm and qum are non-negative.

3.3.3 Comparison of pricing policies

In this subsection we limit our analysis to the comparison of prices in market A under the two
pricing policies since this is the market where entry is possible.

With discriminatory pricing the incumbent practices a higher price in the more inelastic
market. Moreover, if the incumbent serves both markets the uniform price will be between the
discriminatory prices in market A and B. When v2 — 1 < k < 1, under uniform pricing the
incumbent serves both markets and under discriminatory pricing the incumbent sets a higher
price in market A, thus pim >pl > pém. Under monopoly, if demand in market A is larger,

discriminatory price in this market will be higher than uniform price as long as both markets

71



are served under uniform pricing. This shows that one needs to take into account differences in
markets’ demand in order to know whether the incumbent’s price in market A is higher under
discriminatory or uniform pricing.

As we will see later this effect is also present when the entrant decides to enter market A.
The intuition is that under duopoly the incumbent is a monopolist of the residual demand,
thus he also needs to compare the elasticity of demand in market B with the elasticity of the
residual demand in market A. If the residual demand in market A is less elastic than demand
in market B, the incumbent will charge a higher price in this market than in market B under

discriminatory pricing. This is precisely the message conveyed on Cheung and Wang (1999).

3.4 Discriminatory versus uniform pricing when E enters mar-

ket A

Suppose now that the entrant decides to enter market A but the incumbent remains a monopolist
in market B. In this section we analyze the Nash equilibrium under discriminatory and uniform

pricing.

3.4.1 Discriminatory pricing

Since the incumbent may set a different price in each market and he continues to be a monopolist
in market B, the optimal solution in this market is the same as in Subsection 3.3.1. However,
market A is now a duopoly and we need to find the Nash equilibrium of the price-game.
Given the demands, the incumbent solves the following problem in market A:

max Pl (@ — Bphg +70")

Pagq
and similarly the entrant solves:

max p” (a = Bp” +plia) ,

P
where p? and ¢ denote the entrant’s price and quantity when the incumbent uses a discrimi-
natory pricing policy; p,{ld and qid are the incumbent’s price and quantity in market A under

discriminatory pricing and duopoly in market A. Notice that all quantities must be non-negative.
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The first order conditions (see Appendix 3.A.2) show that, under our assumptions, prices
are strategic complements. Solving the system of first order conditions we obtain the following

result:

Lemma 3.1 Under discriminatory pricing, the unique Nash equilibrium in market A is sym-

metric and it is given by:

g_ o _aa(ba—da)
28—~y 2by —dy

where the last expression is obtained from the definitions of a, 5 and ~.

I
Paa =P

The equilibrium quantities are given by:

gh =P = fa aaba
Ad 28—~  (ba+da)(2ba —da)

These quantities are always positive under our assumptions.

Post-entry profits in market A under discriminatory pricing are given by:

;g pa? _ ba (ba —da)a?
TpAqg =T = (25_7)2 (bA+dA) (QbA—dA)Z. (3.7)

One can show that p,I4d < pﬁ,m and 7r1]4d < wﬁm as long as 7 > 0. Conversely p,{ld = pj{lm and

7TIAd = 7T114m when 7 = 0. In other words, the incumbent’s price and profit in market A is lower
when the entrant decides to enter this market than when the incumbent is a monopolist unless
the two products are completely differentiated. This result is quite obvious: as long as there
exists some product substitutability, the incumbent looses with the competition of the entrant.
Also notice that the difference between pﬁd and pim is bigger when products become highly
substitutable, i.e., when 7 rises.

And the incumbent’s total profit is given by:

ba (bA—dA)ai N k2a?4
(ba+da) (204 —da)*  4ba’

I
T(Ad+Bm) =

3.4.2 Uniform pricing

In order to find the equilibrium solution under uniform pricing, we have to study the incumbent’s
alternatives of selling in both markets and of only selling in one of the markets when the entrant

decides to enter market A.
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If the incumbent sells in both markets, he will choose a unique price so as to maximize
his profit function under uniform pricing considering that now there is a duopoly in market A.
Given the demands, the incumbent solves the following problem:

max pa (o = Bpy +p") + Pa <ch; - épé)
and similarly the entrant solves:

max p” (a - 5p” + 7p})
p

where ¥ and g¥ denote the the entrant’s price and quantity when the incumbent practices
uniform pricing and sells in both markets and ﬁfl, qﬁ,d and ng are the incumbent’s price and
quantities in market A and B, respectively, under uniform pricing and duopoly in market A.
Notice that all quantities must be non-negative (the first order conditions are described in
Appendix 3.B.2).

If the incumbent abandons market B, he solves the following problem:

max Py (o — APy +7p")
Dg

while the entrant’s problem remains the same. Notice that this problem is precisely the same as
under discriminatory pricing (see Subsection 3.4.1). Finally, if the incumbent abandons market
A, the entrant becomes a monopolist in this market whereas the incumbent remains a monopolist
in market B.

The Nash equilibrium under uniform pricing depends on whether the incumbent is better of

selling in both markets or just in one of the markets. Let k4 and kp be defined as follows:

(8-57%)/(2—-72)— (2-7%) (4—7?)
22-1)(1+71)(2—-71)
(2+47) |8(1-72) (2= 72) +2/(T-7) 2 - ) (8 - 572)]
(1+7)(97% — 3272 + 32)

ky =

kp =
The next lemma characterizes the unique Nash equilibrium under uniform pricing.
Lemma 3.2 Under uniform pricing, the post-entry equilibrium is as follows:
(i) When k < k4 the incumbent is better of selling in market A only and the Nash equilibrium

prices are precisely the same as under discriminatory pricing:

1 _ _p_ aalba—da)
Pa =P = oy —dy
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(ii) When ka < k < kp the incumbent is better of selling in both markets and the Nash equili-

brium prices are given by:

aa(ba—da) 2k (ba+da) + (2ba +da)]
8b4 — 5d%
5 aa(ba—da) [bada (k+1)+2 (264 — d?) + kd? ]
ba [80% — 5d? ] '

Py =

(iii) When k > kp the incumbent is better of abandoning market A. Thus, the entrant becomes

a monopolist and his optimal price is:

Proof: The result is a direct consequence of solving the system of best response functions
of the two firms, taking into account that the incumbent’s best response function depends on k

and 7. W

If the incumbent abandons market B, the Nash equilibrium in market A will be the same as
under discriminatory pricing and duopoly in market A. Therefore, the incumbent and entrant’s
profits are both given by (3.7). If the incumbent abandons market A, the entrant will be a
monopolist in this market whereas the incumbent will be a monopolist in market B. Thus, the
incumbent’s total profit is given by (3.6) and the entrant’s post-entry profit is given by:

Y
dby

When the incumbent serves both markets the firms’ equilibrium profits are:

0% (ba — da) (263 — d%) [2k (ba + da) + (2ba + da))?
ba (ba+da) [86% — 5d3]"
2
B a? (ba —da) [bada (k+1) +2 (264 — d?) + kd? ]
ba (ba + da) [86% — 53]

~

T(Ad+Bm) —

Figure 3.1 illustrates these results. For the set of parameters in dark grey, the incumbent’s
demand in market A is considerably larger than demand in market B. Thus, the incumbent
prefers to sell in market A only even when there is a competitor in this market. On the other
hand when demand in market B is considerably larger than the incumbent’s demand in market
A, the set of parameters in white, the incumbent prefers to sell in market B only. In this case,

the entrant becomes a monopolist in market A.
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Figure 3.1: Uniform pricing equilibrium solutions under Duopoly at market A

The incumbent prefers to sell in both markets when there are smaller degrees of markets’
demand difference, i.e., kg < k < kp (the set of parameters in light grey) and, for these values
of k, the incumbent’s quantities, (jﬁ‘ 4 and qIB/m, are non-negative.

When the entrant decides to enter market A, the incumbent’s decision of serving both or
just one of the markets depends on the relative size of demand in market B and the incumbent’s
demand in market A under duopoly. This comparison depends on the degree of markets’ demand
difference but it also depends on the degree of product substitutability. The higher 7 is, the
larger is the reduction in the incumbent’s residual demand in market A when entry occurs. Thus,
as T increases, demand in market A has to be much bigger in order for the incumbent to prefer
to sell only in market A under duopoly, i.e., the level of k below which the incumbent prefers
to sell in market A only, k4, is decreasing with 7. For the same reason, kg is also decreasing
with 7. As 7 increases, market A becomes more competitive. Thus, the incumbent prefers to
abandon this market for smaller values of k.

Notice that as products become virtually homogeneous, duopoly profits in market A are so
low that selling in market A only or even selling in both markets is more unprofitable than selling
in market B only. When products are highly substitutable (7 — 1), competition in market A is
so fierce that even when market A is much larger (very low values of k) the incumbent prefers
to sell in market B only. On the other hand when products are very differentiated (7 — 0),

competition in market A is soft and consequently market B has to be much larger than market
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A for the incumbent to start selling in market B only.

As expected, when the incumbent sells in market A under duopoly, k < kg, the incumbent’s
price in market A, with competition, is lower than under monopoly except when there is complete
differentiation, in which case the price is the same. The incumbent’s profit under entry is also

lower than under monopoly unless the two products are completely differentiated (7 = 0).

3.4.3 Comparison of pricing policies

When the incumbent serves both markets under uniform pricing, one can show that the price
decrease in market A due to competition is higher under discriminatory pricing than under
uniform pricing. This happens because uniform pricing makes the incumbent softer. When the
incumbent considers a marginal price decrease he has to take into account the reduction in profits
in market A and market B. So he has less incentives to decrease the price. The competitive
threat is higher under discriminatory pricing. This is the effect described by Armstrong and
Vickers (1993).

However the previous effect does not mean that the incumbent’s equilibrium price in market
A is always lower under discriminatory than under uniform pricing. If demand in market A is
much larger and less elastic than demand in market B, the discriminatory price may be higher
than the uniform price even when there is a competitor in market A. This is the effect described
by Cheung and Wang (1999) since the effect of the difference in markets’ demand when k is low
and lower than one (i.e., when demand in market A is relatively larger than demand in market
B) may overwhelm the effect of difference in competitive threat across markets. Thus, the price
decrease in market A due to competition is higher under discriminatory pricing than under
uniform pricing but the incumbent’s equilibrium price in market A is higher under discriminatory
than under uniform pricing.

As described in the next section, the degree of product substitutability affects the level of k
such that the effect of the difference in markets’ demand overwhelms the effect of the difference
in competitive threat across markets. Thus, we add a third effect to Armstrong and Vickers

(1993) and Cheung and Wang (1999) analysis.
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3.5 Entry decision

The entrant’s decision to enter market A depends on whether his post-entry profit is smaller
or higher than entry costs. When the entrant’s post-entry profit is higher under discriminatory
pricing than under uniform pricing, there is an interval of entry costs values where entry is profi-
table under discriminatory pricing but unprofitable under uniform pricing. Therefore, for that
interval we consider that entry under discriminatory pricing is more likely than under uniform
pricing. From Subsection 3.4.1 we conclude that under discriminatory pricing the incumbent
always sells in market A and the entrant’s profit function is given by (3.7). However, under
uniform pricing, the entrant’s profit function depends on whether the incumbent sells in market
A or not. For high k values, the incumbent prefers to abandon market A and consequently
the entrant becomes a monopolist in market A. Therefore under uniform pricing, the entrant’s

post-entry profits are:

-5 _ a2 (ba—da)[bada(k+1)+2(26% —d% ) +kd?]?
ba(batda)[8by—5d2]°

for k < kp
~E _ 95
T = g for k > kp.
The following proposition presents the main result of this chapter since it shows, for different
degrees of markets’ demand difference and product substitutability, which of the two pricing

policies implies higher entrant’s post-entry profit.
Proposition 3.1 The entrant’s profit under discriminatory pricing is:

(i) FEqual to the entrant’s profit under uniform pricing when k < ka and also when ka < k < kp

and there is complete differentiation.

(ii) Higher than the entrant’s profit under uniform pricing when ka < k < kP where
E _ 2(1-7)
ko=

(iii) Lower than the entrant’s profit under uniform pricing when k > k¥ where for k > kg the

entrant is the only firm in market A.

Figure 3.2 illustrates this proposition where the area marked with circles stands for (i), the

area marked with squares stands for (ii) and the area in white stands for (iii).
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Figure 3.2: Entrant’s profits comparison

This proposition shows that entry under discriminatory pricing may be more, less or equally
likely than under uniform pricing. Entry under discriminatory pricing is more likely than under
uniform pricing for k4 < k < k¥, i.e., for the set of parameters corresponding to the area with
squares. Thus our results corroborate Cheung and Wang (1999) since the impact on entry due
to the difference in markets’ demand overwhelms the impact due to the difference in the degree
of competitive threat across markets. Notice that when products are highly substitutable there
is only a small interval of k values where entry under discriminatory pricing is more likely than
under uniform pricing. Entry under discriminatory pricing is more likely than under uniform
pricing for large intervals of k when there are lower degrees of product substitutability. Thus,
the degree of product substitutability affects the interval of the degrees of markets’ demand
difference where entry under discriminatory pricing is more likely than under uniform pricing.
For a given k, if the degree of product substitutability rises, the entrant’s profits under both
pricing policies decrease except when the entrant is monopolist. For intermediate and high
degrees of product substitutability, this decrease is bigger under discriminatory pricing and
thus, entry under uniform pricing starts to be more likely than under discriminatory pricing.

Entry under uniform pricing is more likely than under discriminatory pricing for k& > k¥,
i.e., for the set of parameters corresponding to the area in white. Notice that for k > kp the
entrant has the highest profit possible since the entrant is a monopolist in market A.

Finally, when market A is much larger than market B, i.e., k < k4 the entrant has the same
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profit under both pricing policies since under uniform pricing the incumbent prefers to sell in
market A only, which leads to the same Nash equilibrium in market A than under discriminatory
pricing. Entry is also equally likely under both pricing policies when k4 < k < kp and there is

complete differentiation.

3.6 Conclusion

Pricing policies imply different entry incentives. There are some studies which support the
view that discriminatory pricing tends to discourage entry and conversely other studies show
that discriminatory pricing can increase profits and thus encourage entry. We extended the
analysis of the impact of pricing policies upon entry considering a framework where there exists
price competition and differentiated products. In addition to the analysis of the impact of
the difference in the degree of competitive threat across markets and of the degree of markets’
demand difference upon entry decision, we analyze the effect of product differentiation measured
by the degree of product substitutability.

We show that the impact of pricing policies upon entry is ambiguous. Entry under discrimina-
tory pricing may be more, less or equally likely than under uniform pricing. For all degrees of
product substitutability, there is always some level of degree of markets’ demand difference
where under discriminatory pricing entry is more likely than under uniform pricing. The degree
of product substitutability has impact on the set of degrees of markets’ demand difference where
entry under discriminatory pricing is more likely than under uniform pricing.

Focusing solely on the effect of the degree of markets’ demand difference as the determinant of
when discriminatory pricing entry is more likely than under uniform pricing ignores an important
effect — the effect of the degree of product substitutability. Therefore, we reinforce Cheung and
Wang (1999) idea that there should always be a complete evaluation of the market conditions
adding to their analysis, the impact of product differentiation. In addition, our analysis extends
previous results since we study the cases where, under entry, the incumbent firm sells in both
markets under uniform pricing as well as the case where the incumbent abandons one of the
markets.

Interesting extensions could consider settings where there are complementary products and

where firms have positive symmetric or asymmetric production costs.

80



3.A Discriminatory Pricing

We present the computations of the first order conditions for three different optimization pro-

blems under discriminatory pricing: Monopoly in market A, Duopoly in market A and Monopoly

in market B.

3.A.1 Monopoly in market A

aﬂ-z{lm — ai _ zpl
apl, . ba  ba AT

=0.

3.A.2 Duopoly in market A

ort

oyl =@ 2PPaatp” =0
Ad

onk

(%ﬁ :04—2510]54'7]9{4(1:0-

And thus the best response functions of the two firms are given by:

ol = o+ ypP
Ad 26

p o+l

= T.
3.A.3 Monopoly in market B

orb,  ap 2
= — — 7p = 0_
opL, ~ bp  bp Bm
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3.B Uniform Pricing

We present the computations of the first order conditions for two different optimization problems
under uniform pricing: sell both markets when there is a monopoly in market A and sell both

markets when there is a duopoly in market A.

3.B.1 Sell both markets and monopoly in market A

—1
aTF(Am-I-Bm) _ as 3]3[ + ap 3]3[ —0
op! ba by bp bp '

3.B.2 Sell both markets and duopoly in market A
or! 9
(Ad+Bm) T _E ap _T
_— - = — 2 _— =
o (oo —28py + 7P )+<bB be> 0

ort
opr

And thus the best response functions of the two firms are given by:

= o= 26p” + 7 = 0.

; oabp+ap+ vbpp”

Pd= 5 bpB + 1)

S a + 1P}
26

The equilibrium prices are given by:

1 2Bap+ abp (26+7) aa(ba—da)[2k(ba+da)+ (2b4 + da)]

P4 5 b (457 — ) 8b% — 52,

B _ vyap + 2a+ abp (Qﬁ—l—’y) aa (bA — dA) [bAdA (k—l— 1) + 2 (25?4 — di) + kdi]

4B + b (4% —12) ba [80% — 5d%]

and equilibrium quantities are:

 a(28+49)(2+8bp) +ap (v -26%)
tha = 16+ b (157 = ?) R

an [(m +dy) (:sbz1 —9 (dA)Q) H ke (ba+ da) (d3 — 2b§,)}
ba(ba+da) [8[)124 — 5d124]
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i 2Bap + apbp (487 — %) — abp (28 +7) _
pm bp (48 + bp (48% —42))
ax [3k (202 — &3) — (ba — d*) (2ba +da)
ba [804 — 5d? ]

g p2a(l+Bbg)+~yap+ aybp
q _B 2 2 -
48+ bp (48° —4?)
_aa [bAdA (k+1)+2 (21)124 — d124) -I-kdzA]

(ba +da) [8[)124 — 5d?4]
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Chapter 4
Discriminatory Limit Pricing

4.1 Introduction

Predation involves a dominant firm that sets low prices and thus sacrifices short-run profit in
order to drive a rival out of the market or deter entry, thus achieving higher profit in the long-run
— see Joskow and Klevoric (1979), Niels (1993), Tirole (1988) and Motta (2004). Thus one can
either have models of predation where the incumbent firm forces exit or models where entry is
discouraged.

Following McGee (1958) assessment of the rationality of predation, several models have
been developed providing a convincing context where predation is a rational strategy. Most
of these predation models are based on incomplete information.! This is the case of signaling
models, reputation models and long purse predation models. Predation signaling models’ type of
reasoning was first developed by Milgrom and Roberts (1982). In this model, a potential entrant
has imperfect knowledge about the incumbent’s production cost and the incumbent exploits this
uncertainty in order to make the entrant believe that entry is unprofitable (limit pricing model).
Reputation models explore the incentive to prey if the incumbent sells in different markets (see
Kreps and Wilson (1982)) while long purse predation models consider frameworks where there

are differences between firms’ financial constraints and thus the incumbent can survive longer

using its deep pockets (see Benoit (1984)).

'Other contexts in which predation is feasible and rational are, for example, models with learning curves

(Cabral and Riordan (1997)) and models with increasing returns (Ordover and Saloner (1989)).
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This chapter focus on a monopolistic limit pricing model? but uses a multimarket setup in
order to analyze discriminatory limit pricing. Considering different independent geographical
markets, the use of third-degree price discrimination is optimal and studying how entry is affected
when the incumbent sets discriminatory prices to deter entry is a relevant and interesting issue.?

We develop a two-period framework where a multimarket incumbent faces a single potential
entrant in one of the two markets where he operates. The incumbent has private information
about his production cost, which may either be low or high. In the first period, the incumbent
sets his optimal third-degree discriminatory prices. The entrant observes the prices in both
markets and decides whether to enter or not after updating his beliefs on the likelihood of the
incumbent’s production cost being low. If entry occurs, firms compete in prices. Naturally, the
entrant will use the price information of every market where the incumbent operates in order
to infer incumbent’s production cost. Therefore, the incumbent may use pre-entry prices as
predatory signals for his production cost. Our aim is to study the impact of an entry deterrence
strategy in a third-degree price discrimination signaling model. We look for the determinants
of these discriminatory limit prices when firms offer differentiated products. Notice that, the
use of differentiated products has not been widely explored in these setups. Considering li-
near demands, our framework enables the analysis of different relationships between monopoly
markets’ demand parameters.

We analyze the pure strategy perfect bayesian equilibria and find multiple equilibria. This
multiplicity is due to the lack of restrictions upon off-the-equilibrium path posterior beliefs. If,
under the prior beliefs, the entrant’s expected profit is higher than his entry costs then there
are no pooling equilibria but there are multiple separating perfect bayesian equilibria. Using the
equilibrium refinement that the entrant should put zero probability on any type of incumbent
using a dominated strategy, we show that there is a unique perfect bayesian equilibrium which
survives this criterion: the least cost separating equilibrium. When, under the prior beliefs, the
entrant’s expected profit is lower than his entry costs and the two types of incumbent’s produc-

tion cost are not too different, there are multiple pooling and separating equilibria. However, if

*Harrington (1987) and Bagwell and Ramey (1991) explore multiple incumbents’ setups. For simultaneous

olipolistic signaling see also Mailath (1989).
3Under a spatial market model, Aguirre et al. (1998) explore the strategic choice of pricing policies to deter

entry when there is asymmetric information about incumbent firm’s transportation costs. They show that the

incumbent firm may use spatial price discrimination to deter entry.
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the low cost incumbent’s monopoly prices can not be supported as one of the pooling equilibria,
the only perfect bayesian equilibrium that survives the domination criterion is also the least cost
separating equilibrium. On the other hand, when the low cost incumbent’s monopoly prices can
be supported as one of the pooling equilibria, there are multiple perfect bayesian equilibrium
that survive the intuitive criterion: the least cost separating equilibrium and a set of pooling
equilibria in the line-segment from the low cost equilibrium prices in the least cost separating
equilibrium to the low cost incumbent’s monopoly prices. Using Grossman and Perry (1986)
criterion, we show that only one perfect bayesian equilibrium survives: the pooling equilibrium
where both types of incumbents set the low cost incumbent’s monopoly prices. Therefore, there
is always a unique perfect bayesian equilibrium which survives this equilibrium refinement upon
off-the-equilibrium path posterior beliefs.

Our results show that, in the least cost separating equilibrium, the low cost incumbent’s
efforts to deter entry may or may not lead to a downward distortion in pre-entry discriminatory
prices with respect to the incumbent’s prices under a complete information setting. The low cost
incumbent uses both pre-entry prices to signal low production cost. When there is a downward
distortion in prices, the decrease from the low cost incumbent’s monopoly prices is the same in
both markets. We also explore the determinants of the downward distortion in pre-entry prices.

Other authors have explored the use of multiple signals to deter entry.! Bagwell and
Ramey (1988) extend Milgrom and Roberts (1982) incomplete cost information model by al-
lowing firms to use price and advertising as potential signals and show that, in a sequential
equilibrium, low prices and high advertising are used. This paper is the closest to this chapter’s
analysis. Bagwell and Ramey (1990) explore a setup where the incumbent has private infor-
mation concerning market’s demand and study sequential equilibria for different alternatives of
what the incumbent prefers that the market be believed to have (high or low demand). When
the incumbent prefers to be believed to operate in a low demand market, low prices and low
advertising are used to signal low demand whereas when the incumbent prefers to be believed
to operate in a high demand market, both high prices and advertising are used. In both cases,

dissipative advertising is never used. This chapter differs from this research as these authors

*Milgrom and Roberts (1986) present a detailed and noteworthy description of multiple potential signals used
to signal product quality to consumers. An approach to refinements of the perfect bayesian equilibrium set with

multiple potential signals is illustrated.
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consider that firms operate in only one market and sell homogeneous products. We show that
when the incumbent firm sells in more than one market, he uses every pre-entry price to signal
his production cost and deter entry. We also show that the degree of product substitutability
has impact on the predatory signals.

Our setup can be applied to anti-predation regulation theory since it reveals differences in
discriminatory pricing behavior when there are entry deterrence objectives from when there
is pure third-degree price discrimination (within a complete information setting). This is an
important issue since mistaking pure third-degree price discrimination as predation may inhibit
the use of price discrimination. Our results show that there is a set of parameters’ values
where there exists a downward distortion in pre-entry discriminatory prices and thus detection
of predation would be possible. We show that the biggest distortion in prices occurs when
products are highly substitutable.

Predatory dumping is also closely related to our analysis. If we consider the market where
there is no entry as the domestic market and the other market as the external and potentially
competitive market, the incumbent may set a lower price in the external market so as to deter
entry (traditional definition of dumping). As we use a more general third-degree price discrimi-
nation model, this result is only valid for the set of parameters where demand in the domestic
market is larger than demand in the external market . We extend the analysis to capture this
scenario.

The chapter is organized in four sections. In Section 4.2 we set up the model and our
main assumptions. Perfect bayesian equilibria are analyzed in Section 4.3 where the separating
equilibria and the pooling equilibria are studied. Section 4.4 extends the initial model. Section

4.5 concludes and suggests other possible extensions.
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4.2 The Model

Consider a two-period model where an incumbent firm, I, operates in two distinct and indepen-
dent geographical markets, A and B. The incumbent can use discriminatory pricing in these
markets. In the first period only this firm is operating. The incumbent faces a potential en-
trant firm, F, in market A only. The incumbent’s constant marginal production cost can be
high or low, denoted by ¢ € {¢,c}, where ¢ > ¢ and also ¢ = 0. To simplify notation we will
drop the superscript I for the remaining of this chapter. However, one should keep in mind
that when a price, quantity, profit function or marginal production cost has no superscript they
represent incumbent’s variables. The incumbent’s production cost is private information. The
entrant holds a prior belief, assumed to be common knowledge, concerning the probability, p,,
that the incumbent has low production cost, with p, € |0, 1[. Knowing his production cost, the
incumbent sets first period prices in both markets. After observing the incumbent’s pre-entry
price in each market, p4 and pp, the entrant updates his beliefs concerning the probability that
the incumbent has low production cost. We denote the posterior belief that the incumbent has
low production cost by p(pa,pp), with p € [0,1]. Based upon this posterior belief, the entrant
decides whether to enter market A. Since the entry decision is taken after the incumbent has
set his first period price in each market, these pre-entry prices can be used to signal information
about the type of incumbent’s production cost. Second period profits are discounted by §, with
J €10,1].

If entry occurs in the second period, firms are price-setting duopolists in a differentiated
product market. The entrant also has constant marginal production cost, ¢, where ¢ > 0.
Let f¥ denote the entrant’s cost of entering market A, where f¥ > 0.°> Both ¢” and f¥ are
known by the incumbent. Both firms have null fixed costs.

We assume linear demand in both markets. This type of demand function can be derived
from the consumer’s utility maximization problem using a quadratic utility function. To derive
demand in market ¢ when only the incumbent operates, we assume that the representative
consumer’s preferences are given by:

1
U(gi) = ¢ + aiqi — §bi (@), (4.1)

"We assume that firm E’s entry cost in market B is so high that entry in this market would always be

unprofitable.
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where g; represents the quantity sold in market ¢ by the incumbent, ¢ represents all other
market ¢ products (with a price normalized to unity) and a;, b; are positive constants. The
consumer’s budget constraint is given by M; = p;q; + ¢q7.

If there is entry in market A, in the second period firms choose their prices simultaneously
and independently. These firms offer differentiated products, i.e., firms’ products are imperfect
substitutes. In market A, the representative consumer’s utility function takes the form of a

standard quadratic utility function (similar to Dixit (1979)):
1 2
U(qA,qE) :qu‘—FaAqA—FaAqE— 3 ba (qA)2+2quAqE+bA (qE) } , (4.2)

where ¢4 and ¢¥ represent the quantity sold in market A by the incumbent and the entrant,
respectively. All other market A products are represented by ¢% (with a price normalized to
unity) and a4, b are positive constants. The degree of product substitutability can be measured
by da € [0,b4[ where products become completely differentiated as d4 — 0. When d4 — ba,
products become closer substitutes implying intense price competition. We require that da < b4
in order to assure that each product price is more sensitive to a change in its product quantity
than to that of the other firm’s product quantity. Let us define 7 as the ratio between d4 and b4,
i.e, T = ‘;—;‘. Therefore the degree of product substitutability can also be measured by 7 with
7 € [0,1[. Values of 7 close to 1 correspond to highly substitutable products whereas values of T
close to 0 correspond to highly differentiated products. In the remaining analysis we will use 7
to measure the degree of product substitutability. Notice that the utility function (4.2) assumes
that the two products have symmetric effects on the consumer’s utility. The consumer’s budget
constraint is given by M4 = paqa +pFgF + qul.ﬁ

Since demand specifications are similar to those presented in Chapter 3, here we do not

present their detailed deduction. From constrained optimization of the utility functions given

by (4.1), we compute the demand function in each market. In market B:

__ap 1
4B = bp bBPB
and in market A when there is a monopoly:
_ag 1
qaA = ba bAPA~

5Notice that when entry does not occur, this market has no product variety since ¢© = 0. In this case, these

consumer’s specifications are identical to when there is a monopoly in market A.
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If the incumbent with production cost ¢ sets a price p;, his monopoly profit in market 7 is

@i 1 1 a;+c a;
mi (pi) = (pi = ¢) <b - bm) == P D ( P > - e

The unique maximizer of this profit function is the monopoly price in market i. Let D,

given by:

and p, ~be the monopoly prices in market ¢ when the incumbent has high and low produc-
tion costs, respectively. Let 7, and =, be the monopoly profits (see computation details in
Appendix 4.A.1).

From constrained optimization of the utility function (4.2), demand functions under entry

in market A are given by:

aa(ba —da) ba

_ _ A E
g _ aalba—da)  ba g da
T e R-& TRt

To simplify computations when there is a duopoly in market A we define:

aa(ba —da) ba da
= 0= and v = 5——.
by —d4 bh —d4 bh —d4
and thus:
g4 = a—fpa+p”
“ = a—pBp" +pa.

With this demand specification, the quantity demanded of a given product depends nega-
tively on its own price and positively on the price of the other product. As 7 = g—;‘ — 1, the
price of the other product affects more and more the quantity demanded of a firms’ product.
When we derive the Nash equilibrium of the price competition game where both firms have
common knowledge of their costs, let 744, 7% and 7 Ad,gE be the duopoly equilibrium profits
of the incumbent and duopoly gross equilibrium profits of the entrant in market A when

the incumbent has high and low production costs, respectively (see computation details in

Appendix 4.A.2).
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Finally, similarly to Chapter 3, we assume the following relationships between market B and

market A’s parameters:

ap = ]{ZG,A (43)
bp = by. (4.4)

Parameter k measures the degree of markets’ demand difference. As described in Section
3.2, assuming (4.3) and (4.4) and under no entry, when £ — 1 market A and market B are
identical. When k < 1, demand in market A is larger than demand in market B and demand in
market A is less elastic than demand in market B for a given market price. Conversely, when
k > 1, demand in market B is larger than demand in market A.

Our analysis focus on k£ < 1 only, thus demand in market A is less elastic than demand
in market B for a given market price. For these k values, let M be the set of parameters’
values where all monopoly quantities (market A and B) are non-negative and D be the set of
parameters’ values where all duopoly quantities are non-negative (see details in Appendix 4.B).
Notice that, within the latter set of parameters’ values, a4, 7%, 7 4q and ¥ are all non-negative.

Therefore, we consider k£ < 1 and parameters’ values {E, ¥, k:} e MND.
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4.3 Perfect bayesian equilibria

In this section we analyze the pure strategy perfect bayesian equilibria of our signalling game.
A perfect bayesian equilibrium (PBE) is fully characterized if we set strategies for each firm as
a function of the information available at each decision point as well as beliefs for the entrant
about the incumbent’s production cost. The beliefs must be consistent with the information
structure (using Bayes’ rule) and with the hypothesis that the given strategies were being set.
Given beliefs, all strategies must be best response strategies.

In the next subsection we analyze separating equilibria and subsection 4.3.2 studies the poo-
ling equilibria. The equilibria’ results are summarized in subsection 4.3.3 where, using equilibrium

refinements, we are able to show that there always exists a unique reasonable PBE.

4.3.1 Separating equilibria

In a separating PBE, first period prices signal the type of incumbent’s production cost and all
information is revealed. Therefore, in the second period, when there is entry in market A, the
entrant chooses his price under full information on the type of incumbent’s production cost, i.e.,
price competition in the second period occurs under complete information. The entrant achieves
duopoly gross equilibrium profits given by, as mentioned, 7% and 7% when the incumbent has
high and low production costs, respectively.

We assume that 7% > fF > 7P, i.e., if the entrant believes that the incumbent has low
production cost, the optimal decision is not to enter. Conversely, the entrant optimally decides
to enter if he believes that the incumbent has high production cost. Therefore, second period
incumbent’s profit are increasing in p(p4,pp). If the posterior belief of the entrant is that the
incumbent has low production cost, i.e., p(p4,pp) equals 1, then there is no entry in market
A and the incumbent is a monopolist in the second period achieving 7 4,,. Since 7 4., is never
smaller than 744, both types of incumbent would like to convince the entrant to be low cost.
However, the entrant is aware of this and only believes the incumbent to be low cost if he sends
a credible signal.

The main idea in a separating PBE is that the low production cost incumbent may use
costly signals (BZ’B*B) to separate from his high production cost counterpart and thus deter

entry. That is, the low cost incumbent may use first period prices (BZ’B};’) that would be
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unattractive were the incumbent to have high production cost. The second period provides the
reward needed to justify the low cost incumbent’s signaling cost. It follows that the low cost
incumbent’s prices (Bz, BE) typically differ from the prices chosen under complete information.
If incumbent’s production cost was known, in the first period the low cost incumbent would set
the monopoly optimal price in each market, (p Am’BBm)’ i.e., the complete information prices.
The question addressed is whether there is a distortion of these prices when they are used to
signal incumbent’s production cost.

In a separating PBE, first period prices charged by the high and low cost incumbents differ,
(P, Dp) # (Qz, B*B). Thus, observing first period prices allows the entrant to become fully
informed. If (p%,D};) is observed, the posterior beliefs must be p(p%,p}) = 0 whilst if (Qz, g’]‘g) is
observed, p(}gz, Q*B) = 1. Off-the-equilibrium path beliefs are not restricted as Bayes’ rule is not
applicable to events with zero probability.” We assume that for all other (p'y, P’z), the posterior
beliefs are p(p'y, p’z) = 0 (so that neither type of incumbent wants to deviate to (p/y, p'z) since
the entrant always decides to enter unless when he observes (Qz, QE)).

In any separating PBE, the high cost incumbent charges the optimal monopoly price in each
market, (5%,D05) = (Pam>PBm)- This can be shown by contradiction: if (p%,P%) # (Pam,PBm)
the high cost incumbent would have an incentive to deviate to (P g, Pg,,) as this would increase
first period profit and it would not decrease second period profit since the entrant always decides
to enter if he observes (p%,P})-

On the other hand (p*,p},) must be such that it is unprofitable for the high cost incumbent

to mimic the low cost incumbent, i.e.:
7a (0) + 78 (D) + 8 (Fam + Tom) < Fam + Tpm + 8 (Faa + 7am)
Or equivalently:
5 (7am — Tad) < (Fam + TBm) — (7?,4 (;3;) +7p (g;)) . (4.5)

The left hand side of condition (4.5) is the second period gain if the high cost incumbent

TA perfect bayesian equilibrium requires Bayes’ consistency of beliefs. These posterior beliefs were obtained
from the prior beliefs using Bayes’ rule and considering the incumbent’s equilibrium strategies. Since any other
vector of prices besides (p%,pg5) and (BZ’ B;) is charged with probability zero, Bayes’ rule cannot be applied for all
other (p/4, p’z). Therefore, we may select any value for p(p/y, pz) for all other (p's,p’3), i.e., there is arbitrariness

upon the off-the-equilibrium path posterior beliefs.
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deviates from his equilibrium strategy and mimics the low cost incumbent. The right hand side
of condition (4.5) is the first period loss if the high cost incumbent deviates from his equilibrium
strategy. Let C be the set of (%), pp) that satisfy the incentive compatibility condition (4.5).

Figure 4.1 depicts the set C in light grey.

0 1 2 3 Dpm4 5 6

SR 4

I8

Figure 4.1: Set C in light grey

Moreover, for a separating PBE to exist, it must be true that (BZ’ ]3’]‘3) is optimal for the low

cost incumbent, i.e.:

T4 (Q’;,) +7p (E;) + 0 (Tam + TBm) = Tam + Tpm + 0 (Tag + Tpm) -

Or equivalently:

6 (Tam — Taa) = (Tam + Tpm) — <EA (22) +1p (Qj;)) : (4.6)

Let C be the set of (B*A’ Q*B) that satisfy the incentive compatibility condition (4.6). Figure

4.2 depicts the set C in grey.
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Figure 4.2: Set C in grey

The following proposition sets a sufficient condition for the existence of a separating PBE.

Proposition 4.1 A separating PBE exists for (p%,D5) = (DamsDpm) ond for some non-negative
prices @Z?B};) set by the low cost incumbent if and only if the incentive compatibility conditions

(4.5) and (4.6) both hold, i.e., @Z’EE) € CNC. Moreover if
TAm — TAd > TAm — TAd (4.7)
then the set CN C is non-empty and consequently there exists a separating PBE.

Proof: To show necessity is enough to notice that if condition (4.5) or condition (4.6) fail,
then either the high cost or the low cost incumbent is not behaving optimally in the proposed
separating PBE for any specification of the off-the-equilibrium beliefs. Thus one can not have
a separating PBE. To show that conditions (4.5) and (4.6) are sufficient for a separating PBE
to exist it is important to notice that in a separating PBE, by Bayes’ rule, P(EZJ}E) =1 and
p(P%,P) = 0. Assume that for all other (p'y,p's), p(P'4,P5) = 0. Given these beliefs and the
fact that 7% > fF > 7F it is optimal for the entrant not to enter when he observes (BZ’B*B)
and to enter otherwise. But then, given the entrant’s strategy, it is optimal for the high cost

incumbent to set (D 4y, Ppp,) and the low cost incumbent to set (p*,p},) if conditions (4.5) and
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(4.6) both hold. Notice that beliefs given by p(BZ’B*B) = 1, p(p%,Ps) = 0 and for all other
(P4, Ps)s PPy, P’5) = 0 are consistent with the described equilibrium strategies. Therefore,
pricing strategies (p%,D0};) = (Pam:PBm) and (El’ Bfg) € CN C support a separating PBE.

The existence of a separating PBE depends on whether C N C is non-empty or not. Condi-
tion (4.7) means that it is more profitable to generate favorable beliefs (which deter entry) for
the low cost incumbent than to the high cost incumbent: the low cost incumbent has larger fi-
nancial capacity to incur the costly signaling prices. Condition (4.7) is the typical single-crossing
condition which guarantees existence of a separating PBE. The proof that condition (4.7) is a

sufficient condition for the existence of a separating PBE is shown in Appendix 4.C. B

Notice that if we assume that my,, — T4g > Tam — Tad, our set of parameters’ values
{E, c”, k} becomes more restrict than M N D. For the remaining analysis we consider £ < 1
and parameters’ values {6, e, k:} eMND (see details of set D in Appendix 4.D). For this set
of parameters’ values, there are multiple separating perfect bayesian equilibria since the subset
C N C is shown to be non-empty.

Figure 4.3 illustrates Proposition 4.1 where the subset C N C, in dark grey, is the set of all
possible separating perfect bayesian equilibria (B*A’ BB)'

*« A

Dam

EAm

0 1 2 Ppn3 Dpm 4 5 6

R 4

I8

Figure 4.3: Subset C N C in dark grey

The lack of restrictions upon off-the-equilibrium path posterior beliefs generates multiple
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separating perfect bayesian equilibria. The literature on refinements of perfect bayesian equi-
libria suggests plausibility criteria upon off-the-equilibrium path posterior beliefs. One of these
criteria states that when the entrant observes an off-the-equilibrium path strategy, he should
put probability zero on any type of incumbent for which the incumbent’s strategy is dominated,
i.e., the entrant is not allowed to believe that the incumbent sets a dominated strategy. If we
impose the domination criterion, there emerges a unique separating PBE for each possible set
of parameters’ values {E, cPk, 5}.

The pre-entry prices (pa,pp) are considered to be dominated for an incumbent whose pro-

duction cost is i, ¢ standing for high or low, if:
Ty (P4) + 7 (PB) + 0(Tay + W) < W + Ty + 0(Wag + T)-

Thus, pre-entry prices (p4,pp) are dominated for type i if this type of incumbent has less
profit with these prices under the most favorable entry conditions (i.e., no entry) than with
pre-entry monopoly prices in both markets under the least favorable entry conditions. If (pa,pp)
is dominated for a high cost incumbent but not dominated for a low cost incumbent, the entrant
should not believe that the incumbent has high production cost when he observes (pa, pg). Thus
the only reasonable beliefs are p(pa,pp) = 1.

The set of separating perfect bayesian equilibria, C N C, contains pre-entry prices (pa, ps)
which are dominated for a high cost incumbent (since they satisfy condition (4.5) in inequality)
but are not dominated for a low cost incumbent (since they satisfy condition (4.6)). Therefore,
the entrant’s reasonable beliefs are given by p(pa,pp) = 1 for all (pa,ps) € CN C for which
the incentive compatibility condition (4.5) is satisfied in inequality, i.e., for all (pa,pg) € CNC
which are not in the frontier of C (we denote this set by (intC) N C ) since the entrant excludes
the possibility that the high cost incumbent sets any of those pre-entry prices. Given these
beliefs, the entrant will not enter if he observes any (pa,pp) in (intC) N C and he will also
not enter if he observes the low cost incumbent’s equilibrium prices (p*,p7). The next lemma

characterizes the low cost incumbent equilibrium strategy under these beliefs.

Lemma 4.1 The low cost incumbent strategy in any separating PBE immune to the domination

criterion s the solution (EZ’B*B) of the following problem:

max 7y (BA) + 7R <BB> (4.8)

(pypy)
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subject to:

IC:7a (p,) + 75 (py) < Fam+ om + 0 (Fag = Fam)

IC 7y (QA) +7p (QB) > Tam + Tm + 0 (Tag — Tam)
where the two constraints are the incentive compatibility conditions (4.5) and (4.6), respectively.
For a given combination of parameters’ values {E, cE,k;,5} there is a unique solution to this

constrained optimization problem. Thus, there exists a unique separating PBE immune to the

domination criterion.

Proof: If the solution of problem (4.8) is in (intC) N C, it is immediate that only this
solution can survive the domination criterion. Since the entrant does not enter for any (pa,pp)
in (intC) N C, a low cost incumbent gets monopoly profit in the second period for any (p4,pg) in
(intC) N C. But then for any (p4,pp) € CNC and (pa, ps) # (%> pj) the low cost incumbent
is not behaving optimally.

If the solution of problem (4.8) is in the frontier of C and we consider any (pa,pp) in
(intC) N C, the low cost incumbent would always have an incentive to deviate to a pair of prices
in (intC) N C closer to (p%: ). Thus, none of the separating equilibria in (intC) N C survives
the domination criterion. Moreover, if we consider any (pa,pg) € CNC and (pa,pp) in the
frontier of C but different from (BZ,Q*B) the low cost incumbent would gain by deviating to a
pair of prices in (intC) N C arbitrarily close to (P’ Pp)-

The uniqueness result is a direct consequence of solving the constrained optimization problem

(4.8). W

Henceforth, we will use the expression «least cost separating equilibrium» to denote the
unique separating PBE immune to the domination criterion. Let us now examine this equilibrium
for each combination of parameters’ values {E, Pk, } where k£ < 1, {E, cP ,k:} € MND and
d €]0,1]. The next proposition characterizes the three types of least cost separating equilibria

where IC' is never binding.

Proposition 4.2 The three types of least cost separating equilibria are as follows:

(i) When no constraint is binding and both P and pp, are positive:

Soly 0<5§3 PA= Pam

*
Pp = Ppp,
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(ii) When IC is the only binding constraint and both le and B*B are positive:

* __ = §(ﬁA7VL7ﬁAd)bA
BA - pAm - \/ 2

(T Am—T aa)ba
2

Soly | §<8<$

B*B :T?Bm -

(iii) When IC is the only binding constraint and only p’, is positive:

Soly | §<d6<1 ]Z*A:T)Am_\/(s(ﬁAm_ﬁAd)bA_M

where:
fo T
204 (TAm — TAd)
5. (ap+ )’

2bA (T am — T Ad)
Proof: The result is a direct consequence of solving the low cost incumbent’s optimization

problem. Kuhn-Tucker conditions are described in Appendix 4.E. B

Notice that & and § are always positive and may be larger than 1 for some subset of parame-
ters’ values {6, c¥, k:} e MND and k < 1. For cases where 1 < § < § , which happen for subset
S1 (see details in Appendix 4.F), the solution for all £ < 1 and § € |0, 1] is given by Sol;. At
Soly, the least cost separating equilibrium equals the complete information prices, i.e., the low
cost incumbent pre-entry prices are the monopoly prices.

In addition, for cases where § < 1 < 5, which happen for subset S (see details in
Appendix 4.F), then for 6 < 5, the solution is given by Sol; but for high §, 6 > 4, the so-
lution is given by Soly. In the latter solution, there is a downward distortion in prices at the
least cost separating equilibrium when 7 is positive since le <Pum and B*B <Ppm

Finally, if 6 < 1, which happens for subset Sg (see also details in Appendix 4.F), then for:

(i) 6 < 6, the solution is given by Sol;;

(14) § < 8 < &, the solution is given by Sols;

(iii) 6 > &, the solution is given by Sols.

At Sols, there is also a downward distortion in prices at the least cost separating equilibrium
since B*A <Pan and ]373 =0 < pg, . Notice that both Soly and Sols present pre-entry prices
lower than the complete information prices.

Therefore the least cost separating equilibrium may or may not exhibit a downward distortion

in both pre-entry prices depending on parameters’ values {E, Pk, 6 } This conclusion poses
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a relevant question: what determines the degree of the downward distortion in prices when
it occurs? The next subsection presents a characterization of the factors which influence the

downward distortion in prices.

Discussion of results

At Soly, the low cost incumbent sets the monopoly prices at the least cost separating equilibrium.
In this case, the low cost incumbent does not use costly signals, i.e., there is no distortion
associated with efficient signaling. This solution holds for § < & where & is increasing with
¢. Notice that the larger is ¢, the larger is the difference between the two types of incumbent’s
production cost. But if the two types of incumbent are very different, which implies very different
monopoly prices, the low cost incumbent does not need to distort prices in order to separate
himself from the high cost incumbent. In other words, when the two types of incumbent’s
production cost are very different separation is easy.

For all other set of parameters’ values {E, cP ,k,(S}, the least cost separating equilibrium
exhibits a downward distortion in both pre-entry prices. Most curiously, at Soly the downward
distortion of the price in market A is equal to the downward distortion of the price in market B
even under our assumption of demand in market A being less elastic than demand in market B
for a given market price. Simple computations reveal that the relative price decrease is always
higher in market B since p 4, is always higher than pg,,.

Notice that there are several factors which influence the degree of this identical downward

distortion in prices given by:

\/5 (T Am — Tad) ba
5 .

The downward distortion in prices is increasing with §. As § rises, the future becomes more
important. Thus, if the high cost incumbent deviates and charges (BZ’ B*B)’ his gain increases,
which means that he has more incentive to mimic the low cost incumbent. But this implies that
the low cost incumbent has to increase the distortion in prices in order to separate from his
high cost counterpart. On the other hand, when ¢ rises, i.e., when the entrant becomes less
efficient, 7 44 increases and thus the downward distortion in prices is smaller.

Interestingly, the degree of product substitutability also affects the level of the downward

distortion in prices. When 7 — 0, i.e., rival firms’ products are completely differentiated, then
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TAm — TWaq and there is no downward distortion in prices. Conversely when 7 — 1, i.e.,
rival firms’ products are highly substitutable, then 7 4., is much higher than 744 and thus the
downward distortion in prices is the highest possible. Therefore, when the degree of product
substitutability rises, the downward distortion in prices is bigger. All these factors similarly
determine the downward distortion of the price in market A at Sols but there is an additional
factor. When k decreases, i.e., demand in market A becomes much less elastic than demand in
market B for a given market price, then the downward distortion of the price in market A is

smaller.

4.3.2 Pooling Equilibria

We now analyze the pooling perfect bayesian equilibria. In a pooling PBE, first period prices of
both types of incumbent are equal and thus do not signal the incumbent’s type. Therefore, the
entrant does not change his prior beliefs when he observes the equilibrium pair of prices. We
assume that, if entry occurs in market A, the entrant learns the incumbent’s cost before price
decisions are taken in the second period. Thus, price competition in the second period occurs
under complete information.

As in subsection 4.3.1, we assume that 7% > fF > 7P, We further assume that
port + (1 —p,) 7% < fF, which implies that under the prior beliefs the entrant’s optimal
decision is not to enter. This condition is necessary for a pooling PBE to exist. In fact, if this
condition failed and the two types charged the same prices, the entrant would enter when he
observes the pooling pair of prices. Given this, each type of incumbent would have an incentive
to charge his monopoly prices in the first period, thus the pooling strategy could not be optimal.

In a pooling PBE, first period prices charged by the high and low cost incumbents are the
same, (pY,Pg) = (B:’B*B) = (p%,pp)- When (p%,p};) is observed, by Bayes’ rule, the posterior
beliefs are equal to the prior beliefs, i.e., p(p%,p}) = p, and the entrant’s optimal decision is
not to enter. We assume that for all other (p/y,p;) the posterior beliefs are p(p'y,p’3) = 0.

In any pooling PBE, (p%,p};) must be optimal for the high cost incumbent, i.e.:
Ta(p) + 75 (PB) + 6 (Tam + TBm) = Tam + Tom + 0 (Taa + Thm) -
Or equivalently:
6 (Tam — Tad) 2 (Tam + Tem) — (Ta (Pa) + 75 (PB)) - (4.9)
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This condition is the reverse of condition (4.5) used in the analysis of separating PBE. Let C’

be the set of (p%,p};) that satisfy the incentive compatibility condition (4.9). Figure 4.1 depicts

the set C in white since in light grey we have the set of (p*,p%) that satisfy condition (4.5).
Moreover, for a pooling PBE to exist, it must also be true that (p%,p}) is optimal for the

low cost incumbent, i.e.:

74 (Pa) + 75 (PB) + 0 (Tam + Tpm) = Tam + Tpm + 0 (Tag + Tpm) -

Or equivalently:

(T a — Taa) 2 (Tam + Tpm) — (4 (P2) + 75 (PB)) - (4.10)

This is precisely the same condition as (4.6). Therefore, Figure 4.2 depicts in grey the set of
(p%,pp) that satisfy the condition (4.10).

The following proposition summarizes the conditions for a pooling PBE.

Proposition 4.3 A pooling PBE exists for some non-negative prices (p%,p3;) set by the high
and low cost incumbents if and only if the incentive compatibility conditions (4.9) and (4.10)

both hold, i.e., (p%,py) € C'NC.

Proof: To show necessity is enough to notice that if either condition (4.9) or (4.10) fail, then
either the high cost or the low cost incumbent is not behaving optimally in the proposed pooling
PBE for any specification of the off-the-equilibrium beliefs, thus one can not have a pooling
PBE. To show that conditions (4.9) and (4.10) are sufficient for a pooling PBE to exist it is
important to notice that in a pooling PBE, by Bayes’ rule, p(p%,p5) = p,- Assume that for all
other (p/y,p’z), p(P'y, pl5) = 0. Given these beliefs and the assumptions over the entrant’s profits,
it is optimal for the entrant not to enter when he observes (p*,p}) and to enter otherwise. But
then, given the entrant’s strategy, it is optimal for the high and low cost incumbents to set
(p%, py) if conditions (4.9) and (4.10) both hold. Notice that beliefs given by p(p%,p%) = p,
and for all other (p'y, p's), p(P'y, p’s) = 0 are consistent with the described equilibrium strategies.
Therefore, pricing strategies (p%,p5) = (BZ’BE) = (p%,p%) and (p%,p%) € C'NC support a
pooling PBE. B

Under the assumption that 4, — T4q > Tam — Tad, C'NC is shown to be non-empty as

long as the two types of incumbent are not too different (¢ is not too high). Thus, for this
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set of parameters’ values, there are multiple pooling perfect bayesian equilibria. The lack of
restrictions upon off-the-equilibrium path posterior beliefs generates multiple pooling perfect
bayesian equilibria. The use of equilibrium refinements allows us to eliminate several perfect
bayesian equilibria. The existence of pooling equilibria which survive the domination criterion

depends on whether ( ) belongs or does not belong to C'NC. Next we analyze these

BAm’ BBm

two cases.

When ( ¢ C'nC

BAm’ BBm)

Figure 4.4 illustrates an example where ( ¢ C'NC. The set of (p*,py) € C'NC, in

BAm’BBm)
light grey, is the set of pooling perfect bayesian equilibria.

A
Py

SR 4

0 1 2 Ppm 3 PBm 5 6 Pt

Figure 4.4: Subset C'NC in light grey

In this case it is easy to show that no pooling PBE survives the domination criterion. Since
any pre-entry pair of prices (pa, pg) in (intC) N C is strictly dominated for a high cost incumbent
but is not dominated for a low cost incumbent, then p(pa, pg) = 1 for such pair of prices. Given
these beliefs, the entrant will not enter if he observes any (pa,pg) in (intC) N C. Therefore,
in any (p%,p}y) € C'NC, the low cost incumbent would always have an incentive to deviate to

(1_7 A P Bm) since first period profit is higher and entry does not occur.
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When ( e C'nC

P s Pim)

Figure 4.5 illustrates an example where (p, .p, ) € C'NC. The set of (p%,ps) € C'NC, in

grey, is the set of pooling perfect bayesian equilibria.
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Figure 4.5: Subset C'NC in grey

When ( ) € C'NC, some pooling equilibria are immune to the domination criterion.

Pam'Ppm
Let w4 p be the level of profit where the low cost incumbent’s isoprofit is tangent to the frontier
of the incentive compatibility condition (4.9). All the pooling perfect bayesian equilibria where
pre-entry profits of the low cost incumbent are lower than m, 5 (outside the area in squares)
do not survive the domination criterion. Consider any such pooling PBE. Since the entrant will
not enter if he observes any (pa,pg) in (intC) N C once p(pa,ps) = 1, the low cost incumbent
would always have an incentive to deviate from the proposed pooling PBE to a pair of prices in
(intC) N C arbitrarily close to (p%:pp)- Therefore, the subset of pooling PBE in C'NC that are
immune to the domination criterion is given by all (p%,p};) where pre-entry profits of the low
cost incumbent are higher than & AB- We denote this subset by I, IC C’mg. Figure 4.5 depicts
this subset in the area marked with squares.

If we further refine the equilibrium concept using Cho and Kreps (1987) intuitive criterion

we can eliminate some more pooling perfect bayesian equilibria in subset I. Cho and Kreps

criterion states that a type should not be expected to play an equilibrium dominated action.
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An action a can be eliminated for type 6 by equilibrium dominance if type 6 does not gain by
deviating from the equilibrium no matter what action the uninformed player chooses. Thus, if the
uninformed player observes action a he should put zero probability on type 6. This reasonability
criterion upon off-the-equilibrium path posterior beliefs may change the uninformed player’s best
response, which in turn may induce some other type to deviate from the proposed equilibrium.
If this happens, the equilibrium does not survive the intuitive criterion. To understand better

this criterion, let us consider some pooling PBE, (p%,p};) € I. Suppose that there exists a

deviant pair of prices (p4,pp) such that a high cost incumbent would not want to deviate from
(p%,pj) even if he was believed to be low cost by charging (pa,pp) but, given these beliefs,
the low cost incumbent’s profit would be higher with (pa,pp) than his equilibrium profit. That
is, (pa,pp) is an equilibrium dominated action for the high cost incumbent but not for the low
cost incumbent, thus p(pa,pp) = 1 is the appropriate inference if (pa,pp) is observed. Since
the entrant will not enter if he observes (pa,pp) the low cost incumbent gains by deviating

from (p%,p}) and the equilibrium fails the intuitive criterion. In order for (pa,pp) to exist the

following two conditions have to hold:
74 (Pa) + T (PB) + 6 (Tam + Tpm) > Ta (Pa) + T (PB) + 0 (Tam + Tpm) <

& 14 (Pa) + 1 (BB) > T4 (P4) + g (PB) (4.11)

and

A (PA) + 7B (PB) + 0 (Tam + Tpm) < Ta(Ph) + 7B (pB) + 0 (Fam + Tom) &
& Ta(Ppa)+ 78 (PB) <7Ta (DY) + 78 (PE)- (4.12)

Notice that these conditions represent the set of prices where pre-entry profits of the high cost
incumbent are lower than his pooling PBE pre-entry profit and pre-entry profits of the low cost
incumbent are higher than his pooling PBE pre-entry profit.

Using the intuitive criterion we eliminate most pooling perfect bayesian equilibria. Any poo-
ling PBE above the isoprofit curve of the high cost incumbent with profit level
7( = T4 (]3 Am) + 7B (BBm> fails the intuitive criterion, since ( is equi-

BAm’BBm) BAm’BBm)

librium dominated for the high cost incumbent and it is a profitable deviation for the low cost
incumbent. Moreover, any pooling PBE with 7(p%,py) < ﬁ(BAm’BBm) where the isoprofit

curves of the two types intercept can not survive the intuitive criterion as one can find pairs
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of prices which are below the high cost isoprofit curve but above the low cost isoprofit curve.
Figure 4.6 illustrates a pair of prices, (p%,p};), where the isoprofit curves (in grey) intercept. The
area marked with hexagons corresponds to the pairs of prices which are equilibrium dominated
for the high cost incumbent and where the low cost incumbent gains by deviating from (5%, p})-

Thus (p%, p}) fails the intuitive criterion.
A ’B

4
Py

Skl 4

0 1 2 Py Pp Ppm 4 5 6 p

Figure 4.6: A pooling PBE that fails the intuitive criterion

However, the pooling equilibria where the two isoprofit curves are tangent survive the intui-
tive criterion. Since the low cost isoprofit curve is steeper than the high cost isoprofit curve,
any (pa,pp) below the high cost isoprofit curve is necessarily below the low cost isoprofit curve,
hence one can not find a (p4, pg) which is equilibrium dominated for the high cost incumbent but
not for the low cost incumbent. The set of pooling equilibria where the isoprofits are tangent
and thus survive the intuitive criterion is the line-segment from (p%,p}) to (p, .pp ) (see
Figure 4.7). It is interesting to notice that the pooling equilibria also entail a downward distortion

with equal distortions in both markets.
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Figure 4.7: Subset I in grey

4.3.3 Summary and further equilibrium refinements

At this point it is useful to summarize the equilibria’ results. Assuming 7 4,, — T 44 > TAm — T Ad

E > fE > 7F there always exists a unique separating PBE which is immune to the

and 7
domination criterion. If, in addition, p,7% 4+ (1 — p,) 7% > fF, there are no pooling equilibria.
Therefore, there exists a unique reasonable PBE which is the least cost separating equilibrium
characterized in Proposition 4.2.

On the other hand, if p,” + (1 — p,) 7% < fF we also have a set of pooling equilibria as
long as the two types of incumbent are not too different (¢ is not too high). In this case, if
(p At P Bm) is a dominated strategy for the high cost incumbent, none of the pooling equilibria
survives the domination criterion and the unique reasonable PBE is the least cost separating
equilibrium where each type charges the monopoly prices in the first period.

E < fF and the two types of incumbent are so similar

Finally, when p,7% + (1 —p,) 7
that (QAm,QBm) can be supported as a pooling PBE, the set of pooling equilibria in the

line-segment from (p7, p}) to ( in Figure 4.7 survive the intuitive criterion. In this

P s> P )
case, we have multiple perfect bayesian equilibria which survive the intuitive criterion: the least
cost separating equilibrium and the set of pooling equilibria in the line-segment from (BZ’ B*B) to
(p A P Bm). However, one can impose further refinements upon off-the-equilibrium path beliefs

using Grossman and Perry (1986) criterion. According to this criterion if there exists a set K of

types who are better of choosing action a than the equilibrium strategy while the remaining
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types are worse of, given that the uninformed player revises his beliefs to believe that ¢ € K and
according to Bayes’ rule, then the proposed equilibrium is overturned. The next result shows

that there exists a unique PBE which survives the Grossman and Perry (1986) criterion.

Proposition 4.4 Suppose that 7 4,, — Tag > TAm — Tad and 7P > fF > 7 then there exists
a unique PBE which survives the Grossman and Perry criterion which is equal to:

(i) the least cost separating equilibrium characterized in  Proposition 4.2, when
por” + (1 = p,) @ > fF.

i1) the least cost separating equilibrium where (p* ,p%) = when is a
ZA’EB

BAm’BBm)’ BAm’]le)

dominated strategy for the high cost incumbent and p,r¥ + (1 — p,) 78 < fE.

(iti) the pooling equilibrium with (p%,Pp) = (P, PR) = (P4, Pg,,): when (p, .ppy ) is not

a dominated strategy for the high cost incumbent and p,m® + (1 — p,) T < fF.

Proof: In case (i) and (ii) there exists a unique PBE which survives the domination criterion
and consequently the intuitive criterion. Since Grossman and Perry criterion is a refinement of
the intuitive criterion, if it exists a PBE which survives the Grossman and Perry criterion, it is
necessarily the least cost separating equilibrium. In each case, it is also easy to prove that the
least cost separating equilibrium is immune to Grossman and Perry criterion.

In case (iii), the only PBE which is immune to Grossman and Perry criterion is the poo-

ling PBE where both types choose first period prices ( Let us first eliminate the

BAm’BBm)'

remaining pooling equilibria. Since Grossman and Perry criterion is a refinement of the intuitive
criterion, we just need to show that no other vector of prices in the line-segment from (]22, Q*B)

to ( ) in Figure 4.7 survives the criterion. Consider any pooling PBE, (p*,p};), in the

BAm’ BBm

line segment between (p,,p},) and ( such that (p%,p5) < ( . Both types of

P Pr) Pam Ppm)

incumbent would gain by deviating to ( if the entrant beliefs are such that he does

BAm’BBm)

not enter. Hence the entrant’s posterior beliefs following ( should be equal to the

BAm’ BBm)

prior beliefs, p,, and his optimal decision is not to enter. Since there are consistent beliefs such
that both types of incumbent gain by deviating, the proposed equilibrium fails the Grossman
and Perry criterion. The least cost separating equilibrium, in which the low cost incumbent’s
prices are (BZ’ B*B)’ can also be eliminated using the same reasoning. Both types would prefer

to deviate from their separating equilibrium strategies to ( ) if the entrant beliefs are

P pm'PBm

such that he does not enter. Then beliefs following ( should be p,, which implies that

BAm’ BBm)

109



both types of incumbent gain by deviating from the least cost separating equilibrium. B

It is interesting to notice that the unique PBE which survives the Grossman and Perry
criterion is also the unique Pareto optimal equilibrium for the incumbent’s types. Moreover, this
unique PBE entails a downward distortion for at least one type, except in case (i) when § < 5

and in case (7).

4.4 Extension of results

In this section, we analyze the implications of changing two of the initial assumptions on results.
Firstly, we explore what happens if kK > 1, i.e., demand in market B is equally elastic or less
elastic than demand in market A for a given market price.® Secondly, we extend the initial
assumptions on the relationships between market A and market B’s parameters by considering
that bp = %‘. Our initial assumption is a particular case of this assumption since bp = %‘
equals (4.4) when w = 1.

For k > 1, the set of parameters’ values where monopoly and duopoly quantities are
non-negative and where condition and where condition (4.7) holds is given by {E, c¥, k:} eD
once D is sufficient to guarantee that non-negative constraints are satisfied. For this set of
parameters’ values, there may occur two types of least cost separating equilibrium: Sol; and
Soly. Sols is impossible to occur since market B is now larger. Notice that Soly and Soly are
both set, for different levels of J, at the least cost separating equilibrium for a subset of D where
cP < ¢, Conversely, when ¢ > ¢F. only Sol; is set at the least cost separating equilibrium
for all §. For k > 1, the relative downward distortion in price is always higher in market A
since D 4,, is always lower than pg,,. When k = 1, the relative downward distortion in price is

identical in both markets. The unique reasonable pooling PBE is ( where for k > 1,

Pam Prm)
BBm Z BAm'
Lets explore the impact of the extended assumption over the relationships between market

A and market B’s parameters, bp = %‘, but considering £ < 1. Notice that this new assumption

8This is the set of parameters that may capture a predatory dumping behavior. If we consider market B as
the domestic market and market A as the external market, the incumbent may set a lower pre-entry price in the
external market so as to deter entry. But notice that the incumbent uses prices in both markets as predatory

stgnals.
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does not influence the relationship between markets’ demand elasticity since given the quadratic
utility function (4.2) and the resultant demand functions, demand in market A is less elastic
than demand in market B for a given market price when k < 1. It certainly influences the
relationship between consumer’s marginal utility in market B and consumer’s marginal utility
in market A. Thus, we now face several different scenarios where the monopoly demand functions
in market A and market B do not have identical slopes. Therefore, for the set of parameters’
values {E, c?, k} eMND and k < 1, there is impact upon two of the three types of the least
cost separating equilibrium that may occur. More precisely upon the solutions where there is a
downward distortion in prices. The downward distortion in price continues to be identical in both

markets (since the Kuhn-Tucker conditions are similar) but this decrease in prices now depends

(T Am—T ad)ba CIf

on w. At Sols the identical downward distortion in price is now given by (i Fw)

w > 1, there is a smaller downward distortion in price than when w = 1. Moreover as w rises,

the downward distortion in prices becomes smaller. Also at Solg, the downward distortion in

2
price is now given by \/ O (T Am — Taq) ba — W. There is also an impact on these solutions’

it 3 (1+w)e? 3 . (1+w)(ap+0)” .
limits since § now equals ToxFam—712) and J equals oA Tam = ad) and thus the subsets Sq, So

and Sg are different.

4.5 Conclusion

This chapter explores the incumbent’s choice of a multiple signaling strategy when practicing
discriminatory limit pricing. Considering potential entry in one of the two geographical in-
dependent markets where the incumbent operates, the incumbent uses third-degree price dis-
crimination to deter entry when the entrant has incomplete knowledge about the incumbent’s
production cost. The entrant offers a differentiated product and decides whether to enter after
observing incumbent’s pre-entry prices in both markets. Thus, the incumbent may have an
incentive to distort both pre-entry prices in order to convey information on production cost to
the entrant so as to deter entry.

In the presence of this signaling effect we show that incumbent’s complete information prices
may no longer hold. We show that there is always a unique reasonable perfect bayesian equili-
brium. There are some cases where the only equilibrium that survives the domination criterion

is the least cost separating equilibrium. In this separating equilibrium, the low cost incumbent’s
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pre-entry prices may have a downward distortion with respect to the complete information
setting. The low cost incumbent uses pre-entry prices in both markets to signal low production
cost. Moreover, we show that this distortion is identical in both markets for every relationship
between markets’ demand parameters. The price distortion is increasing with the discount factor,
the degree of product substitutability and the efficiency of the entrant. For the remaining cases,
we show that the unique equilibrium that survives the Grossman and Perry (1986) criterion is
a pooling equilibrium where both types of incumbents set the low cost incumbent’s monopoly
prices.

We extend previous analysis of entry deterrence literature to a setup which considers
third-degree price discrimination and product differentiation. In a multimarket setup, the in-
cumbent uses multiple signaling. An implication of our analysis to predatory pricing detection
is that policy regulation authorities should reach worldwide information since firms are beco-
ming global and may price lower than the monopoly prices in more than one market in order to
deter entry. This chapter shows that in some cases multinational firms may not be using purely
discriminatory pricing but discriminatory limit pricing.

Further work should include the presence of an active regulator, for instance, in only one
of the incumbent’s operating markets. This may lead to the use of signaling exclusively in the
unregulated market. Three other extensions seem worth considering. The analysis of other in-
cumbent’s strategies, such as accommodation strategies, which may lead to an upward distortion
in prices. It would also be interesting to relax the assumption of constant marginal production
cost. Finally, oligopolist incumbent firms would also be a relevant framework to consider since

two-sided signaling arises.
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4.A Firms’ profit functions

For a detailed deduction of the optimal prices and profits see Subsections 3.3.1 and 3.4.1 but
notice that these subsections consider that production cost of both firms are nil.
Due to the assumption of constant marginal production cost, the incumbent maximizes

profits in each market independently when using third-degree price discrimination.

4.A.1 Monopoly in market A and B

The incumbent’s monopoly profit in market i, i = A, B, when the incumbent has high production

a; 1
Ti = (pi — ¢) (b - bpz‘) .

The unique maximizer of this profit function is the monopoly discriminatory price in

cost is given by:

market 7:

a; +¢

2

T)im =

and the respective monopoly discriminatory quantity and profit in market ¢ are given by:

B a; —C B (a; — 6)2

Analogously, when the incumbent has low production cost and ¢ = 0, the monopoly discrimi-
natory price, quantity and profit in market ¢ simplify to:

; 2
— — — 7
&m—g,gim—Q—bi and Eim_rbi'

4.A.2 Duopoly in market A

When entry occurs in market A, firms’ profit functions when the incumbent has high production

cost are given by:
Tad = (paa — ) (o — Bpaq +1p")
7% = (p¥ = ¥) (a = Bp" + 7paa) -
As firms choose their prices simultaneously and independently, firms maximize their profit
functions. The second period Nash equilibrium prices and quantities are:

o (26 +7) + Brycf 4 2p%
46% -2

DPag =
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5O (28 +7) + 2B8%cF + Brye

48% — 42
_ B (a (28 + ) + Bycf — (282 — 72)6)
dad = 452 — 72
_E B (Oé (25 + ’y) + Bvye — (262 . WQ)CE)
7 = s

and the firms’ profits are given by:

_ Bla@B+7) + By — (282 =)

TAd = (452 _72)2
7B — B [O‘ (28 + ) + Bye— (252 _72) CE}2.
(487 —12)?

Similarly, when the incumbent has low production cost and as ¢ = 0, the second period

equilibrium prices, quantities and profits in market A simplify to:

_a(28+7) + By

Ppag = 432 — 2
p_ @28 +7)+25%"
B 452 . 72
_ B(a(2B+7) + Brcf)
gAd - 452 _ ,},2
p_ B(a28+7)—(28% —~%)cF)
g - 4ﬁ2 o ,}/2
and: )
_ Bla(28+7) + Byt
EAd_ (452_72)2
B_P [ (28 +7) — (262 — 42) ¢F]?
N (482 —42)* '
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4.B Non-negative constraints analysis

From the monopoly analysis in Appendix 4.A.1, if we assume (4.3) and (4.4) monopoly price,

quantity and profit in market B for high and low production costs can be rewritten as:

ap+¢ kaa+c _ _ap—c¢ _kap—c

PBm = 9 9 ydBm = 2bB 2bA

_ (ag —0)*  (kay —70)?
7TBm = =

4bp 4b 4
ap  k k 2 2g2
_ 4B _ Maa = 9B _ RaAd _ 9B _ %
Ppm =9 = 2 IBm T 9p, T 2p, M TET 4pp T aby

When k < 1, market A and market B monopoly quantities are non-negative if ¢ < ka 4. Let
M be the set of parameters’ values ¢ and k such that ¢ < kas. Notice that if k¥ < 1, monopoly
discriminatory price is higher in market A. This result is expected: a discriminatory monopolist
charges a higher price in the less elastic market. When k£ < 1, demand in market A is larger
and less elastic than demand in market B. Thus pﬁxm > pém for both types of incumbent’s
production cost .

If we focus on the duopoly analysis in market A, presented in Appendix 4.A.2, from
non-negativity constraints of duopoly equilibrium quantities it follows that, for different va-

da

lues of ¢, the set of possible ¢ changes. We use 7 = b where 7 is a measure of the degree of

product substitutability, in the following conditions. Therefore, if:

£ < MlEH oy oF ¢ [o, a0 )]

aa(l—T T _ ap(1-72)(4—72 2—72)e—ar(1-7)(24+7) 4 —r T
AQTIEn) ¢ o Al (2_32()2 ) then oF ¢ {( Jeaa-n@tn) AQ_@ 1)

We consider D to be this set of parameters’ values ¢ and ¢ where duopoly equilibrium

quantities are non-negative.
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4.C Proof of Proposition 4.1

When (p, .pg ) € C, the proof is immediate since ( € C and thus CNC is

BAm’BBm)
non-empty. Suppose then that (BAm’BBm) ¢ C. Let (p/y,pg) be a pair of prices in the frontier

of the incentive compatibility condition of the high cost incumbent given by condition (4.5), i.e.:
TA (pIA) + 7B (pIB) + 0T Am = TAm + TBm + 0T A4qd &
& 74 (Pa) + 78 (P) — Tam — TBm + 6 (Tam — Taq) = 0.
Let p/y <p, and pp <p, . Notice that:

74 (Pa) + 75 (PB) — Tam — Tpm + 0 (Tam — Taa)

. C / C /
- a <BAm _pA) + @ (BBm _pB> .
Asply <p A and plz < Ppm then this last expression is positive. Therefore, if we assume

condition (4.7), there is always some (py,p’z) where:

74 (Pa) + 75 (PB) — Tam — Tpm + 0 (Tam — Taq) > 0.

This means that (p/y,p'z) is in the interior of C and then C N C is non-empty.

Therefore, condition (4.7) is a sufficient condition for the existence of a separating PBE.
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4.D Single-crossing condition analysis

Assuming m4,,, — Taq > TAm — T A4 1S equivalent to cf < &F where:

T(r" =512 4+ 8)e+2aa(1—7)(247) (1P — 7% — 27 +4) da
, using 7 = —.

et =
8(2—12) ba

This single-crossing condition has impact on possible parameter’s values of ¢Z. Thus, let D

be the following set of parameters’ values ¢ and c¥ where if:

aal=n)@2H+7)  thep oF ¢ [O, EE[

c< (2—72)
B <o < UG on o (I o
2a4(1—-72)(4—72 aa(1-72)(4—72 2—72)e—as(1—-7)(24+7) ¢ —r T
A(’(7'4—57')2(+8) ) <es A (2—r)2()2 : then ¢* € [( ) i( = )’ A(%2—lg2)+ )}

Therefore, adding non-negative constraints and single-crossing condition implies restricting

the analysis to the parameters’ values {E, c®, k} e MND.
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4.E Low cost incumbent firm’s Kuhn-Tucker conditions

Let A and p be the Lagrange multipliers associated with IC and IC, respectively. We can

construct the Lagrangian function:

£ o= ma(py) + 75 (B) + A [Fam + T+ 0 (Fag — 7am) = 7a (25) = 75 (2 )]

+1 [ﬂAm + Tpm + 0 (Tad — Tam) — Ta (ﬁx) B @*B)] '

Or equivalently:

L = —blA (BZ)2+ (Zj) pz—;(p2)2+ (Zi)p’;

) Tam + TBm + 0 (Tad — Tam) +
2 2 _
o () - (450w e () — (455 o + 80
Tam T Tgm + 0 (Tag — Tam) +
—|—,LL 1 * 2 aA * 1 * 2 ap *
_+H<BA> _<H)BA+%(BB) _<E>7—’B

The Kuhn-Tucker conditions, when all BZ and B*B must be non-negative, are given by:

oL 2 as 2 as+¢c 2 aa
__“ )\ i < 5
p* bAB oA ba * (bApA ba >+u(b vy~ ba ;
oL
P >0 pAapA 0
_ 2.9 (2 S 2B <
opy b bB+ <bB bp >+'u(beB bB>_ ,
., oC
pp =0 pBap*B 0
ar ) . - X oL
o = Fam T8 (Tar—man) —7a () ~ 75 (0) 200 A2 0 AST =0
ar . X oL
87/46 _ 7TAm+7TBm+5(7TAd_7TAm)_7TA(BA>_FB(BB>§07 ,U’SO; N%:O

118



4.F Characterization of S;, S; and S3

Consider 7 = g—ﬁ which measures the degree of product substitutability. For the following

different subsets of parameters’ values {E, cF, k}, the solution is:

e Sol; for all § € ]0,1], when {E, ¥, k} € S;1 and this subset is given by:

C
S1| F>eéf

e Soly for 0 < < 5, Soly for § < § < & and Sols for § < § < 1, when {E,cE,k} € S3 and

this subset is given by:

{e,c”.k} eMND
Sz | P <éF

k<k

e Soly for 0 < § < & and Soly for § < § < 1, when {E, cE,k:} € So and this subset is given

by:

{e,c? k} eMND
< ¢F

S
k<1
{E,CE,k} §é S3

where:
i (aA(T—l)(2+T)— (2—7’2)6)
T

—(1+7)@2+7)(2-1)7
2+7)(1=7)| +2aa(—7*+73-272—47+38)¢
+a3 (1+7)2+7)(2-71)°
2T
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o 2(aa(l-7)2+7) - (2-7¢)

(2"% (1-7%)(2- 72)2> —day (1-72) (2-72) ek
+(r2-1) (472’ @ +ad (1-7%) (4—72)°

+2a4 (1 — 1) (2+7) (-8 +4r+27° =+ 71) ¢

2T

and

2(1+T)2 (4—72)262+2a?4 (1_|_7—)2 (4_T2)2
+4aa(1+7)(2+7) (8—47‘—27‘2-1-7-3_7-4)5
k=

c
204 (14+7) (4 —12) an
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