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ABSTRACT
Principal Component Analysis (PCA) is one of the most used multi-
variate techniques for dimension reduction assuming nowadays a
particular relevance due to the increasingly common large datasets.
Being mainly used as a descriptive/exploratory tool it does not
require any explicit a priori assumption. However, regardless the
parent population miss/unknown characterization, sample principal
components are often used to characterize the parent population
structure, as these are frequently targeted to visualize multivariate
datasets on a 2D graphical display or to infer the first two latent
dimensions. In this context, although the main goal might not be
inferential, sample principal components may fail to provide a valid
solution as principal components may vary considerably, depend-
ing on the extracted sample. The stability of the PCA solution is here
studied considering normal and non-normal parent populations and
three covariance structures scenarios. In addition, the effects of the
covariance parameter, the dimension and the size of the sample
are also investigated via Monte Carlo simulations. This study aims
to understand how stability varies with the population and sample
features, characterize the conditions under which PCA results are
expected to be stable, and study a sample criterion for PCA stability.
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1. Introduction

Principal Components Analysis (PCA) is still nowadays one of the most commonly used
multivariate statistical analysis technique [1,2]. Over the years, it has been applied in many
different scientific fields (see, e.g. [3]) being mainly used as a dimension reduction tool.
Despite this main use, PCA has, as frequently, been employed as a method to visualize
multivariate datasets on a low-dimensional graphical display [4] by typically converting
the original data into two-dimensional data, restricting, in this case, the analysis to a
two dimension reduction problem (first two principal components) [5]. Further, PCA is
often used to define uncorrelated latent variables (components) at the expense of observed
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ones. Important areas of application with considerable interest include (i) allometry stud-
ies [6,7], to partition morphometric variation into components that separately describe
the size and shape of living organisms (e.g. [8–10]), (ii) drug design and discovery, aiming
to relate the structure of chemicals to their physical properties in the context of quan-
titative structure–activity relationships (QSAR) studies (e.g. [11]), and (iii) multivariate
time series studies including, e.g. meteorological [1,12,13], prices or crime rate quanti-
ties, where observations, typically made at different time points, are non-independent.
Being outside of the scope of this study, non-independence between observations is here
not addressed. However, as this study is restricted to the use of PCA for descriptive (not
inferential) purposes, non-independence is not expected to affect this goal [3].

In all the above real applications, although PCA is almost exclusively used as an
exploratory tool, sample principal components structure is used to characterize the cor-
responding population principal components structure, typically retaining only the first
couple of axes [14,15] being the remaining typically less informative and more difficult to
interpret [1]. Hence, in these applications it is of critical importance that sample principal
components span over a narrow vicinity of their population counterparts, to reflect the
true underlying structure.

In general, the concept of stability of an analysis method is defined by the degree of
sensitivity of the analysis to the variations in the input conditions [16]. Furthermore, the
stability concept may be interpreted as related to the degree of variation of the solution
depending on the considered sample (sample pattern) and its legitimacy to be interpreted
as representing the population structure (true pattern) (e.g. [17]). Hence, PCA stability or
repeatability is related to the change imposed on the linear coefficients that definePCdriven
by sampling variability. Taking stability as a prerequisite to useful interpretation [18], then
it is advisable to know which conditions may hinder PCA stability.

PCA stability is commonly researched as depending on the data distributional assump-
tion (e.g. [18]), the underlying covariance matrix (e.g. [19]) and/or features as the number
of variables (p) and the sample size (e.g. [20]).

Normality assumption is not mandatory to perform a PCA [3]. However, the lack of
normality may affect PCA results in multiple ways. In particular, the optimal (exact or
asymptotic) properties of the Maximum Likelihood Estimators (MLE) of the true covari-
ance matrix � (and related eigen parameters) can not be assumed, potentially inducing
estimated PC substantiality biased. Also, without the normality assumption PC cannot be
assumed to define the principal axes of the family of p-dimensional ellipsoid and represent
contours of constant probability for the distribution of the random vector x. It is generally
assumed that, given enough structure for the extraction of PC, the stability or repeatability
of PCA results does not depend heavily on the normality on the data [21]. Further, Daudin
et al. [17] studied four different real datasets presenting an increasing degree of instabil-
ity, without any underlying assumption, and conclude that data structure by itself is not
enough to define a general rule that could replace a stability analysis.

The variances of the population PC are given by the eigenvalues λj (j = 1, . . . , p) of
the population covariance matrix �. When A�A′ = σ 2I, (where A is the matrix whose
columns are the elements of the eigenvectors αj of the covariance matrix), the covariance
structure has p equal eigenvalues and is termed spherical.

As such, several statistics related to the degree of distinctiveness of the eigenvalues
(sphericity) have been used to decide whether or not is it worthwhile to perform a PCA
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[22]. For spherical covariance structures the arithmetic mean is equal to the geometric
mean of the eigenvalues of �, that is, the statistic

∏p
j=1 λ

1/p
j∑p

j=1 λj/p
(1)

equals 1 [23,24].
In this context, the further statistical test of equality between the eigenvalues of the pop-

ulation covariance matrix (all or a particular subset) has no practical value, as it assumes a
multivariate normal distribution which is often not satisfied [3].

The number of variables (p) and the size of the sample (n) are also expected to interfere
with the stability of the PC. The consistency of MLE ensures that the sample covariance
will approximate increasingly better the population covariance as n increases. However,
the consistency of a principal component is driven not only by the sample size, but also
by its relationship with the dimension p and the relative sizes of the several leading
eigenvalues [4].

Given the above described potential effects over PCA results, this work aimed at study-
ing the stability of the PCA solution under normal and non-normal parent populations
and different covariance structures varying both the type of pattern and the magnitude
of the parameters to reflect different types of data scenarios. The interaction between the
effects of the data distribution, the covariance pattern, the sample size and the popula-
tion dimension was also investigated. In summary, our goals included (i) understand how
stability varies with population characteristics (dimension, data distribution, covariance
matrix type andparameters) and sample size; (ii) characterize conditions underwhichPCA
results are expectedly stable, and (iii) establish a sample criterion for PCA stability.

Thismanuscript is structured as follows. Section 2 defines the covariance structures con-
sidered in this study. Sections 3 and 4 describe, respectively, the metrics used to evaluate
PCA stability and the simulation procedure. In Sections 5 and 6 we present the simulation
results and two real applications in the context of allometry studies. Conclusions are pre-
sented in the last section describing the limitations and presenting guidelines about when
to use the study findings.

2. Covariance structures

In this study we have considered the covariance structures known as compound symmetry
and first-order autoregressive, which are among themost commonly assumed (e.g. [25,26]),
and themore general toeplitz covariancematrix type, that encompass the former two. Next,
we briefly describe these structures:

• Compound symmetry (CS): Structure defined by a covariancematrix with constant vari-
ancesσ 2 andnon-zero constant covariancesσi,j (i �= j), such thatσi,j = σ 2ρ (i �= j) (two
parameters), where ρi,j = ρ represents the correlation between the ith and the jth vari-
ables. This type of patterned covariance structure is often observed in real data, namely,
e.g. among certain biological variables such as the sizes of living things [27].

• First-order autoregressive (AR(1)): Structure defined by a covariance matrix with σ 2 on
the main diagonal and σi,j = σ 2ρ|i−j| (i �= j) on the other diagonals, where |i − j| is the
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distance from the main diagonal. Hence, characterized by constant variances and expo-
nential decreasing covariances with increasing lag |i − j| (two parameters). Note that
the speed of convergence of the covariance σi,j = ρ|i−j| towards zero as i → ∞, given a
fixed position j, depends on the value of ρ, being higher for lower values of ρ.

• Toeplitz (TOEPLITZ): Structure defined by a covariance matrix characterized by
constant variances and decreasing covariances σi,j = σ 2ρ|i−j| (i �= j) with lag |i − j|
(p parameters). The values of ρ1, . . . , ρ|p−1| were defined by building a sequence
between ρ|p−1| = ρ and 1 with an increment of (1 − ρ)/(p − 1).

These three types of covariance matrices, conjugated with the different space dimen-
sions (p) and correlation values (ρ), encompass different levels of sphericity generically
following the order TOEPLITZ < CS < AR(1).

3. Stability

In this section we describe the metrics used to evaluate stability (Sub-section 3.1) and
define a sample criterion for stability diagnosis (Sub-section 3.2).

3.1. Stability metrics

PCA stability depends on how close the estimated principal components (sample) are to
the true principal components (population). Mathematically, this closeness may be evalu-
ated by the similarity between population and sample eigenvectors [20]. One natural way
of measuring this closeness (or degree of overlap) uses the angular displacement between
the vectors [28]. Let αj and aj represent the normalized eigenvectors of the covariance
matrices � and S, respectively. PC stability may be measured by the directional displace-
ment between sample and population principal components, taking the inner product of
the two vectors

cos(θj) = a′
jαj (2)

where θj, (j = 1, . . . , p) is the angle between αj and aj. Perfect stability is therefore charac-
terized by an absolute cosine equal to 1. In this study, the jth PC is defined as stable if the
correspondent angular displacement θj is such that 0.95 ≤ |cos(θj)| ≤ 1 [21]. The empirical
sampling distribution of θj was used to analyse the chance of having a stable solution.

The angle defined according to (2) allows to evaluate the individual eigenvector dis-
placement. To account for a sub-group of eigenvectors, it can be considered a cumulative
measure of the angular displacement. In particular, the displacement between subspaces
generated by the first k sample and population eigenvectors may be defined by

Gk =
∑
j≤k

(a′
jαj)

2 (k = 1, . . . , p) (3)

which measures the global stability of the first k axes [17]. The closer this measure is to
k, the more stable is the space spanned by the first k principal components. Thus, it may
be seen as an index of subspaces coincidence, ranging from 0 (all orthogonal subpaces)
to k (all coincident subspaces). Perfect stability correspond to the value Gk = k, when all
estimated subspaces coincide perfectly with true subspaces.
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3.2. Sample criterion for stability diagnosis

Principal components are grouped into subspaces preserving the order determined by its
variance. This subspaces my be spanned by a single eigenvector or, in the case of degen-
eracy (i.e. indistinguishability in terms of their variance), by multiple eigenvectors. In this
case, estimated eigenvectors tend tomix the population counterparts arbitrarily and sample
eigenvectors are, in fact, linear combinations of true eigenvectors [29].

Let �k and λk represent, respectively, the eigenvalues of the covariance matrices � and
S. First-order approximations of eigenpairs are given by [30]

�k ≈ λk + λk(2/n)1/2 (4)

ak ≈ αk + �k − λk

λk − λk+1
αk+1, (k = 1, . . . , p − 1). (5)

Hence,

ak − αk ≈ se(λk)
�λk

αk+1 (6)

with
se(λk)
�λk

= λk(2/n)1/2

λk − λk+1
. (7)

Equation (4) shows that the sampling error in the eigenvalue (�k − λk = se(λk)) is inde-
pendent of its spacing to the nearest eigenvalue (λk − λk+1 = �λk). In contrast, from
Equations (5) to (7) it is clear that the sampling error in a particular eigenvector (ak − αk)
varies inverselywith the spacing to the nearest eigenvalue (�λk). In particular, Equation (6)
shows that if the sampling error in the eigenvalue, se(λk), is of the same magnitude as the
spacing, �λk, then the sampling error in the eigenvector will be comparable to the nearest
eigenvector. This indistinguishability leads to unstable solutions in the sense that any com-
bination of the eigenvectors in the subspace is also a possible eigenvector. Furthermore,
different samples may lead to different linear combinations of the nearby eigenvectors
resulting in extensively different patterns from one sample to another [30].

As sample eigenvalues are maximum likelihood estimates of correspondent true eigen-
values, to make practical use of Equation (7), true parameters may be replaced by the
respective sample counterparts. By doing so it is possible to establish a sample criterion
for eigenvectors stability. Hence, let

se(�k)
��k

= �k(2/n)1/2

(�k − �k+1)
(k = 1, . . . , p − 1) (8)

be the sample counterpart of the ratio defined in (7). Then,

• if se(�k)/��k > 1, i.e. if the eigenvalue spacing (��k) is smaller than the sampling error
in the eigenvalue (se(�k)), the noise-to-signal ratio is too high to disentangle the eigen-
vectors (in terms of their variance). Hence, these degenerated subspaces correspond to
solutions as unstable as (8) is far-above 1;

• if se(�k)/��k < 1, i.e. if the eigenvalue spacing (��k) exceeds the sampling error in
the eigenvalue (se(�k)), the low noise-to-signal ratio ensures the disentanglement of the
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eigenvectors. Hence, these non-degenerated subspaces correspond to solutions as stable
as (8) is far-under 1.

Let X represent the continuous statistic se(�k)/��k and Y the binary random variable
classifying the kth PC as stable1 (Y = 0) or unstable (Y = 1), such that higher values of X
provide stronger support for the occurrence of unstable PCA solutions (Y = 1). Consider
F1(x) and F0(x) to represent the conditional distribution functions of X given Y = 1 and
Y = 0, respectively, i.e.

F1(x) = IP
(

�k(2/n)1/2

�k − �k+1
≤ x

∣∣∣∣Y = 1
)

(9)

F0(x) = IP
(

�k(2/n)1/2

�k − �k+1
≤ x

∣∣∣∣Y = 0
)

(10)

Hence,

1 − F1(x) = IP
(

�k(2/n)1/2

�k − �k+1
> x

∣∣∣∣Y = 1
)

(11)

and F0(x) define, respectively, the Sensitivity (Sens(x)) and the Specificity (Spec(x)) of ratio
se(λk)/��k as a statistic for stability diagnosis. Then,

ROC(p) = 1 − F1(F−1
0 (1 − p)), (0 ≤ p ≤ 1) (12)

where F−1
0 (1 − p) = inf{x ∈ IR : F0(x) ≥ 1 − p}, defines the ROC (Receiver Operating

Characteristic) curve which allows to (i) evaluate the discriminatory ability of the ratio
se(λk)/��k to assign a PCA solution as stable/unstable, and (ii) find the optimal threshold
that maximizes the correct classification of a PCA solution as stable or unstable.

This curve is a monotone increasing function mapping Sens(x) vs. 1 − Spec(x). An
uninformative diagnosis tool is represented by the line with unit slope, ROC(p) = p, i.e.
Sens(x) = 1 − Spec(x). The optimal threshold x∗ can be estimated maximizing overall
correct classification, i.e.

x∗ = argmax
x

{
Sens(x) − (

1 − Spec(x)
)}
. (13)

The ROC curve is typically described using the Area Under Curve (AUC) index, defined
by AUC = ∫ 1

0 ROC(p) dp.
A perfect diagnosis tool has an AUC = 1 and a diagonal line, corresponding to an unin-

formative tool, has an AUC = 0.5. If two curves are order in the sense that ROCA(p) ≥
ROCB(p), then their AUC statistics are also ordered AUCA ≥ AUCB, implying that the
diagnosis tool works better for situation A than for situation B.

4. Simulation study

In this study we conducted a Monte Carlo (MC) simulation to analyse the stability of PCA
as a function of the parent population (normal vs. non-normal), the number of variables
(p), the type of covariance pattern and its parameters (ρ) and sample size (n).
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Table 1. Simulation parameters.

Description Parameter Values

Population Normal/Non-normal
Number of variables p 3, 6, 10, 15, 20, 25
Correlation ρ 0.1, 0.3, 0.5, 0.7, 0.9
Type of covariance matrix � CS, AR(1), TOEPLITZ
Sample size n 30, 50, 100, 150, 200, 500

The covariance matrix was defined by the correlation structure as only standardized
variables were considered. Two different populations were simulated: (i) a multivariate
normal population given a specific patterned covariance matrix, and (ii) a multivariate
non-normal population with the same covariance matrix. Simulated multivariate normal
data were generated using the function rmvnorm, from mvtnorm R package [31]. Given
a specific mean vector and a covariance matrix, this algorithm transforms univariate to
multivariate normal random values via a spectral decomposition [32]. Non-normal data
were generated using the function mnonr, from mnonr R package [33]. In particular,
multivariate nonnormal random numbers with the desired intercorrelations were gen-
erated following Vale and Maurelli [34] that extended Fleishman [35] method in which
a nonnormal random variable is obtained from the linear combination of the first three
powers of a standard normal variable (polynomial transformation). This transformation is
used to obtain random samples from some nonnormal distributions with given skewness
and kurtosis. Considering the asymptotic sampling distributions for univariate skweness
and kurtosis [36], high order quantiles were used to approximately estimate absolute lower
(skewness and kurtosis) bounds for nonnormality.

For each value of p, 5000 random samples with a specific sample size (see Table 1) were
drawn, with replacement, from each population. For each sample, we estimated the true
covariance/correlationmatrix and, based on it, performed a PCA, obtaining the correspon-
dent eigenvalues and eigenvectors. These sample eigenpairs were then used to calculate
the measures described in Section 3. In summary, we provide an outline of the simulation
process:

(1) Generation of 5000 random samples, with replacement, frommultivariate normal and
non-normal populations, varying the type of covariance matrix and parameter ρ, the
number of variables p and sample size n (Table 1);

(2) Performance of a PCA, on the randomly sampled data, by spectral decomposition of
the sample covariance matrix;

(3) Evaluation of stability according to (2) and (3);
(4) Evaluation of (8);
(5) Estimation of optimal thresholds by (13) as a function of the type of covariancematrix,

the number of variables and parent population.

5. Results

5.1. Individual eigenvector angular displacement

Figure 1 shows the MC distribution of angular displacement (AD, in degrees) between
the population and sample eigenvectors as a function of the type of covariance matrix,
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Figure 1. Estimated densities of angular displacement (degrees) between the population and sample
eigenvectors as a function of covariancematrix pattern, covariancematrix parameter (ρ) and sample size
(n), for both normal and non-normal parent populations. Shaded area correspond to cosines between
0.95 and 1 (stable solutions) (a) First eigenvector (b) Second eigenvector.



1068 R. BISPO AND F. MARQUES

the parameter ρ, the number of variables (p) and sample size (n), for both normal and
non-normal parent populations, regarding the first (Figure 1(a)) and second (Figure 1(b))
eigenvectors.

The distribution of AD regarding the first eigenvector varies in location, scale and
shape (Figure 1(a)), depending on n, p, ρ and the type of matrix �, regardless the
parent population. First, consider the distribution of AD for a normal population
(Figure 1(a)[NORMAL]). Generically, the density of stable solutions is higher when
the covariance structure is TOEPLITZ or CS than when is AR(1). In particular, for a
TOEPLITZ patterned covariance matrix, the distribution is consistently highly positively
skewed, with high probabilities of encountering a stable solution (shaded areas). Higher
values of ρ shift to the left the location of the distributions, increasing the (positive) skew-
ness and the probability of encountering a stable solution. This influence is particularly
notorious when considering a AR(1) patterned covariance matrix, with the shape of the
distribution varying from almost symmetric (ρ = 0.1) to positively skewed (ρ = 0.9). The
effect of the sample size is particularly notorious when ρ is small. The increase of n also
shifts left the location of the distribution and narrows the scale of the distribution, raising
the probability of encountering a stable solution. The effect of the number of variables is
comparatively less pronounced. However, it is possible to observe that the increase of the
number of variables sifts right the location of the distributions, decreasing the probability
of encountering a stable solution.

For a non-normal parent population (Figure 1(a)[NON-NORMAL]) we found gener-
ically the same results as the described above for a normal parent population. However,
the shape of the distribution appears more tailedness, in particular when the covariance
matrix is of types CS or AR(1) and for small values of ρ.

The distribution of AD regarding the second eigenvector also varies in location, scale
and shape (Figure 1(b)), depending on the values of n, p, ρ and the type of matrix �,
regardless the parent population. The effects are similar to the previously described for
the first eigenvector if the covariance matrices are of types AR(1) or TOEPLITZ, regard-
less the population. However, when the covariance matrix is of type CS (Figure 2(b),
[NORMAL][CS] and [NON-NORMAL][CS]), the center of the distribution of the AD
of the second eigenvector is higher than the one for the first eigenvector and the dis-
tributions range from approximately symmetric to negatively skewed, depending on the
values of the parameters. As a consequence, the probability of encountering a stable
solution (shaded areas) is zero (or near zero) regardless the values of p, ρ or n. These
characteristics are consistently found when the parent population is either normal or
non-normal.

Figure 2 presents the QQplots comparing the distributions of AD between normal and
non-normal populations. Generically, Figure 2(a)[CS] shows sets of linearly aligned points
lying above and not parallel to the reference line, with the upper end of the plot deviating
from the reference line. Hence, in this case, the distributions of AD under normal and
non-normal parent populations strongly differ in scale, with lower cumulative probabil-
ities for the same angle values under a non-normal population. For the AR(1) scenario,
the plots (Figure 2(a)[AR(1)]) show mainly linearly aligned sets of points either essen-
tially parallel and lying above or coincident with the reference line. Thus, in this case, the
distribution of AD under normal and non-normal populations either differ in location,
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Figure 2. QQplots comparing the empirical distribution of the angle between the population and
sample eigenvectors under normal and non-normal parent populations as a function of covariance
matrix pattern, covariance matrix parameter (ρ) and sample size (n). Shaded area correspond to cosines
between 0.95 and 1 (stable solutions). (a) First eigenvector (b) Second eigenvector.

with lower cumulative probabilities for the same angle values under a non-normal popula-
tion, or agree quite well. For a TOEPLITZ type of covariance (Figure 2(a)[TOEPLITZ])
matrix, with p = 20 or p = 25, the estimated density for a non-normal population is
approximately the same estimated for a normal population. However, when p ≤ 15, all
plots show sets of points that are not parallel to the reference line. Moreover, the points
align linearly above with (positive) slopes higher than the reference line. This fact indi-
cates that the distribution of AD under normal and non-normal parent populations differ
in scale, with lower cumulative probabilities for the same angle values under a non-normal
population, i.e. lower probability of finding a stable solution. Figure 2(b) presents the
QQplots comparing the distributions of AD between normal and non-normal popula-
tions, regarding the second eigenvector. Generically, Figure 2(b)[CS] shows a very distint
pattern from the one observed in Figure 2(a)[CS]. In this case, the points lie very close
to the reference line, indicating minor or negligible differences between the distribu-
tions under normal and non-normal populations. The remaining Figure 2(b)[AR(1)] and
2(b)[TOEPLITZ] present patterns essentially identical to the ones described for the first
eigenvector.
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Figure 3. Estimated densities of the global angular displacement as a function of covariance matrix
pattern, covariance matrix parameter (ρ) and sample size (n), for both normal and non-normal parent
populations. Dashed vertical lines correspond to perfect stability. (a) First 2 principal components (G2)
(b) All principal components (Gp).
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The estimated probability of having an angle between the first population and sample
eigenvectors, whose absolute cosine lies between 0.95 and 1 (P(0.95 < | cos(θ1)| < 1)),
was determined based on the distributions depicted in Figure 1. Generically, under a nor-
mal parent population, this probability is consistently high or very high (above 0.7 or
0.9, repectively) if the covariance matrix is TOEPLITZ regardless the values of ρ and n.
The CS type of covariance structure also ensures very high probabilities of having stable
solutions (except if ρ and n are small). The type of covariance AR(1) provides the worst
scenario typically with low to very low probabilities of having stable solutions (except if
p is small and ρ is high). In summary, as expected, given the described characteristics of
the distribution of AD, if the parent population is normal and the covariance matrix is
of type TOEPLITZ, then it is very likely to have a stable first PC. For a AR(1) covariance
type, the stability of the first PC depends severely on the other studied factors, being hard
to achieve with many variables, small samples and low correlations. For a CS covariance
type, the stability of the first PC is also harder to achieve with smaller samples and low
correlations. When samples are drawn from a non-normal instead of a normal popula-
tion, given the same conditions, it is less likely to have a stable solution, regardless the
value of the remaining parameters. This effect is particularly notorious if p is small (e.g.
for p = 3).

The estimated probability of having an angle between the second population and sam-
ple eigenvectors, whose absolute cosine lies between 0.95 and 1 (P(0.95 < | cos(θ2)| < 1)),
depends greatly on the covariance structure. This probability is zero (or near zero) for a
CS covariance matrix, regardless the other studied conditions. If the covariance matrix
is of type AR(1), then the stability of the second PC is harder to achieve. Samples from
non-normal populations with TOEPLITZ covariance structures may also generate stable
second eigenvectors. However, for non-normal parent populations the stability of the sec-
ond component is muchmore dependent on the sample size and the correlation value than
the stability of the first eigenvector.

Recall that global angular displacement, Gk, measures the global stability of the first
k axes, serving as an index of subspaces coincidence. Therefore, perfect stability of the
two first PC corresponds to G2 = 2 and perfect global stability to Gp = p. Our results
show a clear influence of the type of covariance matrix over the stability of the first two
PC. When the covariance matrix is of type CS, the mode of the distribution of G2 is
consistently different from 2, which indicates a consistent lack of cumulative stability
considering the two first PC. However, when the covariance matrix is type AR(1) the
mode of the distribution of G2 tends to approximate the value 2, with the increase of ρ

(and n). For the covariance matrix TOEPLITZ, the mode of the distribution of G2 coin-
cides with 2 in all the situations. As mentioned, the increase of ρ and n tends to improve
the cumulative stability of the first two PC, being particularly notorious if the covariance
is AR(1). The effect of the number of variables seems negligible in the sense that does
not change the closeness between G2 and the value 2. As expected, global stability (con-
sidering all the subspaces) is harder to reach with the increase of p. Again, the increase
of ρ and n tends to improve the global stability. Given the same conditions, the values of
G2 and Gp tend to be (slightly) higher under a normal than under a non-normal parent
population, although this difference tends to narrow and disappear with the increase of ρ
and n.
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5.2. Stability diagnosis

Our results show that for moderate to highly likely stability conditions (P(0.95 ≤
| cos θk| ≤ 1) > 0.4), there is a well defined linear relationship between P(0.95 ≤
| cos θk| ≤ 1) and se(�k)/��k, for k = 1, 2 (first and second principal components, respec-
tively). As expected, se(�1)/��1 increases with the decrease of P(0.95 ≤ | cos θ1| ≤ 1) as
unstable solutions are typically associated with smaller eigenvalues spacings, and, there-
fore, higher ratios. Given a fixed value of P(0.95 ≤ | cos θ1| ≤ 1), se(�1)/��1 is higher for
non-normal than normal populations. The results obtained for a TOEPLITZ covariance
matrix are predominantly stable, therefore associated with low values of se(�1)/��1.

The results indicate that the second principal component is typically unstable if the
covariance matrix is type CS. Hence, in this case, as expected, the average values of
se(�2)/��2 are comparatively high. For the remaining covariance structures, the relation
between the ratio se(�2)/��2 andP(0.95 ≤ | cos θ2| ≤ 1) is similar to the observed for the
first PC.

Given these relations, the statistic se(�k)/��k was evaluated as a sample criterion for
stability, regarding the two first PC. Figure 4 shows the ROC curves for the two first PC.
Generically, the stability criterion based on the ratio se(�k)/��k performs increasingly bet-
ter with the increase of the number of variables. The plots also show that this criterion
works better if the population is normal than if it is non-normal, although this difference
is only relevant when the number of variables is under 15. This sample criterion is nearly
a perfect tool for stability diagnosis if p is high. However, it is very clear the degradation of
this criterion for k = 2, although depending on the type of covariance matrix. Figure 4(b)
shows this degradation for the second principal component when the covariance type is
CS. In this case, the statistic in completely uninformative regarding PCA stability.

6. Real data examples

In this section we address the problem of PC stability exploring two real datasets. The
explored datasets, obtained from the FluryR package [37], encompass information onhead
measurements of male and female soldiers of the Swiss Army. In allometry studies, like the
ones based on these datasets, the first two principal components interpretation are com-
monly regarded as composite indicators of size or shapewhen, respectively, the coefficients
have all the same sign or include both positive and negative values. Thus, in these cases,
stability seems a reasonable requirement to legitimate these interpretations.

The two datasets present sample covariance matrices with relatively different degrees of
sphericity with values of approximately 0.8 and 0.9 (equation (1)), respectively. In addi-
tion, Mardia test of skewness [38] rejects symmetry for male measurements (p = 0.003)
rejecting, therefore, normality. For female measurements both Mardia tests for skwe-
ness and kurtosis fail to reject a parent multivariate normality (p = 0.068 and p = 0.304,
respectively).

For the described datasets, we evaluated the stability of both the first and second PC
using themeasure defined by (8). Furthermore, bootstrap resamplingwas used to construct
1000 samples (with replacement), with the same size as the original datasets, and represent
bootstrap sampling distribution of (8).
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Figure 4. ROC curves. (a) First principal component (b) Second principal component.

Based on these distributions we have calculated the bootstrap percentile confidence
intervals. Table 2 summarises, for the two datasets, both the mean point estimate and the
95% percentile bootstrap confidence interval (95%BCI) for the measure (8).

The 95%BCI based on the second dataset is around 27 times wider than the 95%BCI
based on the first dataset, reflecting the unstability of the correspondent first PC, regard-
less the inferred parent normal population. This result is in accordance with the higher
degree of sphericity of this dataset. Furthermore, the bootstrap probability of having a value
over one in the female dataset is around 0.31 which indicates a quite considerable unstable
solution. In contrast, all the estimates in the male dataset are under one.
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Table 2. Stability diagnosis summary (Equation (8))
applied to Swiss Army real data datasets [37].

1st PC 2nd PC

Dataset Mean 95%BCI Mean 95%BCI

Male soldiers 0.19 [0.15, 0.29] 0.28 [0.18,0.48]
Female soldiers 1.06 [0.33, 3.46] 0.72 [0.33,1.94]

7. Conclusions

The purpose of this work was to study the conditions under which it is expected to
encounter stable principal components with respect to the parent populations pattern,
namely regarding the two first PC, as these are frequently targeted either to visualize multi-
variate datasets on a 2Dgraphical display or to representmain uncorrelated latent variables.
In both situations, principal components analysis is being used to represent the parent pop-
ulation first latent dimensions. This can be done using a PCAas thismethod provides a new
coordinate system that, while retaining as much variability as possible, provides orthogo-
nal principal components, ensuring that the different components are measuring separate
dimensions, thusmaking this technique a seductive candidate to explore parent population
latent traits and represent multivariate data in two dimensions.

The results obtained in this study show that, although it is less likely to have unstable
solutions when samples are draw from a normal population, this assumption may in fact
not bemandatory to obtain a stable PCA solution, being the stabilitymuchmore dependent
on other factors, namely on the covariance matrix (type of structure, dimension and corre-
lation value). Hence, given a parent non-normal population, sample principal components
may be stable as long as the covariance structure is not spherical which is achieved more
easily with high correlation values according to the order TOEPLITZ > CS > AR(1). The
sample size may act as an extra guarantee, in the sense that bigger samples may compen-
sate poor departures from spherical structures, increasing the probability of having stable
solutions.

The covariance structure seems to be the major factor in determining PCA stability, as
clear non-spherical structures, regardless the parent population and the sample size (being
as low as e.g. n = 10), enable to achieve a stable solution. Although the lack of normality
seems to be compensated by the sample size, a poor departure from a spherical covariance
structure does not seem to be overcome in the same way. In fact, equal or similar eigen-
values, are associated with circular projections, which make difficult to distinguish axes
importance. In this situation, because of this degeneracy, i.e. this indistinguishability in
terms of eigenvalues, the eigenvectors span a dimensional space in which these orthogo-
nal vectors are arbitrary and therefore cannot be uniquely defined. Conversely, the more
distinct the eigenvalues are the less spherical will be the configuration of the points projec-
tions in the subspace andmore easy it will become to distinguish the components direction
in the subspace. Hence, not surprisingly the covariance structure, which determines sub-
spaces degeneracy, appears as the most important feature in determining PC stability.
Furthermore, the increase of the number of variables generally increases the probability
of having the two first PC stable. However, global stability is harder to reach as the number
of variables increases.
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The sample criterion for PCA stability defined by (8) has shown to be a useful tool for
the stability diagnosis regarding the first two PC. Typically high values of this ratio are
associated with degenerated subspaces and, therefore, with unstable solutions. Low ratios
are indicative of non-degenerated subspaces, i.e. sable solutions.

Note

1. Defined by an angle θk, such that 0.95 ≤ | cos θk| ≤ 1 (k = 1, . . . , p).
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