Almost sure convergence for weighted
sums of pairwise PQD random variables

Joao Lita da Silva!

Department of Mathematics and GeoBioTec
Faculty of Sciences and Technology
NOVA University of Lisbon
Quinta da Torre, 2829-516 Caparica, Portugal

Abstract

We obtain strong laws of large numbers of Marcinkiewicz-Zygmund’s type for weighted
sums of pairwise positively quadrant dependent random variables stochastically domi-
nated by a random variable X € £, 1 < p < 2. We use our results to establish the
strong consistency of estimators which emerge from regression models having pairwise
positively quadrant dependent errors.
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1 Introduction

The classical Kolmogorov’s strong law of large numbers is, perhaps, the most famous
strong limit theorem in Probability Theory. Originally presented in 1933 by Andrei Niko-
laevich Kolmogorov (see Kolmogorov 1933), it can be stated as follows: if X, Xo,... is a
sequence of independent and identically distributed random variables such that E X7 exists

then

X1+ Xo+...+X
R AR EINI '

n

In Walk 2005, an elegant short proof for a Kolmogorov’s strong law of large numbers under
very general assumptions was given by means of Tauberian theorems. In this paper, we
shall follow Walk’s statement to establish a Kolmogorov’s strong law of large numbers for
weighted pairwise positively quadrant dependent random variables. This result improves
the corresponding one announced in Louhichi 2000 for sequences of (positively) associated
random variables. Further, we shall present strong law of large numbers of Marcinkiewicz-
Zygmund’s type for weighted pairwise positively quadrant dependent random variables by
using a maximal inequality recently announced in Lita da Silva 2018 for these dependent
structures.

It is important to stress out that in mathematical statistics, statistical physics or reliability
theory, many stochastic models involving dependent random variables have arose over the
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last decades (see Bulinski and Shashkin 2007, Hutchinson and Lai 1990). For instance, most
bivariate distributions in reliability theory are positively quadrant dependent (see Hutchinson
and Lai 1990), whence, any efforts to establish formal results for these (and other) dependent
structures are always of interest.

In last section, we provide some statistical applications of our assertions, namely, in strong
consistency of estimators which can be found in regression models. Our statements not only
extend others established lately in this issue (see Lita da Silva and Mexia 2013 and Lita
da Silva 2014), but also allow us to consider statistical models having dependent random
variables making them more appropriate and realistic.

Throughout, z Ay and x V y will stand for min{z, y} and max{z,y}, respectively. Associ-
ated to a probability space (€2, F,P), we shall consider the space %, (p > 0) of all measurable
functions X (necessarily random variables) for which E|X|P < co. For any measurable func-
tion X we will define its positive and negative parts by X* = X V0 and X~ = (-=X) V0,
respectively. Given an event A we shall denote the indicator random variable of the event A
by I4. All over, the function x — log(|x| V e) will be denoted by Log x. To make the compu-
tations be simpler looking, we shall employ the letter C' to denote any positive constant that
can be explicitly computed, which is not necessarily the same on each appearance; the symbol
C'(p) has identical meaning with the additional information that the constant depends on p.

2 Almost sure convergence

In the past, many authors have considered limit theorems involving pairwise positively
quadrant dependent random variables (see, Birkel 1989, Birkel 1993, Matuta 2005 or Newman
1984 among others). We shall proceed their study by establishing strong limits for weighted
sums of these dependent random variables.

The concept of positively quadrant dependence for a pair of random variables due to
Lehmann 1966 can be given for sequences of random variables as follows: a sequence {X,,, n >
1} of random variables is said to be pairwise positively quadrant dependent (pairwise PQD) if

P{X} <op, Xj <zj} —P{Xp <ap}P{X; <2;} >0

for all reals xy,x; and all positive integers k, j such that k # j.
Let X,Y be random variables and ¢ a positive constant. Throughout, we shall consider
the function gy(t) := (¢t A¢) V (—¢) and the covariance quantity

Gxy(t) = Cov(gt(X),gt(Y)) = /t /t Axy(z,y)dzdy (2.1)

where Ax y(z,y) =P{X <z,Y <y} —P{X <z} P{Y <y}. Further, a random sequence
{Xn, n > 1} is stochastically dominated by a random variable X if there exists a constant
C > 0 such that sup,>1 P{|X,| >t} < CP{|X| >t} for all ¢ > 0 (see, for instance, Lita da
Silva 2015).

Now, we state and prove a Kolmogorov’s strong law of large numbers for weighted pairwise
positively quadrant dependent random variables.



Theorem 1 Let {X,,, n > 1} be a sequence of pairwise PQD random variables stochastically
dominated by a random variable X € 4. If {a,} is a sequence of constants satisfying
SUp,> Nt Y gy a2 < oo and

Z ]akaj\ / tiBGXIjo (t) dt < oo (2.2)

1<k<j<oo J
then S 7_; ap(Xy — E Xi)/n =3 0.

Proof. By writing a, = a,;/ — a,,, we may suppose without loss of generality that a, is non-
negative for each n. Setting
X, = gn(Xn),
X)) = Xp — gn(Xn),
Y :=(nAX,) Vo0,
V) :=(-nVX,)A0

we have X! =Y 4V, and X,, = X], + X]/. From Lemma 1 of Lehmann 1966 we get

(2.3)

because t — (n At) V0 and ¢t — (—n V t) A 0 are nondecreasing functions. Thus,

n
Z Cov(apYy, anj/) =
k,j=1

n
= Z ara;Cov(Yy,Y])
k,j—l

Z axa;j [Cov(Yy,Y]) + Cov(Yy,Y]") + Cov(Yy, Y]) + Cov (Y}, Y]")]
k,j=1

n
= Z ara;Cov(Xy, X7)
kj=1

n
= Z aiV(X}) + 2 Z arajCov(Xy, X7).
k=1 1<k<j<n

According to Abel’s identity, we have

for any j > 1, so that Lemma 1 of Lita da Silva 2015 implies

© X a2 /
> 5 Datvi = 305 U
n= 1

k=1n=k



o2 !
apV(Xy)
<C) At

k=1

CZ akE’X/ ‘2

>\ aj, (EXkI{IX i<k} + K2P{| Xi| > k})
<oy =

k=1
N ap (B X2 I xi<ny + KPP {|X]| > k})
<C %

k=1

:Cz%/ uP{|X| > u}du
_c/ wP{|X]| > u} Z

{k: k>u}
éC’/ P{|X| > u}du
0
=CE|X]| < 0.

Since

1
2 : / A
— n3 E ara;Cov(Xy, X}) =

1<k<j<n
Z Z akaj/ / Ax, x;(z,y) devdy
n=1 1<k<j<n
o
akajGXij(n)
<D D>
n=11<k<j<n (24)
% Tz plvivvi)
Y e > L )t
1<k<j<o0 —00J—00
A
<C aka]/ / XX 7 I) (@y) 5 dordy
1<k<j<o0 (|| v |y| \/J)
=C Z aka]/ 3GXk,Xj(t)dt<oo
1<k<j<oo

by Lemma 4 of Louhichi 2000, we obtain

e}
Z Z Cov(arYy, a;Y] Z ak ZV (X7,) —|—ZZ Z ara;jCov(Xy, X7) <
n= 1 k,j=1 n= 1 1<k<j<n

On the other hand, a,Y, > 0 and Lemma 1 of Lita da Silva 2015 yields

n
% > E(arYy) < Z axE| X}
k=1



n

C
<> an (BIX|xjeny +FP{IX] > £))
k=1
CE|IX| &
< -

Lo 1/2
< CE|X]| (E Zai>
k=1

< CE|X]| < o0
which ensures .
1
=3 ap(Yi-EY)) 250 (2.5)
n
k=1

(see, for instance, Remark 3 of Walk 2005). Noting that a,Y,’ < 0, 2221 E(_akyk")/n <
> k1 aE|X;|/n < oo and

n n n
Z Cov(—arYy, —arY]') = Z Cov(arYy, arY;") < Z ara;jCov(Xy, X7)
k,j=1 k,j=1 k,j=1

one can argue as above to conclude that
1'j§: " m a.s
- a (Y -Y)) = 0. (2.6)
"=
Hence, (2.5) and (2.6) yield >-7_; ax(X) — E X})/n = 0. It remains to prove
172;: " 1"y a.s,
"=
Since
oo oo oo
Y P{X,# X} =) P{Xs|>n} <CY P{X|>n} <CE|X] < 0
n=1 n=1 n=1
it follows that a.s. X,, = X, for all but a finite number of values of n, entailing
LS~ yn as,
LS g 250,
n
k=1
From the dominated convergence theorem we have E|X |/ x|, = o(1) as n — oo, implying

lim sup
n—o0

1 n
< lim sup — Z arE| X}

n
n— 00 h—1

1 n

- "

- > E(arXy)
k=1

. 1 .
<limsup — 3 apB| Xk | T x, 5k)
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n—oo

< lim sup <E2ai> <EZE2,XR,I{Xk>k}>
k=1

k=1
L 1/2
< limsup C (— Z EZ\X]I{|X>k}>
n—00 n —1
=0
and (2.7) holds establishing the thesis. O

Remark 1 We observe that condition (2.2) can be replaced by the weaker condition

lara| [* 7
> j2j i, _ijk,Xj(x,y)dwdy<oo (2.8)

1<k<j<oo

by waiving Lemma 4 of Louhichi 2000 in the upper bound (2.4). When a,, = 1 for all n,
Theorem 1 equipped with (2.8) instead of (2.2) extends Corollary 1 of Lita da Silva 2018 to
p =1 and it corresponds to Theorem 3 of Chen and Sung 2019.

Our Theorem 1 extends also Theorem 1 of Louhichi 2000 to sequences of pairwise PQD
random variables when p = 1. Recall that positively quadrant dependent random variables
are not necessarily (positively) associated (see, for instance, Esary et al. 1967 or Tong 1980).
Furthermore, the normalising constants in Theorem 1 improve the considered ones in Theorem
2 of Lita da Silva 2018 for p = 1. It is worthy to note that for the special case p = 1, the
previous approach leads to sharped results discarding the direct use of any maximal inequality
which is, in fact, the key ingredient in both Louhichi 2000 and Lita da Silva 2018. In particular,
Theorem 1 with weights a,, = 1 for all n does not require the finiteness of the variance in
each random variable unlike Theorem 1 of Birkel 1989.

The statement below gives us the almost sure convergence for weighted sums of pairwise
PQD random variables when the moment condition of the random variable X in Theorem 1
is strengthened.

Theorem 2 Let1 < p < 2 and {X,,, n > 1} be a sequence of pairwise PQD random variables
stochastically dominated by a random variable X € £,. If {an} is a sequence of constants
satisfying sup,>1 n~t pya a% < oo and

Xk, )
ara — - dt < oo, 2.9

| k]|/1“’ t3Logt (2:9)
1<k<]<oo Log2/P

then ZZ=1 ak(Xk - EXk)/(nl/pLog2(p71)/p n) E} 0.

Proof. As in the proof of Theorem 1, we shall assume a,, > 0 for all n. Considering X, :=
gnl/p/Logg/pn(Xn) and X! := Xn—gnl/p/Logz/pn(Xn) it follows that {a,X,,, n > 1} is a sequence
of pairwise PQD random variables. From Lemma 1 of Lita da Silva 2018 we obtain, for each
€ > 0 and a fixed ny,

00 k
! / / 1L og2(r=1/p
- (X! — : <
Z nP max Zla](X] E X})| > en*/PLog np <
n=no j=



Log?(? /pn J
syt e, [ZW;_M;),%(X;_M;)]
=1

n=ng j=1

//\

O S IL Log?®—p)/p nE(a; X;

Log2(2fp)/Pn Cov(a; X], aJ'XJ,’)

N

2 Z Z nl+2/p 52 Z Z nl+2/p

n=ng j=1 n=no 1<t<j<n

//\

n=ng j=1 Log2/P;

n 2Log (2-p)/py, 2/p 1/p
2 S : J
2 Z Z nl+2/p EXJ‘I{X <P } + Log4/pjp | X1 > Log2/?; T

c & a;a; Log22=P)/py  i/7/Log?/Pi r51/7 [Log?/;
2 Z Z — nlt2/p / / AXZ-,XJ-(%y) dxdy

n=ng 1<i<j<n il/P [Log?/Pi J —j1/P [Log?/P

//\

n=ng j=1 Log2/Pn

n 2Log (2-p)/py, X2 n2/p plix ni/p
ZZ nl+2/p J {\X\< nl/p }+7Log4/1’n | j\>m +

C < a;a; Log2(2=P)/py,  (nt/7/Log?Pn - pnl/? [Log?/Pn
5_22 > 12/ /_ / Ax, x;(z,y) dedy

nl/P /Log?/Pn J —nl/P /Log?/Pn

n=ng 1<i<j<n

N

n=1 j=1 Log2/Pn

C & aiajLogz(zfp)/pn nl/p
5_22 Z nl+2/p Ox.x, Log?Pn

n=11<i<j<n

N

Log n 0g2/pn

C — aiajLogQ(pr)/pn nl/p
5_22 Z nl+2/p G, Log**n

n=11<i<j<n

since sup,,>1 Y5y ]/n < 00. Supposing
Ay ={( = 1)"?/Log?"(j = 1) < |X| <j""/Log??j |, j>1

we have

>, Log2(2=P)/ry, . . Log2(2—p)/py,

S EXQI{X|< s }:ZZTEXHAJ.

n=1

O & M a2 Log22-n)/ry 2/p 1/p
S0 g1 2 E X1 o \ TP X >
€ - nl+2/p {\X\< - } Log*? n Log??n

)+

C Log2(2fp)/pn ) o 1 nl/p
— ——  EX“J — E X|>—-—
22 Z:l n2/p {\X\< nl/pn} + 2 | X > L +

(2.10)



and

In order to prove

> a;a; Log2(2*p)/pn nl/p
Z Z nl+2/p Gx,.x; m < 00 (2.11)

n=11<i<j<n
we have

Z > aia; Log”® )/p”GXx I
nl+2/p X9 \ Log?/Pn,

n=11<i<j<n

Log (2-p)/py,
Z ala]/ / n1+2/p I{ nl/p 2\$|}I{ nl/p 2y}I{n>j}AX¢,Xj(xay)dxdy-

1<i<j<oo Log2/P n Log2/P n
(2.12)

Since p*tPLog? t is an asymptotic inverse of tl/p/LogQ/pt (see Bingham et al. 1987, page 28),
we get

. Log22-p)/ry

ZWI{ ) f{ a7 >|y|}f{n>j}<

n=1 LogQ/P n

L0g2(2 P)/py,
) Z w2 Wzl Log?lel} H{c@mzplulLog? y}  nzd)
L0g2(27p)/pn (213)
R )

2(2— p?lePLog?|z| | , p*lylPLog?ly| \, -
Log2(®-n/ | Plelieetlel  2Zieerlol v ]

] 2/p

< C(p)-

[l Logtlel  20Locll y

Cp) C(p)

Putting

— Sup L0g2(2_p)/pj
=1 g

2(2— 2tPLog? t
Log2(2=p)/p [%]

t2Log*/P¢

u(t) =

it follows



and there is a constant M (p) > 1 such that

u(t
sup (1) < M(p) < 0.
>0 Prog?t

Hence, for all z £ 0 and y # 0,

2(2— p*lz[PLog?|z| |, ply[’Log?ly| \, -
Log™ p)/p{ oV owm VI

p2[zlPLog?(z]| |, p2lylLog?yl -r/p
[ cw) vV oow o VY

= It<u x)It<u )I 0e2(2=D)/ dt
/0 {t<u(lzD}H{t<u(lyD} { <L 5212/: Pz} (2.14)

P

m
< / I dt
< M (p) M (p) 0s2(2—p)/p;
0 {t< z2Log? \x\} { S y2Log2|y| { <L . j2/p p]}

—/0 Ljej<om 1 (yl<or @03 {  Log2C- p)/pj}dt

§2/P

where v™1(t) denotes the inverse of v(t) = M(p)/(t?Log?t), t > 0 and according to Fubini’s
theorem, we obtain

Log2(2 p)/py,
/ / 2 I{ nllp }I{ RV }f{nzj}AXhXj(w,y)dwdy

Log2/p n /|y|

<C(p) / I, ey G, [0 (1))
0 {t< 5 2/;7 }
Log2(2=P)/p;
42/p

= C(p) Gx,x; [o7H ()] dt

0

= —C(p) /U\_l(LogQ(Q_P)/pj) ’UI(S)GX“XJ (8) dS

j2/p

00 1 1
<0 - Gx,.x,(s)ds 2.15
(®) /vl(LOg%z/;’)/pJ) [83L0g23 (s\/e)sQLog?’s] Xio; (3) (2.15)
J
1 1
‘/[ + (;)(. ){.(8) (18
M(p)il/P 1/ [ 3 2 9 3 :| iy j
p@’]’ O(L;g%ppj) s3Log”s (s Ve)s’Log’s
Oo (;)(h)(j(s)
éC(p) /p\/qu/p_‘rg( jl/P ) 53L70g23 dS
Log2/Pj Log2/P;
© Gxx(8)
<C “7 ds
) _iY» _ s3Log?s
Log2/P;
for j large enough, because
- M (p)
1 +
v (t) ~ , t—0
O~ Tiloa(vi




and s — Gy, x,(s) is a nonnegative and nondecreasing function. Thus, gathering (2.12),
(2.13), (2.14) and (2.15) we obtain (2.11) by using (2.9). Hence,

o
Z max Za] —EX/ ) > gnl/pLogZ(p—l)/pn < 00
n:l

1<k<n =

and Theorem 2.1 of Yang et al. 2008 yields > }_; ar (X}, — EX];)/(nl/pLogﬂpfl)/p n) A5,
It remains to show

1 & n /i a.s.
nl/PLog2®=—1/r p Z ap(Xp —EXy) — 0. (2.16)
k=1

By virtue of the Kronecker’s lemma, convergence (2.16) holds if

o0

1
Z P Log2 177 k\ak(X’ —EX])| <o as. (2.17)
k=1

Since, for all k£ > 3
1 1
kY/PLog?®P=V/P I (k4 1)1/PLog?®=V/P(k 4 1)

B k+1 Log(272p)/px + 2(]9 _ 1)L0g(273p)/px
= A pxl-i-l/p

dx

T
p 1-1-{-1/])

2p—1 1
D ' k1+1/pLog2P—1/P

2p -1 /k+1 Log(272p)/px
g - °
k

IN

it follows

o0

1
kZ:B kl/pL0g2(p71)/p k

Elay (X} — E X}

[e.e]

1
<
S 2 Z kl/pLog (p—1/p f

Ela, X}

[e.9]

1
= kZ=3 kl/pLng(pfl)/p k‘E|aka|I{\Xk\>k1/P/Log2/pk}

[e.e]

|ag|
<C Z kl/pLOgQ(p—n/p kE’X‘[{\kal/P/LogQ/Pk}

_ \ak!
- kz Z k1/pLog2(P—1)/p kE|X|IAH1

o
\ak!
CZZ k1/PLog 2(p—1)/p kE|X|IAH1

7=3 k=3
00 j 1

C m
]23 kzg <k‘1/pL0g 20-0/P (% +1)1/PLog2 P D/P (ks 4 1) ) Z| |
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E|X|14

Jj+1

1 J
+ m
(j + 1)1/pL0g2(p 1)/p( + 1) Z |(Z |

o0 J
[Z k1+1/pL0g (p—1) /pk Z‘ m‘

]=3 3

1
+ am| | E|X |14,
G+ 1)1/pLog2(p—1)/p(j +1) mz:l‘ ‘] | X| Aji1

oo [ ]
1 1
<C(p + E|X|I4,
( ); LZ=1 k;l/pLOgQ(p—l)/pk G+ 1)1/p71L0g2(p_1)/p(j +1) |X] g+l
< C(p) i [ ! + ! } E|X|I4, .,
— jl/pflLog2(p71)/pj G+ 1)1/p71L0g2(p71)/p(j +1) g
s 1
< )
< C(p) ;1 T Lo /ij|X|IAJ+1
s 1 j(=p)/p
E|IX|P1a;.,

<C .
() ; GUP=1L0g2=D/P j  Log?(1=P)/P;
C(p)E|X|P < 0

where Aj; is defined in (2.10). Therefore, a.s. convergence (2.17) is assured and

1 - " /1N a.8.
nl/PLog2@=1/p ; ap(X; —EX})) — 0.

The proof is complete. O]

Remark 2 For any r > s > 0, S0 |ap|*/n < (330 |ax|”/n)*/" by Hélder’s inequality which
implies that assumption sup,>; Y ,_4 ak/n < oo in both Theorems 1 and 2 can be replaced
by the (stronger) condition sup,>; > ;_;|ax|?/n < 0o, ¢ > 2.

The example below provides us random variables satisfying (2.2) or (2.9) but not possess-
ing finite second moments.

EXAMPLE 1 Let 1 < p < 2 and {X,,, n > 1} be a sequence of random variables such that for
every k # j, (Xy, X;) has Farlie-Gumbel-Morgenstern bivariate distribution, i.e.

Fx, x;(x,y) = Fx, (2)Fx,(y) + pFx, () Fx, (y)[1 — Fx, ()] [1 - Fx,;(y)], 0<p<1.

Thus, {X,,, n > 1} is a pairwise PQD sequence (see, for instance, Lai and Xie 2000). Suppos-
ing that X, has probability density function fx, (t) = n(q—1)(nt) "1 jn o0\ (t), p+1 < ¢ < 3,
it follows that {X,,, n > 1} is stochastically dominated by X; and E|X P = (¢—1)/(¢g—p—1).
Further, EX?L = oo for all n and after standard computations we obtain Gx, X; (t) <
pC(q)/(kj). Hence,

> 1 1
> laal [ Cexxma<oce) Y () <x

3
1<k<j<oo J 1<k<j<o0 J

11



when p =1, and
E |akaj|/ ) 2kt At < pC(p q) g Log( - p)/pj - 4+ — < 0
i1/ 3 2 ) 12 Y
ISk<j<oo ng—Q/ppy tLog™t 1<k<j<oo A e

with C(p,q) a positive constant depending only on p and ¢ whenever 1 < p < 2, by noting
that sup,>, n~' Yj_; a} < oo entails

2 2 k 2 J 2
a +aj < D010 + Dy G
2 2

laaj] < < Ck+ ).

Notice that if the weights {a,} satisfy a, = 1 for all n and {X,,, n > 1} is a sequence of
pairwise PQD random variables such that

AXk7Xj (wvy) = AXl,Xj(xyy) (2.18)

for any 1 < k < j and every x,y € R, then condition (2.2) can be simplified to

o0
G
Z/ i ( Gxx,0) g o (2.19)
Jj=2
(see Remark (6) of Louhichi 2000) or even to the less restrictive assumption
$Gxnl)
= 7

because

ZE / / Ax,,x,(z,y)dedy =

n=

2 j=
:Z/ / Z {n>\x\v|mv]}A x, () dady

Z/ / 8., )dxdy

- |:U|\/|y|\/]

=C Z / / /0 Ljzj<1 gy 1<t fuy fu<1 /3 A x,x;, (2, y) du dady
j=2 7/ —00J—00

12



j=2"J
and
21 ko 21
ZE //AX,m :Uydﬂ:dy—Z—s Z //AX1 (z,y) dzdy
n=1" 1<k<j<n’ K7-J 1<k<]<n
)GX1, ()
Z 3

(recall that t ~— Gx, x,(t) is nondecreasing). We emphasise that (2.18) holds if for all
n,m =1,
d
(Xna Xner) = (Xla X1+m)- (2.20)
In addition, one can demonstrate that for any sequence {X,,, n > 1} of pairwise PQD random
variables satisfying condition (2.20),

j/ v 3G 1 (v) dv < oo (2.21)

and

Z 2//AX1, (x,y)dzdy < 0o

1<k<j<oo

are both equivalent by employing the same proof of Chen and Sung 2019 for (positively)
associated random sequences (see Appendix of Chen and Sung 2019 for details). Obviously,
(2.19) implies (2.21).

Similarly, under the assumptions of Theorem 2, and the extra conditions a,, = 1 for all n,
(2.18), condition (2.9) can be simplified to

Z/l EATBAGITI
/r_ t3Log?t

= Log2/Pj

Moreover, in this scenario one can still relax (2.9) to

> Log2(2fp)/ijX ( gl ><oo
————Gx, x, | —=— .

= j2/p—1 Log?/?j

Let us point out that the identical distribution of {X,,, n > 1} is not a sufficient condition to
obtain (2.18) as the next example shows.

ExAMPLE 2 Considering the following joint probability function of (Xj, X;), k < 7,

13



X
1
X 0
1, 1 |11 |1
0 iTom |17 75 |3
11 1, 1 |1
1 1~ 75 |1t Ee |3
1 1
p) p)
we have P{X,, =0} =1/2 =P{X,, =1} for each n > 1 and
1 1
Axi X, (8,9) = 555 7 5 = Axx (2,9), k>1

forall 0 < z,y < 1.

3 Applications

3.1 Linear errors-in-variables regression model

Consider the simple linear errors-in-variables regression model,

Np =+ By, +€
" v (n>1) (3.1)
where a, 8 are unknown parameters, x1,xs, ... are (non-random) constants and {e,, n > 1},

{6n, n > 1} are two sequences of random variables. Recall that the model (3.1) not only
furnishes an approximation to real world situations but also it helps us understand the the-
oretical underpinnings of methods for other models (see Fuller 1987). Rewriting (3.1) as an
ordinary regression model having stochastic regressors and errors e, — 36, i.e.

nn:a+/8§n+(5n_/85n) (n> 1)7

formally, we can obtain the least-squares estimators of 8 and « as

G > k=1 <§k —nt §j> (Wk -n 1Y 77]‘)

— " 5 (3.2)
D1 (k=m0 &)
and . o
Oy = L M — D > &, (3.3)
" k=1 " k=1

respectively (see Liu and Chen 2005).

In Liu and Chen 2005, necessary and sufficient conditions were given to ensure the strong
consistency of En and &, assuming that {(e,,d,), n > 1} is a sequence of independent random
vectors, {e,, n > 1} is a sequence of i.i.d. random variables and {d,, n > 1} is a sequence
of i.i.d. random variables satisfying Ee; = E§; = 0, 0 < Eé6} < 00, 0 < Ee} < oc.
Later, admitting that {(e,,d,), n > 1} is a sequence of stationary a-mixing random vectors,
sufficient conditions were given in Fan et al. 2010 to get the strong consistency of &, and
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En. More recently, necessary and sufficient conditions for the strong consistency of these
estimators were obtained in Hu et al. 2017 when {(e,,05), n > 1} is a sequence of identically
distributed ¥-mixing random vectors.

In order to broaden further the dependence structure of the random components in the
model (3.1), we shall establish sufficient conditions for the strong consistency of both esti-
mators, d, and B3,, under sequences {en, n = 1} and {0y, n > 1} of pairwise PQD random
variables.

Here, T, := Y p_; 2x/n and other similar notations, such as &, or , are defined in the
same way.

Theorem 3 Suppose that in model (3.1), {e,, n > 1} is a sequence of pairwise PQD random
variables stochastically dominated by a random variable € € 25,

3 / 2 (Gl (VD) + G- (V)] di < o0 (3.4)
1<k<j<oo

and {0,, n > 1} is a sequence of pairwise PQD random variables stochastically dominated by
a random variable § € 2,

3 ’Ooﬂ (Gt 5 (VD) + Gy - (VD) dt < ox.

1<k<j<oo ¥ d

IF /Yy (ax = Fa)? = o(1) as n — oo, then Bp *5 B. Additionally, if n|%n|(Fa| V
1)/ Y r_i(ze —Tn)? = 0(1) asn — oo then &y ~ ov.

Proof. Supposing &} = ¢, V0 and ¢, := (—&,) V0, it is straightforward to see that
{(€+) nz 1} is a sequence of pairwise PQD random variables stochastically dominated
by €2. Since

Gprir= [ [ [P{e07 <0 <o) - <pp {2 <o) s
/t [IP’ a;: < Ve, aj

—

N
S
——
|
=
PN
E?‘m-l,-
N
B
-
=
o
N
S
—
&
&

S—
S
I
i~
=
™
4
N
s
™
+
N
i~
——
|
=
PN
™
4
N
IS
——
~
—~
™
<
N
4
—_
o,
g
(o
4

< 4t \/z/ﬂ[ﬂ”{szgu,ajgv}—]?{ek u}]P’{es;r v}]dudv
0

we obtain ), [(e])? — E(g})?]/n = 0 via Theorem 1. Thus,

3 [0 - B

k=1

n

Sy

k=1

n

lim sup
n—oo

1
_|__
n

< lim sup { E(6;)2} <Ee?  as.
n—oo

By analogous reasoning we can conclude lim sup |ZZ:1(5/;)2 / n‘ < Ee? as. and so

k=1

n—oo
lim su ez| = limsu 24 (e7)? < 2E?  as. 3.5
msup |- Z | = timsup |- kzl (1) + ()] (3.5)
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Similarly,

n

1
w20

k=1

lim sup <2E8 as. (3.6)

n—o0

Setting s, := Y p_;(zx — Tn)?, it follows

no 1 n o (18~ L) (1 ,)"
< - 2 2 a.s.

ZZ=1(5k — Op ek

Sn

k=1
(3.7)
and —
22—1(519 - 571) no 1 2 n <2 no1g 2 a.s.
= = .= L )
. - n25k - 5"\sn nzfsk—m (3.8)
k=1 =1
from (3.5) and (3.6). Moreover,
n — 1/2 n 1/2
‘Zkl(xk — Tn)Ey < (ﬁ) / <Zk:1€%> / as
Sn Sn n
and 1/2 1/2
'zzlm Tk | <g> / (2:;:1 5%) asy g,
sn sn n
yielding
% __n - 6 a.s.
2= (T j JEk = BO%) as, (3.9)
Thus, (3.8) entails
n _ = n = 1/2
Zk:l(xk —Tp) (0 — 6n) < [Zkl(‘gk - 5n)2} 235
Sn Sn
and also
% —&,)? 2 % __n 0 _Sn . 0 _Sn2 a.s
Sn Sn Sn
Since
B\n - ﬁ =
k1 Ok — e + Yok (@ — Tn) (e — BOk) — BY 3y (O — 0n)?
> h=1(&k — )2
_ Sn_ > k=10 — dn)ek + > k=1(Tk — Tn)(ex — BO) _ Bzzzl(‘sk —0n)?
> k=1(8k = &n)? Sn Sn Sn
we obtain 3, =% A from (3.7), (3.8), (3.9) and (3.10). On the other hand,
an — o= (ﬂ - //B\n)fn + (ﬂ - Bn)gn - /Bgn + &n.
According to Theorem 1, g, == 0 and 8,, —> 0. Hence, it suffices to prove
(8 = Ba)Tn = 0. (3.11)
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We have

. kzl( k — On)ek ., kzl|€k k| + Ny |0 En|
; N RN (3.12)
< iz (—Zei) <—Z6£> %0
Sn n
k=1 k=1
and
f_nn —Q_W‘En‘ln T2
=t k=t . (3.13)
_ n‘fn‘ 2 <2 n’fn’ 1 92 a.s
== (52%—%) < - 6E %0
k=1 k=1
Moreover,
T S (o Tk | [l [ L)
T k=1\Tk — Tn)Ek In =2 2 _
o] L S aenp|(34) -
k=1 k=1
1/2
ni% 1/2 1 & 9 a.s
_ ( 5 ) ﬁ;% LN
and
T Si(on = 3| _ [l [ P e
Tn k=1 T — Tn )0k In 2 2
< . — =
e < Bl (S| (S5
k=1 k=1
1/2
nz? 1/2 1 —
— n X - 52 a.s O
() Gz -
imply
_n ni __n - 5 a.s.
Tn 2= (T sx J(Eke = BO%) s, (3.14)
Thus,
~ Sn
En(ﬁ - ﬁn) =~ = :
Zk:l(&f - gn)Q
T ) pe1 (06 — On)eg 4 T ) ey (Th — Tn) (e — BOk) _ ﬂfn > pe1 (0 — 571)2
Sn Sn Sn
and (3.11) holds from (3.10), (3.12), (3.13) and (3.14). The proof is complete. O

Remark 3 Let us note that if Z,, is bounded then condition n|Z,|(|Z,|V1)/ > f_; (2x —Tn)* =
o(1), n — oo can be dropped (that is, n/ > 7_,(zx — Tn)* = o(1), n — oo is sufficient to
obtain strong consistency of both estimators a, and f,).
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3.2 Multiple regression model

Consider the multiple regression model
yn=XuB8+¢en (3.15)

where X,, = (xij)1<i<n,1<j<p is a known n x p matrix of rank p, B8 = (B1,...,5,) is the

p-dimensional parameter vector, €, = (¢1,...,&,)" the n-dimensional error vector and y,, =
(Y1, -+, yn)" the n-dimensional observation vector with prime denoting transpose. For n > p,

B\n =B+ (X/an)_lxlnen

is the least-squares estimate of 3.

3.2.1 Non-stochastic regressors

The strong consistency of the least squares estimates in multiple regression models having
non-stochastic regressors was studied in the past by many authors (see, Drygas 1976, Gui-
Jing et al. 1981 or Lai et al. 1979, among others). In the following, the strong consistency for
least-squares estimators of unknown parameter vector is given. It extends Theorem 1 of Lita
da Silva and Mexia 2013 to sequences {&,, n > 1} of pairwise PQD random variables.

Theorem 4 Suppose that in model (3.15), {e,, n > 1} is a sequence of identically distributed
pairwise PQD random variables such that €1 € £, for some 1 < r < 2 and E¢; = 0. If
X! X, is nnon—;ingular for some n? no, the design levels {z;j, 1 < j < p,i > 1} satisfy
SUPp>1 D k—1 Tg;/T < 00 for every j,

(i) [(X/an)_l]jj =0 (n_l) as n — oo for all j and
|£C]m$gj|/ Gepoe (t)dt < oo (i,j=1,...,p)
1<k<l<oo
when r =1,
or
(i) [(X’an)_l]jj =0 <n_1/r Logfz(rfl)/rn) as n — oo for all j and
[, Gl 6o

3
1<k<€<oo t3Log”t

whenever 1 < r < 2,

then B\n 2% 8.

Proof. From the expression of Bn, it follows that the strong consistency of the least-squares
estimate is equivalent to

(X, 1zxk€k—>0
k=1

18



where xj, = (zg1,...,2kp) . Since (X! X,,)7, n > ng is symmetric positive-definite, we have

100, < [0 [0 X))

n Jj

(see Harville 1997, page 280). Hence,
n
k=1

[(X/nX ) ]1/2 [( 1/2

Zxkﬂek

when r = 1 by Theorem 1; from Theorem 2, we get

n
k=1

(XX, (X

Z%’sk

1/2

E wkjak

whenever 1 < r < 2 establishing the thesis. O

\

nl/r Log (r-1)/ Zxk]gk

3.2.2 Stochastic regressors

In model (3.15), let us assume that the design levels {z;;,1 < j < p,i > 1} are ran-
dom variables. If the errors €1,¢e9,... are pairwise PQD and identically distributed random
variables then we can use Theorem 1 to prove the strong consistency of Bn

In what follows, we shall define p(A) = sup {|\| : A € Spec(A)} where Spec(A) is the spec-
trum of the matrix A = (aij)lgi,jgp' The column space of the matrix M = (mij L<i<n1<i<p
will be indicated by Col(M). Given a n-dimensional vector a we shall use |a| to denote the
Euclidean vector norm, that is, |a| = v/a’'a.

Theorem 5 Suppose that in model (3.15), {e,, n = 1} is a sequence of pairwise PQD random
variables stochastically dominated by a random variable e € %5 satisfying (3.4). If {x;;}
(1 =1,2,...;55=1,...,p) is an arbitrary double array of mndom varmbles such that X!, X,,
is non-singular a.s. for somen = p and np ((X;@X )~ ) 220, then Bn 2% 8.

Proof. From Proposition 1 of Lita da Silva 2014, we have

18, = BI? < p (X3 X0) ™) IPeaix,enl®  as. (3.16)
where Pcgi(x,,)€n is the orthogonal projection of €, on Col(X,,). Using Gram-Schmidt process
we can construct an orthonormal basis {wy, 1,..., Wy} of Col(X,,) such that

IPcoix.enl® = (Wni,€0)? + .+ (Wi, €n)° (3.17)
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where (-, - ) denotes the usual inner product in R™. From Cauchy-Schwarz inequality we
have, for each j =1,...,p,

n

1 .
P (X X)) (Wi €n)? < p (X X)) [P len]® = mp (X3, X)) - ~ Do 0

k=1
(3.18)
via (3.5). By (3.16), (3.17) and (3.18), it follows
[ — IBHZ <P ((Xlnxn)il) [<Wn71= en)’ 4.+ (W, €n>2} =% 0.
The proof is complete. O]
3.3 Simple ridge regression model
In model (3.15), suppose p = 1 and the ridge estimator
~1
n
'/Y\n = Z x? +K XlnYn
j=1
where k = 62/B2, xp = (21,...,2) and 52 = (yn — XnBn) (Yn — XnBn)/(n — 1) (see GrofB

2003, page 9).

Theorem 6 Suppose model (3.15) with p =1 and {e,, n > 1} a sequence of pairwise PQD

random variables stochastically dominated by a random variable € € %, satisfying (3.4). If

{xn, n > 1} is an arbitrary sequence of random variables such that Y."_, 22 # 0 a.s. for some

j=1%j
n 2 1 a/nd n/ Z?:l 1-]2 ﬁ) O’ then an E} /8
Proof. We have

-1 -1
no 2
= g L+w/370, ﬂ:? — "
which yields

’/y\ — (1 "i/ Z_?:l x? IB + 1 "i/ Z_?:l x? Z?:l Lj€j
n — - B ’ ’
1+r/ Z;‘L:1 5'332 1+r/ Z?:l 33? Z?:l 5'332

Since,
52 = [l = o) qlenl” _ Jenl®
n—1 n—1
it follows
62 __ XS m Xiag
-1 x? T (n-1) 2 -1 x? n—1 n? -1 x?
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Recall that » 7, g5 /n? 2% 0 via Kronecker’s lemma provided that 3°°° | Ee2 /n? < CREe? <

00. From Theorem 5, we obtain strong consistency of B\n ie. Bn 2% 3. Thus,

~2
K 1 o, as.

ST A o I 19
provided that 8 # 0; obviously, for 5 = 0 one have
n -1 n n
] = Zm? +K ijaj < % (3.20)
j=1 j=1 j=1%j

On the other hand,

2
Z?:l Lj€j < Z?:l 5? _ Z?:l 5? ‘ n (3.21)
n = n - n .
ijl 33? zjzl x? n zjzl xj2
and (3.5) ensures Y ' wje;/ > 0, a3 2% 0 because n/ > i1 i 2% 0. Hence, (3.19) (or
(3.20)) and (3.21) lead to 7, =2 B and the strong consistency of the ridge estimator 7, is
established. 0

Remark 4 Similarly, under the assumptions of Theorem 6 we can conclude also the strong

—~ —~ —1 N
consistency of the shrinkage estimator 6,, = 5,,/(1 + ), where o = (Z?Zl x?) G2 /32 (see
Grof3 2003, page 9).
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