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Localization is a fundamental enabler technology for many applications, like vehicular networks, IoT, and even
medicine. While Global Navigation Satellite Systems solutions offer great performance, they are unavailable
in scenarios like indoor or underwater environments, and, for large networks, the instrumentation cost
is prohibitive. We develop a localization algorithm from ranges and bearings, suitable for generic mobile
networks. Our algorithm is built on a tight convex relaxation of the Maximum Likelihood position estimator. To
serve positioning to mobile agents, a horizon-based version is developed accounting for velocity measurements
at each agent. To solve the convex problem, a distributed gradient-based method is provided. This constitutes
an advantage over centralized approaches, which usually exhibit high latency for large networks and present
a single point of failure. Additionally, the algorithm estimates all required parameters and effectively becomes
parameter-free. Our solution to the dynamic network localization problem is theoretically well-founded and still
easy to understand. We obtain a parameter-free, outlier-robust and trajectory-agnostic algorithm, with nearly
constant positioning error regardless of the trajectories of agents and anchors, achieving better or comparable
performance to state-of-the-art methods, as our simulations show. Furthermore, the method is distributed,
convex and does not require any particular anchor configuration.

communication strain near the central node and on the bottleneck hubs
(observed in centralized approaches), thus imposing a small latency.

1. Introduction

While multi-agent systems often rely on Global Navigation Satel-
lite Systems (GNSS) to accomplish their tasks, some environmental
constraints prevent their use. For example, for Autonomous Under-
water Vehicles (AUVs) [1,2], where the high conductivity in water
decreases radio wave propagation, hence preventing the use of satellite
positioning. This paper addresses the network localization problem for
GNSS-denied environments from ranges, bearings, and velocity noisy
measurements, with emphasis on AUV applications. Advancements in
technology have made communication between these vehicles possible,
so that agents may share information to obtain better localization accu-
racy. This is called a cooperative approach, which is also a trend in other
GNSS-deprived settings, such as indoor environments [3,4]. Besides, as
networks grow in size, distributed approaches (as opposed to central-
ized) are often desirable. We define distributed operation of a network
of sensing and computing nodes as a mode where each agent performs
the same computations and only communicates with one-hop neigh-
bors on the communication graph. As the distributed system does not
centralize on a single processor all available information, it avoids the
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Importantly, the distributed paradigm does not present a single point
of failure, traditionally found on federated star topologies. Therefore,
we target the case of generic agent networks, able to cooperate with
each other to accomplish self-localization tasks in a distributed manner,
while performing their own trajectories, i.e., in a dynamical setting.

Problem formulation. A common approach for position estimation in
dynamic settings is the use of Bayesian Filters, such as the Extended
Kalman Filter (EKF), which is very often employed for localization
tasks [1,2,5-7]. In spite of its popularity, EKF introduces linearization
errors (as nonlinear systems must be linearized) and requires correct
initialization to avoid convergence problems, which may not be avail-
able. In an attempt to overcome these challenges, we rely instead
on the Maximum Likelihood Estimator (MLE) which is, for large sets
of data and high signal to noise ratio, asymptotically unbiased and
asymptotically efficient [8]. Therefore, the advantage over competing
formulations is that if the error does follow the considered distribution,
MLE will be the optimal estimator.
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Nonconvexity and relaxations. Regardless of the formulation, the local-
ization problem typically leads to a nonconvex cost function. While it
is possible to preserve the nonconvex function [9-11], this requires a
correct initialization of the method, which can be difficult to obtain.
In order to avoid this limitation, we aim at a convex formulation,
which under the MLE formulation calls for a relaxation of the original
problem. Popular relaxation strategies for the nonconvex MLE include
Semidefinte Programming (SDP) [12,13] and Second-Order Cone Pro-
gramming (SOCP) [14]. Both approaches have strong requirements on
the network topologies, in particular regarding anchor placement. For
example, SOCP relaxations require the nodes to remain in the convex
hull of the anchors, which can be a limitation when the area of actua-
tion in unknown a priori. Other proposals include a Sum of Squares re-
laxation after problem reformulation [15], which is a computationally
expensive alternative. Our proposed inclusion of angle measurements
in the position estimation proves helpful in removing these constraints
on network configuration and consequentially allows more flexibility
in trajectories, while remaining suitable for large networks.

Measurement availability. While the previous methods consider only
pairwise range measurements between agents [12,16-18], pairwise
bearings may also be available, leading to bearing-only [19] or hybrid
methods [20-24]. Here, we consider the hybrid setting, which has
been shown to be beneficial when compared to the single measurement
case [25]. We consider that all nodes have access to range measure-
ments with respect to their neighbors and a subset of them are able
to additionally retrieve bearings from a different device. This differs,
for instance, from [26] where each node has access to a single type
of measurement, which can be of a different nature. We note that
one important line of work takes into account Radio Signal Strength
(RSS) and direction measurements [27,28], which calls for considerably
different range models, than those assumed here.

ML hybrid localization. Similarly to range-only, we find ML [20,24] and
non-ML [21-23] derived cost functions for the hybrid setting. In [20]
the authors compare different distributions of angle measurements,
where ranges are often available. The formulation is closely related
to ours, although derived for a 2D case and for single target location.
The nonconvexity is not relaxed and a Least Squares approach is
used for initialization, after which the optimization is carried out with
gradient descent. Consequently, this is subject to local minima and
under higher noise levels some points are poorly estimated. In [24,29],
the authors follow a ML formulation where directional data is modeled
with the von Mises-Fisher distribution. Our proposed method uses the
relaxation in [29] that is found to outperform the SDP relaxation [24]
in positioning accuracy and is more amenable to larger networks [29].

Mobile networks. While methods devised for static networks can be
applied for position estimation in mobile networks, it is beneficial to
look at different time instants to retrieve additional information. An
example is the bearing-only approach proposed in [19] where velocity
is estimated alongside position. Other settings assume that relative
velocity measurements between nodes are available [30,31] and extend
existing range-only approaches. Instead, we assume that each node
has access to its own velocity measurements (in addition to range and
bearing measurements). Thus, we extend the hybrid ML formulation to
account for individual velocity measurements, adding a time-window
to account for different time instants. We show that this formulation
is still amenable to the relaxation proposed in [29], thus overcoming
the limitations in alternative relaxations to the hybrid ML problem.
However, we emphasize that we assume no dynamical model for the
movement, unlike the standard EKF approach.

Distributed setting. Given their centralized nature, most of the previous
approaches are not suitable for networks with a large number of nodes,
which are often found in current applications. Consequently, there has
been a growing interest in distributed methods [6,16,17,19,32-34].In
particular, distributed versions of the SOCP relaxation [16] and of the
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edge-based SDP relaxation [17] have been proposed for the range-only
setting, but they still imply strong assumptions on network configura-
tion. We show that our dynamic formulation for the hybrid case upon
convex relaxation can be solved in a distributed manner. Thus, we
reach a convex method (not dependent on initialization) which benefits
from hybrid pairwise measurements (improving positioning accuracy)
and takes into account dynamic information (without specifying an
underlying dynamical model), while being scalable to large networks
of agents (due to its distributed implementation).

Noise parameters. We note that, while the convex relaxation of the MLE
does not need a precise initialization, it does require knowledge of noise
parameters beforehand. This aspect is often overlooked and it is as-
sumed that these values are known or previously obtained by a different
method [21,23,24], which limits straightforward applicability to new
scenarios. In contrast, our approach includes the estimation of noise
distribution parameters, making it parameter-free and more versatile.

1.1. Contributions

We extend the previous work through three main contributions:

» We propose a horizon-based version of the hybrid MLE formula-
tion, accounting for velocity measurements at each agent, which
is better suited for mobile agents but still amenable to a tight con-
vex relaxation (Section 3). The final algorithm allows for a more
robust estimation of position compared to existing approaches
(Section 6).

We obtain a distributed algorithm that makes the algorithm scal-
able for large networks and does not lead to a single point of
failure (Section 4).

We derive a parameter-free version of the method with a minimal
decrease in positioning accuracy (Section 5), that can be easily
implemented without a priori knowledge.

2. Problem formulation and background

In light of previous considerations, we present a localization algo-
rithm for a network of a variable and undefined number of moving
autonomous agents. Anchors are assumed to be vehicles with access to
an accurate positioning system, either by benefiting from GNSS signals
or by remaining fixed at a known position. Besides, each vehicle is
assumed to have a ranging device providing noisy distance measure-
ments between itself and other vehicles within a certain range. Some
vehicles are also equipped with a vector sensor producing bearing
measurements. This angular information is assumed to be already in
a common frame of reference, which could be obtained resorting to
compass measurements, so that all angles are given with respect to the
North direction, for instance. It is further considered that if vehicle “A”
has measurements with respect to vehicle “B”, then the reverse is also
true. All vehicles are potentially mobile and can follow any trajectory,
including anchors.

The main goal is, then, to determine the position of each au-
tonomous agent on a network, during a certain time interval. For this
purpose, the network is represented as an undirected connected graph
G(t) = (V(1), £(t)), where each different graph corresponds to a given
time instant. The vertices, also called nodes, V = {1, ...,n} correspond
to the vehicles, while the edges i ~ j € £*(¢) indicate the existence of a
measurement of type x between node i and j, at time ¢. In particular,
£%(t) refers to distance measurements and £%(f) to angle measurements
between two nodes. The known vehicle positions required for localiza-
tion (anchors) are indicated by the set A = {1, ..., m}. Furthermore, the
subset A¥(t) C A(f) contains the anchors relative to which node i has
an available measurement of type x at time . Specifically, .A¢ refers to
distance measurements and A} to angle measurements to anchors.

We formulate our localization problem in R” space. Practical rel-
evant cases are p = 2 for a bidimensional problem and p = 3 for a
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tridimensional one. The position of node i at time 7 is indicated as
x;(t) € R?, while anchor positions are designated as a,(r) € R”. Each
node collects measurements with respect to its neighboring nodes or
nearby anchors within a certain distance. Noisy distance measurements
at time ¢ are represented as d; (0 =d ;1) if they exist between two nodes
(i and j) or as r; (1) if they occur between a node i and anchor k. Noisy
angle measurements between node i and j are represented as a unit-
norm vector in the correspondent direction u;;(). Similarly, noisy angle
measurements between node i and anchor k are taken as the unit-norm
vector g;; (t).

The problem is, thus, to estimate the unknown vehicle positions
x(1) = {x;(t) : i € V} given a dataset of measurements

D) =1{d 1) : i~j €D} lru@) 1 i €V,ke Al®)

node-node ranges node-anchor ranges

U w0 i~jee o tan® ievke Ao}

node-node angles node-anchor angles

A common assumption is to model distance noise with a Gaussian
distribution of zero mean and variances aizj and gl.zk, for node-node and
node-anchor edges, respectively. Bearing noise is better represented
by a von Mises—Fisher distribution, specifically developed for direc-
tional data, with mean direction zero and concentration parameter x;;
and 4;,, for node-node and node-anchor edges, respectively. Since we
assume that nodes have two distinct devices for bearing and range
measurements, we assume that the noise is uncorrelated between them.
Therefore, with the additional assumption of independent and identi-
cally distributed noise, the maximum likelihood estimator is given by
the solution of the optimization problem

minixmize Faistx()) + fang(x@) (€8]

where the functions are given as

fon =Y 2%(||x,»<z>—x,<r)||—d,-,<r>)2+

i~nje€d ) “0ij

1 ) (2)
Y 2 (I - a0l - ry®)
i€V kead () 26,
for range measurement terms, and for the angular terms
x;(1) — x; (1)
Fang(x(1) = — z,--ufo)—’)—
e ,.N,.;u(,)< P lx(0) = x; 0
(1) = a, () ' ©
X; —a
Aoal ()=l “k
i€V ke%(t)( i )llxi(t) — a0l >

Solving (1) is difficult because the problem is nonconvex and nondif-
ferentiable, especially for a large-scale network of agents. Problem (1)
is nonconvex in both the distance and angle terms. Nonconvexity in
distance terms arises from the negative argument of the square for
position differences smaller than d;;, ie., |lx; —x;|l <d,;, while the
angle terms include a non-linear denominator ||x; — x;||. For further
insights on the relaxation employed we refer the reader to [29].

2.1. Convex relaxation

We follow the relaxation proposed in [29] to deal with the noncon-
vexity of Problem (1). We start by summarizing this approach, before
extending it with velocity measurements in Section 3. It should be
noted that, throughout this section, we drop the time dependency
notation for clarity. First, a new variable y;; is introduced to obtain
the following equivalent formulation

(lx; = x;Il —d;j)* = _inf

llx; = x; = yylI* “
Iyifl=d;; ~ 7Y

The constraint is then relaxed as ||y;;|l < d
applied to node-anchor edges.

;j» with the same reasoning
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However, the problem is still not convex due to the angular terms.
Consequently, they are relaxed with their proxies from the distance
term minimization. Therefore, the denominator ||x; — x;|| is approxi-
mated by d;; because this is exactly the purpose of the distance terms
in the cost function. With similar reasoning, x; — x; is app_r)?ximated

. ; v
by y;;. Summing up, the nodes’ angular terms become i X’” ~
L)

Xi

1
X;—ay w,

and respectively for anchors el ™ r—" The final expression for this
i~k ik

convex approximation is then

minimize  fgi5t(X, y, ) + fang (v, w)
X, y,w

)
subject to |y Il < dyj, llwll < 7y
where
1 1

Saist(x, ¥, w) = Z 2_2”xi —X; = yfj”2 + Z Z 2_2”xi a4 = wikllz

i~njegd “<0ij i€V keA? Sik
and

Vi w;
=_ TY ) _ T ik

fang(y’ w) = Z <}{ijuij d--> Z Z <'1ikqik r )

i~jegn ij i€V ke Ad ik

This is a tight relaxation with respect to the original problem that
outperforms comparable SDP state-of-the-art relaxations, as shown in
[29].

3. Dynamic formulation

While the previous formulation is adequate for static networks,
when vehicles perform a trajectory, it is beneficial to take into account
different consecutive positions to obtain a better estimate. Therefore,
we introduce a time window and consider that each vehicle i has access
to its own velocity g;(¢) at time 7.

In order to model velocity measurements, we decompose them into
a unit vector v;(r) and magnitude V;(r). Under this format, we can look
at V;(n)AT, the distance traveled by one node during a time interval AT,
as the distance between two points x;(r) and x;(z — 1), where time has
been discretized and is now indexed by an integer r. Besides, the unit
vector v;(f) can be thought of as the bearing between those same nodes,
x;(r) and x;(z — 1), usually denoted as heading. Essentially, this means
that we have distance and bearing measurements just as in the previous
formulation, except that they exist between the same node at different
time instants. So, we can model them in a similar way, with V;(1)AT
following a Gaussian distribution with variance 0".2 and v;(1) following
a von Mises-Fisher distribution with concentration parameter x;.

Therefore, we obtain a formulation with similar structure to Prob-
lem (1), which can be relaxed in the same manner, by introducing
an additional variable s, with the same role as y. We define the
concatenation of the optimization variables over nodes or edges at
instant 7 as x(z) = {x;(D)}iep, ¥) = {y;(D}ijy 5(0) = {5;(D}iey»
wi(t) = {wi(D e, w@) = {wi(D)}iey. Similarly, the concatenation
over a time window of size Tj at time ¢ is given as x = {x(¢)},_1<r<>
y = VO n<e<n s = (5O} py<r< and w = {w(1)};_g <.« Note that
the dependency on ¢ (the time instant) is omitted from the notation in
all variables (x, y, s, w) for compactness. The final problem is given as

minimize  fgise (X, ¥, W) + fang(y, W) + fye(x, 5)

X,)50,5

subject to [ly; (D)l < dyy(2).  Nwy@l < rg(). s, (@) < V,(0)AT,
©
where
faa=Y Y L (Ix@ - xc - )= s@l) -
i€V r=1-Ty+1 49; %)

d (7)
53 (o )

i€V r=t-Ty+1
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(Ix,(0) = x;(0) = v, (Ol >+

ZZ

,Njegdr =1 TO ,"

faise(x, y, w) =

®
Z Z Z (Ix;(2) = a(z) — w,-,((r)ll)2
€Y kead r=t- To zk
and
y 7Y@
fang(y’ w)= - z Z }{Ijulj(r)
injEEY T=1-T, d;;(7) o

d Wy (T)
2 Z Z <’1ik4ik(‘f)—rm>~

i€V ke A} t=1-T)
3.1. Reformulation

We shall now reformulate (6) in matrix notation. Let Xy be the

diagonal matrix of 1, Then, the first term of (8) can be written as
ij

1
Saistnodes(%, ) = 5| Zy Ax = Zyl?, 10)

where matrix A is the Kronecker product of the identity matrix of
dimension 7;, with the result from the Kronecker product of C, the
arc-node incidence matrix of the network, with identity matrix of
dimension p, that is,

A=I; ®(C®I,)=(;®C)® I,

Essentially, this extends matrix C along the dimension of the problem
(p) and time window (7)), assuming the set of edges remains constant
over Tj,.

In the same way, taking %}, to be the diagonal matrix of —, the first
term of (7) may be written as

faistwel (6, 8) = = ||ZVNx - Zy,s)? a1

where N = Cyy ® I,. However, it should be clearly noted that, in
this formulatlon, the set of edges has changed, hence the different
designation C,;. Each node at time ¢ has an edge with its position at
t—1and 7+ 1, except for the first and last instants of the time window.
The last distance term, concerning anchor-node measurements, may be
reformulated as

1
fdist,anchors(x’ w) = i ”ZAEX - Z‘Aa‘ - Z:,4”‘)”2 (12)

where vectors for anchor positions are concatenated in the usual way
as (v) = {a(D}ieq,» a(0) = {;(D}iey, @ = {a(D)}, ;- Eis a
selector matrix, indicating which node has a measurement relative to
each anchor and X, the diagonal matrix of Cl
" gt (7)
dij(r) ’
Gi(r) = and 7,(r) = L(T; Following the same reasoning as
before, M(T) = {d@;;(D)}iny> ur) = {0;(D}iey and ¢;(v) = (G (Drea,
q(r) = {g;(v)};ep. Then, concatenating along the time window, u =
(U™} _ry<r<r V= {0} _1y<r< and g = {g(1)},_1; <<~ It follows that

Finally, the angle measurements are grouped as #;(r) =

Aik ik ()

Sangsw,8) =—u"y—g"w—0v"s. (13)

Considering the definitions in (10), (11), (12) and (13), Problem (6) is
reformulated as
minimize fdlst nodes(x )+ fdlst anchors(x w) + fdlst vel(x s)+ fang(y’ w, s)
X, ),w,s (14)

subject to Iy, (@l £ d;(2), Nwy@I <y (@), s, (@I < Vi(D)AT.

Introducing a variable z = (x,y,w, s) and defining Z = {z : |ly;®| <

d;j(0),i ~ j € V;lwyOll < ry@®),i €V, k € AislIs;Oll < V(AT ,i € V},

Problem (14) can be written in a quadratic form as

minimize lzTMz -z
z 2 (15)

subjectto z€ Z
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where M = M, + M, + M3, with
_ATZN_

M, = [ZyA -=Zy 0 0],

S
Il

[Z4E 0 -Z, 0],

M; = [Z,N 0 0 -3,

_ZV

and b = b, + b, with

ETx,
0
b = 5,1 Saa, by=

0

R & O

4. Distributed implementation

Minimization of the convex problem in (15) can be carried out in
multiple ways. However, we strive for a method suitable for distributed
settings. Hence, we choose the Fast Iterative Shrinkage-Thresholding Al-
gorithm (FISTA) [35], which is an extension of the gradient method and
will produce a naturally distributed solution, as detailed below. FISTA
handles problems defined as

minimize f(x) = g(x) + h(x) (16)

where g(x) R" — R is a smooth convex function, continuously
differentiable with Lipschitz continuous gradient with constant L, and
h(x) is a closed and convex function with an inexpensive proximal oper-
ator with parameter ¢, expressed as prox, ,. Under these assumptions,
FISTA’s solution for Problem (16) is given iteratively as

— k=D 2( (=1) _ (x—2>>
X +
r= K+ 1

1, Ve(y).

a7
x® = prox, (v —

This method has a convergence rate f(x*)) — f* (where f* is the
optimal value) of O(1/x?), for a fixed step size of t, = 1/L.

4.1. Instantiation

For Problem (15) to be solved with FISTA, it is necessary to define
g(x) and h(x), along with Prox, and t,. In this case, g(x) is the
quadratic cost function 1z7 Mz — b7 z. It is noted that a function is said
to have a Lipschitz Continuous Gradient with Lipschitz constant L if
the following condition is true

IVSf) = Vil < Lilx =yl 18)

and quadratic functions have a Lipschitz continuous gradient. Besides,
the required gradient Vg(z) is straightforward, given as Vg(z) = M z—b.

Term h(x) corresponds to the indicator function' I,(z) for set Z.
From [36], when h(x) is the indicator function of a closed convex set
Z, prox,, is the projection of z on set Z, Pz(x), defined as

P;(z) = argmin ||x — z||%,
XE

0, ifze Z

1 We define the indicator function as I #(2) = ]
+oo, otherwise
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which for our constraints with general structure {z llz|l £ d} is
implemented as

z, if |zl <d
Pz(Z)= .

z
Zod. izl > d.

Finally, it is necessary to obtain a value for 1/L, where L is the
Lipschitz constant of function %zTM z — b'z. Resorting to [37], we
obtain an upper-bound for L as (see Appendix A for the complete
derivation)

1
ngzamaﬁ max|A|+ 225V (T +K

max

where 8, is the maximum node degree of the network and 57 __ i
either 2 for any T > 2, 1 for T =2 and 0 for no time window (T = 1).
The term max;cy, |.A;| corresponds to the maximum number of anchors
connected to a node. Finally, K = 2 + =+ 2 , where oy, o4 and

oy are the maximum values of matrices Z N, Xy ‘and Xy, respectively.
Distributed computation of L can be attained, as suggested in [37], by
a diffusion algorithm.

Thus, we obtain a distributed method. The explicit algorithm and
the full derivation can be found in Appendix B. Recalling that we
stay under a convex formulation, it is noted that the method may be
initialized with any feasible value without jeopardizing convergence.
We further emphasize that each node on the network computes its own
estimate, relying only on distances and angles taken with respect to its
neighbors (nodes or anchors) and on its own velocity measurements.
Notice that quantities related to other nodes are always within the set
A; (neighbor anchors of node i) or & (neighbor nodes of node i). At
the end of each iteration (in «), nodes also need to share their current
estimates, but since this is only needed amongst neighbors, the method
remains distributed.

5. Parameter estimation

Until this point, the parameters ¢ and x of error distributions have
been assumed to be known a priori. In real applications, these parame-
ters could be estimated from previous experiments. However, this can
also be included in the algorithm so that no previous knowledge is
necessary. With each new measurement, new estimates for x and ¢ are
computed, which desirably converge to the true values.

Maximum likelihood estimators for the parameters of each distri-
bution are easily found in the literature. Given a random variable X,
normally distributed with unknown mean and variance o2, the MLE for
the latter parameter is [38]

19)
For estimation of the concentration parameter » we have [39]
g =7 20)
1-72
where y = ”ZL—‘xiH, x; are independent and identically distributed sam-

ple unit vectors drawn from a Von Mises—Fisher distribution vM F(u, «),
and p is the dimension of x;.

5.1. Instantiation

Evidently, there is no access to the true values of our measurements
to accurately estimate x and . However, after each computation of
position estimates by the algorithm, it is possible to compute estimated
distances, angles and velocities which can be used as “true values”.
So, exact values of x and ¢ are not to be expected, but if the position
estimates are close to the true ones, then reasonable approximations
should be obtained. However, note that we rely on our position es-
timates to estimate the distribution parameters and subsequently rely
on the estimated parameters to compute the estimated positions. So, a
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poor estimated value on either counterpart could affect both estimation
procedures (see Section 6).

Denoting by % the value obtained from our position estimation, it is
possible to compute the resulting distances and bearings as

(0 = %;(0)
12:(0) = %,
Given the obtained measurements d; j and u; s (19) and (20) can now be

used for variance and concentration parameter estimation, respectively,
as

d;0) =120 - %0, 4,0 =

750 = 75,0)

Az(t)_ Z(du(r) dy(@?, (0 = 1-7,(0?

where

T G R

yij(f)—7 ;m ’ >

The same reasoning can be applied to node-anchor edges, with similar
resulting equations.

Unlike d; ; and 4;;, estimation of velocity measurements f; requires
a more careful approach. While the former requires only current es-
timates of the position, the latter requires positions at different time
steps. Since velocity measurements can change with a high rate over
time, a naive approach like averaging over a sliding window does not
produce good estimates. Thus, an approach in that vein would only
yield accurate estimates for linear constant trajectories. This problem is
considered in [40] and the proposed solution is based on central finite
differences with a time lag and rejection of high-frequency noise. The
proposed estimation is then given as

S5(x;(t=3)—x;(t=95)) 4(x;(t=2)—x;(t—6))

32 32
22
(4t = 1) = %t =) @2
32 ’
Recalling that f,(r) is decomposed as f;(r) = ,()V;(r), estimates for
variance and concentration are given as

Bi(DAT =

t 5 52
1 . . 7@ -7 @)
= —1 ; Vi(r) - Vi(T))z, (1) = 1_—7’2(0

with 7,(r) = M . However, it should be noted that the intro-

duction of a time lag has practical consequences during implementation
that should be taken into account. In particular, this means that velocity
estimation is only possible after the 7-th time step and, consequently,
62 and %, are only available after that moment. Furthermore, some time
steps are necessary before achieving sufficiently accurate estimates for
any of the parameters. Thus, it is still necessary to define initial values
(69 and £°) for the first iterations. However, we will show in Section 6
that wrong initial estimates do not increase the positioning error when
performing parameter estimation.

The addition of parameter estimation to Algorithm 1 produces a
final distributed and parameter-free algorithm, that can be found in
Appendix C.

6. Simulation results

We test the performance of our proposed method in different set-
tings for the application of AUV missions, comparing against bench-
mark approaches.

6.1. Simulations setting

Trajectories. We evaluate the performance of the proposed algo-
rithm over three common trajectories in AUV missions: a 2D lawn-
mower (Fig. 1(a)), a 3D helix (Fig. 1(b)) and a 2D lap trajectory
(Fig. 3). All nodes and anchors describe the depicted trajectories at
a speed of 1 m/s (commonly used in AUV missions [41,42]). The
three trajectories encompass different range and bearing measurements
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(b) Helix

Fig. 1. Lawnmower and helix trajectories. Nodes are depicted in solid blue lines and anchors in dashed lines of different colors. The start point of each trajectory is marked with
a star. The lawnmower depicts two nodes, traveling on both sides of two anchors describing the same trajectory with a small lag. The helix includes two nodes, traveling on both
sides of three anchors. All paths maintain the same velocity in the x and y axis, progressively decreasing the z component.

amongst themselves. Anchors are assumed to have access to their true
positions, either resorting to more accurate equipment or by navigating
at the surface and benefiting from GNSS.

Noisy measurements. Considering noise levels obtainable with
current instrumentation [43,44], we define o, = 0.5 m (for all distance
measurements), o, = 0.1 m/s (for all speed measurements), x, = 1000
(for all bearing measurements) and «, = 1000 (for all heading measure-
ments)?. Unless otherwise noted, we always consider 100 Monte Carlo
trials for each simulation.

Benchmarks. We want to determine two main points: whether our
proposed inclusion of velocity measurements and a time window is
relevant and improves the performance with respect to similar static
methods; whether our resulting method is effectively competitive with
current state-of-the-art solutions. To attest the former we compare
with [29], an hybrid convex method for ranges and bearings that does
not account for velocity measurements. For the latter, we select the
EKF with an equivalent data model, as it remains the state-of-the-art
standard for practical AUV applications due to the trade-off between
accuracy and computational power [45,46].

Initialization and parameters. Parameters for the EKF are tuned
by grid search for each of the considered trajectories and noise levels.
EKF also requires a proper initialization to assure convergence. Consid-
ering this, the filter is initialized with the true position, contaminated
with Gaussian noise of zero mean and standard deviation of 2 m [44].
Our method, being convex, is independent of any initialization and this
choice only affects the computation time, not the achieved accuracy
(see Section 6.4). The only parameters in our method are the noise
distribution parameters, e.g., ¢ or x. For comparison with the fine-
tuned EKF, we consider the optimal case where we have access to the
true parameters. When testing our parameter estimation process we
consider a different setup, explained in Section 6.6.

Metrics. In order to evaluate the localization accuracy, we use the
Mean Navigation Error (MNE) defined as

M N
. 1 .
Ry I CACEEACI S
m=1 i=1

where % is an estimate of x, M the number of Monte Carlo trials, N
the number of unknown nodes and 7 the time interval. Furthermore,
when applicable we consider the Mean Positioning Error (MPE) as the
MNE averaged over the full trajectory.

2 Note that x = 1000 corresponds to approximately 1.8°.

6.2. Comparison with benchmarks

We compare the MNE for each algorithm along the three different
trajectories. The advantage introduced by the dynamic formulation
with respect to the static one is clear from the decrease in MNE of 0.2m.
Comparison with EKF differs depending on the trajectory of the nodes.
While EKF outperforms during linear segments, its error overpasses the
proposed method during nonlinear motion. Mainly, our method has
the advantage of keeping a constant error regardless of the vehicles’
movement as it does not rely on a dynamical model of the system
(unlike EKF). The corresponding MPE can be found in Table D.1 in
appendix (see Fig. 2).

6.3. Robustness to outliers

We consider a more realistic scenario, where outlier distance mea-
surements with value 54 are introduced with a probability of 10%,
where d is the true distance. Ranges between the outer node and all
other vehicles (nodes and anchors) are subject to outliers, evidenced
by the peaks in position estimates (Fig. 3). The proposed algorithm
presents variations of smaller magnitude when compared to EKF and
does not require as much time to recover. The difference between them
also seems to accentuate during non-linear trajectory parts with our
algorithm attaining superior robustness.

6.4. Performance of our method

For further insight on the performance of the proposed method,
we evaluate the computation time and number of iterations per step
during a lawnmower trajectory (Fig. 4). During the first steps, while
the time window is still not constant, the algorithm is initialized with
a random value taking a longer time to converge. After this point, the
last estimates are used for initialization and the algorithm is faster
to converge (due to convexity the final estimate is independent of
initialization choice and this affects only the number of iterations
required for convergence). There is also a small increase in convergence
time during nonlinear segments of the trajectory.

6.5. Scalability to large networks

We test the scalability of our method by considering networks of
50, 80 and 100 nodes and comparing the centralized and distributed
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Fig. 2. Comparison of Mean Navigation Error between EKF, a static formulation and our algorithm, during a lawnmower trajectory (top), lap trajectory (middle) and helix trajectory
(bottom), averaged over 100 MC trials. The curved segments of the trajectory are evidenced by the higher error in EKF, where our method outperforms it. For the linear parts,

EKF shows better accuracy.

EKF
Our Algorithm

40 60 80 100 120 140

Fig. 3. Outliers during a lap trajectory performed by two anchors, in dashed lines, and two nodes, in black lines, with initial positions marked as a star. Distances between the
outer node and all the other vehicles are contaminated with outliers. EKF, in blue, is affected to a higher extent and takes more time to recover than our algorithm, in red.

implementations (Fig. 5)°. The distributed implementation preserves
approximately the same computation time per node, regardless of the
total number of nodes of the network (if the average node degree is kept
constant). Naturally, additional communication time between nodes
would have to be considered in order to have an accurate estimate.

6.6. Parameter estimation

We start by examining the evolution of 6, for all the distance
measurements, when the true s, was set to 0.5 m, when performing
parameter estimation (Fig. 6). The estimates converge to o, as desired,
but it should be noted that a considerable number of measurements is
necessary before this happens. Therefore, we require an initial value to
be used in the first iterations that will be then corrected. For the next
simulations we start parameter estimation at the 20th trajectory step,
using ¢° up to that point.

3 Details on the large scale setup can be found in Appendix D

6.6.1. Impact of initial values

Given the latter observation it is fundamental to assess the impact
of the choice of the initial values, or the method does not become
effectively parameter-free. We consider as initial value (e.g. ¢°) the true
parameter (c) contaminated with Gaussian noise with zero mean and
increasing standard deviation, and compare the version with estimation
and without (Fig. 7). With parameter estimation our method uses "
during the first 20 iterations and then uses the estimates according
to Section 5. Without estimation the method uses ¢° throughout the
entire trajectory. As expected, when ¢° ~ ¢, the estimation increases
the error, as the estimated parameters 6 are less accurate than o°.
However, as ¢’ is set further away from the true vale, the error
without estimation largely increases, while the parameter estimation
allows to keep the performance approximately constant. Thus, unless
the distribution parameters are known with a large confidence, the
estimation process is beneficial.

6.6.2. Impact during trajectories
Finally, we compare the algorithm with and without parameter
estimation at level 0.5 of noise in initial parameters (as defined in



F. Valdeira et al.

0.015

0.01

0,005 WW%

0 100 200 300 400 500 600 700 800
600

Time [s]

oo T L

0 I I I I I I I |
0 100 200 300 400 500 600 700 800
Trajectory step

Number lterations

Fig. 4. Time and number of iterations spent to estimate positions, per trajectory step
during a lawnmower trajectory. The values are larger during the first iterations when
positions are randomly initialized and then suffer small increments during nonlinear
motion.
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Fig. 5. Variation of the average computation time (per trajectory step) and positioning
error with the number of nodes. The average node degree is kept constant over the
different simulations. The blue lines refer to the centralized implementation of the
proposed method and the red lines to the distributed implementation. In the top plot,
the dashed line refers to the total computation time, i.e., the time for all nodes to
perform estimates. The solid line is the computation time per node.
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Fig. 6. Evolution of estimates of &, for distance measurements. After some time, the
estimates converge to values close to the true 6, = 0.5 m. The different lines correspond
to o;; for different edges, all with the same value of STD. Note that parameter estimation
does not start at iteration 0 due to the time lag in velocity estimation.

Section 6.6.1) and against the optimal setting where the true noise
parameters are known (Fig. 8). During the initial iterations, the noisy
parameters are being used in both versions, leading to a higher MNE.
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Fig. 7. Variation of MPE for different levels of noise in the initialization of all
parameters. The parameters (e.g. ¢°) are initialized with the true value (¢) with additive
Gaussian noise of zero mean and standard deviation as a fraction of the true value,
that is 6o, where 6 corresponds to the levels observed in the x-axis. Le., for level 0
we are using the true parameters as initial guesses. The algorithm with no parameter
estimation uses the initial values (¢°) throughout the entire trajectory.

After this point, while algorithm with no estimation keeps a similar
error, the estimation process allows to achieve an error close to the
optimal one. The corresponding MPE can be found in Table D.1 in
Appendix D.

7. Concluding remarks

We extend the static MLE formulation for a generic mobile network
localization problem from hybrid (range and bearing) measurements to
the dynamic setting, in an horizon-based approach. This entails only the
additional assumption that each node can measure its own velocity. We
show that this extended formulation is still amenable to a tight convex
relaxation and can be implemented in a distributed manner.

Comparison with EKF, a centralized state-of-the-art method, shows
the superior performance of our method for cases with variable motion
patterns, where for mostly linear trajectories the EKF still slightly
outperforms our distributed estimator. Nonetheless, unlike EKF, our
distributed convex method is proven to converge regardless of initial-
ization and offer nearly constant accuracy throughout the trajectory,
thus being more predictable than EKF. More importantly, our algorithm
shows more robustness in the presence of outliers in measurements,
which is a known issue in real-life scenarios.

Besides, with the proposed parameter estimation process, no param-
eter tuning is required, so the algorithm can be easily applied to new
environments or technologies. However, it should be noted that this is a
sensitive step where abnormal values could start a chain of wrong posi-
tion and parameter estimates. While a formal proof would be desirable
in future approaches, our simulations have consistently demonstrated
that the method maintains its performance, regardless of the initial-
ization chosen and despite the estimated parameters. Therefore, we
have strong empirical evidence of robustness for the proposed method,
although additional research is needed to prove its validity formally.
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Appendix A. Upper bound on Lipschitz constant

First, the gradient difference is manipulated until an expression with
the structure of (18) is obtained as
IV/) = VDIl = I(Mx = b) — (My - bl

=M -yl
< IMIHIGe = i

The last step of (A.1) corresponds to the definition of Lipschitz
continuity with L = || M||, where || M || is the matrix norm of M defined
as

||M||=sup{”|| ”” xER, |x|¢0}

Further manipulations are necessary to obtain a bound for this
constant; these are shown in (A.2) and the justification is presented

(A1)

below.
L =M

1

SIML I+ M|+ 1Ml

E T T T
_\/;lmax(Ml Ml) + \/}“max(Mz M2) + \//lmax(M'j M3)

3
=Amax(M1) + Apax(M3) + Agax(M3)

4
=nax(Z% AAT + X)) + Ao (S EET 4 32)

(A2)
+ Apax(ZpNNT + 37)

5
Dinax(E3AAT) + Aoy (ZLEET) + Aoy (ZENNT)
+ Anax(Z3) + Anax(Z2) + Apax(Z2)

1 For 2 matrices A and B, ||A+B|| < ||Al|+||B|| (triangle inequality)

Z|Al = VAmax (AT A4)

3 M, M, and M; are symmetric (AT =
Amax(AT A) = Apax(A)

4 Amax(AT B) = Ao (ABT). For example,

A), thus verifying

AT
-1
o= | 1534 =53 00

0

AT

2 2 -1

Imax| [Z2A 22 0 0 0

0

5 Weyl’s inequality
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6 Taking —-, Lz Lz as the maximum values of diagonal matrices
°n. Za v
2y, 24 and Xy,

The last step is intentionally separated, since it relates with partic-
ular characteristics of the network problem. First, the Laplacian matrix
L(G) of a graph ¢ with incidence matrix C is defined as L(G) = CCT.
Recalling that matrix A is in fact an arc-node incidence matrix of
a virtual network, it is concluded that AAT is the Laplacian matrix
of such network. Additionally, it was proven in [47] that the max-
imum eigenvalue of L(G) is upper-bounded by twice the maximum
node degree of §. Combining these two considerations, it follows that

Jmax(AAT) <26 where 6 denotes the maximum node degree of
the virtual network. Finally, under the assumption that the set of edges
remains constant under the time window, &) is equivalent to 5y,
the maximum node degree of the true network.

The same considerations are applicable to A, (NNT), with

max(NNT) < 26% . Here, 8} is either 2 for any T > 2, 1 for T =2,
and 0 for no time window (7" = 1). It will then be designated as 5. (T),
a function of time window. Finally, A,,,,(EET) is noted to be upper
bounded by the maximum cardinality over all the sets .4; [37]. In
other words, this value corresponds to the maximum number of anchors
connected to a node

With K =

upper bound may transformed as

=+ += 2 and the above considerations, the previous
O'

L+
°N
<
N

AmaX(AAT) + % dmax(EET) + = Aoy (NNT) + K
A 14

25'

26 max + = max | A;l + max(]) + K

Appendix B. Distributed algorithm

B.1. Distributed algorithm

We present the algorithm for distributed method in Algorithm 1.
Note that the algorithm contains an outer iteration over time ¢ and an
inner iteration «x for the solution of problem (15) with FISTA. Finally,
iterations in 7 correspond to the time window. We define C;_; ;, as the
element of C on row referring to edge i ~ j and column referring to
node i; N; as the sub-matrix of N whose rows correspond to node i;
s; and x; as the concatenation of s;(r) and x;(r) over the time window;
w; and y; as the concatenation of wy(7) and y;;(r) over the respective
edges and time window. Besides, the projections for each component
are defined as V;;() = {y;® : lyOI < d;®)}, Wy = {wy® :
lwi Ol < rip®} and S;(¢) = {s;() : ||s;@®)|l < v;(H)}. The elements F,(z)
through F,(z) for the update of x:.(“('r) are given as

2 )

Fo=s@(1- Y 4 -

i~nje& O, keA; Sik
BO= Y L@@ +Con@55 @),
i~je& Oij
Fn=Y + <w L (7) + (1)
keA;
and
Fy(r) = [N] =65 —= N9,

where [u] , is the element of a vector v, relative to instant 7. The update
depends on the previous iteration « and is split into four terms for
convenience of the reader: F;(r) relates to the node position; F,(r) and
F;(7) relate to distance edges between the node and its neighbor nodes
or anchors (respectively); and F,(r) to the node velocity.

10
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Algorithm 1 Hybrid Convex Localization

Input: L;
{d,‘j(t)5 Ll,-j(t) i~ jEEY {ri®), () :
Output: % = {5‘1}
Choose z0 = (x2, 30, w?, s%) =
for all t do
k=1z =2
while some stopping criterion is not met, each node i do
2% = 2K 4+ =L (2K — 257
forallr-T, <z <tdo
1@ = LR+ B0 + Fy(0) + Fyo)
end for
foralli~jeé& andr—-Ty <7z <tdo

ieV, ke A}; {v;(t) i €V}

0

! 1ej O .
(r) = Py (‘r)( K( ) + + Lo2 C(,'N/",‘)(T)(x:-(('[) -
ij
fc;f(r)))
end for

for all k € A, andt—T0<r<tdo

K+1(T) rk AK( )+ ? ()ACK(T)—ak(T))-f— ‘hk(ﬂ)

L-
lk(T)<

end for
if T, > 1 then
forallt-Ty+1<7<tdo

2
sH(r) = Psi(L_lL/”"f' + @@ -2 - 1)+ iL’)
end for ‘

end if

Z;_<+l - (x:_r+1’y:_r+l’w;(+l S'.('H)

Kk=k+1

broadcast x; to all neighbors
end while

return % = {x**'}
end for

B.2. Derivation of the distributed algorithm

In this section, we present the full derivation of Algorithm 1. We
start by replacing the gradient Vg(z) = Mz — b in the update equations
for FISTA (17), obtaining the two updates as

K_I(ZK_ZK—|)
K

1 .

+1 2K NS
—P( - =M —b).
7| 2 Mz )

2K =zF +

(B.1)

We shall further develop the second equation, in order to retrieve the
update for each node i. Considering the update for each component of
z and the definitions of matrices M and b, we get

1 .
+ - [I - AT A+ ETSE+ NTZIZ,N)]x’(

1 o 74 1 21,4 L oo\ Ta
+ T IR 4 T IET @ )+ T INTSS
1 N 1
yk+1=py((1_—zN) +22]2\,AXK+ZM) (B.2)
+1 _ 1 2N oA 1 2 o 1 2 1
w* _PW((I—ZZA)wK+zzAExK—ZzAa+zq)

+1 1 2 ara 1
5K ZZVNXK+ZU> R

1o,
Ps((I - TIhE +

where Py, Py, Ps are the projections onto the subsets of Z of the
respective variables y, w, s. We refer the reader to Section 4.1 for the
definition of the projection operator and sets Y, W, Z, Z; and to Sec-
tion 3.1 for the definition of the different matrices. Below, we consider
the update for x**! separately, as it follows a different structure, while
the remaining ones are similar.
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B.2.1. Update for the first component
Let us first reformulate the expression for x**! in (B.2) as
X = x4 AT 2

— A%®)+ NTX2(3* - N3*)+ E" 220" + o - Efc*)],

(B.3)

where we have joined terms relative to the same edge matrices. We
shall go over each of the three terms to obtain an update for x}““(r).

Consider the term AT X2 (§*
we define an auxiliary variable

— A%¥). Only for derivation purposes,

1
0 = U—zy;rj(f) -

ij

(< (@) = x5 ()

and we define 0(r) = {0;;(r)},.; and 0 = {0(7)},_1, <,<, It follows that

0= 22 (5" — A%")

and, consequently, we consider the term A7 6. Multiplication on the left
by AT equates to summing all terms in @ related to each node i at time
7. Therefore, we define C;_; ; as the element of C on row referring to
edge i ~ j and column referring to node i and obtain the update relative
to x;(z) as

Y-

i~j€€

- x{(7) Z —+ Z

i~jEE; U,j :~/e£

(c(,N, DDV (D) + x5(2) = x5(2)) =

(B.4)
<c<,~, (DY (D) + x5(2).

Now, consider the term ETZi(w" + a — EX*). Following the same
reasoning we obtain the update relative to x;(z) as

Y=

(wh, (@) + o (1) = xF (2)) =

keA; ik (B.5)
- xf (1) Z z ( fk(r)+ak(r))A
keA; g,k keA;
Finally, consider the term N7 le,(f" —N%¥). Recall that N = Cyq®1,

and each node has an edge with its position at  — 1 and 7 + 1, except
for the first and last instants of the time window. Since the edges
do not connect different nodes, we can define N; as the sub-matrix
of N, whose rows correspond to node i. Further defining s; and x;
as the concatenation of s;(r) and x;(r) over the time window, we get
NI Z2(s¥ — N;x¥), as a vector for the entire time window relative to
node i. We then define

[NIZ5(s5 — Nx)|, (B.6)

as the element relative to instant z.

Since we have obtained a separate update for x,(r) for each of the
terms in (B.3), (and x* is trivially distributed), we get the complete
update for x**!(r) from (B.4), (B.5) and (B.5) as

o=t o 3 L3 by 3 L

i~jeg Oij  KkeA, S i~jEE;

( Compn@w®

+xj(r)) [NT52(sf — NxH)| + Z
keA;

‘.;((T) + ak(r)) :| .

For convenience, we shall write this update as
1
=1 [Fl(r) + Fy(0) + Fy(1) + F4(r)],

where

Y =-

i~je& Oij

Fi(0) = 2@ (L~ > iz)

keA; Sik
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F@= Y % (850 +Cu@im),
~/€8 j

B@= Y —2<w,.k(r)+ak(r>>
keA;

and

Fy(r)= [N 256 = N&Y) .

B.2.2. Update for the remaining components

For the update of y, w, z, note that we can reformulate the equations
in (B.2) as

1 . )
Y= Py<Z [u+ 3 A"+ L- Z}V)y”]>
W = PW<% la- o+ Z3ES +UL- 2%)@’(])

PS<% o+ 2 Nar+aL- 2§)§K]>.

It follows that the update for yfj“(r) is given as
2

Lo—i Ct~‘1() - -
I(z) Pyu(,)(l[ @)+ —5— i)+ <;‘2>T (fc;(r)—fc;(r))]),

ij ij

SK+] -

(B.7)

the update for w/}!(r) as

W () =Py (,)<%[q,k(f)+

Lgi}z_ 1 @ (7) + glz (fc;“(f) - ak(r))])

ik ik
(B.8)
and the update for s¥*!(z) as

Lgi?_ s + o5 (o s~ 1))])

i

S;«+l (7) =P5’(T><% [ﬁi(r) +
(B.9)

Note that updates in (B.7), (B.8) and (B.9) only require information
from node i or its neighbors.

Appendix C. Algorithm with parameter estimation

Algorithm 2 is the extension of Algorithm 1 with parameter estima-
tion. Bold symbols denote the concatenation of respective variables in
the following way

d@) ={d;®) i~ je&}
u@®) = {u;(1 1 i~jeE}
r(t) ={ryp(®) :i€eV,ke A}
q() = {g; () 1 i €V, k € A}

B = {1 eV}

o(t)={o;(t) 1 i~ j € E}
x(t) = {;{,-J-(t) ri~jEE)
ct)={oy@®) i€V, ke A}
A ={2;) i €V, ke A}

o,(t)={o;(t) 1 i €V}

w,(t) = {x(t) 1 i €V}
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Algorithm 2 Parameter Estimation

Input: L;
20 = (0,0, w0, 50, d@), u@), (1), q1), B(), 6°,%°,¢°, 1%, 6,0, x,°;
Output: x(1) = {x;(1)}
1: crfj =¢, =1;=64x=0
2: for all t do
3:  Steps 2 to 26 of Algorithm 1

Z(t) = Algorithm_1 (i(t —1),d@), r(®), u@®), q(), B(t), 6(1), (1), K (1),

40,0, K, (1), LD) )

4:  for all node i do
5: foralli~jeé& do
7 £ i~ ~ x;(N-%;()
d;;(1) = [1%;() — xj(t)“: i;;(1) = m,
. o 7 2 _ wi(D—;(0)
7 of; = oy + (dy (D) = dy (D), vy = vy + IS
. 1 - Il
8 O-izj(t +1h= ;0',(/» 7 ==~
. N _ 7 OG=7 1)
9: %+ 1) = R
10: end for
11: for all k € A; do
P £ A Al 1)— t .
12: Put) = 1%,(0) = a0, Gur) = 05250
# ik (D=qi (1) .
13: S = S () = Py (0P, 8y = 6y + m
I 1 = 5
14: gizk(t +1)= 7gl_’k, 5. (t) = W8l t"”
. A 5 (0(p=67,()
15: A+ 1) = Tt
16: end for
17: if z > 7 then
18: 0,()V;(DAT =
19: — 5()?[(1‘—3;;)?10—5)) + 4(X;(1=2)=%;(1=6)) + ()?,v(t—l);z)%,(t—ﬂ)
20: {(Ovi () = (1)
2L o] = o] + (Vi) = V(0))P, v, = v + (v,(1) = 0,(1));

!
1
22: 2+ 1) = }6‘_/’ 7.(0) = @
5 _ HOe-7A 1)
23: e+ 1) = o
24: end if
25:  end for
26: return X(7)

27: end for

Appendix D. Additional simulation details

D.1. Details on simulation settings

Trajectories. The lawnmower trajectory starts with all nodes separated
by 15 m on both axes and then traveling at a speed of 1 m/s. In the
helix trajectory, the two nodes are separated by 10 m and separated
from the closest anchors by 8 m and from the furthest by 15 m.

Large scale setting. For large scale experiments a partial lap trajectory
is considered (Fig. D.9). The nodes are initially placed in the positions
indicated with stars and then three random nodes are selected as
anchors. A disk radius of 45m is used to define neighbors for each of
the nodes and the network topology is assumed constant throughout
the trajectory. All nodes travel at a speed of 1 m/s.

D.2. Mean positioning errors

Table D.1 contains the MPE for the three trajectories and all the
considered methods.
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Fig. D.9. Example of a trajectory with 80 nodes used for large scale experiments.
Nodes are depicted in blue stars and the corresponding trajectories with blue solid
lines. Anchors are depicted with black stars and their trajectories with dashed black
lines. Nodes describe a partial lap trajectory.

Table D.1
MPE for each trajectory and all methods.
EKF Static Ours Opt. Ours Est. Ours No Est.
Lawnmower 0.1814 0.3675 0.1813 0.1894 0.2113
Lap 0.1792 0.3674 0.1817 0.1903 0.2131
Helix 0.1635 0.3070 0.1665 0.1789 0.1973
1471

Proposed method
—EKF

Speed [m/s]

Fig. D.10. MPE for different speed values during a lap trajectory.

D.3. Different speeds

We compare our method and EKF during a lap trajectory for dif-
ferent values of speed (Fig. D.10). However, we note that in this case
EKF was not tuned for the different speed measurements, except for
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the default value of 1 m/s. While the positioning error increases for
both methods as the speed increases, our proposed solution suffers
an increase of less than 0.1 m, while EKF increases by one order of
magnitude.
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