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ABSTRACT

We develop Intuitionistic Metric Temporal Logic (IMTL) that ex-
tends prior work on intuitionistic temporal logics in two ways: (1)
it generalizes discrete time to dense time with intervals so it can,
for example, express the duration of signals, and (2) every proof
corresponds to a temporal computation.

Our main technical result is a syntactic proof of cut elimination
for IMTL, which entails logical consistency and ensures that every
proof executes while respecting the flow of time. Cut reductions
in IMTL correspond to temporal interactions, although we do not
fully develop a programming language in this paper.

Beyond the metatheory of IMTL, we illustrate the computational
meaning of IMTL proofs by developing examples and a small case
study where we apply IMTL to well-timed digital circuit design.

CCS CONCEPTS

+ Theory of computation — Proof theory; Modal and tem-
poral logics; Constructive mathematics; - Hardware — Static
timing analysis.
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1 INTRODUCTION

Temporal logic extends the standard logical connectives with time
operations, allowing logic to describe temporal properties. Dating
back to the seminal work of Pnueli [29] on Linear Temporal Logic
(LTL), temporal modalities enable propositions to state that a prop-
erty A holds at all points in the future, written as [J A, at some point
in the future, & A, or in the next instant, O A.

Computer scientists have successfully applied LTL to a wide
variety of computer science topics, from hardware specification
[5, 26] to proving properties about sequential programs [24].

The semantics of LTL usually comes from an interpretation of
its propositions relative to a model of a temporal system. In this
setting, the notion of time is generally abstract in the sense that
properties concern states that result from discrete (computational)
steps taken by the system under study.
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However, in real-world systems, the properties of interest often
require reasoning about real time. To this end, (classical) Metric
Temporal Logic (MTL) [23, 27, 28] is an extension of LTL where
we constrain the usual LTL modalities by temporal intervals. In
MTL, the proposition (3! A denotes that A holds during the entire
interval I instead of over all points in the future and <>I A denotes
that A holds somewhere within I. In this dense-time setting, the O
modality does not play a central role, sometimes defined as <> or (1
(either one works) indexed by a point (a singleton interval) such as
[8, 8] for a small real § considered the duration of a discrete step.

So far we described classical temporal logic, where the semantics
is an interpretation of propositions over models. In this framework,
we have two components: a model that captures the system of
interest and logical propositions that codify the properties satisfied
by the system.

In this paper, we propose an intuitionistic formulation of metric
temporal logic (IMTL), studied from the perspective of structural
proof theory [16, 30, 31] rather than model theory. Our semantics lies
in the (syntactic) discipline of how propositions are proved rather
than interpreted over an external model.

A characteristic of the intuitionistic approach is that the logic
and the computational model coincide, in the spirit of propositions-
as-types [10, 20]. From a practical standpoint, while the classical
approach is suitable for model checking (a procedure that checks
whether a model acts in accordance to a LTL proposition [3]), the
intuitionistic approach is suitable for temporal computation (actions
through time that realize a proposition while respecting the flow
of time) and, thus, temporal programming. Thus, our main goal for
the design of IMTL is for every proof to correspond to a temporal
computation in this sense.

We introduce a sequent calculus for IMTL and show, as our main
result, a syntactic proof of cut elimination which entails temporal
causality — informally, “future events cannot affect the present”;
and temporal monotonicity, the logical counterpart requirement for
temporal computation, among other metatheorems. Furthermore, it
is possible to extract a temporal computational model from the proof
of cut elimination, although we do not fully develop a programming
language in this paper.

To the best of the authors knowledge, this is the first attempt
to develop an intuitionistic version of MTL, so we compare it with
classical MTLs and other (non-metric) intuitionistic temporal and
modal logics.

Our work shares similarities with intuitionistic versions of LTL
and programming languages with temporal dynamics. Arguably the
work most closely related to ours is that of Kojima and Igarashi [22],
who present an LTL sequent calculus that respects temporal causal-
ity and establishes cut elimination syntactically. Their calculus,
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however, does not tackle the meaning of (0 and <, and further-
more proofs do not correlate directly to temporal computations. For
further comparisons with related work such as Simpson’s intuition-
istic modal logic [32], Davies’ intuitionistic temporal logic [13, 14],
and other proposals for intuitionistic temporal logics [1, 6] see
Section 5.

Concretely, our principal contributions are:

o A judgmental account of IMTL based on Martin-Lof’s [25]
approach of distinguishing judgments from propositions
(Section 2);

e A sequent calculus for IMTL whose proofs correspond to
temporal computations (Section 2);

e Formal definitions (and proofs) for temporal causality — re-
quirement for intuitionistic temporal logics — and temporal
monotonicity — requirement for proofs to be temporally com-
putable (Section 3);

e A syntactical result of cut elimination that entails several
metatheorems including temporal causality and monotonicity
(Section 3.3);

o A case study showcasing how IMTL can model well-timed
digital circuits (Section 4);

e A comparison with other temporal and modal logics (Sec-
tion 5);

2 INTUITIONISTIC METRIC TEMPORAL
LOGIC

In this section, we develop IMTL. We start by introducing the basic
judgments and then present the logical connectives individually
with small examples. We then show what kinds of formulas are,
and are not, valid in IMTL. Finally, we define an intuitionistic linear
temporal logic within IMTL for comparison purposes with other
temporal and modal logics.

2.1 Interval Judgment

IMTL builds on the methodology of Martin-Lof [25], in which judg-
ments differ from propositions. We define our logic on top of a basic
interval judgment:

A holds during interval [a, b], denoted A lab]

for a given proposition A and interval [ a, b], starting at a and ending
at b (both possibly negative real numbers), measured relative to
the same reference point. We also write A 1 , for a given interval I,
when referring to the interval limits is unnecessary.

2.2 Arithmetic Constraints

A key feature of IMTL is that our basic temporal judgment A [¢-]

refers explicitly to real numbers a and b. It is therefore critical to
clarify how we reason about them. We use standard arithmetic
constraints and real number expressions

de Saet al.

constraints C z=xreal | e <ex | e1<ex | e1 =e2

| TICiAC | L | CVv(Cy
expressions e t=ej+ey | eg—ez | x | (real constants)
and a semantic constraint entailment

QEC,withQ = Cq,Cy,---,Cp

meaning Q entails C in a standard theory of real numbers with
variables (denoted by x in our case). Note that constraints can be
inconsistent, in which case Q £ L, and can also branch into cases,
QECyVC,.

2.3 Temporal Hypothetical Judgment

We develop a temporal sequent where both antecedents and succe-
dent are interval judgments and depend on constraints Q. By the
sequent

Q;r¢Aleb]
where = Al [dlsbl])Az [alsbl]) N =An [an:bn],
we mean that if propositions Ay, Ay, - - -, Ap are true during their
respective intervals [a1, b1], [a1, b2], - -, [an, by ] then the proof,

which is at time s, realizes A over interval [a, b]. It is useful to think
of the proof as a process at time s that constructs evidence for the
succedent A [%0] from evidence for the antecedents. In many rules
will abbreviate the succedent A [¢0] asy.

Crucially, the collection of rules applicable to a sequent depends
on the present time s, which is how the calculus enforces the appli-
cation of rules only on propositions that are currently available.

A sequent is well-formed when satisfying the condition

QE(s<a)A(a<b)A(a; <by)A(azg <by)A---A(an < bp)

where the a; < b; clauses capture the notion that a temporal interval
has to start before it ends and the clause s < a enforces the succe-
dents’ interval to always start after the present time, otherwise, the
proof cannot possibly provide evidence for its succedent without
breaking temporal causality.

Having a well-formedness condition for sequents means we
consider an inference rule well-formed if all premises of the rule
are well-formed, assuming that the conclusion is well-formed. This
“bottom-up” reading of rules is characteristic for many sequent
calculi. We shall maintain this condition implicitly throughout the
paper, only invoking it when necessary.

When the constraints Q are inconsistent we are in an unreach-
able branch of the proof and succeed, echoing the intuitionistic
proof of L O A. As we see in the proof of cut elimination, we are
sometimes in a situation where we have two abstract times u and v,
and Q does not uniquely determine which of these comes first (i.e.,
is smaller). In this case we must split the proof into two branches,
considering the cases u < v and v < u. This is generalized in the
split rule below.

Qrl |
Qirey PO

QECLV(Cy Q,Cl;rg}/ Q,Cz;rllgy .
O.Tfy split
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Example 2.1. The interval judgments in a sequent are interpreted
relative to the temporal baseline s that annotates the turnstile. For
example, in the following sequent:

+

N
ane o [

0 1 2 3 4
Al031 Bl241 0 A A Bl23]

the proof'is at time 0, meaning that A is at the beginning of its truth
interval, while B and A A B still lie in the future. Computationally,
this means that the proof, viewed as a process, can interact at type
A, but not yet at types B or A A B.

However, proofs as in Example 2.1 would get stuck if there is
no way to interact with future intervals. IMTL does not provide
any direct way to interact with future intervals, but it provides the
structural rule delay that forwards a proof through time.

| o s
=

This rule is applicable given two conditions. Firstly, Q ks < u
makes it impossible for a proof to go back in time, as it would break
temporal causality. Secondly, Q £ u < a ensures that proofs do
not delay too much and end up ignoring their objective, namely
proving A over the interval [a, b].

Example 2.2 (Use of delay rule). The sequent
A0S gl2410 4 A gl23]

from Example 2.1, cannot advance to instant 2.5 because that would
prevent it from producing evidence for A A B in the interval from 2
to 2.5. However, it can advance to time 2, and then interact with B,
and A A B.

2.4 Rules of Inference

We present the complete set of IMTL rules in Figure 1. We proceed
by explaining the system of rules in detail. We separate the rules of
weakening and contraction to unclutter the left and right rules that
define the meaning of propositions.

Q;T,Aleb]l alably

weak cntr
Q;rAleblgy

Q;TEy
Q;TAleblgy

Our cut and identity rules are straightforward. We usually present
identity as the id rule, with the same interval [a, b] on both sides,
but the more precise definition of identity is id*, which checks
whether both intervals match given constraints.
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Qr(a=d)A(b=V) g
Q ;A[a,b] g A[a,b] Q ;A[u,b] 8 A[u’,b’]
QT £ Alell gy aleblyy
QN Ey

id

cut

Since every arithmetic expression in a sequent is interpreted
with respect to the constraints Q, we allow ourselves shorthands
like the one on the left. In other words, if Q E e; = e; we will take
the liberty to silently replace e; by e or vice versa.

We justify propositions following the proof-theoretic tradition
[16, 30, 31] where the meaning of each proposition (over an interval)
comes directly from its right and left rules. The syntax for IMTL
propositions follows the grammar

AB:= P|T|L|AAB| AVB | ADB
| 0@t o | Oleb Ao | olab) 4

with propositional variables P and (real) numbers a and b.

Proof-theoretically, we establish that all right and left rules can-
cel themselves out — a property called harmony. From harmony, we
extract computational meaning and justify the connectives seman-
tically. For now, we postulate harmony through informal discourse,
but our proofs of cut elimination and identity elimination (Section 3)
are formal evidence that the rules are harmonious.

We proceed by separating operations into logical and temporal
and explain them separately.

2.5 Logical Operations as Synchronous Events

Let us start with implication: for A O B to hold over an interval
[a, b], B must hold over the interval [a, b| given that A holds over
the same interval [a, b]. Using an implication amounts to presenting
evidence of A over the interval [a, b] and receiving a B over the
same interval as a result.
Q:T,Alebl g glab]
Q;T ¥ A>Blal]
Q1 ¢ Aleltl g, glabley

Q T, A> Blebl gy

D R(?)

S L(?)

However, these rules are too permissive when considering tem-
poral computability. We want both the left and right rules to be at
the same time when applied, enforcing synchrononicity between
both rules. We shall restrict them to be applicable only if the sequent
is at time a.

Q;r,Alebl @ glab]
QT A>Bleb]
Q;n ¢ alebl qir, plabl @y,

QiAo Blabley

DR

DL

Here we present a concise version of the rules, similar to the
identity rule case. By the sequent Q ;1T ¥ A D B [2.0] we denote
Q:NLEAD Bl withQEes=aq, reasoning up to equality as
derivable via Q.

All other logical connectives (V, D, T, L) share the same pattern
of requiring the sequent to be at the start of the interval (Q E
present time = a). This is one of the factors that allows us to relate
proofs to temporal computations (more in Section 3).
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We emphasize disjunction V because it requires either choice
to be stable during the entire duration of the interval, a different
semantics from the one found in classical MTL, where choices can
change during the interval.

Q;r¢alabl Q;r¢letl
- VR VRj
Q;r¢ AvBlet Q;T ¥ AvBletl
Q;T,Alebl¢y o .rBlebl g,

Q:T,AvBlablg,

VL

Computationally, harmony of all connectives (except O) entails
that some specific information is sent and received during cut re-
duction (which represents a single step of communication). The
carrier of this information (say, a wire, a channel, or a memory
location—let’s call it an address generically) remains entirely ab-
stract, but the information contents itself is specific. For example, a
proof of A D B [a.b] expects to receive the address of an A. A proof
of AV B will sent a (stable) bit of information over the interval
[a, D], representing whether it consists of a proof of Aor B. T la.b]
has only one proof, so it represents a point of synchronization
without any further information being communicated.

Logical connectives represent synchronous events because they
require both sides of the communication (the one providing the
event and the one using it) to agree on a temporal interval [a, b|
and act/react during its entirety (see Figure 1).

Example 2.3 (Uncurrying). Implication works similar to A, by
requiring the present time to be the start of the interval (refer to
Figure 1). Like in this example, we often omit constraints Q@ when
they are trivial or easily determined by context.

. Blablgplabl d clabl @ clab] id
Alabl @ glabl d B> clabl glabl g clab] oL
AD(BDC)[a’b],A[a’b],B[“b] clab] N oL
A> (B> Q) l@bl applabl @ clabl .
A> (B>C)lebl @ (4 aB)>clab] e
(4o B20)o@ans ol
0 (A5 (B>C)) > (AAB) > Clat]

2.6 Temporal Connectives

Our first temporal modality, 0{@b) A is the internalization of the
interval judgment as a proposition, in the sense that ofeb) A and
Alal] both mean “A is true during interval [a, b]”.

Asan internalization of the judgment, it is clear that by O (91,92) A 10,0]
we mean A 191921 and, stretching the concept to future points in
time, by 0(91:92) Als:5] we mean A [sto1.s+22],

Generally, by 0(91:22) Ala.b] e mean A [4+91:0+0:] which sub-
sumes the intuitions above by, formally, adding the endpoints to the
interval [a, b]. The rules need to check that the resulting interval
is well-formed.

de Sa et al.

QFra+d; <b+0oo

Q- FA[‘H—dl’b-H;ZJ gy

QEa+d;1 <b+0oy

Q. TEA [a+0:1,b+02]

L R
© g 091.02) 4lab] ©

Q ;F,O<al’02>A[“ b] s y

We use a different notation for (91, d2) because it is a differential
(of an interval) rather than an interval, in the sense that 9; < 9,
might not hold. While a differential is not an interval, we add a
differential to an interval to obtain the next interval.

The definition of differential enforces (and we will keep it im-
plicit in our presentation), that both of its components are positive,
(i.e., 91 = 0 A 92 > 0), otherwise O would allow reasoning about
past events and break causality of time. Note that every interval is
a differential although not every differential is an interval. The use
of differentials enables modeling interesting temporal phenomena
as we will see in Section 4.

Computationally, O does not require any communication, we
just change the interval at which a particular proposition may
interact (which always lies in the future).

Also, because (91, d2) is not an interval, it is not trivial from
the conclusion that [a + d1, b + d2] is an interval, which is why we
need to require that Q F a+9; < b + 9z.

While O¢?1-22) represents communication over a certain interval,
D<‘91’32> and <><‘31’82> represent communications that are uncer-
tain about their interval of interaction apart from the fact it must
lie within (91, 92). Here we use the notion of “within” as a gener-
alization of the notion of subinterval C, extended to account for
differentials.

i‘ 11 ‘i

EE

150 62 02 €2 51 81
(e1,62) € (01,02) % (A1 <e1<e2<d)
V. (dr<e<€ <01)

where the first disjunct accounts for the usual subinterval relation
while the second accounts for when a differential is not an interval,
flipping the relations according to the figure.

0¢91-92) A means that A must be true for all differentials within
(01, d2). As a succedent, we therefore must prove it for all subdiffer-
entials. As an antecedent, we conversely assume that it is true for
all subdifferentials. We capture this interplay by introducing fresh
time parameters 1 and a3 in (J R, and allowing arbitrary times ¢
and £, in O L. In both rules a requisite interval constraint must be
satisfied to reflect the intuitive meaning of 02920,

Q,<0€1,0€2> C <61,32> Fa+o < b+a2
Q (a1, ay) € (o1, 0p) ;T # Alrerbeesl o
Q:.r¢ D<31:32>A [a.b]
QEa+t <b+1,

QE (0, 6) C (0, 0,) Q;T,Alertbtel @
Q ;F,D<"1"’2>A[“’b] e Y

oL

Symmetrically, <><‘91")2> A means that A must be true over some
subdifferential within (91, 92). Therefore the < R can choose an



Intuitionistic Metric Temporal Logic

arbitrary subdifferential (¢, £2), while & L must work for arbitrary
subdifferentials and introduces fresh parameters a7 and az.

QEa+t <b+1
QE (0, 5) C(a1,d) Q;T ¢ Alartb+t]

R
Q.T¢ <><(71,32>A [a.b] ©
Q (a1, a2) C{d1,0) Ea+a; <Sb+ay
Q, (1. @) € (91, 3p) ;T Aloranbral @y O Lo

Q ;r’<><51,32>A[a>b] ey

In both sets of rules, (91, d2), (1, £2) and (@1, a2) are differentials,
but a; are variables while 9; and ¢; are expressions. Note that [a, b],
l[a+a1,b+az] and [a + €1, b + £2] must be intervals, according to
sequent well-formedness (Section 2.3), which is why we have to
add preconditions Q Fa+a; < b+azand QFa+6; < b+ 4.

We can instantiate (a1, a2) via a substitution principle

Q; [f’l,l’z/al,az](r Ala bJ)

which is admissible by induction on IMTL derivations.
Here, [, /a1, a2](TE A [“’bJ) substitutes ¢ for «; throughout
the sequent.

The harmony of both [0 and < is as follows: one side commu-
nicates the interval of interaction (/1, f>) and the other replaces
(a1, o) by it. Both sides agree, before the communication, that the
base interval of interaction is [a, b] and that the chosen differential
must be within (91, 7).

The modalities (] and <> model events whose timing is con-
strained, but not fully determined. Combined with logical connec-
tives and O, which are synchronous, our logic is expressive enough
to model a wide range of temporal phenomena while maintaining
computational relevance as we will show during our case study in
Section 4.

Example 2.4 (Derivation with 1, and O). The situation, de-
picted and described by the derivation below, involves all three
temporal modalities to prove the formula 019> 02 B) >
OB A5 OB 023 Bat [0,0]. We use Q = (ay, az) C (3,7).

id id
Q ;A[alsazj @1 A lenaz] : Q ;O<2’3>B lar ] o O<2’3> plane] :

Q:AD O<2’3> B [Ufl,flz]’A la, 2] o1 O<2’3> glaa]
QA > 0¥ glanal glane] 0 (23) gla.al
Q. A> 0¥ glanel glaa] 0 ~G.7) §(23) glo.0] OL
Q ;D((JJU)(A 503 B) [0’0],A lavae] 0 (3.7) 5(2.3) g[0.0]
. ;D<0,10) (A 5 o<23> B) [0,0]’ <>(3,7>A [0,0] ’9 <><37> o(Zi) B [0,0]
0010 (4 5 0(23) By 1001 0 G.7) 4 5 (37 52:3) gl00]
'Q D<0,10>(A ) O<2,3> B) S <><3,7>A ) <><3,7> O<2,3> B [0,0]

delay

DR

oL
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2.7 Examples of IMTL derivations

We say a formula A is valid if it holds at any time and for any
interval:

def: Aisvalid if -
where A does not mention s, a and b. In other words, A is valid if it
holds for any (reasonable) instant of time and interval (remember
s < a < b holds implicitly by well-formedness.) However, an
equivalent way to prove validity is to check whether A holds during
[0, 0] starting from point 0 (Lemma 2.5)

.s real, a real, b real £ A [#:]

LEMMA 2.5 (ALTERNATIVE VALIDITY).

Aisvalid ifand only if - ;- P al0.0]

ProoF (skETCH). From left to right by substitution. From right
to left, we can construct a derivation that delays from s to a and
then acts as the derivation on the right since IMTL restricts rule
application by checking only whether the present time matches the
start of the interval. O

We now proceed by analyzing IMTL valid and not valid proposi-
tions. We also present additional examples of IMTL derivations.

LEmMA 2.6 (IMTL THEOREMS). For generic d and &', unless speci-
fied, the following formulas are valid.
(1) O°(AAB) > (O?AAO?B)
(2) O°(AAB) > (O°AADO°B)
(3) O2(AAB) 5 (OPAAG?B)
(4) O°(A>B)>0%A>0%B
(5) 0°(A>B)o0O%A>0%B
(6) G?(A>B)>0%°4> OB
(7) O°(A>B) > 024> O%B
() O°A>0%A for kd Ca
(9) 07 A> O%A for 9’ Ca
(10) 0°0% A> 0% A
(11) Oa+a AD oz? oa
Formulas (1), (2) and (3) show that all temporal modalities distribute
over A. Propositions (4), (5), (6) and (7) show how the modalities
distribute over D, given the duality between (0 and . Formulas (8)
and (9) clarify the order of strength between the modalities: O entails
O, O entails , and the reverse directions do not hold.

Example 2.7. We show the derivation of proposition (6). We use
the shorthand a = (@1, a2) for variables a1 and .

axC9;B¥ ¥ B* id

id
aQ&;AalglAal
oL

@ Cd;ADB% A% ¥ B%
®Cd;ADB* A% B
aCa-(ADB)"’A"OOa (0,01
axcd;(A>B)%0°Al0 0 9B
O(ADB)OODAOO <>a
:0%A o B0 O A:><>aB 0.0]
P &%A>B) >0%4> 2B

The guideline for deriving the sequent is to apply < L first, intro-
ducing the variables in e, then choosing the same o when applying
O L and & R. Formulas 5 and 6 are similar.

delay
OR
oL
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IMTL proofs respect the flow of time, meaning they cannot prove
propositions that break temporal causality.

LEMMA 2.8 (SOME IMTL COUNTEREXAMPLES). The following for-
mulas are not valid for general A, B, 9, and &’. Here we use ¥¢ €
{0, &, O} to mean any temporal modality.

(1) %?(AVB) D> (%?AV %?B)

(2 %%1>o1

(3) w?AD A

() <>li’1,<92J Qlai,i’éJA 5 <>[51+31,52+5§JA

(5) Ol9-2:1 Qlanal 4 5 glaitaiatal 4

Example 2.9. We show that it is not possible to derive proposition
(1) with ¥ = O as valid. Here we try every possible rule applicable
to the sequent except cut which is always applicable. If all of the
attempts lead to an ill-formed derivation, we can say the sequent is
not provable. This works because IMTL has a cut elimination result
(Section 3) and, thus, if a proof has no cut-free derivation, then it
does not have a derivation at all.

We start with the only option, the D R rule, and then note we
can either apply L or VR. If we apply VR first, we commit to
showing either A or B from A V B which is not possible. The other
option is to apply O L first:

(el <)
AVBIEEI 0 02 Ay g2BlO (k6] ca)

0%AvB) 0 02av?BloY

¥ O%AvB) > (O’AvO2B) 00
Note that now we have only one option, which is to use VR. This
is because interacting with the antecedent would require delaying
until the start of interval [#;, £2] (which is generally not 0), which is
not allowed since we cannot ignore the succedent at [0, 0]. Thus, we

get stuck and the initial sequent is not derivable. A similar pattern
arises if we replace [0 by & or O.

oL

DR

Kojima and Igarashi [22] point out the importance of developing
(constructive) temporal logics where V does not distribute over tem-
poral modalities, as it would break temporal causality. Intuitively it
would mean we know information about an event before it happens.
Their calculus, as is the case with IMTL, does not break causality
in this sense, albeit using different technical devices (more about
that in Section 5).

2.8 Linear-Time Temporal Logic in IMTL

For the purposes of comparing IMTL with other intuitionistic linear
temporal logics (ILTLs) and other modal logics it is convenient to
define an ILTL within IMTL.

Here we define ILTL as the logic with propositional variables
and the standard propositional connectives P, A, V,D, T and L in
addition to the modalities @ A, next (from now); B A, always (start-
ing from now); and @ A, eventually (starting from now). Although
our ILTL shares the same grammar as other intuitionistic linear
temporal logics, such as, for example, ITL¢ 4 in [7] or ITL® in
[1, 6], our insistence regarding causality and computation results in
a different set of valid formulas.

We define ILTL modalities in terms of those of IMTL:

MA2004 €A2004 and @A200DA

de Saet al.

where a “discrete” timestep has length 1 in real units. We also use
oo by extending our real number domain with the symbol co such
that co + x = co for any x. The use of co does not invalidate any of
our relevant metatheorems.

Furthermore, we restrict the selectable intervals to be either a
singleton [n, n] or an infinite duration interval such as [n, o] for an
integer n. As far as we know, this restriction means cut elimination
may not hold anymore, but it makes it correspond to ILTL with
always and eventually modalities.

In addition to the theorems in Lemma 2.6, the theorems in
Lemma 2.10 also hold.

LEMMA 2.10 (ILTL THEOREMS). For % € {l, ¢, @®}:

(1) @ L D L isnot valid

(2) ML > Lisvalid

) ® L D L isnot valid

4) %(AV B) D (% AV % B) is not valid

5) ®@(ADB)D> ®AD @B isvalid

) ®  AD @ @A isnot valid

) ®O@AD @ @ Aisvalid

) OMADE®Aisvalid

9) H®AD @M A is not valid

(10) MAD AN @ B A is not valid

(11) AV @ @ AD @ A is not valid

(12) mA D Aisvalid

(13) AD @ Aisvalid

(149 WMEA D WA isvalid

(15) MA > W M A is not valid

(16) @ ® A D @ A is not valid
) &

(17 AD & & Aisvalid

In ITL® all of the formulas shown above are valid, which show-
cases differences between our ILTL (and by a stretch IMTL) to
previous accounts of intuitionistic temporal logic whose semantics
is not based on temporal execution.

Propositions (1), (3) and (4) not being valid is closely tied to tem-
poral causality, as they would amount to knowing the contents of
an event before it happened (same happens in [22] for @ only). The
rest of the propositions that are invalid in our formulation of ILTL
(i.e., (6), (9), (10), (11), (15) and (16)) are thus because of temporal
monotonicity. As each modality amounts to a computation that
takes place along a temporal interval, the order of the modalities in
a sequence of modalities matters.

Example 2.11. We show a derivation of validity of proposition

®).

<(Z1,(12> C [0’ OO] ;A [(){1+1,0(2+1] A[(11+l,(xz+1]

(a1, @) C [0, 00] ;00 AL glan+l et
(a1, az) € [0, 0] ;00 A 111 0 4 [artliartis]
(a1, a2) C [0, 00] ;00 A L0 (L1 4 len.ee]
¢0:0) o{L,1) 4[0,0]

oL

delay

OR

Ot 411110
= A OR

- O(LD) (0.00) 41001 0 ((0.09) ~(L.1) 4[0.0]

0 O<1’l> I:|<O’°O>A S |:|<0’°O> O<1’1>A [0,0]
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4 nfaletl o aleblyy Qel | QECIVC, QC;TEy QCy;TEy
Calabl s 4 lab] i s cut 5 _ Imposs — split
QA FA QNI Fy Q;Try Q;Try
Qr(s<u<a)
QT# QT Alebl glabl s ;T # Alabl] Q;r¢
Y weak Y entr : delay TR Y TL
Q;r,Aleblgy Q;r,Aleblgy Q;T ¢ Alel] Q;- @ Tlabl Q;r,Tlebhgy
Q:T,Aleb] glabl g, AL Q:n ¢@aletl g, @ plet R Q;r,Alebl @ glabl S QI ¢ Aalebl g, plebl @y
Q:T,AnBloPl @y Q Ty, @ A A Bl QT ¢ A>Bleb] Q N, A>Blebl gy
Q;r¢aletl Q;r¢ plet] Q;ralebl¢y qo;rpletley
1L VR VRj VL
Q;pleblay Q:r ¢ Avplet] Q:réAvplet] Q;r,avplebtl@y

Q (a1, 00) C{d1,2)Ea+a; Sb+ay

Qra+tfi<b+6 QEa+d; <b+0d

O (e, m) € (o, o) TR Alatrel o Qrhb) S a) QsTAlTRITey o oinalaabadey
QT ¥ D<31,32>A [a,b] Q:T, D<31,32>A[ﬂ,bl gy Q ;r,owl,az)Al“,bJ gy
QFa+d; <b+0d, QFra+ty <b+6 Q, (a1, a2) C{(d1, k) Ea+a; Sb+a
Q;ré AF“fWWJ oRr 2F(0.6)C(a1.0) QiT @ Alartbrt] or lan )€ (@) T Alavebral] gy oL
QT8 O glabl QT @ O0a) glab] Q.T, o902 plabla y
Figure 1: IMTL rules
3 METATHEORY
In p'roof—theoreti'c terms, we Want to show that our inference rules Q (oqaz) g . (8182> ,A1 Tatas bras] |gA1[a+(x1h+az] IH
are in harmony (i.e., left and right rules are both sound and complete OR
. . Q,( )Y C (91, 05) ;A latar.braz] @ (~(91,02) 4, [a.b]
with respect to each other). In purely logical terms, we want to A0, @) = (01, 02) 541 1 oL
show that the subformula property, the disjunction property and that Q089 Aja, b)) 1@ (9192 4, Lab]
consistency hold. In temporal terms, we want to prove temporal Q. 0(2) A [a,b] £ (02 4 [ab] delay
erasure, causality and monotonicity. Fortunately, all of these proper- ’ ’
ties, except completeness, are a consequence of cut elimination and O

induction on the structure of cut-free IMTL proofs. Completeness
holds because of identity elimination.

We focus the discussion on the properties and proofs that differ
the most from the standard literature, which are the proof-theoretic
and the temporal ones.

3.1 Identity elimination

TueoreMm 3.1 (IDENTITY ELIMINATION). IfQ ;T ¥ A l.b] then
there is a proof of the same sequent that uses the id rule only for
propositional variables.

We prove identity elimination by proving the admissibility of
identity first, then using it to replace all id rules by the results of
the admissibility theorem.

THEOREM 3.2 (IDENTITY ADMISSIBILITY). The following rule is

admissible for any A in the system where identity is restricted to
atomic propositions P:

Proor. By induction on A. We show the case of A = OL91:92) Ay

3.2 Temporal properties

Temporal erasure is the idea that if we erase everything related to
time from our calculus the result is a standard intuitionistic logic
calculus.

THEOREM 3.3 (TEMPORAL ERASURE). IfQ ;T ¥ Al%P] for g con-
sistent Q in IMTL then T+ + Ax in intuitionistic logic, where Ax is the
result of erasing all temporal modalities from the IMTL proposition A
and T« is the result of doing that to all elements inT.

Proor. By induction on the IMTL derivation. Note most rules
are standard intuitionistic logic rules without temporal information.
The modality rules and delay collapse, while imposs is impossible
and at least one premise of split must have consistent constraints.

o

Causality is informally described as ensuring that “future events
cannot affect present decisions”. Technically, it has two sides to it:
feasibility and strengthening. Feasibility tells us a process cannot
conclude something in its past while strengthening tells us a past
event is the same as no event. We designed IMTL’s inference rules
to naturally enforce causality, so the proof goes by induction on
the (cut-free) derivation.

THEOREM 3.4 (TEMPORAL CAUSALITY).

DL
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Feasibility:

FQ:TE Al%l] then QEs < a
Strengthening:

IfQ T, Alabl g ywithQra<sthenQ;TFy

Feasibility is implied by well-formedness of the sequent. It there-
fore holds for every sequent in a proof if it holds for the final
conclusion, because each rule ensures that all premises are well-
formed if the conclusion is well-formed. Formally, this would be
proved by induction over the structure of a proof.

Similarly, strengthening holds because all our left rules require
the present time to match the start of the interval (because of
Q ks = a). Again, formally this could be expressed as an induction.

Temporal causality is a requirement for intuitionistic temporal
logics but it is not sufficient to achieve temporal computability
because a temporal logic can conclude only causal sequents without
temporally computable derivations (this is the case in Kojima and
Igarashi [22]’s sequent calculus).

The logical counterpart of temporal computability is temporal
monotonicity. Informally, monotonicity means a proof either stays
at the same point in time or moves forward (and never backwards).
Technically, monotonicity relies on a timestamps function (Defini-
tion 3.5) defined inductively on the structure of IMTL derivations
that are ground (Q is empty).

Definition 3.5 (Timestamps). We define a function T from closed
cut-free derivations D = - ;T ¥ y to sets of sequences of num-
bers, corresponding to all possible timestamps of derivation D. T is
inductively defined on cut-free D with propositional identity only.

If the last rule in D has one subderivation D, with the exception
of OL, OR, OR, &L and delay, as for example

D= Dy QT ¥ Alab] VR
QT AvBleb]

then we add a to all possible sequences,
T(D) ={(a,5) | S € T(D1)}

This is the case of weak, cntr, TL, AL, VRy, VR, DR, 0L and
OR.
If the last rule in O has two subderivations D and D,, with the
exception of split, as for example
Dy E Alab]
Dy -1y, B la.b] @ Y

D= oL
ST, Ao Blebl@y

then we add a to the union of all possible timestamps of both
branches

T(D) ={(a,5) | S € T(D1) UT(D2)}
This is the case of AR, VL and D L.

If the last rule in D is O L, O R or delay , as for example
‘E(s<u<a)
Dy ;T HE A[a’b]
D= - delay
ST E Aleb]

then we do not add any timestamp since these rules do not observ-
able actions
T(D) = T(D1)

de Saet al.

If the last rule in D is an axiom, like

D= id D= — 1L
Lplabl g plabl © o alablgy

with the exception of imposs, then the only possible sequence is
the one with a on it, (even for the id case),
T(D) ={(a)}
where (a) is a one-element sequence. This is the case of id, TR, LL.
If the rule introduces variables, such as
D1 =y, ap) C (91, d2) ;F’A[a+(x1,b+a2] ¢y

D= LT, o2 glabl @

OL

& L, then we consider all the possible instantiations (f1, £2) of
(a1, o) that satisfy (¢1, £) C (91, 92):

T(D) ={(a,S) | S € S}, where

S = U{T([41, &2/ a1, a2] D1) | {61, L2) S (91, 02)}

If the last rule in D is
CEL
= —————imposs
TRy P
then we have that - £ L, which is unsatisfiable, meaning timestamps
will not realize this branch,

T(D) ={}
If the last rule in D is
D] ::Cl;ng)/
“EC1VCy Dy:Cy;TE
D= ! 2 32 2 Ysplit
TRy

then by the meaning of - £ C; V Cy, we know that - £ C; or - £ Cy,
meaning we have either D or D; closed. Then we define

T(D) =T (D7) UT'(D,), where
T(F) ={}
T (F) = T(F)

if constraints in ¥ are inconsistent
otherwise

THEOREM 3.6 (TEMPORAL MONOTONICITY). For any closed deriva-
tion D = - ;T ¥ Al@l] gl of its possible timestamps T(D) are
monotonically non-decreasing.

Proor. By induction on the derivation D. O

Temporal monotonicity means that any execution of D will
respect the flow of time granularly, given that all of its actions are
monotonically ordered in time.

Note that temporal monotonicity is a stronger requirement than
temporal causality since the former forces proofs to obey the flow of
time granularly, at every intermediate step, while the latter requires
the sequent (i.e., only the final state) to be temporally coherent in
isolation.

3.3 Cut elimination

TuroreM 3.7 (Cut ELiMiNATION). IfQ ;T ¥ A (.51 then there is
a proof of the same sequent that does not use the cut rule.

We prove cut elimination syntactically through cut admissibility
as in Gentzen [18] and Dragalin [15]. Usually, we prove cut admis-
sibility by strengthening the induction hypothesis with structural
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rules, making sure it covers all cases, including the commuting
conversions, which are often the most intricate cases. Since our
calculus is local and has intervals it is a priori unclear whether cut
premises would always eventually interact despite the commuting
conversions.

Proving cut admissibility for a sequent calculus with explicit
structural rules was already solved by Gentzen for weakening and
contraction. We do the same in IMTL, but we have to strengthen our
cut with delay as well. The result is the strong cut principle, which
connects two derivations at different times u and v and cuts multiple

assumptions of A [4.0] at once (using the notation {A [a.b] ).

THEOREM 3.8 (STRONG CUT ADMISSIBILITY). If there are cut-free
derivations of Q ;T; + Alabl and 0 i1, {A[“’b]}* F y with
Q k (s < u,0) then there is a cut-free derivation of Q ;T3 £ y.

Proor. We express the theorem as the construction of derivation

F from D and & in the form:

D= ¢ Alab]
QE(s<uo) &=Q;L{Alebly ey
QN Ey
w  FuQiNLEy

By nested induction on A, then on D and &. We divide the proof
into (overlapping) cases depending on the last rules of D and &.

The induction hypothesis is enough to solve most cases. We show
the principal case for (] — where both O and & are interacting with
the judgment A [¢0] = Ol21.2:1 A, [¢b] _ and a commuting case
— when either D or & are not interacting with A [a.b],

O principal case. This is the case where D is O R and & is O L,
corresponding to cut reduction for (1.

D= Dy Q¢ A [a+ar,b+ars ] o
Q¢ Dli’l:azJAl [a,b]
E1:Q ;A [a+fl,b+lz],{D[al,az] A [a,b]}* @y

Q ;Fz,{D[a"HZJ Ala,bJ}* @y

E= >R

to construct F = Q, I I ¥ y where Q & [, 6] C [91, 2] and
Q' =Q,[ar, az] C [01,02].

We first remove the copies of glaia:l 4, lab] cutting O and
&1.

D:=Q; ¢ D[al‘az] Ay [a,b]

(@) ;r1r2$Al [a+t’1,b+{’2] FS Y

And cut A, [a+h.b+E] using substitution on D1 and cutting with
the result above.

[61, &2/ a1, a2) Dy = Q' Ty ¥ Ay Lo 042]
P Q Ty, Ay Lot sy

Fo= LA ER LR IH
QN Fy
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Commuting case. Solving commuting cases while following tem-
poral monotonicity impose new challenges, requiring the applica-
tion of imposs and split rules.

We show an instance of commuting case where both D and &
are not interacting with the principal judgment A [%?]). In this
subcase, the last rules in 9 and in & are AL and D R respectively.

Dy QT By W] gy [l glab]
Q;I1,B1 A By [uu] O

&1:Q ;0 {Aalelly ¢ [0
Qo {Aly ¥ ¢ o 1o

D=

E =

to construct F == Q 4Ty, By A By 4] 5 ¢ o ¢, [99'] with
QE (s <u,v).

Note that it is unclear, a priori, whether we should progress
through D or &. Since we want to respect monotonicity (Theo-
rem 3.6) we have to progress through the derivation that indexed
by smaller time first, otherwise the cut elimination procedure could
get stuck.

Since we cannot always know the relationship between u and v
statically, we solve this case by splitting caseson Q £ (u < 0) V(v <
u) and tackling the subcases separately. This is valid because at
execution time, when Q is concretely instantiated, at least one of
the branches will have a constraint (equivalent to) T. The cut-free
derivation is

Qr(u<o)V(v<u)
Fuco = Qu<v:Tily By A By )¢ 0y 5 ¢y 1]
F= Fosu z Qo <usTily By aBy ¢ ¢ 5 G107 split
Q :TiD, By A By %18 ¢ 5 ¢y [27]

where

Q,u <v;I1I»,B; ABy ('] Iy' C1DC [2.0']
Q,u <ov;I1I,B; A By [u.u'] £ CyDCy [0.0']

and
D Qu<o;ly, B ABy ¥ glabl
E1:QusuiT (Al o 00 g glod
O u <oy, By A By W] ool p 5 ¢, [007] e

Qu<v:N B AB ¢ 5 oY)

Fo<u = ; — delay
Qu <o;I1I2,B1 ABy [w.u'] £ C1D2Co [0,0]

We solve other subcases similarly. o

4 CASE STUDY: DIGITAL CIRCUITS AS IMTL
DERIVATIONS
Digital circuits are an excellent way to explore the expressiveness

of IMTL because they describe computations whose (functional)
correctness depends on timing. By interpreting IMTL derivations
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as circuits, we develop a way to design circuits that are well-timed
by construction.

We interpret circuit components as implication formulas inside
a context I' and the D L rule as sending a (bit) signal to the circuit.

We start by modeling an inverter, taking into consideration its
temporal behavior. Our model of digital gates captures timing to a
reasonably realistic degree, but we abstract away several low-level
phenomena related to the physics of gates.

4.1 Model of an inverter (NOT gate)

We model the temporal behavior of an inverter, with a propagation
delay dp — the (maximum) time between the start of the input
and the start of the output — and a contamination delay 9. — the
(minimum) time between the end of the input until the end of the
output as in Figure 2 (details on the temporal behavior of digital
gates can be found, for example, in [4]).

a a+0,

Figure 2: Inverter temporal behavior with propagation and
contamination delays

If an input bit, defined as

Bit =lov hi where lo=T and hizT,

is stable during interval [a, b], the inverter’s behavior would be to
output at [a + dp, b + d]. In this case study we will assume that
dc < dp, meaning the output’s duration is shorter than the input’s
by dp — . time units. We model this behavior using O and >

ofab) (Bit > 0?2 Bit)

where 9 = (ap, dc).

However, note that our inverter currently works only for a con-
crete interval I. Instead, we would like it to be parametric over any
interval, which hints at using (0. An insufficient attempt would be
to replace ofab) for glab >, since we would allow for durationless
interval inputs, which realistically do not work since electronic
gates require a minimum duration d = 9, — d. to process the input.
A solution is to use a O followed by a O‘%?’, resulting in a gate
that is parametric over an input interval but needs a minimum
duration d. We are assuming here that the inverter is available for
use at any time, so we use (%)

00 o{0.4) (Bit > O? Bit)

This is already a temporally detailed account of a gate. Addi-
tionally, we might want to add uncertainty in the output by using
. We then have a certain delay 3¢ = (35, 85) and an uncertain
delay 3" = (9}, 9%) and d must be the worst case scenario given
the uncertainty: d = (97 + %) — 95 (see Figure 3)

0¢02) o0.d) (Bit 5 &2 09 Bit)

de Sa et al.

iIlﬂD%out ]
out |

. L
P P c u
o5 o 95 03

Figure 3: Inverter with uncertain delays

Even if we treat digital gates as primitives, notice the formula
above is valid, and thus has a derivation describing its inner work-
ings, temporally. Here we use Q = (a1, az) C (0, o).

Q : Bit [, a0+d ] |Q Bit [o1+(6+07) ,ar+d+(£p+05) |

OR
QE(f, )yt  Q;Bitlaratd 0 o gy larthatdit]
OR
Q : Bit a1, a0+d] '9 <>6“ OB‘ Bit [a1,a2+d]
. P SR
Q ;-0 Bit 5 02 0% Bit lvwtd OR
Q;- @ ol%(Bit 5 02" 0% Bit) [«
> — OR
-0 gleel oldl (it 5 &2 0% Bit) [0
. . — TR
Q - hi [ar,az+d] @1+ (&1 + al) lo [a1+(8+0), a2 +d+(L+35) ]
- - — VR
O - hilavard] @1+ (6 +8) gip lart(G40f) aptd+(6+35)] 2
. del
Q :hi [ary,00+d] 21 Bit o1 +(61+05 ), cn+d+(L2+05) | elay
- VL

Q :Bit [, c2+d ] 21 Bit [e1+(&+0)),c+d+(£+05) |

where (---) is the opposite case where the input is lo and the
inverter chooses to output hi. Here, (£, £») C a* is the “uncertain”
part of the inverter delay that the consumer does not know (but
the gate knows.)

In the derivation, after the modalities disappear we get to an
input interval a1, a2 + d], which is any interval with minimum
duration d, and an output interval

[o1 + (85 + 01), az +d + (95 + £2)]

which is the same interval shifted by " and 9°. Since we are assum-
ing realistic values of 9 and 9% might have their first component
greater than their second component, we choose a d big enough to
ensure that

Qrar+ (85 +0) <az+d+ (35 + )

holds in all cases.

As soon as the circuit finds out whether the value of the Bit
is hi or lo by using the VL rule, the state of the circuit changes,
allowing it to construct the opposite Bit in the future regardless if
the original Bit is still available or not. The only requirement is
that the output interval starts after the output interval, which is the
case since a1 < ag + (£1 + 95). Note that IMTL derivations model
the natural monotonic effect of information through time which
adequately represents digital gates.
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id
Bit [30:701 ;30 ;4 [30.70] :

O 15:01 520,101 gy [30,70] 30 [5,0] 5[20,10] gy [30,70] id

L
Bit [30.70] 30 g;; [30.70] : Bit 5 & [5:0] o[20.10] iy [30.70] gy [30.70] 30 5 [5.0] [20.10] gy [30.70] -

. . [5,0] ~[20,10] Ry [30,70] mis [30,70] mis [30,70] 30 A[5.0] ~[20,10] p:4 [30,70] > L

Bit > Bit > & O Bit , Bit , Bit YO O Bit del
. [20,10] ~[5.0] rir [30,70] mir [30,70] mig [30,70] 0 ~15.0] ~[20.10] mar [30,70] CC2Y

Bit > Bit > O & Bit , Bit , Bit F o O Bit OL(x2

[0,20] /a: . [5.0] ~[20,10] ey [30.50] Rig [30.70] mis [30.70] 0 ~[30,70] ~[5,0] ~[20,10] n:s [0,0] (x2)
O (Bit > Bit > & O Bit) Bit Bit F O & O Bit
- - O L(x3)

Ol0-el ol0.20] it 5 Bit 5 1501 l20.10] Bit) [0.0] (5[30,100] g; [0.0] (5[0.70] g [0.0] 0 5[30.70] ([5.0] [20,10] i [0.0]

Figure 4: Two-input gate example derivation

4.2 Model of two-input gates

The expressiveness of digital gates relies partly on two-input gates
since any binary circuit is definable in terms of only NORs or
NANDs. The challenge lies in modeling two-input gates when each
input is stable during different intervals (Figure 5). In our model, a
two-input gate starts to process only when both inputs are present.

. in ' H
ng : H
out : H i N H
ing :]

intersection; :} '

Ons 30 5055 7080 100

Figure 5: Temporal behavior of a two-input gate

In IMTL it suffices to model what happens when the two input in-
tervals are the same. Additionally, the OJ takes care of mismatching
intervals, as long as they have an intersection. An IMTL two-input
gate, available at any time, is the formula

00 o{0.4) (Bit 5 Bit o &% O% Bit)

Just like the inverter, we can also assign a IMTL derivation to a
two-input gate, as, for instance, an and gate. Here we omit some
of the details of the derivation since it is similar to the inverter
except it has two inputs. We start by eliminating the modalities and
implications until we get to the sequent

(o1, a2) C <0, o0) ; Bit |a1,az+d|’ Bit [a1,0+d] 21 Bit [o1+61+05 ,ap+d+6,+05 |

again for a given hidden delay (¢, £,) € 9%, in which case we
proceed by covering all possible 4 input combinations using VLs
followed by VR.

The derivation in Example 4.1 represents the situation of apply-
ing a two-input gate to skewed inputs, as in Figure 5.

Example 4.1 (Using a two-input gate). We use d = 20ns, 9° =
(20ns, 10ns) and 8 = (5ns, Ons) with ns standing for nanoseconds.
See Figure 5 for a depiction of the example and Figure 4 for a deriva-
tion representing the situation. We omit Q and merge consecutive
rules (indicated).

The derivation uses [ L and < R to select the intersection be-
tween the input intervals [30ns, 100ns| and [Ons, 70ns|, which is
[30ns, 70ns]. After that the derivation delays to the right moment

and sends both signals to the gate by consecutive applications of
the D L rule.

4.3 Modeling Combinational Circuits

Combinational circuits are built by plugging (sub)circuits together.
Checking temporal correctness of these circuits can often be difficult
even for simple circuits [4], but IMTL can assist with this issue. Now
that we have an inverter IMTL derivation, we want to plug two of
them, one after the other, as in Figure 6.

| in - . '
m[ T T : |
internal :
internal : . N : o
V ol T
| out

0 30 060 100 200 220 240
Figure 6: Connected inverters and example waveform

However, the formulas do not exactly match, so cutting them
together is not enough. Instead, we manipulate the modalities in
such a way that the signals match.

Example 4.2 (Connected inverters). The derivation in Figure 7
models the situation depicted in Figure 6.

The derivation combines signals by manipulating (s and s
into matching intervals. The result, unsurprisingly, shows that
the uncertainty introduced by < is infectious (i.e, it cannot be
eliminated).

We can model other combinational circuits using the framework
presented in this section. Note that if a wire splits in two, as is
customary in circuit design, we can use contraction to model it.

To analyze a circuit solely from the perspective of its function-
ality (without timing) we can retrieve an atemporal well-formed
intuitionistic logic derivation from an IMTL one by the time erasure
property, Theorem 3.3. Standard intuitionistic logic serves as a log-
ical foundation for atemporal executable circuits, further enabling
a circuit designer to prove functional properties of the circuit such
as knowing whether it implements a given boolean function.

Modeling circuits with loops is a more challenging, albeit inter-
esting, problem which seems to require a notion of proof-circularity.
Furthermore, there are even more realistic ways to model circuits.
These topics are not the locus of this paper but we plan to explore
them in the future.
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Figure 7: Derivation of two connected inverters

5 RELATED WORK

Classical Metric Temporal Logic (CMTL). CMTL [23] (see [3] for
a survey) and IMTL are solutions to different problems: classical
semantics solve model checking while our intuitionistic semantics
define a temporally feasible computational interpretation of proof
reductions.

Kojima and Igarashi [22] mention the main differences between
intuitionistic and classical approaches to temporal logics in their
concluding remarks and it seems like the conclusions they achieve
somewhat generalize to MTL as well — in summary, CMTL is an
IMTL without concerns for temporal causality, monotonicity and
proof-relevance. Informally, removing (somehow) these three as-
pects from IMTL would yield a CMTL, but the details are unclear
and there is little justification for exploring this direction.

In CMTL the modalities [0 and <> are definable in terms of one
another, which is not possible intuitionistically, but usually, there
is no metric version of O corresponding to IMTL’s O modality.

IMTL seems to provide a more symmetric version of the temporal
modalities by having symmetric (0 and < and a O in the middle,
forming two adjunctions. The symmetry comes from defining our
logic on top of interval judgments, rather than instants in time, as is
usual from CMTL semantics. One result of this approach is that the
classical and intuitionistic modalities (as well as logical connectives,
such as V) do not trivially relate to each other.

Note that a definition of the until operator U, common in CMTL,
is not as natural in IMTL precisely because of interval judgments.
We do not deny the possibility of an intuitionistic until operator,
but it does not seem as foundational as its classical counterpart.

A few papers applied CMTL to prove properties of programs
[8, 21], but inferring an execution model from the logic itself is
a novel contribution. Some works show semantic proofs of cut
elimination for CMTL (see, for example, [2, 17]). However, as far as
we are aware, no syntactic proofs that might give rise to a concrete
computational interpretation exist prior to this work.

Intuitionistic Temporal and Modal Logics. While we are not aware
of prior work on intuitionistic versions of MTL, there are multiple
accounts of intuitionistic linear temporal logic (LTL) and other modal
logics (for a survey on the former see [7]). Despite their discrete-step
semantics, they confront some of the issues we addressed.

Several accounts of LTL such as the ones described in [1, 6], do
not respect temporal causality, in the sense that, for example, @
distributes over V. Kojima and Igarashi [22] being the first (purely

logical) account of trying to incorporate causality into the calculus,
resulting in temporal logic where @ does not distribute over V and
® L D 1 is not valid. We saw in Section 2.8 that IMTL’s aim for
causality and computation causes multiple properties valid in ITL®
to be invalid in IMTL-based ILTL.

Simpson’s elegant account of intuitionistic modal logic [32] is
based on Kripke-style world structures where proofs can reason
with propositions true at any worlds. A proposition such as (& A D
O B) > O(A D B) is then valid regardless of the properties of the
accessibility relation between worlds, but will not be valid under
any natural mapping into IMTL.

Davies [13] provides a different take on intuitionistic temporal
logic including only the discrete-time O to capture binding times
and support partial evaluation. His system is temporally monotonic,
which is enforced in an entirely different manner using natural
deduction and discrete time transformation from a program at time
n to a residual program at time n + 1. His logical system does not
include positive types like disjunction and it is not clear if such an
extension is easily possible so that normalization/cut elimination
would hold. He also does not have (0 and <> which are a priori
semantically incompatible with O. We recommend [14, Section 6]
for an extended discussion of the related complexities.

The work of Kojima and Igarashi [22] seems to be the closest to
ours in the sense they provided a syntactic cut elimination result as
well as cared about a notion of temporal causality, represented by
the fact their calculus cannot prove ®(AV B) > ® AV @ B (IMTL
also cannot prove it; see Lemma 2.8) because of rule restrictions.
Although their goal is for their calculus to respect temporal causal-
ity, their proofs do not correspond to temporal computations, at
least not directly, since a notion of temporal monotonicity would
not hold. Our work extends theirs by replacing points by intervals,
adding the 00 and <> modalities, and by making sure proofs are
computational while retaining the notion of causality.

Accounts similar to ours can be found in the combinations of in-
tuitionistic LTL and linear logic (in the sense of Girard [19]) [11, 12].
Proofs in linear logic correspond to communicating processes ad-
hering to session-typed protocols [9]. The types are then augmented
with temporal modalities that capture the number of discrete steps
taken by a flexible cost model. While the programming language
satisfies preservation and progress (incorporating cost), it does not
appear that a corresponding logic would satisfy cut elimination.
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6 CONCLUDING REMARKS

We defined and studied IMTL, an intuitionistic account of metric
temporal logic where proofs respect temporal causality and mono-
tonicity, entailing a proofs as temporal programs interpretation.

The concrete description of temporal computation comes from
cut reductions, derived from our syntactic proof of cut elimina-
tion, but we have not yet developed a programming notation and
extracted an operational semantics.

We plan on (1) extending the current logical foundations with
recursion (both at the level of types and the level of programs)
and explore IMTL’s modeling limitations, and (2) developing the
modeling of digital circuits with IMTL further than this paper did,
tackling interesting issues, such as feedback loops and lenient gates,
that seem to interest logicians as well as hardware designers.

REFERENCES

[1] Philippe Balbiani, Joseph Boudou, Martin Diéguez, and David Fernandez-Duque.
2019. Intuitionistic Linear Temporal Logics. ACM Trans. Comput. Logic 21, 2,
Article 14 (dec 2019), 32 pages. https://doi.org/10.1145/3365833

Stefano Baratella and Andrea Masini. 2020. A two-dimensional metric temporal

logic. Mathematical Logic Quarterly 66, 1 (2020), 7-19. https://doi.org/10.1002/

malq.201700036

P. Bellini, R. Mattolini, and P. Nesi. 2000. Temporal Logics for Real-Time System

Specification. ACM Comput. Surv. 32, 1 (mar 2000), 12-42. https://doi.org/10.

1145/349194.349197

[4] J. Bhasker and Rakesh Chadha. 2009. STA Concepts. Springer US, Boston, MA,

15-42. https://doi.org/10.1007/978-0-387-93820-2_2
[5] Bochmann. 1982. Hardware Specification with Temporal Logic: An Example. IEEE
Trans. Comput. C-31, 3 (1982), 223-231. https://doi.org/10.1109/TC.1982.1675978

[6] Joseph Boudou, Martin Diéguez, and David Fernandez-Duque. 2017. A Decidable

Intuitionistic Temporal Logic. In 26th EACSL Annual Conference on Computer

Science Logic (CSL 2017) (Leibniz International Proceedings in Informatics (LIPIcs),

Vol. 82), Valentin Goranko and Mads Dam (Eds.). Schloss Dagstuhl-Leibniz-

Zentrum fuer Informatik, Dagstuhl, Germany, 14:1-14:17. https://doi.org/10.

4230/LIPIcs.CSL.2017.14

Joseph Boudou, Martin Déguez, David Fernandez-Duque, and Philip Kremer.

2021. Exploring the Jungle of Intuitionistic Temporal Logics. Theory and

Practice of Logic Programming 21, 4 (2021), 459-492. https://doi.org/10.1017/

$1471068421000089

Christoph Brzoska. 1998. Programming in metric temporal logic. Theoretical

Computer Science 202, 1 (1998), 55-125. https://doi.org/10.1016/50304-3975(97)

00139-4

Luis Caires and Frank Pfenning. 2010. Session Types as Intuitionistic Linear

Propositions. In CONCUR 2010 - Concurrency Theory, Paul Gastin and Francois

Laroussinie (Eds.). Springer Berlin Heidelberg, Berlin, Heidelberg, 222-236.

[10] H. B. Curry. 1934. Functionality in Combinatory Logic. Proceedings of the

National Academy of Sciences of the United States of America 20, 11 (1934), 584—

590. http://www.jstor.org/stable/86796

Ankush Das, Jan Hoffmann, and Frank Pfenning. 2018. Parallel Complexity

Analysis with Temporal Session Types. Proc. ACM Program. Lang. 2, ICFP, Article

91 (jul 2018), 30 pages. https://doi.org/10.1145/3236786

[12] Ankush Das and Frank Pfenning. 2022. Rast: A Language for Resource-Aware
Session Types. Logical Methods in Computer Science Volume 18, Issue 1 (Jan. 2022),
9:1-9:36. https://doi.org/10.46298/lmcs-18(1:9)2022

[13] R. Davies. 1996. A Temporal-Logic Approach to Binding-Time Analysis. In
Proceedings of the 11th Annual IEEE Symposium on Logic in Computer Science
(LICS ’96). IEEE Computer Society, USA, 184-195. https://doi.org/10.1109/LICS.
1996.561317

[14] Rowan Davies. 2017. A Temporal Logic Approach to Binding-Time Analysis.
Journal of the ACM 64, 1 (2017), 1:1-1:45.

[15] A. G. Dragalin and E. Mendelson. 1990. Mathematical Intuitionism. Introduction
to Proof Theory. Journal of Symbolic Logic 55, 3 (1990), 1308-1309. https:
//doi.org/10.2307/2274493

[16] Michael Dummett. 1991. The Logical Basis of Metaphysics. Cambridge, Mass.:
Harvard University Press.

[17] Tommaso Flaminio and Elisa B.P. Tiezzi. 2009. On Metric Temporal Lukasiewicz

Logic.  Electronic Notes in Theoretical Computer Science 246 (2009), 71-85.

https://doi.org/10.1016/j.entcs.2009.07.016 Proceedings of the 17th International

Workshop on Functional and (Constraint) Logic Programming (WFLP 2008).

Gerhard Gentzen. 1935. Untersuchungen tiber das logische Schliefen. I. Mathe-

matische Zeitschrift 39, 1 (1935), 176-210. https://doi.org/10.1007/BF01201353

[2

=

E

=

7

=

[9

=

[11

(18

PPDP 2023, October 22-23, 2023, Lisboa, Portugal

[19] Jean-Yves Girard. 1987. Linear Logic. Theoretical Computer Science 50 (1987),

1-102.

William Alvin Howard. 1980. The Formulae-as-Types Notion of Construction.

In To H. B. Curry: Essays on Combinatory Logic, Lambda Calculus, and Formalism,

Haskell Curry, Hindley B., Seldin J. Roger, and P. Jonathan (Eds.). Academic

Press.

Sertac Karaman and Emilio Frazzoli. 2008. Vehicle Routing Problem with Metric

Temporal Logic Specifications. In 2008 47th IEEE Conference on Decision and

Control. 3953-3958. https://doi.org/10.1109/CDC.2008.4739366

Kensuke Kojima and Atsushi Igarashi. 2011. Constructive linear-time temporal

logic: Proof systems and Kripke semantics. Information and Computation 209, 12

(2011), 1491-1503. https://doi.org/10.1016/j.ic.2010.09.008 Intuitionistic Modal

Logic and Applications (IMLA 2008).

[23] Ron Koymans. 1990. Specifying real-time properties with metric temporal logic.

Real-Time Systems 2, 4 (1990), 255-299. https://doi.org/10.1007/BF01995674

Leslie Lamport. 1994. The temporal logic of actions. ACM Transactions on

Programming Languages and Systems (TOPLAS) 16, 3 (1994), 872-923.

[25] Per Martin-Lof. 1996. On the Meanings of the Logical Constants and the Justi-
fications of the Logical Laws. Nordic Journal of Philosophical Logic 1, 1 (1996),
11-60.

[26] Moszkowski. 1985. A Temporal Logic for Multilevel Reasoning about Hardware.
Computer 18, 2 (1985), 10-19. https://doi.org/10.1109/MC.1985.1662795

[27] J. Ouaknine and J. Worrell. 2005. On the decidability of metric temporal logic. In
20th Annual IEEE Symposium on Logic in Computer Science (LICS’ 05). 188-197.
https://doi.org/10.1109/LICS.2005.33

[28] Joél Ouaknine and James Worrell. 2006. On Metric Temporal Logic and Faulty

Turing Machines. In Foundations of Software Science and Computation Structures,

Luca Aceto and Anna Ingélfsdottir (Eds.). Springer Berlin Heidelberg, Berlin,

Heidelberg, 217-230. https://doi.org/10.1007/11690634_15

Amir Pnueli. 1977. The temporal logic of programs. In 18th Annual Symposium

on Foundations of Computer Science (sfcs 1977). 46-57. https://doi.org/10.1109/

SFCS.1977.32

[30] Dag Prawitz. 1965. Natural Deduction: A Proof-Theoretical Study. Stockholm,
Sweden: Dover Publications.

[31] Dag Prawitz. 1977. Meaning and Proofs: On the Conflict Between Classical and

Intuitionistic Logic. Theroia 43 (1977), 1-40.

Alex K Simpson. 1994. The Proof Theory and Semantics of Intuitionistic Modal

Logic. Ph.D. Dissertation. University of Edinburgh.

[20

[21

[22

[24

[29

[32


https://doi.org/10.1145/3365833
https://doi.org/10.1002/malq.201700036
https://doi.org/10.1002/malq.201700036
https://doi.org/10.1145/349194.349197
https://doi.org/10.1145/349194.349197
https://doi.org/10.1007/978-0-387-93820-2_2
https://doi.org/10.1109/TC.1982.1675978
https://doi.org/10.4230/LIPIcs.CSL.2017.14
https://doi.org/10.4230/LIPIcs.CSL.2017.14
https://doi.org/10.1017/S1471068421000089
https://doi.org/10.1017/S1471068421000089
https://doi.org/10.1016/S0304-3975(97)00139-4
https://doi.org/10.1016/S0304-3975(97)00139-4
http://www.jstor.org/stable/86796
https://doi.org/10.1145/3236786
https://doi.org/10.46298/lmcs-18(1:9)2022
https://doi.org/10.1109/LICS.1996.561317
https://doi.org/10.1109/LICS.1996.561317
https://doi.org/10.2307/2274493
https://doi.org/10.2307/2274493
https://doi.org/10.1016/j.entcs.2009.07.016
https://doi.org/10.1007/BF01201353
https://doi.org/10.1109/CDC.2008.4739366
https://doi.org/10.1016/j.ic.2010.09.008
https://doi.org/10.1007/BF01995674
https://doi.org/10.1109/MC.1985.1662795
https://doi.org/10.1109/LICS.2005.33
https://doi.org/10.1007/11690634_15
https://doi.org/10.1109/SFCS.1977.32
https://doi.org/10.1109/SFCS.1977.32

	Abstract
	1 Introduction
	2 Intuitionistic Metric Temporal Logic
	2.1 Interval Judgment
	2.2 Arithmetic Constraints
	2.3 Temporal Hypothetical Judgment
	2.4 Rules of Inference
	2.5 Logical Operations as Synchronous Events
	2.6 Temporal Connectives
	2.7 Examples of IMTL derivations
	2.8 Linear-Time Temporal Logic in IMTL

	3 Metatheory
	3.1 Identity elimination
	3.2 Temporal properties
	3.3 Cut elimination

	4 Case Study: Digital Circuits as IMTL Derivations
	4.1 Model of an inverter (NOT gate)
	4.2 Model of two-input gates
	4.3 Modeling Combinational Circuits

	5 Related Work
	6 Concluding Remarks
	References

