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Abstract

This thesis presents a benchmark of Linear Time Varying (LTV) system identification meth-
ods with focus on reconfigurable spacecraft. For this purpose we developed simulations of
a spring mass damper system in five challenging scenarios including nonlinear damping,
strong perturbations, and reconfiguration. To tackle the problem of system identification,
we propose two approaches: 1. An integration of nonlinear autoregressive model with
exogenous input (NLARX) with different deep learning architectures including multi-
layer perceptron (MLP), residual network (ResNet), recurrent neural network (RNN),
long-short term memory network (LSTM), and regression algorithms such as XGBoost
or regression forest. 2. An application of Physics-informed Neural Networks (PINNs)
to model the state-space representation of the system. In the benchmark, we enhance
this class of machine-learning-based algorithms with fast closed-form identification from
large-scale data for LTV systems (COSMIC), and compare them with methods originating
from systems theory field, i.e., time-varying eigensystem realization algorithm (TVERA),
time-varying observer/Kalman filter identification (TVOKID), and identification of LTV
dynamical models with smooth or discontinuous evolution by means of convex optimiza-
tion (LTVModels). We have found that the machine-learning-based methods dominate
the benchmark in terms of state propagation accuracy, however it is not possible to select
one best approach for the discussed problem.

Keywords: System identification, benchmark, NLARX, Physics-informed Neural Net-
works, COSMIC, TVERA, TVOKID, LTVModels, Reconfigurable spacecraft
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Resumo

Esta tese apresenta um benchmark de métodos de identificação de sistemas lineares
variáveis no tempo com enfoque em veículos espaciais reconfiguráveis. Para este efeito,
desenvolvemos simulações de um sistema amortecedor massa mola em cinco cenários
desafiantes, incluindo amortecimento não linear, fortes perturbações e reconfiguração.
Para resolver o problema da identificação do sistema, propomos duas abordagens: 1. Uma
integração de um modelo autoregressivo não linear com entrada exógena com diferentes
arquitecturas de aprendizagem profunda, incluindo MLP, ResNet, RNN, LSTM, e algo-
ritmos de regressão como o XGBoost ou regression forest. 2. Uma aplicação de redes
neuronais informadas sobre a física para modelar a representação do espaço de estados do
sistema. No parâmetro de referência, melhoramos esta classe de algoritmos baseados em
aprendizagem automática com COSMIC e comparamo-los com métodos provenientes do
domínio da teoria dos sistemas, ou seja, TVERA, TVOKID e LTVModels. Verificámos que
os métodos baseados na aprendizagem automática dominam o parâmetro de referência
em termos de precisão da propagação de estados. No entanto não é possível selecionar a
melhor abordagem para o problema em questão.

Palavras-chave: Identificação de sistemas, referência, NLARX, Redes Neurais Informadas
com Física, COSMIC, TVERA, TVOKID, LTVModels, Naves espaciais reconfiguráveis
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1

Motivation and Problem Statement

1.1 Motivation

One of the main limitations of carrying spacecraft to orbit is their size and weight. There-
fore, some extremely large and heavy objects, such as e.g., the International Space Station
(ISS) are transported to orbit piece-by-piece, and the assembly of these pieces is carried
out in orbit [2]. The construction of large structures represents a major trend in future
space exploration, and there is a growing interest in performing these assemblies using
robotic manipulators [3].

The construction of spacecraft in orbit makes the control of its attitude a difficult
task, as the assembly modifies the dynamics of the system. These changes can be both
abrupt and continuous, and they are observed mostly because the inertia and vibrational
dynamics of the structure are affected by the assembly process.

Typically, the problem of modelling a system is addressed by applying first-principles
of physics. This approach requires measuring all the parameters necessary to completely
describe the behavior of a system. For more intricate systems, such as spacecraft during
in-orbit assembly, this can fail, as it might be impossible to measure all the required
parameters, or because the system can be too complex to be modeled by simple equations.
A possible way to overcome these obstacles is to apply a data-driven approach for system
identification [4].

Utilizing data driven approaches for system identification can play a pivotal role in
substantially decreasing project expenses. It is projected that system modelling accounts
for as much as 50% of the total costs of complex engineering projects [5]. A reduction
of costs in system modelling is particularly relevant in space missions, which typically
entail substantial investments from agencies and national governments. By adopting data
driven strategies, these projects can achieve a more efficient resource allocation enhancing
the feasibility and sustainability of space exploration.
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CHAPTER 1. MOTIVATION AND PROBLEM STATEMENT

1.2 Problem statement

System identification is a problem of obtaining a mathematical description of a dynamical
system given its behavior as a set of observations [6]. Such mathematical model can then be
applied to various tasks like control, analyzing system properties, performing simulation,
prediction, filtering, fault diagnosis, and others [7]. System identification is, therefore,
an important problem encountered in various areas such as biology, medicine, chemical
processes, economics, geology, materials, engineering, flight vehicles, and so on [6].

1.2.1 System representation

To understandsystem identification, it is crucial to comprehendthe basics of systems theory.
Therefore, this section is devoted to a brief review of some basic concepts established by
this field.

Linear state-space model

A common way to describe a linear system is the linear state-space model defined by

¤x(𝑡) = A(𝑡)x(𝑡) + B(𝑡)u(𝑡),

where 𝑡 ∈ R is time, x(𝑡) ∈ R𝑛 is the state of the system, u(𝑡) ∈ R𝑘 is the input to the system,
A(𝑡) ∈ R𝑛×𝑛 , and B(𝑡) ∈ R𝑛×𝑘 . The discrete-time version of this equation is

x(𝑘 + 1) = A(𝑘)x(𝑘) + B(𝑘)u(𝑘),

where 𝑘 ∈ N is the discrete index. In the case where A(𝑡) = 𝑐𝑜𝑛𝑠𝑡. and B(𝑡) = 𝑐𝑜𝑛𝑠𝑡. or
A(𝑘) = 𝑐𝑜𝑛𝑠𝑡. and B(𝑘) = 𝑐𝑜𝑛𝑠𝑡., we say that the system is Linear Time Invariant (LTI),
whereas in the other case, the system is called LTV [8]. In both cases, the matrices A and
B describe the dynamical system and can be considered its parameters.

Finite impulse response model

Another way commonly used in the literature [9] to describe a discrete LTI system is the
application of a transfer function. For simplicity, we will assume a Single Input Single
Output (SISO) system. This results in the system formulation

𝑥(𝑘) = 𝐺(𝑧, 𝜽)𝑢(𝑘), (1.1)

where 𝐺(𝑧, 𝜽) is a transfer function from input 𝑢(𝑘) ∈ R to state 𝑥(𝑘) ∈ R, parametrized
by 𝜽 ∈ R𝑚 , and 𝑧 denotes a shift operator 𝑧𝑥(𝑘) = 𝑥(𝑘 + 1). The right hand side of this
equation can be expanded, relating the transfer function to an impulse response of the
system 𝑔𝑛(𝜽)

𝐺(𝑧, 𝜽)𝑢(𝑘) =
∞∑
𝑛=1

𝑔𝑛(𝜽)𝑧−𝑛𝑢(𝑘) =
∞∑
𝑛=1

𝑔𝑛(𝜽)𝑢(𝑘 − 𝑛).

2



1.2. PROBLEM STATEMENT

By further defining 𝜃𝑛 as the 𝑛-th element of 𝜽, and 𝑔𝑛(𝜽) = 𝜃𝑛 for 𝑛 = 1, ..., 𝑚 and 0
elsewhere, we adopt a Finite Impulse Response (FIR) model of order 𝑚. Pillonetto et al.
[10] showed that a discrete LTV system can be described in a similar fashion, by applying
a time-varying transfer function

𝐺0(𝑘, 𝑧, 𝜽)𝑢(𝑘) =
∞∑
𝑛=1

𝑔0
𝑛(𝑘, 𝜽)𝑧−𝑛𝑢(𝑘) =

∞∑
𝑛=1

𝑔0
𝑛(𝑘, 𝜽)𝑢(𝑘 − 𝑛). (1.2)

Now by defining 𝑔0
𝑛(𝑘, 𝜽) = 𝜃𝑛(𝑘) for 𝑛 = 1, ..., 𝑚 and 0 elsewhere, once again we obtain a

FIR model of order 𝑚. In both presented cases, the dynamics of the system are described
by a vector of parameters 𝜽.

Non-linear state-space model

Non-linear systems can be described by the state-space equation

¤x = 𝑓 (x, u, 𝑡),

where 𝑓 is a non-linear function. It turns out that the properties of such systems can be
found by analyzing LTI or LTV systems that approximate them. Moreover, non-linear
systems can, under some conditions, be controlled with feedback controllers designed for
the linearizations of such systems [8].

1.2.2 System identification for reconfigurable spacecraft

The literature [4, 11] identifies the attitude dynamics and kinematics of a spacecraft as the
non-linear system


¤q(𝑡) = 1

2q(𝑡) ⊗
[
0 𝝎(𝑡)

]𝑇
J(𝑡) ¤𝝎(𝑡) =

[
J(𝑡)𝝎(𝑡)

]
× 𝝎(𝑡) − u(𝑡) + T(𝑡) − ¤J(𝑡)𝝎(𝑡)

,

where the attitude with respect to an inertial frame of reference is represented by the

quaternion q =

[
𝑞0 𝑞𝑥 𝑞𝑦 𝑞𝑧

]𝑇
, 𝝎(𝑡) is the angular velocity of the spacecraft expressed

in the body-fixed frame, ⊗ represents a quaternion product, u(𝑡) is torque input, T(𝑡) are
the external and internal disturbances, and J(𝑡) is the inertia in the spacecraft body frame.
Therefore, in order to obtain a mathematical representation of such system, one needs to
precisely determine ¤J(𝑡) and model the internal disturbances contributing towards T(𝑡).
In practice, this can be an extremely difficult task, which can be addressed by applying
system identification methods.

The task of system identification in this scenario can be approached from two perspec-
tives. We can either try to approximate the non-linear functions representing the system
or try to find a linear system which will be a good enough approximation of the non-linear
dynamics of the spacecraft.

3
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Approximating the non-linear functions underlying the dynamics of the system is
usually done by the means of applying kernel methods, neural networks, Gaussian
process estimation, or block-oriented models [9]. In this case, the reconfiguration process
will change the functions of interest, requiring one to estimate them again in the new
configuration.

Carvalho et al. [4] showed empirically that, under constant inertia, spacecraft dynamics
and kinematics can be linearized about a nominal trajectory to obtain a LTV system, which
can be identified by applying a particular kind of regularized linear regression. In this
case, we expect that the reconfiguration of the system will result in the variation of
the parameters of the system, which can be either continuous or discontinuous in time.
Therefore, we can look at a reconfiguring system as a special case of an LTV system, where
the functions describing parameter values in time have local discontinuities.

Given data describing the state and inputs of the system in time under different trajec-
tories, system identification for reconfigurable spacecraft can be regarded as a regression
problem in which we try to either estimate the underlying non-linear functions for each
configuration or estimate the parameters of a linear time varying system.
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2

State of the art

In this chapter, we explore the existing data-driven solutions to the problem of system
identification as well as show the importance of regularization and data conditioning. We
aim to establish a better understanding and intuition of the problem. This literature study
was helpful for choosing the methods to proceed with, in order to address the problem
discussed by this thesis.

To facilitate the understanding of this chapter, we split the discussed system iden-
tification methods into two sections: we start by discussing methods based on models
described by transfer functions, and continue with methods based on state-space models.
Each of the corresponding sections starts with a description of how these models can be
extended to real-life scenarios, and then the concrete methods are presented.

The discussed system identification approaches include methods based on autoregres-
sive model with exogenous input (ARX), nonlinear autoregressive model with exogenous
input (NLARX) autoregressive moving average model with exogenous input (ARMAX),
Finite Impulse Response (FIR) model, as well as eigensystem realization algorithm (ERA),
observer/Kalman filter identification (OKID), time-varying eigensystem realization algo-
rithm (TVERA), time-varying observer/Kalman filter identification (TVOKID), identifi-
cation of LTV dynamical models with smooth or discontinuous evolution by means of
convex optimization (LTVModels), Dynamic Mode Decomposition with Control (DMDc),
fast closed-form identification from large-scale data for LTV systems (COSMIC), Sparse
Identification of Nonlinear Dynamics with Control (SINDYc), and finally methods based
on neural networks.

2.1 Transfer function based system identification

In Section 1.2.1 we presented different ways used to represent a dynamical system. In these
considerations, however, we did not take into account any disturbances which are crucial
for modelling real-world systems. Let’s start the analysis by recalling (1.1), describing a
transfer function of a discrete Linear Time Invariant (LTI) system. In a real-world system it
is reasonable to include an additive disturbance 𝑣(𝑘) ∈ R. For simplicity, in this section, we

5



CHAPTER 2. STATE OF THE ART

will assume that the analyzed system is Single Input Single Output (SISO). The equation
describing it becomes

𝑥(𝑘) = 𝐺(𝑧, 𝜽𝐺)𝑢(𝑘) + 𝑣(𝑘),

where 𝑥(𝑘) ∈ R is the state of the system, 𝑢(𝑘) ∈ R is the input to the system, 𝐺(𝑧, 𝜽𝐺)
is a transfer function from 𝑢 to 𝑥 parametrized by a vector 𝜽𝐺 ∈ R𝑚𝐺 , and 𝑧 is the shift
operator.

This additive noise term 𝑣(𝑘) can be considered as white noise 𝑒(𝑘) ∈ R, filtered by a
transfer function 𝐻 parametrized by 𝜽𝐻 ∈ R𝑚𝐻 , so that 𝑣(𝑘) = 𝐻(𝑧, 𝜽𝐻)𝑒(𝑘). As a result,
the LTI system under disturbance is described by

𝑥(𝑘) = 𝐺(𝑧, 𝜽𝐺)𝑢(𝑘) + 𝐻(𝑧, 𝜽𝐻)𝑒(𝑘),

where E
[
𝑒2(𝑘)

]
= 𝜎2 and E [𝑒(𝑘)𝑒(𝑛)] = 0 for 𝑛 ≠ 𝑘.

Such model representation is used in so-called black-box modelling, which identifies
a system purely from collected data. To parametrize transfer functions 𝐺 and 𝐻, they are
assumed to be rational in the shift operator, i.e.,

𝐺(𝑧, 𝜽𝐺) =
𝐵(𝑧)
𝐹(𝑧) ; 𝐻(𝑧, 𝜽𝐻) =

𝐶(𝑧)
𝐷(𝑧) , (2.1)

𝐵(𝑧) = 𝑏1𝑧
−1 + 𝑏2𝑧

−2 + · · · + 𝑏𝑛𝑏 𝑧
−𝑛𝑏 ;

𝐹(𝑧) = 1 + 𝑓1𝑧
−1 + 𝑓2𝑧

−2 + · · · + 𝑓𝑛 𝑓
𝑧−𝑛 𝑓 ;

𝐶(𝑧) = 1 + 𝑐1𝑧
−1 + 𝑐2𝑧

−2 + · · · + 𝑐𝑛𝑐 𝑧
−𝑛𝑐 ;

𝐷(𝑧) = 1 + 𝑑1𝑧
−1 + 𝑑2𝑧

−2 + · · · + 𝑑𝑛𝑑 𝑧
−𝑛𝑑 ;

where 𝑏𝑛 ∈ R, 𝑓𝑛 ∈ R, 𝑐𝑛 ∈ R, 𝑑𝑛 ∈ R.
We then combine the parameters of these expressions into a vector of coefficients

𝜽 ∈ R(𝑛𝑏+𝑛 𝑓 +𝑛𝑐+𝑛𝑑), which describes the dynamics of the system [9]

𝜽 =

[
𝑏1 · · · 𝑓𝑛 𝑓

]𝑇
.

As we presented in (1.2), for a Linear Time Varying (LTV) system we can consider a
time-varying transfer function. Therefore for a system of this class we have 𝐵 = 𝐵(𝑧, 𝑘),
𝐹 = 𝐹(𝑧, 𝑘), 𝐶 = 𝐶(𝑧, 𝑘), and 𝐷 = 𝐷(𝑧, 𝑘). The vector of parameters becomes time
dependent

𝜽(𝑘) =
[
𝑏1(𝑘) · · · 𝑓𝑛 𝑓

(𝑘)
]𝑇

. (2.2)

It is clear that with this approach, the problem of system identification becomes the
problem of finding an optimal 𝜽 or 𝜽(𝑘).
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2.1.1 ARX model

ARX is a very common case in system identification, encountered when 𝐹 = 𝐷 = 𝐴 and
𝐶 = 1 in (2.1). This results in the difference equation for discrete LTI systems

𝑥(𝑘) + 𝑎1𝑥(𝑘 − 1) + · · · + 𝑎𝑛𝑎𝑥(𝑘 − 𝑛𝑎) = 𝑏1𝑢(𝑘 − 1) + · · · + 𝑏𝑛𝑏𝑢(𝑘 − 𝑛𝑏) + 𝑒(𝑘),

where 𝑥(𝑘) is the state of the system, 𝑢(𝑘) is the input to the system, and 𝑒(𝑘) is a zero
mean stochastic noise process [12]. This relationship allows us to formulate a predictor of
the state of the system

𝑥̂(𝑘|𝜽) = 𝝓𝑇(𝑘)𝜽

𝝓𝑇(𝑘) =
[
−𝑥(𝑘 − 1) −𝑥(𝑘 − 2) · · · −𝑥(𝑘 − 𝑛𝑎) 𝑢(𝑘 − 1) · · · 𝑢(𝑘 − 𝑛𝑏)

]
𝜽𝑇 =

[
𝑎1 𝑎2 · · · 𝑎𝑛𝑎 𝑏1 𝑏2 · · · 𝑏𝑛𝑏

]
.

Given state and inputs of the system in time instants 𝑘 = 1, ... , 𝑁 , we can define the
matrices

X =


𝑥(1)
𝑥(2)
· · ·
𝑥(𝑁)


𝚽 =


𝝓𝑇(1)
𝝓𝑇(2)
· · ·

𝝓𝑇(𝑁)


E =


𝑒(1)
𝑒(2)
· · ·
𝑒(𝑁)


, (2.3)

which under the assumption that the data was generated by a true model 𝜽0 leads to the
linear regression model

X = 𝚽𝜽0 + E. (2.4)

Therefore, system identification for ARX model can be formulated as the Least Squares
(LS) optimization problem

𝜽̂ = argmin
𝜽

∥X −𝚽𝜽∥2
2.

The ARX models can approximate any linear system, given that the orders 𝑛𝑎 and
𝑛𝑏 are sufficiently large. A drawback of this approach, however, is that high-order ARX
models are known to suffer from high variance [9].

2.1.2 ARMAX model

ARMAX is another common black-box model. It is obtained when 𝐹 = 𝐷 = 𝐴 in (2.1).
This results in the predictor [13]

𝑥̂(𝑘|𝜽) = 𝝓𝑇(𝑘)𝜽

𝝓𝑇(𝑘) =
[
−𝑥(𝑘 − 1) · · · −𝑥(𝑘 − 𝑛𝑎) 𝑢(𝑘) · · · 𝑢(𝑘 − 𝑛𝑏) 𝑒(𝑘 − 1) · · · 𝑒(𝑘 − 𝑛𝑐)

]
𝜽𝑇 =

[
𝑎1 · · · 𝑎𝑛𝑎 𝑏1 · · · 𝑏𝑛𝑏 𝑐1 · · · 𝑐𝑛𝑐

]
.
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By defining matrices X, 𝚽 and E like in (2.3), a linear regression model is formulated

X = 𝚽𝜽0 + E.

The problem of system identification, therefore, also becomes a LS optimization problem

𝜽̂ = argmin
𝜽

∥X −𝚽𝜽∥2
2.

Similarly to ARX, this model can suffer from high variance when the orders 𝑛𝑎 , 𝑛𝑏 ,
and 𝑛𝑐 are large.

2.1.3 FIR model

The FIR model is very well studied in the literature. It is encountered when 𝐹 = 𝐶 = 𝐷 = 1
in (2.1). This results in the difference equation for LTI systems

𝑥(𝑘) = 𝑏1𝑢(𝑘 − 1) + · · · + 𝑏𝑛𝑏𝑢(𝑘 − 𝑛𝑏) + 𝑒(𝑘);

So the predictor in this case is
𝑥̂(𝑘|𝜽) = 𝝓𝑇(𝑘)𝜽

𝝓𝑇(𝑘) =
[
𝑢(𝑘) · · · 𝑢(𝑘 − 𝑛𝑏)

]
𝜽𝑇 =

[
𝑏1 · · · 𝑏𝑛𝑏

]
.

As previously, by defining matrices X, 𝚽 and E like in (2.3), a linear regression model is
formulated

X = 𝚽𝜽0 + E.

Once again, the problem of system identification becomes a LS optimization problem

𝜽̂ = argmin
𝜽

∥X −𝚽𝜽∥2
2.

The FIR model can suffer from high variance given that the order 𝑛𝑏 is large. Its
important property, however, is that smoothness and stability of the desired impulse
response can be enforced on the model by applying adequate regularization [9].

2.1.4 NLARX model

NLARX is a nonlinear extension of the ARX model discussed in Section 2.1.1. In this case
the difference equation for a discrete system is [14]

𝑥(𝑘) = 𝑓 (𝑥(𝑘 − 1), · · · , 𝑥(𝑘 − 𝑛𝑎), 𝑢(𝑘 − 1), · · · , 𝑢(𝑘 − 𝑛𝑏)) + 𝑒(𝑘),

where 𝑓 is some nonlinear function. The predictor in this case is

𝑥̂(𝑘|𝜽) = 𝜓(𝝓𝑇(𝑘), 𝜽)

8
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𝝓𝑇(𝑘) =
[
𝑥(𝑘 − 1) 𝑥(𝑘 − 2) · · · 𝑥(𝑘 − 𝑛𝑎) 𝑢(𝑘 − 1) · · · 𝑢(𝑘 − 𝑛𝑏)

]
,

where 𝜓 is in approximation of function 𝑓 , parametrized by 𝜽. Once again let’s define
matrices X, 𝚽 and E like in (2.3). This leads to a formulation of a regression model

X = 𝑓 (𝚽) + E,

where 𝑓 is applied elementwise to 𝚽. In this case the problem of system identification
becomes an optimization problem in which we seek optimal parameters 𝜽, minimizing a
loss function ℒ

𝜽̂ = argmin
𝜽

ℒ(X,𝜓(𝚽, 𝜽), 𝜽),

where 𝜓 is applied elementwise to 𝚽.

2.2 State-space model based system identification

This section of the thesis starts with methods originating from the field of systems theory
i.e., ERA, OKID, TVERA, TVOKID, and LTVModels. Then the discussion focuses on
machine learning-based methods such as DMDc, COSMIC, SINDYc, and finally neural
networks.

In Section 1.2.1 we presented linear and non-linear discrete state-space models. In the
real world the equations describing these systems include an additive noise term. For the
linear model we get

x(𝑘 + 1) = A(𝑘)x(𝑘) + B(𝑘)u(𝑘) + e(𝑘),

where x(𝑘) ∈ R𝑛 is the state of the system, u(𝑘) ∈ R𝑘 is the input to the system, e(𝑘) ∈ R𝑛

is white noise, A(𝑘) ∈ R𝑛×𝑛 , and B(𝑘) ∈ R𝑛×𝑘 .
The difference equation describing a non-linear model becomes

x(𝑘 + 1) = 𝑓 (x, u, 𝑘) + e(𝑘), (2.5)

where 𝑓 is a non-linear function.
One can now see that system identification based on state-space model is a problem

of either finding optimal matrices A(𝑘) and B(𝑘), finding the non-linear function 𝑓 , or
finding a good linear approximation of 𝑓 .

2.2.1 Eigensystem realization algorithm

ERA [15] is a classical algorithm for identification of LTI systems. It is based on exciting the
system of interest with an impulse to obtain an impulse response. Once this is achieved,
the impulse response is used to construct a Hankel matrix H(0) and a shifted Hankel
matrix H(1). It can be showed that these matrices can be decomposed into a product of so
called observability and controllability matrices

H(0) = OC,

9
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where O and C are the observability and controllability matrices respectively. By applying
singular value decomposition (SVD) to H(0), one obtains

H(0) = U𝚪2V𝑇 ,

so equivalently
P = U𝚪,

Q = 𝚪V𝑇 ,

H(0) = OC = PQ.

This decomposition is further used by ERA to reconstruct the matrices A and B of the
system.

2.2.2 Observer/Kalman filter identification

OKID [16] is another classical method for LTI system identification. It is applicable for
lightly damped systems, for which an impulse response would yield a large Hankel matrix
in terms of dimensions, causing numerical errors when applying the ERA algorithm.
In OKID, an observer is defined. This observer uses a Kalman filter to estimate the
states of the system, excited with an impulse, based on the output measurements. An
optimal choice of an observer yields an impulse response that results in Hankel matrices
of reasonable size. Then ERA is applied to recover the state-space realizations of the
system and corresponding Kalman gains.

2.2.3 Time-varying eigensystem realization algorithm

TVERA [17] is an extension of ERA to LTV systems. This method assumes that the
dimension of the state of the system does not change. In TVERA, the state measurements
are collected for two sets of experiments — zero initial condition experiments with random
inputs to the system sampled from a standard normal distribution, and free response
experiments starting from non-zero initial conditions, both for multiple trajectories. Based
on the collected data, TVERA builds a Hankel matrix and applies SVD to obtain the
matrices A(𝑘) and B(𝑘) separately for each set of experiments. The resulting sets of
matrices are in different coordinate frames, and the discussed method further takes care
of transforming them to a common coordinate frame so that they can be used for state
propagation.

2.2.4 Time-varying observer/Kalman filter identification

TVOKID [18] is a time-varying generalization ofOKID to the LTV class of systems. Similarly
to OKID it helps when a system is lightly damped by introducing an asymptotically stable
observer (assumed as a time-varying deadbeat observer). As a result, we obtain smaller
Hankel matrices, which eases the computations and numerical errors. The Markov
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parameters identified by TVOKID are further used to identify system matrices A(𝑘) and
B(𝑘) by applying the TVERA algorithm.

2.2.5 Identification of LTV dynamical models with smooth or discontinuous
evolution by means of convex optimization

LTVModels [19] is another algorithm for the identification of LTV systems. This method
uses only a single trajectory to identify a system. The measurements of the states and
inputs to the system for each discrete time index from 0 to𝑇−1 are combined into matrices

𝚽(𝑘) =
[
x𝑇(𝑘) u𝑇(𝑘)

]
,

and further into a block diagonal matrix

𝚽 =



𝚽(0) 0 · · · 0 0
0 𝚽(1) · · · 0 0
· · · · · · · · · · · · · · ·
0 0 · · · 𝚽(𝑇 − 2) 0
0 0 · · · 0 𝚽(𝑇 − 1)


.

The matrices A(𝑘) and B(𝑘) are merged for each discrete time index from 0 to 𝑇 − 1

K(𝑘) =
[
A𝑇(𝑘)
B𝑇(𝑘)

]
,

and further into a single matrix

K =


K(0)
· · ·

K(𝑇 − 1)

 .
Finally the states of the system for time indices from 1 to 𝑇 are combined into a matrix

Y =


x𝑇(1)
· · ·

x𝑇(𝑇)

 .
The algorithm poses the problem of system identification as

K̂ = argmin
K

∥𝚽K − Y∥2
2 +

𝑇−2∑
𝑘=0

𝑓 (K(𝑘 + 1),K(𝑘)),

where 𝑓 (K(𝑘 + 1),K(𝑘)) is a function which serves the role of regularization, penalizing
for the variability of system matrices between consecutive time instants. Different forms
of function 𝑓 are defined depending on the concrete case of the considered system.
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2.2.6 Dynamic mode decomposition with control

DMDc [20] is a state-space model based system identification method for discrete LTI
systems with control input. To introduce it, let’s define the matrices

X =

x(1) x(2) · · · x(𝑁 − 1)
 ,

X′ =

x(2) x(3) · · · x(𝑁)
 ,

𝚼 =

u(1) u(2) · · · u(𝑁 − 1)
 ,

E =

e(1) e(2) · · · e(𝑁 − 1)
 .

We are considering an LTI system, so A(𝑘) = A and B(𝑘) = B. Therefore the system can
be described as

X′ = AX + B𝚼 + E,

resulting in the linear regression model

X′ = G𝛀 + E,

where G =

[
A B

]
and 𝛀 =

[
X
𝚼

]
.

The problem of system identification under DMDc, therefore, becomes the optimization
problem

Ĝ = argmin
G

∥X′ − G𝛀∥2
𝐹 ,

where ∥ · ∥𝐹 is the Frobenius norm.

2.2.7 COSMIC

COSMIC [4] is a closed-form method for identification of discrete LTV systems based
on the state-space model. It can be considered as a regularized extension of DMDc to
time-varying systems. For our considerations we will assume that the data was collected
from 𝐿 different trajectories, each composed of 𝑁 timesteps. Let’s define x𝑙(𝑘) ∈ R𝑛 as the
system state at time instant 𝑘 for trajectory 𝑙 and u𝑙(𝑘) ∈ R𝑘 as the system input under the
same meaning in terms of time and trajectory. Then we create the matrices
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X(𝑘) =
x1(𝑘) x2(𝑘) · · · x𝐿(𝑘)

 ,
X′(𝑘) = X(𝑘 + 1),

U(𝑘) =
u1(𝑘) u2(𝑘) · · · u𝐿(𝑘)

 ,
C(𝑘) =

[
A𝑇(𝑘)
B𝑇(𝑘)

]
,

D(𝑘) =
[
X𝑇(𝑘) U𝑇(𝑘)

]
,

and further define

C =

[
C(𝑘)

] 𝑘=𝑁−1

𝑘=1
=


C(1)
· · ·

C(𝑁 − 1)

 ,

V =

[
D(𝑘)

] 𝑘=𝑁−1

𝑘=1
=



D(1) 0 · · · 0 0
0 D(2) · · · 0 0
· · · · · · · · · · · · · · ·
0 0 · · · D(𝑁 − 2) 0
0 0 · · · 0 D(𝑁 − 1)


.

This allows us to formulate the system identification problem as

Ĉ = argmin
C

1
2∥VC − X′∥2

𝐹 +
1
2

𝑘=𝑁−1∑
𝑘=2

∥𝜆
1
2
𝑘
(C(𝑘) − C(𝑘 − 1))∥2

𝐹 ,

where 𝜆𝑘 ∈ R,𝜆𝑘 > 0 is a regularization constant for time step 𝑘, which serves the purpose
of limiting the variability of the system between two consecutive time instants.

The authors of COSMIC provide a closed form solution to this problem, which scales
linearly with the number of time steps considered. They also define conditions which must
be satisfied by the data so that a valid solution is obtained. Moreover, a preconditioning
step is proposed to address the problem of ill-conditioned data. All this makes COSMIC
a good candidate for applications in the space industry where reliability and robustness
are crucial.

13
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2.2.8 SINDYc

SINDYc [21] is a generalization of the original SINDY [22] to include control inputs. This
system identification method is based on sparse regression and identifies fully non-linear
models from the data. To introduce SINDYc, let’s consider the same X, X′, E, and 𝚼

matrices as in Section 2.2.6. Now let𝚯𝑇(X,𝚼) be a library of candidate nonlinear functions,
including nonlinear cross terms in x and u

𝚯(X,𝚼) =
[
1𝑇 X𝑇 𝚼𝑇 (X ⊗ X)𝑇 (X ⊗ 𝚼)𝑇 · · · sin(X)𝑇 sin(𝚼)𝑇 sin(X ⊗ 𝚼)𝑇 · · ·

]
.

Under this notation, we can formulate the system as

X′ = 𝚵𝚯𝑇(X,𝚼) + E,

where 𝚵 is a matrix of coefficients to be learned.
In SINDYc we assume that 𝚵 is sparse. The resulting sparse regression problem is

solved for each row 𝝃𝑚 of 𝚵, using a Lasso L1 penalty on the parameters 𝚵

𝝃̂𝑚 = argmin
𝝃𝑚

∥X′
𝑚 − 𝝃𝑚𝚯

𝑇(X,𝚼)∥2 + 𝛼∥𝝃𝑚∥1 ,

where X′
𝑚 is the 𝑚-th row of X′, and 𝛼 ∈ R is a regularization parameter balancing model

accuracy and complexity.

2.2.9 Neural networks

Under the universal approximation theorem [23], neural networks can represent a wide
variety of different functions. Therefore, they have a potential of modelling the 𝑓 function
in the nonlinear state-space (2.5). There is a vast list of neural network architectures
applied to the problem of system identification, including feedforward neural networks
[24], long-short term memory neural networks [25], physics-informed neural networks [26],
and many more.

For an application to system identification, we define the input-output training pairs as

X𝑘
𝑖𝑛 =



x(𝑘)

u(𝑘)

𝑘


,

X𝑘
𝑜𝑢𝑡 =

x(𝑘 + 1)
 .
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The system is formulated as

X𝑘
𝑜𝑢𝑡 = 𝜓(X𝑘

𝑖𝑛 , 𝜽) + e(𝑘) for 𝑘 = 1, 2, ..., 𝑁 − 1,

where 𝜓 is the function approximated by a neural network, parametrized by weights and
biases 𝜽. The system identification problem, therefore, becomes an optimization problem,
in which we seek optimal parameters 𝜽, minimizing a loss function ℒ

𝜽̂ = argmin
𝜽

𝑘=𝑁−1∑
𝑘=1

ℒ(X𝑘
𝑜𝑢𝑡 ,𝜓(X𝑘

𝑖𝑛 , 𝜽), 𝜽).

Such approach results in a model which learns to predict the state of the system one
step ahead. The predicted state can be fed into the network recursively to simulate for
more timesteps into the future.

One of the biggest issues related to training neural networks are their low sample-
efficiency and high variance, limiting their generalization possibilities in the low-data
limit.

2.3 Regularization

The majority of data driven methods for system identification described in Sections 2.1
and 2.2 need to balance between model order, which enables a model to approximate
a wider range of functions, and model variance which causes a model to overfit. This
problem of bias-variance tradeoff is well-known and studied in statistics and learning
theory. A common way to address this issue is to use regularization. Some of the described
methods such as COSMIC and SINDYc already come with problem-specific regularization.
In COSMIC we have a term which penalizes for large model variability between time
instants, whereas in SINDYc the regularization favors sparse solutions. For other models
we can apply well-known regularization methods, which we will review in this section.

All the system identification methods that we described in this chapter can be divided
into two classes, i.e., the ones based on linear regression, and the ones based on neural
networks. Therefore we split the discussion of regularization into two sections. The first
one focuses on linear regression models, and the other one is specific to neural networks.

2.3.1 Regularization in linear regression

For convenience, let’s consider linear regression for system identification in matrix form
as we did in 2.1.1. For this purpose we define

X =


𝑥(1)
𝑥(2)
· · ·
𝑥(𝑁)


𝚽 =


𝝓𝑇(1)
𝝓𝑇(2)
· · ·

𝝓𝑇(𝑁)


E =


𝑒(1)
𝑒(2)
· · ·
𝑒(𝑁)


.
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Given that the observed data was generated by true model 𝜽0, the system can be reformu-
lated as

X = 𝚽𝜽0 + E.

Under the assumption of normally distributed and independent residuals E, the
solution for 𝜽 under the Maximum Likelihood Estimation (MLE) coincides with the
solution to the LS problem of minimizing the Mean Squared Error (MSE) and can be
calculated analytically

𝜽̂
𝑀𝐿𝐸

= 𝜽̂
𝐿𝑆

= argmin
𝜽

∥X −𝚽𝜽∥2
2 = (𝚽𝑇𝚽)−1𝚽𝑇X.

The idea of regularization with quadratic penalties is achieved by penalizing large
absolute parameter values of the estimator, so that the regularized linear regression can
be expressed as the following optimization problem with an analytical solution

𝜽̂
𝑅
= argmin

𝜽
(∥X −𝚽𝜽∥2

2 + 𝛾𝜽𝑇P−1𝜽) = (P𝚽𝑇𝚽 + 𝛾I𝑛)−1P𝚽𝑇X,

where 𝛾 ≥ 0 is a regularization parameter, I𝑛 is an 𝑛-dimensional identity matrix, and P
is a positive definite matrix, thus invertible, and often called regularization matrix.

When the regularization matrix P, and the regularization constant 𝛾 are suitably
chosen, one can achieve a decrease in variance of 𝜽̂𝑅. If the resulting increase in bias is
moderate, the resulting MSE can be smaller than the one achieved for 𝜽̂𝑀𝐿𝐸 [9].

It can be showed that the optimal regularization matrix is P = 𝜽0𝜽
𝑇
0 , and the regular-

ization parameter 𝛾 = 𝜎2, where 𝜎2 is the noise variance in data. This cannot be used in
practice but it suggests that the regularization matrix should be chosen so that it mimics
the behaviour of 𝜽0𝜽

𝑇
0 . This way prior knowledge about the system can be incorporated

to the problem [9].

2.3.2 Regularization in neural networks

There is a vast amount of regularization techniques used to balance the bias-variance
tradeoff in neural networks. In this section we will assume that the reader has a basic
knowledge of neural networks and review the most common regularization methods.

L1 and L2 regularization

Neural networks are parametrized by a set of weights𝑊 and biases 𝐵. The idea of L1 or L2
regularization is to add a loss term which penalizes for high L1 or L2 norms, respectively,
of the weights of the network. Therefore, given ℒ as a loss function without regularization,
the loss with L1 regularization becomes

ℒ𝐿1 = ℒ + 𝛾
∑
𝑤∈𝑊

|𝑤|,

where 𝛾 is the regularization coefficient. Similarly, the loss with L2 regularization becomes

ℒ𝐿2 = ℒ + 𝛾
∑
𝑤∈𝑊

𝑤2.
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Dropout

The idea of dropout is to randomly switch off certain neurons during the training of a
neural network. This is achieved by setting the activation of these neurons to 0. The
activation of the remaining neurons is adjusted to compensate for the ones which were
off. Dropout is parametrized by a probability 𝑝 of switching off a single neuron. With
dropout, the neuron activation ℎ becomes

ℎ′ =


0 with probability 𝑝

ℎ
1−𝑝 otherwise

.

This way, the resulting model is more robust to perturbations, reducing its variance [27].

Batch normalization

Although designed to accelerate the convergence of deep neural networks, regularization
is a secondary benefit of batch normalization. Given an input x to a batch normalization
layer, the following operation is performed

BN(x) = 𝛾 ⊙ x − 𝜇̂𝐵

𝜎̂𝐵
+ 𝛽,

where the parameters 𝛾 and 𝛽 are learned during training, ⊙ represents elementwise
multiplication, 𝜇̂𝐵 and 𝜎̂𝐵 are the mean and standard deviation calculated for the minibatch
𝐵 during training. During inference, these are replaced by dataset statistics [27].

Encoding physical knowledge

Another way to regularize neural networks and increase their sample-efficiency is to
encode physical knowledge of the modeled system. This is especially useful for system
identification, where it is common to know certain differential equations related to physical
laws which must be obeyed by the system.

Physics-informed Neural Networks (PINNs), proposed by Lagaris et al. [28] are one
way of encoding physical knowledge in a neural network. To introduce it, let’s assume
that we are interested in predicting variable 𝑥(𝑡 , 𝑢). Let the differential equation that we
want to impose on the solution be

¤𝑥 + 𝒩[𝑥; 𝑢;𝜆] = 0, (2.6)

where 𝒩 is a nonlinear differential operator parametrized by 𝜆. Based on this equation
we define the function

𝑓 := ¤𝑥 + 𝒩[𝑥; 𝑢;𝜆]. (2.7)

And train a neural network for approximating 𝑥(𝑡 , 𝑢). The values of function 𝑓 are
calculated by automatic differentiation. The unknown parameter values of 𝒩 are included
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as parameters of the network. Then a loss function ℒ is defined as

ℒ =
1
𝑁𝑥

𝑁𝑥∑
𝑖=1

∥𝑥(𝑡 𝑖𝑥 , 𝑢 𝑖
𝑥) − 𝑥 𝑖∥2 + 𝜂

©­« 1
𝑁 𝑓

𝑁 𝑓∑
𝑗=1

∥ 𝑓 (𝑡 𝑗
𝑓
, 𝑥

𝑗

𝑓
, 𝑢

𝑗

𝑓
)∥2 + 1

𝑁𝑖𝑐

𝑁𝑖𝑐∑
𝑘=1

∥𝑥(𝑡𝑘𝑖𝑐 , 𝑢𝑘
𝑖𝑐) − 𝑥𝑘

𝑖𝑐∥2ª®¬ ,
(2.8)

where 𝑥(𝑡 𝑖𝑥 , 𝑢 𝑖
𝑥) is the 𝑖-th network prediction, 𝑥 𝑖 is the 𝑖-th ground truth value for training

data with 𝑖 = 1, ..., 𝑁𝑥 . 𝑓 (𝑡 𝑗
𝑓
, 𝑥

𝑗

𝑓
, 𝑢

𝑗

𝑓
) is the 𝑗-th value of 𝑓 for the points of evaluation of

the differential equation, such that 𝑗 = 1, ..., 𝑁 𝑓 . 𝑥(𝑡𝑘𝑖𝑐 , 𝑢𝑘
𝑖𝑐
) is the 𝑘-th network prediction

for initial conditions data, with ground truth value 𝑥𝑘
𝑖𝑐

, such that 𝑘 = 1, ..., 𝑁𝑖𝑐 . 𝜂 is a
parameter determining the importance of following the differential equation(s).

The loss defined this way has a data fidelity term: 1
𝑁𝑥

∑𝑁𝑥

𝑖=1 ∥𝑥(𝑡 𝑖𝑥 , 𝑢 𝑖
𝑥) − 𝑥 𝑖∥2, and a reg-

ularization term 𝜂
(

1
𝑁 𝑓

∑𝑁 𝑓

𝑗=1 ∥ 𝑓 (𝑡
𝑗

𝑓
, 𝑥

𝑗

𝑓
, 𝑢

𝑗

𝑓
)∥2 + 1

𝑁𝑖𝑐

∑𝑁𝑖𝑐

𝑘=1 ∥𝑥(𝑡
𝑘
𝑖𝑐
, 𝑢𝑘

𝑖𝑐
) − 𝑥𝑘

𝑖𝑐
∥2
)
. The resulting

unconstrained optimization problem can be interpreted as a penalty method equivalent
to the constrained problem

minimize
𝑁𝑥∑
𝑖=1

∥𝑥(𝑡 𝑖𝑥 , 𝑢 𝑖
𝑥) − 𝑥 𝑖∥2

subject to ¤𝑥 + 𝒩[𝑥; 𝑢;𝜆] = 0.

2.4 Ill-conditioned problems

In this chapter, we reviewed multiple system identification methods based on linear
regression. In such problems, if the condition number of the data matrix 𝚽 as in (2.4)
is large, the estimate of the parameters becomes very sensitive to perturbations in data.
To identify a linear system via linear regression, it is therefore crucial to address this
issue. One of the possible solutions is to apply various preconditioning methods to the
data matrix [29]. Another possibility is to apply regularization with quadratic penalties,
which under proper choice of the regularization parameters, can make the problem
well-conditioned [9].
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3

Modelled system

In this chapter we present a spring mass damper system, which we simulated with
Simulink™ in order to obtain data further used for system identification with methods
selected from Chapter 2.

We propose five different scenarios for the system: Linear Time Varying (LTV), non-
linear (NL), nonlinear perturbed (NLD), LTV instantaneous reconfiguration, and LTV
reconfiguration. The described approach enabled us to initially model the complexities
related to system identification of reconfigurable spacecraft using a relatively simple and
fast simulation.

3.1 Spring mass damper system

In this section we present the five spring mass damper system scenarios that were used to
initially simulate reconfiguring spacecraft. We start with an introduction of the simplest
case, where the parameters of the system are constant, yielding a Linear Time Invariant
(LTI) system. Later on, the consecutive subsections introduce different changes to this
basic case, explaining each of the simulated scenarios.

The considered spring mass damper system (see Figure 3.1) is characterized by three
physical quantities: mass 𝑚, spring constant 𝐶𝑠 , and damping constant 𝐶𝑑. We decided
to not model gravity acting on the mass, as it would only introduce a bias added to the
resulting forces acting on the system. Therefore, in a general case we can distinguish two
internal forces acting on the system: a spring force, which according to the Hooke’s law
can be expressed as

𝐹𝑠(𝑡) = 𝐶𝑠𝑥(𝑡),

where 𝑥(𝑡) is the mass position in relation to the resting point at 𝑥 = 0; and a damping
force, in this simplest case proportional to the velocity of the mass

𝐹𝑑(𝑡) = 𝐶𝑑𝑣(𝑡) = 𝐶𝑑 ¤𝑥(𝑡),

where 𝑣(𝑡) = ¤𝑥(𝑡) is the velocity of the mass, equal to the first order time derivative of 𝑥(𝑡).
Moreover, we model the effects of external forces acting on the system as 𝑒𝑥𝑡(𝑢(𝑡)) = 𝑢(𝑡),
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where 𝑢(𝑡) is the resultant external force. By applying Newton’s second law of motion we
obtain an ordinary differential equation (ODE)

𝑚 ¥𝑥(𝑡) = −𝐶𝑑 ¤𝑥(𝑡) − 𝐶𝑠𝑥(𝑡) + 𝑢(𝑡), (3.1)

where ¥𝑥(𝑡) is the acceleration of the mass equal to the second order time derivative of 𝑥(𝑡).
To represent this system with a continuous-time state space model, we denote

Figure 3.1: Schematic of a typical spring mass damper system.

x(𝑡) =
[
𝑥(𝑡)
¤𝑥(𝑡)

]
=

[
𝑥1(𝑡)
𝑥2(𝑡)

]
as the state. This way we obtain the desired representation

¤x(𝑡) =
[

0 1
−𝐶𝑠

𝑚 −𝐶𝑑

𝑚

]
︸         ︷︷         ︸

A𝑐

x(𝑡) +
[

0
1
𝑚

]
︸︷︷︸

B𝑐

𝑢(𝑡). (3.2)

Finally, we can represent the system using a discrete-time state space model

x(𝑘 + 1) = 𝑒A𝑐Δ𝑡︸︷︷︸
A

x(𝑘) + A−1
𝑐 (𝑒A𝑐Δ𝑡 − I)B𝑐︸               ︷︷               ︸

B

𝑢(𝑘), (3.3)

where Δ𝑡 is the sampling interval, and x(𝑘), 𝑢(𝑘) represent the state and inputs to the
system at time 𝑘Δ𝑡.

3.1.1 LTV scenario

The simplest case of the spring mass damper system that we simulated is the LTV scenario.
In this simulation the spring and damping constants (𝐶𝑠 and 𝐶𝑑) became time dependent
parameters of the system. For this purpose we defined

𝐶𝑠(𝑡) = cos
(
1.5𝜔0𝑡 + 𝜋

4
)2
𝐶𝑠

𝐶𝑑(𝑡) = [1.5 + cos (𝜔0𝑡)]𝐶𝑑

. (3.4)
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This modification introduced a modification to the ODE defined in (3.1)

𝑚 ¥𝑥(𝑡) = −𝐶𝑑(𝑡) ¤𝑥(𝑡) − 𝐶𝑠(𝑡)𝑥(𝑡) + 𝑢(𝑡), (3.5)

changing the state-space representations of the system ((3.2), (3.3)) to

¤x(𝑡) =
[

0 1
−𝐶𝑠 (𝑡)

𝑚 −𝐶𝑑(𝑡)
𝑚

]
︸              ︷︷              ︸

A𝑐(𝑡)

x(𝑡) +
[

0
1
𝑚

]
︸︷︷︸

B𝑐

𝑢(𝑡), (3.6)

x(𝑘 + 1) = 𝑒A𝑐(𝑘)Δ𝑡︸  ︷︷  ︸
A(𝑘)

x(𝑘) + A−1
𝑐 (𝑘)(𝑒A𝑐(𝑘)Δ𝑡 − I)B𝑐︸                      ︷︷                      ︸

B(𝑘)

𝑢(𝑘). (3.7)

3.1.2 NL scenario

To pose a more challenging system identification problem, a NL scenario was defined,
introducing a nonlinear damping force to the setup described in Subsection 3.1.1

𝐹𝑑(𝑡) = 𝐶𝑑(𝑡) ¤𝑥(𝑡) + 𝐶𝑑3 ¤𝑥3(𝑡),

and a saturation of the input

𝑒𝑥𝑡(𝑢(𝑡)) = 𝑠𝑎𝑡𝑈 (𝑢(𝑡)).

This resulted in another modification of the ODE presented in (3.5)

𝑚 ¥𝑥(𝑡) = −𝐶𝑑(𝑡) ¤𝑥(𝑡) − 𝐶𝑑3 ¤𝑥3(𝑡) − 𝐶𝑠(𝑡)𝑥(𝑡) + 𝑠𝑎𝑡𝑈 (𝑢(𝑡)), (3.8)

changing the continuous-time state space representations of the system (3.6) to

¤x(𝑡) =
[

0 1

−𝐶𝑠 (𝑡)
𝑚 −𝐶𝑑(𝑡)−𝐶𝑑3𝑥

2
2(𝑡)

𝑚

]
︸                         ︷︷                         ︸

A𝑐(𝑡)

x(𝑡) +
[

0
1
𝑚

]
︸︷︷︸

B𝑐

𝑠𝑎𝑡𝑈 (𝑢(𝑡)),

resulting in a linearization and discretization equivalent to (3.7).

3.1.3 NLD scenario

To furtherenhance the NL scenario, an impulsive stochastic disturbance 𝑑(𝑥1(𝑡))dependent
on the distance of the mass to a particular point (𝑥1 = 2) is added to 𝑥2(𝑡) resulting in a
NLD scenario. In this case the ODE of the system becomes

𝑚 ¥𝑥(𝑡) = −𝐶𝑑(𝑡) ¤𝑥(𝑡) − 𝐶𝑑3 ¤𝑥3(𝑡) − 𝐶𝑠(𝑡)𝑥(𝑡) + 𝑠𝑎𝑡𝑈 (𝑢(𝑡)) + 𝑚𝑑(𝑥1(𝑡)). (3.9)

The continuous-time state space representation of this system is now

¤x(𝑡) =
[

0 1

−𝐶𝑠 (𝑡)
𝑚 −𝐶𝑑(𝑡)−𝐶𝑑3𝑥

2
2(𝑡)

𝑚

]
︸                         ︷︷                         ︸

A𝑐(𝑡)

x(𝑡) +
[

0
1
𝑚

]
︸︷︷︸

B𝑐

𝑠𝑎𝑡𝑈 (𝑢(𝑡)) +
[

0
𝑑(𝑥1(𝑡))

]
,

resulting in a linearization and discretization equivalent to (3.7).
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3.1.4 LTV instantaneous reconfiguration scenario

To simulate a scenario of instantaneous reconfiguration, we go back in the considerations
to the simplest spring mass damper system as described in Section 3.1. We introduce the
following modification to the physical parameters of the system: 𝐶𝑑, 𝐶𝑠 , and 𝑚 are kept
constant within predefined two-second-long time intervals and change instantaneously
between them. Therefore we can state that these parameters are dependent on the index
of current two-second-long time interval, i.e., we have 𝐶𝑑(𝑖), 𝐶𝑠(𝑖), and 𝑚(𝑖), where
𝑖 =

⌊
𝑡
2
⌋
. Moreover, each change of the values of these parameters is accompanied by a

stochastic disturbance of the system’s velocity 𝑑𝑣(𝑡), which attains non-zero values only
when transitioning to a new two-second-long time frame. Now the ODE of the system
becomes

𝑚(𝑖) ¥𝑥(𝑡) = −𝐶𝑑(𝑖) ¤𝑥(𝑡) − 𝐶𝑠(𝑖)𝑥(𝑡) + 𝑢(𝑡) + 𝑚(𝑖)𝑑𝑣(𝑡). (3.10)

The continuous-time state space representation of the system is

¤x(𝑡) =
[

0 1
−𝐶𝑠 (𝑖)

𝑚(𝑖) −𝐶𝑑(𝑖)
𝑚(𝑖)

]
︸              ︷︷              ︸

A𝑐(𝑡)

x(𝑡) +
[

0
1

𝑚(𝑖)

]
︸︷︷︸

B𝑐(𝑡)

𝑢(𝑡) +
[

0
𝑑𝑣(𝑡)

]
,

and its linear discrete version is given by

x(𝑘 + 1) = 𝑒A𝑐(𝑘)Δ𝑡︸  ︷︷  ︸
A(𝑘)

x(𝑘) + A−1
𝑐 (𝑘)(𝑒A𝑐(𝑘)Δ𝑡 − I)B𝑐(𝑘)︸                          ︷︷                          ︸

B(𝑘)

𝑢(𝑘). (3.11)

3.1.5 LTV reconfiguration scenario

In this final scenario, we simulate mixed reconfiguration, i.e., the one in which the
properties of the system change both continuously and abruptly. To achieve this we
combine the approaches described in Sections 3.1.1 and 3.1.4. The parameters 𝐶𝑠 and
𝐶𝑑 follow the time-dependent variations as defined in (3.4) inside every two-second-long
time interval. Between these time frames, 𝑚, 𝐶𝑠 , and 𝐶𝑑 change instantaneously. Once
again each instantaneous parameter change is accompanied by a stochastic disturbance
of the system’s velocity 𝑑𝑣(𝑡), which attains non-zero values only when transitioning to a
new two-second-long time frame. The ODE of the system is now

𝑚(𝑖) ¥𝑥(𝑡) = −𝐶𝑑(𝑡) ¤𝑥(𝑡) − 𝐶𝑠(𝑡)𝑥(𝑡) + 𝑢(𝑡) + 𝑚(𝑖)𝑑𝑣(𝑡). (3.12)

The continuous-time state space representation of the system is

¤x(𝑡) =
[

0 1
−𝐶𝑠 (𝑡)

𝑚(𝑖) −𝐶𝑑(𝑡)
𝑚(𝑖)

]
︸              ︷︷              ︸

A𝑐(𝑡)

x(𝑡) +
[

0
1

𝑚(𝑖)

]
︸︷︷︸

B𝑐(𝑡)

𝑢(𝑡) +
[

0
𝑑𝑣(𝑡)

]
,
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where 
𝐶𝑠(𝑡) = cos

(
1.5𝜔0𝑡 + 𝜋

4
)2
𝐶𝑠(𝑖)

𝐶𝑑(𝑡) = [1.5 + cos (𝜔0𝑡)]𝐶𝑑(𝑖)
. (3.13)

Its linear discrete-time version is given by (3.11).

3.2 Relation to reconfigurable spacecraft

In this section we elaborate further on the claim that the systems described in Section 3.1
model the complexities related to system identification of reconfigurable spacecraft.

As previously stated in Chapter 1, the rotational dynamics and kinematics of spacecraft
yield a non-linear system, which can be linearized about a reference trajectory to obtain
an LTV system. This draws a conclusion that the LTV scenario described in Section 3.1.1
is a good baseline to model spacecraft not undergoing reconfiguration.

Moreover the nonlinear effects and disturbances introduced in Sections 3.1.2 and 3.1.3
can be interpreted as nonlinear terms that arise in real-world systems, as well as distur-
bances that unavoidably act on spacecraft during operation. Therefore, these simulations
introduce important features that increase the similarity between our simple simulation
and real spacecraft in operation.

Finally the abrupt and continuous changes of the properties of system introduced
in Sections 3.1.4 and 3.1.5 introduce the scenario of reconfiguration, corresponding to a
situation where, for example, a robotic manipulator is moving along the spacecraft and
performing an assembly. In such case the inertia of the system changes gradually during
the movement of the manipulator, and abruptly when a new piece is attached to the
spacecraft.
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4

System identif ication experiments

In Chapter 3 we introduced a spring mass damper system that we simulated under five
different scenarios representing challenges related to the modelling of reconfigurable
spacecraft. In this chapter we further present the experimental setup related to data
collection, system identification, and finally validation of the obtained models.

4.1 Data collection

In this section we explain the process in which the training, validation, and testing datasets
were obtained for each scenario using the developed Simulink™ simulation. A general
setup for system identification is presented in Figure 4.1. It consists of three parts, i.e.,
excitation, a ground truth system, and state measurements.

Excitation Ground truth system Measured state

Noise

Figure 4.1: Schematic of the experimental setup for data collection.

4.1.1 Excitation

A general property of data-driven supervised methods is the need for usage of sufficiently
varied and informative datasets in the training process of the algorithm. If the collected
data contains mistakes or features that are not informative enough, the trained model will
not be able to generalize well. This becomes especially true for the case of modern deep
learning, where apart from the quality of datasets, it is also their size that influences the
final accuracy of the model [27].

Without surprise, the informativeness of a training dataset is also crucial for data-
driven system identification methods. Development of an informative dataset in this
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case is often based on applying the concept of persistent excitation, i.e., supplying the
investigated open loop system with a persistently exciting input signal [30].

Given the above considerations, for the process of data collection, our open loop spring
mass damper system was excited with a disturbed chirp input signal

𝑢(𝑡) = 𝐴 sin
(𝜔1 − 𝜔0

𝑇
𝑡2 + 𝜔0𝑡 + 𝜙

)
+ 𝑑𝑐(𝑡), (4.1)

where 𝜔1, 𝜔0 are the maximal and minimal frequencies of the input signal, 𝑇 is the
duration of the whole simulation, 𝜙 is phase, 𝑑𝑐(𝑡) is a Gaussian stochastic signal with
mean 0 and variance 𝜎2, and 𝑡 is time.

4.1.2 Ground truth system

For each of the scenarios described in Chapter 3 we simulated the spring mass damper
system using a corresponding continuous-time state space representation. We varied the
initial conditions, i.e., the state vector x(0) and phase 𝜙 of the chirp signal (4.1) between
different experiments for a given system, producing various trajectories.

4.1.3 State measurements

The last building block of the data collection process were the state measurements. To
simulate a real-world scenario in which measurement noise is inevitable, we introduced an
optional additive signal sampled from a Gaussian normal distribution to slightly corrupt
the measurements. Note that this noise was optional and included only in the development
of the training dataset.

4.2 Training, validation, and testing datasets

In Section 4.1 we explained the process of data collection. We will now focus on how the
concepts introduced there were applied to the creation of the training, validation, and
testing datasets. Moreover, we will explain the purpose of each dataset. In general we can
state that each dataset contained data regarding the position 𝑥1, velocity 𝑥2, input signal
𝑢 to the system, and time 𝑡 .

4.2.1 Training datasets

The training dataset was used for the purpose of system identification. Depending on the
applied method, however, different requirements had to be imposed.

COSMIC training datasets

In the most general case, used for system identification with fast closed-form identification
from large-scale data for LTV systems (COSMIC), the training dataset consisted of 100
trajectories. In each simulation the initial conditions were sampled from the uniform
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distributions 𝑈(0, 5)[𝑚] for position 𝑥1(0) and 𝑈(−1, 1)[𝑚𝑠 ] for velocity 𝑥2(0). The phase
𝜙 of the input signal was sampled from another uniform distribution 𝑈(0, 2𝜋)[𝑟𝑎𝑑]. The
variance of the noise injected to the chirp signal was 𝜎2 = 3.

Single trajectory training datasets

For system identification with method identification of LTV dynamical models with
smooth or discontinuous evolution by means of convex optimization (LTVModels) and
single trajectory version of COSMIC, we could only use a single simulation. Therefore,
we reduced the COSMIC training dataset to only include the first recorded trajectory.

TVERA/TVOKID training datasets

Methods such as time-varying eigensystem realization algorithm (TVERA) and time-
varying observer/Kalman filter identification (TVOKID), as mentioned in the correspond-
ing sections of Chapter 2, require a training dataset consisting of free response experiments
with non-zero initial conditions and experiments with random input signal and zero ini-
tial conditions. Therefore for their purpose we produced a training dataset consisting
of 50 trajectories with 𝑢(𝑡) = 0 and initial conditions sampled from the same uniform
distributions as in the case of COSMIC; and another 50 trajectories with 𝑥1(0) = 𝑥2(0) = 0
and inputs sampled from a standard normal distribution.

NN training datasets

Finally for the training of neural network-based methods we merged the COSMIC and
TVERA/TVOKID datasets to produce the most varied one, as these algorithms require
the greatest amounts of data. For these datasets, the positions and velocities of each
system are visualized in Figure 4.2. The inputs contained in this dataset are presented in
Figure 4.3.

4.2.2 Validation datasets

Given that the applied system identification methods are characterized by different hyper-
parameters, it becomes crucial to properly tune them. For the purpose of hyperparameter
tuning, for each scenario of a spring mass damper system, we created a validation dataset.
These validation datasets contained 15 trajectories each: 5 trajectories for free response
experiments from non-zero initial conditions sampled as in 4.2.1, 5 trajectories for experi-
ments with zero initial conditions and disturbed chirp input signal, and finally 5 trajectories
for experiments with non-zero initial conditions sampled as in 4.2.1 and disturbed chirp
input signal.

The free response trajectories allowed us to verify if the estimated matrices A(𝑘) were
correctly identified, the zero initial condition trajectories verified the correctness of the
estimated B(𝑘) matrices, as for the initial steps of these experiments they had the most
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Figure 4.2: NN training datasetposition andvelocity visualizations for spring mass damper
system in the discussed scenarios. Colors represent different trajectories. Left to right:
position and velocity. Top to bottom: LTV, NL, NLD, LTV instantaneous reconfiguration,
LTV reconfiguration scenarios.
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Figure 4.3: NN training dataset input force visualizations for spring mass damper systems
in all the scenarios. Colors represent different trajectories.

influence on state propagation. The other 5 trajectories verified the overall correctness of
the obtained models of the systems.

It is important to note that for these experiments, the measurements were not corrupted
by noise to enable bettervalidation ofmodels. Moreover, we useddifferentbase frequencies
𝜔1, 𝜔0 of the chirp signal than in the training datasets.

4.2.3 Testing datasets

In order to obtain unbiased estimates of the performance of the identifies systems, for
each scenario we developed a testing dataset. These testing datasets were generated in
the same way as the validation datasets 4.2.2, with one modification - we used different
base frequencies 𝜔1, 𝜔0 of the chirp signal than in the training and validation datasets.

4.3 System identification

To verify the effectiveness of various system identification approaches, we decided to
select methods based on both transfer function (Section 2.1) and state space representation
(Section 2.2), in the latter selecting algorithms originating from systems theory as well as
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machine learning-based approaches. In the end the tested approaches include TVERA,
TVOKID, LTVModels, COSMIC, nonlinear autoregressive model with exogenous input
(NLARX), and Physics-informed Neural Networks (PINNs).

4.3.1 TVERA

For system identification with TVERA we used a special training dataset, prepared as
described in Section 4.2.1. This method is characterized by two hyperparameters: 𝑝 and
𝑞. In order to select them properly, a grid search was run for each spring mass damper
scenario. In this process, the models of the systems were estimated using a corresponding
training dataset for various values of the hyperparameters and then evaluated in the task
of predicting validation trajectories from initial conditions with known inputs. Finally, the
best models selected based on validation trajectories were tested on the testing dataset.

4.3.2 TVOKID

Forsystem identification with TVOKID we used the same training datasets as in the TVERA
experiments. This method is characterized by four hyperparameters: 𝑝, 𝑞, number of
parameters, and observer order. In order to select them properly we followed the grid
search approach described in Section 4.3.1 was followed. Finally we validated the resulting
models using the testing dataset.

4.3.3 LTVModels

In this series of experiments, we used the single trajectory datasets, according to the
definition of this method. Moreover, we used the sub-method 𝐶, i.e., Piecewise constant
time evolution as we found it the most applicable to our cases. This system identification
algorithm is characterized by a hyperparameter 𝜆. Similarly to previous experiments, a
grid search was run to find the optimal values of 𝜆 for each scenario, and the final models
were validated using the testing dataset.

4.3.4 COSMIC

We split this series of experiments into two parts — system identification based on single
trajectories, and based on multiple trajectories. Therefore we used both the COSMIC
training datasets and their reduced versions as in Section 4.3.3. The investigated algorithm
is characterized by a hyperparameter 𝜆, therefore once again, a grid search was run for
each scenario and series of experiments to determine the optimal values of 𝜆. The final
models were validated with respect to the testing trajectories.

4.3.5 NLARX

As stated in Section 2.1.4, given past states and inputs to the system, the future states can
be estimated by applying a suitable nonlinear function 𝑓 to these quantities. Therefore,
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inspiredby [31], we decided to take advantage ofNLARX by modelling the function 𝑓 using
different deep learning regression approaches, i.e., multi-layer perceptron (MLP), residual
network (ResNet), long-short term memory network (LSTM), recurrent neural network
(RNN) as well as some classical machine-learning regression methods, i.e., random forest
and XGBoost. The training datasets used in these experiments, were the NN training
datasets, as described in Section 4.2.1.

NLARX-MLP

In these experiments, the input to the neural network were the past states and inputs to
the system. The number of these past quantities considered was named the order of the
network.

The MLP architecture that we used consisted of an input layer, which took as an
input the previous states and inputs to the system. In some experiments, this input layer
included an extra neuron representing the time at which the prediction was performed,
making its presence a hyperparameter of this architecture. A leaky ReLU activation was
applied to the output of this layer. The input layer was followed by a few hidden fully
connected layers with a certain number of neurons. The numbers of hidden layers and
neurons were another hyperparameters of this MLP. These layers also included a leaky
ReLU activation followed by dropout with probability left as another hyperparameter of
the architecture. Finally, the last part of the model was an output layer with two units and
linear activation.

For the loss function of NLARX-MLP we chose the Mean Squared Error (MSE) of
the predicted and ground truth values of the future states. To minimize this loss, the
Adam optimizer was used, with learning rate and weight decay left as hyperparameters
of the experiments. The training data was fed in batches, where the batch size was
yet another tunable hyperparameter. The models were trained for 4000 epochs with
early stopping with patience of 500 epochs. Every ten training epochs the model was
evaluated on the validation trajectories in the task of trajectory prediction from initial
conditions with known inputs. This way, for each training, the best model checkpoint
was selected. The process of hyperparameter selection was performed in Optuna using
Bayesian optimization. The best models for each spring mass damper scenario were then
evaluated using the testing datasets.

NLARX-ResNet

In these experiments, the input to the neural network were the past states and inputs to
the system. The number of these past quantities considered was named the order of the
network, as in the case of NLARX-MLP. Similarly the inputs could include time, and the
presence of this input was a tunable hyperparameter.

The architecture of NLARX-ResNet was an adaptation of the 2D ResNet architecture
used widely in computer vision to 1D inputs. Each state and input recorded for the
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dynamical system was treated as a separate channel in the data. The data grouped into
channels was fed into an input convolutional block composed of a 1D convolutional layer, a
1D batch normalization layer, and finally a 1D max pooling layer. This convolutional layer
was decided to have a fixed kernel size of 5, stride of 1 and padding same. The number
of output channels of this layer was left as a hyperparameter of this neural network and
is further referred to as the first number of output channels. The kernel of the max pooling
layer had a fixed size of 3, stride 1 and padding 1. The input block was then followed
by a few residual modules, each composed of residual blocks. The numbers of these
residual modules and residual blocks building each module were left as hyperparameters
of the architecture. Every residual block was built of the following sequence of layers: 1D
convolution, 1D batch normalization, ReLU, 1D convolution, and 1D batch normalization.
The output of the last batch normalization layer was added to either pure input of the
residual block or to the input of the residual block transformed by a 1D convolutional
layer with kernel size 1 (skip connection). Finally, a ReLU activation was applied, and the
output of a residual block was obtained. This convolution with kernel size 1 was applied
only for the second and following residual modules and only in the first residual block
building a given residual module. The convolutional layers building a given residual
block had the same number of output channels, fixed kernel size of 3, stride of 1, and
padding valid. The first residual module had the same number of output channels as the
first convolutional block, and each further residual module had double the number of
output channels of the previous module. Finally, the output of the network was obtained
by applying a 1D average pooling layer and a linear layer with two units.

The loss, optimizer, training procedure, hyperparameter optimization, and validation
were the same as in the case of NLARX-MLP.

NLARX-RNN

In these experiments, the input to the neural network were the past states and inputs
to the system. The number of these past quantities considered was named the order
of the network, as in the case of the other NLARX experiments with neural networks.
Similarly the inputs could include time, and the presence of this input was a tunable
hyperparameter.

The architecture that we used was composed of a few sequentially stacked recurrent
layers that process the input to the network. This series of recurrent layers treated
each state and input to the dynamical system as a separate feature. Every recurrent
layer was composed of a certain number of features in a hidden state. The number
of recurrent layers and features in hidden states were left as the hyperparameters of
the considered architecture. The activations of these recurrent layers were fixed to Tanh.
Moreover, we applied dropout in the recurrent layers, with dropout strength left as another
hyperparameter to be tuned. After the series of recurrent layers, the architecture was
composed of a series of fully connected layers. The number of these layers was left as a
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hyperparameter of the architecture. Each fully connected layer except for the last one had
the same number of neurons as the number of features produced by the recurrent layers
and a GELU activation. The last layer had two neurons, corresponding to the number
of states of the dynamical system, and a linear activation. This series of fully connected
layers was applied only to the last hidden state produced by the recurrent layers.

The loss, optimizer, training procedure, hyperparameter optimization, and validation
were the same as in the case of NLARX-MLP and NLARX-ResNet.

NLARX-LSTM

In these experiments, the input to the neural network were the past states and inputs
to the system. The number of these past quantities considered was named the order
of the network, as in the case of the other NLARX experiments with neural networks.
Similarly the inputs could include time, and the presence of this input was a tunable
hyperparameter.

The architecture that we used was composed of a few sequentially stacked LSTM layers
that processed the input to the network. This series of LSTM layers treated each state and
input to the dynamical system as a separate feature. Every LSTM layer was composed
of a certain number of features in a hidden state. The number of LSTM layers and
features in hidden states were left as the hyperparameters of the considered architecture.
Moreover, we applied dropout in the LSTM layers, with dropout strength left as another
hyperparameter to be tuned. After the series of recurrent layers, the architecture was
composed of a series of fully connected layers. The number of these layers was left as a
hyperparameter of the architecture. Each fully connected layer except for the last one had
the same number of neurons as the number of features produced by the LSTM layers and
a GELU activation. The last layer had two neurons and a linear activation. This series of
fully connected layers was applied only to the last hidden state produced by the LSTM
layers.

The loss, optimizer, training procedure, hyperparameter optimization, and validation
were the same as in the case of NLARX-MLP, NLARX-ResNet, and NLARX-RNN.

NLARX random forest

In these experiments, we used a fixed number of ten past states and inputs to the system,
where the inputs were augmented with time. These past values were the input to the
random forest regressor. The hyperparameter number of estimators was set to 10, and
criterion to squared error, with no specification of maximal depth. The obtained state
predictor was then validated using the testing trajectories.

NLARX XGBoost

In these experiments, we used a fixed number of ten past states and inputs to the system,
where the inputs were augmented with time. These values were an input to the XGBoost
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regressor. After training, the obtained state predictor was validated using the testing
trajectories.

4.3.6 PINNs

The training datasets used in these experiments were, once again, the NN datasets. For
each spring mass damper scenario, maximum and minimum values of each state 𝑥1, 𝑥2, and
input 𝑢 were obtained based on the training dataset. We increased the maximum values
by 20% and decreased the minimum ones by 20%, obtaining their lower and upper bounds:
𝑥1,𝑚𝑖𝑛 , 𝑥1,𝑚𝑎𝑥 , 𝑥2,𝑚𝑖𝑛 , 𝑥2,𝑚𝑎𝑥 , 𝑢𝑚𝑖𝑛 , 𝑢𝑚𝑎𝑥 . Based on these values we sampled 100000 points
for the evaluation of the ODE of the system as defined in (2.8) from the uniform distribution
𝑈[(𝑥1,𝑚𝑖𝑛 , 𝑥1,𝑚𝑎𝑥), (𝑥2,𝑚𝑖𝑛 , 𝑥2,𝑚𝑎𝑥), (𝑢𝑚𝑖𝑛 , 𝑢𝑚𝑎𝑥), (0, 𝑇), (0,Δ𝑡)], where𝑇 is the total duration
of the simulation and Δ𝑡 is the sampling interval. Further we sampled 1000 initial
condition points as in (2.8) from𝑈[(𝑥1,𝑚𝑖𝑛 , 𝑥1,𝑚𝑎𝑥), (𝑥2,𝑚𝑖𝑛 , 𝑥2,𝑚𝑎𝑥), (𝑢𝑚𝑖𝑛 , 𝑢𝑚𝑎𝑥), (0, 𝑇)] and
concatenated Δ𝑡 = 0.

The architecture used in these experiments was the modified MLP as described in [32],
with 5 inputs and 4 hidden layers, each with 64 neurons and Tanh activation. The five
inputs corresponded to the current values of 𝑥1, 𝑥2, 𝑢, 𝑡, and a time delay Δ𝑡 for which the
next state prediction was performed. In such setup, our PINN differed from its classical
formulation in the sense that the initial conditions of the problem, i.e., 𝑥1, 𝑥2, and 𝑡 were
not fixed, but used as an input to the network.

Given the fact that the ODE parameters characterizing the spring mass damper systems
were unknown, we defined a second network for each scenario to find their values. In all
the cases, this network was composed of 4 hidden layers with Tanh activations and its
input was the sum 𝑡 + Δ𝑡. For the Linear Time Varying (LTV) scenario the layers of this
network had 3 neurons, to predict 𝑚(𝑡), 𝐶𝑠(𝑡), and 𝐶𝑑(𝑡). For the nonlinear (NL) scenario
these layers had 4 neurons, to predict 𝑚(𝑡), 𝐶𝑠(𝑡), 𝐶𝑑(𝑡), and 𝐶𝑑3(𝑡). For the nonlinear
perturbed (NLD) scenario we had 5 neurons, to predict 𝑚(𝑡), 𝐶𝑠(𝑡), 𝐶𝑑(𝑡), 𝐶𝑑3(𝑡), and
𝑑(𝑥1(𝑡)). Finally for the LTV instantaneous reconfiguration and LTV reconfiguration
scenarios we had 4 neurons, to predict 𝑚(𝑡), 𝐶𝑠(𝑡), 𝐶𝑑(𝑡), and 𝑑𝑣(𝑡).

To train these neural networks, we followed the instructions published in a paper by
Wang et al. [32]. For the first 5000 iterations, we only minimized the data fidelity term by
predicting the next state of the system. Then for the next 8000 steps we kept increasing the
regularization weight 𝜂 linearly from 0 to 8

7 . Initially, we were training the networks using
the Adam optimizer setup with a learning rate 5𝑒 − 3. After the first 10000 training steps,
the optimizer was changed to LBFGS. Every 5000 steps, the 100000 points of evaluation
of the ODE were resampled, and so were the data points (in batches of 8192). For each
scenario we adjusted the regularization part of the loss according to the ODEs defined in
Chapter 3. Finally we validated the resulting models on the testing dataset.
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4.4 Model validation

For the purpose of validation, the obtained models were evaluated in two tasks: trajectory
prediction from initial conditions with known inputs, and trajectory prediction one step
ahead. A schematic of the model validation procedure is presented in Figure 4.4. In
general, the trajectory prediction loss (4.2) computed for the validation trajectories was
used as a metric to be minimized in hyperparameter tuning. All the validation methods
described in Sections 4.4.1 - 4.4.3, applied to the testing trajectories, were used for the final
validation of models.

Excitation Ground truth system

System identification

Measured state

Noise

Measured state

Data processing

System validation

Estimated system Validation

Figure 4.4: Schematic of the experimental setup for model validation.

4.4.1 Trajectory prediction loss

Based on the predictions from initial conditions, root mean squared error (RMSE) was
computed on either the set of validation or testing trajectories. The RMSEs obtained in
this manner were averaged to obtain trajectory prediction loss:

𝐿(𝜷) = 1
|S|

∑
𝑙∈S

√√√
1
𝑁

𝑁∑
𝑘=1

𝑝∑
𝑚=1

(
𝑥̂
(𝑙)
𝑘,𝑚

(𝜷) − 𝑥
(𝑙)
𝑘,𝑚

)2
, (4.2)

where 𝜷 corresponds to hyperparameters of a system identification method, 𝑥̂(𝑙)
𝑘,𝑚

(𝜷) is
the 𝑚-th element of the 𝑝-dimensional state vector predicted from initial conditions by
the identified system at time step 𝑘 for trajectory 𝑙, 𝑥(𝑙)

𝑘,𝑚
is a corresponding true state of

the system, and S represents a set of trajectories. Moreover, a standard deviation of these
RMSEs was computed.

4.4.2 ECDFs of scaled absolute position residuals

The full horizon predictions were also used to produce empirical cumulative distribution
function (ECDF) plots of scaled absolute position residuals. For these plots, for each
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testing trajectory, absolute values of position residuals were computed and scaled by a
mean absolute value of position of this true trajectory.

4.4.3 Analysis of residual correlations

Based on the predictions one step ahead, we evaluated the autocorrelation of residuals and
their cross correlation with inputs to the system. We computed the standard deviations,
means, as well as maximum and minimum absolute values of these correlations. They
were also plotted as ECDFs.
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Results

This chapter presents the results of system identification experiments described in Chap-
ter 4. We start with providing the optimal hyperparameter values for each method, if
applicable. In the discussion of NLARX hyperparameters, we also select the best NLARX
approach for each spring mass damper scenario. We then present a comparison of test
results for all the experiments from Chapter 4, where the NLARX models are represented
by the best approach for a given system scenario.

5.1 TVERA hyperparameters

In this series of experiments, the hyperparameter values were selected by running a
grid search and computing the validation trajectory prediction losses, as described in
Section 4.3.1. The optimal hyperparameters are presented in Table 5.1. Note that we
obtained a stable value of 𝑞 = 50, which was also the maximum value of this parameter
investigated in the grid search. The magnitude of this hyperparameter indicates that the
Hankel matrices used in the computations were large in terms of number of columns,
which can be attributed to a long impulse response of the simulated systems.

Table 5.1: Results of hyperparameter tuning for TVERA models.

Hyperparameter LTV NL NLD LTV inst
reconfig

LTV
reconfig

p 2 5 50 2 5
q 50 50 50 50 50

5.2 TVOKID hyperparameters

Similarly to Section 5.1, we run a grid search to select the best TVOKID hyperparameters
based on the validation trajectory prediction loss. The results of this process are presented
in Table 5.2. The introduction of an asymptotically stable observer by this algorithm
resulted in smaller values of 𝑞, compared to the results presented in Section 5.1. Thus, the
problems related to long impulse response were eased.
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Table 5.2: Results of hyperparameter tuning for TVOKID models.

Hyperparameter LTV NL NLD LTV inst
reconfig

LTV
reconfig

p 2 2 17 2 2
q 44 20 17 42 31
Number of parame-
ters 44 81 83 66 44

Observer order 3 43 2 5 7

5.3 LTVModels hyperparameters

As in the previous sections, the optimal values of hyperparameter 𝜆 for this method were
obtained by an application of a grid search and a computation of validation trajectory
prediction losses. The results of this process are presented in Table 5.3. These values
did not reach the minimal nor maximal considered magnitudes. As one can see, high
system variability was favored in the LTV, NLD, and LTV instantaneous reconfiguration
scenarios, contrary to NL and LTV reconfiguration systems, where low system variability
provided better results.

Table 5.3: Results of hyperparameter tuning for LTVModels.

Hyperparameter LTV NL NLD LTV inst
reconfig

LTV
reconfig

𝜆 1.0 50.0 1.0 1.0 50.0

5.4 COSMIC hyperparameters

As previously, for both the single and multi-trajectory versions of COSMIC, a grid search
was run to find the optimal values of 𝜆 based on the validation trajectory prediction losses.
The results of this process are presented in Table 5.4. As one can see, in the single trajectory
case, higher system variability was favored in the LTV and NLD scenarios, whereas in the
rest of the investigated systems, low system variability resulted in better state propagation.
As for the multi-trajectory experiments, high system variability was preferred in the LTV,
LTV instantaneous reconfiguration, and LTV reconfiguration scenarios, contrary to NL
and NLD. This shows that for LTV system identification it is important to consider multiple
trajectories in order to avoid drawing wrong conclusions.

Table 5.4: Results of hyperparameter tuning for COSMIC models.

Hyperparameter LTV NL NLD LTV inst
reconfig

LTV
reconfig

𝜆 (single trajectory) 1 1e10 1 1e10 1e8
𝜆 (multi-trajectory) 1e-1 1e3 1e1 1e-4 1e-5
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5.5 NLARX hyperparameters and model selection

5.5.1 Hyperparameters

In this series of experiments, we investigated six different approaches to modelling the
𝑓 function in the NLARX model, i.e., MLP, ResNet, RNN, LSTM, XGBoost, and random
forest. The first four listed methods included a process of Bayesian hyperparameter
optimization in Optuna. The results of this process are presented in Tables 5.5 - 5.8.

Table 5.5: Results of hyperparameter tuning in Optuna for NLARX-MLP models.

Hyperparameter LTV NL NLD LTV inst
reconfig

LTV
reconfig

Model order 5 11 11 8 6
Include time True True False True False
Number of hidden
layers 24 39 34 11 19

Number of neurons in
hidden layers 45 25 32 47 34

Dropout strength 0.0034 0.2618 0.1783 0.3033 0.0693
Learning rate 2.78e-5 9.61e-4 4.66e-4 5.92e-5 8.36e-4
Weight decay 0.0013 0.009 0.0613 0.234 0.302
Batch size 512 128 32 512 256

Table 5.6: Results of hyperparameter tuning in Optuna for NLARX-ResNet models.

Hyperparameter LTV NL NLD LTV inst
reconfig

LTV
reconfig

Model order 11 11 8 7 10
Include time False True False True True
Number of residual
modules 2 5 2 4 4

Number of residual
blocks in each resid-
ual module

3 2 2 3 2

Number of output
channels of the first
convolutional block

32 16 32 32 16

Learning rate 1.42e-5 2.37e-4 4.27e-5 4.15e-5 1.17e-4
Weight decay 0.0003 0.0127 0.061 0.0344 0.2189
Batch size 256 1024 512 256 512

5.5.2 Model selection

After selecting the optimal hyperparameters, the final models for each approach were
then validated on the testing dataset following the methods described in Section 4.4.

Trajectory prediction from initial conditions

Each model was evaluated in the task of trajectory prediction from initial conditions.
Based on these predictions, we computed the trajectory prediction loss, i.e., the mean
value of RMSE. Moreover, we calculated the standard deviations of RMSEs across different
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Table 5.7: Results of hyperparameter tuning in Optuna for NLARX-RNN models.

Hyperparameter LTV NL NLD LTV inst
reconfig

LTV
reconfig

Model order 11 7 10 1 11
Include time False True False True True
Number of recurrent
layers 2 4 4 4 4

Number of features in
hidden states of the re-
current layers

128 32 16 128 64

Number of linear lay-
ers 1 2 2 4 2

Dropout strength 0.418 0.0503 0.4501 0.460 0.0814
Learning rate 1.29e-4 1.23e-5 2.07e-2 0.1254 0.0049
Weight decay 0.0127 5.81e-4 0.00151 0.4455 0.1551
Batch size 256 1024 1024 256 1024

Table 5.8: Results of hyperparameter tuning in Optuna for NLARX-LSTM models.

Hyperparameter LTV NL NLD LTV inst
reconfig

LTV
reconfig

Model order 11 5 4 11 6
Include time False True False False True
Number of LSTM lay-
ers 2 2 2 2 2

Number of features in
hidden states of the
LSTM layers

32 16 8 128 128

Number of linear lay-
ers 1 1 1 2 1

Dropout strength 0.285 0.280 0.418 0.300 0.282
Learning rate 2.09e-2 1.93e-3 2.10e-3 1.20e-3 2.075e-5
Weight decay 2.67e-3 7.65e-4 0.022 0.111 0.161
Batch size 1024 256 1024 1024 1024

trajectories. These metrics are presented in Table 5.9. The absolute values of position
residuals were scaled by the mean absolute values of position for each trajectory as
described in Section 4.4.2 and their ECDFs were plotted (Figure 5.1). As one can see, in
all the scenarios the best models performed predictions that resulted in around 90% or
more of scaled absolute residuals with magnitudes lower than 1.0. Based on the values
of trajectory prediction loss and distributions of residuals we can initially select the best
NLARX approaches, however, first it is important to evaluate the correlations of the
residuals in the task of next state prediction.

Trajectory prediction one step ahead

We then continued with an analysis of residuals obtained in the task of testing trajectory
prediction one step ahead. Theirautocorrelations andcross correlations with system inputs
were computed. Tables 5.11, 5.12 present the statistics of these correlations. Moreover,
they were plotted as ECDFs (Figures 5.2, 5.3). As one can see, the values of autocorrelation
of residuals were reported to be greater than 0.2 in approximately 20% of the samples,
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Figure 5.1: ECDFs of scaled absolute position residuals for NLARX models. Left to right
and top to bottom: LTV, NL, NLD, LTV instantaneous reconfiguration, LTV reconfiguration.
In each case we can find a model that produced around 90% of scaled absolute position
residuals smaller than 1.0.
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Table 5.9: Comparison of trajectory prediction loss in the taskof testing trajectory prediction
from initial conditions for NLARX models. Best results for each system are marked by
bold font.

System RMSE NLARX-
MLP

NLARX-
ResNet

NLARX-
RNN

NLARX-
LSTM

NLARX-
XGBoost

NLARX-
random-
forest

LTV mean 0.67 0.26 0.53 0.49 0.54 1.55
std 0.42 0.19 0.35 0.27 0.27 0.93

NL mean 0.81 0.27 0.23 0.29 0.51 0.79
std 0.42 0.22 0.15 0.14 0.43 0.31

NLD mean 1.73 1.56 1.76 1.47 1.40 1.73
std 1.26 0.96 1.28 1.16 0.99 1.33

LTV mean 2.28 1.45 2.84 4.27 2.22 3.45
inst std 0.88 0.53 1.10 1.39 1.50 2.26
reconfig
LTV mean 1.48 1.11 1.59 1.41 0.81 1.85
reconfig std 0.94 0.62 0.54 0.50 0.39 1.44

Table 5.10: Selection of the best NLARX models for each scenario.
System
scenario LTV NL NLD LTV

reconfig
LTV inst
reconfig

Selected
NLARX
model

NLARX-
ResNet

NLARX-
RNN

NLARX-
XGBoost

NLARX-
ResNet

NLARX-
XGBoost

for all models and system scenarios. In the case of cross correlation of residuals and
system inputs, we observe values greater than 0.2 for around 15% or less samples in all the
considered cases. Therefore, we can draw a conclusion that the correlations of residuals
in general were not significant and the models of the system were valid, as they explained
most of the testing dataset.

Summary

Given that none of the discussed models were invalidated in the analysis of correlations
of residuals in the task of next state prediction, we can select the best NLARX approaches
based on Table 5.9 and Figure 5.1. We present this selection in Table 5.10.
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Table 5.11: Statistical summary of autocorrelations of residuals for NLARX models in the
next state prediction task.

System
Auto-
correla-
tion

NLARX-
MLP

NLARX-
ResNet

NLARX-
RNN

NLARX-
LSTM

NLARX-
XGBoost

NLARX-
random-
forest

LTV mean 0.11 0.14 0.16 0.15 0.08 0.12
std 0.19 0.21 0.24 0.23 0.13 0.19
min abs 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.95 0.97 0.98 0.98 0.83 0.97

NL mean 0.17 0.16 0.16 0.18 0.10 0.11
std 0.26 0.23 0.25 0.26 0.16 0.18
min abs 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.97 0.98 0.99 0.98 0.92 0.96

NLD mean 0.19 0.14 0.12 0.18 0.10 0.12
std 0.27 0.22 0.20 0.26 0.16 0.19
min abs 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.98 0.98 0.98 0.98 0.97 0.97

LTV mean 0.22 0.17 0.21 0.17 0.11 0.12
inst std 0.30 0.24 0.30 0.25 0.19 0.20
reconfig min abs 0.00 0.00 0.00 0.00 0.00 0.00

max abs 0.98 0.97 0.99 0.97 0.91 0.96
LTV mean 0.14 0.18 0.14 0.18 0.10 0.10
reconfig std 0.22 0.26 0.22 0.26 0.17 0.18

min abs 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.98 0.97 0.97 0.98 0.91 0.92

Table 5.12: Statistical summary of cross correlations of residuals and inputs for NLARX
models in the next state prediction task.

System
Cross-
correla-
tion

NLARX-
MLP

NLARX-
ResNet

NLARX-
RNN

NLARX-
LSTM

NLARX-
XGBoost

NLARX-
random-
forest

LTV mean 0.07 0.10 0.09 0.09 0.07 0.08
std 0.09 0.12 0.14 0.14 0.14 0.13
min abs 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.58 0.37 0.63 0.79 1.00 0.90

NL mean 0.08 0.08 0.07 0.07 0.07 0.07
std 0.15 0.12 0.11 0.13 0.15 0.14
min abs 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.71 0.55 0.64 0.75 1.00 0.93

NLD mean 0.08 0.06 0.06 0.07 0.07 0.07
std 0.13 0.09 0.11 0.11 0.13 0.13
min abs 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.75 0.48 0.66 0.70 0.90 0.69

LTV mean 0.08 0.08 0.08 0.09 0.09 0.10
inst std 0.10 0.12 0.12 0.12 0.15 0.15
reconfig min abs 0.00 0.00 0.00 0.00 0.00 0.00

max abs 0.38 0.44 0.61 0.50 0.67 0.59
LTV mean 0.08 0.08 0.09 0.08 0.09 0.10
reconfig std 0.12 0.11 0.14 0.12 0.15 0.16

min abs 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.52 0.45 0.61 0.40 0.66 0.63
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Figure 5.2: ECDFs of autocorrelations of residuals for NLARX models. Left to right and
top to bottom: LTV, NL, NLD, LTV instantaneous reconfiguration, LTV reconfiguration.
The observed distributions imply that these autocorrelations were not significant.
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Figure 5.3: ECDFs of cross correlations of residuals and inputs for NLARX models. Left
to right and top to bottom: LTV, NL, NLD, LTV instantaneous reconfiguration, LTV
reconfiguration.The observed distributions imply that these cross correlations were not
significant.
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5.6 Comparison of test results

In this section we present a comparison of test results for all the experiments described in
Chapter 4. The NLARX group of experiments is represented by the best approaches for a
given system as selected in Section 5.5 of this Chapter. Each experiment name corresponds
to an adequate model trained with optimal hyperparameters.

5.6.1 Trajectory prediction from initial conditions

The first part of this comparison focuses on the task of trajectory prediction from initial
conditions. For the predicted trajectories, we computed the trajectory prediction loss, i.e.,
the mean value of RMSE, and standard deviations of these RMSEs across the trajectories.
These results are presented in Table 5.13.

The absolute values of position residuals in the task of testing trajectory prediction
from initial conditions were scaled by the mean absolute values of position for each
trajectory as described in Section 4.4.2. We plotted the resulting quantities against the
discrete time index for each of the systems (Figure 5.4). We also present their ECDFs
(Figure 5.5). In these plots, we included the residuals resulting from trajectory predictions
using an adequate discrete-time linearization of a system, given by formulas provided in
subsequent sections of Chapter 3.

The simplest observation drawn from these figures is the fact that the residuals grow
as the time index increases (Figure 5.4). This occurs due to the accumulation of errors
in state propagation. In Figure 5.5, we can see that for each method in the LTV scenario,
almost 100% of the scaled absolute values of position residuals did not exceed 1.0. The
model identified by COSMIC, in this case, produced almost perfect predictions, obtaining
performance comparable to the linearization. For more complex scenarios, such as NL
or NLD, the best models, i.e., identified by NLARX, yielded around 100% to 90% of
these values with a magnitude lower than 1.0. For the worst models this proportion
fell to 60 - 40%. Finally for the reconfiguring scenarios, the best method, i.e., COSMIC,

Table 5.13: Comparison of trajectory prediction loss in the task of testing trajectory
prediction from initial conditions for different LTV system identification methods. Best
results for each system scenario are marked by bold font.

System RMSE TVERA TVOKID LTV-
Models

COS-
MIC

single
trajec-
tory

COS-
MIC NLARX PINN

LTV mean 0.71 0.52 0.37 0.36 0.01 0.29 0.25
std 0.52 0.37 0.21 0.18 0.01 0.42 0.15

NL mean 1.15 1.07 0.32 0.32 0.35 0.23 0.38
std 0.91 0.55 0.21 0.21 0.23 0.15 0.31

NLD mean 5.95 2.61 2.41 2.41 2.20 1.40 1.97
std 2.21 0.90 1.04 1.16 0.94 0.99 1.22

LTV mean 0.61 0.47 2.14 2.50 0.02 1.45 1.50
inst std 0.41 0.33 1.13 1.51 0.01 0.53 1.14
reconfig
LTV mean 0.65 0.31 1.41 1.36 0.01 0.81 1.31
reconfig std 0.52 0.23 0.71 0.76 0.00 0.39 0.93
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Table 5.14: Selection of the best LTV system identification methods for each scenario.

System
scenario LTV NL NLD LTV

reconfig
LTV inst
reconfig

Selected
method COSMIC NLARX NLARX COSMIC COSMIC

produced almost perfect predictions (100% of scaled absolute position residuals below
0.05), whereas the worst ones resulted in only around 60% of scaled residuals lower than
1.0. Moreover, in Figures 5.4, 5.5 we can see that for each considered system scenario we
could find a machine-learning-based approach which performed better than the classical
system identification approaches in terms of the state propagation accuracy of a resulting
model. Finally, we notice that, for all these systems except for LTV, the best approaches
resulted in better predictions than their linearizations. In the LTV case, the best model,
i.e., the one obtained by COSMIC had a comparable performance to the corresponding
linearization.

5.6.2 Trajectory prediction one step ahead

We continued with the validation of the models in the task of next step prediction for the
testing trajectories. The resulting residuals were collected and we computed their auto-
correlations and cross correlations with system inputs. The statistics of these correlations
were calculated (Tables 5.15, 5.16) and their ECDFs were plotted (Figures 5.6, 5.7). In each
system scenario and system identification method, around 85% of the autocorrelations of
residuals had values below 0.2. Regarding the cross correlations of residuals and inputs to
the system, we observe the same property for around 90% of the values. These magnitudes
of correlations are not significant, therefore we can draw a conclusion that the obtained
models of the systems were valid, as they explained most of the testing data.

5.6.3 Summary

From this analysis we can draw conclusions about which system identification method
worked best in each scenario (see Table 5.14)

For all the systems, except for LTV, these best methods resulted in models that were
more accurate for state propagation than the corresponding linearizations. In the LTV
case, this accuracy was comparable. Furthermore, this benchmark shows the superiority
of machine-learning-based approaches over classical system identification methods, as
this first class of algorithms dominated the selection of best methods. Nevertheless, as
one can see, it is impossible to choose one best system identification method, because this
choice depends on the considered scenario. This observation is in-line with the No free
lunch theorem [33].
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Table 5.15: Statistical summary of autocorrelations of residuals for different LTV system
identification methods in the next state prediction task.

System Autocor-
relation TVERA TVOKID LTV-

Models

COS-
MIC

single
trajec-
tory

COS-
MIC NLARX PINN

LTV mean 0.01 0.02 0.12 0.12 0.05 0.14 0.07
std 0.04 0.05 0.20 0.19 0.08 0.21 0.23
min abs 0.00 0.00 0.00 0.00 0.00 0.00 0.0
max abs 0.43 0.50 0.96 0.98 0.42 0.97 0.99

NL mean 0.04 0.04 0.13 0.13 0.14 0.16 0.12
std 0.08 0.07 0.21 0.21 0.23 0.25 0.20
min abs 0.00 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.70 0.43 0.95 0.94 0.97 0.99 0.99

NLD mean 0.14 0.09 0.05 0.06 0.04 0.10 0.07
std 0.22 0.17 0.11 0.10 0.07 0.16 0.15
min abs 0.00 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.99 0.94 0.81 0.73 0.76 0.97 0.95

LTV mean 0.01 0.02 0.06 0.07 0.05 0.17 0.05
inst std 0.22 0.05 0.13 0.14 0.08 0.24 0.09
reconfig min abs 0.00 0.00 0.00 0.00 0.00 0.00 0.00

max abs 0.99 0.51 0.92 0.92 0.55 0.97 0.95
LTV mean 0.03 0.03 0.09 0.06 0.06 0.10 0.06
reconfig std 0.07 0.05 0.16 0.12 0.09 0.17 0.12

min abs 0.00 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.63 0.49 0.92 0.82 0.69 0.91 0.97

Table 5.16: Statistical summary of cross correlations of residuals and inputs for different
LTV system identification methods in the next state prediction task.

System Cross cor-
relation TVERA TVOKID LTV-

Models

COS-
MIC

single
trajec-
tory

COS-
MIC NLARX PINN

LTV mean 0.07 0.11 0.08 0.08 0.05 0.10 0.07
std 0.08 0.12 0.13 0.11 0.07 0.12 0.10
min abs 0.00 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.24 0.25 0.62 0.66 0.64 0.37 0.53

NL mean 0.11 0.05 0.06 0.06 0.06 0.07 0.05
std 0.13 0.06 0.12 0.12 0.12 0.11 0.09
min abs 0.00 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.39 0.25 0.87 0.86 0.83 0.64 0.66

NLD mean 0.08 0.06 0.04 0.06 0.04 0.07 0.04
std 0.11 0.09 0.07 0.09 0.07 0.13 0.07
min abs 0.00 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.55 0.36 0.43 0.41 0.48 0.90 0.45

LTV mean 0.08 0.12 0.04 0.07 0.07 0.08 0.05
inst std 0.09 0.13 0.07 0.11 0.09 0.12 0.08
reconfig min abs 0.00 0.00 0.00 0.00 0.00 0.00 0.00

max abs 0.21 0.25 0.49 0.41 0.62 0.44 0.36
LTV mean 0.10 0.10 0.05 0.06 0.05 0.09 0.05
reconfig std 0.12 0.11 0.09 0.11 0.09 0.15 0.08

min abs 0.00 0.00 0.00 0.00 0.00 0.00 0.00
max abs 0.29 0.24 0.46 0.46 0.64 0.66 0.33
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Figure 5.4: Scaled absolute position residuals averaged over testing trajectories for different
LTV system identification methods. Shaded area corresponds to standard deviation of the
discussed values. Left to right: full plot, zoom to the last 30 time indices. Top to bottom:
LTV, NL, NLD, LTV instantaneous reconfiguration, LTV reconfiguration. In each case at
least one machine-learning-based approach performs better than the classical methods
with performance better than or comparable to linearization.
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Figure 5.5: ECDFs of absolute position residuals for different LTV system identification
methods. Left to right and top to bottom: LTV, NL, NLD, LTV instantaneous reconfigu-
ration, LTV reconfiguration. In each case at least one machine-learning-based approach
performs better than the classical methods with performance better than or comparable
to linearization. 49
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Figure 5.6: ECDFs of autocorrelations of residuals for different LTV system identification
methods. Left to right and top to bottom: LTV, NL, NLD, LTV instantaneous reconfigura-
tion, LTV reconfiguration. The observed distributions imply that these autocorrelations
were not significant.
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Figure 5.7: ECDFs of cross correlations of residuals and inputs for different LTV system
identification methods. Left to right and top to bottom: LTV, NL, NLD, LTV instantaneous
reconfiguration, LTV reconfiguration. The observed distributions imply that these cross
correlations were not significant.
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6

Conclusions and future work

The work developed in this thesis aims to propose and compare machine-learning-based
approaches for LTV system identification with classical methods. The focus is put on
system identification for reconfigurable spacecraft such as e.g., space structures during an
assembly performed by a robotic manipulator. In this scenario, the control of the discussed
system is challenging, as its dynamical properties undergo continuous and instantaneous
changes. Applying first-principles of physics to model complex spacecraft systems is
challenging, time-consuming, and financially demanding, accounting for around 50% of
total project cost. However, utilizing a data-driven approach to this task could substan-
tially reduce project expenses, thus enhancing the feasibility and sustainability of space
exploration.

With the work developed in this thesis, we present the following contributions:

Benchmark of LTV system identification methods: The work completed in this thesis
can be considered a benchmark comparing classical system identification methods with
machine-learning-based approaches. The discussed methods are evaluated in five sce-
narios of a spring mass damper system, including nonlinear damping, disturbances, and
reconfiguration. We end up showing superiority of machine-learning-based approaches,
as this class of methods scored the best in all the considered cases.

Machine-learning-based NLARX system identification: We present how a variety of
popular regression methods can be coupled with NLARX to perform the task of system
identification. We compare different approaches using MLP, ResNet, RNN, LSTM, XG-
Boost, and random forest in five varied scenarios of simulations of a spring mass damper
system. In the final comparison we show that these methods resulted in the most accurate
state propagation accuracy for systems with nonlinear damping.

PINN-based system identification: We present a method to utilize PINNs for system
identification of dynamical systems with control inputs and various initial conditions.
Once again we benchmark this approach against the others using the five spring mass
damper simulations.
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Future work

In this section, we present some directions considered to be important as a continuation
of the developed work, that we intend to explore in the future:

Evaluation of system identification methods in reconfiguring spacecraft simulation: In
our work we intended to create simulations that would mimic the scenario of spacecraft
reconfiguration. Even though we find our spring mass damper simulations a good ap-
proximation of this concept, it is crucial to further verify the effectiveness of the discussed
methods in low- and high-fidelity simulations of reconfiguring spacecraft.

Evaluation of the obtained models of the system in control: After performing system
identification it would be interesting to see how the obtained models of the dynamical
system would serve the purpose of controller design using for instance an online version
of Linear Quadratic Regulator (LQR) or Model Predictive Control (MPC). This would
further validate the obtained models and emphasize the limitations of various methods
discussed in this thesis.

Experiments with PINNs using more complex architectures: The modified MLP archi-
tecture that we used for PINN-based system identification was shallow due to the fact
that the minimization of a loss function based on an ordinary differential equation (ODE)
is a difficult task which suffers from the problem of vanishing gradients. Therefore, it
would be interesting to explore more complex architectures, for instance ones utilizing
skip connections to enable the training of deeper networks, thus resulting in more flexible
model structure.
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