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Abstract

The purpose of this work is to theoretically model and empirically quantify the validity of four
distinct trade classification methodologies for estimating market makers (MM) inventory and sub-
sequent effect of higher order greeks exposure in explaining daily return variance. It begins by
presenting a novel approach to trade classification based on modeling the implied volatility sur-
face. This approach aims to be superior to current quote and open-interest based methods in that
it does not require the use of quote data and by being a more dynamic way of classifying investor

positioning.

To empirically test these models’ accuracy, we first recreate and aggregate the MM greeks exposure
across the proposed models and then regress the changes in inventory to changes in the underlying
price. The empirical analysis performed over the period from 1% January 2019 to 31*" December
2019 across five different stocks and one index reveal two important findings: (1) While the volatil-
ity model is preferable in terms of trade side classification, it falls short when used to estimate
market maker inventory; and (2) The inclusion of vega, vanna and volga hedging effects turn out
to be highly significant for explaining daily return variance. Quantitatively, accounting for these
higher order greek effects results in a 66.04% increase in explanatory power when compared to

merely accounting for gamma effects.

Keywords Volatility Surface Modeling; Market Maker Inventories; Options Greeks; Dynamic

Hedging; Trade Classification;
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1 Introduction

In the colossal field of derivatives pricing, assumptions about the behavior of equities are made and
underlying market dynamics are modeled in order to arrive at a price. While extensive research
has been conducted, some critical assumptions that act as inputs to these models are still a stylized

view of financial markets.

For this reason, a new field of research has emerged that concerns market micro-structure. This
field focuses on the study of markets and how they operate, and is one of the fastest growing fields
of financial research. More recently, due to the rising popularity of the options market, the analysis
of flows and feedback effects regarding the hedging of these derivative instruments has caught the

attention of the media, academics, and major market players.

These feedback effects have a deep impact on the underlying market parameters, such as spot
prices and volatility. This is because the purpose of hedging is to replicate payoffs that are non-
linear functions of the underlying price. To hedge, option holders have to buy / sell the underlying

in accordance to their payoff structure in order to be neutral to any directional risk.

Since these effects caught the attention of academics, different bodies of research have emerged
on the study of the impact of dynamic and the static hedging of derivatives. Some are focused on
incorporating this effect into pricing models, while others are more concerned with describing the

actual effect it has on the underlying market dynamics.

While important work has been done on the theoretical side, empirical work has been limited. This
gap arises because the accurate study of the described effects requires the use of proprietary data
(i.e data that allows for the identification of market maker inventory). To this day, to deal with the
problem of lack of proprietary data, assumptions about options open interest are made. The main
assumption is that all calls are sold (bought) by investors (market makers) and all puts are bought

(sold) by investors (market makers).



While not ideal, and as curious as it may seem, the assumption established above has provided a
useful framework for characterizing market maker exposure on the major stock indexes. So, what
is the issue with using this assumption? The problem is twofold: (1) Index positioning changes
with different market regimes; and (2) These assumptions of MM positioning may not fully apply

to individual stocks.

As specified in (1), these assumptions are suspect at times because they fail to account for extended
periods of out-the-money put premium harvesting by investors or extended periods of out-the-
money call buying. The second issue (2) arises because individual stocks are subject to more
variable patterns of trading than when contrasted with an index, where the effects of one single
stock are dissolved. Board changes, product releases, acquisitions, and exposed fraud/negligence
are all events intricate to that specific stock that can lead, at times, to a skew in investors’ options

positioning.

This work is of great importance because the biggest edges in trading are when players, that have
a significant impact on the market due to their trading volume, are forced to act predictably. These
flows that derive from the dynamic hedging activities conducted by market makers are a predictable

part of the demand and supply that can be taken advantage of and is unlikely to disappear.

The objectives of this work are threefold: First, to synthesize the current literature on all the re-
quired concepts for comprehending the methodologies employed; second, to investigate how to
classify trades by modeling the implied volatility surface and therefore constructing an inventory;
and third, to use this inventory to quantify the higher greek exposure effects on the underlying

market.
With this approach, it is intended to answer the two primary research questions of the paper:

1. Is volatility surface modeling a superior approach for estimating dealer inventory than current

trade classification methods?

2. Besides gamma, what are the quantifiable effects of the other higher order greeks exposure?



2 Literature Review

This section provides an overview of the literature on three distinct topics that together make up

the subject of the work carried out in this thesis.

2.1 Options hedging impact on the underlying market

Since options have been introduced, the question of how and to what extent the trading of these
instruments affects the underlying equity dynamics has been a focal point of research among aca-

demics.

The current literature distinguishes between two channels (informational and non-informational)
through which it is believed that options trading have an impact on the underlying. Notably, Hu
(2014) presents strong evidence of an informational channel through which option trading impacts
stock prices, by showing that market makers’ hedging activities have strong predictive power of
stock returns. Pan and Poteshman (2006) also provide evidence of a strong informational chan-
nel by taking advantage of put-call ratios. However, non-informational channels are also under
current study. Avellaneda and Lipkin (2003), Ni et al. (2005) and Golez and Jackwerth (2012) doc-
ument that the rebalancing and unwinding of market maker delta-hedges very close to the options

expiration date impact the stock price by driving it towards the option strike.

More recently Ni et al. (2020) analyzed the effects of gamma imbalance on the returns and autocor-
relation of returns. They find that there is a negative relation between stock volatility and gamma
imbalance. While Ni et al. (2020) concentrate on daily data, Barbon and Buraschi (2020) resort to
intraday data. Their research goes in line with the former, by finding that the gamma-imbalance is
also negatively related to intraday volatility and autocorrelation of returns. However, they extend
their research by documenting the impact of the same imbalance on the frequency and magnitude

of flash crashes.

Finally, Baltussen et al. (2021) provide evidence that intraday momentum in futures contracts is

strongly linked to the hedging demand coming from negative gamma exposure of market makers.
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2.2 Trade side classification from intraday data

As intraday trade data becomes increasingly available from major exchanges, the improved ability
to determine whether a trade was a buy or a sell order is of extreme importance. To solve this
problem, researchers have been employing four competing algorithmic methods, such as the quote
test, the tick rule (Finucane, 2000), the prevailing midpoint test - the LR algorithm (Lee and Ready,

1991) and the prevailing bid/ask test - the EMO algorithm (Michaely et al., 2000).

The quote rule classifies a transaction as a buy (sell) if the associated trade price is above (below)
the midpoint of the bid and ask. The tick rule (Finucane, 2000), is based on price movements
relative to previous trades. It compares if a trade price is above (below) to the previous price with
upticks (downticks) being evidence of a buy (sell). The LR algorithm (Lee and Ready, 1991) is
essentially a combination of the previous two rules: first, the trade is classified according to the
quote rule, and then classifies the midpoint transaction with the tick rule. The EMO algorithm
(Michaely et al., 2000), uses the quote rule to classify trades happening at the quoted bid/ask and

the tick rule to classify all other trades.

Attempts at a modelling approach have been limited, with only Rosenthal (2012) providing signif-
icant improvements in this area. In his study, he incorporated all of the above tests into a linear
modelling approach, accounting for autocorrelations and uncertainty about what quotes were at the
time of the trade. This approach yielded the best results of all, with 1-2% more accuracy overall

than currently used methods.

While these algorithms serve their main purpose on the cash market, our objective is to use them in
the derivatives market, so we need to know what the performance is in that case. Using a proprietary
dataset, Savickas and Wilson (2003) analyzed the performance rate of these classification methods
for options trades and found that the correct classification rate for the quote rule is 83%, and for
the LR, EMO and tick rules it is 80%, 77% and 59% respectively. It was also found that the major
source of miss-classification came from outside-quote trades and reversed-quote trades (i.e., buying

at the bid and selling at the ask).



2.3 Volatility surface modelling

Since the disclosure of the Black-Scholes formula, there has been extensive research conducted
by both academics and practitioners on methods for modeling implied volatility and constructing
volatility surfaces. Typical approaches used are based on (local) stochastic volatility models, Lévy
processes, and models for the dynamics of implied volatility, based on parametric representations

and non-parametric representations. A good overview of these approaches is given in Zhu (2014).

A parametric model comes with certain advantages. Observed implied volatilities can be inter- and
extra-polated. Therefore, a parametric implied volatility model can be used to price new contracts
for which there are no quotes on the market. The implied volatility in a parametric model is a

function of strike and maturity with an explicit analytical expression.

The stochastic volatility inspired (SVI) model is part of the parametric representation family of
models. It was developed at Merril Lynch in 1994 and was made public through a presentation by
Gatheral in 2004 (Gatheral, 2004). It was chosen to be investigated further since it has the most
potential outside of its already strong foundation and many advantages such as small computational
time, relatively easy to calibrate to market data and a relatively good approximation of implied
volatility for strikes deep in-the-money and out-of-the money for equities. Since its disclosure, a
lot of investigation has been conducted regarding its peculiarities. One interesting advance was the
Quasi-Explicit parameterization proposed by Marco and Martini (2009), which allowed for faster
estimation of the parameters. However, the original SVI model, even though it gives great market
fit, is missing two important features: it does not model the entire volatility surface, and there are

no conditions imposed that grant the absence of arbitrage (Roper, 2010).

Ten years later, a new parameterization of the original SVI model was introduced for the entire
volatility surface (Gatheral and Jacquier, 2014), called the surface SVI or SSVI which provided a

good fit and tractable sufficient conditions that minimized the presence of arbitrage.



3 Methodology Implementation

3.1 Data & Pre-Processing
3.1.1 Data description

The dataset was constructed using four securities from distinct industries (Apple [Ticker: AAPL],
Amazon [Ticker: AMZN], Boeing [Ticker: BA] and Exxon Mobil [Ticker: XOM]) and one index
(S&P500 [Ticker: SPX]); see Table C.1 for the breakdown of the assets by industry and sector;
see Table C.2 for the corresponding returns descriptive statistics. The equities used were selected

based on their large daily option trading volume.

For this analysis, intraday option tick trade data from multiple exchanges (purchased from ivolatil-
ity.com) was used. The dataset comprises options transaction prices, quote and greeks data for the
option and underlying securities across one unit of time in the whole sample period from January

24 2019 to December 31*, 2019 (251 trading days).

3.1.2 Defining and removing inadequate data

Before creating data filters, it is first necessary to define what constitutes a “bad” input. The trade-
off between data completeness and integrity must be balanced based on the sensitivity of the anal-
ysis to bad data. The emphasis of this study is on optimizing for integrity, which if not taken into

consideration, would result in the most detrimental inaccuracy in the practical analysis.

The data is filtered by (i) removing all observations with non-positive prices/implied volatilities, (ii)
removing all non-business days, (ii1) removing all trades that are flagged as “late” or “canceled” by
the exchange, (iv) removing duplicate trades. The cleaned dataset description with examples can

be found in Table C.3.



3.2 Construction of the Implied Volatility Models (SVI&SSVI)
3.2.1 SVI Parameterization

The method that will be used for the construction of the implied volatility model is the stochas-
tic volatility inspired parameterization or SVI parameterization. This method’s popularity among

practitioners is attributed to its two key properties (Gatheral and Jacquier, 2014):

(i) For a fixed time to maturity 7, the implied Black-Scholes variance Glgnp(k, 7) is linear in the

moneyness k as |k| — oo;
(i1) It is relatively simple to fit to listed option prices.

The raw SVI parameterization of the total implied variance for a given parameter setx = {a,b,p,m,c}
is given as:

w(k,x)za—kb{p(k—m)—f— (k—m)2+62} (1)

wherea € IR, b >0, |p| < 1,m€IR, 0 > 0and a+bo/1 — p? > 0 wich ensures that w(k;x) > 0
for all k£ € IR.

3.2.2 SVI Calibration Process

The calibration of the SVI is based on using the raw parameterization in (1). The objective is
to find the parameters that provide the best fit against the given market data. We can define the

optimization problem as:

n

. ) A N2
min ZWIi(Wraw(k’a7b767p:m)_Wi) (2)
aabacvpvm l:1
where wy,,, is the raw parameterization depending on the parameter set (a,b,c,p,m), W; is the
given market data defined in total implied variance and W; are the weights for defining the goodness

of fit of different data points.



One of the issues when solving this minimization problem is that it is non-linear in nature and
generates many local minima points. The final solution is then, highly dependent on the starting
parameters used as input to the optimization algorithm, and therefore the robustness of the fitted

parameters is not guaranteed.

To solve this, the Quasi-Explicit parameterization proposed by Marco and Martini (2009) is applied

so that it can be solved as a linear problem with the following variable change:

Then, the RAW parameterization becomes:

w(k) =a+ba(py(k)+4/y(k)>+1)

3)
=a-+dy(k)+cz(k)
where d = a; ¢=bo; d=pbo; z(k)=+/y(k)?+1.
By picking an initial (¢, m) pair, the problem is transformed from a non-linear problem into:
Pop = a%’ng; Wi(w(yi) —w;)? “)
and the domain D of the parameter set (a, ¢, d) is given by
(
0<c<40o
D={|d <cand|d|<40—c (&)

0 < a < max(W;)

\

The problem in (4) is a typical least-squares problem with linear restrictions. This problem, due to

its convexity, admits a single solution (if it exists), which will be the global minimum.



3.2.3 SSVI Parameterization

Gatheral and Jacquier (2014) introduced the Surface SVI (SSVI). This parameterization is a gener-
alization of the original raw parametrization in (1) that takes the corresponding smiles into account
in the estimation process. It aims to solve the problem of the restriction of the parameters to avoid
the presence of butterfly and calendar arbitrage in a given smile and gives a single equation that fits

the implied surface as a whole.

Specifically, let @ be a smooth function in IR, — IR such that lirr(l) 0:¢(0;) exists in IR. A SSVI
T—

surface is defined by:

(k.06 = % {1+ (@)t (p(0kc+p)2 + (197 ©

where 0; := 024(0,7)7 and %1_% 6: =0.

It is now necessary to define the function ¢, which is then going to be replaced in the SSVI’s
equation with its own parameters and we then have a function w(k, 0z; X,si) that can be calibrated

for a set of SSVI parameters yx,,,; against the observed market values.

The function ¢ in (6) is parameterized as a power law type function, i.e.,

n
®(0) = 071+ 6)1 7 (7

3.2.4 No-Arbitrage Conditions

When we are presented with a situation in which we have a zero percent chance of losing and a
non-negative chance of winning, we have an arbitrage opportunity. Market makers do not want this
to happen since arbitrageurs could take advantage of this and cut into their profit margins, so their
models often incorporate a set of rules for it not to happen when providing quotes. Carr and Madan

(2005) state the following proposition and lemma concerning arbitrage on volatility surfaces:
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Proposition 1. A volatility surface is free of static arbitrage if an only if the following conditions

are satisfied:
(i) surface is free of calendar spread arbitrage;
(i1) each time slice is free of butterfly arbitrage.

Calendar spread arbitrage concerns arbitrage possibilities in the time to maturity direction of the

surface whilst butterfly arbitrage concerns arbitrage possibilities in the moneyness direction.
Lemma 3.2.1. For a function ¢ of power law def.(7), the conditions on its parameters are
(1) 0 <y <1 that optimize the conditions for no calendar arbitrage

(i) n(1+|p|) < 2 that optimizes for the absence of butterfly arbitrage

3.2.5 SSVI Calibration Process

For the calibration of the SSVI parameters with ¢ as a type of power law function!, we need the
moneyness (k), time-to-maturity (7) and implied volatility (o) that will then be converted to total

implicit variance (w).

The optimal choice of parameters can be found using least squares with an objective function set
to the differences between the total implied variances given from the new parameterization and the

original plus a large penalty P for static arbitrage. The general expression to minimize is then

S n
min Z ZWs,i(ws,i(k, ef;p(ef)ﬂq)(ef))_Ws,i)2+P (8)

P(Gr)a(P(er)szl i=1
where S is the number of maturities in the data, n the number of data points per maturity,
oy,i(k, 0z;p(07), ¢(0z)) is the total implied variance given from the original parameterization and

0 ; is the total implied variance observed.

IThe function defined for ¢ can be changed to another arbitrary function. The one used here (power-law) is one of
the mostly used in the literature.
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3.2.6 Weights vector

When calibrating a volatility model, the fits and subsequent errors are determined by the moneyness
location of the greatest traded volume. Introducing weights in the objective function reflecting the
significance of each moneyness value comes to mind as a natural solution to this problem. In this
study’s specific case, the most appropriate method is to give weights that gradually decrease from
the at-the-money (ATM) point. This is because at any given time extant greeks exposure is going
to be described by outstanding volume carrying large greek values - this happens at the ATM zone

(See Figure 1).

Figure 1: Concentration of trading volume
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Note: This Figure shows the concentration of trading volume around the at-the-money point of the nearest
time-to-maturity. Approximately 80% of trade volume occurs within the moneyness interval [-0.05; 0.05].

For dealing with the concentration of trading volume, two function types come to mind - the abso-

lute value (9) and exponential (10), i.e.,

W (ki)r = —|ki| + max(kz) ©)

W (k;)r = e~ 13 (10)

Both functions will be used and the fit error for each will be compared in the results section. A

graphical visualization of these functions is presented in fig.(B.1).
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3.2.7 Fitting the data

Due to the sheer large number of trades that occur on any given trading day, the fitting of data for a
time-to-maturity (7) and moneyness (k) is comprised of the mean implied volatility of the midpoint
of all trades happening exactly at the bid and ask. This value is then squared and multiplied by the

corresponding time-to-maturity to obtain a total variance number used by the models,

bid ask\ 2
IV, . +1V
w(k,T) = (%) T (11)

With this procedure, the number of data points to fit and, subsequently, the computational power
required are dramatically reduced while still feeding the model relevant input data for our objective.

Table 1 gives an example of the contents in the file used for model fitting.

Table 1: Example of a volatility model fitting file

time-to-maturity (ttm) moneyness (m) variance (w) theta (647)) weight (W)

0.019 -0.248 0.0079 0.0024 0.42
0.019 -0.223 0.0079 0.0024 0.51
0.537 0.104 0.238 0.055 0.44
0.537 0.190 0.437 0.055 0.39

Note: Example of the contents inside of a fitting file for a specific day (April 47 2019) and stock (AAPL).

3.2.8 Calculating the volatility’s model calibration error

To measure the volatility models’ fit against the market traded options, the root-mean-square error
(RMSE) is used. For a certain options’ time to maturity (7) and log-moneyness (k) the error of a

volatility surface’s fit against the market is defined as:

1 n m
RMSE = [ =YY (Gimp — Cimp)? (12)
NS5
where 6, is the observed implied volatility and o;,,, is the predicted implied volatility.
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3.3 Market Maker Inventory Estimation

3.3.1 Intraday Trade Cassification

The ability to classify trades is separated and evaluated across four distinct methodologies. Firstly,
the BA (Bid & Ask) classification is based on the premise that trades occurring exactly at the
quote (ask or bid) represent the true underlying trade direction (buy or sell). Secondly, the QR
(Quote-Rule) is consistent with the findings in the literature on trade classification (Savickas and
Wilson, 2003) which state that this technique has an overall classification accuracy of 83 percent
for option transactions. Thirdly BSCP (all calls are sold (bought) by investors (MM’s) and all puts
are bought (sold) by investors (MM’s)) is the generalization made across the literature related to
market makers’ gamma exposure studies. Finally, the proposed classification model of this work,
the SVI/SSVI, builds on top of the BA approach by signing its unclassified trades (as buy or sell)

based on their relative position to the surface. Table 2 below gives the exact rules for classification

of each approach.

Table 2: Trade classification algorithm rules

Rule Conditions Classification

P = Py Trade is classified as buyer-initiated
BA P, # Pasi||Pgia Trade is unclassified

P, = Pgjy Trade is classified as seller-initiated

P, > pmid Trade is classified as buyer-initiated
QR P = Ptmid Trade is unclassified

P, < pmid Trade is classified as seller-initiated

T, = Put Trade is classified as buyer-initiated
BCSP T; # Call || Put Trade is unclassified

T, = Call Trade is classified as seller-initiated

v, > 1V, Trade is classified as buyer-initiated
SVI & SSVI 1V, =1V, Trade is unclassified.

v, <1V, Trade is classified as seller-initiated

Notes: Rules and description for each algorithms’ trade direction classification. Each trade is signed as “1” for buy
positions and as “-1” for sell positions. P; denotes the transaction price at time t; P,’”id =
the trade implied volatility; IV, is the implied volatility predicted by the model; and 7; refers to the transaction type.
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3.3.2 Inventory Construction & Procedure

By aggregating the volume for each trade i and classification algorithm r on any given day, we may
determine the market maker’s higher greek exposure. For each trade occurring on the tape, the net

dealer position is calculated as follows:
NetDealerPosition; = Classification; x —1 x Volume; x 100. (13)

The notion of the -1 multiplication is that the market maker is on the opposing side of the under-
lying trade being made. Subsequently, the associated dollar nominated higher greeks exposure are

calculated as in Carr and Wu (2020),
MM _GEX ($)" = NetDealerPosition; x Gamma; X 5. (14)

This MMggx (Gamma Exposure) value measures the rate of change in the options delta and gives
the dollar amount the MM has to invest in the market (for a one point move in the underlying) in

order to be delta hedged. Additionally,
MM _VEX($)" = MM_GEX (Dollar)} x t; X 67 (15)

MMy gyx (Vega Exposure) is the first derivative of option prices with respect to change in underlying
volatility. A positive (negative) VEX value, indicates the MM predominantly holds long (short)

maturity ATM options. Moreover,

K. 1
MM VAX($)} = MM_GEX (Dollar) x [ln(;l) + 5o,-zr,-] (16)
i

MMy x (Vanna Exposure) is a cross-derivative with respect to delta and implied volatility. Positive

(negative) VAX indicates that the inventory is comprised of long (short) calls and short (long) puts.
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Finally,

MM VOX ($)" = MM _VAX (Dollar)! x [—ln(}?)—lcz ] (17)

MMy ox (Volga Exposure) is the rate of change of vega. A net positive (negative) MM portfolio
VOX indicates a net long (short) positioning. For more intuition and explanation on these greeks

see section A.2 in the Appendix.

The final inventory is calculated” end-of-day, and is comprised of a matrix of size k x n where k
denotes the strike prices and n the expiration dates. This end-of-day inventory is carried forward
to the next trading day until the current date matches a expiration date. When this happens, the

corresponding column 7 is eliminated, since all remaining exposure at that time-to-maturity expires.
With this matrix calculated we have the market maker net volume exposure at each time-to-maturity
and strike. Next, we have to determine the gamma values using (18) at each point in time for each
k x n intersection point (since the parameters of the options traded on previous days will change).

N'( ln(S/K)+(62/2)r)

oVt

So\/T

= (18)

where K is the strike price, S is the end of day spot price, o is the interpolated implied volatility
from the SVI model calibration for that day, 7 is the time-to-maturity (annualized) and N’ is the

standard normal probability density function.

Finally, to arrive at the end-of-day total net greek exposure is a simple matter of adding the values

across all k strikes and n maturities for each calculate higher greek i defined above.

MTotal Z Z MM,;

Details on the Algorithm can be found in Section D of the Appendix
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4 Results and Analysis

4.1 Volatility Models Calibration

An example of SVI & SSVI fitting to market data following sections 3.2.2 and 3.2.5 can be found

in Figures B.2 & B.3, along with their g(k)? density and total variance plots in Figures B.4 & B.5.

Two tests will be used to evaluate the volatility model. First, the robustness of the methods will be
tested. This means that we will test how often the models generate solutions that introduce static
arbitrage. The second test will be in the view of quality. To test the quality, the fit’s residuals

against the market data will be analyzed.

Table 3: Summary of number & percentage of cases where the models introduce arbitrage

SVI SSVI
Asset Cal. Arb. But. Arb Cal. Arb. But. Arb
AAPL
EQU 2,271 (56.96%) 185 (4.62%) 968 (24.27%) 10 (0.25%)
ABS 2,228 (55.88%) 156 (3.91%) 981 (24.60%) 10 (0.25%)
EXP 2,223 (55.76%) 158 (3.96%) 941 (23.60%) 10 (0.25%)
AMZN
EQU 2212 (58.14%) 237 (6.23%) 876 (24.02%) 56 (1.47%)
ABS 2189 (57.54%) 220 (5.78%) 646 (16.98%) 56 (1.47%)
EXP 2205 (57.97%) 236 (6.20%) 731(19,21%) 56 (1.47%)
BA
EQU 2248 (59.01%) 232 (6.06%) 945 (24.80%) 79 (2.07%)
ABS 2182 (57.28%) 176 (4.62%) 805 (21.13%) 78 (2.04%)
EXP 2222 (58.33%) 211 (5.53%) 861 (22.60%) 79 (2.07%)
XOM
EQU 2376 (66.81%) 561 (15.77%) 745 (20.95%) 112 (3.14%)
ABS 2330 (65.52%) 415 (11.67%) 432 (12.14%) 111 (3.12%)
EXP 2366 (66.53%) 526 (14.79%) 587 (16.51%) 112 (3.14%)
SPX
EQU 7087 (80.40%) 794 (9.00%) 4982 (56.52%) 517 (5.86%)
ABS 6980 (79.19%) 773 (8.77%) 4162 (47.22%) 513 (5.82%)
EXP 6988 (79.28%) 780 (8.84%) 4656 (52.82%) 511 (5.79%)

Notes: But. Arb. stands for butterfly arbitrage and show how many cases butterfly arbitrage was introduced.
Cal. Arb. stands for calendar arbitrage and shows how many cases calendar arbitrage was introduced.

3g(k) = (1— ’;v:v’((:)) )2 w’(4k) (ﬁ +1)+ @ where w(k) is defined in eq.(1)
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Table 3 summarizes the robustness test’s outcome. The type of arbitrage that is mostly present in
the surfaces is calendar arbitrage. As expected, the SSVI method is introducing, on average, 55%
and 67% less cases for calendar and butterfly arbitrage, respectively than the SVI. This is expected

as the SSVI method is optimizing for reducing arbitrage conditions.

To assess the methods quality, the metric described in (12) will be used. Table 4 presents the
overall result from the quality test and in Tables 5 & 6 we can see how the error is located between
different maturity and moneyness intervals. To facilitate a visual comparison of the approaches, the
progression of the total error for the weight technique with the lowest total RMSE is presented in

Figures B.6a - B.6e.

Table 4: Summary of quantified goodness of fit metrics

SVI SSVI
Asset  Tot.err Mean.err S.mean.err Tot.err Mean.err  S.mean.err
AAPL
EQU 5.789 0.023 0.008 7.251 0.029 0.010
ABS 5.501 0.022 0.008 7.386 0.029 0.012
EXP 5.558 0.022 0.008 6.929 0.027 0.011
AMZN
EQU 12.366 0.049 0.010 7.711 0.031 0.010
ABS 7.662 0.030 0.014 8.619 0.034 0.013
EXP 10.685 0.042 0.009 7.804 0.031 0.011
BA

EQU 6.361 0.025 0.008 6.585 0.026 0.010
ABS 5.073 0.020 0.008 7.143 0.028 0.012

EXP 5.890 0.023 0.007 6.765 0.027 0.011
XOM

EQU 2.693 0.011 0.005 5.012 0.020 0.011

ABS 4.884 0.019 0.024 5.599 0.022 0.014

EXP 2.648 0.011 0.005 5.279 0.021 0.012
SPX

EQU 5.573 0.022 0.009 9.464 0.038 0.024

ABS 5.373 0.021 0.036 11.246  0.045 0.037

EXP 5.096 0.020 0.008 10.444  0.041 0.032

Notes: Tot.err stands for total error and gives the total error for all 251 trading days for each underlying. Mean.err
stands for mean error and gives the mean error for each dataset. S.mean.err stands for smile mean error and gives the
mean error for every smile in the data. EQU, ABS and EXP denote the weight functions defined in sub-section (3.2.6).
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As per Table 4, both weight functions introduced manage to reduce the total error but SVIigxp &

SVIggu are almost always outperformed by SVIsps and SSVIgxp & SSVIsps by SSVIgou.

It is self-evident that the SVI method generates significantly superior results to the SSVI approach
in all circumstances. By and large, the former produces solutions that are roughly 20%-50% better
than the latter. This is because it lacks arbitrage restrictions to minimize static arbitrage and natu-

rally results in a more accurate fit.

Table 5: Summary of quantified goodness of fit by maturity

SVI SSVI
Asset  Short Medium Long Short Medium Long

AAPL
EQU 0.041 0.010 0.005 0.033 0.013 0.006
ABS 0.027 0.008 0.005 0.034 0.013 0.007
EXP 0.036 0.008 0.004 0.031 0.012 0.007
AMZN
EQU 0.053 0.011 0.004 0.033 0.012 0.006
ABS 0.033 0.010 0.008 0.037 0.014 0.008
EXP 0.046 0.009 0.004 0.033 0.012 0.008
BA
EQU 0.029 0.007 0.004 0.030 0.008 0.006
ABS 0.022 0.008 0.010 0.033 0.010 0.008
EXP 0.027 0.007 0.004 0.031 0.009 0.007
XOM
EQU 0.014 0.005 0.003 0.026 0.012  0.008
ABS 0.014 0.017 0.017 0.027 0.015 0.012
EXP 0.014 0.005 0.003 0.026 0.013 0.009
SPX
EQU 0.024 0.016 0.008 0.042 0.025 0.018
ABS 0.018 0.016 0.042 0.049 0.034 0.026
EXP 0.022 0.013 0.008 0.046 0.030 0.023
Notes: Result is showing in what interval of maturity the mean smile error is located. Short is defined as the maturity

interval (0, 0.05), Medium is defined as the maturity interval (0.05, 0.25) and Long is defined as the maturity interval
(0.25, o).
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As evident in Table 5, the shorter term maturities exhibit the greatest degree of inaccuracy. This can
be attributed to the fact that put options of shorter time-to-maturities tend to have higher implied
volatilities in the wings. This observed skew results in a steeper shape for the related volatility

smile, which makes it more difficult for the model to calibrate, resulting in a greater inaccuracy.

Table 6: Summary of quantified goodness of fit by moneyness

SVI SSVI
Asset  Short Medium Long Short Medium Long

AAPL
EQU 0.038 0.021 0.019 0.023 0.040 0.038
ABS 0.025 0.017 0.019 0.018 0.043 0.057
EXP 0.033 0.019 0.018 0.020 0.040 0.045
AMZN
EQU 0.052 0.032 0.021 0.023 0.045 0.056
ABS 0.031 0.022 0.026 0.021 0.055 0.080
EXP 0.045 0.027 0.021 0.021 0.049 0.066
BA
EQU 0.027 0.019 0.015 0.021 0.035 0.036
ABS 0.020 0.017 0.020 0.019 0.037 0.051
EXP 0.025 0.019 0.015 0.020 0.036 0.043
XOM
EQU 0.011 0.009 0.008 0.014 0.026 0.034
ABS 0.017 0.014 0.021 0.013 0.027 0.045
EXP 0.011 0.009 0.008 0.013 0.026 0.040
SPX
EQU 0.024 0.014 0.011 0.021 0.063 0.073
ABS 0.019 0.017 0.030 0.020 0.068 0.099
EXP 0.022 0.014 0.012 0.020 0.066 0.088
Notes: Result is showing in what interval of moneyness the mean smile error is located. Short is defined as the

moneyness interval (0, 0.5), Medium is defined as the moneyness interval (0.5, 1) and Long is defined as the
moneyness interval (1, o).

Additionally, Table 6 demonstrates the success of introducing a weights function into the calibration
process. By doing it, the mean error for Short moneyness intervals is reduced. This with the
cost of increased inaccuracy in some circumstances for Medium and Longer moneyness intervals.
However, as Table C.4 shows, this is a worthy tradeoff since around 50-75% of the traded volume

is situated in Short moneyness intervals.
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4.2 Classification Algorithms

The first objective of this work is to accurately flag intraday trading volume. The easiest and
most accurate volume to flag are aggressive orders that cross the market at the quotes (i.e., trades
occurring exactly at the bid and ask prices), because these orders are most probably filling on the
quotes that encapsulate the underlying market maker quoting model. However, before employing
a classification algorithm it is useful to get a clear picture of where the trades prices lie when

compared to the prevailing quoted prices.

As the tables C.5 & C.6 show, a relatively large proportion of all trades (avg. 25.3% across the
analyzed securities) occurs in- and out-side of the quotes. This is where the volatility models
may bring added value by categorizing these trades more accurately than the current relative quote

position approaches.

Table 7: Algorithms direction classification bias

Asset BA QR BCSP SVI  SSVI

AAPL
Buyer-initiated 37.78 44.12 58.38 49.06 49.88
Seller-initiated 39.54 45.39 41.62 50.94 50.12
Unclassified 22.68 1049 0.00 0.00 0.00
AMZN
Buyer-initiated 33.42 4891 61.93 4998 52.70
Seller-initiated 33.10 47.90 38.07 50.02 47.30
Unclassified 3348 3.19 000 0.00 0.00
BA
Buyer-initiated 34.02 47.95 59.67 50.28 50.51
Seller-initiated 33.94 47.26 40.33 49.72 49.48
Unclassified 3204 479 0.00 0.00 0.00
XOM
Buyer-initiated 39.05 45.76 59.36 48.48 47.89
Seller-initiated 41.92 46.88 40.64 51.52 52.11
Unclassified 19.03 736 0.00 0.00 0.00
SPX
Buyer-initiated 40.74 46.78 42.67 5199 49.34
Seller-initiated 41.62 46.91 57.33 48.01 50.66
Unclassified 17.64 631 0.00 0.00 0.00

Note: All values should be read in percentages
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As can be seen from Table 7, the studied approaches of this work, as well as the BCSP, leave no
trade unclassified. On the contrary, the applicability and accuracy of the BA and QR procedures is
rather low for the objective of having an accurate measure of MM inventory exposure, with a high

percentage of unclassified trades (avg. 24.97% and 6.42% respectively), across the assets.

4.3 Market Maker Inventory Exposure

As outlined in the literature, market makers hedging activity as price changes in the underlying is
assumed to generate feedback effects. Following the same line of argument, market makers must
also be hedging in accordance to changes in volatility (vega, vanna, volga). In this sub-section,
we will validate and quantify these feedback effects empirically with the data on the MM greeks

exposure that was reconstructed from the intraday options trade data.
The analysis will be articulated around the following null hypothesis:
Hy : The inclusion of other greek factors does not help explain more market return variation.

To this end, we first estimate the baseline univariate regression model in (19) that only accounts for

gamma effects, i.e.,

Chn
Ui [%) = GEX, bng

|+ Uis—1]%] +€i;. (19)

Also the effects of the other higher order greeks are estimated using multivariate regression,

Chn
Ul'J [%] — GEXIJ[Wg] + VEXZ'J[

Chng
bn

Chng
bn

Chng
VOX;
] + latl: bn

] + Ui,tfl [%] + &y (20)

where U;; is the realized percent change for the underlying asset i in the time period between ¢
and 7 + 1, and GREEK;, is the reconstructed daily dollar change in market maker exposure scaled
by billions of dollars. Additionally, we control for the previous days underlying asset return. As
the returns depend on the intraday hedging cycle, we validate the model with daily data. The

calculation of the greeks exposures included in these regressions are described in sub-section 3.3.2.
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The estimation results for (19) are summarized in Tables 8 & 9 and for (20) in Tables 10-12. Plots

of the regressions are also shown in Figures B.7a - B.7e.

Table 8: Univariate regression

The table shows OLS regression results of eq.(19). The dependent variable is the percentage change
in asset price. The independent variable is the absolute change in MM inventory gamma exposure
defined in eq.(14) and scaled by billions of dolars. The sample covers 251 daily observations from
January 2"¢ through December 31% 2019. Reported t-statistics are in parentheses. Key: * p < 0.10,
** p <0.05, ** p <0.01

Asset BA QR BCSP SVI SSVI
AAPL
Constant 0.33kk% (.33 0.31%** (0.337%%* 0.327%:*:*
(3.39) (3.40) (3.52) (3.50) (3.40)
GEX Chng -0.04** -0.04 = 0.01%:** 0.03%%* -0.03***
(-2.44) (-2.63) (7.57) (4.70) (-3.19)
AAPL Lag -0.10* -0.10* -0.08 -0.09 -0.09
(-1.71) (-1.73) (-1.44) (-1.59) (-1.63)
Rz(%) 3.34 3.72 19.65 9.13 4.92
AMZN
Constant 0.09 0.10 0.08 0.09 0.09
(1.07) (1.11) (1.00) (1.02) (1.02)
GEX Chng  -0.07%** -0.06%+** 0.00%3*3* 0.00 -0.00
(-4.66) (-5.72) (7.60) (0.83) (-0.08)
AMZN Lag 0.05 0.06 0.04 0.00 0.01
(0.83) (1.02) (0.68) (0.06) (0.15)
RZ(%) 8.10 11.70 18.96 0.28 0.01
BA
Constant 0.03 0.03 0.03 0.04 0.04
(0.30) (0.30) (0.35) (0.31) (0.33)
GEX Chng -0.03 -0.04 0.04 %% 0.07%%* S0, 1k
(-0.31) (-0.51) (8.87) (2.74) (-3.04)
BA Lag 0.01 0.01 0.04 0.02 0.01
0.12) (0.14) (0.66) (0.32) (0.18)
Rz(%) 0.04 0.11 24.18 2.96 3.62
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Table 9: Univariate regression (Continuation of Table 8)

Asset BA QR BCSP SVI SSVI
XOM
Constant  0.01 0.01 0.01 0.01 0.01
(0.18) (0.19) 0.17) (0.20) (0.20)
GEX Chng -0.11 0.12 0.31 %% 0.09 0.20
(-0.79) (0.92) (10.86) (0.63) (1.39)
XOMLag -0.03 -0.02 0.03 -0.02 -0.02
(-0.42) (-0.39) (0.63) (-0.37) (-0.33)
R*(%) 0.31 0.41 32.38 0.22 0.84
SPX
Constant ~ 0.12%* 0.12%* 0.12%% 0.127%% 0.127%%
(2.51) (2.51) (2.68) (2.55) (2.55)
GEX Chng  -0.00 -0.00 0.00%* 0.00%% -0.00%*
(-0.24) (-0.48) (8.52) (3.96) (-2.44)
SPXLag  -0.09 -0.09 -0.04 -0.08 -0.10
(-1.47) (-1.48) (-0.75) (-1.34) (-1.63)
R*(%) 0.90 0.97 23.38 6.80 321

In the baseline univariate regression, GEX Chng shows highly significant parameter estimates (at
the 1% level) which is indicative that changes in MM gamma inventory exposure have a high
relevance for the daily variation of returns. I estimate a positive effect of change in MMggx on
same day stock prices. From the R?, we may infer that market maker gamma exposure changes

explain on average 23.71% of the daily variation in returns.

Comparing the classification approaches, we constantly see that the BCSP mehod is the superior,
followed by SVI, SSVI, QR and BA. The case is not the same for AMZN, in which the quote based
methods have a higher explainable ability than the volatility models. This indicates to us, that in

this market, the market makers are the primary liquidity providers near- and at- the quotes.

By examining the magnitude of the coefficients, we can deduce that the feedback effect is stronger
(per billion dollar change in gamma exposure) in BA and XOM than in the rest, which can probably
be explained by the lower liquidity of the spot market of these and thus the higher market share of

the delta hedging strategy (and subsequently the higher impact of the traded volume).
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Table 10: Multivariate regression

The table shows OLS regression results of eq.(20). The dependent variable is the percentage change
in asset price. The independent variables are the absolute change in MM inventory gamma eq.(14),
vega €q.(15), vanna eq.(16) and volga eq.(17) exposures scaled by billions of dolars. A control
variable for the previous days asset return is also included. The sample covers 251 daily observa-
tions from January 2" through December 31% 2019. Reported t-statistics are in parentheses. Key:
* p <0.10, ¥ p < 0.05, *** p < 0.015

Asset BA QR BCSP SVI SSVI
AAPL
Constant 0.33H** 0.33*** 0.29%** 0.32%*** 0.32%**
(3.40) (3.44) (3.92) (4.04) (3.52)
GEX Chng -0.04** -0.05%** 0.01*** 0.03%** -0.04**=*
(-2.55) (-2.84) (6.08) (5.37) (-4.00)
VEX Chng -10.67* -11.27%*** 3.95%** 12.11%** -0.18***
(-1.69) (-2.61) (7.08) (3.45) (-4.25)
VAX Chng 0.82 -0.05 -0.49%**=* 2.83%** -1.06%**
(0.84) (-0.06) (-9.46) (8.53) (-2.68)
VOX Chng 1.83 4.21 -1.93*** -11.20%** 4.50%*
(0.44) (1.50) (-2.95) (-5.50) 2.31)
AAPL Lag -0.10%* -0.10* -0.06 -0.09* -0.11%
(-1.73) (-1.75) (-1.32) (-1.93) (-1.92)
Adj. R*(%) 3.19 451 42.94 35.44 11.60
AMZN
Constant 0.10 0.09 0.08 0.08 0.10
(1.11) (1.17) (1.21) (1.10) (1.22)
GEX Chng -0.06%** -0.04 *** 0.00*** -0.00* 0.00
(-3.89) (-4.28) (7.06) (-1.71) (0.48)
VEX Chng -5.46 -5.33* 2.46%** 4.33%% -5.24%**
(-1.15) (-1.92) (7.44) 2.31) (-3.26)
VAX Chng -2.62%* -3.66*** -0.20%** 1.37*** -1.19%**=*
(-2.29) (-5.07) (-7.04) (12.29) (-5.01)
VOX Chng 0.11 -2.54 -1.86%*** -5.25%%* 5.01***
(0.02) (-0.60) (-5.84) (-3.27) (2.91)
AMZN Lag 0.06 0.09 0.03 0.02 -0.03
(1.01) (1.49) (0.56) (0.48) (-0.46)
Adj. RZ(%) 9.04 19.79 43.06 38.26 14.55
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Table 11: Multivariate regression (Continuation of Table 10)

Asset BA QR BCSP SVI SSVI
BA
Constant  0.03 0.03 0.04 0.04 0.04
(0.30) (0.30) 0.42) (0.38) (0.40)
GEX Chng  -0.06 -0.06 0.03 % 0.04%* -0.07%*
(-0.67) (-0.77) (5.35) (1.77) (-2.33)
VEX Chng  52.96% 19.32 13.76%+* 9.63 48,1 1%%%
(1.87) (0.87) (8.89) (0.55) (-4.40)
VAX Chng  3.02 -6.33%* -0.52%% 9.20%%* -6.03%%*
(0.76) (-2.00) (-3.78) (6.43) (-3.72)
VOX Chng  -65.56%* -51.77%* -5.86% % -53.39%kx 85.88%
(-2.58) (-2.22) (-4.05) (-3.13) (6.01)
BA Lag -0.01 -0.00 0.05 0.03 0.01
(-0.15) (-0.02) (1.13) (0.43) (0.19)
Adj. R*(%) 1.97 2.11 45.64 16.06 24.03
XOM
Constant  0.01 0.02 0.01 0.02 0.01
(0.20) (0.22) (0.20) (0.24) 0.21)
GEX Chng  -0.00 0.21 0.36%%* 0.22 0.33%*
(-0.03) (1.57) (11.49) (1.57) (2.21)
VEX Chng  -36.02%* -18.61 -5.83 -31.14% -20.06
(-1.98) (-0.97) (-1.60) (-1.68) (-1.13)
VAX Chng ~ 23.53%%* 20.26%** -0.69 30.79%* 16.39%%*
(4.03) (3.06) (-1.31) (5.62) (3.04)
VOX Chng  -54.67+* -53.56%* -10.33 %% -57.28%%* -61.83%*
(-2.48) (-2.20) (-2.81) (-2.35) (-2.95)
XOM Lag -0.01 -0.01 0.02 0.01 0.00
(-0.16) (-0.20) (0.40) (0.09) (0.08)
Adj. R*(%) 5.01 3.34 35.19 10.96 4.36
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Table 12: Multivariate regression (Continuation of Table 10)

Asset BA QR BCSP SVI SSVI
SPX
Constant 0.12%** 0.12%** 0.11%** 0.12** 0.12%**
(2.56) 2.51) (2.74) (2.58) (2.54)
GEX Chng -0.00 -0.00 0.00*** 0.00%**=* -0.00**
(-0.76) (-0.87) (8.30) (4.14) (-2.49)
VEX Chng 0.44%* 0.27* 0.10%** 0.20%* 0.01
(1.70) (1.88) (3.81) (1.88) (0.09)
VAX Chng 0.07 0.03 0.00* -0.02 -0.02
(1.45) (0.71) (1.70) (-1.44) (-0.77)
VOX Chng 0.29%* 0.17 0.05%** 0.06 0.07
(1.74) (1.36) (3.78) (1.04) 0.91)
SPX Lag -0.10* -0.09 -0.01 -0.08 -0.10
(-1.70) (-1.44) (-0.26) (-1.29) (-1.62)
Adj. Rz(%) 1.84 0.97 30.04 9.15 2.06

In the multivariate regression, market makers inventory greek exposure metrics show strong sig-
nificance. For AAPL, AMZN and BA, all of the greeks show significance at the 1% significance
level. For XOM and SPX, both GEX and VOX changes show significance at the 1% level while
VEX and VAX have no significance for XOM and are significant at the 1% and 10%, respectively
for SPX.

Additionally, the coefficients for GEX and VEX are positive, whereas those for VAX and VOX
are negative. The positive sign on VEX suggests that market makers as buyers of longer dated
volatility are coincident with positive return days. The negative slope on VAX implies that market
makers accumulate short put / long call inventory on down market days. The negative slope of

VOX suggests short market maker inventory in the wings, which results in down asset return days.

The inclusion of the additional higher greek terms drastically increases the explanatory power of
the model (Adj. R? of 39.37%). While it is expected for the R? to increase with the addition of more
variables, the adjusted R? metric is utilized in this multivariate case because it has the potential to

be more accurate in that it accounts for the number of independent variables in the model.
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5 Discussion

5.1 Summary of Findings

The purpose of this work project was to contribute to the emerging literature documenting a non-
informational channel through which option markets affect the underlying stock’s price dynamics.
The contribution is three-fold: first, it provides a novel method of identifying trade direction and
subsequent market maker inventory exposure, and second, it examines the effect of other higher

order greek exposure on the prevailing underlying asset returns.

The empirical experiments conducted reveal that the application of implied volatility modeling
methods as a novel approach to classification of option transaction has yielded highly promising
results. Contrary to quote-based methods, this leaves no trade unclassified. However, it was con-
cluded that the task of classifying trade direction does not directly translate to the task of classifying
dealer inventory. While the SVI and SSVI are better than BA and QR, BCSP is still the superior

approach across the analyzed securities.

This research also indicates that gamma exposure is only the tip of the iceberg when it comes to
explaining market returns variation. Three considerably less accounted for greeks (vega, vanna and
volga) are responsible for a more significant portion of non-fundamental daily market behavior. It
was demonstrated that by controlling for these other factors over the common gamma exposure,
an increase of 66.04% explanatory power was obtained, therefore we reject the null hypothesis

proposed.

This work highlights the informational power in modelling these often-overlooked variables, which
are especially pertinent not only for option and stock market participants wanting to take advantage
of these effects, but also for regulatory bodies, as extreme levels of these exposures can lead to

feedback effects causing down- or up-ward price spirals.
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5.2 Review of assumptions and approach

The main assumptions serving as the basis of this research are that all trades are facilitated by
market makers, and that their method for quoting prices is based on the relative position to the

modelled implied volatility surface.

The results show that the two assumptions mentioned above do indeed have explanatory power.
However, the sensitivity of these research results might be application specific. Although the
methodology presented seems more appropriate than current methods and gives a more complete
view of the total exposure, the primary purpose of this paper is not to prove that this specific ap-
proach is the state of the art in classifying dealer inventory. Rather, it is my desire and intention that
the examination of the assumptions and evidence presented here, will result in improved inferences

in all subsequent applications.

5.3 Recommendations for Future Work
Potential investigations following the results from this work are:

» Using an alternative fitting methodology. Other than SVI, there are other potential candidates
for volatility modeling (Heston, SABR, ...), and since the need for these flagging models is
not to price contracts, but rather, to inductively model how someone else is pricing contracts,

purely descriptive mechanisms like polynomial fits could also yield promising results.

* Further modelling of the market makers quoting policy. These players often have an optimal
quoting policy given their current inventory and fundamental view. By incorporating more
parameters to model the willingness of market maker to take on more risk, one can possibly

achieve a realistic classification system and benefit from increased accuracy.

* Generating trading strategies. This work sheds light on other factors influencing the underly-
ing price dynamics that can be taken advantage of. For a market participant wanting to obtain

material rewards, this would be a worthwhile endeavor.
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A Theoretical Background

A.1 Options

At its core, this thesis is a study of options. An option is a financial derivative that gives the owner
the right, but not the obligation, to buy or sell an underlying asset at an agreed-upon strike price K
at a later point in the future 7. Option contracts that give the right to buy the underlying asset are
known as call options, whilst options that give the owner the right to sell an underlying asset are

known as put options.

There are primarily two types of options classified by their time of exercise: European and Ameri-
can options. European options can be exercised only at the maturity date, while American options

can be exercised at any point in time before expiration.

While European options have a closed formula for determining their price, American options do
not. Due to the possibility to exercise the options at any time, the prices of American options can
not be calculated explicitly but need to be approximated. The most popular numerical methods for

this are binomial tree, lattice, partial differential equation and Monte Carlo.

Along this thesis, European options are assumed for every analysis and for this reason, whenever

reference to options is made, the word "European’ is omitted for simplicity purposes.

A.1.1 Black-Scholes Formula

Fischer Black, Myron Scholes (Black and Scholes, 1973) and Robert Merton (Merton, 1973) pro-
vided in 1973 a breakthrough discovery in the options pricing world. Through their work a explicit

formula for pricing European options was presented.

They started with the dynamics of price path for an asset S; with W; the Brownian motion under the

risk-free measure, as the Geometric brownian motion.

dS[ = }’Stdt + de



By assuming that the return of the riskless asset » and volatility of stock returns ¢ are constant and

that the stock pays no dividend, a PDE was found for a payoff function V (S, )

oV 1 , ,0%V oV
oS S — 1V =0
ar 129 g5 s,

With this in mind, the formulas for pricing of call and put options were found.

Definition A.1 (Black-Scholes Formula). The price of an European call option for a non-dividend-

paying underlying stock is given by the Black-Scholes Formula:

C(8:,1,T,0,K) = §;N(d;) — Ke "IN (d>)]

While the price of the corresponding put option based on put-call parity with discount factor

efr(Tft)

P(S;,t,T,0,K) =Ke "I~ — 8, 4+ C(S,,1)

Where S; is the price of the underlying asset, N(-) is the cumulative distribution function for the

normal distribution, r is the risk free rate and

g1 — In(s/K)+(r—o2/2)T
ovVT

d2=dl —oVT
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A.2 The Greeks

At financial institutions, risk is measured in a variety of ways. The most common way is to make
sure individual traders exposure to certain markets is not too large. Only measuring individual
risk is not sufficient, and risk management teams often aggregate the risk and assess it in terms of

capital adequacy and compliance.

On a individual level, each trader needs to monitor how sensitive their portfolios are to changes in
underlying market conditions. ”The Greeks” are partial derivatives of the price and measure sen-
sitivity of the options value to changes in parameter values, while holding the all other parameters

fixed.

This knowledge of sensitivity is critical not only for financial institutions but also for market mak-
ers, because by monitoring the sensitivity of the Greeks to their portfolio, they are then able to

make important decisions with respect to hedging.

A.2.1 Delta (A)

Delta (A) measures the (expected) change in the option’s value (V) with respect to changes in the

underlying security spot price (Sp)

v

A= ——
dSo

The calculation of A is different for call and put options

Acai = N(d1)

Apus = N(d1) — 1

il



Important observations about A:
1. Delta can be seen as the probability that an option will expire in-the-money.
2. Delta increases as an option gets further in-the-money.

3. As expiration approaches, changes in stock value will cause more dramatic changes in delta.

A.2.2 Gamma (I')

Gamma (I'), also referred to as the "Convexity Factor” because it measures the (expected) change

in Delta A with respect to the underlying asset spot price S;

dA

g
as;

Calculation of I' is identical for put and call options, ceteris paribus, and is given by
_ N
- SoVT —1

Important observations about I':

1. Gamma is an indicator of how frequently a market maker needs to re-balance his hedging

ratio. If I" is large, A is highly sensitive to S; and vice versa.
2. Gamma is positive for buy positions and negative for sell positions.

3. Gamma is highest for shorter dated options. (Gamma increases with a decrease in time-to-

maturity.)

v



A.2.3 Vega (v)

Vega (v) measures the (expected) change in the options value (V) with respect to the change in

volatility (o) of the underlying security

Calculation of v goes as follows:

Important observations about v:
1. A rise in volatility increases the options value.
2. Vega is highest when the underlying price is near the option’s strike price.

3. Vega declines as the option approaches expiration.

A.2.4 Vanna

Vanna measures the (expected) move of delta (A) with respect to changes in implied volatility (o).

oA
Vanna = —

Jo

The calculation of Vanna goes as follows:

Vanna = /T —tN(d,)(1 —d)

Important observations about Vanna:
1. Vanna is positive (negative) for OTM calls (puts).
2. Rising volatility increases deltas because it expands the underlying price distribution.

3. Is often used when testing sensitivity of hedge ratios to volatility.



A.2.5 Volga

Volga measures the rate of change in Vega (v) with respect to a unit change in implied volatility

(o).

Vol oA
olga = —
& 00

The calculation of Volga goes as follows:

d\d
o

Volga=+/T —tN(d)( )

Important observations about Volga:
1. Vega is maximum for ATM options, subsequently Volga is zero at this point.
2. Volga is positive for OTM calls and puts

3. For volatility movements, Volga is to Vega what Gamma is to Delta
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A.3 Volatility

Volatility (usually denoted by ¢) measures the dispersion around the mean return of a financial

instrument. Statistically, volatility is often measured as the standard deviation of the prices.

Volatility comes in many different flavors, with the two main types being historical volatility and
implied volatility. Historical volatility is obtained using past prices of the financial instruments.
Implied volatility on the other hand, is a dynamic figure that represents the market’s consensus on

the forward-looking volatility of a security.

A.3.1 Implied Volatility

The famous market crash of 1987 sparked a shift in the options pricing field, as before this time,
traders relied heavily on the use of the Black-Scholes formula with parameters obtained from his-
torical data to price their options. The problem with using it, is that it assumes constant market

volatility and log-normality of stock returns.

During this crash, the high levels of volatility in the market made traders vulnerable to considerable
amount of risk. This made them rethink how they used this tool, and what parameters were used as

input.

Since then, the formula was no longer used for the pricing process but instead for quoting option
prices in terms of their implied volatility. This value was no longer seen as constant, meaning that
one of the assumptions of the Black-Scholes formula was no longer true. Since then, volatility has

been written as a function of the strike and time to maturity instead of a being a fixed parameter.

Definition A.2. Implied volatility is a function of the strike K and time to maturity 7 where C, s

and r are observed in the market.

Oimplied = f(K, T|C,S, 7‘)
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Accurate measurement and modeling of implied volatility is of extreme importance and utility since
the pricing of options contracts, risk management metrics and effectiveness of trading strategies

greatly depend on it.

Moreover, when implied volatility is plotted as a function of the strike K, displays local maximum
values for extreme strike prices far from the spot price S;, which visually results in a skew or ”smile”
instead of the expected flat surface as per Black-Scholes. That is the reason why it is often referred

to as a volatility smile when one speaks of the implied volatility for a certain time to maturity 7

A.3.2 Implied Volatility Surface

Given all options available on the market for a underlying security, the asset-specific implied
volatility can be derived for each option. This set of discrete data points can then be interpolated to
create a surface, known as the implied volatility surface. This surface is very useful because it can

output a implied volatility figure for any combination of strike price and time to maturity.

It has been observed empirically that the surface has some general profile of characteristics:
1. The surface has a smile profile in the strike-price depended direction of the surface.
2. In the maturity direction, the surface has a linear leaning profile (term structure).
3. The curvature of the smile flattens with longer maturities (a.k.a deformation).

The surface also changes in time. The observed time dependent characteristics are mainly:

1. Implied volatility display high (positive) auto-correlation and mean-reversion. This is also

known as the volatility clustering.

2. Returns of the underlying asset and return of implied volatility are negatively correlated. This

is also known as the leverage effect.

3. Relative movements within the implied volatility surface have little correlation with the un-

derlying.
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B Figures

Figure B.1: Visualization of weights functions

Shows the graphical visualization of the absolute and exponential weights functions described in
eq.(9) and eq.(10) for a sample moneyness k in the interval [-1.5; 1.5].
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Figure B.2: Plots of the SVI fits

Shows the SVI fits of AAPL quote-midpoint implied volatilities for each time-to-maturity listed on
May 1%, 2019
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Figure B.3: Plots of the SSVI fits

Shows the SSVI fits of AAPL quote-midpoint implied volatilities for each time-to-maturity listed
on May 1%, 2019
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Figure B.4: SVI static arbitrage tests

Shows the SVI static arbitrage tests for AAPL on May 1%, 2019. In (a), the total variance smiles
are plotted against market data, if any lines intersect, there exists arbitrage. In (b) is the depiction
of the Durrleman’s condition, if the lines fall below O there exists arbitrage. Both calendar and
butterfly arbitrage are introduced in this instance.
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Figure B.5: SSVI static arbitrage tests

Shows the SSVI static arbitrage tests for AAPL on May 1%, 2019. In (a), the total variance smiles
are plotted against market data, if any lines intersect, there exists arbitrage. In (b) is the depiction of
the Durrleman’s condition, if the lines fall below O there exists arbitrage. No arbitrage opportunities
are introduced in this instance.

(a) Calendar Arbitrage (b) Butterfly Arbitrage

— T=1.39 124

=]
=1
ol
o
[l
&
=

e

@

e
=
5
/
/
o
Y

Total Implied Variance
/
o
[}
&
P
€
Total Implied Variance

o
=

0.2

00

-1.00 -0.75  -0.50 —0.25 0.00 025 050 075 100 -1.00 —0.75 —0.50 -0.25 0.00 025 050 07s 100
Log-Moneyness Log-Meneyness

Xii



Figure B.6: Model root-mean-square errors

The following figures compare evolution of the optimal weight function error (defined as the func-
tion with the lowest total error), following eq.(12) for the two implied volatility models over the
course of the 251 trading days of 2019.
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Figure B.7: Inventory greeks change vs. Underlying price change

Shows the scatter plot of MM inventory greeks exposure absolute change against the underlying
asset percent change. The red line represents the linear regression fit. The shaded red area denotes
the estimations’ 95% confidence interval.
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C Tables

Table C.1: Securities acquired for analysis

The table shows the breakdown of each analyzed security by ticker, sector and industry.

Asset Ticker  Sector Industry
Stocks
Apple AAPL  Technology Consumer Electronics
Amazon.com AMZN Consumer Cyclical Internet Retail
The Boeing Company BA Industrials Aerospace & Defense
Exxon Mobil XOM  Energy Oil & Gas Integrated
Index
S&P 500 SPX - -

Table C.2: Securities returns descriptive statistics

The table shows the returns descriptive statistics. All securities had a positive cumulative return in
the analysis period.

Statistic AAPL AMZN BA XOM SPX
Mean 0.26 0.08 0.02 0.00 0.10
Standard Dev. 1.65 143 182 1.16 0.79
Minimum -10.00 -5.38 -6.78 -4.01 -297

25th Percentile  -0.48 -0.68 -1.03 -0.69 -0.25
50th Percentile 0.30 0.08 0.05 0.00 0.10
75th Percentile 1.16 083 1.12 0.75 0.59

Maximum 6.85 504 629 368 443
Skewness -0.91 -0.05 -0.17 -0.01 -0.58
Kurtosis 7.24 1.92 1.76  0.79 3.26

All values (except skewness and kurtosis) should be read in percentages.

Kaurtosis is obtained using Fisher’s definition.
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Table C.3: Dataset after applying the data processing step

Description of the fields contained in the final dataset after the initial data processing, along with
description and example set.

Variables Description Example Set
General

Trade Date Date of the transaction. 01/02/2019

Trade Time Exact time of transaction. 09:30:01.102
Option

Trade Price Price at which the option was transacted. 3.45

Trade Size Volume of the transaction. 12

Option Expiration Date at which the option expires. 03/15/2019

Type Call option C or put option P. C

Strike K The price paid for the option if exercised. 140.0

Bid price The highest price a buyer is willing to pay. 3.00

Ask price The lowest price a seller is willing to accept. 3.50

Log-Moneyness M *! Relative position of strike price and underlying.  0.07

Time to maturity 7 *2 Time remaining until expiration (Annualized). 0.162

ATM Variance 0477 *3  At-the-money variance. 0.021
IV & Greeks

v Calculated option implied volatility. 0.32

Gamma Change in delta for $1 increase in the underlying  0.01
Underlying Asset

Last Price The quoted market price at transaction time 150.29

*1 Deducted by M = K/S

*2 Deducted by T = DTE /365
*3 Obtained via spline interpolation G471y = 62(0, TTM)xTTM
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Table C.4: Trading volume by moneyness and maturity location

Result is showing in what interval of moneyness and maturity the percentage of trading volume
is located. Short moneyness is defined as the interval (0, 0.05), Medium moneyness is defined as
the interval (0.05, 0.1) and Long moneyness is defined as the interval (0.1, o). Short maturity is
defined as the interval (0, 0.05), Medium maturity is defined as the interval (0.05, 0.25) and Long
maturity is defined as the interval (0.25, o).

Moneyness Maturity

Asset  Short Medium Long Short Medium Long

AAPL 69.68 1528 15.04 7242 1993 7.65
AMZN 7753 12.64 9.83 8253 13.37 4.1

BA 67.81 17.6 14.59 7134  20.84 7.82
XOM 7291 1642 1066 47.16 3522 17.62
SPX 5031 16.83 32.86 5848  35.28 6.24

All values should be read in percentages
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Table C.5: Comparison of trade prices to prevailing quotes

This table categorizes all trades of the analyzed assets by comparing the price at which each trade
was executed to the bid/ask price of the prevailing quote. The prevailing quote is defined as the
market quote immediately before each trade.

Asset & Variable Description Count
AAPL
P > Ay Above ask. 23,278 (0.22%)
P = Ay At ask. 4,093,314 (39.11%)

(P < Ap)& (P > My)
P, =M,
(P > Bi)& (P < M)

Above midpoint and below ask.

At midpoint.

Above bid and below midpoint.

638,820 (6.11%)
1,086,177 (10.38%)
633,655 (6.05%)

P. = By, At bid. 3,966,308 (37.9%)

P. < By Below bid. 23,763 (0.23%)
Total 10,465,315 (100%)
AMZN

P> A Above ask. 36,628 (0.47%)

P, =A; At ask. 2,529,962 (32.71%)

(Pk < Ak)&(Pk > Mk)
P, =M,
(Px > By)& (P < M)

Above midpoint and below ask.

At midpoint.

Above bid and below midpoint.

1,140,027 (14.74%)
244,192 (3.16%)
1,152,841 (14.91%)

P, = By At bid. 2,592,705 (33.52%)

P, < By Below bid. 38,045 (0.49%)
Total 7,734,400 (100%)
BA

P, > Ay Above ask. 8,689 (0.27%)

P, = A At ask. 1,077,832 (33.63%)

(Pe < Ag)&(Py > M;)  Above midpoint and below ask. 429,176 (13.39%)

P, = M; At midpoint. 152,005 (4.74%)

(P > By)& (P < My,) Above bid and below midpoint. 434,680 (13.56%)

P, = By At bid. 1,094,498 (34.15%)

P, < By Below bid. 8,276 (0.26%)
Total 3,205,156 (100%)

xXxi



Table C.6: Comparison of trade prices to prevailing quotes (Continuation of Table C.5)

This table categorizes all trades of the analyzed assets by comparing the price at which each trade
was executed to the bid/ask price of the prevailing quote. The prevailing quote is defined as the
market quote immediately before each trade.

Asset & Variable Description Count
XOM
P> A Above ask. 866 (0.15%)
P, = Ay At ask. 241,657 (41.38%)

(Pk < Ak)&(Pk > Mk)
P, =M,
(P > By)& (P < My)

Above midpoint and below ask.

At midpoint.

Above bid and below midpoint.

31,504 (5.39%)
42,416 (7.26%)
37,874 (6.49%)

P, = By At bid. 228,836 (39.18%)
P, < By Below bid. 857 (0.15%)
Total 584,010 (100%)
SPX
P, > A Above ask. 3,636 (0.1%)
Po= A, At ask. 1,492,900 (41.09%)
(Pe < Ag)&(Py > M;)  Above midpoint and below ask. 209,195 (5.76%)
P, =M, At midpoint. 226,399 (6.23%)
(P > By) & (P < My,) Above bid and below midpoint. 212,576 (5.85%)
P, =By At bid. 1,484,426 (40.86%)
P < B Below bid. 3,975 (0.11%)
Total 3,633,107 (100%)
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D Algorithms

Algorithm 1 Inventory Construction Pseudo-Code

Require: rradesFile
r < classificationAlgorithm
inventorylk||e] <— empty
for trade in tradesFile do
MM osition < Classificationy, ,, X —1 X Volume;,uq, < 100
if inventory[k|[n] is empty then
inventory [tradestrike] [tradeexpiration] < MMposition
else
if m <tradeexpiration then
DELETE inventory|.][tradecxpiration]
else
inventory[tradestrike] [tradeexpiration] += MMposition
end if
end if
end for
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