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Eigenvalues, Multiplicities and Graphs
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ABSTRACT. For a given graph, there is a natural question of the possible lists of
multiplicities for the eigenvalues among the spectra of Hermitian matrices with
that graph (no constraint is placed upon the diagonal entries of the matrices
by the graph). Here, we survey some of what is known about this question
and include some new information about it. There is a natural focus upon the
case in which the graph is a tree. In this event, there is remarkable structure
to the possible lists. Both the general theory and a summary of specific results
is given. At the end, this allows to give, in compact tabular form, all lists for
trees on fewer than 11 vertices (a potentially valuable tool for further work).

There is a brief discussion of non-trees.

1. Introduction

For an n-by-n real symmetric or complex Hermitian matrix A = (a;;), the undi-
rected graph of A, denoted by G(A), is the graph on n vertices, labelled 1,2, ...,n,
with an edge between i and j if and only if a;; # 0. We assume basic terminology
from graph theory, but a good reference is [CL]. For standard terms or concepts
from matrix analysis, see [HJ]. As we will be interested in properties of A that
are permutation similarity invariant, primarily eigenvalues and their multiplicities,
we will generally view a graph as unlabelled, except when referencing by labels 1s
convenient.

For a given undirected graph G on n vertices, let S(G) (resp. H(G)), denote
the set of all n-by-n real symmetric (resp. complex Hermitian) matrices A such
that G(A) = G. No restriction is placed upon the diagonal entries of A by G,
except that they are real. i

Our primary interest lay in the following very general question. Given G,
what are all the possible lists of multiplicities for the eigenvalues that occur among
matrices in S(G) (resp. H(G))? It is important to distinguish two possible interpre-
tations of “multiplicity list”. Since the eigenvalues of a real symmetric or complex
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Hermitian matrix are real numbers, they may be placed in numerical order. If the
multiplicities are placed in an order corresponding to the numerical order of the
underlying eigenvalues, then we refer to such a way of listing the multiplicities as
ordered multiplicities. If, alternatively, the multiplicities are simply listed in nonin-
creasing order of the values of the multiplicities themselves, we refer to such a list
as unordered multiplicities. For example, if A has eigenvalues —3,0,0,1,2,2,2,5,7,
the list of ordered multiplicities is (1,2,1,3,1,1) while the list of unordered multi-
plicities is (3,2,1,1,1,1). In either case, such a list means that there are exactly 6
different eigenvalues, of which 4 have multiplicity 1.

If a graph G is not connected, then, to the extent that distinct eigenvalues may
be arbitrarily enough chosen for the multiplicity lists of each component, the mul-
tiplicity lists for G may be deduced from those of its components via superposition.
In any event, the multiplicity lists for G are constrained by such superposition.
Also, graphs with many edges admit particularly rich collections of multiplicity
lists. For example, the complete graph admits all multiplicity lists with the given
number of eigenvalues, except the list in which all eigenvalues are the same. For
these reasons, a natural beginning, for the study of multiplicity lists for S(G) or
H(G), is the case in which G = T, a tree. In addition, trees present several attrac-
tive features for this problem. Among them is the fact that for trees, every element
of H(T') is diagonally unitarily similar to one in S(T'), so that at least for trees, the
possible multiplicity lists, ordered or unordered, (indeed, the possible spectra) in
H(T) are the same as those in S(T'). In fact, most of our discussion will be about
trees.

The multiplicity list consisting of all 1’s occurs for any graph G, so that it is
typically suppressed in discussion. Only for a path is it the only multiplicity list.
For a given graph &, we denote the collection of all multiplicity lists by £(G). If it
is not clear from the context we will distinguish the unordered lists as £, (G) from
the ordered lists £,(G). Of course, the latter usually includes a greater number
of lists. But, it is usually not the case that every permutation of an unordered
list occurs as an ordered list. If a list contains several consecutive repetitions of
the same positive integer, we use a natural exponent notation. For example, the
shorthand for the unordered list (7,5,2,2,2,1,1,1,1) would be 7,5,2%,1%. In the
last section we give, in condensed form, all (unordered) multiplicity lists for trees
on fewer than 11 vertices.

2. Background

We adopt standard notation for submatrices of an m-by-n matrix A. The
submatrix lying in rows @ C {1,...,m} and columns 8 C {1,...,n} is denoted by
Ale, 8] and the complementary one resulting from deletion of a, 5 by A(a, 8). If
A is square, the principal submatrices Alq, o] and A(a, ) are abbreviated to Ala]
and A(a), respectively. If o consists of a single index 7, we write, for example,
A(7). Note that if G is an undirected graph and A € H(G), then A(7) € H(G — 1);
we often view induced subgraphs and principal submatrices interchangeably. For
example, if G’ is a subgraph of G induced by «, we also write A(G") (resp. A[G'])
instead of A(«) (resp. Alal).

The classical interlacing inequalities (see, e.g., [HJ]) for the eigenvalues of
an Hermitian matrix A and a principal submatrix A(i) are fundamental to our
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question. If an n-by-n Hermitian matrix A has eigenvalues

a1 Sax XX an

and A(7) has eigenvalues
(li 1 .n|m g 2 m wni R i n—1s

then
(1 < ai,1 < as < s 2 e < Qi n—1 < s

n— —_—

Te=bi] (VR
We denote the multiplicity of A as an eigenvalue of A by ma(A). A consequence
of the interlacing inequalities is that

3@.&?5 — 1 m ELTUCJV m mﬂbm?u +1

for 2 = 1,...,n. This means that the multiplicity lists for a graph are closely
related to those for single-vertex-deleted subgraphs and that the former are tightly
constrained.

One might expect that in passing from A to A(%), multiplicities typically decline.
A fundamental result is counter to this intuition in the case for trees. A rather
complete statement has evolved through a series of papers ([Pa], [Wi], [JLS1]).

THEOREM 2.1. Let T be a tree and A € H(T). Suppose that there exists an

indez 1 and a real number A such that A € o(A) N oa(A(i)). Then,

(a) there is an index j such that may(A) = ma(A) +1;

(b) if ma(A\) > 2, then j may be chosen so that degr(7) = 3 and so that
there are at least three components T1, Ts and T3 of T — j such that
Ebﬁiﬁyu = ok =020 awd

(c) if ma(A) =1, then 7 may be chosen so that there are two components T3
and T of T — j such that muir (A) =1, k=1,2.

The components of T' — § are naturally called branches of T' at j. If G is a
sraph, A € H(G), A € o(A) and j is an index such that

ma)(A) = ma(A) + 1,

then, for historical reasons [Pal, j is called a Parter indez or vertex (for A, A and
(). If the requirements in (b) above are satisfied, 7 is called a strong Parter vertex.
In particular, theorem 2.1 says that when T is a tree and m4(A) > 2, there must be
a strong Parter vertex, because, by interlacing, the hypothesis A € o(A) N o (A(z))
must be satisfied for any i. However, 7 itself need not be a Parter vertex. Even when
ma(A) > 2, it can happen that (a) be satisfied with degp(7) = 1 or degp(7) = 2 or
A appears in only one or two components of T — 7, even if deg,(j) = 3. There may,
as well, be several Parter vertices and even several strong Parter vertices. Much
information about Parter vertices may be found in [JLSSW] and [JLS1].

How, then may we recognize Parter vertices? One useful way is via so-called
“downer branches”. A downer vertez i in a graph G (for A € 6(A) and A € H(G))
is the natural antithesis of a Parter vertex, namely

Hh_ﬁinxﬁu — ﬂ;hhyu — 1.

A downer branch of T at j is a branch T; at j, determined by a neighbor ¢ of j
such that 7 is a downer vertex in T; (for A and A[T;]). For completeness a vertex
that is neither Parter nor a downer is called neutral. A result that identifies Parter

vertices is then the following [JLS1].
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THEOREM 2.2. For A€ H(T'), T a tree, j is a Parter vertez for A if and only

if there is a downer branch at § for ).

We note that theorem 2.2 is valid even if m4(\) = 0 and ma(;)(A) = 1; in fact,
theorem 2.1 could (trivially) be stated so as to include an increase in multiplicity
from 0 to 1.

Though a notion of “Parter vertex” can be defined for nontrees [Sa], there is

a strong converse to theorem 2.1 that shows that its remarkable conclusions are
generally valid only for trees [JL4].

THEOREM 2.3. Suppose that G is graph on n vertices that is not a tree. Then.

(a) w_bmﬂm 1 a matric A € S(G) with an eigenvalue A such that there is an indez
J s0 that ma(A) = ma;(A) =1 and Ma)(A) <1 foreveryi=1,...,n;
and

(b) there is a matriz B € S(G) with an ergenvalue A such that mg(A) > 2
and mp;y(A) = mp(A) — 1, for everyi=1,.... n.

If the graph G is a path on n vertices, then G is a tree and if the vertices are
labelled consecutively, any matrix in H(G) is irreducible, tridiagonal. Conversely,
the graph of an irreducible Hermitian tridiagonal matrix is a path. The very special
spectral structure of such matrices has been of interest for some time for a variety of
reasons. T'wo well known classical facts are that all eigenvalues are distinct (i.e., all
1’s is the only multiplicity list) and, if a pendant vertex is deleted, the interlacing
inequalities are strict. Both statements follow from theorem 2.1, but more can be
gotten from theorem 2.1 as well. If A is n-by-n Hermitian and 1 < i < n, then as
many as n — 1 of the eigenvalues of A(7) might coincide with some eigenvalue of A.
We refer to such an occurance as an “interlacing equality”. If a pendant vertex is
removed from a path, no interlacing equalities can occur, but if an interior vertex
1s removed, interlacing equalities can occur. The complete picture in this regard
may be also be deduced from theorem 2.1.

COROLLARY 2.4. Let A be an n-by-n irreducible Hermitian tridiagonal matriz.
Then,

(1) A has distinct eigenvalues;

(2) wn A(7), there are at most min{i — 1,n — 1} interlacing equalities and this
number may occur; and

(3) for each interlacing equality that does occur, the relevant eigenvalues must
be an eigenvalue (of multiplicity 1) of both irreducible principal submatri-

ces of A(1).

The classical information is a special case of the above general result.
Finally, we recall the notion of “majorization” and “conjugate partition”. Let
U = Aﬁhu.-._ﬁwuv Uy = - W Wy, and v = mﬁf...“ﬁ.nvu (2N W ree 2 Ve, be two
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3. General Constraints upon Multiplicities

Theorem 2.1 and the interlacing inequalities clearly constrain possible multi-
plicities. They may constitute the only binding constraints for H(T) ﬁ:m.ﬂ T 1s a
tree. but this is not known. In any event, the way in which they constrain is subtle.
Emwﬁ we summarize known explicit constraints upon multiplicity lists, primarily
for trees. These govern the “shape” of multiplicity lists and include the maximum
individual multiplicity, the minimum number of distinct eigenvalues (the minimum
length of a list) and the number of 1’s that must appear in any list for a given
tree. Together, for small numbers of vertices, these constrain lists enough that they
“explain” all possible multiplicity lists.

3.1. The Maximum Multiplicity for a Tree. Let T' be a tree. The maxi-
mum multiplicity M (T) for a single eigenvalue among matrices in H(7') fortunately
has a nice topological graph theoretic description. The path cover number P(T') is
simply the minimum number of induced paths of 7T, that do not intersect, but do
cover all vertices of T. There may be many minimum path covers [JL1] ,[HoJo].
If T is a path, P(T) = 1; otherwise P(T') > 1. Another important, purely graph
theoretic notion. that is closely related is A(T), defined by A(T) = max[p — g| over
all ways in which g vertices may be deleted from 7', so as to leave p paths. Iso-
lated vertices count as (degenerate) paths. Of course, maximizing sets of removed

vertices are also not unique, either as sets or even in number. For example, in
1 5

P(T) =2 (e.g. 1-3-2 and 5-4-6 constitute a path cover of the vertices), and A(T) =
2. as removal of vertex 4 leaves the 3 paths 1-3-2, 5 and 6 (and neither can be
improved upon). Note that if submatrices A[{1,2,3}], A[{5}], and Al{6}] of A €
H(T) are constructed so that A is an eigenvalue of each (this is always possible and
no higher multiplicity in any of them is possible), then ma(A) > 3 — 1 = 2, which
is the maximum possible.

If an n-by-n matrix has rank k < n, its rank deficiency 18 n — k. Because alge-
braic and geometric multiplicity are the same for Hermitian matrices, and because
of translation of a matrix by a multiple of the identity correspondingly translates
the eigenvalues, M (T) = m(T), the mazimum rank deficiency ot d,

—n— mi k(A).
m(T) =n b%wﬂﬁzh )

The maximum multiplicity may now be characterized [JL1].

THEOREM 3.1. For each tree T,

partitions of integers M and N respectively, M < N. such that Uy Foer i &

. . M(T) = A(T) = P(T) =m(T).
U1 + -+ for all s, interpreting u; or vs as 0 when s exceeds b or ¢, respectively. M) Z) &) )

It M = N, we say that u is majorized by v and write u <wv. If M < N we denote For general graphs G, no corresponding general result is known. The graphs
by u. the partition of NV obtained from u by appending 1's to the partition u. It | for which M(G) = 1 have long been known [Fi]; they are just the paths (this s ior
1s easy to see that u. < v. Note that if M = N then ue = u. We denote by the real field, but there are a few exceptions for 5-by-5 matrices and the field Zs,
ut = (ug,...,u)" = (ul,.. ., Uy, ) the conjugate partition of u, where u’ is the only [B L-D]) and the graphs for which M(G) = 2 have recently been described

number of j's such that u; > ¢ so that, u* = (ul,.. .. wy ) with uf > >uf > 1. [JoLoSm)].

—_—— H e
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3.2. The Minimum Number of Distinct Eigenvalues. Since each
in a multiplicity list represents a distinct eigenvalue, the “length” of a list re
the Eﬂ?@mﬁ of different eigenvalues. This number can be as large as n ﬁHWmﬂmmmﬁﬁm
of ﬁmwﬁn.mmvu of course, but it cannot be too small. Restrictions upon _mﬂirﬁﬂ.wﬂ
the possible multiplicity lists. Just as a path has many distinct mmmmﬁﬁ_smw a, HEEU
ﬁrﬂ,&mmﬁ path occurring as an induced subgraph of a tree forces a large H“_E owmm
of distinct eigenvalues. We define the diameter d(T) of a tree T :w terms mm ﬁmﬁw @,
d(T) = the maximum number of vertices in a path occurring as an induced mﬂwmmmﬂ

ol
The important fact [JL2] is

THEOREM 3.2. Let T be a tree. The mini
o - ; . nimum, among A
aistinct eigenvalues of A is at least d(T). g A € H(T), number of

For many trees 7', there exist matrices A € H(T) attaining as few distinct

eigenvalues as d(7"). In [JoSa3], it is shown that for an :
. ) . y tree T for which
d(T') may be attained. However, for the tree BF] r which d(7T") < 6,

i

N

d(T) = 7, and the minimum number of distinct eigenvalues is 8. It is not known

how to deduce the minimum isti :
number of distinct eigenvalues fr
the tree, in general. & om the structure of

H _Um..wﬁ. The Number of Hﬁiﬁﬁ:nmﬂmm = 1. As with the length of lists. it is
relatively easy to have many 1’s in a multiplicity list. The more Interesting issue is

Ay

may have just two 1’s, while a path
2
== O—Cr -+ « =)

Eému_%m has as many as the number of vertices. Let U(T) be the minimum number
of 1’s among multiplicity lists occurring for 7. We then have

THEOREM 3.3. For any tree T, U(T') > 2 and, for any number o f vertices, there

exist trees ' for whichU(T) = 2. Moreover, the lar :
. ~ ; gest and smallest
any A € H(T) necessarily have multiplicity 1. PAETUEIES 0]

N O,m course, if 7" has a %m_EwﬁmH that is large relative to its number of vertices
en 1t may have to have a minimum number of distinct eigenvalues that ?Hmm

U(T') to be much greater than 2. In particular [Sh], (T > 2d(T) — n. However
U(T) may be greater than 2 for other reasons. For example, for |

entry
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®
T- 0O O—0
O

d(T) =5, n =38, but U(T) = 3. Tt is not known how U(T) is determined by 7', and
it appears to be quite subtle.

3.4. The Inverse Eigenvalue Problem for Trees. More precise than even
the ordered multiplicity list problem for trees is the Inverse Eigenvalue Problem
(IEP): given a tree T what are all possible spectra that occur among matrices
in S(T), or H(T). For remarkably many trees, often including the classes to be
discussed in the next section, the ordered multiplicity lists are equivalent to the
IEP, i.e., a spectrum occurs if and only if it is consistent with some ordered list.
Again this is not always the case. Extremal multiplicity lists for larger numbers of
vertices can force numerical relations upon the eigenvalues, as in the tree [BF]

b0

T S SO A P

for the list (4,2,2,1,1).

It is not known, for which trees the ordered lists are equivalent to the IEP. Even
when the two are not equivalent for some ordered list, they may be for all other
ordered lists. In the case of the all 1’s list, every spectrum with distinct components

'« known to exist for every tree, and even every graph.

3.5. Construction of Trees with Given Multiplicities. It is often more
difficult (than giving necessary restrictions) to construct matrices A € H(T') with a
given, especially extremal, multiplicity list, even when that list does occur. There
are three basic approaches besides ad hoc methods and computer assisted solution

of equations. They are

(a) manipulation of polynomials, viewing the nonzero entries as variables and
targeting a desired characteristic polynomial (see [Lel] for an initial ref-
erence);

(b) division of the tree into understood parts and using the interlacing in-
equalities to give lower bounds that are forced to be attained by known
constraints (this is along the lines of the brief discussion/example in Sec-
tion 3.1 involving A(T), but for larger trees can lead to complicated si-
multaneity conditions); and

(¢) careful use of the implicit function theorem (initiated in [JSW]).

All methods have shortcomings. For example verification that a certain Ja-
cobian is nonsingular makes application of the implicit function theorem difficult,
though this has been nicely systematized in some cases. In the case of any dis-
tinct eigenvalues (for any graph) the relevant Jacobian is the discriminant, which

is necessarily nonsingular.
As an example of method (b) and its subtleties, consider again the tree
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are possible. Now construct A with graph T and such that A[T}] = A, and A[T3] =
As>. Then i3 is a Parter vertex for u;, p2, while 33 1s Parter for Az, A3 and so that
(2,2 2,901, 1,1) € LalT):

The above tree is an example of what is called a double path: a tree whose path
cover number is 2. A double path may be represented as

vl el

Since P(T') = 2, the maximum multiplicity is 2, and because d(T') = 4, there must Ty 4
p— p

be at least 4 distinct eigenvalues, two of which have multiplici This ‘es " 2 L
25, : _ 1plicity 1. This leaves H O o H L O O
Ji

the question of whether the list (2,2, 1,1) (which would have to be the ordered list
(1,2,2,1)) can occur. It can, but this is the first nontrivial example. Suppose that

the two multiple eigenvalues are A and u. We want A € H(T') with m4(A) = 2 and : _ . -

ma(u) = 2. Each must have a Parter vertex, which must be either vertex 3 or 4. . 2 Ry

One must be for A (and not p) and the other for i (and not A), as two consecutive in which the only constraint on the connecting edge {i, Ji} is that not both k €
eigenvalues cannot share a Parter vertex [JLSSW]. So assume that 3 is Parter for {1, p} and | € {1, g}. The upper () path has k — 1 vertices to the left of the
A and 4 for p. Then, we must have A[{1}] = A = A[{2}] and A € o(A[{4,5,6}]); connecting vertex and another p— k vertices to the right; set s; = min{k—1, p—k}.
and A[{5}] = u = A[{6}] and 1 € o(A[{1,2,3}]). A calculation (or other methods) Similarly, set s; = min{l — 1, ¢ — (}.

shows this can be achieved simultaneously. If G is a double path and A € H(G), the maximum multiplicity of an eigenvalue

The polynomial method (a), based on some nice formulas for the characteristic of A is 2, but how many multiplicity 2 eigenvalues may A € H(G) have? Since G has
polynomial in the case of a tree (see, e.g., [Pa), [MODW]), can be quite tedious p+ g vertices and the length of the longest path in G is max{p, ¢, p+¢— (51 + s2)},
for larger, more complicated trees. A € H(G) has at least max{p, ¢, p+q — (s1 + s2)} distinct eigenvalues and thus at

most
4. Possible Multiplicities for Specific Graphs s = min{q, p, $1 + $2}

4.1. Paths and Double Paths. It is well known that an Hermitian tridiag- multiplicity 2 eigenvalues. In the above example we have s = 4 and we have 4
onal matrix has only simple eigenvalues and so the list of possible multiplicities for double eigenvalues. In fact the above constructions can be adapted to general
a path on n vertices is just an n-uple consisting of 1’s. In fact, for a path, much double trees and that numbers can always be achieved, as the next theorem shows
more 1s known namely the solution of the Generalized Inverse Eigenvalue Problem [JL3, theorem 8.

(GIEP): the description of all the list of real numbers that may occur as eigenvalues
of A and A(z), for a given i, as A varies over the set of Hermitian Hiﬁzﬁmcmﬁ matri-
ces. It turns out that any set of real numbers verifying the Interlacing inequalities
together with the restrictions imposed by corollary 2.4 ([JL3, theorem 7]; for the
case of strict interlacing see also [Ch] and references therein) is a solution of the

THEOREM 4.1. Let G be a double path whose paths have p and q vertices,
respectively and define s1, s and s as above. Then the possible list of unordered
multiplicities for G, L4(G), consists of all partitions of p + g into parts each one
not greater than two and with at most s equal to 2.

GIEP for H(T'), T a path. Note that the number of possible equalities in interlacing It follows that if G is a double path, any list in £, (G) has at least n—2s 1’s, in
depends on the vertex 2 chosen. which n is the total number of vertices and s is as above. Of course, this number
In the construction of multiplicity lists for a tree it is often useful (and, perhaps could be quite large if there is a big disparity in the lengths of the two paths of
necessary) to know the solution of the GIEP (or some weak form of it) for some of G or if the connecting edge is far from the center of the two paths. On the other
the subtrees of the tree, as the following example shows. hand there might be only two ones: this happens if and only if k —1 = p— k and
Consider the following tree on 11 vertices. Pl g m.u& Ip—g| < 2 (ie., p and g are odd numbers such that |[p —¢q| < 2

2] 12 i3 g and vertices k and [ are in the center of each path).

.ﬁ.m H__m

O—0O - .

= 4.2. Stars and Generalizations. We call a tree T' in which there is at most

O—O) a vertex of degree greater than two, a generalized star. In a generalized star, we call
S

71

o vertex v a central vertez if its neighbors are pendant vertices of their branches,

e & o4 5B and each branch is a path which we call an arm of T. Supposing that degp(v) = k

Now pick real numbers Ay > 3 > X > po > A3 > us > M. Then, call T the we will denote by Ty, ..., Tk these arms and by ly,...,lx the lengths (number of
path with vertices 7y, ..., 15 and T3 the path with vertices j1, ..., j5 (subgraphs of T vertices) of Ti, ..., Tk, respectively. Note that if in a generalized star there is a
induced by the mentioned vertices). Construct A; with graph 7} such that A, has vertex of degree grater than two, such a vertex must be unique and is the central
eigenvalues Ay, py, Ag, pa, Az, Ay and such that the eigenvalues of A1 [{i1,12}] and vertex and the arms are completely determined; we will be primarily interested
A1l{is,35,76}] are py, pp and py, pa, pg respectively; construct A, with graph T on those generalized stars, but for technical reasons, our definition of generalized
such that A, has eigenvalues p1, Ao, po, Az, s and such that the eigenvalues of both stars also consider as a (degenerate) generalized star a tree with no vertex of degree

As({s 1,J21] and Az[{js, js}] are Az, As. According to the GIEP these constructions greater than two: these trees are just the paths in which any vertex is a central
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vertex. When referring to a path as a generalized star we always suppose that one
vertex has been fixed as the central vertex and so we will generally refer to the
central vertex of a generalized star.

For generalized stars the solution of the GIEP is known, when the central vertex
is deleted [JLS2, theorem 11] (for other vertices the solution of the GIEP seems to
be quite different and quite complicated).

THEOREM 4.2. Let T be a generalized star on n vertices with central vertex v of
degree k, l1, ...l be the lengths of the arms 11,...,T}, and f(z), g1(x),...,gx(T)
be monic polynomaials with all their roots real in which deg f =n, degg1 = 1,...,
deg gr = li.

There exists A € H(T) such that A as characteristic polynomial f(z) and A[T}]
has characteristic polynomial g;(x) if and only if

(1) Each g;(z) has only stmple roots;

(2) If )\ is a root of g1(x) - ge(x) of multiplictty m > 1 then A is a root of
f(z) of multiplicity m — 1; and

(3) The roots of f(x) that are not roots of gi(x) - gr(x), are simple and
strictly interlace the set of roots of gi(z) - - gr(x) (multiple Toots counting
only once).

Note that for a generalized star T' whose central vertex v has degree greater than
two, the only possible strong Parter vertex is v and so to describe the set £, (T") the
main question is the (combinatorial) problem of allocating the multiple eigenvalues
among the arms of T' (note that in each principal submatrix corresponding to an arm
of T', an eigenvalue occurs with multiplicity one so that, if it occurs with multiplicity
kin A € H(T) it must occur in k + 1 principal submatrices of A(v), each one
corresponding to an arm of T'). The Gale-Ryser theorem (see, e.g., [Ry]) provides

a tool for dealing with that combinatorial problem and we have the following result
[JL3, theorem 9].

THEOREM 4.3. Let T be a generalized star on n vertices with central verter of
degree s and arm lengths ly > --- > ls. Then (p1,...,pr) € Ly (T) if and only if

hm& MUM,HH Pi = Ty

(b) r>lh +1Ia+1;

(¢) Pr=phyr = -+ =pr = 1,00 whichh =[],
(d) (p1,02, s Pr=ty—1) ST — 1,054 —1).

From theorem 4.2 we can also obtain a description of £,(7T") and the solution
of the IEP for generalized stars [JLS2, theorems 14 and 15].

THEOREM 4.4. Let T be a generalized star on n vertices with central vertex of
degree s and arm lengths ly > --- > 1s. Then (q1,...,¢:) € Lo(T') if and only if

(a) MMHH q; = Ty

(b) ifg; >1thenl <i<r and g1 =1 =¢q;41; and

() (g, +1,...,q, + e = (l1,--.,1s)", in which ¢, > -+ = g;, are the |

entries of the r-tuple (q1,...,qr) greater than 1.

Moreover, given any sequence of real numbers Ay > --- > A and a sequence
of positive integers qi,...,q,, there exists A € H(T) with distinct eigenvalues
A,. .., A and such that ma(\;) = g; if and only if qu,...,q, verify (a)-(c), that is
(q1,---, ) € Lo(T).
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A double generalized star is a tree resulting from joining the central vertices
of two generalized stars T} and T3 by an edge. Such a tree will be denoted by
D(Ty,T5). Note that, if Ty or 75 is a path having more than one vertex, the double
mmﬁmﬁ:uwg star based on 7y and 75 depends on the selected central vertex in the
path. When we write D(Ty,Ty) we are supposing that the central vertices were
previously fixed.

The set Lo(D(Ty,Ty)) was described in [JLS2] (see also [Sa), via the so-
called “upward multiplicities” of 77 and 3. Given a vertex v of a tree T and an
eigenvalue A of a matrix A € H(T), we say that X is an upward eigenvalue of A at
v if may(A) =ma(A)+1, and we call to m4(A) an upward multiplicity of A at v.
If g = q(A) = (q1,..-,¢) is the list of ordered multiplicities of A, we define the list
of upward multiplicities of A at v, denoted by ¢, as the list with the same entries
as ¢ but in which any upward multiplicity g; of A at v, is ﬁmmﬁw& as ¢; in ¢. Given
a generalized star 7' with central vertex v, we denote by L,(T) the set of all lists
of upward multiplicities at v occurring among matrices in H(T').

Note that, when T is a generalized star, by theorem 2.1, any multiplicity greater
than one is an upward multiplicity but also some of the simple multiplicities may
be upwards. Nevertheless, if ¢ = (q1,-..,¢-) € Lo(T'), some of the g;'s (namely
g1 and g.) are never upward multiplicities. From theorem 4.4, it is not difficult to
obtain the description of the set £,(T), T a generalized star [JLS2, theorem 15].

THEOREM 4.5. Let T be a generalized star on n vertices with central verter v
of degree k and arm lengths Iy = -+ 2 Ig. Let A\y < .-+ < A, be any sequence of

real numabers.
Then there exists a matriz A in H(T) with distinct eigenvalues Ay < -+ <

r——

\. and list of upward multiplicities § = (q1,...,9-) ¥ and only if G satisfies the
following conditions:
() D1 @ =1 | ;
(b) if ¢ is an upward multiplicity in ¢ then 1 <1 <7 and neither g;—1 nor
gi_1 15 an upward multiplicity in g,
mﬁv mﬂw_w s ”_.“..mﬁ_“m HE ”_L._ sor o u___mﬁ..rr + ”_.u_m M QH‘._ hm.__ = ey m_ﬁnu#u in ﬁ:__ug.‘umw ﬁmﬁ..._. w|v i W T u|u.
qi, are the upward multiplicities of §.
Now the next results allow us to describe the set L,(D(11,T3)) [JLS2, theorems
24 and 26].

THEOREM 4.6 (Superposition Principle). Let D(T1,Tz) be a double generalized

star, b = (b1,...,bs,) € Lo(Ty) and é = (Brivesylas) B Lo(Ty). Construct any
bt = (bt,...,bT 1) and ¢t = (cf,...,Ca 1s,) subject to the following conditions:

.. i1, 05 € Np and 51 +t1 = 83 + 2,
1. b* (resp. ¢ ) is obtained from b (resp. &) by inserting ty (resp. ta) 0’s;
> ET and nw. cannot both be 0; and
3. if b7 > 0 and ¢/ > 0, then at least one of the b or c; must be an upward
multiplicity of b or é.
Then we have bt + ¢t € Lo(D(T1,T2)). Moreover, a € Lo(D(T1,T%)) if and
only if there are b € Lo(Th), é € L,(Ty) such that a = bt +c*.

The above results may be extended to a general tree T by associating with
T either a generalized star or a double generalized star according to the following

definition.



ﬁ | MULTIPLICITIES AND GRAPHS 179
178 C. R. JOHNSON, A. L. DUARTE, C. M. SATAGO, AND D. SHER EIGENVALUES,

: erti : f nsists o
DEFINITION 4.7. Let G be a tree. Let v be a vertex of G of degree k and THEOREM 4.11. Let T be a wine on n veriices. The set L,(T') co f
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G1,...,Gi be the components of G — v having size [y, ..., g, respectively. To the all sequences that are majorized by the sequence 5 L, ) (€
tree GG associate the generalized star, S,(G), with central vertex v of degree k, and partition of ).
with arms 77,..., T} of lengths {4, ..., %, respectively.

| 4.4. Cycles. Very little is known about the eigenvalue Eiiﬁ:ﬂﬂmm for graphs
| other than trees. 'I'he next graph which is natural to consider 18 g.m,“ cycle: a
connected graph in which every vertex has degree 2. For a cycle C, the eigenvalues

Let u; and us be adjacent vertices of G. Denote by &, the connected compo-
nent of G —us that contains u; and by GG, the connected component of G —u; that
contains us. Put S; = Sy, (Gy,) and Sy = S, (G, ). Now, to the tree G associate

the double generalized star, denoted by Dy, +,(G), D(51, 52).

Although not explicitly stated in [JLS2] is not difficult to see that the following

result holds (see also [JLS2, theorem 10] for a corresponding result for the GIEP),

THEOREM 4.8. Let T be a tree, v be a vertex of T' and vy, vy be adjacent vertices

of T'. Then

L. Ly(Su(T)) € Lu(T), Lo(Su(T)) € Lo(T);
2. hﬁmbﬁ_fﬁm AHJVV m hﬂmuguu hnmmﬂfﬁw mm_._b m hn.mw__ju

Note that there are many different possibilities to associate either a generalized
star or a double generalized star to a given tree T’ in the above described manner,
and so theorem 4.6 provides many possible lists for £(7"). The natural question
is to ask whether all the elements of £(T) can be obtained in this manner. The
answer is no! It suffices to note that the path cover number of T' will be, in general,
strictly greater than that of either of S,(7T") and D,, ,,(T") for any possible choice
of v, v; and w9. So any lists for which the maximum multiplicity occurs cannot
generally be obtained from the inclusions of theorem 4.8. For example, the tree T'

OMDHO

has path cover number 3 which is strictly greater than the maximum path cover
number, 2, of any generalized star or double generalized star associated with 7.
The next class of trees which seems natural to consider is the trees obtained

from two generalized stars by joining their central vertices by a path. We give the
following definitions.

DEFINITION 4.9. A separated double generalized star is a tree with exactly two
vertices of degree greater than 2 which are connected by a path. Any such tree can
be obtained from two generalized stars 77 and 75 whose central vertices are con-
nected by a path of length s (s > 1). Such a tree will be denoted by SD(77, 75, s).
When s = 1 we call SD(T1,T5,s) a singly separated double generalized star.

These kind of trees were studied in [Sh| and, for a singly separated double
generalized star, an algorithm that generalizes the superposition principle was de-
signed, which describes the list of multiplicities for such trees [Sh, theorem 6.6].

4.3. Vines. The following class of trees were introduced in [JSW].

DEFINITION 4.10. A binary tree is a tree in which no vertex has degree greater
than 3.

A wine is a binary tree in which every degree 3 vertex is adjacent to at least
one vertex of degree 1 and no two vertices of degree 3 are adjacent.

By using the implicit function theorem technique referred in Section 3.5, the
set £,(T), in which T is a vine has described in [JSW, theorem 5.3].

iy e e e

P i1

of a matrix A € S(C) with positive off-diagonal entries were studied in [Fe| and,
in fact, for these matrices the IEP problem was solved. .
Note that, if C is a cycle on n vertices and we delete a vertex of C a pat
remains. So it follows immediately from Hﬁﬁmﬂﬁmwﬁm (and +§+m ,Fnﬁ ?mﬁ..ﬁﬁm w%@
multiplicity list for a path is all 1’s) that the maximum multiplicity of an Emm%ﬁ ue
ccurring for any A € S(C) is not greater than 2, and, w.% Emr such Hiﬂmmﬁﬂmm
do occur. Moreover, the maximum number of 2's occurring in £,(C) is [*5~] an

also for any s < Tﬂ.m|1; there is a list in £, (C) with s 2’s.

5. Multiplicity Lists for Trees with Fewer than 11 Vertices

We conclude with tables giving all (unordered) Eiﬂ@ﬁﬁﬂ lists hEJEmﬁmv .?.H, all
(rees on fewer than 11 vertices. These can be helpful to ﬁwﬁwmm .Eﬂm.,,.mmﬁm& in making or
checking conjectures of more general results. A large majority .n.m these H:Qa w.dE
results about general classes of trees, such as those reported in the prior mmﬂEF
while several result from painstaking constructions mcﬁﬁmm with known necessary
conditions. (Most 11 vertex trees could be resolved similarly.) The smaller ﬁsﬂwmw
of vertices have been reported in references, while the 9-vertex trees are ?U.HM M M.ME
(see also [JoSa8]), corrected, and the 10-vertex trees are ﬂd_ﬁ EE..__ corrected. M
have chosen a format for this information to compress it into minimal space, an
(arbitrarily) begun the lists with 5-vertex trees (as smaller .ﬁﬁﬂﬁumwm are ﬂﬁimﬁn

The trees are numbered according to the list appearing In Em. mﬁmﬁwﬁawﬁ ,S
[CDS] (which contains a few easily corrected errors). All ?ESEH;% :ﬂ“m W.DM mm
particular tree are given, except that in each list all 1's are ﬂE;ﬁmP so that m e lis _M
all 1’s (occurring for every graph) does not appear. H.Wm actual jﬂﬂﬂﬂ of 1's Emw mH
inferred from the number of vertices and the given higher EES.EH;EW, Indivi ME
multiplicity lists are separated with a semicolon and space, %&;m iﬁ ermw erﬂ”
plicities of a list are simply given in nonincreasing order by juxtaposition (w Hm @HW
unambiguous, as all multiplicities are single digit). For mﬁmﬁ.,%_ﬁ ﬂmﬂ number w
has 9 vertices and the 6 possible multiplicity lists: (4,134,110, 1), (3,2, Ll f. uw
(3,1,1,1,1,1,1), (2,2,1,1, 1, T 1), (20,1, 30,1, 1, (1,1,1;1;1,:1, 1,3, 1), whie
is mﬁgmimﬁmm unambiguously to [2.65 | 4;32;3;2%;2 |

EES ON b VERTICES _
H%mm M-Lists || Tree , M-Lists Tree | M-Lists F

[2.5 | 3;2 2.6 | 2 2.7 |
TREES ON 6 VERTICES

__ Tree | M-Lists Tree | M-Lists Tree | M-Lists

a8 |4¢3:.2 2 |t 233 |2

29 | 3;2 541 | 2 2.13

Hmem%.ﬂmmmmﬁﬁmﬂﬂm%mM M-Lists ﬂﬂﬁ.mm M-Lasts Tree | M-Lists
2.14 | 5:4:3;2%;2 || 2.17 | 3;2 2.20 | 2%:2 [Faiag ] 252
2.15 | 4:3:2%;2 218 | 3:2°:2 || 2.21 | 2 2.24

2.16 | 32:3;2%;2 o109 [ 3942 ||'2.22/1.2
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1 1T'REES ON 8 VERTICES
) =
— e s | Tree | Milink HHgRs O . VERTOR oo Vil
: 2.26 | 5;4;32;3;2%:2 2.34 Mmuwm“m it MMM mwh_mwmm 2.95 mmq“mhmmwmwamﬂﬁm“ammuwmm“m“mwﬁmw“m 2,148 | 32;3;2%;2
: 2.27 | 42;4;32;3;2°;2°;2 || 2.35 mm_mw.”mﬁmu.m m.ﬁ w.rw 2.06 | 7:6:52;5:43:42;4;3%;32:3;2%;2%,;2 2.149 | 32:322;32;3:2%,;2% .22 .2
2.28 |4;3%;32;3;2%.2 2.36 | 3:22.2 q M.E : 2.97 | 62:6:52:5;42%:42;4;3%2;38%;32%,382,;3,;2%;2%,;2 || 2.150 4:32:3;2%:22:2
| 2.99 | 4;8;27 2 2.37 | 32:3:22.2 umm ; 3.08 | 6:5:42:4;3%;32:3;2%;2°;2 o 351 | 39%:82.3;2%.2%.9
2.30 | 4;32;3;2%,2 2.38 | 3.22.3 m.mm 7 2.99 | 6;52;5;43;42;4;3%;32;3;2°;2%;2 2152 | 83,8,575% 2
2.81:| 4;32;3;2¢;2 2.39 | 3.22.2 m.ﬁ : 2.100 m“mmmm“m;mlmmf%mwmm“mmmmmm“_m_%_,mfm 2,153 | 42;4:3%:32%:32:3;2%;2%.2
| 2.32 | .32;3;2%.:2 | 240 | 27,2 : 2.101 | 6:5:42,43;42% ;42;4;3%;327;32;3;2%;2%;2°;2 2.154 | 32:3:2%;2%;2
T'REES ON 9 VERTICES : 2.102 | 6:52;5;42:;4;3%;32%;32;3;2%;2%;2 2:155. | 32:3:2% 2% 2
Iree | M-Lists Tee | Mlite | 2.103 | 52;5;42;4:32%:82:3;2%;2°;2 2:156 | 32°.3233;2° ;2% 52
2.48 | 7;6;5;42;4:3%;32:3,22:9 =55 | 508 2.104 | 52:5;42°:42;4;3%2;32;32%2;32;3;2%;2%;2 2.157 wmfmm“mmmfm.wmmﬁm
2.49 mwmm%m“mmwmmmmmmwmm“m TR .wm,.m.mw_.m_ ” 2.105 mﬂ%“wmww“mwwm , 2.158 mmw“mm“wmmfm 52
2.50 | 52;5;42:4:327,32,3;2%.22.9 e s _mmmm | 2100 | Bod?s 4:3%803,2%52%, 8 Tak0 | gt igndaans aon¥os. 9
2.51 | 5;4,32,3,22.2 - m.._:. ﬂ mmm“m“m el | 2.107 | 52;5;43;42;4;3%;32;3;2%;2%;2 2480 | 4923270052
2.52 | 5;42;4;3%,32.3;2%. 2 m“qM M”wm_ﬂww.mw.m 2.108 mmmlmlm“ﬁ%wwmfm.m“.mwmﬁmﬁm 2.361 [ 3;2
2.53 | 5;43;42;4;37,32%,32:8.23.22.5 || 2.77 mwmﬂm B, 2.109 mhmlmfﬁmﬁwﬂmw-_,mmu_ﬁm.f.mﬁmﬁm 2.162 mmaww.“mf%__m, |
2.54 | 5;42;4;32.3,2%:22. 2 _ T wm,.m._,m?m 2,110 | 5:43:42:4:3%2:3%;39%;32:3,2%;2°;2 B 2.163 | 322:32:3;2%:2%:92%.9
2.55 | 42;4;32.3,2°.22,2 s mmwwm_,m._mfm : 2.111 | 52;5:422:42;4;32%;32;3;2%;2%,2%;2 2.164 mm“wmm.ﬁmﬁm
2.56 | 42;4,;32%;32,3,2%.22 .2 == mmmm i 2.112 | 43.422:42.4.322;32,;32%;32,;3;2%;2%;2%;2 2.165 | 32;3;2%;2%;2
2.57 | 5;4;3%.32,3.22. 9 : o1 m._,mM_um 2.113 | 5;42;4;32;3;2%;2%;2 2,166 | 32%:32,3:2% 8% 0%.. 5
2.58 | 4;3;2%.9 m”mu w__mﬂm 2.114 | 52;5:42;4;3%2;3%;32%;32;3;2%;2%;2 2.167 | 3:2%;2
2.59 | 4:37,32%2,32,3.:2%.22. o mm.m, | 2.115 | 5:42;4;32;3;2°;2%;2 2.168 | 32;3;2%;2°%;2
2.60 | 4;32;3;27;2 2.84 | 32,325 27 2.116 | 5;42;4;3°;32%;32;3;2%;2%;2 2.169 | 3;2%;2
2.61 | 42;4:3%;32,3;22.2 R T Eo 2 _ 2.117 | 43,427 ,42;4;372;3%;32%;32,;3;2%;2%;2%;2 2.170 | 32%;32;3;2%;2%;2°;2
2.62 | 42;4;32%;32,3,2° .22 2 e mW_,mM.m | 2118 | 42:4;32;3:2°:2°:2 2.171 | 32%;32:3:2%;2%;2%:2
2.63 | 3%;327:32;3.2%.22. 2 T mﬂ u 2.119 | 422:42:4:32%;32:3,;2%;2%,;2%;2 2.172 | 32:3;2%;2%;2
2.64 | 4;32:3;22,9 M+mm MW__MM 2.120 | 42:4;32%;32;3;2%;2%;2 oiTE | 20920500
2.65 | 4:32:3;2%.2 P m_ i | 2121 | 42:4:32°:82:3;2%;2°;2. 2.174 | 32;3;2%:2
2.66 | 4;32;3:2%:27 9 TR | e mﬁm:E:r%fﬂ._wm..;mmmm_.mf%.“m 2.175 wf_m_.m“m“mﬁmfm
2.67 | 32:3;2%:2 A e A R P 2.176 | 3:2%;2
2.68 | 322:32:3:2%.22. 9 * . 2.124 | 5;42;4;3%;32%;32;3;2%;2°;2 2.177 | 3;2%;2
| 2.69 328 -0t nee , MNM Mmmm 2,125 | 4:8:2%;2 2.178 | 3;2%;2
2.70 | 32:3;2%.2%.9 m.mm 432 2.126 | 4:3%:32%:32:3;2%;2%;2 2.179 | 3;2°;2
3.71 | 32%;82,;3;2%. 2%, 2 22 o U Al B Gk P s el 2.180 | 3218;2°%;2%:2
2.128 | 4:32:3;2%;2 2.181 | 272
2.129 | 42:4.322:3%:322.32:3:2% ;222 2.182 | 3:2%;2
2.130 | 4;3%;32%;2%;2%,;2%:2 2,183 | 32:3:2°:2%;2
2.131 | 42:4:3%;32;3;2%;2%;2 2.184 | 3:2%;2
2,132 | 43:42:4:3%:32;3;2%;2%;2 2.185 | 2°:2%;2
2.133 | 42:4:32%,:32:3;2%;2%;2 2.186 | 27;2
2.134 | 42:4;3%:32%;32;3:2%;2%;2 g7 | 2*i9%en
2.185 | 42:4:53°:32%:32:8;2%.2%;2°:2 2188 | 2¢;2
2.1836 | 427:42:;4;32%;32;3;2%;2%;2%;2 2.189 | 32:3;2%;2°;2
2.137 | 42:4:32%;32;3;2°;2%;2 2,190 | 23:2%;2
2.188 | 42:;4:322:32,3;2%*;2%:2%;2 2191 [a¥sad0
2.139 | 32;327:32;3;2%;2%,2%;2 2192 | 2%:29.24:9
2.140 | 322:32:32%:32;3;2%;2%;2%;2 2.193 | 2
2,141 | 4:32:3;2%;2 2.194 | 2
2.142 | 4:32:3;2%;2 2.195 | 2
2.143 | 4:32:3:2%;2 2.196 | 2
[ 2caad | 4:39:5:27:2% 2 2.197 | 2%:2%;2
2,145 | 42;4:39%:32:3;2%:2%,2 2.198 | 2%:2
2,146 | 4;32:3:2°;2°;2 2.199 | 272
| 2.147 | 427;42;4;32%;32;3;2%;2%;2%;2 2.200
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