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Abstract

This thesis concerns the factorization of elliptic operators, namely the decomposition of a
second order boundary value problem, defined in an open bounded regular domain, in an
uncoupled system of two first order initial value problems. The method presented here is
inspired on the theory of Optimal Control. It is a return, in a new spatial approach, to the
technique of the invariant temporal embedding, defined originally in the context of Dynamic
Programming, used in Control Theory for the computation of the optimal feedback. This
technique consists in embedding the initial problem in a family of similar problems depending
on a parameter, which are solved recursively. In our case, each problem is defined over a
sub-domain limited by a mobile boundary depending on the parameter. We introduce an
operator relating the trace of the function defined for each problem, and the trace of its

normal derivative over the mobile boundary.

Without loss of generality, we particularize the study to a Poisson’s equation with, for
example, a Dirichlet’s boundary condition. We first consider a circular domain and we
present for it two approaches: first, we apply an invariant embedding that starts on the
boundary of the circle and go towards its center, followed by an invariant embedding in the
opposite direction. Next, we generalize the method, applying it to the case of an arbitrary
star shaped domain. In all cases, the family of curves which limits the subdomains defined
by the invariant embedding are homothetic to one another and homothetic to a point. This

fact induces the appearing of a singularity.
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Resumo

O objectivo deste trabalho é a factorizacao de operadores elipticos, nomeadamente a decom-
posicao de um problema de segunda ordem com valores na fronteira, definido num dominio
aberto regular e limitado, num sistema desacoplado de dois problemas de valor inicial de
primeira ordem. O método utilizado ¢é inspirado na Teoria do Controlo Optimo. Trata-se de
um retorno, numa nova abordagem espacial, a técnica da “imersao invariante” na variavel
tempo, que se definiu originalmente no contexto da programacao dinamica, e que é usada
na Teoria do Controlo para calcular o “feedback” 6ptimo. Esta técnica consiste em imergir
o problema inicial numa familia de problemas similares dependentes de um parametro, que
sao resolvidos recursivamente. No nosso caso, cada problema esté definido num subdominio
limitado por uma fronteira mével dependente desse parametro. Introduzimos um operador
que relaciona o traco da funcado definida para cada problema, com o traco da sua derivada

normal sobre a fronteira mével.

Sem perda de generalidade, particularizamos este estudo a equagdo de Poisson com,
por exemplo, uma condicao de fronteira do tipo Dirichlet. Consideramos inicialmente um
dominio circular e apresentamos para este dominio duas abordagens: primeiro, aplicamos
uma imersdo invariante que se inicia na fronteira do circulo e que converge para o seu
centro e, de seguida, usamos uma imersao invariante em sentido oposto. Posteriormente,
generalizamos o método aplicando-o ao caso de um dominio estrelado arbitrario. Em todos
os casos estudados, as curvas que limitam os sucessivos dominios definidos pela imersao
invariante sao homotéticas entre si e homotéticas a um ponto, o que induz o aparecimento

de uma singularidade.
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Introduction

We are going to use the technique of invariant embedding ([3]), in order to factorize a second
order elliptic boundary value problem in a system of uncoupled first order initial value
problems. This technique ([2]) has been used to derive analytic and numerical results in a
number of different fields as atmospheric physics, transport theory and wave propagation, to
mention a few, and consists in embedding the initial problem in a family of similar problems
depending on a parameter, which are solved recursively. Particularly, it is used ([23, 5]) in
the decoupling of systems arising from Optimal Control problems associated to evolution
equations of parabolic and hyperbolic type. In these cases the parameter used is the time
variable. In our case, we follow the same steps using a spatial embedding, that is, we embed
our initial problem in a family of similar problems each one defined over a sub-domain limited
by a mobile boundary depending on the parameter. From a Control Theory point of view, we
consider the equation of the problem as the optimality system of a control problem, where
we substitute the time variable with one of the space variables and the embedding allow
us to decouple the optimality system in the same way as to obtain the optimal feedback.
Therefore, the factorization method that we use in this thesis has the following key points:
first, we fractionate the initial domain (for clarification of the procedure, we may suppose
that it is a rectangular domain) by the introduction of a mobile boundary over which we
impose a Dirichelet or a Neumann boundary condition (each type of conditions will lead to a
different factorization); next, we define an operator relating the value of the solution, or its
derivative, with the mobile boundary condition and, finally, we displace this boundary from
one extremity to the other of the domain. A similar approach was developed in ([19]) for
the case of an elliptic operator in a cylindrical domain. We point out that, in this particular
study, the geometry of the moving boundary is always the same. It was also shown in ([19])

that the obtained factorization could be viewed as an extension to the infinite dimensional



problem of the block Gauss LU factorization.

In the course of this work, we want to generalize the method to more general geometries
and, in particular, to the case where the family of surfaces which limits the sub-domains has
no longer invariant geometry but are homothetic to one another. We study the case where
the moving boundary starts on the outside boundary of the domain and shrinks to a point
or vice versa. This means that we must deal with the singularity that will necessarily appear

at that point.

The first chapter of this thesis makes a panoramic view over the method and contains
the concepts and results that we need for the succeeding chapters. In the first section, we
present the state of the art and in section 2 and 3 we describe the factorization method by
invariant embedding. Afterwards, in section 4 we introduce the general problem in study
and an auxiliary problem, needed to deal with the singularities originated by the method.
In the last section, the convergence of the auxiliary problem to the initial one is achieved,

which is a key result throughout this work.

Our main goal in Chapter 2 and 3 is to factorize the Laplace operator in a circular domain
- in chapter 2 the factorization starts in the boundary of the domain and shrinks to the center
of the circle and in chapter 3 it starts in that center and spreads to the circumference. In
both cases we consider the moving boundary to be a family of concentric circles which radii
or decrease to zero or increase from zero. We present results that, in the first case, deal with
the singularities appearing on the origin and, in the second case, handle the definition of
the initial condition for the decomposition. The material of this two chapters can be found
in ([16, 17]). In the last chapter, we are going to generalize the previous results to a star
shaped domain. Again, the subdomains defined by the invariant embedding are homothetic
to one another. The final step of this path will be, naturally, the generalization to the case
of an arbitrary open regular bounded domain. However, it still remains, for the time being,

an open problem.



Chapter 1

Preliminaries

The aim of this chapter is to make a global presentation to the method of invariant embedding
as well as to the problem in study. In the first section we present the state of the art, which
also includes the present situation regarding other studies in course. A short description of
the invariant embedding method is given in second section, and the third section is entirely
dedicated to the presentation of the foundations of the technique of factorization by invariant
embedding, for a parabolic operator, following J.L.Lions ([23]). In section 4, we define our
problem which, due to the singularity originated by the method, will imply the definition of
an auxiliary problem. According to a density result we prove, in section 5, the convergence
of the auxiliary problem to the initial one, which ends this chapter and is a fundamental

result throughout this work.

1.1. State of the art

The technique of invariant embedding was first proposed by Bellman ([3]), in the context of
optimal control theory, and was formally used by Angel and Bellman ([2]) in the resolution

of a Laplace’s problem defined over a rectangle. We can succinctly explain this technique on
Pu_ o
ox?  Oy?
being specified on all sides of the rectangle), Angel and Bellman seek for solutions of the form
b 0
u(z,y) = / r(z,y, z)a—u(:c, z)dz+s(z,y). Then, differentiating this equality two times with
0 X

respect to y and using the obtained expression into its derivative with respect to x, they find

saying that, considering the equation = 0 on therectangle 0 <z <a,0 <y <b(u
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82
/5y—z :czdz—/aacy, (a:zdz—// r(z,y, )az(mwz)dwdz—

8 or
/ r(z,y, )a 2(3: z)dz + o ( y). From this equality they derive %(x,y,z) =y — 2)

0
b oO%r Os b 0%s
+/0 r(z,y,w )a 5 (7, w, 2) dw and ax(:vjy) = /0 r(z,y,z )(9 5 (7,2) dz, equating coeffi-

cients of 8% Requiring the same form of solutions to hold at the boundaries, they must
also have r(z,y,z) = 0 and s(x,y) = u(z,y) at x = a, y = 0 and y = b, which gives initial
and auxiliary equations to determine r and s. Knowing r(0,y, z) and s(0,y), since u(0,y) is
given, again from the form of the solutions, they can determine the missing initial condition

0 0
8—u(0, y). Finally, they find an initial value problem for 6—u, which uses the stored values
x x

b 0
of r and s, and permits, back to the equality u(x,y) = / r(z,vy, z)a—u(x, z)dz + s(z,y), to
0 X

determine the desired values of w.

As described, in brief, in the introduction, J.L. Lions ([23]) gave a justification for this
invariant embedding for the computation of the optimal feedback in the framework of Op-
timal Control of evolution equations of parabolic type. The method gives rise to a Riccati
equation, that is, a differential equation with quadratic terms, which is justified through the
Galarkin method. It is also similarly used in Bensoussan ([5]). We notice that, in the kernel

notation of Angel-Bellman, the Riccati equation appears in the term g (x,y,2) =0(y — 2)
b 2
+/O r(x,y, )gg(xwz)dw

On the direct study of Riccati equations in infinite dimension, we can also recom-
mend an extensive bibliography. We stand out Temam ([31]), where it can be found the
Hilbert-Schmidt solutions of the equations; Tartar ([30]), that uses the method of fixed
point; Bensoussan-Da Prato-Delfour-Mitter ([6]) and Lasiecka-Triggiani ([22]), on the study
through Semigroup Theory. In all these quotations the operator appearing in the Riccati

equation is continuous from a certain space into itself.

In a chapter of A. M. Ramos PhD Thesis ([26]) it was presented the resolution of a second
order elliptic problems in an open cylindrical domain. Afterwards, the method was devel-
oped by Henry and Ramos ([19]) which presented a complete justification for the invariant
embedding of a Poisson’s problem in a cylindrical domain, adapting the method of Lions.
Here, they have no longer that property on the continuity of the operator. Traditionally, the
chosen parameter of the invariant embedding was the variable time but, in this new line of

work, they use a spatial invariant embedding, that is, they embedded the initial problem in



A brief sketch of the method )

a family of similar problems, each one defined over a subcylinder bounded by a variable sec-
tion. In this case, the embedding is naturally done in the direction of the axis of the cylinder
and allows the factorization of the second order operator in a product of first order operators
with respect to this coordinate. They obtained a factorization in two uncoupled problems of
parabolic type, in opposite directions, that requires the computation of an operator, which
is solution of a Riccati equation. They showed, as well, that the same method applied to
the discretized problem (e.g. through finite differences) can be interpreted as a Gauss block
factorization of the matrix of the problem. This means that the method can be seen as a
generalization, up to infinite dimension, of the LU block factorization of matrices: solving
the Riccati equation is analogous to computing the L and U factors for a block tridiagonal
matrix and solving the two parabolic problems is related to solving the lower and upper
triangular systems. A different approach to the method was also made by the same authors
in ([20]), where was directly studied the solution of the Riccati equation which appears in

the factorization process, using an Hilbert-Schmidt framework, in the same line of ([31]).

The invariant embedding method was also applied by Henry-Yvon ([18]) to the case of
a control problem in order to determine explicitly the solution, and also by Henry ([15]) on
the resolution of certain inverse problems. More recently, the application to a problem of

wave propagation was made by I. Champagne in her PhD thesis ([8]).

1.2. A brief sketch of the method

As far as we are concerned, the main feature of the invariant embedding method is the
transformation of a second order elliptic boundary value problem in a decoupled system of
first order initial value problems which can be solved recursively. According to this method,
and in the particular case of a rectangular domain as considered in ([2]), we first introduce a
mobile boundary corresponding to a transversal section of the rectangle, in which we choose
an arbitrary condition. A priori, this condition is of the same type of the initial boundary
condition. We solve the problem in the subdomain defined between one of the sides of the
rectangle and the mobile boundary. Next, we extend the process along the propagation axis,
until we find the whole domain. This allows us to define an operator connecting the solution
of the equation with the arbitrary boundary condition. This way, we define a family of

operators on functions of the section satisfying a Riccati equation and relating the boundary
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conditions on the section (Dirichlet-Neumann or Neumann-Dirichlet, for example). In the
resultant decoupled system and besides this operator, the two variables involved are the
solution of the problem and the affine part appearing in the relation between the solution
and the operator. The solution is now achieved by a two steps process: first, we solve the
Riccati equation and the differential equation of the affine part and this computation is done
in the same direction as the displacement of the boundary; then, we look for the solution of

the system following the path in the opposite direction.

For a given problem, the invariant embedding method is not unique. On the one hand,
we can apply the method either to the family of subdomains described above, either to the
family of complementary subdomains and, in this thesis, we will do both approaches, for the
same domain, respectively on chapter 2 and 3. In this last case, the boundary will move in
the opposite direction and the method will give rise to another operator. On the other hand,

it is possible to change the type of condition that we impose over the mobile boundary.

1.3. Global methodology

In this section we present, following Lions (][23]), the general scheme of proof for the fac-
torization by invariant embedding of the optimality system for the control problem of a
parabolic operator. We assume the following framework: V and H are Hilbert spaces
where V' is the dual of V, V is dense in H, H’ is identified with H and such that V C
H C V’; the variable ¢ denotes time and we suppose ¢ €]0,T[,T < oo; a(t;y,p), for each
t €]0,T7, is a continuous and coercive bilinear form on V, and can be written in the form
a(t;y,p) = (A(t)y,p), A(t)y € V'; in addition, A(.) € L(L*(0,T;V); L*(0,T;V")), where
L?(0,T;V (resp. V")) stands for the set of functions ¢t — f(t) of 0, T[— V (resp. V'), measur-

2

able and such that (/T Hf(t)H%/( resp.v) dt> < oo. Further, we consider U = L?(0,T; E)
(space of controls) an(ftl) H = L*(0,T; F) (space of observations), where E and F' are sepa-
rable Hilbert spaces. We are given an operator B € L(U; L*(0,7;V")) and f and yo, with
fe€L?0,T;V) and yo € H.

Within the above notations and denoting A* the adjoint of A, we consider the system of

equations

% + Ay + Di(t)p = £, y(0) = yo; —% +A'()p— Da(t)y =g, p(T) =0 (L1
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for all t €]0, T'[, which is the optimality system for

6%(t”) + A(t)y(v) = f + Bu
Y(v)—o = Yo

y(v) € L*(0,T; V),

where the cost function is given by
J(v) = [|Cy(v) — 2dll3; + (N, v)u.

N is given such that N € L(U;U) and (Nu,u)y > pllull?, p > 0, C € L(L*(0,T;V); H),
and z, is a given element in H. Also, D1, Dy € L(V; V'), with D; = B(t)N(t)"'Ag~'B(t)*,
Dy (t) = C(t)*ArC(t) ( Ag (resp, Ar) being the canonical isomorphism of E (resp, F')) and
g(t) = =C*(t)Apzq(t).

Then, we embed (1.1) in a family of similar problems depending on the present time s,
which defines the “moving boundary”, and the state A at that time. The resulting system
of equations
dep dip .

%P b AW+ Dilt)e = £, pls) = hi ~0 + ()Y~ Dalt)p =g, W(T) =0 (1.2)
where ¢ €]s,T], 0 < s < T, and h is given in H, has a unique solution. For ¢ and v this way
defined, it can be proved that the mapping h — 1) (t) is a continuous affine mapping of H — H
and consequently this mapping can be written in a unique way as ¥(s) = P(s)h+r(s), where

P(s) e L(H;H) and r(s) € H.

Follows the fundamental result. Considering {y,p} to be a solution of (1.1), we have
p(t) = P(t)y(t)+r(t), Vvt €]0,T[, where P(t) and r(t) are given, respectively, by P(s)h = y(s),
where ~ is the solution, in |s, T'[, of

d d *

B AWB+ Dy =0, 4 = b~ 4 4@y~ D)8 =0, 4(T) = 0
and 7(s) = £(s), where £ is the solution, in |s, T, of
a de
0 A+ DUDE = £, n(s) = 0~ + A%(1)e — Daftyn = 9. &(T) =0.
Moreover, taking f € L2(0,T;H), then P and r have the following properties: P(t) €
L(H;H); P(t) = P*(t); it n € W(0,T) = {f : f € L*0,T;V), ¥ € L>(0,T;V")} with
%—i—A(t)n € L*(0,T; H), then P(t)n € W(0,T); P satisfies the Riccati equation — 42+ PA+
A*P+PDP = Dy, in ]0,T1], in the sense that — (%) n+ PAn+ A*Pn+ PD;Pn = Dan, for
all n € W(0,T) with %2+ A(t)n € L*(0, T; H) and Ay € L*(0,T; H) and we have P(T) = 0;
r is the solution in W(0,T") of —% + A*r + PDyr = Pf + g, and we have r(T') = 0. P and

r thus defined are unique.
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This last result is first obtained in a formal way, by using the main identity p = Py+r and
the equations of system (1.1). Next, these formal calculations can be justified, using a finite
dimensional approximation of the original problem. In fact, in finite dimension we can prove
the existence of a global solution (that is, for ¢ €]0,T[) to the decoupled system. Afterwards,

we pass to the limit, when the dimension tends to infinity, leading to the conclusions above.

Adapting this general method to the factorization of a second order elliptic boundary
value problem, it can be found in ([26, 19]) a presentation of the case where the domain is
a cylinder whose axis is parallel to the x; coordinate. Considering that € is the cylinder

" 92

Q =]0,a[xO, O is a bounded open set of R"~1, & = 90 x]0, a[ and denoting A = E 92 =
T4
i=1 i

aaﬂ:% + A,, where z represents the independent variables xs,...,x,, they showed that the
problem

—Ay=f, inQ

y =0, on X

Y = Yo, on I'y

(,;Zyl =14, only

can be factorized as

87P—i-PAZP—|—I:O, P0)=0
81‘1
0
78::1 +PA,r=—-Pf, r(0)=1yo
Jy
P—+y=r, y(a) = —P(a)ya + r(a).
\ 8I1

An alternative factorization or the same problem is

0Q 9 _ _

%xl—Q -A,=0, Qa)=0
%xui—Qw—f, w(a) = ya
Txyl+Qy= —w, y(0) = vo

We can also find in ([26, 19]) a justification of the derivation of the Riccati equation

oP
Er + PA,P +1 =0, P(0) =0, using the fact that P was defined as a Neumann-Dirichlet
T

operator on the boundary of the subdomains defined by the invariant embedding. Similarly

to the method used by Lions, it was used a Galarkin method to study the problem in finite

dimension and, afterwards, passing to the limit to the infinite dimensional problem.
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1.4. Definition of the problem and regularization

Let Q be an open bounded regular domain of R?. We consider the Poisson problem with
Dirichlet data
—Au=f, in
(1.3)
u‘r =0
where T' is the boundary of Q and f € L?(2). In spite of the particularization to the

Laplacian operator in this definition, we believe that the same procedure could be applied

to any strongly elliptic self-adjoint problem.

Applying the (spatial) invariant embedding method to this problem, we must start defin-
ing a family of subdomais sweeping the initial domain 2. Unlike the case study we just
described, we find that the correspondent moving boudary do not have, necessarily, the

same geometry.

We start dealing with the case where the family of surfaces which limits the sub-domains,
starts on the boundary of the domain and shrinks homothetically to a point. Since the mobile
boundary reduces to a point, a singularity will necessary appear at that point. We must
make, as a consequence, a regularization around this point and a possible way to do it, is to
define an auxiliary domain, where we introduce a fictitious boundary around that singular
point. In this case, however, we introduce a perturbation of the solution so, naturally, we
must choose the new boundary condition, in a way that we can obtain the convergence of
this auxiliary problem to the initial one. With this purpose, we will consider the following

auxiliary problem:

—Au. = f, in Q\ Q

du. (1.4)
r. 872

Ue|p 18 constant.

Here, ). is an open regular domain verifying Q. C Q and I'. is the boundary of (..
We can justify the choice of the boundary conditions on I'. with the fact that the condition
Oug

r. 3n
described: it shrinks homothetically to a point, when ¢ — 0.

dI'. = 0 corresponds to a null total flux. Notice that €. is in the situation previously
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There is a natural link between this line of work and the work of, for example, Sokolowski
([27]) for topological derivatives. In that study, is intended to obtain the variation of the
solution of the problem, when a small hole is created on the domain. We will return to this

subject at the end of Chapter 2.

The variational formulation of problem (1.4) is obtained through the following proposi-
tions:

Proposition 1.4.1. Let U.={u. € H}(Q\ Q) : u;,. =0 A ue  is constant}. U is an

I
Hilbert space.

Proof.  We start defining U** = {u. € H'(Q\ ) : uc|. = 0} and a sequence u,, € UM
such that u,, — ue in H'(Q2\ Q). Is obvious that u. € H'(2\ Q.), as a consequence of the
completeness of the space H'(2\€).). Also, having u,,. — u in H'(2\ §.) implies, by trace
theorem, that u,, — u. in L?(T' UT.). Therefore we obtain, in particular, that Ue| = 0.
Then, this is a closed subspace of H'(Q\ €.) and therefore it is itself an Hilbert space for
the same norm. In the same way, we can prove that U, is a closed subspace of U#**, which
means that it’s again itself an Hilbert space for the same norm. We can therefore conclude

that U, is an Hilbert space associated with the norm of H*(Q\ ). [

Remark 1.4.2. Considering in U. the norm ||uc||; = HUEH%F(Q\QE) —|—/F u€|2F€ , which is
equivalent to the usual norm Huaﬂip(ﬂ\m) by means of trace theorem, we can also prove that

U. is an Hilbert space.

Proposition 1.4.3. The variational formulation of problem (1.4) is

ue € Ug

/ VuVo, = / f ve, Y. € Us.
O\Q. Q\Qe

Proof.  After multiplying by v. € U, and integrating in € \ Q. both sides of —Au, = f,

(1.5)

we integrate by parts the left-hand side of the resultant equality and obtain
ou, ou
VuVu. — | —v, — —. = / f ve.
Q\Qe r On . on O\Qe
Oug
I. an

Taking in account that v. = 0 in I, v, is constant in I'. and =0, we find (1.5). =
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Then, problem (1.4) is well posed (that is, it has a unique solution which depends con-

tinuously on the initial conditions) as a consequence of the next proposition:

Proposition 1.4.4. For each € > 0, problem (1.5) has a unique solution.

Proof.  Consider a(ug,v:) = / Vu:Vu. and (f,ve) = / f ve. The existence and
A\Qe Q\Qe
uniqueness of a solution u. € U, for the equation a(us,v.) = (f,ve) is obtained by a direct

application of Lax-Milgram’s theorem. The continuity and coercivity of a is a consequence,

respectively, of Holder’s inequality and Poincaré’s inequality, since

/ Vu:Vug
O\ Qe

la(ue, ve)| = < Vel g2\ [[VVellnzovon) < luell grovoo lvell 21 @\00)

and
HUEH%N(Q\QE) = HueH%%Q\QE) + ”VU:-:H?J(Q\QE) < (c+ 1)HVUEH%Q(Q\QE) = (c+1)[a(ue, ue)l,
where c¢ is the Poincaré constant.

Furthermore, continuity of the linear form (f,v.) is also a consequence of Holder’s in-

equality and all the other hypotheses can be easily verified. ]

1.5. A convergence result

Let us consider for each u. € U, the function . defined, in €2, by:

Ue, in Q\ Q
Ge=4 Ve (1.6)
Ue = Ue|p_ in Q..

Obviously, 4. € H} ().

We consider the situation where €2, shrinks to a point p € 2 when ¢ goes to zero. More
precisely, let {e,} be a strictly decreasing sequence of real numbers such that £, — 0. We
assume that for n € N, n > ng, ., is a regular open set such that Q. C B, (p) C B, (p) C Q

(where B., (p) is the open ball with center p and radius &,).
We define

U = {u € H}(Q) : there exists &, such that Uy, is constant}. (1.7)
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Theorem 1.5.1. U is dense in H}(Q).

Proof.  For simplicity, we supress the index n on &,. Let f € C}(), where CL(Q) is
the set of all C''(Q) functions which are zero on I' and, without loss of generality, suppose
that Ba:(p) C Q. For z € Ba.(p) \ Bz(p) we write, in polar coordinates, z = (x1,72) =

(p1 + 7 cos@,pa + 1 sinf), where p = (p1,p2). Then, consider the function u. given by

f(p), z € Be(p)
ug(:n): f(ﬁ?), f( ' B T ¢ BQ&(p)
£o) + p1+250089,p28+25sm9) f(p)(r—s),if5<r<2s,
0<6< 2.

It is obvious that u. € U. Since I'. C B.(p), uc has zero normal derivative a.e. on
Ou, _o

I'. = 09, and consequently satisfies /
r. on
On the other hand, we have

[|ue — f”%{l(g) = |lue — fHHl (Bae(p

- / r%—fﬁ+/ W%—VﬂQ
Bac (p) Bae(p)

2/ h%P+2/‘ \ﬂ2+2/‘ \v%P+2/’ V1P
Bae(p) Bae(p) Bae(p) Bae (p)

In Ba:(p) \ B(p), seeing that 0 < r—e < ¢, we obtain |u.| < 2[f(p)|+max,cop,. () |f ()]

IN

Then, since f € C3(Q), |f|?, |[Vf|? and |u-|* are bounded by a constant not depending on
e, we have / If]? — 0, / V£ — 0 and / lus|* — 0, as € — 0. It remains to
Bae (p) 2e (P Bae (p)

analyze the term / |Vu|? = V|2
B2 (p) Bae(p)\Be (p)

For € < r < 2¢, we have

2 0 2¢ sinh) —
(98u (p1 +1rcosb,py+rsinf) = f(p1+2¢ cos 7p2€—|— e sinf) — f(p)

and, using the notation & = p1 + 2¢ cosf, &, = py + 2¢€ sin b,

Ou,

;E%W(pl—FTCOSG p2 + rsinf)
= ij_r%(ii(pl—i—% cosf,py+2¢ sin@);l—i—aa{;( 1+ 2¢e cosf,py+ 2¢ sinf) ;;

= Vf(p).(2cos8,2sin6),
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o) % is bounded by a constant not depending on ¢; also,| — | = 21— P
T Ir1|  \/(x1 —p1)? + (22 — p2)?
< 1 and 8(977“ < 1. Further, %(pl + rcos,py + rsinf) = Vf(py + 2 cos,ps +
€2
0
2e sinf).(—2(r —€)sin b, 2(r — €) cos ), so 5;6 < |V f]2e, in Bac(p) \ Be(p). Since
89 |l‘2 — p2| 1 1 1
Il = 2 7 S =- =
0y ($1 - pl) + (15'2 - p2) \/(.’L’l —p1)2 + (1‘2 — p2)2 r €
and 2 = |x; il 5 < E in Bae(p) \ B:(p), finally, we can conclude that
0z2 (z1 —p1)* + (22 — p2) €
both ‘gue and a—s are bounded by a constant not depending on e, that is, |Vu| is
T T2

bounded in B (p) \ Bz(p) by a constant not depending on &, which implies that, as ¢ — 0,

/ |Vue|? — 0.
Bae (p)\Be (p)

We have proved that each f € C&(Q) is approached by functions of U.

On the other hand the space {f € C'(Q) : ||| g1 (q) < o0} is dense in H'(2) (see [1],
Theorem 3.16, page 52). So, C(£2) is dense in HE (), which concludes the proof. [

As stated before, we intend to prove that when € — 0, problem (1.4) reduces to
problem (1.3), that is, wu., the solution of problem (1.4), converges to u, the solution of

problem (1.3).

Lemma 1.5.2. \\ﬂgl\Hé(Q) is bounded independently of .

Proof.  Considering v, = u. in (1.5) we obtain

/ ‘vuaP :/ [ ue. (1.8)
O\ Qe O\ Qe

Since 1, is constant in €2,
~ 112 ~ 2 ~
il = [ Vel = [ o F e S W el < 1o el

< [Ifllz2@VellVielz2@) = 1Lz Ve llell o
where c is the Poincaré constant. So, ||ﬂ5||H3(Q) < k where k = || f||12(q) v/c is independent

of . n

As a consequence of the previous proposition, we can extract from () a subsequence,

still denoted by (i), such that 4. — @, H}(2)-weak, when & — 0.
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Theorem 1.5.3. Suppose that e, — 0 and ., C Q¢ , if ¢ > p. If, for each e,, uc, is the
solution of (1.4), then i, — u, strongly in H}(Q), where u is the solution of (1.3).

Proof.  Let, for some p, v, € U, 0¢, constant on () ; of course ¢, is constant on ), , if

n > p. For a moment, we fix p and take n > p. From (1.4),

/VﬂgnVﬁsp :/ Vue, Ve, :/ f ve, :/fﬂsp —/ J e,
Q Q\Q,, Q\Q,, Q Qe

If u is the weak limit of ., , when ¢, — 0, then

/ Viie, Vi, — / VuVi.,
Q Q

and, naming k the value of v, in €2,

| s,
QEn

1
= [K| <R[, 2 [ £l 2() — 0

|
QE'IL
/VuV@ap:/fﬁgp.
Q Q

By Theorem 1.5.1, for every v € H{ (), there is a sequence (7¢,) C U such that Ve, — v

S0,

in H}(2) so we can take limits in both sides of last equality and obtain

/vwv = / fu, Yo € H}(Q),
Q Q

which means that u is the solution of (1.3).

Further, we have

/|V(u—a€n)|2 = /VuV(u—ﬂEn)—/VuVﬂ5n+ Vi, Vi,

= /VuV(u—ﬂEn)—/VuVﬂ5n+/fﬂsn—/ fe,
Q Q Q 0.

and, by Holder’s inequality,

Lo (L) (L) "= (L) () "= a ()

When € — 0 we have fQXQ —-0(0< fQXQ < f2,in Q) and consequently, using Lebesgue’s

theorem, / fte, — 0. As 4., — u in H}(Q), we also have,/ VuV(u — ag,) — 0,
Q Q

/ VuViy, —>/ |Vu|? and / fte, — / fu. Thus, we obtain the strong limit. [
Q Q Q Q



Chapter 2

The factorization method in a

circular domain

In this chapter we apply the method presented in Chapter 1 to problem (1.3), in order to
factorize this second order elliptic boundary value problem in the product of two first order
decoupled initial value problems. We present here the simple situation where € is a disk of
R? with radius a and centered on the origin. In this case, the sub-domains defined by the

invariant embedding are the annuli Q \ Qg, s € (0,a).

2.1. Definition of the framework

Let us begin recalling problem (1.3):

—Au=f, in

u| =0.

T

We now assume that €2 is a circle centered at the origin. As in the case of the cylinder re-
ferred in Section 1.1., through the invariant embedding technique, the embedding parameter
appears in a natural way as the direction of the radius of the circle. Therefore, we can define
a family of similar problems, each one defined over the annuli 2\ Qg, s € (0,a), choosing,
for instance, a Neumann boundary condition on the moving boundary. However, this ap-
proach implies not having the solution (of each problem) always defined over the same class

of functions. Besides that, we already comment upon the singularity that this method gen-

15
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erates on the origin. To avoid these difficulties, we are going to use polar coordinates: for all
function v € € we associate a function v € (AZ, through the polar coordinates transformation

v(z,y) = 0(p,0), with = pcosh, y = psinf, p € (0,a| and 6 € [0,27]. Then, problem (1.3)

becomes 5 5 52
1 U 1 9%u ~
——— | p=]—-==—=f in0Q=(0 0,2
s (05) - g = £ 8= (0.0) x 0.21]
., =0
Ira (2.1)
Ulg_y = Ujg_y,
@| =74
90 60=0 — 90 0=2m;
and in place of the auxiliary problem chosen in Section 1.4., we can find now
10 ( oi,. 1 9%a. ~ o
_ _ —_ = 1 Q QE p— B 07 2
- (pap> e = 8\ = (e, x [0.27]
g =0
rq
{e, . constant, %ua dg =0 (2.2)
© r. 0p
aa\ezo - ﬁ‘sla 27
%| é)u€|
\ 99 0= 90 0=2m;

where Q \ €. represents now the annulus delimited by two concentric circumferences, one

with radius € and the other with radius a, € < a.

Due to this transformation of coordinates, / lv(z,y)|* dz dy:/g o 15(p, 0)]*pdpdf =
Q

Qe E

27 ra
/ 15(p, 8)|?pdpdf. Then, to the space L?(Q\Q.) corresponds the space L2(e, a; L*(0,2m)),
0 Je

27 ra
where H@H%g(a,a;L?(o,zw)) = /0 /5 |0(p, 0)|?pdpdf and L%(e, a) denotes the L?-space of func-

tions of p, with the measure pdp. Further, we denote by H pl (e,a) the space of functions ¥

A

0
of p, such that v € L%(s,a) and 8—2 € L?)(e,a) and we denote by H;P(0,27r) the space
199

of functions o of @, verifying © € L?(0,2n), a0

odic boundary conditions ©(0) = 0(2m). Therefore we are going to consider the following

iy ) d0\”
definitions of norm: ||o( L2 (ca) = / 152 pdp; ||6( )HHl(ea = / <|v‘2 + (E?p) > pdp;
9 2. 1 00
POty = [ 100 )y o= [ (| P+ (95) ) e

According to the previous notations, to the Hilbert space H'(Q\ €.) corresponds the space
0%
={v:0 € L,% (5, a; H;jP(O, 27r)) ,8—2 IS Lf, (5, a; L*(0, 277))}. In fact, to the space

€ L*(0,27) and such that © has peri-
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Lg(e, a; H;’p((), 27)) belong the functions ¢ of p defined a.e. on (g, a), with values in the space

of functions of #, measurable in p for the measure pdp, such that o(p) € H;yp((), 2m) a.e. in

a
p and / H17||§{;P(0,27T)pdp < oo - that is,
. :

27 1 2
HUHL2 c,a;H) p(0,2m)) / / <‘U (p,0 ‘2 + = (ae(Pa 6)) pdpdd, and

ol o1 *H% 2 "l
; o QE — % , . i = ||V .
HU@\00) Faleatly. e ©2m) 10 | 12 ai22(0,2)) e

Based on the fact that L?(e, a; L?(0,27)) is an Hilbert space, it is easy to prove that the

space Lf,(s, a; H;,P(()? 27)), is also an Hilbert space, for all € > 0.

In this framework, the following remark is an immediate consequence of Proposition 1.4.3:

Remark 2.1.1. Let (75: {t. eﬁg : ﬁ% =0 A ﬁflr is constant}. As previously, (76 being
a closed subspace of I;TE, 18 itself an Hilbert space, for the same norm. Then, the variational

formulation of problem (2.2) is

ie € Ug

a 2 Ot 00, 1 01, 00, a o R
- A0 dp = o dBdo. V. € B
//o <8p ap" " 5 o8 ae) p / [ 1o d0dp, i, € T

(2.3)

Analogously, to the space H}(Q) corresponds the space ﬁoz{ﬁ € Hy: o, =0, @‘Fo constant}

and the variational formulation of problem (2.1) is

u € Uy

™ (00 0 100 0v a 2 o
// (8,08;) p@ﬂ@&)dedﬂ /0 ; fop dddp, Vo € Up.

We end this section with the presentation of an essencial trace theorem, which is a direct

application of Theorem 3.1, page 19 of [24]:
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Proposition 2.1.2. We have v € C <6,a; H;g(0,27r)), for all v € f-\IE, where the space

ijﬁ(o, 2m) represeznts the 1/2 interpolate between H;’P(O, 2m) and L?(0,27). Also, for all €

S .~ 0% 90 !

X, = {v € H.: 87)26 Lz(e,a; (H;7P(0,27r)),)}, we also have o € C(E,a;(leg(O, 27r)) >,
/ !/

where (H;,/Iz((),%r)) represents the 1/2 interpolate between (H;7P(O, 27r)) and L?(0,27).

a0

dp

Furthermore, the trace mapping v — <7§|F6,

(#,/7(0,2m))

\p5> is continuous from X. onto H;fﬁ(o, 27) X

!/

2.2. Invariant embedding

Using the technique of invariant embedding, we embed problem (2.2) in a family of similar

problems defined on [s, a] x [0, 27|, for s € [¢,a). For each problem we impose the boundary

condition %ush‘s = h, where I'; is the moving boundary:
p
10 ([ ou 1 0%a, PN
- - = =f, in Q\ Q
pdp <p 3p> p? 062 Sy in 2
s =0
Ta
ot
Ir. = h (2.5)
ap Ir,

~

us\ezo = Us|6:27T

aas‘ aas|
- 10=0 — = 10=27-

[ 90 970" 9 10727

/
In (2.5) we take h € (H;{;(O, 277)) . Since ap

r. is well determined through the condi-

i
tions “, constant” and © aug df = 07, it is clear that (2.2) is exactly (2.5), for s = ¢
y r. 90
Ol
dh= .
aln 6p ‘Fe

The variational formulation of the embedded problem can be now directly achieved:

Proposition 2.2.1. Considering the Hilbert space (75: {us € ﬁ[s : ﬂs‘r = 0}, the varia-

tional formulation of problem (2.5) is
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,

G5 € Uy
27 ~ ~
Ol 8v5 18u5 O
- S s s 2.6
// (8p 8p p86 86)d9dp /hv sd0+// fosp dBdp (2.6)
Vo, € Us.

Proof.  Using (2.5), multiplying by 05 € ﬁs, and integrating in Q \ s, we obtain:

2m GQUSA a%sA 19a, o
L] ( o= gt o gpie) awao= [ [ ropapa
2T ~ 2T a ~ 27
= / 8 d9+/ /8“5 avsp—i—vs dpde—/ 1%@5 dp
s p 00
2w 1 04, OV 2 aus 5 2m
+/ / ;89 50 dpdf — / dpd@-/ / fospdpdd

2m 2 Ol 3115 2 1 0u, 00,
hvs(s) do pdpdf dpdé
;‘/” +// +//paeaap

/ fospdpdd.
0 s

Naturally, the above variational formulation reduces to (2.3), when s = ¢. Using this vari-
ational formulation and Lax-Milgram theorem, it is easy to prove, similarly to Proposition

1.4.4, that the problem (2.5) is well posed.

In order to apply a method similar to the one used by Lions ([23]) for decoupling the
optimality conditions associated to an optimal control problem of a parabolic equation, we

define:

!/
Definition 2.2.1. For every s € [e,a) and h € ( 1/2(0 27r)> we define P(s)h = s,
where v € {ﬁ € I;Ts : @\ra=0} is the solution of

(10 [ O 1 0%y P
. - = =0, in Q\ O
pdp (p 3p> p? 00? 0, in 2

19}
'75|1“a =0, 8ip5|rs =h (2 7)
Vslog—o = Vslo—zn
875 0vs

\0 0= 59 lg=2r-
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(hence, P is a Neumann-to-Dirichlet operator) and r(s) = ﬁs\rs’ where 35 € {f} € Hy: Oy, = }

is the solution of

10 ( 068 1 %3, B\ S
—— - = = 0\ Qs
pdp (p 3P> p? 06? fy n Q2
9Ps
By =0, aim =0
“ p (2.8)
58\9 0 :ﬁs\e 2
8/BS‘ aBS|
L 0=0 — 90 0=27-
2m 2 8"}’
In the particular case of s = ¢, h must verify / h = / 5 “(e) = 0 and 7.(e) —
1 2m 1 2w 0 0 P
o Ye(e)dO = —r(e) + 2/ r(g) df, since u.(e) = 7:(g) + r(e) is constant.
T T

As a direct consequence of the computations exhibited in Proposition 2.2.1, taking f =0

and h = 0, respectively, the variational formulation of problems (2.7) and (2.8) are, respec-

tively,
Vs € ﬁs
5 2.9)
27 875 8’}/5 1 6’75 875 27r7 B R (
// <6,0 8p p 00 89) dfdp = — 0 h7(s)sdf, Vv, € Us
and
3, € U,

(2.10)

a 2T aﬁsaﬁ 18ﬁ5838 a r2m - N
/s/o <8p 9 +;69 a(9>d6?dp—/s ; fBsp dodp, VB, € Us.

/
In addition, from Proposition 2.1.2, for every s € [¢,al, P(s) : ( 1/2(0 277)) — H;/ﬁ(o, 2m)
is a linear operator and r(s) € Hl/Q(O 27). By linearity of (2.5) we have
Ol

as‘rs = P(s ) |ps +17(s),Vs € [e,al. (2.11)

Furthermore, the solution . of (2.2) is given by
X Dt
i (p,0) = (P(P)(Tp\rp)(@) + (r(p)(0). (2.12)

We can observe as well that we have, in fact, v, 8s € X,

Remark 2.2.2. Since vs € ﬁs, in particular we have v5 € LZ(s,a;H;P(O, 27)). Thus,
0%,
002

0
€ L% (s,a; (H;P(O, 271‘))/). Furthermore, % € L%(S,(I;LQ(O,QTF)) and consequently,
’ p
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0
G’E € L% (S,a; (H;P(O, 27r))/>, making the usual identification of L?(0,2w) with its dual

Pys  10%, 10y

!/ ~
2 A1
e —? 202 > € Ly (s,a, (Hp,P(O’27T)>> and vs € Xs.
Obviously, we can establish the same result for B, since we also have f € L%(s, a; L?(0,27)).

space. Therefore,

In the next Proposition we present the first properties of the operator P:

Proposition 2.2.3. The linear operator P(s) : <H1/2(0 271')) — H1/2(O, 27) is continu-

ous, self-adjoint and negative definite, for all s € [e,a).

Proof.  The operator P(s) is continuous since it’s the composition of continuous opera-

N
tors: h — v5 — Vs, , defined by (2.7), respectively in the spaces (le/ﬁ(o 27r)) H, and
875

H1/2(0 27). Let’s consider 75 and 7, two solutions of (2.7), with h“s = h and 3% ‘Fs =h,

respectively. Then, (2.9) can be written in the form

/g\gsvfysv%pdpdezs<h,’ys(s)> 2 0om 20 = B POR) a0 i
Therefore

s <h, P(S)E> 12

ro1/2
H)/202m)  HYE

027) s (h. P(s)h) H/202m) ' H Y 2(02m)
and we conclude that P(s) is a self-adjoint operator.

On the other hand, taking v, = 7, we have

s (h, P(s)h) - /9\9 V[2 pdpdo (2.13)

H)/2(0,2m) ’ H)/2(0,2m) -

and consequently P(s) is a negative operator. Using Poincaré’s inequality, we have

1
2 _ 2 2
/9\95 IVsl™pdpdd = [IVsll72 (s 0:22(0,2m)) 2 2 1751 22(5,05220,2))-

Therefore,

1
2 2
Vs 22 5 ,0220,27)) + 2 V5122 (5,0:22(0,2m))

v

1 2 1 2
cﬁ”’}/SHL/%(&a;LQ(DQW)) + g||v78"L2 5,a;L2(0,27))
1
= (14 )\|V%HL2ML2<O%) il (2.11)

= IVsllZs 22 (02m)) = Cg+1||7s|\g

2 2
- Va2 pdpdd < ————— |12 -



22 The factorization method in a circular domain

Since s (h, P(s)h) 2020 / 2027 =— /9\95 V5|2 pdpdf we then have

s (h, P(s)h) 1/2(02 ) H1/2(02 ) CIH’YSH;;

»Hp P

Now, since Ays = 0, by Lemma 1, page 381 of [12], follows that 3ks > 0 (the constant

should depend on s, due to the utilization of polar coordinates) such that

s
r. < kel ks e
H 8p| 1/2(0%) I HH(A,Q\QS) 1751l g,
1[0y, |7
= s 2 < —=||= T
H ”Hs kz 8,0’ Hi{}f(ogﬂ ,
Then,
oy 2 )
s (h,P(s)h) HY2(0,2m) 7H1/2(02 = (9,0‘ 2020 , = —ca||h| Y2 02e ,

which proves that P(s) is a negative definite operator.
Furthermore, from (2.13), Poincaré’s inequality and Holder’s inequality, we have

el < 1Vlizarzo2n) < slIAl 2020 Ay 12 0 2y

and, on the other hand, due to trace theorem, 3cs > 0 (again, ¢s should depend on s) such

that
(3 2050y < sl
and consequently

c1
gl!75(8)||2 ) S cllyslly, < sllhll e
S

1/2(0 2 p,P(0727r) /H’YS(S)HH;,/;(OQW)

2
SC
- ums)HH;/;(O,%)s(fuhu ”

2o2m)
[
From (2.12) taking the derivative, in a formal way, with respect to p we obtain
- ?9];%?06+P<_ _,012%2:;_;%%>+$ (2.15)
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0
and consequently, since % is arbitrary (see Remark 2.4.1, with m = o0), we have the
p

System

oP 1 _0? 1
= —_p_—_pP-P-—]=0
dp  p* 002 p
1 0%  Or
—Pf-P~ 4 =
/ p2802+8p 0
P%“;—aez—r.

Again from (2.12) and considering the I', initial condition in (2.2) we obtain

P(a)=0 and 7r(a)=0.

From the first two equations of the previous system, and respective initial conditions, we

can obtain P and r. Knowing P(e) and r(¢) we want to determine uniquely 4. () satisfying

Ol
Ir FE 8p
preserve both constant functions and functions of null mean.

13

ile, constant” and df = 0”. For this, we need to prove that the operator P

Lemma 2.2.4. Let

’ 2m
M = {ve (H;’/;(O,Qw)) : /0 vdGzO}.

Then M is an Hilbert space.

!/
Proof. It’s easy to prove that M is a subspace of (H;/;(O, 27r)) . Moreover, M is closed,

since it is the kernel of a continuous linear form. ]

Lemma 2.2.5. Let

N = {v € Hgg(O,QW) N E const(mt}.

Then N s an Hilbert space. Moreover, any v € H;/]g(O, 27) may be written in a unique way

in the form v = vy + vy, where vay € M N H;/IE(O, 27) and vy € N.
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Proof. It’sevident that N is a subspace of H;/IE(O, 27). In order to prove that N is closed,
we consider a sequence (vp)pen € N such that v, — v in H;/ﬁ (0,27). To conclude that

v € N, we only need to prove that v is constant. Now, since v, — v in H;/;(O, 27) (that is,

)

— 0) and [[vn —v[[22(g ) < [[on =02 1, —0,

H '5(0,27)
p, P
which implies that v, — v — 0 a.e. in (0, 27). Therefore, since v,, is constant we also have v

w1120 e have on =0l an

. 1/2
constant and N is a closed subspace of Hpﬁ;(O, 2m).

The second part of the proof is a direct consequence of Theorem 3.4, page 7 of [21],

noticing that H)’5(0,2r) € L*(0, 27). -

Proposition 2.2.6. The operator P is such that P: M — M and P: N — N.

Proof. For each s € [g,a) and h € N, we define P(s)h = Vs s where vy, € X, is the

0
solution of (2.7) (that is, we consider a solution of (2.7) verifying also %h“s constant in
0
6). Considering a(p) the solution of the linear two points boundary value problem, o (p) +
1
—d/(p) =0, ala) =0, o/(s) = h (in fact, it’s easy to prove that a(p) = —shloga+shlogp),
p

then v5(p,0) = a(p) is the solution of problem (2.7), since

8275 1 62’75 1 0
_apz(pu )_72892 (p7 )_;ap(pue)
0 1 9%a 10«
= —TpQ(P) - ?@(p) - ;in(p)
Pa 10

8p2(p)—0 pap(”)

0
Then, we can conclude that considering —8% |r, = h constant in 6, we also have ~,(p, )
o
constant in 6 and therefore Vs has the same property. Consequently, P(s)h = Vs is

constant in 8 and P: N — N.

Now, for each s € [e,a) and h € M, we define P(s)h = Vs » Where 75 € X, is the

0vs
df = 0).
ap Ir, 0)

2m
solution of (2.7) (that is, we consider a solution of (2.7) verifying also /
0
We have
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82’}/5 1 8275 1878
- -5 - - 6) =0
(9/)2 ('0’ ) pQ 962 (p, ) 0 9p (Pa )
2% g, 1 g, 2% 1 6,
= — ) 6/)2 (p,e)de_/o Fan (p,@)d@—/o ;8p(p’0)d¢9_0
2 27 1 6’}’5 2m 10 2

82 /271' 16/27r
= —— s(p,0)dl — —— s(p,0)do = 0.
22 ), ¥s(p, 0) 295 Jo ¥s(p, 0)

2m 2m
Considering a(p) = / vs(p, 0) db, since Vs, = 0 = / Vs, A6 = 0 and
0 a 0 @

2 o o 2m
Ts Ir,df = — vs,.. df = 0, we obtain the two points boundary value problem,
s \
o Op dp Jo Fs

a"(p) + —d/(p) = 0, a(a) = 0, &'(s) = 0, which has the zero solution. Then, we can con-
p

2 o
clude that considering / s
o Op

2m
therefore / Vs df has the same property, that is, P(s)h = Vs, € M.
0 B S

27
Ir, d0 = 0, we also have / vs(p,0) df = 0 for each p, and
0

We can now establish the aimed uniqueness result:

Proposition 2.2.7. For any v € N, there exists a unique solution ¢ € M such that
v = P(e)p +r(e), for given r(e) and P(e).

Proof. Let o € M. Then,
Popt = Yo — ro
2m 27 21
= / P¢@d9:/ wﬁde—/ rodf
0 0 0
2m 2m 2m
= / Potdf = ¢/ vdf — / rodf (v is constant)
0 0 0

2w 27
= / qu@de:—/ rodd (o e M).
0 0

Considering

2m 2m
a(¢,0) :/0 —P¢vdf and (r,0) :/0 rodf
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the former equation can be written in the form

a(¢,0) = (r,0), with ¢, € M. (2.16)

It is immediate that we have a bilinear form in the left-hand side of the previous equality,

and a linear one in the right-hand side. Furthermore, we have

<P¢a @>H1/}§ 1/2

120,2m), H/202m) HP(bHHifﬁ(o,zw) 9] HY202m)

A

< cll¢| H;{,i(o,zw) Akl H;f;(o,Qw) !

where the first inequality is a consequence of Holder’s inequality and the second one is a
consequence of the continuity of P. Therefore, since the Hilbert space M is closed, d¢ > 0

such that

|a (6, 0)| < cllllar 19]lar

and a is continuous. The form a is also coercive because, attending to the negative definite-

ness of P in €, d¢o > 0 such that
2 9
- [ Posds = ol
0

Further, the linear form is continuous since

2T
/ 70 de'
0

IN

17117220 19130

IN

¢ [|ollar-

Therefore, according to Lax-Milgram’s theorem, there exists a unique solution ¢ € M for

the equation (2.16). (]

At this point, we can also conclude that in order to determine the unknown constant

U (e) of Proposition 2.2.7 we only need to compute the projection r(¢), of r(¢) over the set

Inv

= (P(E)aalﬁ: (8)) +7(¢)|y- Then, since P: N — N, we obtain
N

N. In fact, we have g (g)),

. Otz . 2 Ol . Ot
te ()], = P(e) a—p(s)m +7(g)|y- Since /0 R (€)df = 0, the projection of 8—/}(5) over

the set IV is zero and finally we obtain i.(g) = r(e)| -
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Therefore, we obtain the following system:

o°P 1 _ 0? 1
Pl p_pP-—1=0, Pla)=0
1 0% Or
_Pf_p—_—~ 4+ — = 2.17
f 2 002 + ap 0, 7(a) =0 (2.17)
Paﬂg — G = —1, G:(e) = 7(e)
8/) e — y Ue - In-
2.3. Semi discretization
We consider {w1,ws,...,wy,...} an Hilbert basis of L?(0,27) formed by the eigenfunctions
d“w;
of the problem — d;g = \jw; (see Theorem IX.31, pag 192, of [7]), with periodic boundary
conditions (that is, w;(0) = w;(27) and 85; (0) = 8521 (2m)). This basis satisfies the following

properties:

.. 2m Owi 811)]'
(a) Vz,jE]N,/O OHW(W—)V@J,

2
(b) VZ,] S ]N, /0 Wi Wj do = (52'7]‘ ;

(c¢) The finite linear combinations Z niw; with n; € R are a dense subset of H/i p(0,2m).

Therefore, we have an orthonormal basis of L?(0, 27) and an orthogonal basis of H; p(0,2m).
In our particular case, it is easy to prove that the elements of the Hilbert basis have the form
sin(if) or cos(if). We are going to assume that the eigenvalues verify 0 = A\; < g < -+ <

Ay < -oe

Remark 2.3.1. The first eigenvector, associated to the zero eigenvalue, is constant. More-

over, since
dei
do?

= Aiw;

8’[1)7;

= 0=-— 80(0)

2w 2
= )\z‘ / w; dé
0 0

2
= / w;df =0, 7> 2
0

we can conclude that all eigenvectors have null mean, excepting the first one.
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Using this basis, we can write all 4. € (75 in the form
o0
0) = ui(p)wi(0). (2.18)
1

Substituting (2.18) in the norms previously defined and using again the properties of the

Hilbert basis, we obtain respectively:

l[ae(p HL2 0,2) Zul,

=D 0m Z( ) =u%+2(1+p;)u?,

=2

a ©©
el e r0my = | Do 2.9
€ 1

and

lacly, = [ Z(p+ )ﬁdw[i (24) . (2.20)

By interpolation we also have

HQE(MHQ 120 = uf + Z (2.21)

and

3
o u1+Z (1+%) @ (2.22)

It follows some basic properties on the defined norms:

Proposition 2.3.2. |i(p)|? 2020 < N lay ,0.2m e (P) ] L2(0,27)-



Semi discretization 29

”ﬁ€||§{1/2 = § \/ *
p, P 1
s N 2[00\ 12
(Z <1 + ;) u§> <z u3>
1 P 1

= ||ﬂ€||H;’P(O,2Tr)||ﬂ€||L2(0,27r)'

Proof.

IN

Proposition 2.3.3. The norm

a ©© a az 2
[EA /Z<p+ )u dp+/ Zp<az;) dp
g 1 g

1

is uniformly equivalent, with respect to €, to the norm

ey = Z?Uz p+ ; ZP o p- (2.23)
€ 2

Proof.  Obviously

[3loe3) o [3n(5) o

@ ou; \ 2
Hiap+ | Zp< ) .
/ 5 dp

On the other hand, using Poincaré’s inequality in O \ (AZE, J¢ > 0 such that

~ 112 ~ 12
||u5||L,2J(€,a;L2(O,27r)) < CHVUgHL%(E,a;LZ(O,QW))’

which means,

/ Zpu dp<c (/ > dp+/:ip (%Z)E)

Finally, using this last inequality we have,
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a a 2
/Zpu%dp—l—/ Z—u dp+/ Zp<8u1> dp
€ 1 1
a Xy a 2 )
c/ E)\’u?dp—l—c/ Zp <8u1> dp+ Zﬁu?dp
e 5P e I P
a 01 2
* /EZPGL) v
= (c+1) / —ud +/a§: (aui>2d
pt | 1 r\5,) W)

IN

The constants k1 =1 e ko = c+ 1 do not depend on € .

Proposition 2.3.4. The following pairs of norms are equivalent to each other, uniformly

with respect to €:

. = i .
oy ey = 3 (1455 ) and Lol —u1+z e

1

. Ai . =
(o) Z 145 o g oy =+ 0

0o 3 00 3/2
)\.
N 2 _ A\ o N 2 ?
RIS (142 0 ot 1y = ; |

The pair of semi-norms

2 oo N\ 2 ~
= Z <)\i + <)\’> > u? and Haau; (p)
H! p(027) p

are also uniformly equivalent, with respect to €.

(2.24)

(2.26)

(2.27)
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Proof.  Obviously
Z(1+;>ug S RO NS SIS SPT)
2 2 2

1 P

On the other hand,

(A2 < A\, Vi > 3)

AN
& |-
e -
>
N

IN

(12 )\Z 2 .
% Z —u;  (since p < a).
2

Finally, using this last inequality, we have

u%—i—Zu?—i—ﬁZ)\iu?gul Z—Q Z—z
2

< <1+/\ ) <u1+2ZAu>,

which completes the proof of (2.24). The constants k1 =1 e ks =1+ i— do not depend on
2

E.

The equivalences (2.25), (2.26) and (2.27) can be obtained similarly. The equivalence
3a? 3
constants, which are respectively k] = 1, k), = 14— kK =1,k = + v3a + V3a +1

ey T TR
2

and k' =1,k = i— + 1 do not depend on ¢. n
2

Remark 2.3.5. In order to have < .,. > 1/2(0 2m) ’H1/2(02 )= = (-,-)12(0,2x) (whenever this

last inner product makes sense), we define
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2.4. Finite dimension

With the purpose of establishing an approximation of ., the solution of (2.3), in the frame-

work of the last section, we define (7;“ = {v € le (,a; V™) : O, =0, v, Constant}, where

V™ = (wy,...,w,). Then, the approximation " € (7;” of 4. is the solution of
am e Ugm

a r2r oul oo 194 oo™ a p2m R
- dfdp = 0™ dOdp, Vo™ e U™.
/6/0 (6/} app+p 00 89) P /5/0 foctp p, VU € Ug

Obviously, we can also define the approximation 4™ of @ (see (2.4)) by the solution of

am e (76” = {v € H;(O,a; Vmy U, =0, v, constant}

a 2w aum™ o™ 10a™ aﬁm) a 2w ~
- p+-——— ] dod :/ fo"p dOdp, Vo™ € UJ".
/0/0 < ap op " p 08 09 "=l Jo g ’

(2.29)

Since we can write all 4" € U in the form

m

i (,6) = 3 uilp)un(6), (2:30)

1

m
and we have 4" (a, 6) :Zui(a)wi(ﬁ) =0, we can conclude that w;(a) =0, for i=1,...,m.
i=1

m
In the same way, from the initial condition 4[*(e,0) = Zui(e)wi(ﬁ) constant, since w; is
i=1

constant, we also obtain u;(¢) = 0,7 > 2. Furthermore, from the initial condition

0 2m 0

and Remark 2.3.1 we can conclude that %(5) / w1 (0) df = 0 and consequently, %(8) =
p 0 p

0, since the first eigenvector is constant.

For a2, 0" of the form (2.30), using the properties of the Hilbert basis and this initial
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conditions, from (2.28) we obtain successively:
[ 2 (Sutomo) 2 (S ),
o oo \ &m0 g, | 2t
+ff iu Jw; ( 2 iv(p)w'(e) dpdd
p 06 ilp)w; 06 et I J
2T ra m
- F3 o ppas
27
& Z/ w; (§)w; (0 d9/ 8% 8% p)pdp

2,7=1

2%81 (9
+Z/ o wﬂ d9/ dp

Consequently, the coordinates {u;(p)}iz; of 4" must verify the following system:

10 8uz(p)) /\i
—— + 5
pOp (p dp p? (v)

2m
—/ fwi(0)do = fi(p),e<p<a,i=1,...,m
0

ui(a)=0,i=1,...,m (2.31)

Ui(E):O,i:2,...,m
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Once again we are going to embed the problem (in this case the approximated problem
(2.28)) in a family of problems depending on A" and s. For all s € [e, a) we consider the finite
dimension approximation defined on ﬁ\ﬁs = (s,a)x(0,2m) and, for each problem, we impose
the boundary condition 8;5(8) = K. We define U™ = {v € Hy(s,a; V™) : Vp, = 0} and
denote by B.", 7" € U", respectively, the part of 47" independent on A" and linearly de-
pendent on A", that is, we define the finite dimension operator P™(s) by v7*(s) = P"(s)h™
and fix P™(a) = 0; we also define " (s) = 7(s) and fix " (a) = 0.

As before, for every s € [e,a], P™(s) : V™ — V™ (on which we consider in the first set

1/2

/
the norm of (H;/;(O, 27r)) and in the second one the norm of H,/5(0,27)) and is a linear

operator and r"(s) € V™. Then we have

Sm
ouy

dp

am = P™(s)

" I, + ™ (s), Vs € [¢,al. (2.32)

Furthermore, the solution 4" of (2.28) is given by

ou™
dp

a'(p,0) = (P™(p)—=Ir,)(0) + (" (p))(0). (2.33)

From the last equality we can easily derive the following system:

oP™ 1 0? 1
- _pP"_pP"__pP"_J]=0 P =0
o~ 2w p , P"(a)
1 9%™  orm
_Pm m me — m — 2.34
f e o, 0, 7™ (a) =0 (2.34)
maﬂm ~m m Am m
P 8; U =T, U (8) =T (E)|N’

where ™ = Z filp)wi(0). In fact, from (2.33), taking the formal derivative with respect
i=1

to p, we obtain

ou*  OP™ oul’ L 02um n orm
85  Op Op ) 0p? Op or g ,
T oul / T OP™ oul T o*ul T orm
= w; df = —_ Ew-d9+/ £ mw-d9+/ ——w; db.
o dp 7 o Op 9p o 0p? ’ o Op 7
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Since
27 ang’L
P™w,; do
/0 dp? Jj
_ /%i <1)\-u-(p)w»(9) — laui (p)w‘(ﬁ) _ w-(@) o fw(@) dH) P df
0 pt p2 Al (] p 8p (3 7 0 '3 '
2r M 1 2w M 1
0 ;- \P
2 M 21
— / > (wi(ﬂ) Fw;(0) d0> P™w; df
0 =1 0
27 m 1 82wi(9) 2 18u
= - — Ui (p me~d9—/ = P, df
/();pQ()892 ! o p I
27
— fmP™w;de
0
21 1 2 m 2 1 o
0
2 1 9?2 < 8u > 2m 18u
= - —— [ P === P™w,; df — / S Pm ; df
/(;2” p2 002 8p J
—/ memw] dé
0
2r 1 92 Su™ 2 1 H2
= — —— L E Py L _pmpmy,.
/027T 128892 dp 540 = / 22062 w; df
o P Op
we obtain

2T Jum
< w;dé
/ dp

s m 27 2 m 27 2
= / O™ Oust | a6 — / L9 “E Pmw; d — / L O iy, do
0 0

) 8,0 8p 2 692 , p? 002
1 8u€ / T or™m

— M P df + —w,; d6.

/0 p Op 0 f 7 0 dp !

Now, from the equality

2 oul

o Op

;do

dp Op p2 002 Op 02 062 p Op Op

follows the desired result, as in (2.15), since 8g§ is arbitrary.

m

27 m 2 L 2 m
/ <8P ou _pm iipmﬁ pm 10 m_Pmlﬁu mfm+ar>wjd0

35

The fact that ga Ir, is arbitrary can be easily achieved through the following observa-
P

tion:
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Remark 2.4.1. Using the equation on u;(p) (with f =0) of (2.31), we consider the system

p*u(p) + pui(p) — Niui(p) =0

ui(s) = hi
u;(a) =0
which has a solution of the form ul( ) —|— cap Vi On determining the constants c1
a oy a VAL
and ¢y we find u;(p) = h; i <E> and u(p) = hS @7+ <5>
Vi <> O A VO M O

which means that, being h; arbitrary, u(p) is also arbitrary.

From now on, we will denote by A the diagonal matrix formed by the eigenvalues \;, i =
1,...,m. To go further we need to discuss the existence and uniqueness of a local solution

for the system (2.34):

Proposition 2.4.2. The system

opP™ 1 1
= PMAP™ 4 -P™+1, P"(a) =0
8351 e ) 5 (a)
T m m m £m m
TP + <—P p2A> T == P f 5 T (a) - 0

has a unique local solution in [a — a, al, for a certain a > 0. Moreover, P™ € C'(la — «, al;

LV™ V™) and r™ € H' ((a — a,a); V™).

1 1
Proof.  The function F'(P™,p) = — P™AP™+—P™ +1 is bounded on the rectangle |p —
p p
al < by, ||P™]] < by, with by = a —¢ and for any fixed constant by. Let M = max ||F(P™, p)||
on this rectangle. Further,
I1E(P"s p) = F (P p)l
1 1 1 1
= ||P"AP" + -P" — - P"AP" — —Pj"
g2 LA T T ety A T

1 1 1 1 1 1
= |(|5P"AP" — <P"AP" + = P"AP;" — < Py'AP" + —-P" — - P}
pQ 1 1 pg 1 2 pg 1 2 P2 2 2 p 1 P 2

1 1 1
= | Emacer - ppy+ - pp Sarp S - P;wH

IN

1 1
<2HP1’”||HAII+p2HAHHP ||+p) 1P = B

2by m m
s( Al + >||P1P2 ||
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20 1
and since the constant —;HAH + — is independent of p, the function F(P™,p) is uniformly
£ €

1 1
Lipschitzian (with respect to P™) on the rectangle. Also, — P™AP™ + —P™ + 1, as a
p p

function of P™ and p, is continuous.

Therefore, from the theory of ordinary differential equations (see Theorem 2.3 of [10],

page 10), there exists a unique local solution P™ to

opP™ 1 1
—— =5 P"AP" + -P" + 1
o p p (2.35)
P™(a) =0
. b2 . 1 . .
on|p—a|l <a, a=min(a—c¢, Ak Moreover, P™ is C" from [a — a,a], with values in

L(V™, V™).

1
Thus, since —P™— A and P™f™ are continuous (again, as functions of P™), from the
p

theory of nonhomogeneous linear systems, there exists also a unique local solution "™ to

m 1
O (—pm i a)em = prpm
dp p?
r"(a) =
in [a — a,a]. Moreover, r™ € H'(a — a, a; V™). [
Since in the equation
oP™ 1 1
C  — _PTAP"4+-P" 4] (2.36)
dp  p p

the matrices A and I are diagonal, is natural that this equation has a diagonal solution. We
are going to suppose that this is the case. Then, denoting by p; the i X i - component of the

P™ matrix, we conclude that the coordinates of P™ must satisfy, for ¢ > 1, the equation

Ip; 2,y 1 pi(p)
5y (7)) i = P (2:37)

with p;(a) =0, ¢ > 1. Then, for i > 2, taking bi _ ¢;, we obtain
P

6(]1' 2
9 p QZ q (CL)

and, making the change of variables ¢ = log p, follows

3%‘

2
i) —1=0, q(l =0.
P + ()" A 0, g;(log(a)) =0
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One can show, using the method of separable variables, that this last equation has the

solution
1 @2Vhig—2Vie _q

qi(p) = _\/X,az\/)\ﬁef%/)\ﬁap + 1

a2‘/’\71
1 \p B

Vi <a>2ﬁ7

(2.38)

Consequently,

ai(p) = —
+1

p

(G "

pi(p) = _\/)\7 <a>\/yi+ (p)ﬁ

and

(2.39)

P

a

0
For ¢ = 1, the equation (2.37) simply becomes % _ b 1, since Ay = 0. Taking

pp

0
p1 g p = 1, which can be integrated as an equation of separable variables,

g1 = — we obtain
P dp
obtaining q; = log p + ¢, where c¢ is an arbitrary constant. Then, p; = plog p + ¢p and since

p1(a) = 0 we can determine ¢ (as —loga) and conclude that
_ P

Pi(p) = plog (). (2.40)
It is now easy to see that the diagonal matrix formed by this (p;(p)), i > 1 is in fact a
solution of the equation (2.36). Since we have seen, in Proposition 2.4.2, that (2.35) has a

unique local solution, we can therefore conclude that we have found that solution, at least
m

on the interval [a — «, a]. Furthermore, taking ||P|| = Z |pi| we have

=1
p —~ p _a (m-1a
P<‘1 £ <-4 =, VpEla—a,al. 2.41
Pl Md&“;%&e+ 5 =Wveela-ad. (241)

Next, we present a very important result on the operator P™:

Proposition 2.4.3. The system (2.35) has a unique global solution on (g,a).

Proof.  With the previous reasoning we have presented an explicit solution of the equation

(2.35), defined on the interval (¢, a). Nevertheless, we must prove that this solution is unique.
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M
where M = max |F'(P™, p)|, on the rectangle [p —a| < a—¢, |P™]| < by. If @ < a—¢, we

b
We already know that we have local uniqueness on |p —a| < a, & = min | a — ¢, 2>,

know by (2.41) that || P™(«)| < b,,. We can repeat the reasoning of the proof of Proposition
2.4.2 for the rectangle |p — (a — a)] < a — a — ¢, ||[P™ — P™(a)| < b, and get M' =
max || F'(P™, p)|| < %(bé)zﬂAH + gb’Q + 1. Then, @1 = min(a — a — ¢, ]l\)}) By Proposition
2.4.2 we have a unique solution of (2.35) in [a — @ — a1, a — a]. We remark that we can repeat

the process, with the same constants, as many times as we need and so, we have a unique

solution of (2.35) in [e, a. (]

In the justification presented above, it is also possible to present a Lipschitz constant

P
which is independent of . In fact, with — = @, we obtain (remark that P"™ and A are

diagonal)
m 1 m 1 1
oP™ _ — PmAP™ — P — ] = oP™ _ SA(P™? — =P — ] =
%m p P dp p P
m\2
T I=0
= P, Q™) :
and using the change of variables ¢ = logp, we get 9 = A(Q™)? + I. Thus, with
G(Q™,¢) = AMQ™)? + I, p € (—o0,logal, we obtain
IG(QT ») = G(Q5,9)| = IAMQT)* — AQ5)?]

= [[AlllQT" + @' [IllQ7" — Q5.

1
From (2.38) we have |q;(¢)| < —=, for i > 2. Also, we see easily that qi(¢) = ¢ — loga.

VA

m m

1
Thus, Q™) = Y Jai| < 2loga+ Y
=1 1=2

Vi

and

IAflQY" + Q3| < (Z /\i> (410ga +2)
=2

i=1

1
N
which is constant, since m is finite. Then,

IE(P™, p) = F(B" p)|| = IG(QT', ) = G(Q3", )| < ellQ" = Q3'l[, Yp € (0, a].

2.5. On the definition of 4" (0)

~m
ou]

dp

From the equation 4*(¢) = P™(e) (e) + r™(e), using (2.30) and the initial conditions

on (2.31), we obtain
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m

(e, 0) =Y wi©)wi(0) = wi(e)wi(9)

=1

_ ( Pm(e)aul © 41 (€)> () (2.42)

since P 0 =0 (P™ is linear).

This way, to determine the constant 4" (¢) we must compute (as seen, for infinite dimen-

sion, in the end of Section 2.2.) the value of r1(¢). From (2.31) and analogously to what has

been done in infinite dimension, knowing that 4" = g™ + 4™, the coordinates of 5" verify,

fore<p<aandi=1,....m

,

\

RENPUTLANE
2T
= fwi(0)d0 = fi(p),e<p<ayi=1,....m

’ (2.43)
Bi(a)=0,i=1,...,m

0B
dp

(e)=0,i=1,...,m.

Consequently, for ¢ = 1, we have successively:

9p

0 ~
o <P8p> = —pfi(p)
0

t
= |

9B
vy

|

t A~
(ﬁ;%) dp = _/5 pfi(p)dp

t t R
——/ pfi(p)dp
€

£

9, 1t
= (ftl(t):_t/s pfi1(p)dp

aa aq t
j aﬁtl(t)dtz—/&_ t/s pfi(p)dpdt

a t R
= ﬂl(t)]?Z—/ 1/ pfi(p)dpdt

a 1 t .
= ri(e) = / t/ pf1(p)dpdt (using the notation r(s) = BS‘FS ).
€ 13

Using this fact, we can obtain the value of the constant 4.*(0):
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Proposition 2.5.1. Let f1(p) be a bounded function on (0,a). Then, we have liH(l) ul'(e) =
E—

S A B L
\/ﬂ/o t/ﬂﬂfl(ﬁ)dpdt-

aq t
Proof.  Considering r1(e) = / t/ pf1(p) dpdt, if there exists a positive constant c,
€ 15
such that |f1(p)| < ¢, then

to q t 1 2 g2 2
/Ep\ﬁ(p)l p</€pc 9—6(2—2)<c2-

t

1/t 1¢2 a
- dp<c-—= =cz <c-.
t/a plfilp)ldp <cr o =cg <cg

Consequently,

aq t
Therefore, liH(l) ri(e) = lim/ t/ pf1(p) dpdt and from (2.42) we can conclude that
e~ e €

e—0

1 1 o1 [ty
iii%ﬂ?(’f):mgig(l)ﬁ(@ <:miig%ul(5)>:m/o t/o pfi(p)dpdt. (2.44)

In what follows, we are going to consider a function f € C%%(Q) and consequently (see
Proposition 9, page 291 of [11]) the solutions w of the equation —Au = f, on Q, are of
classe C%*(£)). We recall that a function f € C"™%(Q) is a function of class C™(§2) whose
derivatives of order m are Holder functions of order a (0 < o < 1) on every compact subset
K of Q (that is, verifying the following property: there exists a constant cgx such that
|f(x) = f()| < ek |z —y|*, Vo, y € K).

Lemma 2.5.2. If v € C(Q) then © € C(Q U {{0} x [0,27]}), with ©(0,0) constant, for

0<6<2r.

~

Proof.  Obviously, if v € C(Q\ {(0,0)}) then v € C(Q) (see [25]). Therefore, we only
need to prove that, if v is also a continuous function on (0,0), then v is still a continuous

function when we consider the points {(0,6),6 € [0, 27]}.

We know that the function v(z,y) converges to the limit b when (x,y) converges to

(0,0) if and only if ¢ verifies the following condition: for all § > 0, there exists € > 0
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such that the inequality |0(p,0) — b| < ¢ is verified whenever 0 < p < e (independently
of the value of #). Then, since v € C(Q), in fact we have b = v(0,0) and consequently,
for all § > 0 exists e > 0 such that 0 < p < € = |0(p,0) — v(0,0)| < 9, independently

of 0, which means that liH[l) 0(p,0) = v(0,0), independently of #. Therefore the function
p—
_ 0(p,0), p# 0,0 € [0, 27]
v =
v(0,0), p= 10,0 € [0, 27]

(still denoted by ©) is a continuous function on Q U {{0} x [0,27]} = [0,a] x [0, 27]. [

The next Lemma, that we present only in a finite dimension context, is also valid for

infinite dimension.

Lemma 2.5.3. For all 0(p,0) = Zvi(p)wi(O) € C([0,a] x [0,27]), we have vi(p) €
i=1

C([0,a)).

Proof.  For each p € [0,a], ((p,0),wi(0)) 12025 = vi(p). Then, for each p1,p2 € [0,4q],

we obtain

vi(p1) —vi(p2)] = [(9(p1,0) — 0(p2,0), wi(0)) 120,21 |
< |[o(p1,0) — 0(p2, ) £2(0,2m) Wi (D) L2 (0,27)

. </02ﬂ [9(p1,6) - ﬁ(p2,9)|2d9)1/2

Since v(p, 0) is continuous in [0, a] x [0, 27], then ©(p) is continuous in [0, a| (notice that
every continuous function f : R™ — IR is separately continuous with regard to each one of
its variables, since its components are the result of the composition of f with a continuous
application of the type t — (a1,...,a;—1,t,ai41,-..,an)) and consequently ([0, a] is closed

and bounded) is uniformly continuous in [0, a]. Then, Vé > 0,3e > 0: Vp1,p2 € [0,q]

= ’@(plye) - ®(p250)|2 <

N[

\/27r’
27 2 52 %
:»(/ |@(p1,9)—@(p2,6)\2d9> g(/ d9> =4
0 0 2T

N R J
o1 = pa| <€ = [0(p1,0) = 0(p2,0)| < —=,70 € [0,2n]
52
prs
Consequently, |p1 — p2| < € = |vi(p1) — vi(p2)| < 0 and v; are continuous functions on
[0, al. (]
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We are now in the position of affirming that the constant @”*(0) computed in Proposition

2.5.1 is in fact the searched value 4""(0):

Proposition 2.5.4. Let, in (2.29), f € C%*(Q). Under this hypothesis, we have

liH(l) ' (e) = u1(0) = ™ (0).
e—

Proof.  Denoting by u? (respectively, v?) the coordinates of 4™ (respectively, 9™), and

substituting the equalities

m

W™ (p,0) = Y ui(pywi(9), ™(p.0) =D v} (p)wi(6) (2.45)
1

1
in (2.29), we obtain, by similar computations to those performed to achieve (2.31) (here we
integrate in [0, a] instead of [e, a]), that the coordinates {ul(p)}™, of 4™ must verify
0*ul

B 1 8u? )\Z

0 r .
_ — s = 1 s 0<p< , 1= ]., N
a2 (p) > (p) + o7 (p) = filp) p<ai m
and also u?(a) =0,i=1,...,m.
Then, for i > 2, we have
0 0% ouy 5

e P = p 8; (p) + Xiwd(p) = p* fi(p).

Since we took f € C%%(Q), then v € C*%(Q) and, in particular, we have f € C(f)
and u € C?(Q). According to Lemma 2.5.2 and Lemma 2.5.3 (in the finite dimensional

particular case) we can therefore conclude that u{ and fi are continuous functions on [0, a).

. ot  Ou ou ou Ou 1 ou 1A

_ Ou gu ou ), we have 2% 0). Furth
Since 9p ~ oz cos(f) + 3y sin(f) and 9z’ By € C(Q), we have ap € C(Q). Further,
@(0 ) = @(O 0) cos(0) + @(0 0)sin(f) and we have assumed enough regularit

ol ~
around the origin, we also have 8—1; € C(QU{{0} x [0,27]}) = C([0,a] x [0,27]) and conse-

since

0
7

ou
quently, by Lemma 2.5.3, 5 is a continuous functions on [0, a]. In the same way, we have

0% 5 0% . 2u o, 0% . . 0%
P cos (9)@ + 2cos(6) 51n(9)7y + sin (9)8—y2 (whence in particular R
0%u 0%u 0%u 0*u  0*u O%u
2 e . -2 i
cos (9)8562 (0,0) 42 cos() sin(0) y(O, 0) +sin (0)8y2 (0,0)) and 922’ 9xdy’ B
2 A

9 .
from which we conclude that a—pg € C(QQU{{0} x [0,27]}) = C([0,a] x [0,27]) and conse-
2,0

1

0p?

(07 6) =

e C(9),

quently, again by Lemma 2.5.3, is a continuous functions on [0, a.
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Therefore,
0%u? ou? A
m — 2 ——%(p) — i 19(p) = lim p? f:
lim, —p 2 (p)—p op () + Ai u; (p) lim, fi(p)

= Nul(0)=0=u?0)=0.

aq t R
For i = 1, we proceed like just after (2.43) and obtain u{(0) = / t/ p fi(p)dpdt.
0 0

aq t R
Then, 4™(0) = u{(0) = / t/ p fi(p)dpdt and from (2.44) we can therefore conclude
0 0

that lin% ult(e) = 4" (0). [
E—>

2.6. Global nature of P™ and r™: some estimates

In order to establish the global nature of P and r™, solutions of the system (2.34), we need
to develop some estimates on P™(s) and 7™ (s), independently of s . Naturally, we are going

to use the norms defined previously, in the particular case of finite dimension.
Lemma 2.6.1. For all { € le(s,a) such that £(a) = 0, we have

“ 5 2 [ 2 ?
/spg(p)dp§4a /SP<8P(P)) dp.

Proof. Since

we have, for s < p < a,

IN

/1)52(p)

IN
SRS

IN
VN )
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consequently,
[ewa < [ (i </1 2(t)dt>1/2 </t (gfa))th)l/z) ap
([ e ([ (o) o) [ 2
= ( :1§2<t) dt) v (/t <8§(t)>2 dt) v 2(as—s)
< < Sa %52(15) dt> v (/Sat <8§(t)>2 dt) 1/22;,

It follows a “trace theorem”, which is valid both for the functions ~* and 3"

Theorem 2.6.2. For all p € [s,a) (s € [, al]), there exists k > 0 (independent of p) such
that

VA Ol 172030y < KIE" g

for all €™ € H, verifying £"(a) = 0.

Proof. Since

N3
20 =—2 [ ¢ d 2.46
o =2 [ a0 G (2.46)

we have
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VAE() = 2N

050

(] w> ([o(5y)
([ (o) )
: [

a )
/ =& dp+
S p S

Adding up from 2 to m, we obtain:

0&;
p (ap) 4

S <y [aws3 [o(5) o

On the other hand, using Lemma 2.6.1,

p&3(p) < 2p

351 ‘

© (04
< —5 dt + t<> dt
< (4a2+1)/ t(%?) dt
<

¢ (04
k2
/s g ( dp
Therefore, from (2.48) and (2.49) we obtain

p€(p +Zf§@

oo S B S
< (S [ Rean S [0 (5) w).
Consequently,

(2.47)

(2.48)

(2.49)
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The constant k = v/4 a? + 1 does not depend on p. u

From (2.31) and similarly as done to achieve (2.43), we conclude that the coordinates of

the state equation verify, for s < p<aandi=1,...,m

10 < 3%’(,0)) i
———|r + —57ilp) =0

pOp dp p? 2
vi(a) =0 (2.50)
i

= h;.

ap ()

From (2.31) and (2.43) we know that, in the particular case of s = e, h must be such

that v;(e) = —r;(e), for i > 2 and h; = 0.

Proposition 2.6.3. For ~!" solution of (2.50), we have

m||2 m m
195 W, < 105" M 7200,9m) 1P 17200 7

for all s € [g,a].

Proof.  From (2.50)

107
- %pdp—i-/ Aivipdp — / ———7ipdp =10
/s Ip? s POp

07;
= ap (s) vi

“ ’L — “ 1 m
. Y h w)s:z ( ) pdp+ > [ aatdo= I,
1 1 s I
On the other hand,

=Y hivils) = — <h171(8)+z :/glhi A '(3)>
1 2

d —)\i 2dp =
) p+ | ridp 0 (2.51)

NV
m 1/2 m 1/2
2 S 2 2 \/X
= ||™| HSIKF%(O,?W) ! ||’7;71(8)‘|H;/§(0,27r)’

and we obtain

I, < IR 0y 15 2y

p(0,2m)



48 The factorization method in a circular domain

The next Theorem, is now a direct consequence of Theorem 2.6.2 and Proposition 2.6.3:

Theorem 2.6.4. There exists k = vV4a?> +1 > 0 (independent of s) such that

Il 20m) < KN (252
The above result tell us that the operator
P(s) : (1{1/2(0 27r)> —  HY20,27)
W PR =7 (s)
is continuous and
[P (s)]| <, (2.53)

so the operator P™ is bounded by a constant which does not depend on s.
Theorem 2.6.5. There exists k = v/4a®> + 1 > 0 (independent of s) such that

N 920y < K™ 7355y (2.54)

Proof.  This proof follows initially the same steps of Theorem 2.6.2. Multiplying (2.47)
by A;, for the particular case of p = s in the left-hand side, we obtain

an 2 <2/ SAZy( )dp+zjj/:mi (‘?pi(p))de. (2.55)

Furthermore, through (2.49), we find
9 2
[ (Gow) w

s71(s) < 3/?(; )

Using Lemma 2.6.1 we have

with ¢; = 4a® + 1. Then,

5(0,27) +Z)\3/22
o (5! >d+2/ ey fon (5
([0 () oS3 ot S o G

2

s e ()12 2

IN

~~

2
P>) dp (2.56)

o))

IN
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On the other hand, from (2.51), we have:

a @ :
/)\z (EE?Z)Z) dP# “X2q2dp = —N\ihi vi(s) s and/32 <8;;> pdp=—h1m(s) 5% (257)

for ¢ > 2 and i = 1, respectively.

Consequently

[ e

= —himn(s)s —ZA hi vi(s

< |hr m(s) 83+ Z)\ hi vi(s
5 3/4,\1/4 11
= &3 |h1 m(s) + ZAi A hii(s) S R
2
m 1/2 1/2 m 3/2 1/2
2

3
= S ||hm||H;7/1§(072ﬂ.)||7;n(8)HH§’/}§(0727r)

From (2.56) we can therefore conclude that

SSH/ygn(S)”Q 3/2 < 0183Hhm”H81/}Z(0727r)Hryg’L(S)HHE’/Ig(sz)

p(0,2m)
= m < hm
2 3720020y < AIA™ 73720,y

as required. ]

The following Corollary is a direct consequence (by interpolation) of Propositions 2.6.4

and 2.6.5:

Corollary 2.6.6. There ezists k > 0 (independent of s) such that

s )l po.2m) < IR 22(0,27)- (2.58)
s, P

Proposition 2.6.7. There exists k > 0 (independent of s) such that

7S () z2(0,2m) < K ||hm||(H;7P(o,2ﬂ))" (2.59)
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Proof.  Using the same reasoning as to get (2.55) we can obtain

5) <§T::/Sa‘pﬁ dp—l—Z/ (a%) dp. (2.60)

On the other hand, dividing (2.51) by v/A;, gives

Z/ a% d+2/ “VAnidp = - Z hivi(s) s. (2.61)
f

So, from (2.60) and (2.61),

m m 1
22:%2(5) < %:mhm(s) 5.

Further, as it was showed on the proof of Proposition 2.2.6 (or by solving (2.37)), for i = 1,
we have v1(s) = hyslog (f> Then, v3(s) = ~v1(s)hislog (f) and since s < a we have
a a

a
7i(s) = ()il (=slog (7)) < n(s)l[hl= < [n(s)l[n]a. Consequently,

m

G
2
> i) <= —=hils) s+ n(s)l|la
1 > VA
m 9 1/2 / m 1/2
< A3 (B3> 2

and
9 B 050y < IE™ i 0y 220020

= |2 02m) < allk™ H(HS{P(O,ZW))"

In the next Propositions we can find some estimations on the function 3{".

In a similar way to (2.43), we can deduce that the coordinates of 37" verify, for s < p < a
andi=1,...,m:

( 0 905; i
! (p %E)p)> + ﬁﬁi(p)

pdp
2T R
= fwi(6)dl, s <p<a,i=1,.
0 (2.62)
Bi(a)=0,i=1,...,m
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Proposition 2.6.8. For all p € (s,a), there exists ¢ > 0 (independent of p) such that

m
HBS HL’Q](s,a;H;,/;(OQW)) e

Proof.  From (2.62), we have
62 2 a9 2 a )\z a 2r
Satodo [ Paps [gap— [N [T fu0ra8) sy

s

s

= aﬂzﬂzp] +/s aaﬁz (aaﬂlp-#ﬁz) /:aapiﬂidﬂ‘F/:):@Qd
:/s (OZwai(g)Cw) Bipdp

= " (95 2pdp+ aﬁﬁfdpz ' 27rfwi(‘9)d9 Bipdp
s \Op s s 0

N f:(/(%i) dp+/ ﬁde> Z/( fui( )ﬁipdp

1

m

= 1o, = [ 7 (Z@-wi(e)) papan=[" [ T Famdpds.

As W
/s 0 fﬂgnpdpde < ||f||L%(s,a;L2(O,27T))||ﬂ§n||L%(s,a;L2(0,2ﬂ))
< ||f||L%(O,a;L2(O,27r))H/B;nHL%(S@;H}},/;(OQﬂ)),
we find
”52””23;3 < ||f”L%(O,a;L2(O,27r))||ﬁgz||L’2)(s7a;H;7/;(0727r)) (263)

and from Theorem 2.6.2, we obtain

“ m 2 “ 2 £ m
| oI O, 0y 40 < [ G40 + DI g0 020052 g 020 92

S

m||2 2 ¢ m
= HIBS H 2 H1/2(02 ) < (4@ + 1) (a— 5)”f”L%(O,a;LZ(O,Qﬂ))Hﬂs HL%(S,&;H;!/F%(O,QW))

= Hﬁ HLQ saH1/2(0 21)) < (4&2 + 1)(L ||f||Ll2,(0,a;L2(0,271')) =C.

From Theorem 2.6.2 and Proposition 2.6.8, we can also conclude that

2(0,2m) < cj.

PlBE (I, 12 < allB" (I3, v

2(0,27)

In the sequence of Propositions 2.4.2 and 2.4.3, and as a direct consequence of Proposi-

tions 2.6.4, 2.6.5, 2.6.8 and Corollary 2.6.6, we can now establish:
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Proposition 2.6.9. P™, the global solution of (2.34), verifies P™ € C1([e,a); L(V™, V™)),
consequently, r™ is a global solution of (2.84) and r™ € H'(g,a; V™).

2.7. Some more estimates

Lemma 2.7.1. There ezists a continuous lifting from Hsl/ﬁ(O, 27) into H,.

m
Proof. Let 2™ € H;/IS(O, 2), 2™ = Zziwi and let us consider, for ¢ > 1

=1
vi(p) = zi s o (A2 (p — 5))

and
vi(p) = z1 s o\ (p — 9))

(notice that Ao < A;, Vi > 2), where ¢ € Djg4/([0, +o0[) (where Dx (Y) represents the C*°
functions with values in Y which have compact support in X) and b = /\;/ 2 (a—s). Obviously

©(b) = 0 and we impose ¢(0) = 1. We then have
v1(s) = 21 5¢(0) = 21 s;
vi(s) = zisp(0) = z; s, Vi > 1,
_ 1/2 _ _
vi(a) = 215 0(Ay) "(a = 5)) = 21 5p(b) = 0;
1/2
va(a) = z2sp(Ny “(a — 8)) = z2 spp(b) = 0;
1/2
v3(a) = 235 p(A3'"(a —s)) = 2350 =0.
Notice that /\:1)’/2(61 —s) > b, since A3 > 2. For the same reason,
vi(a) =0, Vi > 3.

For i = 1, we consider z = )\;/Q(p — 5). Consequently, we have dz = )\;/2 dp and

Z?;}l(p) =2 58—@)\;/2. In the same way, for ¢ > 1, we consider z = )\1-1/2(/) —5). Then
p x

0
(9’1)2'

dr = )\Z-I/de and 8—p(p) =28

99

3 )\2'1/2. Then,
i
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"2 81}1 2
Hvs ||}q5 = 71} dp+ dp

AN
—
>
S
o,

o)

+

IS
\Q
v
S
*?\s
N———
[\

Q.

o)
_l_
| S
CN@
M)z
N
NIk
N———"
[\

o,

Making the change of variables, we obtain

m_ex?(a—s) A% (a—s) 2
12/ Ai21282g02)\;1/2 d:z:+a/ i 2252 <8(,0> )\2)\;1/2 dx
S 5 0 0 afl'
2 m A;m(a—s) ) 2
+4 Z/ 225 (05) )\Z-)\i_l/2 dz
$ 0
2
m b 2
= SZ \/)Tzz?/ chdx—i-a\/)\ngz%/ (&p) dx
B 0 0 ox
m )\1/2(afs) 9 2
2 2 [ ¥
ta Z Vv / (8) dz

m 400 b 2
SZ \/)\7212/ g02dx+a\/)\gs2z%/ <gi> dx
2 U N S

)\}/2((1—5)

IN

. c1 ) c2
—|—a2sz \/)\72»2 /+OO 9¢ dx
B ! 0 ox

Cc2

1 = Az .
(Z sz + 27 4 a? Z {z?) (with ¢ = max{ci, av/ A2 co, c2})
2

IA

Vi m
< (a®>+1) (Z 2423 =cs?(a®+ 1))z ||21/2(027r)

mi2 2| ,m |2 : — (2
We can therefore conclude that ||v] HHS < ks®|z HHif,f(O,%r)’ with k = ¢(a® + 1). [
In the following Proposition, let H(A,Q\ ) = {E e H'(Q\ Q,): A& € L2(Q\ (AZS)} be

1/2
. . _ 2 .
provided with the norm Hg”H(A,Q\QS) = (HfHH1 @by T ”A§|L2(Q\QS)> , as in Lemma 1,
page 381 of [12].

Proposition 2.7.2. For ™ € H(A,Q\ Q) and 2™ € Hl/z((), 27), there exists a constant
k > 0, independent of s, such that

m ¢
> -G

i=1

S PN B V.
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Proof. Let ™ € D(Q\ Q). For 2™ € H1/2(O, 27) we put

According to Lemma 2.7.1, there exists v' € ﬁs having z™ for its trace and such that
168, < VE 20y

defined and applying Green’s formula, we have
27 62§m 1 82£m 1 agm m
[ < R +pap>”5 pdodp
a 82 s 2m 2 8211)'
_ Z( 852@](1;)/ wiwjd0> </ Sewydo | d0>
i,j=1

27
+ Z ( v] dp/ WiW; d9>

2,J=1

( ’ an’vldp>+Z</ /:f&'wdp> f}< ] %UZ >
<gfp< Joi (a)a—gii(s)vi(s)s)—g Bt

dp Op
+Z</ _ngividp>-
i=1 s

Consequently, since v;(a) = 0 and v;(s) = z;, we have:

( ' 82&”1 dp> + Z < _*gzvz dP) + Z </ %Uz )
=1

()5 [ 25005 ([ ).
=1 3

=1 =1

Then, using the properties of the Hilbert basis previously

4,7=1

||M3 EMS

m

(]

Therefore, using Schwartz’s inequality, we have

1(z™)]
_ N, ¢ e (96 v A
= ;/s <P &ivi z) dp—"z;/s <8p ap &i z> dp

IN

“© 0% N 18@) - / (agi OTEEDY )
— =&+ ——= | vipdp| + e + =&; d
;/s (8/)2 p2§ pap) P ; s \Op dp ng per

Agm veEm . Vim




Passing to the limit 99

< AL L2(s,0:02(0,20) 108" |22 (5,0522(0,27)) T I VE™ | 25,0522 (0,270 I VVE | 12 (5,0:22(0,27))
< (1Al emzeozm) + €7, ) 2,

= 1€ a o) llvs" o,

<

€7 s ooy VE 12" 172 2y

Proposition 2.7.3. Considering €™ € H(A,Q\ ), there exists a constant ¢ > 0 such
gm

that o —(s)

<c.

1/2(0 27r)

Proof. It is a direct consequence of Proposition 2.7.2:

TP I VA S

7 1/2
||£m||H(A7Q\QS)\/%||Z ||H;,/}§(0,27T) =c ||Z ||Hsl,/1§(0727r)'

H 5(0,2m)

)

IN

Since, in particular, f € LZ((AZ \ ﬁs), it is obvious that 47", the finite dimension solution
of (2.5), belongs to H(A,Q\ ). In this case, the norm Ha;”HH(A’Q\QS), used in Proposition
2.7.2, is independent of s, since
mH2

I H(A0\8;) ”Aum”L2 (s,a:L2(0,2m) T ”ﬁm”}; - ”fm”L2 (s.0:L2(0,2m)) T Hﬁ’sn’ﬁ;rs

S
and Hfm||L%(07a;L2(072,r)), |ag'|| y are independent the s (see Lemma (1.5.2), particularized

for finite dimension).

From Theorem 2.6.4 and Proposition 2.7.3, we remark also that

ouy ouy

< .
H ") Ip dp ke

(0, 27r)

<k1

1/2 1/2

p(0,2m)

2.8. Passing to the limit

We begin this section with a very important result, as we intend to pass to the limit both

when m — oo and € — 0.



56 The factorization method in a circular domain

Proposition 2.8.1.  For af" solution of (2.28), the norm ||4f"|| y_ is bounded, independently

of € and m.

Proof.  From (2.28), considering u!* = v, and using Holder’s inequality, we obtain

a pr2w oam 2 1 /oa™m 2 a pr2w
~m||2 _ € - 5 _ ~m
”vus HL%(E,Q;L2(O,27T)) _/s /0 ( dp ) p+ P < 90 ) dédp /6 0 fue p dodp

< HfHLg(a,a;LQ(O,QW)) Hﬁgn HL%(&‘,G;LQ(O,QTF)) :

Therefore, by a reasoning similar to (2.14) we have

||ﬂ£n||§;€ < (02 + 1)||f||L%(5,a;L2(0,27r))||ﬂ£n||L%(s,a;L2(O,27r))7

where c is the Poincaré’s constant, and consequently

a1y < (@ + DI fllz2carzo20) < (@ + DIFlz20az20.20) < k-
B b b

We can now pass to the limit on (2.28), when m — oo:

Proposition 2.8.2. Let 4" and u. be the solutions of (2.28) and (2.3), respectively. Then

4™ — 4., strongly in U., when m — oo. Moreover, i™(p) — di=(p), strongly in H /P(O 27),

when m — oo, for all p € [e,al.

Proof.  From Proposition 2.8.1, we can extract from (4") a subsequence, still denoted by

ul"), such that 4" — 0, weakly in 175, when m — oo.
> €

From (2.28) we have

2 aum 8@ 1 aum 8(,0 a 2w N
dédp pp A0 dp,V ur.

Then, since v is the weak limit of 4", we obtain

or 808@ 199 0 a r2m R
+ -7, d0dp = 50 dOd m
// 3ﬁ’ap p8980 P /E B fér p, Yy € U7,
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and by density

a 2w8{)8¢ 10@8@ a r2w ~
——p+-—-———4d60d :/ fop didp, Ve € U,
/6  0p0," T poa09 W= | Terd0dp Ve

which means, by uniqueness, that v = 4., solution of (2.3).

Then, using (2.3) and (2.28), we have
V(@™ —a.)|*pdpde
/9\95' (@ — c) P
= vamvampdpde—/ Varvi pdpde—/ Vi V(a™ — t:)pdpdd
/9\95 = E b, - o, (4" = )
= fﬂmpdde—/ Val'Via pdpd@—/ Vau V(! —te)pdpdd
/9\95 © I o, (e = te)

= fipd d9—/ Vi Viepdpdd — 0 = 0.
/9\95 Pep ma,

We can therefore conclude that 47", solution of (2.28), converges to ., solution of (2.3),

strongly in U.. From u — 4., strongly in H., by Proposition 2.1.2 we also have u*(p) —

Ue(p), strongly in H;flf(o, 27), for all p € [¢,al. n
Corollary 2.8.3. For all s € (g,a), r"™(s) — r(s) strongly in H;,/IE(O,QW), when m — oo.

Also, for all s € (g,a) and for a fized h, P™(s)h — P(s)h, strongly in H;/ﬁ(o, 27), weakly

in Hig(O, 27) and strongly in H;’P(O, 27), when m — oo.

Proof.  Applying Proposition 2.8.2 for all s € (¢, a), we obtain 4" (s) = P"(s)h+r"(s) —
P(s)h+r(s) = u.(s), strongly in H;/ﬁ(o, 27). Taking h = 0, we obtain 7™ (s) — r(s) and con-
sequently P™(s)h — P(s)h, strongly in le/ﬁ(o, 27). Now, from Proposition 2.6.5, P™(s)h is
bounded in Hp3,/1§(0, 27) and consequently we can extract a subsequence converging weakly.
By density (since P™(s)h — P(s)h, strongly in H;/ 2(0,277)) that subsequence converges
also to P(s)h. Since Ho/p(0,21) C HY (0,27), with H/2(0,27) dense in H] p(0,27), then
P™(s)h — P(s)h strongly in H;jP(O, 27), for all s € (g,a). [

Going back to the equation on P™ of (2.34), we obtain the following result:
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Proposition 2.8.4. For every h,h in L*(0,2r), the operator P € L*((g,a); L(L?(0,2m),
H;,P(O’ 2m))) satisfies P(a) =0 and the following equation

(aph, }_1) + (128Ph7 8Pl_z) — <1h,P7L) = (hﬁ)m(o o) 1
8/) L2(0,2) 1% 00 00 L2(0,2n) P L2(0,27) ’

Proof.  For a fixed myg, let h, h € V™0, Then, from (2.34), we obtain, for m > my

m 2
<8Pha B) - (Pmlzazpmh» B) - (Pmlha B) = (h, B)L2(O 2m) °
dp 12(0,27) p= 00 12(0,27) P 12(0,27) ’

Considering ¢ € C} (g, a] (that is, ¢(¢) = 0 and we can have ¢(a) # 0), we have:

a m a 2
/ (mjh,ﬁ) ¢pdp—/ (Pmlzaszh,l_z> opdp
e dp L2(0,27) € p* 00 L2(0,2m)

a 1 - a 3
_ / <th7 h) oppdp = / (h, h) £2(0,27) opdp.
€ P L2(0,27) e ’

Integrating by parts the first term, since P™(a) =0 (and ¢(¢) = 0), we obtain

a B ars1 92 _
— (P™h, R rd _/ (th’th) !
/E ( )L2(0,27r)¢p P .\ p? 062 L2(0,27) e

a /1 B a B
_2/ (h,th> qspdp:/ (h, h)L2(0 om) OP dp-
e \P L2(0,27) € ’

Now, integrating by parts the second term, and taking into account the periodic boundary
conditions, we achieve

a - a 1 8 a _
— (P™h,h 'nd —5 255" o5 PR d
/€ ( ’ )L2(0,27r) (;5 pap+ /5 <p2 00 90 >L2(0,27r) ¢p £

a/q B a _
2 [ Ghrmi)  opdp= [ (1) gy S0
e \P L2(0,27) e ’

In the previous equality all the integrands are bounded, as a consequence of Corollary

2.6.6. In fact, for h € L%(0,27) we have ||th”H1P(0 or) bounded and consequently both
p, P\
10

——(P™h) are bounded. Then, we can use Lebesgue’s theorem
p 00 L2(0,2)
and according to Corollary 2.8.3, we can pass to the limit and obtain

. i ar/1 9 0 7
(P / ——Ph,—P
/g (Ph.h) 120 9 ¢ dp +/5 <p2 06" o6 h)wozw)WdP

a /1 B a B
—2/ <h, Ph> opdp = / (h, h) £2(0,27) ¢pdp.
e \P L2(0,27) e '

[P R 12(0,27) and

(2.64)
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0 0
In fact, since P™h — Ph strongly in H;7P(0,27r) then %th — %Ph strongly in
L%(0,27).

Now, since D(e,a) C Ci(e,a], we can take ¢ € D(g,a) in the previous equality and

integrate backwards the first term, obtaining

/ <8Ph h) ¢pdp+/ (1 9 pp, aPh) dpdp
c \Op L2(0,27) = \p?00 00 L2(0,27)

a /1 _ _
_/ (h’a Ph’> ¢Pdp = / (hvh)LQ(O 27) ¢pdp7
e \P L2(0,27) e ’

for h,h € V™. Then, by density (see (c) in section 2.3.), when mg — oo, we obtain

oP > 71 0 0 -
h, h ¢pdp+/ ( — Ph, Ph) ppdp
/s ( op L2(0,2m) e 200" 700 L2(0,27)

a 1 _
[ Grrn) ondo= [0 g e
e \P L2(0,2) B ’
for h,h € L?(0,27). Thus, from the equality in D'(¢, a)

1 1 _ -
<8Ph h> = (zaPh aPh> + <h,Ph) + (h, h)L2(0 om)
dp L2(0,27) 90 90 L2(0,27) P L2(0,27) ’
and using again Corollary 2.6.6 (notice that the result is independent of m), we see that
0P o oP - 5 -
<6p h h> o € L°°(e,a). Then, from <67ph’ h> o € Li(e,a) and (P(p)h, h)LQ(O’%)

3 0,27) B
€ L2(e,a) (again (P(p)h,h) € L*(e,a)), we deduce that (P(p)h,h)

is con-

L2(0,2r) L2(0,27)

tinuous in p. Consequently, for ¢ € Ci(e,a] we can integrate (2.64) backwards to obtain

P(a) = 0. (]

Similarly, recalling the equation on ™ of (2.34), we obtain the following result:

Proposition 2.8.5. The function r belongs to C (E,a, L?(0, 27r)), satisfies r(a) = 0, and

for every h in Y2 0, 2m) wverifies the following equation
p, P

1 87" 3 > <8r >
——,—Ph +{=—.,h f, Ph y
< 0200’ 00 #2020 1 202m | \OP 03m) 2020 = ( )£2(0,27)

in D'(g,a).

Proof.  For a fixed my, let h € V™0, Then, from (2.34), we obtain, for m > my

2,.m m
<_Pm128 TQ ,h> +<8r ,h>
p* 00 H,/2(0,2m) ,H1/2(02 ) dp H,/2(0,2m) ,H1/2(027r)

= (P"f, )L2 (0,27)
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Considering ¢ € Ci (e, a], we have:

a 1 82T,m >
—P"———h d
/5 < p? 062 HY202m) ' H 1/2(027r)¢p g

e/ orm @
+/ <h> ¢pdp=/ P™fh - Ppdp.
. ap 1/2(0 27|-) y 1/2(0 o) . ( )L2(O,2 )

Integrating by parts the second term, since " (a) = 0 (and ¢() = 0), we obtain

a 1 a2rm > a
/ —— 5> P"h ¢pdp—/ (r™ 1) 20,20 ¢ P dp
2 Hp2 , 1) 12(0,2m)
€ < p> 00 a2 (0,2m) HYE(0,2m) e

a 1 a
- / <T’”,h> ppdp = / (P™ f, 1) 12(0,27) #P dp.
€ P/ L2(0,27) e

Integrating by parts the first term and according to the periodic boundary conditions, we
have

“/1or™m o0 _,, ¢ m /
/a </)280’89P h> HY2027) " HY2(0,2m) de_/a U M z0am 0 dp

p,P

a m 1 a m
_/ (T ,h> ppdp :/ (f, P™h) 120 2m) $P dp-
c P/ 12(0,2r) ¢

From Corollary 2.8.3 and Lebesgue’s theorem (again all the integrands are bounded as a

consequence of Proposition 2.6.8), we can pass to the limit in the previous equality. Then,

@/ 10r 0O ¢ /
/z-: </?209’89Ph> H,/2(0,2m) ,H1/2(027r) qbpdp—/E )20 @ PP

a 1 a
- / <’I", h> op dp = / (fa Ph)L2(0,27r) Ppdp.
e P/ L2(0,27) e

0 0 !
In fact, since "™ — r strongly in H;/ﬁ(o, 27), we have %r — %r strongly in (H;/IE(O, 277)) .

We also have (%th (%Ph weakly in Hl/ 5(0,27). Now, since D(e,a) CC} (e, al, we can

take ¢ € D(e,a) in the previous equality and integrate backwards the second term, obtaining

@/ 10r 0
——,—Ph d
/5 <0239’59 > H)/2(0,2m) ,H1/2(027r)¢p g

a 87, a
+f <h> opdp= [ (P xam) G000
c 8p 1/2(0 27) 7Hl/Q(0 2m) . ( )L2(0,2 )

for h € V™0,

(2.65)

Then, by density, when my — oo, we have

@/ 10r 0 >
99 py opd
/s <PZ 06" 00 H)/2(0,2m) ,H1/2(027r) e

a 87,, a
+f <h> opdp= [ (P1) xam) G000
e ap 1/2(0 27) ,H1/2(0 2m) . ( )L2(0,2 )
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forhe H, 1/ 2 p(0,27) (notice that with this choice for h, the first term is well defined).

Again by Proposition 2.6.8 (the result is independent of m), from the equality

or > 10r 0 > .
9 — (=T py £, Ph) 12090, i0
<3P H/2(02m) " HY2(0,2m) p> 00" 06 H2(02m) | HY2(0,2m) + U PR o
o 1/2 / dr 1/2 !
D'(e,a), we obtain o €L < £, a, (H p(0,27 )) ) Then, from o € Lz (6, a, (Hpjp(O, 27r)>
and r € L2 (6 a, Hl/2 0,27 ) we deduce that r € C (5,@, L2(0,27r)). Consequently, for

¢ € C(e,a] we can integrate (2.65) backwards to obtain r(a) = 0. [

Finally, with respect to the last equation of (2.34), we obtain:

Proposition 2.8.6. For every h in ( /2(0 27r)> , Ue satisfies the following equation

. /0t
(ae, ) 1/2(02) H1/2(027r) '_<Pap’ > 1/2(02) 1/2(027r) A ) 1/2(02) H1/2(02 )’

in D'(g,a).

Proof.  For a fixed mg let h € V™0, Then, from (2.34), we obtain, for m > my

ol
P"—=_h ults h /
< op > 202w, 12020 UM 00, Y 02m
= <_7°mah> 1/2 1/2

2(0,2m), H/2(02m)

Considering ¢ € D(e, a), we have:

@/ . oum
/ < 86 ,h> ,opdp
e P H,/2(0,2m), H,/2(0,27)

_/€<us ’h>H17/2(0,27r), H1/2(02) ¢Pdp:/€ (—=r"™, h) 1/2(02) H1/2(02) rppdp

, P , opdp
e dp > H)/2(0,2m), H,/2(0,27)

_/€<u€ ’h>H1/2(02) H1/2(02) ¢pdp:/€<—7’ ,h) 1/2(02) H1/2( )/(;5pdp.

Then, by Proposition 2.8.2, Corollary 2.8.3 and Lebesgue’s theorem, we can pass to the limit

and obtain

a 8'&5 a R
/5 <3ﬂ7Ph> H,/2(0,2m), H1/2(02w) qbpdp—/s <us7h>H1/2(02) H1/2(02) 1opdp

:/5 <_T>h> 1/2(02) H1/2(02) rppdp,
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for h € V™o, Then, by density we have

e [ ou, a B
/s <ap7Ph> 1/2(0 271), 1/2(0 2) ¢Pd/0 _/5 <U57h>H1/2(02 ), H1/2(02 ¢pdp —
/E (—r, h) 1/2(02 ), H1/2(02 ) rppdp,

for h € ( 1/2(0 27‘())/. (]

Since P™ and r™ do not depend on ¢, further we have:

Remark 2.8.7. The convergence established in Corollary 2.8.3 for all (¢,a), is valid for e
arbitrarily small. Consequently, P™(p)h — P(p)h and r™(p) — r(p), strongly in H;fﬁ(o, 27),
for all p € (0,a).

In the next two Propositions we are going to establish the comportment of P and r in
a neighborhood of the origin. Using Proposition 2.8.4 and the late remark we can conclude
that the coordinates of P, in the interval (0,a), are exactly the ones previously achieved in

(2.39).

1 2
Proposition 2.8.8. For P satisfying ;:)P P 0 P— P I =0 and P(a) = 0, we have

06?
;E%HP(P)H = 1 and })1_1% 1P (p )HE £2(0.2m),L2(0,2)) = 0. Moreover,

C H1/2(02) HE(0,2m)

we have hH(l] HP —p (POO oPM) H = 0, where Py, is the operator
p—

c H1/2(02) H/E(0,2m)
2

satisfying — P (992

= I, and P}, is the projection operator on the space M.

Proof.  From (2.40), we have
lim p;(p) = lim plog (B) =0.
p—0 p—0 a

Also, for i > 2, and using (2.39) it comes,

lim p;(p) = lim —
p—0

a

p
-0 /N Vi Vow
T
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and
(- ey
pi(p) 1 p a 1
li = lim — = - , 2.66
p—0  p p—0 \/)TZ a Vi p Now \/)\7@ ( )
)+
which means that p;(p) ~ —p (i > 2).
Then, we have
1P 20
P = sup
| (p)HE H1/2(02) 1/2(02) h£0 T 1/2(02)
he H{l)’/;(o,%)
0o 1/2 1/2
Ver
hipi + hip} Ipt+ ?
( 1P1 Z P hipt Z \/>
- hoto o iz Tk
/ p 2 / h2+z p h2
he HY2(0,2m) (h% + hi) he H1/2(O2 ) 1 N\ G
P~ %:\/)\7 7 VA
- \ 1/2
P 127 2
h Py + hz —5P;
H 22: Vi p?

= sup —

h+£0

1/2 ! h% +Z P h?
2

he H P(O 2m)

Since we have (notice that p < a)

a\ VN VA ?
o N2 <p) () .
el p2pi I a\ Vi P\ VA -
) =)

s
the quantity —;pf remains bounded, for increasing values of 7. For this reason we obtain
p

o0

9 Ai
1271 Z ?3

2 Vi 9 (A o
h#£0 P 9 P i>2

/ 2 -
I 22: v

Consequently,

s
lim || P 2 = lim max { p? (l 2)
p—0 ” ( )H[, H1/2(0 2r) ,H1/2(0 2r) p—0 {pl prZ i>2

Ai i
= max < lim p?, lim (;p?> = max 1 0, <Z> =1
PO p= 0P i>2 Ai) o
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Using the same arguments, we have

ZhQZ

”P(p)h||L2(0,27r)

. 2 T T
lim [ P(o) 2 r2(0,.2m) £2(0.2m) = 1100 il 20 = limy Sup "=
heL2(0,27) ’ heL2(0,27) Z h2

= Fl)ii% max{(p?)izl} = max {;ii%p%,;ii% (p?)i>2} = max {O, (0)i>2} =0.

82
Furthermore, considering the operator P,, defined by —POOwPOo = I (notice that P
o (P P o P ; 1
satisfies the equation p— | — | — ——2— = I and that lim pi(p) =— , for i > 2), the
8 p 00 p—0 p Vi
1
coordinates of P, satisfy, for ¢ > 2, pooz)\ 1, and consequently, satisfies poo; = —

Novk

Then, if we consider the operator P, defined as the result of the composition of Ps, with the
projection operator on the space M, the coordinates of Poj‘g satisfy p% 1 = 0and p% i = Poois

for ¢ > 2. Then,

HP(p) - pPoj\c/{Hﬁ 1/2 1/2

(02) p(0,27)

1/2
(hl (pl ppool + Z \/>h2 - PP 001)2)

= sup
h#£0

1/2
he Hl/ﬁ(o ony | (h% + Z \/'i\»h12>
1p1 + Z \/» - ppooi)2

1/2

= sup
h#0 , 2 P 42
he Hl/;(o 2m) hi + Z \/A»ihi

2

1/2 1/2
max { p? (Ai(p-—pp »)2) = | max { pi (Ai(p'er ! )2) :
1 p2 7 (o'oY} 7;22 1 p2 ) \/A»l iZQ
Then,

Ai 1
lim || P pM 2 ) = max{ lim p?, lim <Z i +p—— 2)
B 1P) PP {H)pl tim (S0 2?)

= max{0,0} =0.

VA

<1, we also have

\/7.
Remark 2.8.9. From the equality (2.66), since v

i

Tl I
L
2D |LID
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pi(p)
< , Vp € (0, al. 2.67
) v (0, a] (2.67)
We can remark also that, for i > 2, the function
2/
pi(p) N <B>
6(p) =——+ =~ 4
p VA P2V
1+ ()
a

is p—increasing on the interval [0,a]. In fact, it’s easy to see that

2v/A;
<5> 5 >0, Vp e (0,a]

/
g (p) =
2vA;
p<1+(p) >
a

a' Vi p Vi

) ¢4 _ P

Further, from q;(0) = I and Z!\/ri Z i < 1, we also have ¢;(0) < qgi(p), Vp €
¢ + P
a

(0,a] so we can extend the result to the interval [0,al.

19 0
Considering now r, the solution of —Pf —P— 2 90? + 8—T = 0 and r(a) = 0, its coordinates
satisfy,
A 1 or;
—pi fi +piﬁ)\i7"i + 875 =0, (2.68)
with r;(a) =0, for ¢ > 1.
. . 873 1
Since, for ¢ > 2, s + |\ pisAi|)ri = pi f, is a linear differential equation with non
p p
constant coefficients, it has the explicit solution
, t
7
/ pi(o)—=de [ rr / pi R
np)=e Jo 08| [l Hfi(t) dt
a

N / /pl )fz() /“e/p ‘02 Qpi(t)fi(t)dt 209
= _/0 X[p.al€” "
ory

For ¢ = 1 we obtain the equation —pj(p) fi+ 5 = = 0, which again can be integrated
0

p A
as an equation of separable variables. Therefore, we obtain 7 (p) = / p1(t) f1(t) dt and
a
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consequently

r1(0) = lim r(p) = — /0 " p1(t)f1(t) dt. (2.70)

p—0

One can see that this is the value obtained before in (2.44). In fact, we have

nio) = [ moaea = [ tlog< >f1()

and, on the other hand, integrating by parts, we get

= ["4 [ ehwaoar = (k»g(t) [ (ehi) dg)]a— [ eso iy ar
p P P o Jp

= /a log(a) tf1(t) dt — /‘1 log(t)t f1(t) dt

p p

Before establishing the behavior of r near the origin, we need two auxiliary results.

[e.e]
Lemma 2.8.10. The series er(p) is uniformly convergent on [0, al.
2

Proof.  For all p € [0,a], from fi(p) = f(p7 0) w;(0)de, for i > 2, and considering,
0

without loss of generality, w;(0) = sin(if), we obtain

p cos(i) , 27 O f cos(if)
i = s 0
fi(p) i J ) o d
cos(2m) cos(0) » 27 9 f cos(if
= O 9y 1 OO i 0) 4 [T
1 (3 N 0
1, 1, 270 f cos(if)
_ 2 gcos(iﬂ) a0,
0 89 3
since f(p,0) is 6— periodic. Then
2w 2m
‘ _/ 8f [osO)] 44 5/ 1 df =207t = € (2.71)
0 ) 0 1 (3 1

Iy
since or is bounded (notice that f € C'(Q) and consequently

00
4

00

d
< |9 plsinco +
p|lcos(0)| < ¢1). Furthermore, from (2.69), using (2.71) and the fact that p;(p) < 0
(i > 1), we obtain, again for 7 > 2 and for all p € [0, al,
t
i(0)Ai
pi(0)Ai

()] = // & i

p

/%MdeQ

a 2 “

! g/ o )i dt
P

o,

@ - ¢t c a c a’ ¢ a® ¢ Ca
< i (¢ il dtS Tdté N - < =< - = —.
< [molfoles [ ofas Stemp s Tt Sot=
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o0 o0
Since E ¢2—5 Is a numerical convergent series, the series E rl-z(p) is uniformly convergent
{

2 2
on [0, al. [

o0 2
Lemma 2.8.11. The series Z by i (QP) is uniformly convergent on [0, §].
)

Proof.  Since ¢;(p) is an increasing function (see Remark 2.8.9), in particular on the

2VN
pi(p)<pi(%):71 1_<> ,Vpelo,9], vi > 2.

T < )
We are going to consider ¢* such that \; > 4,Vi >
1\ 2V
2
S N VAN

LS
T
1+ (5)

interval [0, §], we have

1*. Then, for ¢ > i*, we have

[\

2
=. Consequently, p;(p) < —= P

T3V

for all p € [0, 9] and for all 7 > ¢*.

03

Now, for ¢t < g (and p < t), we have

b b2 oy S RVOW
/)\ip(f)dg S/_?) 2 QdQ:/_g do
P » 3VXAio p
W ot - 2
3

and

a
In the same way, for ¢t > 3 and since p;(0) < 0, we have

t 2 t
pi(0) 2 pi(o) pi(0)
/)\i 5 do =/ Ai—5-do+ [ Ai—5—de
P 0 P 0 a P

and

Therefore, using (2.71), (2.69) and (2.67), we obtain, for i > i* and p < g,
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Ti(ﬂ)‘
p
“pi(0) i
— /1)/;6//) ; 52 dgpl(t)fi(t)dt

=
[\V)
>
(V)
5
3

i))\gpi(t)Hfi(t”dt-i-/; (Z) ’ lps ()] | fi(¢)| dt

IN
D=
b\‘

N

O s [1(2) T Lt
t VA o \§ VA
Vi

5 2 i 2/ a 3.
< /%(g‘( a C,dt+/ <5> ¢ Cat
p \/)\»'il % 5 )\Z"L
2/%; 3 2%
- \(H 2V 4 a ¢ p\ 3 a* ¢
S T p? < \e z
TZ_|_1 il b 2 )"iZ
p
_/A 2/ 2/%;
B (%) 3 +1_ 41 2@71 a E_,_ » 51 c
NI e i \g VoY
2/%;
1 p g 1 2/
_ T \Z a g+ AN a c
B 2 N \% VA i
2/ 22
p\ 3 a c p\ 3 a c
< 3l11—-1(+ -+l e —-
R T O
< 3a ¢ 3a ¢
- \/)\711' RVAYK
< Ve~
i
o~ 1 o\ T (p)
Since 2013 is a numerical convergent series, then the series Z)‘i = is uniformly
- ! pm P

rZ(p)
2

[e.e]
convergent on [0, §] and so it is Z i . (]
2
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10% 0

Proposition 2.8.12. For r, solution of —Pf — Pﬁ—g + D0 and r(a) = 0, we have
p2 00 op

ti ()0l 2= 0 and iy lr(p) = (0) 1, 0,25= O (i particudar, Ty (o) 020

= [1(0)] and 1im (o)1, (0, = Ira(0)] respectively).

Proof.  From (2.69), and using Lebesgue’s (dominated convergence) theorem, we find, for

i> 9
t
i(0) i
. / p (92) o
limr;(p) = lim— X[p,a)€” P 0 pi(t) fi(t)dt
p—0 p—0 ’
. / pi(o) Ai q
= _/ lim | e’/r e e X[pa]pz(t) fz(t) de
o p—0 ’
On the other hand, since
pi(p)| Xi
: pp _ e 1
ST TR T, N TR T
p
. . " pi(o)| A . b1,
we have that the improper integral — dp (being of the same nature of —) is
0 0 0 0 p

divergent and consequently

Epio) N Elpi(o)| N
/p(@)dg _hm/ !p(@)lidg
lime/r ¢ © —e 0 e e =0.

p—0

Hence

a
ri(0) = lim r;(p) = / 0=0,
p—0 0

since p;, x and fz are bounded. Also, we have already seen, in (2.70), that

r1(0) = lim 1 (p) = — /O "o A (1) dt.

p—0

Furthermore, using (2.68), we obtain for ¢ > 2

: !
lim i (ég) = lim L(p)
p—0 p R p—0 2p

_ g P0ip) e pilp) Airilp)
p=0 2p p—0 p 2 p?

— lim pi(p)fi(p) i VA i ri(p)
p—0 2p 2 p—0 pg ) )

S lim 1) i iRV filp) _ fi(0)

=0 P2 2=\ Ne0 p N —2VN
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=0.

which means that r;(p) ~ p? (i > 2). We also can conclude that lir% rip)
p—0 p

e}

Then, since the series Z 72 is uniformly convergent on [0, a] by Lemma 2.8.10, we have,
2

0

= <— /Oapl(t)fl(t)dt—ﬁ(o)>2 +i::0

= (r1(0) — r1(0))* = 0.

P ~ 2 .
lim [r(p) = 7(O)lz2(00m) = lim </ pl(t)fl(t)dt_rl(o)) +f1’ig‘l]zri2
a 2

00 2
Further, since the series ZAZ% is uniformly convergent on [0,a/2] by Lemma 2.8.11, we
2

have

p—0

(- /0“p1<t>f1<t>dt—n<0>)2+i0

P R 2 O 2
[l)i_r% |lr(p) — T(O)quép(o’%) = lim (/ p1(t) f1(t) dt — 7'1(0)) +lim » A%
, a 5

Remark 2.8.13. In ([28]), Sokolowski-Zochowski look for a solution of the obstacle problem
u=u() EK:/VU.V(U—u) >0, Vv e K,
Q

where K(Q) = {v € HY(Q) : v = g onTo,v > 0in Q). They considered a domain ,,
with a small hole B(p) in the form of a disc B(p) = {z : |xt — O| < p} C Q, O being the
center of the hole and assumed to be the origin. In addition they assume that the (unique)
solution of the obstacle problem, denoted by u = u(Q,) satisfies the homogeneous Neumann
conditions on the boundary T', of the hole B(p). They are interested in the asymptotic
behavior of u(S2,) € HY(Q,), for p — 0F. For this problem they find u,, which is an outer
approzimation of the solution u(Q,), and they prove that u, = u() + p*q + o(p?), for some

function q. This can be seen as an expansion of the form

ou
up, = u(Q) + paipp(()) +

p? 6%u,,

5 5,0 (O 0l (2.72)

0
which means that, in the approach of Sokolowski-Zochowski, %:(0) =0.
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On the other hand, in our framework, we can write u(s) = P(s)@(s) +r(s), Vs, and,

0s
using the Neumann boundary condition, we obtain, on I',, u,(p) = r(p). Differentiating the
or

0
previous equality with respect to p, we find ﬂ(p) = 8—(,0)
0

dp

From (2.68) we find grl(p) = pi(p) fi(p) —pi(p))\iri(p), fori>1. Also fori>1, from
p p

2
the proof of Proposition 2.8.8, we know that lir%pi(p) = 0. Then, since 7“@(20) and fl(p)
p— p

Up

p

are bounded, we have lin(l) %(p) = 0 and consequently (0) = 0 which, as we saw, is in
p—

dp

agreement with the first approach.

Now, we aim to pass to the limit when € — 0, which means that we are going to pass
to the limit in 4., using the results obtained in Chapter 1. Considering 4. as in (1.6), as a

consequence of Lemma 1.5.2, we have:

Lemma 2.8.14. Hﬁsﬂpo 18 bounded independently of <.

Therefore, as a consequence of Theorem 1.5.3, we also have:

Proposition 2.8.15. e — u, when € — 0, strongly in I?O, where Uz and U are the solutions

of (2.2) and (2.1), respectively.

/
Proposition 2.8.16. For every h in (H;/;(O, 271')) , U, the solution of (2.1), satisfies the
following equation

ou

(i, h) 1/ 1/2 ’:<Ph> +A{rh) 1 1/2 4
Maloom, w0 N0 e, wiean ' HEEO, 020

in D'(0,a).

0l,

Proof. Let ¢ € D(0,a). Since ¢(0) = 0, in a neighborhood of the origin, and 5, = 0,
p

for p € (0,¢) (4 is constant in €2.), considering (2.12) extended to the interval (0,a), we
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have
/ <8;57Ph> Ppdp
0 p 1/2(02 ), H1/2(0 o) ’
—~ e, h d e, h ,¢pd
/0 <u€, >H1/2(027r) H1/2(02) P p+/0 <u5, > 220.2m), HYE(0,27) opdp
a €
= /0 (=r,h) 1/2(02 ), H 1/2(02) ¢pdp_/0 (=r,h) 1/2(02) H1/2(02) + ppdp.
Now, since (ﬁg,h) 1302 )gbp and (—r, h)Lz 0,2r) PP are bounded in [0, ) by a constant not de-

pending on ¢ (the result for Gz is due to Proposition 2.5.1 and the result for r is a consequence

g
of Proposition 2.8.12), for ¢ arbitrarily small, we have /0 <716, h>H1/2(0 - 1/2(0 - s opdp

3
— 0 and /0 (r,h) 1/2(0 o) Hl/ﬁ(o o rppdp — 0, as e — 0. This way, passing to the limit
when ¢ — 0 (using Proposition 2.8. 15)7 we obtain

a a,& a
—, Ph dp — i, h d
/0 <6p’ > 0, w0z /0 P g z0am, wfz0am 7Y

:/0 (=7, h) 1/2(02) H1/2(02) '+ ¢ppdp,

from what follows the desired result. n

The coordinates of 4, solution of 4 = Pa—u + 7 and @(0) = ug verify, for i > 1, ud(p) =
p
0

ou'
pi(p) aul (p) + 7i(p). Further, from Proposition 2.5.4, considering that 4.*(¢) and 4™ (0) are
P

both constants, in fact we have
lir% Ue(g) = 0(0) = uo. (2.73)
E—>

So, we have u(0) = 0, for i > 2, and u{(0) = ug.

Considering again = ¢;(p), we obtain

Pz’(ﬂ)
P
UO
u)(p) = pai(p) 8; (p) +7i(p),

and through the change of variables ¢ = log p, that can be written as

Ou;
() = qile) &PZ () +ri(p). (2.74)
. Ou; 1 T . . . . . . . .
Then, since 90 —u; = —— is a linear differential equation, we obtain for i > 2 (since
Y i

u;(—o0) =0, for i > 2)

wi(p) = 6/_1 Qil(t) & /"9 e/_io_qit) A <_r"(9)> do | . (2.75)

—0o0
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~—

1 .

In this last expression, we have lim = lim = —y/A; and lim Ty =
po=qi(p)  r=0qilp) p——o0 i)

= 0.(—v/A;) = 0, which means that both the quantities

1

"o Y _xile)
el—oo Qi (— 0 > (for p € [—00, ¢]) are bounded, for i > 2. Then, lim wu;(¢) =0,

lim ri(p)
rHOqu(p)

1
e (for t € [—o0,¢]) and

~—

as pretended.

For i = 1, since u; (—00) = up, we obtain as the solution of the respective linear differential

equation
® 1 4 1 @ 1
dt © / ———dt / dt
uwﬁze/mm@> / oo ailt) (}ﬂw>dg Fuged—se )
—o0 (h(Q)

1 1 1

As previously, lim ———=1lm—— = lim ——~ =0 and lim r1() = lim r1(p) =
p=—qi(p)  r—0qi(p)  p—0log(h) p——oqi(p)  r—0qi(p)

liny IZIg((ﬂ;)) = 0, which means that, in fact, ‘pl_i)rfoo w1 (¢) = up.

Before setting out the behavior of @ near the origin, we need an auxiliary result.

Lemma 2.8.17. The series Z (ui())? is uniformly convergent on [—co,log (2)].
1

Proof.  Once again, we are going to consider ¢* such that A\; > 4, Vi > ¢* Then, using

the computations exhibited in the proof of Lemma 2.8.11, we obtain:

ri(p) ’

:M?L/umw&dg(” [y,

L[], @ )l ¢ o @ )], =
<[ |Mmmwmwé ’ o) O

Since g;(p) is an increasing function on [0, a] (see Remark 2.8.9) and negative on [0, a], then

|4:(t)]
lqi(p)| —

again the computations of the proof of Lemma 2.8.11,

the function |g;(p)| is decreasing on [0,al]. So, < 1, for p < t. Consequently, using

P ai(

i(0) i Epi(0)\i
p@ do p(@)d

a 0
! ¢ ﬂﬁmw+ﬂeﬂ AR

(VAN
\
O

IA
\
<E
S
m
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Therefore, for ¢ > i* (notice that obviously i* > 2) and using the fact that p;(0) < 0, we
obtain, for all p € [0, §],

ou; o) — 1 " _ ri(p)
dp pilp)
= Ui(p):/ eJt pi(0) (—T’( )> dt

0 . gi(t) .
= |Ui(p)|§/ ri(?) dts/ Ve dt < el < s
o |tai(t) 0 7 7 7

a201

i2

(e.0)
Then, as in Lemma 2.8.11, since the numerical series E

7:*

is convergent, the series

o0 oo
Z (ui(p))? is uniformly convergent on [0, 2] and consequently the series Z (u;())? is uni-
2 2

formly convergent on [—oo, log (%)] [

0
Proposition 2.8.18. For 4, solution of 4 = P 41 and 4(0) = ug, where u(0) is given

dp
by (2.73), we have Ly 1a(p) = a(0)|I 720,27 = O (in particular, liny [[a(p)l[ 2(0,27) = luol)-

[e.e]
Proof.  Since the series Z (u;(0))? is uniformly convergent on [—oo,log (%)] by Lemma

2
2.8.17, we have

o0

lim [a(p) = u(=00)l|fzg0om = lim (ui(p) —uo)’+ lm 3 (ui(¢))’

v 2

= (u1(—00) — up)’ + > 0= (up — ug)* = 0.
2

For u;(¢) given by (2.74), we have, for i > 2,

. . / 1 . .
pooo €20 pm—oo 2€% oo \qip) 267 2qi(p) e
i ) —1i(p)

pooo €22 oo (2qi(p) — 1) €22

=

: —ri(p) : —7i(p)

On the other hand, lim = lim —>%  — S o

) p——00 (2q5(p) —1) e p=0(2¢i(p) —1)p*>  p=02¢qi(p) — 1
fi(0) A

2B 1:(0) and consequently lim uilp) _ £il0)
p

2\;%—1 N —4 ——co e2¥ _)\1*4

, which means that u;(¢) ~ €2%.
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Proposition 2.8.19. For all p € (0,a) there is a unique solution u(p) for the boundary

value problem u(p) = P(p)?;(p) +7(p), u(0) = ug.

Proof.  Supposing that '(p) and @2(p) are two solutions of the previous problem, then
0
w(p) = 4t(p) — 42(p) satisfies the boundary value problem P(p)a—w(p) —w(p) =0, w(0) =0.
p
Furthermore, since 4! (p) and 42 (p) are continuous (see Lemma 2.5.2) then w(p) is also contin-
0 /
uous. Thus, taking the inner product with a—z(p), in the duality H;/; (0,2m), (H;/; (0, 27r)) ,

we obtain:

<P(p)?:(p),?:(p)> - (w(p% ?:(M) =0.

P 0 1
Then, we can see on page 103 of [23] that / (w(g), (;g(@) do = §||w(,0)|\%2(0727r) (since
0

w(0) = 0 and w is continuous on [0, p]) and consequently

P ow ow 1
[ (-r@50. 55 @) do+ 51wl e =0

Since we are summing, in the previous equation, two non negative quantities (notice that
P is a negative operator), we must have |[w(p)|lz202-) = 0. According to the continuity

previously established, we therefore conclude that a'(p) = 42(p). n

Theorem 2.8.20. Considering ¢ € D(0,a) we obtain:

1. for every h,h in L*(0,27), the operator P satisfies the equation

50" ) g (58790 ™ (7)™
L +(=Zpn Zph —(Zh, Ph = (M h) 2y o
< ap L2 (0,27r) p2 89 89 L2(0,27r) P 12 (07271_) ( )L2 (072 )

in D'(0,a), with the initial condition P(a) = 0;

2. for every h in H;g(O,QW), the function r satisfies the equation

10r 0 > <ar >
77,7P , + 7,h , :(f’Ph) 2 -
<p2 89 60 H;’/Pg(072ﬂ') ,Hé{ﬁ(O,%r) 8p H;{;(D,QT() 7[{1/2(0727() L (0’2 )

p,P

in D'(0,a), with the initial condition r(a) = 0;

/!
3. for every h in (H;/Q(O,Qﬂ')> , U satisfies the equation

ol
(’l:t, h) 2 ) — (P, h) + (T, h) 2 -
L2(0,27) ap £3(0.2m) L2(0,2n)

in D'(0,a), with the initial condition 4(0) = lir% r(p).
p—
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Proof. Since P™ and r™ do not depend on ¢, the first two items are a direct consequence
of Propositions 2.8.4 and 2.8.5, taking into account Remark 2.8.7. The third item is a

consequence of Proposition 2.8.6, considering (2.73). u



Chapter 3

The factorization method in a

circular domain: dual case

In this chapter, we consider again Q (respectively, ) to be a disk of R? with radius a
(respectively, s) centered on the origin. Another factorization to the problem (1.3) could be
obtained by using an invariant embedding defined by the family of disks €2, s € (0,a). Here

the main difficulty is to define the initial conditions for P and r at the origin.

3.1. Invariant embedding

For the reasons pointed out in Sections 1.4. and 2.1. we consider again an auxiliary problem
and its formulation (2.2). As in the previous chapter, we are going to consider f € C%®(€).
Using the technique of invariant embedding, we now embed problem (2.2) in a family of
similar problems defined on m = [e, s] x [0,27], for s € (g,a]. For each problem we

ou
impose a Robin boundary condition 8—“5\115 + a@% = h, where & € R™ and I, is the
p s

moving boundary:

= f, in Q,\ Q.

10 ( 8115) 1 0%,

pap\"0p ) " > o
8ug ‘FS + aﬂgl —h
Op r (3.1)
U o 0. dd =0
Uey constant, O . do =

. N O
Ue), o = Yy Wb:o ~ g 0=

"
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!/
In (3.1) we take h € ( 1/2(0 27r)) . Then, it is clear that (3.1) is exactly (2.2), for s = a
Ot

and h = aip‘l"s.

Analogously to the previous chapter, to the Hilbert space H l(ﬁs \ (Ala) corresponds the

~ 0V
space Hy, = {0 C D€ L%(&S;H;P(O,Qﬂ')), 8—U IS Li(s,s;LQ(O, 277))}. In this space, we con-
' p

sider the norm
2 s (90 b
A2 _ ~ 2 I e
lolt, =as [ @rass [ <p<89> “’(ap) a6 dp.

Proposition 3.1.1. The norm

[ 00 06\ 2
iy, = | ( e (60> *”(«%) A0y

(usual norm on Hy) is equivalent to the norm
2 <190 0\
~1112 ~ 2
0 = as (s d9—|—/ / - <> + <> dfdp.
ol =os [ G+ [ [ (p %) (5

TP
Proof.  We have [|9(s )HL2 02m) = HU(S)HH;,/;(O,%)

CS||@||§? , where ¢, is a constant depending on s. Then,
S

and, by trace theorem, ||(s)||? H2(0.2m) = <

H‘@H@;S = aslo(s )HL2 0,27) + ||V@H%2(55'L2(07r))
< as cs||vHH + HV’UHLQ (es:L2(0m) < < (ascs+ 1)||17H§qé

On the other hand, we have

s o
o(t, 0 f)dt =
| reogeoa

Then,

—~
>
—
>
e
N—
SN—
)
|
—~
>
—
JCIJ
D
N—
~—
Do
VA
_|_
m\m
—~
>
—
v@k
e
SN—
SN—
no
(o}
~

_ _2/ Lalt, H)gt(t 6)dt<2/s Lo
2( 2dt)1/2< ( =, 6)>2dt>
o foGua) s

IN

IN
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Consequently,
(0,000 < (605,00 + [ e (gj(tﬁ))Z at
< s(8(s,0)) + /:t (8?@,902 dt.

Thus,

>
=
>

>
=
e

(oW
)

A
rﬁ
V2]
w
=
(oW

)

_l’_
\cz
V2]
\CZ
/_\
QJ‘ >
=
N
N———
(o}
~
N——
(o
e

A

which implies

/02” / (8(p, 0))? pdpdf < s° /:W (6(s.6))* d0 + s° /0%/: (gi(pﬁ))QPdeH-

Therefore,

) 2 s ) 2 51 /b 2 ) 2
loll3, :/ /s(v) pdpde+/0 / p<ae> dpd9+ <a> pdpdd
27 21 ps 9 27|- s o0
< Zsa [To@r @+ | () papan+ [ () apad
o 0 Je 14 00

IN

2 S} 1112
max +1,— .
{S ) H’v|||gs

Furthermore, we are going to use the spaces Lz(e, s), L?(0,27), Hg (e,s) and H; p(0,27) and

respective norms, as defined in Section 2.1.

Again as a direct application of Theorem 3.1, page 19 of [24], and similarly to Proposition

2.1.2, we have the following trace theorem:

g 12) e L? ([ s; (H;7P(0,27r))/)}, we have

e C ([5, sl; (HI/Q(O 27r)>> and the trace mapping © —

Proposition 3.1.2. If v € X, = {@ € H,:
90
0 € Clle, sl HY7(0,2m)), 82
9%
(@‘FS |[‘S) is continuous from X, onto H /2(0 27) X (H1/2(0 277)) .

In order to decouple problem (3.1), we define:
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!/
Definition 3.1.1. For every s € (g,a] and h € (HI/Q(O 27r)) we define P:(s)h = e,

where 7, € X s is the solution of

10 0 10%: . & &
-7 ('Of)p> ~ e = 0, in O\

Ve constant
“a (3.2)
%

Slr.d6 =0
0

Velo=o = Velo=2x
87& a’)/e

‘ =0 — ’9 27

and 7.(s) = ﬂ%g , where (3; € XS is the solution of

190 ( 9p 6266 B A

358

‘Fs +aﬁ€‘r -
ﬁflp constant

27ra A
/ ﬁhﬁw—o
0

ﬁem o = ﬁa‘e o
3/35 8&

(3.3)

|9 0= |9 -

For every s € [e,al, P:(s) : ( 1/2(0 27r)) — 1/ 5(0,2m) is a linear operator and 7(s) €
H1/2(0 27). By linearity of (3.1) we have

N Dl .
Uy, = P(s) <8p|rs + augrs> +7:(s),Vs € [e,al. (3.4)

Furthermore, the solution . of (2.2) is given by

o0 = (20 (G20, +aie, ) ) 0+ o)) (35)

Proposition 3.1.3. Considering the Hilbert space U, = {u. € ﬁs : ﬁ% is constant}, the

variational formulation of problem (3.1) is
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i € U,
2 27 Ot 61)5 1aa5 D0,
dé dod
/0 crie()e(5)s +// op op" " o ow o9 (36)
27
= / hve(s)sdb +/ fvgp dfdp, Vo, € US.
0 eJO

Proof.  Using (3.1), multiplying by 0. € ﬁs, and integrating in Q, \ SA)E, we obtain:

2m uEA 1 0%, . 104, . s
/ / ( Vep 2 TR p—papvap> dpdﬂ—/o /E foepdpdl
27 21 s N 2
= / ausﬁgp d9+/ /8u5 av&p—l—@g dpde—/ 1%775 dp
e p 00
2 1 04, (91)5 2m Ol 5 2
/ / > 00 90 dpdf — / / dpd@-/ /fvgpdpde
T 90 Sl s 9. 0
= — EsﬁassdQ—f—/ = (e)te(e 5d9—i—/ / = Edde
A T A A pdp

0
2 * 104, 00,
+/ / 0 90 dpdﬁ—/ / foepdpdd

27r
= / (avtig(s) — h)0:(s sd9+/ 8%(%5 pdpdf
2 y
/ / 188“;%”0% d6—/ / fvgpdpdtg
2w 2m 1
= / atis(s)0s(s 5d0—|—/ 8u€ 81)5 dpd9+/ / 94: Ot dpdé
0

) 06 00
:/ hoe(s )sd0—|—/ / fvepdpdﬁ.
0

0 €

Again, the variational formulation (3.6) reduces to the variational formulation (2.3), when
Ot.
dp
formulation (3.6) and Lax-Milgram theorem, that the problem (3.1) is well posed.

s=aand h = Ir,. Also, it can be proved, as in Proposition 1.4.4, using the variational

Now, the following corollary is a direct consequence of the computations exhibited in the

previous proposition, taking f = 0 and h = 0, respectively.
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Corollary 3.1.4. The variational formulation of problem (3.2) is

’75665

21 21 8'75 8’)’ 1 8’7 6’)/ 21
0 £p ==’ 40 / h7¥y

vy, € U,

and the variational formulation of problem (3.3) is

8. e U,

2 o Qﬂaﬁg 3,85 18@3 aﬁg s r2m
/0 aﬂs(s)ﬂg(s)sdG—i—/E . p op +p80 20 dédp /50 fB.p dodp,

V3. € Us,.

The following remark stands out the relation between the operators defined by (2.7) and
(3.2):

0
Remark 3.1.5. The operators Py, such that u = Pla—u + 71 (as in Chapter 2), and P;,
I’
0
such that u = P <au + au) + ro, can be easily related. In fact, from the second equality,
I
0
we obtain (I — aPy)u = P287u +r9. Thus, (I — aPy)P, = P;.
I

In the next proposition are collected some basic properties of the operator P..

Proposition 3.1.6. The linear operator P.(s) : (H1/2(0 27r)) — Hl/ p(0,2m) is continu-

ous, self adjoint and positive definite, for all s € [e,a).

Proof.  The operator P-(s) is continuous since it’s the composition of continuous oper-

I
ators: h — v. — Veir, , defined by (3.2), respectively in the spaces <H1/2(0 27r)> X and

0
H1/2(0 27). Let’s consider v, and 7, two solutions of (3.2), with lh‘s Tove, = = h and
oy
8i r.+ a’ys‘ = h, respectively. Using the variational formulation established in Corollary
0
3.1.4, we have:

2m 2m
/ h¥.(s)sdf = / hy=(s)sdd
0 0

= S <h7P€(3)E> 1/2(02 ) ’7 1/2(02 ) =S <E,PE(S)h> 1/2(02 ) ,H1/2(027r)
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and we conclude that P.(s) is a self adjoint operator.

On the other hand, taking v. =7, we have

27
2
s (. () Hva02>'mem2ﬂ:=ngngw@rpdpde+cu14 (1e(s)* a0 (3.7)

and consequently P-(s) is a positive operator.

Now, from ||75‘FSH

%

HY2(0,27) ¢ < kSH'YqF HHl/Ig(O?“) < ks71H'Ya||}q5 < ks72H|'Ya|H}qS and
o, P s P, )

I , < kssllellganan.) = ks3lellp, < ksalllrelllg, (see Proposition

H,/2(0,2m)
2.2.3), with kg1, ks 2, ks3 and ks 4 positive constants, we obtain

8% 0
e, + 5,10 H H20.0m) <l I pzozm H op T HY2(0.2m)
< ksl g, -
Then,
ay 2
s (h, Pe(s)h) H/202m) | HY2(0,2m) = llhellly, = K25 e, F 3;’ HY2(02m)
= ks,GHhH 1/2(02 ) I

Again from (3.7) and Holder’s inequality, we have

el < SIA0 a0 20y

Then, as in Proposition 2.2.3 (and using again the inequalities ||, HHI/IE(O omy < ksillvell g, <
S P, b

ks2ll|7elll g, ), we can conclude that there exists ¢; > 0 such that

||7€‘Fs ”H;’/;(O,QW) < cSHhH 1/2(02 )

Proposition 3.1.7. Considering M and N as in Lemma 2.2.4 and Lemma 2.2.5, respec-
tively, the operator P. is such that P. : M — M and P- : N — N.
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Proof.  Foreach s € [¢,a) and h € N (constant), we define P-(s)h = 7z , where 7. € X,

0
is the solution of (3.2) (that is, we consider a solution of (3.2) verifying also %’Fs +ae
p s
constant in #). Considering d(p) the solution of the linear two points boundary value problem,
1 h
§"(p) + =08 (p) =0, 278’ (e) = 0, §'(s) + ad(s) = h (in fact, it is easy to prove that §(p) = —)
P a

then, by uniqueness, v:(p, ) = d(p) is the solution of the previous problem.

0
Then, we can conclude that considering %hs tay, = h constant in 0, we also have
p s
Ye(p,0) constant in € (in fact, in this case, it is also constant in p) and therefore Ve, has

the same property. Consequently, P-(s)h = Yerr is constant in § and P.: N — N.

Now, for each s € [e,a) and h € M, we define P.(s)h = Ve, » Where 7. € X, is

2
0
the solution of (3.2) (that is, we consider a solution of (3.2) verifying also 01/)5 I, +
0
Ve de =0).
We have
627& 1 82'76 1 0ve
- - = - = g)=0
8p2 (p’ ) pQ 8(92 (p7 ) ,0 8p (p7 )
27 92 27 2 2m
0°ve 1 0%, / 107,
— 0)do — — 0)do — - 0)do =0
w = [ GEna- [T ST 0w - [T
82 /271' 1 8"}’5 2 10 o
= —53 Ye(p, 0 d9—p,9} —/ Ye(p,0)dd =0
ap* Jo (6.6) p239( )0 pOp Jo (p.)
82 27 27
a8 9 e\Ms d9 N e\M» 0
a7 /0 "=(p, 0 / "=(p, 0
27 2 a,y
Considering d(p) = / Ye(p, 0) dO, since “Ir. = / Ve, df = 0 and also
0 8/) 8 Ire
2
+ Ve, / Ve, do + a/ Ve, df = 0, we obtain the two points
0 8 rs 0 T's

boundary value problem, §”(p )+ (5' (p) =0,0'(e) =0, §(s) + ad(s) = 0, which has the zero
solution.

2m
Then, we can conclude that considering

s taye df = 0, we also have

2 T
/ Ye(p,0)df = 0 for each p, and therefore / Yeip df has the same property. Con-
0 0 s

sequently, P.(s)h = Pelr, has null mean and P. : M — M. n

From equation (3.5), taking the derivative in a formal way, with respect to p, we obtain
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O + at
op c
OF. (D + ot | + P 0 aaﬂs + Ore + aP- O + adie | + ar
dp \ Op y op 2 dp op p c c
OP. (0t . 104, 1 0%, Ot ore
p_f_-2=c_ — e Te
ap <ap *0‘“5>+ ( I=0a 2w %) 5
e .
+aP;. ( + ozuE) + ar;
dp
OP. (0. 8u5 0?1, dte  Ore
U P — — =P.— P.—
dp <3P +aua> S T e T, Ty
(G o)
+a P + ate | + are
dp
OP: (0u . 1 ou . .
8; 8/)2 + aug) —P.f—-F. (8; + atie — adie
0 on, on . . or
_?Psw <P6 ( 6,06 + au5> + 7“5> + aPF; (8; + ati; — au5> + a—;
+aP;. (u8 + atle | + are
dp
OP. (Ot . o,
P P
6/1 <%p2 +au;> = f — p 1( aa% +au5> + ; ol )
U R T . r
_EPEWPE ( 0; + aug> — ?PE 8026 + aP: < 5 —{—auE) aP.at, + 8—;
e .
+a P < + ot | + are
dp
OF (9t o)~ pf— Ot i)+ 2P (o (2% 4 0a.) + ar.
e, N 1 e (B
Ue N Te Ue N
—aP. | aP; Otte u: | +are | + Ore + aP: % + atlie | + are
dp ap 0
OP. (0u . 1 Ot 1 Ot
ape (8; —|—au5) 2—P€f— ;PE < o —|—au5> —;— —P.aP. <8p —i—aus)
1 1 Olie 1 _0%r O,
-P, ——=P.—P. | — e | — 5 Pe—rs + b
+p QT e PRk TR < ap —I—au5> =902 "+ <8p +au5)
ot . Ore O,
—(oaPE)Q < 8; ) —aP.ar, + 87p + aP. ( ap + au5> + ar,.

A~

Ol
Then, since —— + ati. is arbitrary

dp

(the prove is similar to the one of Remark 2.4.1), we

obtain the following system

oP. P. 1 _, 1_ 0 5
—aP? — 5P.-=P. +2aP. — (aP.)> =1
o o M T2 R + 2k —(aF)
1 1 _9°r or
—P.f+ ;Pearg — ﬁps 8025 — o?Por, + —a; +ar. =0

X ot X
e = P (8; + au5> + 7re.
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Considering again M and N as in Lemma 2.2.4 and Lemma 2.2.5, respectively, from

(3.4), we obtain

iu(6) = 6) ( G20 + i) 41200
) D, A
= i(e),, Aa(e) ( 5, (Ol +atie(e), > Fre(e)y, (3.8)
= 0= PE(E)%;S(E)’M + 7n‘€(5)|M
= P(e)),, =0 A re(e)), =0,
ie(6) = P6) ( G20 + i) 41200
) di.
= de(e)), = Pe(e) ( dp ©lx+ au€(€)|N> ey (3.9)

From (3.8) and (3.9) we obtain r.(¢) = rc(g)|,, + re(€)y, = 0. In the same way, since

Pa(s)h = PS(E) (th + h|N)
= P5(€)h|M + Pg(e)hm

0]
we obtain P.(e) = d ]|N, denoting by projj, the projection operator over the set N.
«

Therefore, we have found the following system:

oP. P. 1 102 proj

5% 5 ;an = ﬁpzaiam P.+2aP. — (aP.)’ = I, Po(e) = — % v
1 1 _0%r or

—P.f+ ;Psars - ?PE 8926 - 042P6T5 + a; +ar: =0, 7“5(5) =0

. ot . .

e = P; <8p€ + au€> +7e, Ue(a) =0.
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3.2. Semi discretization and restriction to finite dimension

As in Section 2.3., every 0 € H, can be written in the form
o
=Y vilp)wi(0), (3.10)
i=1

where w;(6) are the elements of an Hilbert basis of L?(0,2) formed by the eigenfunctions
2

W
7 021 = \;w;, with periodic boundary conditions on 0 and 2.

Using (3.10) and the definition of the norms referred in the previous section, we obtain,
for all s € (e,al:

o0 [e.e]

[0z 02 = 207 1901 020 = ¥ Z 02, 0133 20,0 / S 2ndp
’ 1

i=1 2

H|@H@S_asiv§ /Zv dp+/ Z <8vz>

By interpolation, we also have

oo - > y.3/2
~ 2 _ 2 \/T’L 2 ~ 2 2 )\7’ 2
Hv(p)HH;’/g(Ov%)—vl-i-Q ok 0 vz ) = vﬁg e
= =

and we define

2 2 — 4
6P n .y + = F + 30 o

=2

Obviously, all of these norms can be extended to the interval (0, a].

Once again we embed the approximated problem (2.28) in a family of problems depend-

ing on h and s. For all s € (¢,a] we consider the finite dimension approximation defined

on \ Q. = (e,8) x (0,27) and, for each problem, we impose the boundary condition
o ~
;;\rs + Ozﬂg‘rs = h. Considering V™ = (wy,...,wy,), we define H" = H;(E,S;Vm) and

(787” = {v € Hg(s, s VMY U, 1s constant}. Then, the approximation 4" € [7';" of 4. is the

solution of

2 2T oum oM 1.9a™ o™
d6 —2 <= 7 dhd 3.11
/o U ()3 (s)s +// dp Op +p 00 00 P (3.11)

2m
:/ ™o (s )sd¢9+// Fmomp d9dp, VoI € UM
0

\
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We denote by pI*, " € U . respectively, the part of 4" independent on A" and linearly
dependent on h™, which means that, as in Section 2.4., we define the finite dimension

operator F;"(s) by 7"(s) = P2 (s)h™ and 5" (s) = r2*(s)-

As in the previous chapter, for every s € (g,al, PI"(s) is a linear operator and PI"(s) :
/
V™ — V™ (on which we consider in the first set the norm of ( 1/2(0 27r)) , and in the

second one the norm of prlf(o, 27)) and r7*(s) € V™. Then we have

a" = P"(s) <?{)|FS +aul’ L > +7r0(s),Vs € [g,qa]. (3.12)

ir,

Furthermore, the solution 4" of (2.28) is given by

?mm=<a%mC§hyﬂw))@+wmmw» (313)

From the last equality we can easily derive the following system:

( 2 He
orm pm 1 9 proJ
R +;a(P5m)2 L pm S P 2aP = (P = 1, Pe)=—~
1 *rl e
PP Prar = PR tPI S par <0, ) =0 (310
~m m 8’&? ~m mo am
ul = P! 5 )+l al(a) = 0.
( p

The proof of the next proposition is similar to the one of Proposition 2.4.2:

Proposition 3.2.1. There exists a unique local solution to the system (3.14).

By definition, we can write all 4" € H &' in the form

ar(p,0) = > ui(p)wi(6). (3.15)

Then, the coordinates {u;(p)}it; of 47" must verify the following system (see Section 2.4.

for the justification of the boundary conditions on ¢):
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_19 ( 8ui< )) 4 ﬁu( )
2
= fw’b(0>d9:fl<p)7 5<P<57i:17- , N
0
ui(e) =0, i=2,...,m (3.16)
8u1 _
ap (e)=0
aui .
ap (s) +aui(s) =hy, i=1,....m

As a consequence, the coordinates of 4" verify, fore < p<sandi=1,...,m

o (V@) + ) =0

p Op
vi(e) =0, i=2,....,m
o (3.17)
8710(5) =0
\ aa’;l(s)—{_a’%(s) :h’i7 = 1,"'am
and, for the coordinates of 3", we have
10 05; Ai
L 0p (P ap (P)> + ?ﬁz(P)
:fi(P)7 e<p<s, i=1,....m
Bi(e)=0, i=2,....m (3.18)
OB
—(()=0
o ()
%Bpi(s)—l—aﬂi(s) =0, t=1,...,m.

For i = 1, we know that the equation (3.17) has a solution of the form 1 (p) = ¢1+c2 log p.

So, determining the constants ¢; and cs, we find that this solution is

71(p) = Lh. (3.19)

(07

Similarly, for i > 2, we know that the equation has a solution of the form ~;(p) = ¢; p\/)‘j' +
czpﬂm and we find that this solution is

hi (3.20)
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on determining the constants.

In order to obtain an explicit formula for the coordinates of PI", we can also use the
property exhibed in Remark 3.1.5. It’s easy to see that without considering a particular

value for the initial constant we obtain, using the same method as in Proposition 2.8.8, the

general solution p;(p) = NS YNl i > 2, for the equation (2.37). Therefore, as a
i cp?VAi

consequence of Remark 3.1.5, denoting by p; the coordinates of P, we have

2/
_ _ . p Ccp -1  _
l—aii:i:> 1—@1' = D;
( p>p p ( p) /)\ich\/)‘i‘i‘l p
plep* ™ —1)
V(e pYA 4 1) + ap(e VA — 1)

= pi(p) =

From the initial condition p;(¢) = 0, i > 2, we can determine c as 72V and therefore we

find, for the coordinates the P", the explicit expression

p\2vVAi
ﬁz(p): p((g) _1) P> 9

VRO 4 ) +ap((0)V -y T

) 3

(3.21)

which corresponds to (3.20). The first coordinate of P/ can not be achieved throught this

process since the first component of (I — aPy) is not invertible. In fact, from (3.19), we have

pi(p) = é

W

The coordinates of P verify p;(p) > 0, Vi > 1, and since (5)2 M 41> 0, from (3.21)

1
we deduce also that p;(p) < —, for i > 2. Then,
a

i> 1 (3.22)

Q|m

pi(p) <

3.3. Estimates on P and 7"

We begin this section with the usual “trace theorem”, valid both for functions 4* and g":

Proposition 3.3.1. For all p € (e,s] (s € [e,al]), there exists k > 0 (independent of p)
such that

VRIE™ O 1720 5y = FIIE™ I,

for all €™ € H,, verifying %—gpl(s) =0 and &(e) =0, fori> 2.
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Proof.  Since, for ¢ > 2,

3 i
52 _2/ 51 g
we have
p)\. 1/2 P 8§ 2 1/2
i < ] [sou] 2[4 00 </ (%))

(3.23)

IN

PN N3 2
— & dt t| = | dt
[ e (6t>

Summing up from 2 to m, we obtain:

3
Z\fg <Z/§dt+2/ (§> . (3.24)
On the other hand, as in Proposition 3.1.1, we have

s 651 :1525—1 9 _1 52 ”
[ raw G = s~ gosito) - [ g

Then,
et st + [ dmar=—2 [ rawToa )
< 2 [T % | < (/:ff(t)dt)m (/t (%i)dt)
< /gl dt—i—/p t2<8§> dt.
Consequently,

s 2 s 2
peitp) st < [0 () as [0 (%) s [ (%)
p p c

p&i(p +Zf§z ) < p€p +Z/ fdeZ/ <8&>
pE(p +Z/ gldHZ/ (asz>

s [[1(5) e [ gue X ()
~ase(s) +Z/ Ngdry (st i/t@&) w
éaszfg +Z/ Sdrt (s +1) i::/ (0&>

1
max{l s+1}mg£ l, < max{ 2ot 1 ezl

So,

IN

IN

IN

IN

IN
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Proposition 3.3.2. For v solution of (3.17), we have

m||2 m m
I, < 10 )0y W 0y

for all s € [e,a].

Proof.  From (3.17) we obtain,

8827‘ s 1 318’}/'
— [ S5nied SAvipdp— [ ==Zyipdp =0
o P p+/€ P dp /Epapw p
i r/s i (5% ) /51 2 * 0V
= -5 VPt p+i|dp+ [ —Xivi dp — Yidp =0
dp cJe Op \ 0 p e Op
0vi 07; 1 9
= — s) vi(s s+/ ( ) pdp—l—/ —“Aividp=0
ap<> (s) Bvr p

o )10 5+ [ (2 pars [aszap=o 3:29)
> S smas3 e [ () e 32 [t

= D> hivils) s =
1

On the other hand,

D hivi(s) = ham(s)+ Y ve hi 4)\2%(5)
1 2

Vi /s
m 1/2 m 1/2
Ai
< ( £y 3) 7%(8)+Z\ﬁ%2(8)>
2 Z > °
= HhmH 1/2(02 ||7?1(S)||H;7/1§(0727r)'
Consequently,
21, < W1 s 7 IO 2

As a direct consequence of Theorem 3.3.1 and Proposition 3.3.2, we have the following

theorem:
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Theorem 3.3.3. There exists k = (max{é,a + 1})2 > 0 (independent of s and ) such
that

I vz 02m) < IR (3.26)

2(0,2m)

The above theorem tell us that the operator P! is continuous and

£ HY202m) HYZ(02m)

where k is a constant that does not depende both on ¢ and s.

1
Theorem 3.3.4. There erists k = max {1, } > 0 (independent of s and €) such that
!

92O 32005y < K IR L1725y (3.27)

Proof.  Multiplying (3.23), for the particular case of p = s, by A;, we obtain

s O 2
W < [t dos [T (h0) an

and summing up from 2 to m,

ZA3/2 2 <Z/ “X22(p dp+i::/:mi <?9Zj(p)>2 dp. (3.28)

On the other hand, on (3.25), considering i = 1 , we have

579 2
o 572(8) = ham (s)s — / DY pdp < i (s)s
e \Op
= s%i(s) <
and, considering ¢ > 2 and multiplying by A;, we get

s 8’)/ 2
/)\i Z> pdp+/ —\i7 dp
c dp

= Aihi 7i(s) 5 — A s77(s) < Aihi i(s)

:2/ TEOIATED 3Y TR SEIRIER
2 V€ 2
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Consequently,

Then,

IN

IN

IN

IN

IN

3|72 ()| 3/2(02 )
+Z)\3/2 2
= # a%‘ 2
+Z/ —A\i(p dp+2/ pAi afp(p)
2 £

—hm ) + Z Aihi i(s

1
1, — h i b i
max{,a} (171 Z 7 )

max {1, (i} 3 (hl 71(s) + 22:)‘?/4>‘2/4 hi %i(s) 331/2811/2>
max < 1 Ils h2+2m: A " i A :
e (1 £80) " (o)
1 5i00m m
o {1,250 17 O 3y

H’Ya ( )H 3/2(02 )= < max{ }’h H 1/2(02 )

By interpolation, we achieve the following corollary, which is a direct consequence of

Propositions 3.3.3 and 3.3.4:

Corollary 3.3.5. There exists k > 0 (independent of s and €) such that

I (a2, 0.2m) < B IR |2202m)- (3.29)

With respect to the function 3", solution of (3.18), we have the following estimations:

Proposition 3.3.6. For all p € (e, 5], there exists ¢ > 0 (independent of p) such that

m
132 ”Lg(s,s;H;flf(o,zw)) <c
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Proof.  Since the coordinates of g, for ¢ < p < s and 7 = 1,...,m, verify (3.18), we

_/5 ;ﬁ;ﬁzﬂ dp — / aﬁ% p+/:);ﬂ?dp=/;< O%fwi(e)d9> Pipdp

8ﬁ2 aﬁz ﬁz 8)\1' 2
7’ 7 d - Zd — ’Ld
(%ﬂ] +ﬁ> ’ /s ’ +/€ pﬂ ’

3 (5
([ i) s
= Bi(s)as+ ( )2 3—52d —/: (/OZﬂfwi(H)d9>ﬂipdp
= ij:( s)as+ (8@) 6 *52 > Z/( fw;(0 >ﬂipdp

0
s m s 21
= 18211, =/ / <Z )pddeZ/ fB87pdpde.
€ 0 1 € 0

Furthermore,

have

27
/5 0 fﬁ;np dpdf < ||f||L%(s,s;L2(0,2w))”ﬁ?”L%(s,s;LQ(OQW))

< ||f||L§(O,a;L2(O,27T))HﬁgnHL’Q)(E’S;H;’/;(OQW))'
Therefore,
|H5§nw2qs < HfHL%(O,a;LQ(O,27T))||ﬁ£n||L}2)(a7s;H;1/}§(O727r)) (330)

and from Proposition 3.3.1, we obtain

plB ()%, v

200,27 ) = HfHL2 0,a;L2(0,27 )Hﬁa ||L2(E s H1/2(0,27r))

= /P’ﬂm 1/2 dP</ kaHLg(o,a;L2(0,27r))\W?HL%(&S;H;/;(Q%))dp

m||2 ¢ m
= Hﬂe ” 2 Hl/2(02 ) < k(S _E)HfHL/%(O,a;L2(O,27r))Hﬂe |’L?)(€78;Hp17/1§(0727r))

= ”ﬁgnHL%(E’S;H;,/;(O’Qﬂ)) < kSHf”L%(O,a;LQ(O,Qﬂ’)) < kaHfHL%(O,a;LQ(O,Qﬂ)) =cC

Proposition 3.3.7. For all p € (e, s|, there exists k > 0 (independent of p) such that
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Proof.  Using (3.24), we have

St [ aas [1(5) @

Then,
2 2 aﬁz
B (p +Z\fﬂ ) < pBi(p +Z *ﬁ dt‘i‘z
2 2 aﬁz
< —Zapﬂ +Z —ﬁ dt+Z
< max{ S
that is,
m (|2 m (|2
P sy < O (3.31)
From (3.30) we have, for all ¢ € (g, p),
15213, < W00l gzt 0zmy S I s piiozmy (332

From Proposition 3.3.1, for all ¢ € (e, p), Jez > 0 (independent of ¢) such that

VA Oll 22y < 1B, (3.33)
Then, from (3.33) and (3.32), we obtain

m 2
t”ﬁa (t)H 1/2(02 ) < C2C3||/6€ ||L2(spH1/2(0 21))

p
2
= [ O g0y 8 < 2 [ 0y

m (|2 2
= H/BE ”L%(s,p Htl/Pg(OZ )) S 6263(p )Hﬁ&‘ ||L2 EpH1/2(0 271_))
2
= Hﬁ?HLf(e,p;Htlﬁ(o,Qw)) < c203p.

Again from (3.32) we get
1827115, < e
and back to (3.31) we obtain

pHBs H2 1/2(02 ) = Clc%C§p7

as desired. n

In the sequence of Proposition 3.2.1, the following proposition is a direct consequence of

Propositions 3.3.3, 3.3.4, 3.3.6, 3.3.7 and Corollary 3.3.5:

Proposition 3.3.8. P™ is a global solution of (3.14) and is C' from [e,a] with values in
L(V™ V™) : consequently, r™ is a global solution of (3.14) and r™ € H'(e,a; V™).
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3.4. Passing to the limit

First, we are going to pass to the limit when m — oo. In this passage we use the same
arguments of Chapter 2. In fact, applying again Propositions 2.8.1 and 2.8.2, we can prove

the following result, following the same steps of Corollary 2.8.3:

Corollary 3.4.1. For all s € (g,a), rI*(s) — re(s) strongly in H1/2(0 27), when m — oco.

)

Also, for all s € (e,a) and for a fized h, P"(s)h — P-(s)h, strongly in H /P(O 27), weakly

n HE{;(O, 27) and strongly in H;’P(O, 27), when m — oo.

Now, from (3.14), we obtain

Proposition 3.4.2.  For every h, h in L*(0,27), the operator P- € L*((g,a); L(L?*(0,2m),

lrif;JD(O7 27r))) satisfies the following equation

P. 1 - 1 _
(8 h, h) — (h,P,JL) =+ ( 0 —P.h, 8P€h>
Ip £2(0,27) \P L2(0,27) p> 00"~ 00 L2(0,27)

+;a (Pzh, P<h) L2(02m T 20 (Pzh, B)LQ(O,ZW) — a*(P:h, P:h) L2(027) (A, B)L2(0,27r) ’
in D'(g,a), and P:(e) = pTZﬂN

Proof.  For a fixed myg, let h, h € V™0, Then, from (3.14), we obtain, for m > myq

(o)~ (5) g, = (o)
dp L2(0,27) p L2(0,27) P L2(0,2m)

m 82 m m 7, m 7 7
< Fe @P h h> £2(0 ;)(QO‘PE hvh)L2(0,27r)_((O‘Ps )2h7h)L2(0,27T): (hv h)L2(0,27r)'

Considering ¢ € Cl[e,a) (that is, ¢(a) = 0 and we can have ¢(¢) # 0), we have:

oP" a/pm
/ < ) ebpdp—/ < = h,h> ppdp
L2(0,27) e p L2(0,27)

a 2
o (o v [ (o) o
L2(0,2m) " € o0 L2(0,27)

+/ (20, R) a5 ¢pdp—/ ((@P")?hs B) 2 5y B9 A

£

h, h) L2 0,2m) PP dp-

\
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h
Integrating by parts the first term, since P*(e)h = ¥ and ¢(a) = 0, we have
a

h\N

_ a _ a 1 =
RN h)L2(0 271')¢(€)6 _/(Pamh’ h)L2(0 27) d),p dp - 2/ <Pgmha h) ¢p dp
« c ’ e P L2(0,27)

a/q a 2
/ ( a(P™)?h h) gbpdp—/ ( pm 82th h> ppdp
L2(0,27) L 90 L2(0,27)

2ath h L202 (;Spdp—/ ((aPEm) h,h)Lz 0,27 ¢Pdﬂ

o 5
/g h) L2(0,27) ¢pdp.

Now, integrating by parts the fifth term, and taking into account the periodic boundary

conditions, we obtain

h _ a _ a 1 _
_(ﬂv h)LQ(O,Qﬂ')qb(g)E _/ (Psmh7 h)L2(0 2m) ¢,P d,O - 2/ <h7 Paznh> op dp
@ e ’ e \P 12(0,2)
“1 m m7, ¢ 1 8 m 8 m
+/€ 5@ (PZ"hy PIR) 12 g o) qﬁpdp—i—/s (28913 hy 5 - h>L2<o,2ﬂ) ppdp

—1—/ 204(P€mh,h)L202 ppdp — o / (Pg”h,Pg”h)LQM ppdp
€a €

= / (1:1) 20,0y 0 -

15

In the previous equality all the integrands are bounded, as a consequence of Corollary

3.3.5. In fact, as in Chapter 2, for h € L2(0,27r) we have ||P€thH1P(O or) bounded and
P, )

are bounded (notice that we have,
_HL2(0,27)
for instance, (P["h,h)r2(02m) < HPsthLQ ©2m 12l z2(0,27)). Then, we can use Lebesgue’s

consequently both || P2"hl| 12 (g 2. and H (PI"h)

theorem and according to Corollary 3.4.1, we can pass to the limit and obtain

hiv - a _
_(£7 h)L2(0,27T)¢(€)€ _/ (PEha h) L2(0,27r)¢/p dp

a €

ar B a1 _
—2/ (h, Pgh) (bp dp + / —« (P€h7 Psh) L2(0,27) ¢p dp
e \P L2(0,27) e P '

“ /10 0 - “
~ 2 Pph —Ph d 2a (P.h, h d

€

~a? [ (P P) spdp = / (h,h)L2(072W)¢pdp.

(3.34)

+

0
In fact, since P"h — P.h strongly in H;,P(O, 27), then both P"h — P.h and %th —

0
%Peh strongly in L2(0,27).

Now, since D(g,a) C Cile,a), we can take ¢ € D(e,a) in the previous equality and
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integrate backwards the second term, obtaining

/(813 > ¢pdp—/ <1h,Pah> opdp
€ op L2(0,27) e \P L2(0,27)

aq i “/1 9 [
+ [ Yo (P Pk d+/< ETAG Ph) ¢
/6 pa( en, I )L2(0,27r) ¢pdp 5 200" ° 700 ° L2(0,27) s

4 [ 20 (P ) gy 00 = 02 [ (P PR o 000
€

a B 3
:/ (h’h)LQ(O,QW) ¢pdp,

€

(3.35)

for h, h € V™. Therefore, by density, when mg — oo, we obtain (3.35), for h, h € L?(0,2m).

Then, from the equality in D'(e,a)

OP. ) <1 -) 1 - <1 0 0 —>
hh — (=h, PR — Za(P.h, P.h (=2 ph 2 Ph
<8P £2(027) \P : L2(0,2m) P ( evnE )L2(0,27r) p200 =700 ° L2(0,27)

—2a (P€h7 B)L?(o,%) +a? (Peh’ PJL) 12(0,27) + (h’ B)LQ(O,QW) )

and using again Corollary 3.3.5 (notice that the result is independent of m), we see that

OP-
< h, h> € L*(e,a). Using the same reasoning as in the proof of Proposition
dp L2(0,27)

dp
(P-(p)h,h) (0.27) 18 continuous in p. Consequently, for ¢ € C[e,a) we can integrate (3.34)

P -
2.8.4, from (8 “h, ) € L2(£ a) and (P-(p)h, h)LQ(O om) € L2(e,a), we deduce that
L2(0,27) ’

h
backwards to obtain P.(¢)h = v (]
a

With respect to the equation on ", we obtain the following result:

Proposition 3.4.3. The function r. belongs to C (e,a,LQ(O, 27r)), satisfies r-(¢) = 0, and

for every h in Hj/ﬁ(o, 2m) wverifies the following equation

<1ozr€, Psh) + <1207“57 6Pgh>
P L2(0,27) p? 00" 00 H/2(0,27 ) HE(0,2m)

or.
—a? (e, PEh)L2(0,27r) ppdp + ( ) h) + a(re, h)L2(0,27r) = (f, Pah)L2(0,27r) )
P L2(0,27)

in D'(g,a).

Proof.  For a fixed mg, let h € V™0, Then, from (3.14), we obtain, for m > my

1
(=P f™ h)1200.90 +<Pmarm,h>
5 L2(0,27) € P 5 H;{;(O,Q ) ,H1/2(02 )

1 82 m
P h 2(pmyem py
< > op > W0 HA0am WEEL I m " om

87‘m
e h h —0.
+ < 8[0 > H1/2(0 27) ,H1/2(0 o) +« (7“5 )L2(0,27T)
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Considering ¢ € Ci[e,a), we have:

a a 1
_PEWL mvh s opd +/ <P€’mar;n7h> (bpdp
/E ( f )L2(0,2 yepap j P 1/2(0 o)

,H1/2(0 1)
1 0%rm >
- P2 Ppdp
/s < = p? 0602 H)/2(0,2m) ,H1/2(027r)

_O‘z/ <Pgn7“§n7h> 1/2(02 ) ,H1/2(02 )¢pdp

5 pP
a 87,771 a
+ = ,h> ¢pdp+a/ rZ'h n ¢pdp =0.
/a <8p 1/2(0277) HE(0,2m) e ( )LQ(O’Q)

Integrating by parts the fifth term, since r7*(¢) = 0 (and ¢(a) = 0), we obtain
“ m m “ 1 m m
[Py 00+ [ (ars P! h) bpdp
e e \P L2(0,27)

a“ /1 9m >
- — , Ph Ppdp
/s <P2 90 " ° Y20, or) | H H/2(0,27)

a (l

—Oé2/ (T?,Pgnh)ﬂ(o,zn) gZ)pdp—/ (rd" ’h)L2(0,27r) ¢'pdp

g £
“ry ©om
_/ (Ts ,h> ¢pdp + O[/ (Te 7h’)L2(0,27r) pr dp =0.
e \P L2(0,2m) e

Integrating by parts the third term and according to the periodic boundary conditions, we

a a 1 m m
_ / (f PE h)L2 (0’271_) (z)p dp + / <Oz7”€ y PE h) (rbp dp
e e \P L2(0,27)

1 (9 1
—P™h d
+/€ PEAPTRY 7RG > HY2(02m) ,Hmmw)w’ g

—a? (re", Pgnh)ﬁ(ogn) ¢pdp — / (r" 7h)L2(O,27r) ¢'pdp

€

€
a 1 a
_/ (r;n7 h‘> d)pdp + Oé/ (T:;n) h)L2(0,271') gbp dp - 0
e \P L2(0,27) e

From Corollary 3.4.1 and Lebesgue’s theorem (again all the integrands are bounded as a

have

consequence of Proposition 3.3.7 and Corollary 3.3.5), we can pass to the limit in the previous

equality. Then,

¢ /71
/ <f,Pah>L2<02W>¢>pdp+ / (ara,PEh> opdp
P L2(0,27)

55 a0
— == Ppdp
p? 9 39 HY20,2m) ' H2(0,2m) (3.36)

—a? (re, PEh)L2(O727r) opdp — / (e, h)L2(0,27r) &' pdp

a € Y a
1
- / <T€7 h’) ¢p d,O + OZ/ (T‘Ea h)LQ(O,Qﬂ') ¢p dp — O
e \P L2(0,2) e
In fact, in addition to the converge properties on P!" exhibited in the previous proof, we

have %ra — %rs strongly in <H1/2(0 277)) , since rI" — r. strongly in H /P(O 27),
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and %th ;Psh weakly in H;/;(O, 27). Now, since D(g,a) C Cle,a), we can take

¢ € D(e,a) in the previous equality and integrate backwards the fifth term, obtaining
a a 1
= [ (fyPh) 200 0 dp + —are, Peh ppdp
€ 5 € p L2(0,27)
@/ 10r. 1
——,—F.h d
+/s <P2 90’ 00" ° > H,/2(0,2m) ,H1/2(0 2r) opdp

a @ /or
_a2 / (Tg, PEh)L2(O,2ﬂ') ¢p dp + / (887 h) ¢p dp
e e P L2(0,27)
b [ i) dpdp =0
€

(3.37)

for h € V™0, Then, by density, when my — oo, we have (3.37) for h € H1/2(0 27) (notice
that with this choice for h, the third term is well defined).

Again by Proposition 3.3.6 and Corollary 3.3.5 (the result is independent of m), from the
equality

<87“5,h> S (1ar5,PEh> - <1287“€ 1P5h>
dp L2(0,21) p 12(0,2r) p> 00" 00 H)/2(0,2m) ,H1/2(027r)

+a? (re, Peh) r200.0m) = @ (Tes D) 20 20y + (s Peh) 120 27 5

in D'(g,a), it’

€, a <H1/2(0 27r)>/ Analogously to the proof
ap » ¥ pP ) . g y p

of Proposition 2.8.5, from 88— € L2 < (H1/2(0 27r)) ) and r. € L2 (5 a, H1/2(0 277))
p

we deduce that 7. € C (g,a, L*(0,2m)). Consequently, for ¢ € Cj[e, a) we can integrate (3.36)

backwards to obtain r.(g) = 0. [

Regarding the equation on @', we now have:

/
Proposition 3.4.4. For every h in <H;7/P?(O, 271')) , Ue satisfies the following equation

{Ge, h>H1/2(O 2m), 1/2(0 2m) |

Ol,
N <P‘S < dp +au8> ’h> 12020, H)/Z(02) SR 200, B2 02m)

in D'(e,a), with t:(a) = 0.
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Proof.  For a fixed mg let h € V™0, Then, from (3.14), we obtain, for m > myg

ou™
pm € nm h am o h ’
< : < dp ° )7 >H1/2(027r) H/20,2m) ~ (R H)/E(0.2m), H)/E(0.2m)

= <_r?vh>

1/2 1/2 !
H,/2(0,27), H,/2(0,27)

Considering ¢ € D(e,a), we have:

a A
[ (o (55 +ai) ) pdp
c Ip HY2(02m), HY2(0,2m)

_/E <ﬂ£”,h>H1/;(02 ), HY2(0,21) ¢pdp=/€ <—r?’,h>H1/2(02 ), HY2(0,27) rppdp

P PP PP

N / <‘9“5 ,P;“h> ,dpdp
c \ 9p HY2(02m), HYZ(0.2m)

+/€ a<ue 7Ps h> 1/2(027r) H1/2(02) ¢pdp

_/5 (a? 7h>H1/2(02 ), H1/2(02 ¢Pdp:/5 (—=rZ 7h>H1/2(02 ), H1/2(02 rppdp.

Then, by Proposition 2.8.2, Corollary 3.4.1 and Lebesgue’s theorem, we can pass to the limit

and obtain
/ <8ua,Peh> , opdp
€ 8/) 1/2(0 2m), H1/2(0 2m)
N 3.38
+/€ a (e, P:h) 1/2(02 ), 1/2(02 ) rppdp ( )

_/E (e, h) 1/2(02) H1/2(027r) /¢Pdp:/8 <_r€’h>H1/2(027r) 1/2(02) 1 op

for h € V™. Then, by density we have (3.38) for h € < 1/2(0 2 )) [

At this point, we want to pass to the limit when ¢ — 0. For this, we will use the
same arguments as in Chapter 2, that is, Lemma 2.8.14 and Proposition 2.8.15. In fact, the

following Corollary is a direct consequence of Proposition 2.8.15:

Corollary 3.4.5. .(p) — u(p), when € — 0, strongly in H;/IE(O, 2m), for all p € (0,a),
where iz and G are the solutions of (2.2) and (2.1), respectively.

Therefore, considering u(p) = P(p)h + r(p), we obtain:
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/P(O 27), when ¢ — 0.

Corollary 3.4.6. For all p € (0,a), r(p) — r(p) strongly in H
Also, for all p € (0,a) and for a fized h, P-(p)h — P(p)h, strongly in prP(O, 27), weakly in

H3/2(0 27) and strongly in H p(0,27), when € — 0.

Proof.  Applying Corollary 3.4.5, for all p € (0,a), we obtain P.(p)h + r-(p) — P(p)h +
r(p), strongly in H;’/;(O,Qﬂ). Taking h = 0, we obtain 7.(p) — 7(p) and consequently
P.(p)h — P(p)h, strongly in H;/]E(O, 27). Now, from Proposition 3.3.4, P-(p) is bounded
in H, 5/ 2(O 27) (the result is independent of ¢ and m) and consequently we can extract a
subsequence converging weakly. By density (since P.(p)h — P(p)h, strongly in H, 1/ 2 p(0,27),
for all p € (0,a)) that subsequence converges also to P(p)h. Since Hi/lg (0,27) C Hl 5,p(0,27),
with H3/2(0 27) dense in Hp/]z(() 27), then P.(p)h — P(p)h strongly in HIP(O 2m), for all

€ (0,a). (]

Now we can pass to the limit, when ¢ — 0, successively on Ps, r. and .:

Proposition 3.4.7. For every h, h in L?(0,27), the operator P satisfies the following equa-
tion

(5P h, h) - <1h,Ph> + L0 (PR, PR) g + (1231%, 8Ph>
op L£2(0,2m) \P L2(0,2m) P ’ p* 00 90 12(0,27)

+2a (Ph, E)LQ(O,QW) —a’ (Ph, PB)L2(07271') = (h, B)LQ(O,QW) ’

in D'(0,a).

Proof.  We consider equation (3.35), for ¢ € C§(0,a) and h,h € L?(0,2n). Integrating

by parts its first term, we obtain

h _ a a 1 B
| h)LQ(O QW)QS(E)g_/ (P6h7 E)LQ(O,ZW) ¢/P dp _2/ (ph7 P6h> ¢P dp

L2(0,2m)
0

@1 - @71 0 -
—«a (P:h, P, ——PFP.h, —P.
+/€ pOé ( {-:ha Eh)L2(0’2ﬂ.) ¢pdp + /; <p2 90 €h7 90 €h> 12(0.27) pr dp

4 [ 20 (P ) gy 0 dp = 02 [ (P PR o 900
15 13

/6 (h,h) 12(0,2m) PP dp-

(%
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Then, considering P.h = 0, for all p € [0,¢), gives

hiy - o (L B
_<gvah)L2(O,27r)¢(€)€_/ (P-h, h)L2(o2 )¢/’0dp _2/ <h’P€h> prar
0 p L2(0,2m)
+/a1a(PhPh) ¢pdp+/ (1 SpPh h) opdp
b P el el ) r2(0,27 2 00 89 L2(0,27) (339)

a

+

S~

20 (PahuF) gy 0049 =02 [ (P PLE) g0y 000

_/O (R, B)LQ(O,QN) ¢pd/’_/0 (hah)m(o,zw) ¢pdp.

When ¢ — 0, we have

a a7 —
_/ (PhF) 12(g.0m) €' dp 2/ (h,Ph) ppdp
0 ) P 8L2(0,27r)
ay 7 a1 :
-|-/ —a (Ph, Ph - d)pdp—f—/ (Ph, Ph opdp
ol ) 120,20 o \p206" 706" ") Lagom (3.40)

; (R, B)L2(0,27r) ¢pdp.

hi, - _ _
In fact, the terms (ﬂ, h)r2(0,27)®(€) and (h, h) 12002 )¢p are obviously bounded, since h, h €
o ’ 2T
hy. -
L%(0,27), ¢ € CL(0,a) and p < a. Then, when ¢ — 0, we have (ﬂ, h)r2(0,27)¢(€)e — 0 and
a
€
/ (h, h) L2(0.2r gb,o dp — 0. Further, due to Corollary 3.4.6, we have P.h — Ph strongly in
0

H;P(O, 27), which implies that both P.h — Ph and ;;Pgh — ggPh strongly in L?(0,27),
for all p € [0, a]. In order to use Lebesgue’s theorem, we need also to have all the integrands in
(3.39) bounded, for all p € [0,a]. But, from (i’t’gh,l_z)L2 021 <;5’p <||Pehl| 120,27 1Bl £2(0,20) ¢ s
this term is bounded for all p € [e, al, since ||P:A|| H1 (0,2m) is bounded for p € [e,a] (notice
that the result of Corollary 3.3.5 is independent of m and ¢), h € L?(0,27), ¢' € Co(0,a)
and p < a. Then, since we have considered P.h = 0, for all p € [0,¢), we also have
||Pgh\|H;’P(0727r) bounded for all p € [0,a], and consequently, (P.h, h) L2(0.2n qﬁ p is bounded,
for all p € [0,a]. All the other terms, that is, 2« (Psh, B) 12(0,27) op, a (Pah, Pah) 12(0.27) op,

0 (Peh, P.R) 13 gy & and 2 (1h, P5h> 6p (=2 (1 PB) 1o g 5y ©) axe bounded for the

L2(0,27)
1 1
same reasons, on [0, a], and ( 0 —P.h, — 0 —P, h) ¢p is also bounded as a consequence
90 pob L2(0,27)

of the boundeness of || P: h||H1 (0,27) on [0, al.

Now, since D(0,a) C C}(0,a), we can take ¢ € D(0,a) in the previous equality and
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integrating backwards the first term, we get

/ (aPh h) ¢pdp—/ (1h,Ph) opdp
o \ Op £2(0,27) 0 \P 12(0,27)

aq ¢ a1’ o
—a (Ph, Ph d ——Ph, —Ph d
+/0 pa ( ) )L2(0,27T) ¢p 1Y + A (,02 80 5 89 >L2(0 27r) pr P

_i_/(; 200 (Ph, FL)L2(O,27r) ¢pdp— 062/ (Ph7Ph)L2 0,27 (bpdp

0
0 (hv B) L2(0,2ﬂ') pr dpu

and consequently, we find the equality in D’(0, a):

op —> <1 —) 1 _
h,h = (—-h,Ph — —a (Ph, Ph (R i
(8p L2(0, 27r) P 2(02x) P ( )L2(0,2 ) ( )L2(0,2 )

1 0 8 7 2 h

Proposition 3.4.8. For every h in H;’/Pg((), 27) the function r verifies the following equa-

tion
1 10r 1
—ar, Ph + <, Ph> —a?(r, Ph -
<P >L2(0,27r) p2 00’ 00 H1/2(02 ) ,H1/2(0 o) ( )L2(0,2 )
or
i <3P7 h)L (0,2m) T h)i2eam = (1 PR 20
in D'(0,a).

Proof.  We consider (3.37), for ¢ € C}(0,a) and h € H1/2(O 27). Integrating by parts its

fifth term, we obtain

@ /1
/ (f, Psh)L2(0 2m) ¢Pdp+/ (aT87P€h> Ppdp
p L2(0,27)

1 Or. 1
d
< 200’ (99 > H1/2(0 or) | H 1/2(0 2m) wodr

042/(7”57 Psh)L2 0,2q) PP dp — (r=(e), h)L2(0,27r)¢(5)5_/ (e, h)L2(o72ﬂ) ¢'pdp
£

-6 Cre)paandpdp+a [ (reh)pagoam dpdp =0
13 13

Then, considering 7. = 0 and P.h = 0, for all p € [0,¢), gives
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@ /1
/ (fs P=h) 120 2m) ¢pdp+/ (pamPeh) opdp
0

0 L2(0,27)
10
%) s
0\ o ‘99 HY202m) | HY202m) ) (3.41)
=02 e P 050y 00 = 0:(6). W 020 9(E)e | (s oy 000

a 1 a
- [ Cremzoantodota [ G pdp =0

When € — 0, we have
a a 1
- / (f; Ph) p2(0,2x) PP dp + / (an Ph) ppdp
0 0 \P L2(0,27)

@/ 1or 1
+/ <2r,Ph> ¢pdp
o \p?00’ 00 HY2(0.2m) ,Hl/Q(O 2r) (3.42)

a

—a? /0 (r, Ph)L2(o,27r) ppdp — /‘0 (7, h)L2(0,27r) ¢'pdp

“1
- A (;Ta h)L2(0,27r)¢p dp + a/o (""7 h)L2(0,27r) opdp = 0.

In fact, due to Corollary 3.4.6, we have P.h — Ph and r. — r strongly in H;’/;(O,Qw),

Ore or . 1/2 ! . ..
f((;r all p € [0,a]. Then, 20 ~ 20 strongly in (Hp,P(O’ 27r)) and, in addition, we have

89P -h — %Ph weakly in H1/2(0 27). In order to use Lebesgue’s theorem, we need also to
have all the integrands in (3.41) bounded, for all p € [0,a]. But, we have seen in the proof of
Proposition 3.4.7 that ||P5hHH;7P(0727r) is bounded for all p € [0,a]. In the same way, since we
have considered r. = 0, for all p € [0, ¢), we also have, as a consequence of Proposition 3.3.7,
that Hr5||H;’/;(0727r)
independent of £ and m). Then, from (f, P-h) 20 2x) ¢p < [l 220.2m) [ Pehll 22(0.2m) @p this

term is bounded on [0, a] since || P-h|| g1 ,(0,27) i bounded on [0, a], f € L3(0,a; L*(0, 27)) (for
P, i

(;Sp <: (ara, PEh)L2(O,27r)¢) is
L2(0,27)

and HPthHl L(02m) are bounded on [0, a] and we

|P h‘HL2 027.‘. AH the

is bounded for all p € [0, a] (notice that the result of Proposition 3.3.7 is

1
all p > 0), ¢ € C}(0,a) and p < a. The term (are, P5h>
p

also bounded on [0, a], since [|r.|| H2(0,27)

have (are, P h)L2(0 om) S allrellL20.2m) | PPl L2(0,27) < 04||7‘e|| 1/2 (0,27 )|
1

other terms - (Te,Psh)p(o,zﬂ) op, (;Tea h)L2(0,27r)¢P (: (Te>h)L2(0,27r)¢) and (T’s,h)L2(o,27r) ¢'p

(¢’ € Co(0,a)) - are bounded on [0,a] for the same reasons. Also, is bounded on [0, a] the

or. 10
t —,~—P.h d [[P:h
o <8¢9 pol” > H)/2(0,27) ,H1/2(0 2m) and [P HH}Q’,/;(O?”)

are bounded on [0,a]. Furthermore, since [(1:(¢),h)r2(02x)| < I7(€) [l 22(0,27) 1Pl £2(0,27) <

Ire(@)l zr1/2(0.2m) 1Pl 120,27y & € Cj(0,a) and h € L?(0,2n), the term (re(e), k) r2(0,2m) ¢(€)

is bounded and therefore (rc(€), h)r2(0.2r)#(€)e — 0, when & — 0.

¢, again since HTEHH;(g(o,%)

Now, since D(0,a) C C}(0,a), we can take ¢ € D(0,a) in the previous equality and
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integrating backwards the fifth term, we get
a a 1
- / (f; Ph) 120,27y PP dp + / (om Ph) ppdp
0 0 \P L2(0,27)
“/10r 1
+/ <,Ph> opdp
0o \p?00’ 00 H/2(0,2m) ,H1/2(0 2)
9 [ @ (or
—a” [ (1, Ph) 200 0q) ¢pdp + 3, ppdp
0 0 P L2(0,27)

+Oé/0\ (7’, h)L2(0,27T) ¢p dp - O,

and consequently, in D'(0,a), we have

or > 1
—.h = (f,Ph)120 97y — <ar,Ph)
<5P L2(0,27) £202m p L2(0,2)

1or 1 9
(™), Voan) ‘om0 T UL
[
/
Proposition 3.4.9. For every h in ( p/P(O 271')) , U satisfies the following equation
(@, h) a2 (0,2m), HY/p(0.2r) '
ot
=(P|—+ ,h + {r,h ’
< <8P au) > HY2(0,2m), H/2(027) o >H;/1§(02 ). H,/p(0.2m)
in D'(0,a).
. , O
Proof. Let ¢ € C;(0,a). Since ¢(0) = op 0,
for p € (0,¢), from (3.38) we obtain
o [ ou
/ <857Pah> ppdp
0 p 1/2(0 o), 1/2(0 2m) !
a ~ &€ ~
+/0 <au€’P€h>H1/2(o or), HY/E(0.2m) ’¢pdp_/0 <au€,P€h>H1/2(0 2r), H/E(0,2m) ropdp
a ~ 15 ~
— e, h s opd e, h s opd
/0 <u€, >H1/2(027T) H/2(0,.2m) op p+/0 <u5 >H;/,§(02) H/2(0,.2m) opdp
a €
:/0 <_Tsah>H1/2(02) H1/2(02 ) ¢pdp—/0 (—=re, h) 1/2(02 ), H1/2(027r) rppdp.
Since the terms (ﬂg, >L2 0.2m )qbp, (—re, )L2(072ﬂ.) ¢p and <aﬂg,PEh> 1/2(0 2m), 1/2(02 ) r PP

are bounded in [0,€) by a constant not depending on ¢, for € arbitrarily small (we remind
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that the result for 4. is due to Lemma 2.5.2 and the results for P. and . are a consequence of

6 ~
considering r. = 0, P.h =0, Vp € [0,¢) ), we have /0 <ﬂs, h>H1/2(0 o) 1/2(0 o) ¢pdp — 0,

/O <T67h>H1/2(02 ), H1/2(02 ) ¢Pdp—>03«nd/0 <au€7P€h>H1/2(027r) H1/2(02 rgpdp — 0,

as € — 0. This way, using the results of Corollary 3.4.5 and Corollary 3.4.6 and passing to

the limit when € — 0 through Lebesgue’s theorem, we obtain

a 8,11 a
% py, dp+ / i, Ph d
/0 <8p >H;{}§(o,2w), H/2(0,21) PP 0 {ad, Ph) aY/2(0,2m), H)/2(0.27) 1opdp

_/0 (ﬁ,h) 1/2(02) 1/2(02) ¢Pd,0:/0 <_7“ah> 1/2(02) 1/2(02 +ppdp,

and consequently since D(0,a) C C3(0,a), we have

ou
Ph Pi,h /
<8p >H1/2(027T) H,/5(0,2m) FHOPE N 20, 12 2020

— <U, h>H;/;(02 ) }11/2(0 271_) = <_T) h>Hp1/;(02 ) H;/g(o 271.) !

in D'(0,a). [

As seen in section 2.5., using the appropriate conditions of regularity around the origin

(that is, f € C%%(9)), we can define the value of 7(0) (as a constant), and consequently we

have @(0) € N, with N defined in Lemma 2.2.5. Also, since gu = gz cos(0) + gZ sin(f) (see
0

proof of Proposition 2.5.4) and we have assumed enough regularity around the origin, we have

2 o

2w
—(0)do = / c1 cos(f) + ca2sin(f) df = 0, from which we conclude that %(0) eM,
0

o Op dp
with M defined in Lemma 2.2.4.
Therefore, from 4, = P(s) <§Z|Fs + vy, ) +7(s),Vs € [0, a] we obtain
a(0) = P(0) <gi<0) + aa(o)> +1(0)

= (0, = PO) (GOl +a(0),, ) +7(0),

_ ou 3.43
= 0=P(0) (ap(o)y]wo) r(0),, (3.43)
= 0= P(O)5 (O + 1(0),,

= P(0),, =0, r(0),, =0,



Passing to the limit 109

(0) = P(0) <32(0) + aﬁ(O)) +7(0)

= a(0),, = P(0) <gz(0)|1\/ + aa(o),N> +7(0),,

(3.44)

From (3.43) and (3.44) we obtain r(0) = r(0)|,, + 7(0)|, = 0. In the same way, since

[ a1

P(0)h = P(0) (h\M + h|N)
P(O)h|M +P<0)h‘|1\7
1,

_ Projjy

we obtain P(0)
«

Proposition 3.4.10. For all p € (0,a) there is a unique solution u(p) for the boundary
ol R .
value problem u(p) = P(p) (aZ(p) + ozu(p)) +7(p), u(a) =0.

Proof. Using the notations of Remark 3.1.5, we have seen that (I — aPy)P) = Py, for

the non constant part of the operators, that is, we consider the projection of the previous

equality on the set M. Then, supposing that the problem 4(p) = P2(p) (gu(p) + aﬂ(p)) +
)

r(p), @(a) = 0, has two solutions @'(p) and 4?(p), we know that w(p) = a'(p) — 4%(p)

3}
satisfies the boundary value problem w(p) = Ps(p) <8q:(p) + aw(p)), w(a) = 0. So, we
ow

have (a Py + w(p) = (a Py + 1) Pa(p) (8p<p> n aw<p>) - (2@:@) +aw<p>) and,

w
consequently, Pla—(p) —w(p) = 0. Also, since @' (p) and 4%(p) are continuous (again by
i

0
Lemma 2.5.2), w(p) is continuous. Thus, taking the inner product with a—w(p), in the duality
P

/
H)/2(0,2m), (H,/5(0,27) ), we obtain:

(A0 50 500)) = (wi) 520 0.

Then, we find, as in Proposition 2.8.19,

a ow, . Ow 1 2
[ (P05 550 do+ 31wt aan =0
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since w(a) = 0 and w is continuous on [p, a]. Since we are summing, in the previous equation,
two positive quantities (notice that P; is a positive operator because both Py and I — aP»
are positive), we must have |lw(p)|lr2(02+ = 0. According to the continuity previously

0,27
established, we conclude that 4!(p) = 42(p).

With respect to the constant part of the operator P», that is, its projection on the set

1 [/ 0u
N, we consider now that the equation (p) = o ((;;(p) —I-aa(p)> +7(p), 4(a) = 0, has

two solutions @!(p) and 42(p). Then, w(p) = @' (p) — @%(p) is the solution of g( ) =0,
o
w(a) = 0. Obviously, w(p) = 0 a.e. on (0,a). (]

As a consequence of Propositions 3.4.7, 3.4.8 and 3.4.9 and using the initial conditions

computed above, we finally achieve the following result:

Theorem 3.4.11. Considering ¢ € D(0,a) we obtain:

1. for every h,h in L*(0,27), the operator P satisfies the equation

oP - 1 - 1 .
~“ hh — | =h. Ph —« (Ph, Ph 2a (Ph, h
(8/) , )L2(0 2m) (P ’ >L2(0 2:; Pa( ’ )L2(0727T)+ a( ’ )L2(0727T)

0 0 - _ _
— Ph,—Ph — o?(Ph, Ph =(h,h
+ 200" 700 L2(0.2) @ ( ) )L2(0,27r) ( ) )L2(0,27r)
in D'(0,a), with the initial condition P(0) = %;
Q

2. for every h in H;’/;(O, 27), the function r satisfies the equation

1 1or 1
—ar, Ph + <, Ph> —a?(r, Ph -
(P >L2(0,271') p? 00’ 90 H)/2(0,27) ,H1/2(O 2r) ( J1202m
or
+ (8p’ h) 02 o (r,h) 12027y = (Fs PR) 120, 2m)
in D'(0,a), with the initial condition r(0) = 0;

/
3. for every h in ( p/P(O 27r)) , U satisfies the equation

u, h
(@, >H;/;(027r) H,/2(0,2m) '

ot .
— <P (&0 + au> ,h> 1/2(0 - 1/2(02 o + (r, h>H1/2(02 ) H1/2(0 om) |

in D'(0,a), with the initial condition u(a) = 0.



Chapter 4

The factorization method in a

general star shaped domain

In order to generalize the invariant embedding method to more general geometries, in this
chapter we apply it to the case of a star shaped domain. Here, the family of curves which
limits the sub-domains has no invariant geometry but, as in the precedent cases, are ho-
mothetic to one another and homothetic to a point. We study the case where the moving

boundary starts on the outside boundary of the domain and shrinks to that point.

4.1. Statement of the problem

Let € be an open set containing the origin O, star-shaped with respect to O, with boundary
[' = 9. As in the two previous chapters, we consider the problem (1.3), with f € L?().
We also consider that the domain € is now defined in polar coordinates by x = pcos(0),y =
psin(0), 0 < p < p(0), where p(6) € C1([0,27]) is such that p(27) = »(0), ¢'(2m) = ¢'(0)
and p(f) < k, for a strictly positive constant k. Using the transformation 7 = p/p(6) we
obtain x = 7p(0) cos(8),y = 7¢(0) sin(f), 7 < 1. In the new system of coordinates (7, ), the

Laplace equation becomes

SN0
<¢2<9>lf A
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The Laplace equation can also be written in the form

VO 0)
w20\ VPOR 20

Agd(“)) = _fu

where

Gafw) = (= O 1 o
T\ @) or P 0) +¢2(0) 00 )

(L om 1w
DU(U17U2) = <@(9) o7 + T\/(Sol(e))Q + 302(0) 00 >
and A is the symmetrical matrix
/ 0 2 / 0
) 14 0 - VR 20
0 — (¥'(6))
-V OP + 20) 1+ 50

Considering O \ €. the domain defined between p = cp(6) and p = ¢(6), for £ < 1, the
transformation 7 = ﬁ leads to the domain Q\ €, which is now the rectangle (¢, 1) x (0, 27).

Consequently, the equivalent of problem (2.2), in this new system of coordinates, is

(
V(' (0))? + %) 70%(0) ] o
B DU A € =7, Q Qe
m*(0) SO+ gae) | =1 @
ﬁs\rl =0
ﬂs‘r constant
Ot il = 0 (4.2)
r.Ona
ZVLE‘@:O - ag\e:zw
<0ﬂs> _ <aas>
90 |6=0 90 |0=27 ’
where 8:: =n.AGy(te). Since
du. [T (L (£0)* du. () 10
ooy T /o < <¢<9> :,(;f’f)f) 2 or 50w )W<9> a0
— ¥ Ug . @ Ue
_/0 (8 t ©*(0) ) or () 80) dé,
defining
o (£'(9)*\ da. _ ¢'(0) it
0te =7 (1 + 22(0) > o W 90 (4.3)
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Statement of the problem

we have
27

Dt 4p = Site, df.
T. anA 0 Le
2 rl
Since/ \v(:r,y)|2d:rdy—/ |@(p,0)|2pdpd9—/ / 15(7, 0)[2702(6) dr db, to
O\, a\b. 0 Je
; 12
(1) (0,2m)

the space L?(Q\ Q) corresponds the space LZ((s,1)x(0,2r)) (considering [|7]|3,

27 1
:/0 /|1§(7‘,9)’27’g02(9)d7'd9).

Furthermore, we denote by L2 (e, 1) the L?-space of functions with the measure 7¢?(6) dr
100
€ L2(e,1) and by

by Hl(e, 1) the space of functions ¥ such that ¥ € L2(e,1) and ooy
¥ols
1
H! (0,27) the space of functions ¥ verifying v € L?(0,27), (mgz € L?(0,27) and such

that © has periodic boundary conditions ©(0) = v(27). Then we consider

5 1 5 3 1 3 a’[} 2
150) 25y = / 0P re(0) drs (600} n) = / |v\27s02(9)+<87> rdr;
€ €

) i ) m 1 0
182202 = \vr 46 N0 020 = | 1P+ 52y ()

and

27 1
oz, = [/ (1P
He 0 € 72
2 1 ~N 2
—i—/ / (?}) 7d7rdo
0 € T
27 1 <\ 2
—/ / PREC) (\}g;—f“’((g))g:) +7'<g:)_> dr d,
0 €

where H. is the equivalent, in this system of coordinates, to the Hilbert space H'(Q\ Q.)

1 ORI .
(0) <_ o0 or T 89) )w2(9) drdé

Proposition 4.1.1. The H. operator

X (¢'(6))* ¢'()
PHO)A = (H 22(0) ( 2¢>(9 afae
(p//w) )2 1 a 1 32
+< 20 2 0 ) or o

is self-adjoint.
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Proof.  Considering u,v € H., we obtain

(7¢2(8) Au, v) :<(1+(‘P'(9>)2 7‘92“,1,>

0 )
:<%LLQM®>W (Wu_'@v
or?’ ©2(0) , oTo0’ 8g02(0)
du [ "0) . (£0) u 1l
+<'f<_wf(iiw%®'+Qv>+§&ﬁ@f>
B ©'(6))% Ov ©'(0) 0%
‘<“2 e ) or PUT 2w>>77ﬂ>
+<u_2¢%w¢ew—w%mvav_2ww>8%
’ ©2(0) , o7 (6) o700 )
£'(0) ., (£(0)) a 1 0%
—(u,(—@g +2 20) +1 E + | w, 802)

- <u (1 * (iZ((ee)))2> Tgrg> * <“ <_2¢,((99 afae
'

u(£O L@ Yoy (1PN g

Proposition 4.1.2. Let U.= {u. € H. : ey =0 A U s constant}. U, is an Hilbert
1 €

space and the variational formulation of problem (4.2) is

U € U,
27 1 27 1
[ [ adusairs@ario= [ [ forg@aras @)
0 5 0 5
Vo, € U..

Proof.  Multiplying (4.1) by v, € U., we get

/27r/ <1+ 99)2) o deH/%/ ( g)gj?@@gdme
L[ (2 )

27 1 2~ 21 1
+/ / 0 O e drdg = —/ / For02(0) dr df
0 T 80 0 e
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[ O < (¢/(6))” )}
= Ve dé
/0 { »?(0)
ot ou. L 0) [0
L () ( > ot
8ugv 8u€ 00,
_/0 { ] / ) 90 or dr dé

yreng
+/o%/; (7 )w(&;)(@/(a))Q) e S G ) dre
+/02ﬂ/: —f:((:)) P ((9)))2 +1> %uaf)ngde-i-/El [85;5@8]2” dr

27 2T
—/ / uflavfd 46 = — / /fvgﬂp )drdo
o ). a0

- o (1 . (¢’(0))2> E@ug () — ©'(0) O, 40
0

©2(0) or w(0) 00
1 i '(27) Ot
+/ U (27) (%«9 (2m) — Tf;((;ﬂ')) %T (27T)> dr

5.(0) (%% (0) — r‘g(((?)) 88% (0)) dr

_/027r /81 <1+ <f;’§fg)>2) rfgf g‘f drdo

L ()
)

1 Ue B 2m 3 )
- ~ 50 90 deQ——/O /E foeTe*(0)dr dé

0 15
27 1 ( / 2 . o
©'(0)) Ot OV,
1
ARG ok ==
Tl o(0) (Ou. 00, Ot OO
_/0 / 20) \ 90 or o7 ae)d”w

27

1 9. OV, /%/
1 drdf = )dr de.
+/0 /57 20 90 JoeTo?(6) dr

We can now establish the uniqueness of solution for the problem (4.2):

Proposition 4.1.3. For each € > 0, problem (4.4) has a unique solution.
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27
Proof. We consider af(iic,?.) = / / AGy(1.)Gq(0:)Tp?*(0)drdf and (f,0.) =
0 €

2m
/ / ff)eﬂpz(e) drd#, for i, 9. € H. and f € L2((e,1)x(0,2r)). Then,
0 €

a(tg,
1/2 2 1 1/2
< < / Agd (tie).Gq(tie ) T2(0) AT d0> ( / / AGy(0e).Ga(v:) T () dr d9>
0 Je
1/2
2m 1 du. ©'(0) B\ 2 du\*
= — drdé
(/ [ (F% v iaa) + (o) o
2 1 00, ¢'(0) 05\ 00 \? v
— - drdé
L (R o) w5 o
< el g, NI9ell g,
and consequently a is continuous.
-
bii bio w2<0>+<w(9>>2—¢2(9>\/W
Also, taking B = ' Tl with big = boy = 1,,/5(9) and
ba1 ba22
0(0)+/22(0)+ (¢ (0))2 ©2(0)+ (2" (6))2 = ( 2)\/ ©2(0)+(¢’(6))2
_ _ 02
b1 =0byo = 550 , we have
2 1
alievie) = [ [ AGulie) Gulie)r*(0)ar a0 = 1B Gatie) s e apecomy:
Since, through Poincaré’s theorem, there exists ¢ > 0 such that
172 (e1yx (0.20y) < €I1B Gal@e) T2 (1) x (0,270 (4.5)
we have
e 172 (1) x 0.2m 1B Galie)l|T2 (1 1y x 0,20y < (€ + DIIB Galie) 172 (1) x (0.2,
= Has”Q (C"‘l)HBgd(us)H ((£,1)x(0,27))"
Then,
_ y I
aliie, 1ie) = ||B Galite) 72 (e 1yx (0.2m)) = m“usﬂfqg (4.6)

and a is coercive.
Also, since f € L2((e,1)x(0,27)),

2 1
(f; Te) 2/0 / FoeT*(0) AT A0 < || F11 72 (1) 0.2 1P 1 22 (2.1 x (0.2
€
<cllol?,
and the linear form is also continuous. Then, the result is a direct application of the Lax-

Milgram’s theorem, since all the other hypotheses are easily verified.
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4.2. Invariant embedding

Similarly to the two previous chapters, we consider HTl/ 2(0,27?) to be the 1/2 interpo-
/
late between H! (0,27) and L?(0,27), and (HT%Q((), 27r)> as the 1/2 interpolate between
(H} (0, 277))/ and L?(0,27). Using the technique of invariant embedding, we embed problem
(4.2) in a family of similar problems defined on [s, 1] x [0, 27], for s € [¢,1). For each prob-
(10 o
e*(0) ) or

lem we impose the boundary condition 512%5 = h, where 5113|FS = (1 +

@/(0) J1s

S0(0) 90 |Fs- ThU,S,
VP ©) + ¢0) % (9) @) )=/, inQ\¢
U (\/(w’(e))Q + go?(@)Agd( 5)> =f, QAL
s, =0
P, = (4.7)

Ug = Ug
lo=0 lo=2r
(%), (%)
\ o |6=0 o \9:27r.

!/
In (4.7) we take h € (Hi,{f(o, 271')) .

In order to decouple this problem, we define:

/
Definition 4.2.1. For every s € [g,1) and h € (Hié?((),Q?T)) we define P(s)h = 751,

where v € {0 € H : Oy, = 0} is the solution of

VO +¢0) e (9) ~0, in O\
O <\/(<p/(9))2 - ¢2<9>A9d<%>> =0, in 2\,
VS‘FI =0
Mo, =P (4.8)
Vstg—g = Tslg—on
0 _ (9
( 00 >|9:0 B < 00 >9—27r
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and 7(s) = B, where 3; € {0 € H, : Ojr, = 0} is the solution of

VO +2°(0) 7¢*(0)
To*(0) V@ 0)2 + 20)

Agd(ﬁs)> =f, inQ\Q

ﬁs‘ﬁ - 0
5ﬁ8‘1"s =0
5‘9\9:0 - ﬂsle:zﬁ

(%) B (858>
09 |6=0 90 |0=27

By linearity of (4.7) we have

as\rs = P(3)5uslrs +7(s),Vs € [g,1].

Furthermore, the solution . of (4.2) is given by

Ue(,0) = (P(7)dtey )(0) + (r(7))(0)-

Proposition 4.2.1. Considering the Hilbert space U,= {us € H, : 115|F
1

tional formulation of problem (4.7) is
s € Us
2mpl 2 2mpl
//Agd(ﬂs)gd(@s)ﬂo?(e) drdf = —/@SF hd0+/ /ff}sﬂp?(@) dr de
0Js 0 N 0Js

Vo, € Us.

Proof.  Using the computations of Proposition 4.1.2, we find

2% i (1+ (2’2(0))2> dg_/o%r i (1+ (@’(0))2> My

or -0, 0 Slr or .0 Ysip,

0 (0) ¥2(0)
L) o)

- %%Srn R I
LG, e (5 .

L) 2

(4.10)

(4.11)

= 0}, the varia-

(4.12)

dr dé
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2l " 102 N
©"(0) | (¥(0)) > Ol _
+/ <_ +2 +1 Ve d7T df
0 s ©(0) ©%(9) or
L /g 1 ! /90 1
+/ < s%) dr _/ < si)S) dr
s 80 T ‘9227T s 60 T ‘020
27 1 Oy 1 O, oot
_/0 / 90 T 00 drdb = —/0 / fosTp?(0)dT df

= —/0%/: 6;: <1+ (Z,Q((QH)))Q) <@S+T%@:) drde

0
. /O / o, ((@”(@@(2(;)(90’(9))2)@SJF9;/;69))%@;) dr df
. / / <_go"<e> NGO 1) D 1
0

(0) ©*(6) o7

L dug 1 00,

o 2m 2 pl
_ _ o - ey
/0 . o0 7o TY= ) Oty Oy, 46 /0 / fosm0*(0) dr df
27 1 ( / 2 o .
©'(0)) Otlig OV
1 0
- /0 /s - ©*(0) Tor or drd

2 1, 7 ~ .« - .
B 4 ©'(0) (Ous 0vs ~ Ots OV
/0 / 2(0) <a¢9 or T ar g ) 1TV

Using the variational formulation (4.12) and Lax-Milgram theorem it can be easily proved

that problem (4.7) is well posed.

As a direct consequence of the computations exhibited in Proposition 4.2.1 (taking f =0

and h = 0, respectively), we can prove the following corollary:

Corollary 4.2.2. The variational formulation of problem (4.8) is

s € U,

2

27,1
| [A6u00u0re @ ards =[5, na
0Js 0 s

vy, € U,
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and the variational formulation of problem (4.9) is
Bs € Us

2mprl 2mpl
) 2 _ 3 2
/0 / AGa(5:)Ga(B,) % (8) dr df = /0 / [B,ro%(6) dr 6

Vg, € Us.

In the next proposition, we collect some properties of the operator P, which are similar

to the ones found on Chapter 2.

Proposition 4.2.3. The linear operator P(s) : <H1/2(0 27 )) — H1/2(0, 27) is continu-

ous, self-adjoint and negative definite, for all s € [g,1).

Proof.  As in Proposition 2.2.3, the operator P(s) is continuous since it is the com-

position of continuous operators: h — v, — Ysip defined, respectively, in the spaces
/ S

(H1/2(0 27 )) , H, and H1/2(0,27r). Considering vs and 7, two solutions of (4.8), with

5%% = h and 575,' = h, respectively, using (4.8) and Corollary 4.2.2, we have:
S FS

2wl
/0 AGy(75)Ga(7, )T (0) dT df = /5%r575| dé

S

o — 2 _ H ’
- /O/SAQd(’Ys)gd(’Ys)ﬂP (0)drdd = (h,P(s)h) HYZ2(0.2r)  HH2(0,27)
Since
(b P(s)h) HYZ0.2m) | HI(0,2m) = (b P()h) HYF0.2m) | HIZ(0,2m)

we conclude that P(s) is a self-adjoint operator.

Taking vs = 7, we have

(hP(s)h) = 1B Ga(v) 2 (o1 x (0.2 (4.13)

1/2

(02) ,H:/py (0,27)

and consequently P(s) is a negative operator. Then, using (4.6), we have

<h7P(3)h> 1/2(02) , 1/2(02 ) = ClH’Ystqsa

with Cc1 =
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Again as in Proposition 2.2.3, since Ay, = 0, there exists ks > 0 (the constant should

depend on s, due to the utilization of polar coordinates) such that

‘ 2

(h, P(s)h) HY2(02m) ' HY2(0,27 = —c1lsll,= Cl”%HHAQ\Q ) ST H Teir,

1/2(0 27r) ’

with c2 = 7%. which proves that P(s) is a negative definite operator.

Furthermore, from (4.13), Poincaré’s inequality and Holder’s inequality, we have

ClH’Ystqs < HBgd(’Ys)”%g((sg)x(o,zn)) < |Ial HY2(0,27) H’Ys(S)HH%g(O’QW)y

and, on the other hand, due to trace theorem, there exists ¢; > 0 (again, ¢ should depend
on s) such that
[[7s(s)

| 1/2(02 ) CS||’78HHS‘

Then,

I? < allwsly, < lnl

C1
A0 () 200,

HY2(0,27) HY2(0,2m)

gz < I

Considering N = {u € HT%Z(O, 2m) s is constant} and M = {v € ( 1/2(0 27r)> :

2
/ vdf = 0}, the proof of the next proposition is similar to the one of Proposition 2.2.7:
0

Proposition 4.2.4. For any @ € N there exists a unique solution © € M for the equation

u=P(e)v+r(e), for given r(e) and P(e).

Since @ € N, when we multiply the equality @ = P(¢)© + r(¢) by @ € M and integrate
21 2

n [0,27], we find / P(e)ovwdd = —/ r(e)wdf, that is, (P(e)v + r(g)),, = 0. The
0 0

2w -~
P
constant @ is given by / W de.
0 T

Remark 4.2.5. Particularizing v = du. (), defined by (4.3), on the equality of Proposition
4.2.4, we conclude that u.(g), the initial condition of problem 4.2, is uniquely determined
through the relation t.(e) = P(e)dtu.(e) + r(e) and is, as we have seen, a constant. In the

sequel we are going to denote this constant by () = Y(r(e),P(e)).
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4.3. Formal calculations

Let b= ‘i:((g)). With this notation the Laplace equation can be written in the form

R 0% 0% ob on  10%
2 0 "y v 2 - 2
(400755 — b5 56 = bagar (ae (L+0 )> or "o "o Of  (414)

and further,

ou . 0u
- 2 e St
du=(1+b )7'87_ bae. (4.15)

From (4.11), taking the derivative in a formal way, with to respect to 7 and using (4.15), we

obtain
ot oP . o .. Or
ar ~groutPyrout o
) N AN
aﬁ“*PaT((“b)TaT‘bae)*aT
0P __ 5 0?1 02U 50U Or
Using (4.14), we find
o oP o (0u ob O 10%u or
= == fu+Pb— (= |+ P — —P-— — Pry’ =.
or = o7t Phgg <37> a0or Trom T O/ +5
Then, from (4.15), we compute
oP o (0u ob Ot 0%u
_— 2\ _OF oo 2 e 2 bl 2
o = (1+b)TaT6U+(1+b)TPb89<8T>+(1+b)TP8087 (1+b)P892
or ou
o 2 2 2 VANER S Sl
(1+b)PTg0(6’)f+(1—l-b)7'a7_ b89
P o 1 b ou b
_ 2\, o~ 2 - ~ et 2 i
= (1+b)7'87_5u+(1+b)7'Pb89 ((1+b2)75u+(1+b2)789>+(1+b)TP(‘BO
]. . b (971 2 8212 2 2 92
U4 ———— | — (1 P-— — (1 P
<(1+b2)75u+(1+b2)780> L+ 0P Fg — L+ P (O)f
or ot
2 _— —_—
+(1+b)787_ b@&
1
oP a(1+b2) 0
_ 2, OF - 2 . 2 O o 2
= (1+b)7875u+(1+b)Pb 50 5u+(1+b)P1+b2895u+(1+b)Pb
0 () o 2 92 o 1 ab b
7 1+ )P 4 (1+P)P——bu+ 1+ )P —
g0 oo U g 1+ VPG it (L4 V)P A=
o1l 0?1 or  ou
— — (1 +)P—= — (14 b*)Pr%p*(0 14+ b0%)7— —b—.
5g ~ LTV )P — (L 0)PTRN0)f + (1 +6%)7o— — by
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Formal calculations

Using again (4.11),

1
oP a(1+b2) b 0
v 2 . 2 - 2 . 2
S (1+b)TaT6u+(1+b)Pb 50 6u+(1+b)P1+62896u+(1+b)Pb

a(#) 5 2o o 1
_— U 2 N0 U ? an 1 | 12
50 aa(Péu—i—r)—i—(l—i—b)P1+b2862(P5u+7‘)+(1+b)P891+b2
c142PL D by (14 P Poi 1) — (14 R)PA(6) f
891—|—b289 u T 892 u T T @
d

or
2 A S -
+(1+b)TaT bae(Péu—i-r)

ot

1
oP a<1+b2> 0
2 . 2 . 2 - 2
(1+b)7’87_<5u—|—(1—|—b)Pb 50 5u+(1+b)P1 b2895u+(1+b)Pb

a(lfb?) 5, 8(1+be) or b? 0?
AN (9p) su v (14 2 Ph—L T ()P 2 p) si
26 <ae >5“+( P e TP (aa? >5“
2 o ob 1 o b [0
2 e 2 A v 2 i e ~
HL P o (L BIP it (14 PP <69P>5u
ab b Or 0? 0%r

1+2P2 2 " 2P (Lp)su— (142 PLL

P g~ (1Y) (ae? )5“ (1+0)P 55

or 0 0
. 2 2 2 2y or g g or
(L+0)PT2p(0)f + (1 +b°)T b( 0P>5u b0'

Considering du arbitrary we find

1 b
oP 5(@) b0 3(@)8 B o2 o 1
Tor PP g TP e TP s et TP et trani
b 0, P, b 0, T
201+ 1200 202" 11200 1102
and
o(tke)or @ o b b or o b or
pp Oy 0T O p 00 b Or GO h o2 or b or_
=26 o6 PP 1o TPt ras Ta LY Oty T mae =0
that is,
P 0 [ b 9/ 1 8 b9 I
Tc‘)r+P80<1+b2>_Pae<1+b280>P_1+b260P_1+b2_0 (4.16)
and
0 1 Or or b Or
-P— — _:P22 _— — ——— = 0. 4.1
ae<1+b209> O T T as O (4.17)

Again from (4.11) and considering the initial conditions on I'; on (4.2) we obtain

P(1) =0and r(1) = 0.
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Further, we can determine the unknown constant of Proposition 4.2.4, and we find

oP 9 [ b o/ 1 0 bod I
T@T+P8<9<1+b2>_P89<1+b269>P_1+b269P_1+b2 =0

P(1) =0
4.18)
o ( 1 or ) 5 o b or - (
‘P%<1+ww>‘PT¢w”*Qﬁ‘1+mw—”’“”—0

te = Pote +r, u.(e) =Y(r(e),P(e)) (see Remark 4.2.5).

It is now easy to see that, for the particular case of p(f) = a (a constant), in which case
we are back to the circular domain of radius a, this system reduces to the system (2.17). In

fact, (4.18) takes the form

(0P 0?
0%r 9 9 or
—Pw—PTaf‘i‘TE—O, r(a)—o
o1
aE—P(T&_> +7r

and substituting P7a = P, we obtain

8<f;> P o P 1oP 1P P 9?

"or  radra ! aor ar raee 170 P@=0
—al;gzg— af+?:0, r(a) =0

ag—P%%+r,

which corresponds to (2.17), on substituting reversely 7 = 2.

4.4. Another formulation

In this section we are going to obtain a second formulation for the decoupled system, which
is intrinsic with the problem. Let « be the angle (O_M7ﬁ) where M is a point on I' and
7i is the outward normal to I' at M. We assume that —7/2 < o9 < a < a1 < 7/2
and that the equation of T' in polar coordinates is given by p = (). We consider the
homothety of center O and ratio 0 < 7 < 1, which transforms €2 to 2, with boundary I';,
and the following system of curvilinear coordinates: for M € Q, (7,t) are such that M’, the

image of M by a 1/7 homothety, belongs to I' and ¢,0 < ¢ < tg, is the curvilinear abscissa



Another formulation 125

of M" on T' (t9 is the length of I'); u(7,t) = u(x1,x2). This new system of coordinates
and the one defined on Section 4.1. are related by the equalities cos(a)dt = 7 df and
tan(a) = %. In this coordinates, the exterior normal to I'; can be written in the form
0 1 0

— —tan

A = T ()= J
on  @cos(a) Ot ot
Considering now that v, is solution of the homogeneous equation Ad. = 0 and using the

computations exhibit on Proposition 4.2.1, we obtain

/1 /% (1 . (@')2> v Ot :00' <8175 Ot 00 8125) L 100 Ot 4 0

(97' or 00 or Ot 06 T 00 00
()% 00 @' 00
= _ 1 _r
/ OV Ue df = / << =+ 2 687 > 00 e d6,
and making the referred change of coordinates, we get the following equality
1 90 Oue 00; 0t~ OV Ol v 00 Ou,
/ / pcos(a) O OT tan(a) ( ot or - or ot > - cos(a) Ot Ot dedr
B 1 00, 00,
B /0 <gocos(a) or tan(a) ot > e dt.
Now we derive, for Q\ Q, = {(s,1) €]0,1[x]0,to[: T <s <1A 0 <t < sto},
1 0v;0u, 0v; Ot 0V Oly © 00y Our
—t — - } - dtd
/ /0 pcos(a) O Or an(a)< ot or + or ot > cos(a) Ot Ot §
1 00, 00,
= - — =t — | u, dt.
/0 <<pcos(oz) or an(e) ot )u

t
Then, applying the change of coordinates ' = — to the right hand side of (4.19), deriving
T

(4.19)

the resulting equality with respect to the variable 7, and then applying the same change of

coordinates to the left hand side, we obtain, successively,
1 0v; Oty 0v; Oty OV Oy @ 00y 0Ur
—t — — — dtd
ar (// Foos(a) ar ar (@) < ot ar or ot ) T Cos(a) 0t ot 3)

to T 00, ovs\ .
or (/0 (npcos( )W_t ()(‘%’)qut)

N _/T 1 817T8ﬁ7_t n(a) %8%_}_%81@ ¢ 00 Our
0 <pcos or or . ot or  Or ot cos(a) Ot Ot

()
0 <( aUT tan(a)%if> 1‘17> d

N / _ tan(a) 0V Oty n 0V Oty ¢ 0U; Ot
0 cpcos(a) (97' ot or  or ot T cos(ar) Ot Ot

/toa T aYV)T ¢ n( )(%T o dt/
o 01 \\ pcos(a) or Yy ) '

dit

0V, 0
— dt’
or
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As before, we consider the family of problems P;;, each one defined on Q \ QT, adding a

8u7|f = h. By linearity, there exist P(7) and r(7) such
n T

that @,(7) = P(7)h + r(7). In the new variables (7,t'), the normal derivative aa becomes
n
0 1 _ tan(a) 0

9,
on,  gcos(a)dr T ot

Neumann boundary condition

So, we can write the last equality in the form

dt

/to T % o, _ tan(a) 00, 0, n 00, O, n © 0V Oty
o @cos(a) O OT ot or Ot Ot Tcos(a) Ot Ot

—/tO8 T%ﬂ dt
- 0 or 67'LT 4 ’

dropping the prime on t/, in order to simplify the notation. Then, using the Laplace equa-

0 T 0u ot 0 ou v  0u
tion in the form —— [ —————— — ¢ T)—— (-t T T =
1OR I e JoTh T ((pcos(a) or an() ot > ot < an() or + 7 cos(a) Ot
frecos(a) (in the variables (7,t)), we have successively,

dt

/to T 00 Bl (D Dk 00 i o b, il
o @cos(a) O OT ot or  Or ot Tcos(a) Ot Ot

g [ v [ O g [ v, dir O
= o P dt = e P dt
/0 or <TanT < 8n7+r>> /0 ar <TanT 0n7+7—8n7r>

B /toa T@T)T P&ﬁT+78éT67P@ﬂT+T8bTPQ O, +g 7_8177 .
N o OT\ On: on, on,; Ot On, on, Ot \On;, or\ oOn,
0v, Or
T 87’],7_ E de¢
) oV, © 00 O, 0v; OP Ou,  0v,; _OU,
= ey - Zrp P
/0 < an() or  Tcos(a) Ot >

on, + T@nT or On.  On, On,

ot

oV, 0 Olt, o Ol
+(9nTP {815 <tan(a) ot Tcos(a) Ot ) — e cos(a)}
0 ov, © 00 ov, Or
+E (tan(a)aT ~ rcos(a) Ot )T T@nT or dt
B / to 9 fan( )81“)T AW v OP Ou, 9oy P(?iiT
Jo Ot ama or  Tcos(a) Ot Ur TanT or On, On, On,
ovy 0 O, ¢ Our oV, 0V, Or
P—|t — — P —dt
+8nT Ot ( an(a) or  Tcos(a) Ot > on, frcos(e) + T@nT or

00 Oy ¢ 00; Our

= /to T 00Ot tan(a)abT 9, _ an(a) dt
o @cos(a) O OT ot or or ot tcos(a) Ot Ot
B /to _ tan( )(%T O e 0, Ou, N v OP Ou. 9oy P@ﬁT
=S Y% ot T rcos(a) 0t ot | on, 01 On,  On, Ons
0v; 0 i e Our 0V, 00, Or
pZr @ - _%rp ar
+ on, Ot (tan(a) or  Tcos(a) Ot > on, Jrpcosia) + TanT or di
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ar ot T cos(a) ot ot + T@n.r dr On, On, On,
0v, ; ou, 0v, ¢ Ou, OV 8127 or d&t

% iy 9 _%rp
ot ) Gt B eosta) ot o, L TPes @ T e

to o o o o . 5 5 .
_ / ~ tan(a) vy Oty @ 00 Olr 0v; OP Ou, 00 PauT
0

N / o7 007 Oty g — / o v, oP du.  0v, Pc’)ﬂT N 0o, ¢  Ous
o wcos(a) O Ot Jo T@nT or On; Ony On; Ot Tcos(a) Ot
00, 0v, Or
— anT (Oé) + TanT E dt
to /9y, 0V, Our  psin(a) Ou, o 9v, OP O,
t dt = —
- /0 ( an, T tanle) 5o > <“0C°S(a)anT LT ) /0 " on, or on,
00, P(?UT 0, w0 Ou, 0V 81)7 ﬁ gt

- gir P
on, On, Ot tcos(a) Ot  On, frpcos(a) + 0 or

_ /to rocos(a) 00, Ot + psin(a) 00, 8j ot + psin(a) 0V Or

0 on; on, on,; Ot On, on, ot
OP 0v, Ot gt = /to T(%T oP du, 0V, P@ﬁT N T3’Ur or
ot On, On, o On:O0rodn. On; On; on, Ot
pcos(a) OP 90, OP 0t~ pcos(a) OP 0o, Or 00

T ot on, ot on, T ot on, 0t  On,

+esin(a) -

Pfrycos(a)dt.

Formally, we obtain

0V, Oty _ OP 0v; Ou, ) 0v; OP Ot
T cos(a) — |+ | ¢sin(a) ——=——, — | + | ¢sin(a) —, —

on,’ On, ot on, On, on, Ot On, (4.20)
B % aj% B 00, Pam n gpcos(a)@ipﬁzﬁ aiﬁdT .
N T@nT’ or on, on, = On, T ot On,’ Ot On,
and
. ov, Or\ 00, 0v, Or
(st 3= 5) = (PO srocosta) ) + (g 57
(4.21)

N pcos(a) OP 9o, Or
T ot On,’ Ot

We emphasize that this operator P, and the operator P of the precedent sections, are not

the same. Nevertheless, 9 and § verify the direct relation = cos(a) 0. This means
on on T

that we can prove the equivalence between the formulations (4.16) and (4.20) (and, similarly,

between (4.17) and (4.21)). In fact, through the change of coordinates cos(a) dt = ¢ df, we

0

find 5 = (cos(a)> d and, consequently, from (4.16), we obtain successively
n, TP




128

4.5.

The factorization method in a general star shaped domain

o pd (b \_ 1 0\p Ip_ I _
Tor T a0 \1+ 02 1+ 0200 1+b280 1+02

oP p 0 b p 0 1 p 0 b p 0
P g _Pp g yp_ 2 ¥ 9p
Tor T cos(a) Ot <1 + b2> cos(a) Ot (1 + b2 cos(«) 875) 1+ b% cos(a) Ot

o
1+ b2
T?: + Pcof(a) gt( sin(a) cos(a)) — Pcog‘za); (cos2(a) Cof(a) ;) P — sin(a) cos(a)
cogp( );P Tcos*(a) =0
T?)l; + PCO:Ea) gt(sin(a) cos(a)) — Pcof(oz) 8815 (Lp cos(a )§t> P — psin(a )E(;)t
—Tcos’(a) =0
7’% (Pcoi;a)> + PCOTS((PQ) CO;p(a) % ( sin(«) cos(a)) — Pcojfoa> cogo(a) % (gp cos(a)i)
Pco;(pa) — cpsin(a);PCOjfpa) —Tcos*(a) =0
(%f;_ P) rete) 2 2 (sin(a)coste) - 5 (1woosta) 1 ) PEE — psine
;Pcojfpa) —Tcos*(a) =0
‘ZJ:COZEO‘) _ Pcojfoo‘) _ %%Psin(a) cos(a) — 5% <¢ cos(a)gt) Cojf;‘) _ psin(a)
;Pcoifoa) —TIcos*(a) =0
Ta@f —P— ;Pgo sin(a) — f@at <90 cos(a)aat) P — gasin(oz)gtP —1pcos(a)l =0
‘Z]: P Pg (psin(a)) - ]:gt ((p cos(a)gtP) - gosin(a)gtP — rpcos(a)] = 0

which corresponds formally to (4.20).

Defining u(0)

Proposition 4.5.1. Considering u. the solution of problem (1.4), Ug|p,_ 18 bounded by a

constant not depending on €.
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Proof.  The first part of the proof consists on showing that we have
infr, we < ug) < supp, we, (4.22)

o | N ATV
where w, € Hy(2) is the solution of the problem —Aw, = f. =
0, 0.

ow,

From —Aw, = f., in H} (), we find / —Aw, = / fo = / f= —/ . On the
Q Q O\Q. r on

other hand, from the formulation of problem (1.4) and choosing a test function equal to one,

we find / —Au, = / f=- Oue _ Oue _ aue. Therefore, we have the
Q\Q. O\ Qe r

. On ron  Jr on
equalit / Oue = Owe
4 Y T 871 o T 3n ’

Let us now suppose that Ug|p, = Ce < infr_w,. Then, u. — w, satisfies:

—A(us —w:) =0, in Q\ Qe
(ue —we)), =0 (4.23)

(ue —we)),, < 0.

From (4.23) and using the maximum principle we can also conclude that u. —w. < 0,

in Q\ Q¢ and, in fact, uc. — w. < 0, in 2\ Q.. As a consequence, using the definition of
8u€| S ﬁwe‘
I

directional derivative, we find that

O0(ue — we) |
on

— a _
From r > 0 and / Olue — we) = 0 we conclude that M\p =0.
r

on on

Therefore, we have u. — we < 0, in Q\ Q, and (us — w.;) = 0, in I'. Using Lemma 3.4
O(us — we)

3 > 0 a.e. on I' and we reach a contradiction.
n

of [14], for each point of I, we find

So, we must have infr_w. < c..
Analogously, one can show that c. < supp_we..

For the second part of the proof, using [14] (Theorem 8.15, page 189, with ¢ = 4), we
can show that [|wel|z () is bounded by a constant not depending on ¢ (only depends on

constants concerning || f|[z2(q) and the size of (2) and the result follows. [

Now we are able to establish the value of u on the origin. Obviously, this general method

could also be applied on Chapter 2, instead of the direct computations presented there.
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Proposition 4.5.2. Let f € C%%(Q2) Then, when ¢ converges to 0, ue,  converges to u(0).

Proof.  Considering u the solution of problem (1.3), since f € C%%(Q), we have u €
C22(Q). Let, as previously, —Aw. = fg, we € HS(Q) Therefore, v. = w, — u satisfies
_f7 Qs

—A(ve) = ge, where g. = Using again [14] we can show that [[ve|pec(q) <
0, Q\Q..

E(llvellz2() + llgell2(y), where k is a constant not depending on e. When € — 0 we
have [[vellp2() — 0 and ||gellz2(0) — 0, then |lve|[fe() — 0. So, for § > 0 there exists
e > 0 such that |v.(z)| < gand lu(z) — u(0)] < %,VZE € Q. UT.. Then, for x € T,
|we(z) — u(0)] = |ve(z) + u(x) — uw(0)| < § and consequently, —§ < infr_(w.(z)) — u(0) =
infr, (we(z) —u(0)) < supp_(we(x) —u(0)) = supp_(we(x)) —u(0) < 6. Using (4.22), we find
—0 < infp,we — u(0) < uep., — u(0) < supp,we — u(0) < 4, which implies that us), — u(0),

when ¢ — 0. |

4.6. Conclusion

Using the Galerkin method and the adequate properties on the operator P and function r,
we hope to justify the preceding formal calculations, following the same steps of Chapter
2. We expect to obtain, after passing to the limit when the dimension tends to infinity, the

following result:

Claim 4.6.1. Denoting by T the interval (0,to), by (.,.) the scalar product in L*(T), and
considering ¢ € D(0,1), then P, r and u, satisfy:

/!
1. the negative self-adjoint operator P € L (L*(I),H} (I)) N L <(H7%2(I)> ,H.}é,Z(I))

NneL ((H%p(I))/ , LZ(I)> , bounded as a function of T, satisfies, for every h,h in L*(T),

the Riccati equation

WPy R)- (25, O o pp) - (2o pp, 25005,
dr T ot ot T

_ 1 - 7
A <gpcosoz3 oo 2 oPh) B <h7ph>: (pcosah,h) (4.24)
T

T2 Ot ot

in D'(0,1), with the initial condition P(1) = 0;
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2. for every h in H;,é? (Z), r satisfies the equation

or psina dr pcosadr O B P
<87_,h> — ( = 8t’h> + (7_2(%,(% oPh) = (apcosaf,Ph) (4.25)

in D'(0,1), with the initial condition r(1) = 0;

/
3. for every h in (HTlé?(I)) , U, satisfies the equation

1 Ou, tan o O,
- = Ph =T Ph |+ (i, h :
(cpcosa or’ > * < T ot >+ e ) ey iy

=k ypeg, wea

(4.26)

in D'(0,1), with the initial condition i.(0) = u(0) given by Proposition 4.5.2.
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