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ABSTRACT

As a consequence of science and technology evolution, data dimensionality has been growing
and, alongside, the need to solve problems containing these complex types of data. Generi-
cally, a data analysis problem is termed high-dimensional when the amount of variables used
to explain a certain phenomenon is higher than the number of instances of this same event in a
dataset. In the context of Linear and Generalized Linear Models, high-dimensional datasets pro-
voke the non-invertibility of the Fisher Information Matrix, which interferes with the estimation
of the model parameters. Most regression models resort to intricate numerical and iterative
methods for the assessment of the model coefficients, which often require the non-singularity
of the Fisher Information Matrix. To tackle the difficulties that emerge when the model’s Fisher
Information Matrix is singular, a series of regularization methods have been used to analyze
which predictor variables have significant linkage to the outcome and estimate their coefficients.
Ridge, Least Absolute Shrinkage and Selection Operator (LASSO) and Elastic Net methods were
at the outset of regularization techniques and, because of this, they are seen as being eminently
linked. The algorithms behind these three methods differ in few aspects, seemingly in such a
way that LASSO overcomes Ridge’s and Elastic Net overcomes LASSO’s difficulties.

To counter fraud connected to the mislabeling of product origin, regularization methods
were applied to predict the location of origin of Ruditapes philippinarum, a species of saltwater
clam that is commercially harvested for human consumption. The exploited dataset constitutes
30 clam samples, detailing information on 44 composition features, with the purpose of identi-
fying which features distinguish between three geographic origins: Ria de Vigo, Ria de Aveiro,
Estudrio do Tejo, i.e, a classical Multinomial Logistic Regression problem. However, given the
high-dimensionality of the dataset (number of variables higher than the number of observa-
tions), the estimation of the model coefficients posses, as explained above, further difficulties.
To overcome this problem, the three touched upon regularization methods were applied to
model the origin of the clams. Additionally, since datasets of only 30 samples challenge the
process of model validation, the re-sampling technique of Monte Carlo Cross-Validation was

also implemented. We finalize comparing the results between the three methods.

Keywords: elastic net, high-dimensional data, LASSO, multinomial logistic regression, ridge



RESUMO

O crescente desenvolvimento da ciéncia e tecnologia teve como resultado o aumento da di-
mensao de dados em diversas areas cientificas, acompanhado das complexidades que dados
desta natureza trazem na aplicacdo de varias técnicas estatisticas. Um problema estatistico é
designado como sendo de alta dimensao se o nimero de varidveis usadas para descrever um
certo fenémeno for superior ao niimero de instancias deste mesmo evento no conjunto de
dados em anélise. No contexto de Modelos Lineares e Modelos Lineares Generalizados, dados de
alta dimensao induzem a nao-invertibilidade da Matriz de Informagdo de Fisher, interferindo
com a estimacdo dos parametros do modelo. Na maioria dos modelos de regressdo, a estimacao
destes parametros recorre a métodos numéricos e iterativos intrincados, que implicam a deter-
minacdo da inversa da Matriz de Informacgdo de Fisher. Assim, para combater as complexidades
causadas por conjuntos de dados de alta dimensdo, foram desenvolvidos métodos de regula-
rizacdo com o objetivo de estimar os coeficientes das varidveis que tém maior ligacdo com o
comportamento do fenémeno em estudo. Os métodos Ridge, LASSO e Elastic Net foram estabe-
lecidos no inicio do desenvolvimento de técnicas de regularizagdo e, por esta razao, sao vistos
como estando conectados. Os algoritmos destes trés métodos diferem em poucos aspetos, de
tal modo que o método LASSO supera as dificuldades de Ridge, e Elastic Net as de LASSO.

Para combater a fraude associada a falsificacdo da localizacdo de origem de produtos, méto-
dos de regularizacdo foram aplicados a um conjunto de dados com o objetivo de prever o local
de origem de Ruditapes philippinarum, uma espécie de améijoa comercialmente colhida para
consumo. Os dados constituem observacoes de 30 améijoas, detalhando informacao relativa a
44 elementos de composicdo, com o propdésito de identificar quais os que melhor distinguem
entre trés origens geograficas: Ria de Vigo, Ria de Aveiro, Estudrio do Tejo, i.e., um modelo de Re-
gressdo Logistica Multinomial. Contudo, dado que o problema € de alta dimensao, a estimacgdo
dos coeficientes do modelo enfrenta complexidades. Assim, os trés métodos de regularizacao
mencionados foram aplicados. Adicionalmente, uma vez que conjuntos de dados com apenas
30 instancias dificultam a validacdo do modelo, o método de Validacgdo Cruzada de Monte Carlo

foi implementado. Por fim, compararam-se os resultados obtidos pelos trés métodos.

Palavras-chave: alta dimensao, elastic net, LASSO, regressdo logistica multinomial, ridge
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¢, norm (euclidean norm) of vector v

Inverse of matrix M, where M is non-singular

Transpose of matrix M

Transpose of vector v

Maximum likelihood estimators coefficients of a model with p variables
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INTRODUCTION

Numerous scientific fields frequently face the need to manipulate elaborate high-dimensional
datasets. Unfortunately, due to the mathematical complexities linked to high-dimensional
problems, it has brought up many complications when it comes to implementing what would
otherwise be relatively simple tasks. In the context of Linear and Generalized Linear Models,
these datasets interfere with the invertibility of the Fisher Information Matrix, thus complicat-
ing the process of estimating the model parameters. As consequence, plenty of the required
tasks in regular statistical problems become complex and computationally demanding. To deal
with these difficulties, a series of regularization methods, such as Ridge, LASSO and Elastic Net,
were assembled to analyze and estimate the coefficients of the predictor variables that have a
higher linkage to the phenomenon outcome. LASSO and Elastic Net are also known as Feature
Selection Methods , since they allow to select a subset of relevant features that properly describe
the concerned phenomenon. This is done through the algorithm’s ability of detecting the sig-
nificant features and discarding the irrelevant and redundant ones, while taking into account
the possible correlation between variables. Although Ridge is not technically a feature selection
method, it is still a regularization method, since it performs by shrinking the coefficients of less

significant features and giving a heavier weight to the most important features.

1.1 Motivation

This thesis addresses the issue of modeling high-dimensional data by means of Generalized
Linear Models, in particular, Multinomial Logistic Regression models, that are used to model
multi-categorical outcomes. We resort to the regularization methods of Ridge, LASSO and
Elastic Net methods. In order to perform a comparative study of these three methods, we
applied them to a set of data with the purpose of creating viable models to predict the location
of a marine life species (Ruditapes philippinarum). Finding which features are most relevant
for predicting the location of origin of this species is essential, because attaining information
of each feature is time and cost demanding. Because this species is commercially harvested for
consumption, these models are valuable for answering questions regarding product traceability

therefore controlling product quality and safeguarding the interest of the consumers, as well as
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regulating the growth of product origin forgery issues.

1.2 Objectives

We aim to perform an extensive analysis of the Ridge, LASSO and Elastic Net regularization
methods, through applying them to a set of data.

The manipulated dataset contains detailed information on the biochemical and geochem-
ical fingerprints of a species of saltwater clam, Ruditapes philippinarum. The dataset is com-
posed of 30 clam samples, containing information on 44 composition features. The phe-
nomenon in study is represented by a multi-class variable that serves as an indicator of the
clam’s location of origin: Ria de Vigo (Galiza, Spain), Ria de Aveiro (Aveiro, Portugal), Estudrio
do Tejo (Lisbon, Portugal). In summary, we want to predict of the clam’s location of origin, based
on their biochemical and geochemical fingerprints, by means of fitting a Multinomial Logistic
Regression. Because it is a high-dimensional set of data, where there are more features than
observations, the three mentioned regularization methods were applied in order to establish
which predictor variables have a higher linkage to the geographic origin of the clams. This way,
we desire to assemble models to oppose the fraud that is related to the falsification of product
origin. Additionally, to study the predictive quality and performance of the three regularization
methods, we resorted to Monte Carlo Cross-Validation as a re-sampling procedure to establish
different training and testing sets for model implementation and validation, respectively. This
is done due to the reduced amount of data observations, in order to achieve more statistically

relevant conclusions.

1.3 Structure

In addiction to this introductory chapter, this thesis is arranged in 5 chapters. Chapter 2 con-
stitutes the Literature Review, where we discuss the advantages and disadvantages of a series
of different regularization methods. Additionally, we highlight a broad number of previous reg-
ularization studies, accompanied by a comparative analysis of the results achieved through
the application of these methods. In Chapter 3 we discuss the different methods that are used
throughout the data analysis process, including a description of Generalized Linear Models, with
special elaboration on Multinomial Logistic Regression models, measures of Predictive Qual-
ity, measures of Variable Importance and Residual Analysis. Moreover, in this chapter we also
specify the Monte Carlo Cross-Validation re-sampling method, and three different regulariza-
tion methods: Ridge, LASSO and Elastic Net. Chapter 4 is where we implement the methods
described in the previous chapter to a real high-dimensional dataset containing detailed infor-
mation of a species of saltwater clam. Finally, in Chapter 5 we finalize comparing the results
between the three methods, identifying which has the best predictive performance and com-

paring the estimation errors in each category of the response.
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LITERATURE REVIEW

This thesis focuses on analyzing high-dimensional data through the implementation of three
different regularization techniques: Ridge, LASSO and Elastic Net, with the intention of making
a comparative study between them. However, there have been developed plenty of other regu-
larization methods to address high-dimensionality. In this chapter, we discuss several studies
that compare results between the three implemented methods, as well as plenty of other meth-
ods, in classification problems with categorical outcomes (multi-class or binary) and where
the number of predictors is higher than the number of observations. These methods include
extensions of the Ridge, LASSO and Elastic Net methods, Support Vector Machine and Penalized
Logistic Regression, using both Recursive Feature Elimination and Univariate Ranking, Nearest
Shrunken Centroids, Feature Annealed Independence Rules, Sure Independence Screening and
Iteratively Sure Independent Screening. We also elaborate on the advantages and disadvantages

of the different regularization methods.

The Ridge method generally exhibits good performance measures but, since it only performs
coefficient shrinkage, and not variable selection, the derived models are often very dense. The
LASSO method overcomes Ridge’s disadvantages by performing variable selection, however,
this method can only select, at most, a number of variables equal to the number of observations.
One of the major difficulties of this method is the inability to perform group selection. This
signifies that, if the data contains groups of highly correlated variables, then the LASSO tends
to arbitrarily select only one predictor from each group and drop the remainder. To respond to
the drawbacks of the LASSO, the Elastic Net is not only able to select more variables than the
sample size but, if fronted with a group of highly correlated variables, this method stimulates a
grouping effect, where highly correlated predictors tend to be in or out of the model together
(Zou & Hastie, 2005). Additionally, according these authors, who proposed the Elastic Net as a
method of regularization, it is particularly useful when the number of variables is much larger

than the number of observations.

Supportive Vector Machine is recognized as an effective method in high-dimensional spaces,
however, considering a classification problem where the response variable is categorical, this
method only allows class prediction, not providing any estimate of underlying probability. As

an alternative, Zhu and Hastie (2004) proposed the Penalized Logistic Regression method, which
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in theory often performs similarly to Supportive Vector Machine, but provides estimates for
probability of affiliation.

Proposed by Tibshirani et al. (2003), the Nearest Shrunken Centroids method is identified as
an appealing tool for feature selection and classification with high-dimensional data. Likewise,
J. Fan and Fan (2008) also suggested the Feature Annealed Independence Rules as a method
of classification using high-dimensional datasets. Nonetheless, much like the LASSO method,
Nearest Shrunken Centroids and Feature Annealed Independence Rules do not conduct a proper
interpretation of highly correlated variables, sometimes yielding misleading feature selection
and poor classification (Mai et al., 2012).

J. Fan and Lv (2008) introduced the Sure Independence Screening method that, based on
correlation learning, reduces the dimensionality of a high-dimensional problem to moderate
scale, that is, below the sample size. The authors showed that, under certain regularity condi-
tions, this fast variable selection method has a sure screening property, that is, it retains all of
the important variables in the model, with probability close to 1. Consequently, an extension
of this method was also proposed. Iterative Sure Independence Screening acts as a performance
enhancer for the first method in problems where regularity conditions might fail, for example,
if a predictor is marginally uncorrelated, but jointly correlated with the response variable (J. Fan
et al., 2008). Nevertheless, these methods have been known to be conservative and sometimes
ending up including many unimportant variables in the model.

Methods like Correlation-based Feature Selection (Hall, 1999) and Fast Correlation-based
Feature Selection (Yu & Liu, 2003) perform by selecting features that are highly correlated with
the response yet uncorrelated with each other. However, these methods have been criticized by
their computational complexity (Pino & Morell, 2013).

Similarly to Iterative Sure Independence Screening, Zhao and Liu (2007) proposed the INTER-
ACT method as a response to the issue that comes with unintentional feature removal when a
feature by itself does not show much correlation with the response, but when combined with
other features, is highly correlated with the response. Still, this method can only manage nom-
inal features and, if that is not the case, valuable information may be lost in the process of

discretization of the data (Zeng et al., 2015).

2.1 Ridge

This method was proposed by Hoerl and Kennard (1970) to address multicollinearity in the con-
text of Linear and Generalized Linear Modeling. Multicollinearity is the phenomenon in which
one or more predictor variables can be linearly predicted from other variables. As expected, this
issue often occurs in high-dimensional datasets, where it is more likely for groups of predictors
to be highly correlated (Hilt & Seegrist, 1977). This method has been shown to achieve the same
performance as Support Vector Machine, with the additional benefit of computing probabilities
of class affiliation rather than scores. However, the high density of the models constructed by
this regularization method are often inconvenient when solving high-dimensional problems
(Aseervatham et al., 2011).
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Aseervatham et al. (2011) and Pereira et al. (2016) studied the performance of the Ridge
method in Logistic Regression. The first article covers large-scale text categorization (assigning
a text document to one or more relevant categories, according to its content), and proposes
Selected Ridge, a new method that constitutes a broadening of the Ridge method to feature selec-
tion. Besides implementing this new method, the authors include in their analysis the regular
Ridge and LASSO methods, in order to compare results. These three methods were applied to
four distinct sets of data, reaching the overall conclusion that, for the most part (three out of
the four analyzed datasets), the Ridge method either performed equally or outperformed the
LASSO method. The Selected Ridge method also performed equally or outperformed the regular
Ridge method. As consequence, the Selected Ridge method was opt for as the best method given
its better performance and property of feature selection. The second paper covers the predic-
tion of corporate failure, and resorts to the usage of Ridge and LASSO methods in four different
studies using the same set of data but considering different partitions of training/testing sets.
They concluded that none of these methods behaved clearly better than the other, but that both
of them tended to favor the category of the response variable that appeared with heavier weight

in the training set.

2.2 LASSO

Proposed by Tibshirani (1996), the LASSO regularization technique has proven to be a flexible
tool to select relevant features and estimate the model coefficients simultaneously. This method
has been widely used in numerous research areas where the number of variables is very large,
such as genome studies, finance, risk analysis, biomedical imaging, and others. Despite its
notoriety, it is sometimes challenging to guarantee the feature selection consistency of LASSO,
especially when the dimension of the data is very large (Yang et al., 2019). This method yields
sparse solutions however its performance is generally dominated by the Ridge method when
the number of features is larger than the number of observations and/or when the features are
highly correlated (Aseervatham et al., 2011).

Asenso et al. (2020) and Yang et al. (2019) employed the LASSO, as well as some variations
of this method, in order to study several high-dimensional problems. While the first publication
focuses on the applicability of LASSO in genomics and disease detection/severity, the second
article covers a store product management, which helped us understand how diverse high-
dimensional problems can be. In both of these publications, the authors resorted to using a
variety of other regularization methods besides LASSO and its extensions. Aside from regular
LASSO, Asenso et al. (2020) applied the Elastic Net method, as well as an extension of LASSO
entitled Pliable LASSO. The authors applied these methods to two sets of high-dimensional
data containing information on gene expression levels to study the severity of breast carcinoma
(85 observations, 60 for training and 25 for testing the models, and 456 features) and small,
round blue cell tumors of childhood - SRBCT (83 observations, 63 for training and 20 for testing
the models, and 2.308 features). In doing so, they discovered that there were no significant

differences between the predictive performance of Pliable LASSO in relation to the other two
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methods. For the breast carcinoma dataset, Pliable LASSO selected 65, LASSO 11 and Elastic Net
39 features. Although these results were not accompanied by errors, it was indicated that the
Pliable LASSO method did not perform far better than the other two methods. For the SRBCT
data, the authors specified that the misclassification error was the same for the three methods
(= 1/20), despite Pliable LASSO selecting 25, LASSO 12 and Elastic Net 31 features. This signifies
that LASSO, although selecting the least amount of features, performs the same as the other two
methods in terms of predictive error. For both of these studies notice that if the main objective
was to achieve the least dense model with the best predictive quality, LASSO would be opted as
the best method of regularization.

We also studied the article published by Yang et al. (2019). The authors resorted to the
usage of four distinct LASSO variations that differ in the procedure used for estimating the
penalization parameter (that estimates the ideal the amount of penalization that the dataset
requires). These procedures include Efficient Tuning (ET LASSO), Cross-Validation (CV LASSO),
Bayesian Information Criterion (BIC LASSO) and Estimation Stability with Cross-Validation
(ESCV LASSO). These methods were applied to a set of data to understand the daily sales of a
Chinese supermarket given 6.398 different products in a period of 464 days. It was concluded
that ET LASSO led to the smallest error despite selecting only 68 products, followed ESCV with
72 products, CV with 111 products and then BIC with 100 products.

J. Fan et al. (2008) also utilized the LASSO method to study how genetic information influ-
ences certain diseases, in this case, the 3-year survival rate of a neuroblastoma patient. The data
consisted of 239 patient observations (125 for training and 114 for testing), with information on
10.707 features. Besides LASSO, the authors resorted to the usage of Nearest Shrunken Centroids,
Sure Independence Screening, Iterative Sure Independence Screening and an extension of the last
two methods. They reached that the method that performed the worst was Nearest Shrunken
Centroids, selecting 9.413 features but failing to predict 24 out of the 114 test observations. The
best performing method was regular Sure Independence Screening, selecting only 5 genes with
a misclassification rate of 19/114. The remaining models performed in an equal manner with
an error of 22/114, although LASSO selected the highest amount of predictors (57 genes) and

the extension of Sure Independence Screening the least (10 genes).

2.3 Elastic Net

Zou and Hastie (2005) proposed the Elastic Net as a regularization method that out-performs
LASSO. Unlike LASSO, this method tends to take into account the high correlation that might
exist between groups of predictors. It is known to be particularly useful when the number of
predictors is much larger than the number of observations.

Zou and Hastie (2005) and Algamal and Lee (2015) applied the Elastic Net to analyze clas-
sification of disease severity. Besides Elastic Net, Zou and Hastie (2005) resorted to methods
like Support Vector Machine by Recursive Feature Elimination, Penalized Logistic Regression by
Recursive Feature Elimination and Nearest Shrunken Centroids, and compared the results they

obtained with a study made by Golub et al. (1999), to study the influence of gene expression
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levels on leukemia disease, a dataset composed of 72 observations (38 for training and 34 for
testing), and 7.129 features. In this study, they reached that Elastic Net performed the best in
terms misclassification error of the testing set (0/34), although it was the method that selected
the second highest amount of features (45 genes). The variation of Support Vector Machine
by Univariate Ranking and Penalized Logistic Regression by Univariate Ranking was used by
Zhu and Hastie (2004), which reached worse results than when resorting to Recursive Feature
Elimination. ]J. Fan and Fan (2008) used this same dataset to analyze the performance of Feature
Annealed Independence Rules, reaching a total of 11 features, with a misclassification rate of

1/34, concluding that it performed sightly worse than Elastic Net.

Algamal and Lee (2015) utilized, in addition to the regular Elastic Net method, two other
variations of Elastic Net: Adaptive Elastic Net and Adjusted Adaptive Elastic Net, as well as a vari-
ation of the Ridge method that performs variable selection entitled AERidge. These methods
were used to study the severity of three different cancer high-dimensional sets of data contain-
ing detailed information on gene expression levels: prostate cancer with 102 samples and 5.966
features, diffuse large B-cell ymphoma with 77 observations and 7.129 features, colon cancer
with 62 observations and 2.000 features. In all of these studies, the authors concluded that the
Adjusted Adaptive Elastic Net reached the models with the smallest error and that, considering
just regular Elastic Net and AERidge methods, AERidge outperformed Elastic Net, with regards

to error, while still selecting fewer features.

2.4 Other methods

Zhu and Hastie (2004) also applied Support Vector Machine and Penalized Logistic Regression
to genetic data in order to study various problems. Similarly to Asenso et al. (2020), these au-
thors studied the SRBCT data, but resorted to Support Vector Machine and Penalized Logistic
Regression by both Univariate Ranking and Recursive Feature Elimination. Moreover, they also
applied these methods to the data presented in Ramaswamy et al. (2001) (144 training observa-
tions, 54 testing observations, 16.063 predictors). Both of these studies led them to conclude
that Recursive Feature Elimination produced the models with the best predictive quality when
compared to Univariate Ranking, in both regularization methods used. Notice that for the SR-
BCT data, Recursive Feature Elimination selected a higher number of features than Univariate

Ranking, but in Ramaswamy data, the opposite occurred.

Through analyzing the articles by J. Fan and Fan (2008) and J. Fan et al. (2008), we compared
the performance of Nearest Shrunken Centroids and other methods such as LASSO and Feature
Annealed Independence Rules. Jointly, they applied these methods to four sets of data to study
disease classification: leukemia, lung cancer, prostate cancer and neuroblastoma. In section 2.2,
we remarked how Nearest Shrunken Centroids performed the worst (compared to LASSO, and
two variations of Sure Independence Screening and Iterative Sure Independence Screening), while
simultaneously selecting the highest amount of predictors into the model. In J. Fan and Fan

(2008) the authors showed that the performance of Nearest Shrunken Centroids is oftentimes
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worse than Feature Annealed Independence Rules even though, in two out of the three datasets
they studied, it selected more predictors.

To finalize, Bolén-Canedo (2014) studied the application of Correlation-based Feature Se-
lection, Fast Correlation-based Feature Selection and INTERACT to a series of different datasets.
With the purpose of analyzing the adequacy of performance, the author resorted to Cross-
Validation and Distribution Optimally Balanced Stratified Cross-Validation. Though it is not
emphatically expressed a comparison analysis between these methods’ performance, we see
that generally Fast Correlation-based Feature Selection selects the fewest amount of features,
while not being remarked as having a much worse performance than the other two methods

applied. In parallel, Correlation-based Feature Selection is usually the method that selects the

highest amount of features.

For a more detailed analysis of the studies mentioned, see Tables A.1 through A.11.
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METHODS

3.1 Generalized Linear Models

Within the field of Modeling in statistics, Regression models concern an ensemble of procedures
used to model the relationship between a phenomenon, mathematically represented by an
outcome variable, and a set of features that can trigger this event, portrayed by explanatory
variables. The relationship between the phenomenon and the features that trigger it can be
either linear or non-linear. In the linear case, we have the termed Linear Regression models,
where the relationship is modeled by using a linear predictor function whose parameters are
estimated from the data. This type of model relies on the assumption that the conditional mean
of the outcome variable, given the explanatory variables, can be derived from a linear function

of the explanatory variables.

Let Y be the dependent outcome variable, and x = (xy,..., xp) T be the set of p explanatory
variables (also known as covariates or predictor variables), that are used to explain part of the
inherit behavior of Y. Y can be continuous, discrete or categorical. The covariates can be
continuous, discrete, ordinal or categorical (Turkman & Silva, 2000). We assume that, given an
experience of the phenomenon in study in 7 different instances, we have a dataset with the

format,

(yi,xi), i€l,...,n, (3.1

ensuing the realization of (Y,x) in n instances. The components Y; of the random vector Y =

(Y1,...,Yn) T are independent.

Consider the matricial representations of the data,

N X111 X12 ... X1p 1 x11 x12 ... X1p
Y2 X21 X222 ... X2p 1 xo1 X290 ... X2p

y=|.[ X={. . | Zo=|. . _ (3.2)
Yn Xnl Xn2 ... Xpp 1 X1 Xn2 ... Xnp
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In a classic Linear Regression model, the relationship between the dependent and the ex-

planatory variables is defined as,

Y=ZpB+e, (3.3)

where B = (Bo, B1,..., Bp) T'is the vector of the model parameters (or coefficients) that require es-
timation, Zp is the n x (p+1) design matrix of the model, of components [z;,], i € {1,...,n}, me€
{1,..., p + 1} (covariate matrix X combined with a unitary vector as its first column), and € is
a n x 1 vector that represents the noise term of the model, constituting other possible factors
that influence Y (assumed to have a N(0,0?I) distribution (Turkman & Silva, 2000)). Note that
there are terms that are observable and others that are not. The observable factors are Y and
X, that compose the available data. € is unobserved. The vector of model coefficients g is also
unobserved. The main task of the model is to estimate the model parameters based on the

information provided by the dataset.

On a dataset with n independent instances, for each observation i € {1,..., n}, we have an
outcome Y;, and a p x 1 vector of covariates x; = (x;1,..., Xip), where x; (k € {1,..., p}) represents

the value for the kth covariate in observation i.

Generalized Linear Models are a generalization of the Linear Models to an outcome whose
distribution belongs to the Exponential Family, and whose mean value relates to the explana-

tory variables by means of a differentiable function.

3.1.1 Exponential Family

One of the main assumptions in Generalized Linear Modeling is that the distribution of the
outcome variable belongs to the exponential family, i.e., that the probability density function

(or the probability mass function) be written as,

0 — b(0)

F(y10,¢) :exp{y - +c(y,¢)}, (3.4)

where 6 is the location parameter, ¢ is the dispersion parameter, a(:), b(-) and c(-,-) are known

real-valued regular functions.

3.1.1.1 Expected Value

Let us demonstrate that, for Generalized Linear Models, we have,

E[Y]=D'(9). (3.5)
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+00 6
Given that[ flo,¢)dy=1 and @1 =0, we have,

9 0 (y9-b®)
50 0109 = g5 e{ ==

- (y;gge))f(yw,@.

+c(y, <p)}
(3.6)

For the purpose of this thesis, we assume that we are under the regularity condition that
allows us to infer that,

0 +00 +oo 3

Consequently we find that the expected value of the outcome variable can be calculated by

solving the equation,

6 +00
0=([  fuie.e)ay
+00 6
- | ey

I A C) (3.8)
- o) Jfue.edy

+00 +0oo
f vfyle,¢)dy - b’(@)[ f(y16,¢) dy]

(o9}

:T(p)

=E[Y]-Db'(O).

Hence E[Y] = V' (0).

3.1.1.2 Variance

Let us prove that, in a Generalized Linear Model, we have,

V[Y]=b"(0) a(®). 3.9)

Similarly to the deduction made for the expected value of the outcome, the variance of this
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variable can be obtained by considering that,

0 0 b’(@)
@f(yw,@:@[(y )swio.]
b'®) b'6)
= 0, y=rw 0, 3.10
AR e )2 £ 16,6 (3.10)
b”(@) y—b'(0)\2
= 16, 0,¢).
@) [Ve0+ (=) 00,9

Once more, due to the regularity condition (3.7) and the fact that,

62 +00
@f_ fle,¢) =0, (3.11)

we can find a simplified expression for the variance of the outcome variable by solving,

02 +00 +00 62
- f £, @) dy = f 10, )dy

T b"(0) f '( )
=- 0,p)d —_— 0,p)d
|2 fwieedys 2 ro.ay

+00 +00
——b"(H)a((l))f f10,¢) dy+f (y-b©0)*f(yl0,¢) dy

+00 +00 +00
=-b"(0) alp) + f V2 f(y16,¢) dy + b (0)* f f(y16,¢)dy—2b'(0) f yf(y10,¢)dy

=-b"(0) a(p) +E[Y?] + b'(0)* —2b'(O) E[Y]
=-b"(0) a(p) +E[Y?] + b'(0)> — 21 (0)?

=—-b"0) alp) +E[Y?] - b 0)°.
(3.12)

Meaning that E[Y?] = b (0) a(¢) + b’ (0)?. This way,
VY] =E[Y?]-E[Y]* =b"B) alp) + b'(0)* - b'(0)* = b"(0) a(¢). (3.13)

3.1.2 Traits of Generalized Linear Models

Generalized Linear Models are characterized by three main components:
- Random component
- Systematic component
- Link function

12
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3.1.2.1 Random component

Let x; be the vector of covariates for the ith instance and Y; be the corresponding outcome.
Then the variables Y;|x; are independent and their distribution belongs to the Exponential

Family, with the expected value,

ElYiIxil=p; =00, i=1,...,n. (3.14)

3.1.2.2 Systematic component

The systematic component defines the linear predictor as a linear combination of the explana-

tory variables,

ni=z;B, i=1...n (3.15)

where z; = (l,xil,...,x,-p)T, i€{l,...,n},is the ith design vector.

3.1.2.3 Link function

The link function defines the relationship between p; and n; through,

pi=hm)eni=htw), i=1..,n (3.16)

where h(-) is a monotonous, differentiable and invertible function. h~1(-) is the link function of
the model.

3.1.3 Parameter Estimation

The main focus of any regression model falls on the estimation of the vector of model param-
eters, B. Because of its structure, Generalized Linear Models enable the usage of the same nu-
meric method for parameter estimation for the various types of fitted models, i.e., considering

different link functions and response variable distribution.

By definition, suppose that we have a Generalized Linear Model characterized by,

0i = b(0)) .
f()’i|9i»(/)):exp J/ll—l+c(yi!(p) ) lzlw-nn' (317)
a(®)
In statistics, the likelihood function, L(.), measures the goodness of fit of a model to a sample
of data. It depicts the joint probability distribution of the sample but treating the random vari-

ables as fixed at the observed values. Consequently, it is a function of the unknown parameters
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of the model only. In a Generalized Linear Model, we describe the likelihood function as,

LB, ¢):=[] f(yili,¢)
i=1

L i0i —b(0;)

= HeXp{yT(p) +C(J/i,(,b)} (3.18)
i=1

= { g 2 Z(y,H - b(0)) + Z C(yz,(/))}

The model parameters are estimated as being the values that maximize the likelihood func-
tion, hence this method’s denomination of Maximum Likelihood Method. Given the properties
of the logarithm, we know that the maximizers (or minizers) of a function are equal to the max-
imizers (or minizers) of the logarithm of that same function. The logarithm of the likelihood
function is denominated as the log-likelihood function, I(.).

In a Generalized Linear Model, we describe the log-likelihood function as,

L(B, ) :=1og(L(B,¢))

(¢)Z(y191 b(®; ))+l_216(yu¢>) (3.19)
=Y 1;(f), where li(ﬁ)zw;;—(f)wmﬂ(yi,tb), i=1,...,n
i=1

We undertake the parameter ¢ as fixed, so that the estimation of § does not depend on the
value of the dispersion parameter.

The score function is the defined as the gradient of the log-likelihood function. At any par-
ticular component of the parameter vector, the score specifies the slope of the log-likelihood
function, thus being used to measure this function’s sensitivity to infinitesimal changes to the
parameter values. For the jth model parameter, we define the jth component of the score
function as,

n 5l
sj(ﬁ):aalg) =;aé’;f), j=0,...,p. (3.20)

The maximum likelihood estimators of B are obtained by solving the system of p + 1 likeli-

hood equations,

si(B)=0 j=0,...,p. (3.21)
Recall that, for each i € {1,...,n}, u; = b'(0;) and u; = h(n;). In order to find the likelihood

equations, we resort to the Chain Rule and define the following equality,

0L:(B) _ 0Li(0:) 00:(ui) Opi(n:) Oni(B)

i=1,...,n,j=0,...,p, (3.22)
op; _ 00; op om:  op; J P
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3.1. GENERALIZED LINEAR MODELS

with:

, 0Li0) _yi—b'®) _yi—pi

= = , =1,...,
36, a(@) a) "

. oui(0;) L _ VIYi] 00;(u;)  ald) .
—60,- =b"6;) = @) = o _\/[Yi], i=1,...,n
oni(B) . .

6,5]' =Zi(j+1) i=1,...,n,j=0,...,p.

Hence,

ali(ﬁ) _Yi—Hi a(p) alil

= i=1,...,n,j=0,...,p, (3.23)
3B, alp) VIY;om; UY / P
and the likelihood equations are,
o VT ZG Ot g (3.24)

i=1 V[Y;] 0771

These equations are usually solved using numerical optimization due to the fact they can
not be solved analytically except in ordinary linear regression with a Normal outcome distribu-
tion and the identity link function.

3.1.3.1 Fisher Scoring Optimization

In the majority of Linear Models, the likelihood equations can not be solved analytically. Turk-
man and Silva (2000) describe the Fisher Scoring method as a numerical iterative procedure to

obtain the maximum likelihood estimators of the model coefficients, using the update,

B = g0 [1(B)] 7! s(BD), (3.25)
where I() = E [ - Ip) ] =E [ - M] is called the Fisher Information Matrix, and s(f) =
opop” op

dl(B)
o

is the score function for B, of components s;(f), j =0,..., p.

3.1.4 Fisher Information Matrix

1) 0°1(B)
aﬁaﬁT]( [aﬁaﬁT

trix. Thus, to compute this matrix we need to calculate the expected value of the second order

As stated before, I(f) = [ ]) represents the Fisher Information Ma-

derivatives of [;(B), i = 1,..., n. To do that, we will first prove that, under regularity condition
(3.7), we have,

[azuﬁ)] [(Qﬁéqzl (3.26)

opop” op

15



CHAPTER 3. METHODS

Remark that, for any random variable of configuration ®(H;,..., Hy;,), where ® is a regular

function, we have the following definition,

m
[Eg[<D(H1,...,Hm)]=f f O(hy, ..., h) [ fE (R dp, ... dp,, (3.27)
IR JIR k=1

where (Hy, ..., Hy,) is a sample of the random variable H, i.e., a succession of random variables
that are independent and identically distributed with H.

Notice that,

[E[%l(ﬁ)] =Ep [%l(ls;yb...,m]

f [ —log
R JirO

1w T Eywa,...d
k=1 k=1

a n

—Hf (Vi)

aﬁk:l n B
:fmm[mn—nfy(y}c)dyl...dy

Hf (o *!

k=1

| | d
‘/I‘R ./I‘R 0B e fY (ye)dy, -
0 L B
== .. | | dy ...d
aﬁ «/I‘R flR k:lfY (J/k) n yr

= %[(fmfﬁ(yl)dm)---([IRff(y”)dy”)

0
=—(1x---x1)=

op

(3.28)
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3.1. GENERALIZED LINEAR MODELS

Therefore, to prove the equality in (3.26),

A A

B
zi(f f B )| LB s yn) )
B\Jir  Jir 1eee Gy,

[
S’

0°
f (aﬁzlﬁ(ylﬁ )y}’l))Lﬁ(yl,.-.,yn)dyl...dyn

_ll>’ v =Ly, v | dy, ... d

f;R ﬁR (yl Y ))( /3 (yl y )) 851 Vn

=f. f(a Bn,.. ,yn))Lﬁ(yl,...,yn)dy...dy (3.29)
m® Jir\0p? ' !

—lﬁ e Vn —lﬁ e YL,y dy, .. d
fIR fm 1 J’))( 3B 1 J’)) (" Vn) dy, -

:ij f(aﬁzlﬁ(ylr ;J’n))Lﬁ(J/l,...,yn)dyl...dy

2
f f lﬁ(J/l» ryn)) Lﬁ(y];,yn)dyl.dyn
IR IR

9?2
=Ep a_/szl A

+[EI3

(%lﬁ(yl,...,yn))z ,

concluding the demonstration of equality (3.26).

Let us calculate the second derivatives of /;(f), i = 1,..., n. Using the equality in (3.26), we
know that,

E[_%]ZE (5331;1) (5(.3562)]

_E ((Yi Ki) Zi(j1+1) %)((Yi_ﬂi) Zi(j2+1) %)]
V[Y;] on; VI[Y;] on;
_E (Y — pi)? 21(1121)21(]2“)( ) ] (3.30)
V[Y;] 67]1
Zi(j1+1)Zi(j2+1)
_—[E Y; -
Vv ELdims ( )
Zi(j1+1)Zi(j2+1) (OMi\2 . .
= =1,...,n,j1=0,...,p, j2=0,...,p.
VI[Yi] (aﬂz) ‘= i P P
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Thus, the component of index [j1 + 1, j2 + 1] of the Fisher Information Matrix is,

8%1; ] Zzz(]1+1)zz(]2+1)(6ul

n
. . = [E — ‘1: yeoos Py .2: yeooy e
[I(Ig)](]1+l)(]2+l) l; [ 0,3]'15[3]2 \/[Yl 07’1) ] 0 p,J 0 p

(3.31)

i=1

This signifies that the Fisher Information Matrix can also be written in matricial form as
(Turkman & Silva, 2000),

1(B) =2 WZp, (3.32)

where W is a n x n diagonal matrix diag(w,..., wy) such that,

w;i= , i=1,...,n. (3.33)

3.2 Multinomial Logistic Regression

3.2.1 Multinomial Distribution

The Multinomial distribution is a generalization of the Binomial distribution (sum of Bernoulli

variables with 2 categories, such as true/false or yes/no) to J + 1 € N possible outcomes. This

distribution is characterized by a vector of probabilities of class affiliation, 7© = (pg, p1,..., py) T,
J

where Z Pq =1, and p, > 0 represents the probability of success for the gth outcome. If J =1

q=0
then the distribution is Binomial.

Let Yj constitute the number of times that the kth outcome occurs in a sample of # trials,

J
that is Z Y} = n. The joint probability of y = (yo, y1,..., ;)" is defined as
k=0

n!

o Yoo,
Syt P PP .

PlYo=yo,Y1=y1,...,Y5=y/]:=
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3.2. MULTINOMIAL LOGISTIC REGRESSION

3.2.1.1 Exponential Family

We can easily demonstrate that the Multinomial distribution of parameters 7 = (po, p1,..., py) "’

belongs to the Exponential Family. Considering the probability mass function in (3.34),

PlYo=yo,Yi=y1,...Y5=yj]:= yo!.y+!.“y]!pgo,pi’l "'P}/]
=exp {log(#!y' Po P{] p})])}
-l )t )
; (3.35)
=exp {log(—y') lcgo yklog(pk)}
=expiy { Tlog(rc) + lOg(ﬁ!{nyﬂ)}
= exp{ Tg b(9) +c (y,qb)},

where

* 6 =log(m) = (log(po), log(p1), ..., log(p) "

b(@) =

ca@=1
!

* c(y, ) = log(m).

3.2.2 Multinomial Logistic Regression

Multinomial Logistic Regression is the classical statistical procedure used to predict a sample’s
category placement (or the probability of such), using a dataset containing the information of
n previously established samples to which we already know the category affiliation. This way
we have an outcome (or response) variable, representative of the class to which each sample
belongs to, Y, and multiple explanatory variables (or covariates/predictors) x;,i € 1,..., p, con-
sidered mainly responsible for Y’s behavior (Starkweather and Moske, 2011). Unlike the classic
Logistic Regression model, in which the outcome variable is binary (e.g., presence/absence of a
characteristic), the response variable in a Multinomial Logistic Regression model can have more
than two classes that are coded categorically. Additionally, one of these categories is taken as the
reference category, normally, but not necessarily, chosen as being the category with the largest
number of associated observations (Y. Wang, 2005). The predictors can be either categorical or
continuous.

Suppose that the outcome variable, Y, has J + 1 categories, denoted as (0, 1,..., J). Without

loss of generality, let "0" be the reference category value. Assume that we have a collection of
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p predictor variables, x = (x1,..., X;). We are interested in estimating the probabilities of each

outcome conditioned to a given realization of x. These probabilities can be defined as,

1
P[Y—le]_1+eg1(x)+...+eg1(x)
egl(X)
PlY =1|x]= 1+ o8 g/®
+e +.--4e (3.36)
eg/(x)
P[Y:]|X]:1+eg1(x)+...+eg1(x),
where
PlY =j|x] j
()= ——— =i+ fjXi++ BjpXp, JEL..., ], 357
g Y —olx] Bjo+Bj1x1 BjpXp, ] J (3.37)

represents the logit of category j versus the reference category (Fagerland et al., 2008).
Consider a sample of n independent observations, denoted as (y;,x;),i = 1,..., n, wherey;

isa (J+1) x 1 vector of indicators for the observed response category for observation i (i.e., for

each i,y; isasequence of / 0’'s and a 1 placed on the observed category), with the corresponding

(J + 1) x 1 vector of probabilities P; = (9, 71,..., ;) %, i=1,...,n.

3.2.2.1 Estimation of the Model Coefficients

Considering Zp as the Design Matrix of the model, define Z” = ZLT) ®I;, where I; denotes the
J x ] identity matrix, and ® indicates the Kronecker Product, characterized as, for A= {a;;}, i €

{1,...,m}, je{l,...,n} an m x n matrix and B an p x g matrix,

aHB alnB
AeB:=| : .. |. (3.38)
amB ... au,B

Notice that A® Bis a pm x gn block matrix.
The authors Bull et al. (2002) show that the (p+1)J x (p + 1) J Fisher Information Matrix of a

Multinomial problem, I, can be defined as,

I=Z"MZ), (3.39)

where M is an nJ x nJ block diagonal matrix with n J x J blocks: M; = {m;¢1¢c2}, Micic1 = Tic1(1—
Tic1), for c1 =c2,and mjc1c2 = —7ic17ic2, otherwise, fori=1,...,n,cl1=1,...,J,¢c2=1,...,].
Typically, the Maximum Likelihood Estimators of the model parameters, B = (o, f1,..., f, 7,
are calculated using the data from the observations (y;,x;), i € {1,...,n}, by solving the score
equations of the log-likelihood. Because these equations can not be solved analytically except
in ordinary linear regression with Normal distribution and identity link function, we resort to

numerical optimization methods.
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3.2. MULTINOMIAL LOGISTIC REGRESSION

The Fisher Scoring Optimization method updates equation used to obtain the Maximum
Likelihood Estimators, for the tth iteration as,
Bi+1) =By + I UB(p), (3.40)

where U(By) is the score function for the Multinomial model for iteration ¢ (Bull et al., 2002).

3.2.2.2 High-Dimensionality and Multinomial Logistic Regression

It is clear that, in order to resort to the Fisher Scoring Optimization update, at each iteration,
the Fisher Information Matrix needs to be non-singular. Notice that, in order for I to be non-
singular,

rank(l)=(p+1)J. (3.41)

Let us now assume that the problem is high-dimensional, i.e., p > n. Consider the following

properties of the matrix rank,

* rank(A) < min{n, p}, for Aan x p matrix
e rank(A) = rank(AT), for A matrix

e rank(AB) < min{rank(A),rank(B)}, for A and B matrices

This way, considering (3.39),

rank(I) = rank(Z'MZz)
<min{rank@Z"); rankM); rankZ)} (3.42)
=min{rank(Z); rankM)},

Furthermore, since n < p,

rank(Z) < min{(p+1J; njJ} =nj. (3.43)

Since M is a square nJ x nJ matrix,

rank(M) <n]j. (3.44)

Combining the results in (3.42), (3.43) and (3.44), we can now easily conclude that,

rank(D<nj<pJ<(p+1]J. (3.45)

Concluding that the Fisher Information Matrix is singular when p > n. This signifies that,
when a problem is high-dimensional, we can not resort to the Fisher Scoring Optimization
numerical method to attain the Maximum Likelihood Estimators. For this reason, the high-

dimensionality of a Multinomial model calls for the utilization of regularization methods.
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3.2.3 Predictive Quality
3.2.3.1 Confusion Matrix

A Confusion Matrix is a tabular way of analyzing a model’s predictive performance. Each en-
try of this matrix indicates the number of predictions made by the model, and whether the
classes were classified correctly or incorrectly. The most conventional form of Confusion Matrix
results from the binary problem, i.e., Logistic Regression, displayed in Table 3.1. Because the
classification problem is binary, there are only two classes to classify, a positive and a negative

class.

Table 3.1: Confusion Matrix for the classic Logistic Regression problem.

True Class

positive negative total

True False

§ positive Positive Positive | P/
O (TP) (FP)
=t
8
% False True
@ negative Negative || Negative | N’
~ (EN) (TN)

total P N

True Positive (TP) refers to the number of predictions where the model correctly pre-

dicted the positive class as positive.

True Negative (TN) refers to the number of predictions where the model correctly pre-

dicted the negative class as negative.

* False Positive (FP) refers to the number of predictions where the model incorrectly pre-

dicted the negative class as positive.

 False Negative (FN) refers to the number of predictions where the model incorrectly

predicted the positive class as negative.

Upon establishing the Confusion Matrix, we can can determine a few performance mea-

sures. The most common performance measures include:

* Accuracy: Fraction of samples that were correctly classified by the model,

TP+TN
TP+TN+FP+FN’

(3.46)
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3.2. MULTINOMIAL LOGISTIC REGRESSION

* Missclassification Rate: Fraction of incorrect predictions,

FP+FN
TP+TN+FP+FN

or 1-Accuracy. (3.47)

* Precision: Fraction of positive class predictions that were actually positive,

TP

—_— (3.48)
TP+FP

If, for a certain class, TP + FP = 0, then we consider Precision = 1, since the model did

not actually fail to predict the class.

* Recall| True Positive Rate | Sensitivity | Probability of Detection: Fraction of all positive
samples that the model correctly predicted as positive,

TP

—_—. (3.49)
TP+FN

Once more, if, for a certain class, TP + FN = 0, then we consider Recall = 1, since the
model did not actually fail to predict the class.

* Specificity | True Negative Rate: Fraction of all negative samples are were correctly pre-

dicted as negative,

TN

—_—. (3.50)
FP+TN

In this case, if, for a certain class, FP + TN = 0, then we consider Specificity = 1, since the

model did not actually fail to predict any negative samples.

* FI-Score: Merging Precision and Recall into a single measure, it is, mathematically, the

harmonic mean of Precision and Recall,

Precision x Recall 2TP
X = .
Precision+ Recall 2TP+FP+FN

(3.51)

If2TP+ FP + FN =0 for a particular class, signifying that no sample from that class was
selected to the testing set, we consider F1-Score = 1, since the model did not actually fail

to predict the class.

Unlike binary classification, there are no positive/negative classes in problems where the

response variable has more than two classes - multi-class outcome - such as in a Multinomial

Regression problem. The reasoning behind multi-class confusion matrices is the consideration

of TP, TN, FP and FN for each individual class. Consider the following example: a model aims

to predict the outcome of a certain phenomenon that can fall under three different categories:

A, B and C. The model’s predictive performance is presented through the Confusion Matrix
displayed in Table 3.2.
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Table 3.2: Confusion matrix of a 3-class classification problem

True Class
A B C
A True A False A False A
TPy Fa) Fao
A
=
% B False B True B False B
5 Fp(a TPg Fp(c)
%
g
~
C False C False C True C
Fcy Fep) TPc
total Ta Tp Tc

total

Ty

Tc

Table 3.3: Confusion matrix metrics of a 3-class classification problem

H [ A B C |

True

Positive TPy TPg TPc
True

Negative TNA = TPB + FB(C) + TNB = TPC + FA(C) + TNC = TPC + FA(B) +

FC(B) + TPC FC(A) + TPC FB(A) + TPB

False

Positive FPA:FA(B) +FA(C) FPB :FB(A) +FB(C) FPC:FC(A) +FC(B)
False

Negative FNA:FB(A) +FC(A) FNB :FA(B) +FC(B) FNC :FA(C) +FB(C)

Table 3.3 showcases the formulas for the metrics of a 3-class classification problem.

Using these metrics, we can then calculate the performance measures for each class, simply
applying the formulas in (3.46), (3.47), (3.48), (3.49), (3.50) and (3.51). There are a few perfor-
mance measures for studying the overall model instead of considering the performance for

each individual class.
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Considering that,

¢ Total True Positives: Total TP =TP4+ TP+ TP

Total False Positives: Total FP FP4+ FPg+ FP¢

Total True Negatives: Total TN TNy+ TN+ T Nc¢

Total False Negatives: Total FN FNy+ FNp + FN¢,

the overall performance measures include,

¢ Total Precision:

Total TP
(3.52)
Total TP+ Total FP
¢ Total Recall:
Total TP
(3.53)

Total TP+ Total FN

* Micro FI: Assesses the quality of multi-classification problems. Simply put, it measures

the F1-score of the aggregated contributions of all classes.

Total Precision x Total Recall

X 3.54
Total Precision + Total Recall ( )

* Macro FI: Calculates the F1-score metrics for each class individually and then takes un-

weighted mean of the measures.

F1-Scores + F1-Scoreg + F1-Scorec
3

) (3.55)

where

2TP
Fl1-Scorey. = k (3.56)
2T Py + FPy+ FNy

» Weighted FI: 1t takes the weighted mean of the measures. The weights for each class are

the total number of samples of that class.

T4 x F1-Scorea + Tg x F1-Scoreg + T¢ x F1-Scorec
Ta+ T+ 1Tc

(3.57)
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3.2.3.2 Cross Entropy

Being one of the major metrics to assess the performance of a classification problem, Cross
Entropy, or Log-Loss, measures the performance of a classification model whose output is prob-
abilities of class affiliation (between 0 and 1). Conceptually, the Cross Entropy metric is an
indicative of how close the predictive probability of an observation was to predicting the actual
class. Cross Entropy increases as the predicted probability diverges from predicting the true

label. Mathematically, the Log-Loss function (LL) of a multi-classification model is defined as,

18
LL=-—=Y 3 aiqlog(piq), (3.58)
niz1g=0

where n is the number of samples, J + 1 is the number of classes that the response variable
assumes, d;4 is a binary indicator of whether or not label g is the correct classification for

instance , and p; is the model’s predicted probability of assigning label g to instance i.

3.2.3.3 ROC Curve and AUC Score

A ROC Curve (Receiver Operating Characteristic Curve) is a probability curve that illustrates
the performance of a binary classification model, as its discrimination threshold is varied. It is
constructed on the basis of the following two parameters that derive from the model’s Confusion

Matrix,

» True Positive Rate (TPR): ratio of observations that were correctly predicted to be positive

out of all the actual positive observations, that is,

TP

TPR= ———.
TP+FN

(3.59)

Also known as Sensitivity, Recall or Probability of Detection.

* False Positive Rate (FPR): proportion of observations that were incorrectly predicted to

be positive out of all the actual negative observations, that is,

Fp

FPR= ———.
FP+TN

(3.60)
Also known as Probability of False Alarm.

For class prediction models that give a probability that reflects the degree to which an in-
stance belongs to one class rather than the other, a class selection threshold is established. This
way, after estimating the class affiliation probabilities for a certain instance, the model will asso-
ciate it to the respective class, taking into account that threshold value. Consequently, we can
create a curve that reflects True Positive Rate against the False Positive Rate by varying the dis-
crimination threshold values (Mandrekar, 2010). Assuming False Positive Rate on the x-axis and

True Positive Rate on the y-axis, the closest the curve is to the top left corner of this orthonormal

26



3.2. MULTINOMIAL LOGISTIC REGRESSION

axis, the better the classifier’s performance, meaning that it produces very low false positives
and high true positives.

To summarize the performance of the model into a single measure, one common procedure
is to calculate the area under the ROC Curve, known as ROC-AUC Score. This measures the
ability of the classifier to distinguish between classes. As the ROC-AUC Score approaches 1, it is
more likely that the model is correctly distinguishing between positive and negative classes. In
contrast, when the AUC approaches 0, it signifies that the model is predicting negative classes as
positive and vice-versa. If AUC = 0.5 then, presumably, the model does not have class separation
capacity.

Given a Multinomial Regression model, where the outcome has more than 2 categories,
we can study multiple ROC Curves considering one class at a time. To accomplish this, for
each category of the response variable, we take the class in study as the positive class and the
remaining classes as the negative class, transforming the Multinomial problem into multiple
binary problems. As a result, instead of a measure of performance of the overall model, we

compute measures for each individual class of the outcome.

3.2.4 Measures of variable importance

Measures of variable importance are used to assess the weight that each predictor has on the
prediction of the response variable. On condition that the manipulated data is standardized
before fitting the model, one primary measure of variable importance is the absolute values
of the model coefficients. Since Multinomial Regression models return a different variable
coefficient for each of the response variable’s classes, we can measure variable importance (VI),
for each predictor variable, as the sum of the coefficient’s absolute value for each class of the
response. Theoretically, for the predictor variable xg, k € {1,..., p}, we define its importance,
Vi, as,

J
VIg=) |fgkl kefl,... ph (3.61)
q=0

3.2.5 Residual Analysis

Residual Analysis plays an important role in the validation of statistical models. For a given
instance, a residual is a measure of the difference between the observed value of the outcome
variable and the value predicted by the model.

In Multinomial Regression, since the outcome is categorical, we can undertake a residual as
ameasure of how close the estimated probability is to predicting the actual class. Consider, for
example, a 3-class response variable (class A, class B, class C), and a train observation that we
know beforehand belongs to class B. We define the residual for that observation as 1 minus the
model’s fitted probability of belonging to class B. As consequence, the multinomial residuals

belong to the interval [0, 1]. The best fitted observations will have residual values close to 0. In
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theory, the multinomial residual for each instance, r;, i € {1,..., n;} where n; is the number of

observations in the fraining set, can be defined as,

ri=1-mig, 1€{l,...,n4, (3.62)

where g € {0, ..., J} is the correct class for observation i.

3.3 Cross-Validation

Cross-Validation is a model validation technique for assessing how the results of a statistical
analysis will generalize to a new independent set of data. This procedure is mainly used in
prediction modeling, where the user wants to estimate how accurately their model will perform
in practice. Firstly, the data is partitioned into two groups: a training set, that is composed of
the data instances used to fit the model, and a testing set, used for validation of the fitted model
as a means to check its performance. This way, the purpose of Cross-Validation is to test the

model’s ability to predict the studied phenomenon’s behavior on a new set of data.

3.3.1 K-fold Cross-Validation

The Cross-Validation goodness of fit approach becomes a more useful tool when ran multiple
times, formulating an iterative method known as K-fold Cross-Validation. When K =1, 1-fold
Cross-Validation, consists of simply partitioning the data into the two complementary sets:
training and testing, fitting the model with the training set and testing the predictive quality of
the model on the testing set. For more statistically significant results, multiple rounds (K > 1) of
Cross-Validation can be executed. The dataset, S, is partitioned into K complementary subsets,
S¢, tefl,..., K}, such that

K
s=US:. (3.63)
=1

Ateachiteration u € {1,...,K}, S, is used as the testing set and the remaining S,,r € {1,...,K},r #

u compose the training set, Ty, i.e.,

K
.= U S (3.64)
1,r

Thereafter, the validation results for each iteration can be combined (for example, averaged)
to postulate about an estimate of the overall model’s predictive performance.

One limitation of this validation method is the fact that it can only be executed within the
span of K iterations, making it dependent on the size of the dataset. Hence, if the size of the
dataset is small, K-fold Cross-Validation might not be an appropriate method of attesting the
model’s performance. This method is known for being unbiased but conducting high variance

results.
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3.3.2 Monte Carlo Cross-Validation

Also known as Repeated Random Sub-Sampling Validation, the premise of this method is very
similar to that of K-fold Cross-Validation. It too is an iterative method that aims to combine
the results of each iteration to postulate about the overall model’s performance. The main
difference between the two methods is that, instead of dividing the original dataset into K
complementary partitions, at each iteration, Monte Carlo Cross-Validation creates a random
split of the dataset into training and festing sets (Xu & Liang, 2001). For this reason, unlike K-fold
Cross-Validation, some observations may never be selected to a testing set, whereas others may
be selected more than once throughout the different iterations of this process. To overcome
K-fold’s limitation, since this method is not dependent on the sample size, it can bet repeated
a very high number of times. It is remarked as being a biased method, however leading to low

variance results.

3.4 Regularization Methods

A problem is termed high-dimensional when the number of predictor variables, p, is larger
than the number of data instances/observations, n, i.e., p > n. Regularization approaches
such as Ridge, LASSO , and Elastic Net have become the methods of choice for analyzing high-
dimensional data.

Regularization methods rely on sparsity assumptions, guaranteeing that, withing the p fea-
tures, only a limited portion can be selected as significant to predict the response’s behavior.

These assumptions often fall under one of the following hypothesis:

* Among the p explanatory variables, only a small number of them are relevant to predict

the response variable’s behavior;

* Although all of the p explanatory variables are important, one can partition the space so

that, in any local region, only a small number are relevant;

* Although all of the p explanatory variables are important, one can find a small number of

linear combinations of those variables that explain most of the variability in the response.

Aforesaid, high-dimensional Linear Modeling is challenging towards the estimation of the
model parameters. Regularization methods that impose a limitation (penalty) on the amount
of variables allowed to predict the demeanor of a given phenomenon are, therefore, a popular
way to overcome the issues that emerge from these complex problems.

In each of the discussed regularization methods, the intercept coefficient is left out of the
penalty term, as it portrays the origin of the response variable, not being linked to any predictor.
It is convenient to center the explanatory variables, and estimating the intercept as the mean
value of the response when the predictor variables in the model are evaluated at zero (Friedman
etal., 2010).
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Without loss of generality, assume that the data is standardized, i.e.,
n 1 n
Y X =0 and EZX%]CZI, for k=1,...,p. (3.65)
i=1 i=1

3.4.1 RidgeMethod

To address multicollinearity in Linear Modeling, Ridge was proposed by Hoerl and Kennard
(1970), to prevent the poor estimation and high variance of the model’s coefficients (Ogutu et al.,
2012). Multicollinearity is the phenomenon in which some predictors share a linear relationship
with each other. This issue often occurs in models with large numbers of variables, as it is
more likely for groups of predictors to be highly correlated (Hilt & Seegrist, 1977). This method
regulates the dimensionality of a problem by shrinking the coefficients of the less relevant
features towards 0, but never actually removing features from the model. In order to address
groups of highly correlated variables, Ridge approximates their coefficients towards each other,
allowing them to exchange strength (Friedman et al., 2010). This method has been shown to
achieve good performance measures, however, considering that it does not perform feature
selection, its dense solution makes the method inconvenient when solving high-dimensional
problems (Aseervatham et al., 2011).

Let B = (Bo, B1,.., Bp) T and B = (B1,..., Bp)T be the vector of model coefficients excluding
the intercept component. In the linear case, the Ridge method estimates the model coefficients,

ﬁ R resorting to the £, penalization in order to achieve the ideal fitted model,
B = argmin |ly—Z B3 + AlIII5, (3.66)
B

where |ly—-Zgll5 =

n
(y; — Bo—x; p)* is the £,-norm (quadratic) loss function, x] is the ith

i=1
- p -
row of the model’s design matrix X, |35 = >_ ﬁ? is the #;-norm penalty on B, and A > 0 is

j=1
penalization parameter that regulates the strength of the penalty. The higher the value of 1, the

greater is the amount of shrinkage.

3.4.2 LASSO Method

Proposed by Tibshirani (1996), the LASSO (Least Absolute Shrinkage and Selection Operator)
method has proven to be a flexible tool that performs both variable selection and coefficient
shrinkage, i.e., shrinking some of the model coefficients and setting others to zero. This method
focuses on the minimization of the sum of residual squares, for which the sum of the absolute
values of the model coefficients is not larger than a certain threshold. Essentially, this results
in the method removing irrelevant predictors from the model by setting their corresponding
coefficients to zero, thereby making the model simpler and easier to interpret.

LASSO is mainly used in problems that contain a lot of ineffectual variables, which often-

times happens with high-dimensional datasets. One of its main downfalls is the inefficiency
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of addressing groups of highly correlated predictors. In such circumstances, for each group of
correlated variables, LASSO tends to arbitrarily select one predictor into the model, discarding
the others (Friedman et al., 2010). An additional drawback of the LASSO is not being able to
select more variables than the sample size before it saturates, when p > n (Ogutu et al., 2012).
To estimate the model coefficients, B, in the linear case, the LASSO method resorts to the ¢;

penalized least squares criterion and obtains the sparse solution to the optimization problem,

B" = argmin [ly—Z BI15 + Al Bll1, (3.67)
B

~ p ~
where [|B]]; = Z |B;j] is the £1-norm penalty on g, which incites sparsity in the solution. A is
j=1
the penalization parameter that controls the degree to which the coefficients are penalized.

The ¢;-norm allows this method to simultaneously regularize the least squares while shrink-

ing some components of /§L to zero, for some suitably chosen A.

3.4.3 Elastic Net Method

Zou and Hastie (2005) proposed the Elastic Net as a Feature Selection Method that out-preforms
LASSO . Unlike LASSO, this method is robust in the eventuality of highly correlated predictors
(Friedman et al., 2010). Similarly to Ridge and LASSO, the Elastic Net initiates with least squares.
Then, it combines the LASSO’s penalty with Ridge’s, using a mixture of ¢; (LASSO) and ¢, (Ridge)

penalties in order to estimate the model coefficients, ﬁEN , in the linear case, as,

A A . } }
BN = (1+ 22 ){ argmin lly-ZBII3 + A21BI + Arl1BIIn} (3.68)
B
Establishing a new parameter, denoted mixing parameter, as

a = /12
B A1+/12,

then, because of the Lagrangian form of optimization problems, the estimation of the model

(3.69)
coefficients in (3.68) is equally obtained by solving,

BEN = argmin |ly-ZBIl5 subjectto Pu(f)=allflls+(1-a)llfll<s forsomes, (3.70)
B

where P, (B) is the Elastic Net penalty, which is a convex combination of Ridge and LASSO’s
penalties.

Recall that, while the Ridge penalty shrinks the coefficients of correlated predictors towards
each other, LASSO tends to pick one predictor from each group of correlated variables and
discard the others. The Elastic Net penalty mixes these two concepts in a grouping effect. In the
event of a group of correlated predictors, a mixing parameter of @ = 0.5 tends to either select
or leave out the entire group of features (Hastie et al., 2016). If @ = §, for small § > 0, then

this method performs much like the LASSO, but removes any complications caused by high
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correlations between variables (Friedman et al., 2010). In fact, P, (ﬁ) creates a compromise
between Ridge and LASSO. When a = 1, it simplifies to the Ridge, and when a = 0 to the LASSO.
The ¢; component does automatic variable selection, while the ¢, component encourages
grouped selection, taking into account the correlation between predictor variables.

Unlike the LASSO, the Elastic Net can select more than 7 explanatory variables when p > n
(Ogutu et al., 2012).

3.4.4 Penalization and mixing parameters

In a regularized model, the penalization parameter is responsible for controlling the model’s
penalization. The choice of this parameter is vital, since it has a big influence on the amount of
features that the method selects. As this non-negative threshold increases, the regularization
effect is strengthened, and the purpose of the model develops into keeping the coefficients
small instead of minimizing the loss function. The mixing parameter controls the proximity
of the Elastic Net penalty to Ridge and LASSO'’s penalty. K-fold Cross-Validation is one of the
most common methods for tuning these parameters (see section 3.3.1). It chooses the values
with the smallest cross-validated score, i.e., the penalization and mixing parameters that lead to
the model with the smallest error (Jung, 2016). When addressing a classification problem, this
method selects the parameters that result in the model with the best prediction performance.

Firstly, as described in section 3.3.1, the data is partitioned into training and testing sets.
Since the training set is used for fitting the model, the regularization methods are applied to
this portion of the data. The prediction error is evaluated by examining the data under control:
the testing set. Smaller values of prediction error are expected to indicate better models with
higher chance to correctly generalizing to any new set of data. The parameters that lead to
the minimum error, if it exists, are considered optimal values of the penalization and mixing
parameters (Obuchi & Kabashima, 2016).

32



4

APPLICATION

As aresult of the growing globalization of seafood markets, traceability has become paramount
to safeguard food safety. With consumers being increasingly aware of the potential hazards that
contaminated seafood may cause to their health, ensuring that the geographic origin of seafood
is not mislabeled is a first step to fight fraudulent practices that aim to cover-up illegal fishing
(Astill et al., 2019, Leal et al., 2015, Bennion et al., 2021).

Figure 4.1: Ruditapes philippinarum, Gulf of Morbihan, S. Brittany, NW. France, accessed 4
June 2021, <http://www.idscaro.net/sci/04_med/class/fam5/species/ruditapes_phill.htm>

Ruditapes philippinarum, commonly known as Manila clam, is a marine bivalve that is
commercially harvested for human consumption, being one of the most important bivalve
species grown in aquaculture worldwide (Mamede, Ricardo, Abreu, et al., 2021, Mamede, Ri-
cardo, Gongalves, et al., 2021, Bennion et al., 2019, Morrison et al., 2019). The place of origin
of seafood can be predicted by modeling features such as their biochemical and geochemical

fingerprints.
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In this chapter, we exploit a dataset retrieved from 30 Manila clam samples, detailing infor-
mation on 44 composition features, with the purpose of identifying the feature’s distinguishing
capabilities between three geographic origins: Ria de Vigo (Galiza, Spain), Ria de Aveiro (Aveiro,
Portugal), Estuério do Tejo (Lisbon, Portugal), i.e, a classical Multinomial Logistic Regression
problem. However, given the high-dimensionality of the dataset (number of variables higher
than number of observations), the estimation of the model coefficients posses difficulties. To
overcome this problem, we applied Ridge, LASSO and Elastic Net methods to model the origin
of the clams. Additionally, since datasets of only 30 samples challenge the process of model
validation, the re-sampling method of Monte Carlo Cross-Validation was also implemented to
establish different training and testing sets for model implementation and validation.

All of the employed methods were implemented using the software R (R Core Team, 2021).
Ridge, LASSO and Elastic Net were employed, through the glmnet package (Simon et al., 2011),
and with the assistance of ensr (DeWitt, 2019) and glmnetUtils (Ooi, 2021) packages for
displaying the estimated values produced by each regularized model. Most of the displayed
graphics were produced using the package ggplot2 (Wickham, 2016).

4.1 DataDescription

The dataset includes an outcome variable portraying the geographic origin of the 30 samples of
clams, i.e., a 3 class categorical variable with the levels: G (Ria de Vigo located in Galiza, Spain;
8° 43’ 9.59”W, 42° 15’ 38.44”N), Rav (Ria de Aveiro in Aveiro, Portugal; 8° 41’ 18.93”W, 40° 46’
6.95”N), and T (Estudrio do Tejo in Lisbon, Portugal; 9° 0’ 58.66”W, 38° 45’ 16.55”N). The pre-
dictors were 44 continuous variables: 26 concerning the quantification of the clams’ adductor
mussel fatty acid composition (biochemical fingerprint), and the remaining 18 regard the ratios
of chemical elements to Calcium concentrations of their shell (geochemical fingerprint). In this
dataset, the biochemical and geochemical fingerprints of the Manila clam regard the fatty acids
and chemical components displayed in Tables 4.1 and 4.2, respectively.

The exploited data accommodated 10 Manila clams from Ria de Vigo, 10 from Ria de Aveiro
and 10 from Estudrio do Tejo. Prior to implementing the regularization methods, we first per-
formed an exploratory data analysis, where we were able to acquire useful information about
the data, such as the variability of the quantification of each feature considering the different
locations, and the presence of groups of correlated variables.

Figures 4.2 and 4.3 display an ensemble of boxplots that demonstrate how the three different
locations, although possessing the exact same species of clam, lead to clear distinct biochemical
and geochemical fingerprints. With this analysis we aim to infer that, in fact, we can differentiate
the three geographic origins in terms of their clams’ biochemical and geochemical fingerprints.
If that is the case, fitting a Generalized Linear Model to this dataset to predict the location of
origin of Manila clams seems appropriate.

Considering Figure 4.2, it is evident that the quantification of the majority of features differs
significantly in each of the considered locations of harvest. For example, fatty acids FA14:0,
FA16:1n_7, FA18:1n_7, FA20:1n_7, FA20:4n_3, FA20:5n_3, FA22:3n_6, FA22:4n_6 and
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Table 4.1: Fatty acid profile (FA) of the adductor muscle of Ruditapes philippinarum used to
model the location of origin

Fatty Acid Denomination Fatty Acid Fatty Acid Denomination Fatty Acid
FA14:0 14:0 FA20:1n_7 20:1n-7
FA15:0 15:0 FA20:2n_6 20:2n—-6
FA16:0 16:0 FA20:3n_6 20:3n—-6

FA16:1n_9 16:1n-9 FA20:4n_6 20:4n-6
FA16:1n_7 16:1n-7 FA20:4n_3 20:4n-3
FA17:0 17:0 FA20:5n_3 20:5n-3
FA18:0 18:0 FA22:2n_9 22:2n-9
FA18:1n_9 18:1n-9 FA22:2n_6 22:2n-6
FA18:1n_7 18:1n-7 FA22:3n_6 22:3n—-6
FA18:2n_6 18:2n-6 FA22:4n_6 22:4n-6
FA18:3n_3 18:3n-3 FA22:5n_6 22:5n—6
FA18:4n_3 18:4n-3 FA22:5n_3 22:5n-3
FA20:1n_9_11 20:1n-9-11 FA22:6n_3 22:6n-3

Table 4.2: Chemical features used to model the location of origin of Ruditapes philippinarum

Element Symbol Element Name | Element Symbol Element Name

Na Sodium n Zinc
Mg Magnesium Sr Strontium
Al Aluminum Y Yttrium

P Phosphorus Ba Barium
Mn Manganese La Lanthanum
Fe Iron Ce Cerium
Co Cobalt Nd Neodymium
Ni Nickel Gd Gadolinium
Cu Copper U Uranium

FA22:5n_3 exhibit clear higher levels when harvested from Ria de Vigo (G), while fatty
acids FA15:0, FA17:0, FA18:1n_9, FA18:2n_6, FA18:4n_3, FA20:1n_9_11, FA20:4n_6,
FA22:2n_9, FA22:5n_6 and FA22:6n_3 have the lowest levels when found in this same lo-
cation. Levels of FA18:0, FA22:2n_9 and FA22:6n_3 are clearly higher when the clams are
harvested from Ria de Aveiro (Rav), although fatty acids FA16:1n_7, FA18:1n_7, FA18:3n_3,
FA20:1n_7,FA20:2n_6,FA20:3n_6,FA20:4n_3,FA20:5n_3,FA22:3n_6 and FA22:5n_3 are
lowest on this same region. Estudrio do Tejo (T) endures the clams with higher levels of fatty
acids FA18:2n_6, FA18:3n_3, FA18:4n_3 and FA22:5n_6, and the lowest levels of FA14:0.
Additionally, notice how clams harvested in Ria de Vigo have a much lower range of FA16:0
values compared to the clams harvested in the other two locations. The same happens with the
range of levels of FA20:4n_6, FA22:2n_9 and FA22:5n_6.

Considering Figure 4.3, once more note how different locations of harvest conduct clams
with significantly different geochemical fingerprints. The shells of clams harvested from Ria
de Vigo (G) clearly reveal lower levels of sodium, magnesium and aluminum, along with higher

quantities of strontium, yttrium and uranium. Additionally, it is also where we can find shells
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with the lowest levels of iron and barium, and the highest levels of phosphorus, lanthanum and
gadolinium. Estudrio do Tejo (T) generates shells more enriched in magnesium, manganese
and iron, and less in strontium and uranium. The highest amount of aluminum, along with
lowest amount of cobalt were found in Ria de Aveiro (Rav). It is worth noting that the shells of
clams gathered from Ria de Vigo, have a higher range of values of sodium, phosphorus, barium
and gadolinium, and there is no chemical component where the range of values for this location
is much smaller than for the other two. Shells from Ria de Aveiro embrace a much lower range of
values of manganese and iron, and there is no noticeable component where the range of values
is much higher in Ria de Vigo compared to the other locations. To finalize, in Estudrio do Tejo,
we find that the range of iron is clearly higher than for the other regions. Furthermore, there is
no evident component where the range of values is much lower in Estuério do Tejo, than the

other locations.

Due to the high-dimensionality of the training dataset (44 predictors, 24 train observations),
regularization methods were implemented to assess which variables could be linked back to
the specie’s origin. While the Ridge method did not discard any variables, both LASSO and Elas-
tic Net selected only the variables that the algorithm saw fit to accurately predict the specie’s
location of origin. To address the low statistically significant values of predictive performance
that emerge when manipulating datasets with reduced number of observations, we resorted
to employing a 1,000 iteration of Monte Carlo Cross-Validation. Therefore, we constructed
1,000 testing and training sets at random, hence fitting 1,000 distinct models for each regulariza-
tion method. We ran and tested the models separately, and ultimately, for each regularization
method, gathered useful conclusions by averaging the results of the 1,000 fitted models. At each
iteration, the dataset was partitioned into fraining and testing sets with a respective ratio of
80%/20%, leading to training sets of 24 observations and testing sets of 6 observations.

The applied regularization techniques rely heavily on the presence of groups of highly
correlated variables, and, therefore, we employed a correlation analysis on the manipu-
lated dataset. Figure 4.4 displays the Pearson correlation between predictors (produced
with the assistance of the corrplot package, (Wei & Simko, 2017)). In fact, there are a
few groups of correlated variables, for example fatty acids FA14:0, FA16: 1n_7, FA22:4n_6,
FA20:1n_7, FA22:3n_6, FA22:5n_3, FA18:1n_7 and FA20:5n_3, and chemical elements U,
Sr, Y and P, being, for the most part, very (negatively) correlated with fatty acids FA22:2n_9,
FA22:6n_3, FA17:0, FA20:4n_6, FA18:1n_9, FA18:2n_6, FA18:3n_3, FA18:4n_3, FA15:0,
FA20:1n_9 11, FA22:5n_6 and chemical element Na.
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Figure 4.2: Boxplots representative of the distribution of the quantification of the different fatty
acids in the different locations. Each plot corresponds to a different feature, and includes one
boxplot for each location: Ria de Vigo (G), Ria de Aveiro (Rav) and Estuério do Tejo (T)
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Figure 4.3: Boxplots representative of the distribution of the quantification of the different
chemical elements of the clams’ shell in the different locations. Each plot corresponds to a
different feature, and includes one boxplot for each location: Ria de Vigo (G), Ria de Aveiro (Rav)
and Estudrio do Tejo (T)
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Figure 4.4: Pearson correlation between predictors by way of a color matrix. Each line and
column corresponds to a different predictor, and their respective entry indicates the Pearson
correlation between the two predictors

4.2 Results and Discussion

The glmnet package performs Ridge, LASSO and Elastic Net considering the penalty term
(Hastie et al., 2016),

1_
A T“uﬁu%mnﬁnl . @.1)

This way, contrary to what was mentioned in section 3.4, to compute Ridge we set @ = 0,
and a =1 for LASSO.

4.2.1 Penalization and mixing parameters

Finding the best penalization parameter, A, is crucial for fitting regularized models. Choosing
this parameter at random would most likely lead to faulty variable selection and inadequate
predictive models. For this reason, K-fold Cross-Validation was implemented to find the ideal

penalty parameters, i.e., the penalty that conducted the model with the least predictive error
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(misclassification error), while simultaneously shrinking the maximum number of model coeffi-
cients. Once more, assuming that a good ratio for training/ testing setsis 80%/20%, we opted for
a 5-fold Cross-Validation. This procedure was done, for each iteration of the Monte Carlo Cross-
Validation, and each regularization method, using the cv.glmnet function from the glmnet
package.

The plots in Figures 4.5 and 4.6 show the graphical representations behind the process
of picking the ideal penalization parameter in Ridge and LASSO, respectively, for the first 6
iterations of the Monte Carlo Cross-Validation. These plots showcase the percentage of misclas-
sification error as function of log(1), and consequently of A, as well as the number of variables
selected by the model as the penalty parameter increases. Because Ridge does not perform
variable selection, the amount of variables selected is constant at 44. In contrast, we observe
that, for LASSO, as the penalty term increases, so does the number of variables discarded by the
model. Remark the vertical dotted lines and their respective penalization value. The left value of
log(A) corresponds to the model that had the minimum error while dropping the most number
of variables. The right value of log(1) corresponds to the model that dropped the highest num-
ber of variables while still being within a standard error of 1 from the model depicted on the left
line. If only one dotted line is shown it implies that both these values for log(1) are identical,
i.e., there was no model within 1 standard error of the model with minimum error that dropped
more variables than the latter. Both of these values for log(1) are viable for ideal penalization
parameter. We chose the ideal estimate as the one that culminated in the model with the small-
est error, while selecting the least amount of predictors into the model (left dotted line). For the
first 6 iterations of Monte Carlo Cross-Validation, the chosen penalization parameter for Ridge
and LASSO are displayed in Table 4.3.

Table 4.3: Tuned penalization parameter (1) for Ridge and LASSO, using 5-fold Cross-Validation,
for the first 6 iterations (i = 1,...,6) of Monte Carlo Cross-Validation

iteration penalization parameter

i A

Ridge LASSO
1 5.6405 0.2680
2 6.6988 0.2642
3 4.5303 0.2054
4 18.1641 0.2346
5 6.4636 0.1757
6 7.9556 0.1636
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Figure 4.5: Graphical representation of the tuning process of the penalization parameter by
means of 5-fold Cross-Validation. These plots display the misclassification error as a function
oflog(A) for the first 6 iterations of Monte Carlo Cross-Validation, considering the Ridge method
of regularization. At each tested value of log(1), the average error and standard deviation over
the folds is computed and displayed in interval form. Two vertical dotted lines are shown: left
line depicts the value of log(A) linked to the model that performed the highest penalization,
while maintaining the minimum misclassification error; right line outlines the value oflog(A)
for the model that performed the highest penalization while still being within a standard error
of 1 from the model depicted on the left line. If only one dotted line is shown it implies that
both these values for log(A1) coincide. Numbers at the top of the plots represent the amount of
variables selected by the model as the penalty increases
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Figure 4.6: Graphical representation of the tuning process of the penalization parameter by
means of 5-fold Cross-Validation. These plots display the misclassification error as a function of
log(A) for the first 6 iterations of Monte Carlo Cross-Validation, considering the LASSO method
of regularization. At each tested value of log(1), the average error and standard deviation over
the folds is computed and displayed in interval form. Two vertical dotted lines are shown: left
line depicts the value of log(1) linked to the model that dropped the most amount of variables,
while maintaining the minimum misclassification error; right line outlines the value oflog(A)
for the model that dropped the higher amount of variables while still being within a standard
error of 1 from the model depicted on the left line. If only one dotted line is shown it implies
that both these values for log(1) coincide. Numbers at the top of the plots represent the amount
of variables selected by the model as the penalty increases
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Elastic Net is more complex than the other two methods, since it runs K-fold Cross-
Validation to estimate the ideal penalization parameter, A, and mixing parameter, a, simulta-
neously. The Elastic Net penalty is regulated by the mixing parameter, that essentially connects
Ridge and LASSO'’s penalties. The penalization parameter controls the overall penalty of the
model (check the penalty expression (4.1)). Once more, we estimated the ideal mixing and
penalization parameters using 5-fold Cross-Validation, selecting the parameter that resulted
in the model with the lowest error. This was done using the train function from the caret
package (Kuhn, 2020).

Table 4.4 summarizes the estimated optimum values for the penalization and mixing pa-
rameters for the first 12 iterations of the Monte Carlo Cross-Validation. For the model fit in the
6th iteration, the regularization method with the best prediction quality was LASSO (a = 1),
with a penalization parameter value of A = 0.2593. On the 9th iteration we observed a mixing
parameter of a = 0.9, which meant that the model performed much like the LASSO, but remov-
ing possible complications caused by highly correlated variables. Notice that the iterations with
higher penalization values were mostly linked to lower mixing values, i.e., the models that were
closer to Ridge than to LASSO. This may have been due to the fact of Ridge not performing
variable selection, but rather reducing the coefficient values of the least important variables,

thus having higher penalties that promote a higher coefficient shrinkage.

Table 4.4: Optimum values for mixing (a) and penalization (1) parameters for Elastic Net, using
5-fold Cross-Validation, considering the first 12 iterations (i = 1,...,12) of Monte Carlo Cross-
Validation

Iteration Mixing parameter Penalization parameter

i a A

1 0.3 0.5615
2 0.1 0.5800
3 0.3 0.5432
4 0.1 0.5651
5 0.2 0.5862
6 1.0 0.2593
7 0.1 0.5844
8 0.1 0.5687
9 0.9 0.1663
10 0.6 0.3625
11 0.1 0.5763
12 0.3 0.5344

4.2.2 Variable Selection and Coefficient Shrinkage

The glmnet package fits Multinomial Regression models by rendering each class as an individ-

ual Logistic Regressionmodel, i.e., considering one class against the other two. This way, we were
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able to analyze the variable selection done for each class, which was pertinent considering that
different regions of origin of the species could very well be determined by different predictors.

Figures 4.7, 4.8 and 4.9 depict the graphical representations of the coefficient shrinkage
for each class of the response variable, along the growth of the penalty parameter, for the first
three iterations of Monte Carlo Cross-Validation, and for Ridge, LASSO and Elastic Net methods,
respectively. On top of the plots the number of variables selected by the model is displayed. For
the Ridge method, since there is no variable selection, the number of variables remains constant
at 44. LASSO selected a very small number of variables to predict each class, even for the lowest
considered penalty values. This could have been due to one of the main characteristics of the
LASSO regarding how it handles groups of correlated variables. Naturally, the higher the penalty
value, the lesser predictors were chosen. Elastic Net behaved somewhat as a midway between
Ridge and LASSO, selecting more variables than LASSO, but not keeping them all inside the
model, presumably given its grouping effect. With very low penalty terms we observed that, in
Elastic Net, each class needed around 20 to 30 predictors.

Studying the velocity of convergence of the variable’s coefficients to 0 also helped to define
the importance of the different predictors in predicting the response’s behavior. The most im-
portant predictors have the slowest convergence, while the less important variables exhibit fast
convergence. This signifies that, at very low penalties, the least important variables will already
have small coefficients, contrary to the important variables. Analyzing the model derived from
the first iteration of Monte Carlo Cross-Validation, we defined three levels of importance: high,
medium and low. The thresholds were established through the quantile measures of the ab-
solute values of the model’s coefficients at the lowest considered penalty, conditioned to the
regularization method applied. A variable was termed important, if its absolute coefficient
was higher than the 3rd quantile of the model’s absolute coefficients; variables of medium im-
portance had coefficients whose absolute values fell between the 2nd and 3rd quantiles; the
remaining variables were considered of low importance. Tables C.1, C.2 and C.3 (see Appendix
C) display the different variables’ importance qualification, conditioned to the regularization
techniques, for the first iteration model of Monte Carlo Cross-Validation.

Subsequently to this analysis, we adjusted the models for each of the regularization methods,
considering the optimal penalization and mixing parameters

Since the nature of the response variable was categorical, fitted models estimated one coef-
ficient per selected variable and per class of the response variable. Not dropping any predictors,
which was the case for Ridge, instead of 44 + 1 = 45 coefficients (taking into account the inter-
cept coefficient, o), the fitted models estimated 44 x 3 + 3 = 135 coefficients. For LASSO and
Elastic Net, the amount of coefficients to estimate depended on the choice of the penalization
and mixing parameters, being capable of varying from 3 (intercept coefficient for each class of

the response variable) and 135.
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Figure 4.7: Ridge’s coefficient shrinkage for each class of the response variable, for the first 3
iterations of Monte Carlo Cross-Validation. The different classes are presented as columns: left:
Ria de Vigo; middle: Ria de Aveiro; right: Estuario do Tejo. The different iteration models are
presented as rows: top: 1st iteration model; middle: 2nd iteration model; bottom: 3rd iteration
model. Different lines represent different parameter’s coefficient shrinkage. Along the increase
of the penalty parameter the coefficients converge to 0. The coefficients never actually achieve
the null value, as this method does not perform variable selection. Numbers at the top of the
plots represent the amount of predictors selected by the model as the penalty increases
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Figure 4.8: LASSO’s coefficient shrinkage for each class of the response variable, for the first
3 iterations of Monte Carlo Cross-Validation. The different classes are presented as columns:
left: Ria de Vigo; middle: Ria de Aveiro; right: Estudrio do Tejo. The different iteration models
are presented as rows: top: 1st iteration model; middle: 2nd iteration model; bottom: 3rd
iteration model. Different lines represent different parameter’s coefficient shrinkage. Along the
increase of the penalty parameter the coefficients converge to 0. Numbers at the top of the plots
represent the amount of predictors selected by the model as the penalty increases
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Figure 4.9: Elastic Net’s coefficient shrinkage for each class of the response variable, for the first
3 iterations of Monte Carlo Cross-Validation. The different classes are presented as columns:
left: Ria de Vigo; middle: Ria de Aveiro; right: Estudrio do Tejo. The different iteration models
are presented as rows: top: 1st iteration model; middle: 2nd iteration model; bottom: 3rd
iteration model. Different lines represent different parameter’s coefficient shrinkage. Along the
increase of the penalty parameter the coefficients converge to 0. Numbers at the top of the plots
represent the amount of predictors selected by the model as the penalty increases

47



CHAPTER 4. APPLICATION

Figures 4.10(a) and 4.10(b) display the number of variable coefficients estimated throughout
the 1,000 models according to LASSO and Elastic Net, respectively. The number of coefficients
estimated by Elastic Net was much higher than LASSO’s. For the 1,000 adjusted models, LASSO
estimated between 6 to 20 variable coefficients in order to explain the behavior of the response,
having a greater frequency of estimating between 7 to 9 variable coefficients. The Elastic Net
estimated between 6 to 74 variable coefficients, remarking a clear higher frequency of estimating
60 to 70. Remark how, in terms of this measure, Elastic Net was roughly a midway through
LASSO and Ridge. These results reflected the expected behavior of LASSO and Elastic Net’s
penalties when faced with groups of highly correlated variables. Since LASSO arbitrarily selects
one variable from each group and drops the remaining (and Elastic Net applies a grouping
effect) it is expected that the amount of variable coefficients estimated in a LASSO model be far

less than the amount estimated in an Elastic Net model.
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Figure 4.10: Frequency of the number of variable coefficients (a) LASSO and (b) Elastic Net
had to estimate throughout the 1,000 models. The x-axis represents the number of variable
coefficients estimated by the model, i.e., the total amount of variables used to predict each
class of the response variable. Each bar represents the frequency of models that selected the
corresponding amount of predictors
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Table 4.5 displays the selected predictors and respective estimated coefficients given by
LASSO and Elastic Net methods, for the first iteration of Monte Carlo Cross-Validation. Notice
how, in this iteration, LASSO selected 2 features as sufficient to predict Ria de Vigo, 1 for Ria
de Aveiro and 1 for Estudrio do Tejo. In total, the algorithm finds that 4 predictors is enough to
distinguish between the three locations. Elastic Net selects 12, 9 and 6 predictors as sufficient

to predict Ria de Vigo, Ria de Aveiro and Estuério do Tejo, respectively.

Table 4.5: Model coefficients of the models fit by means of LASSO and Elastic Net regularization
methods, for the first iteration of Monte Carlo Cross-Validation. For each regularized model, the
variables selected to explain each class of the response variable are displayed along with their
respective coefficients

LASSO
Ria de Vigo Ria de Aveiro Estuério do Tejo
Predictor Coefficient Predictor Coefficient Predictor Coefficient
Intercept -0.0200 Intercept -0.0027 Intercept 0.0227
FA20:5n_3 0.5675 FA22:3n_6 -0.3483 FA18:3n_3 0.4346
FA22:5n_3 0.0213 - - - -
Elastic Net
Ria de Vigo Ria de Aveiro Estuério do Tejo
Predictor Coefficient Predictor Coefficient Predictor Coefficient
Intercept -0.0301 Intercept -0.0125 Intercept 0.0435
FA14:0 0.0792 FA18:0 0.0259 FA18:3n_3 0.1924
FA16:1n_7 0.0569 FA18:3n_3 -0.0067 FA18:4n_3 0.1031
FA17:0 -0.0554 FA20:1n_7 -0.0784 FA22:5n_6 0.1137
FA18:1n_7 0.0912 FA20:2n_6 -0.0089 Mg 0.0255
FA20:5n_3 0.1241 FA20:3n_6 -0.0974 Fe 0.0167
FA22:5n_3 0.1170 FA20:4n_3 -0.1242 Sr -0.1155
FA22:6n_3 -0.0686 FA20:5n_3 -0.0110 - -
Na -0.0514 FA22:3n_6 -0.1891 - -
Al -0.0142 FA22:6n_3 0.0979 - -
Sr 0.0753 - - - -
Y 0.0564 - - - -
U 0.0124 - - - -

4.2.3 Model Validation

Model validation is the process of confirming that the outputs of the fitted models are approved
as performing correctly according to the testing sets. In such circumstances, it would imply that
these models would probably also have an accurate prediction to any other new sets of data
where the response is unknown.

Note how the output of a Multinomial Logistic Regression model, for each test observation,
is a set of three probabilities (that summed equal 1) of that observation belonging to each class

of the response variable. The distribution of the class affiliation probabilities throughout the
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1,000 fit models, for each regularization method, are displayed in Figure 4.11. To interpret these
plots, notice how we can only assure that a certain class was chosen for a test observation if the
probability of class affiliation is = 0.5 (failing this, the observation might or might not belong to
that class). In effect, we are able to see how, for the Ria de Vigo class of the response variable (G),
there is a higher frequency of models that select this class with high probabilities, compared
to the other two (more consistently seen in Ridge). It is worth noticing the basic statistical
measures for the probability of class affiliation, per class of the response, and per regularization
method, displayed in Table 4.6.

Table 4.6: Basic statistical measures (minimum, maximum, mean and variance) for the range
of values of probability of class affiliation, per class, and per regularization method

Ridge LASSO Elastic Net
Measure G Rav T G Rav T G Rav T
Min 0.0000 0.0001 0.0387 0.0000 0.0000 0.0009 0.0000 0.0000 0.0134
Max 0.7611 0.9612 0.9999 0.9990 0.9919 1.0000 0.9803 0.9838 1.0000

Mean 0.3249 0.3212 0.3540 0.3238 0.3217 0.3544 0.3182 0.3103 0.3715
Variance 0.0383 0.0187 0.0249 0.0694 0.0552 0.0594 0.0711 0.0457 0.0581
Legend: Min - minimum, Max - maximum,; G - Ria de Vigo, Rav - Ria de Aveiro, T - Estudrio do
Tejo

We also studied, for the testing sets of the 1,000 models and considering each regularization
method, how many times a certain class was predicted in comparison to the actual number of
times that class appeared in the testing set (see Figure 4.12). For all the regularization methods,
we see how Ria de Vigo (G) is the best predicted class due to fact that it is the class where the
correspondent frequency of prediction is closest to the actual class frequency. For the Ria de
Aveiro class (Rav), note that, for the 3 regularization methods, the frequency of prediction is
lower than the true class frequency, contrary to the Estuério do Tejo class (T), where the opposite
occurs. These differences are more noticeable in Elastic Net and Ridge, and less in LASSO.

4.2.3.1 Cross Entropy

Subsequent to applying the three regularization methods to the 1,000 models, we validated the
regularized models in the corresponding testing sets with the intention of examining predictive
quality. The output of these models, for each testing sample, is a vector of probabilities of
affiliation to each class of the response variable. For instance, regarding the first iteration of
Monte Carlo Cross-Validation, the predictive probabilities given by the models regularized by
the three methods are displayed in Tables 4.7, 4.8 and 4.9. Naturally, although for this particular
iteration, all the models predicted the correct class for the 6 test samples, the probabilities in

which these classes were predicted differ.
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Figure 4.11: Distribution of the probability of class membership for the testing observations
throughout the 1,000 testing sets, and considering the models adjusted by means of (a) Ridge,
(b) LASSO, (c) Elastic Net methods of regularization. Left: Ria de Vigo, middle: Ria de Aveiro,
right: Estudrio do Tejo
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(b) LASSO and (c) Elastic Net methods of regularization
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Table 4.7: Class affiliation predicted probabilities for the testing observations relative to the first
iteration of the Monte Carlo Cross-Validation, considering the Ridge method of regularization

Ridge
Test observation RiadeVigo RiadeAveiro EstudriodoTejo Predicted Actual
index G Rav T class class
5 0.2203 0.2422 0.5376 T T
9 0.2060 0.3616 0.4323 T T
15 0.2325 0.4497 0.3178 Rav Rav
20 0.2587 0.4871 0.2543 Rav Rav
26 0.7063 0.1294 0.1643 G G
30 0.6078 0.1832 0.2090 G G

Table 4.8: Class affiliation predicted probabilities for the testing observations relative to the first
iteration of the Monte Carlo Cross-Validation, considering the LASSO method of regularization

Ridge
Test observation RiadeVigo RiadeAveiro EstudriodoTejo Predicted Actual
index G Rav T class class
5 0.2370 0.2825 0.4805 T T
9 0.2216 0.3750 0.4034 T T
15 0.1972 0.5559 0.2469 Rav Rav
20 0.2351 0.5051 0.2597 Rav Rav
26 0.5275 0.1953 0.2772 G G
30 0.6310 0.1445 0.2246 G G

Table 4.9: Class affiliation predicted probabilities for the testing observations relative to the first
iteration of the Monte Carlo Cross-Validation, considering the Elastic Net method of regulariza-
tion

Elastic Net
Test observation RiadeVigo RiadeAveiro EstudriodoTejo Predicted Actual

index G Rav T class class
5 0.1952 0.1814 0.6233 T T
9 0.2257 0.3785 0.3957 T T
15 0.1975 0.5084 0.2941 Rav Rav
20 0.1795 0.5328 0.2877 Rav Rav
26 0.7014 0.1215 0.1771 G G
30 0.6699 0.1442 0.1860 G G

Evidently, the predictive quality of the models should take the affiliation probabilities into
consideration, i.e., if, between two models, one of them predicts the correct classes with higher

probabilities, then it should be considered a better model in terms of predictive quality. That
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being the case, Cross Entropy (or Log-Loss) measures how close a model is to predicting the
correct class with 100% certainty (this is, with probability 1). For example, still reflecting on
the first iteration of Monte Carlo Cross-Validation, the Cross Entropy valued 0.6372 for Ridge,
0.6685 for LASSO, and 0.5767 for Elastic Net. This implies that, for this iteration, the method
that yielded the model with the best predictive quality, in terms of this measure, was Elastic Net,
followed by Ridge and then LASSO (since better predictive models entail lower Cross Entropy
values). Nonetheless, these conclusions are not very valuable when considering a single model
and 6 testing observations. Averaging the Cross Entropy results from the 1,000 models, we get
an average of around 0.7468 for Ridge, 0.9017 for LASSO, and 0.6203 for Elastic Net, once more
resulting in Elastic Net being the method that, on average, constructs models with the lowest
Cross Entropy values, followed by Ridge and then LASSO.

Besides computing the Cross Entropy for the testing sets, one can also take into consideration
the values of Cross Entropy for the training sets, in order to gain a better understanding of each
regularization method’s behavior. Simply looking at the average training Cross Entropy we

retained very distinct conclusions from the ones made on the testing Cross Entropy:

* Ridge training Cross Entropy = 0.5969
¢ LASSO training Cross Entropy = 0.4151

* Elastic Net training Cross Entropy = 0.4205

Evidently, this signifies that, on average, the LASSO method produced the models with the
best training Cross Entropy values, followed by Elastic Net and then Ridge. In addition, notice
that LASSO and Elastic Net’s average values are remarkably closer conversely to the average
value for the Ridge method.

Because the conclusions made for the training and testing Cross Entropy average values
were so distinct, we constructed the boxplots that illustrate the 1,000 models’ Cross Entropy val-
ues, for each regularization method. This way, for each iteration of Monte Carlo Cross-Validation
and each regularization method, we computed the Cross Entropy values for both the testing and
the training sets. Figures 4.13(a) and 4.13(b) show the boxplots of the Cross Entropy values
throughout the 1,000 models for the fraining and testing sets, respectively. With respect to Fig-
ure 4.13(a), comparatively to Ridge and Elastic Net, the LASSO method generated the models
with the highest, and lowest, Cross Entropy values, several of them being outliers. We concluded
that, unlike the other two methods which had a more condensed range of Cross Entropy values,
LASSO could be considered slightly unstable, as this method displayed a higher variability in
its models’ testing Cross Entropy values, i.e., different models led to big differences in Cross En-
tropy. It is worth noting that around 75% of the values from Ridge were higher than the median
of the Cross Entropy values from both LASSO and Elastic Net. Regarding training Cross Entropy,
in Figure 4.13(b), notice how, conversely to testing Cross Entropy, the values were, in general,
much lower, varying between 0 and 1. Here, we no longer observed a pattern of LASSO yielding

the models with the highest values, but instead observed Ridge being the method with the worst
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behavior in terms of training Cross Entropy values. Notice how almost 100% of the Ridge train-
ing Cross Entropy values were higher than 0.5, while for the other two methods, around 75% of
the values were lower than this same threshold. In this case, LASSO and Elastic Net appeared to

perform identically.
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Figure 4.13: (a) Testing and (b) Training Cross Entropy boxplots for comparing the different
values between the three regularization methods

4.2.3.2 Confusion Matrices

An alternative way to analyze the predictive quality of the models is formulating, for each reg-
ularization method, a Confusion Matrix and computing the indicators and metrics discussed
in Subsection 3.2.3. To perform a Confusion Matrix analysis, we merged the testing samples

of the 1,000 models, into a larger testing set composed of 6,000 observations for testing. These
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Confusion Matrices for Ridge, LASSO and Elastic Net, are displayed in Table 4.10. Right away, we
observed that the Ria de Vigo (G) class was correctly predicted more often, when compared to

the other two classes.

Table 4.10: Confusion Matrices of the three regularization methods, considering the 6,000 testing
observations (merge of the 1,000 testing sets, with 6 observations each)

True Class
Ridge LASSO Elastic Net
Predicted
Class G Rav T G Rav T G Rav T
G 1,982 2 5 1,968 0 3 1,974 0 4
Rav 0 1,628 314 0 1,952 71 0 1,804 107
T 0 410 1,659 14 88 1,904 8 236 1,867

Legend: G - Ria de Vigo, Rav - Ria de Aveiro, T - Estuario do Tejo

To complete this analysis we computed the Confusion Matrix indicators and measures
mentioned in Subsection 3.2.3 (see Tables 4.11, 4.12 and 4.13). Analyzing Table 4.11, we can
clearly see that Ria de Vigo (G) was correctly predicted more often than the other two classes
(higher number of True Positives and True Negatives; lower number of False Positives and False
Negatives). The Confusion Matrix indicators for classes Ria de Aveiro (Rav) and Estudrio do Tejo

(T) appear similar.

Table 4.11: Confusion Matrix indicators for the three regularization methods

Ridge LASSO Elastic Net
Indicator G Rav T G Rav T G Rav T
TP 1,982 1,628 1,659 1,968 1,952 1,904 1,974 1,804 1,867
FP 7 314 410 3 71 102 4 107 244
TN 4,011 3,646 3,612 4,015 3,889 3,920 4,014 3,853 3,778
FN 0 412 319 14 88 74 8 236 111

Legend: TP - True Positives, FP - False Positives, TN - True Negatives, FN - False Negatives;
G - Ria de Vigo, Rav - Ria de Aveiro, T - Estuario do Tejo

Reaching significant conclusions based solely on the Confusion Matrix indicators can be
a complex task, which is why we resort to the performance measures displayed in Tables 4.12
and 4.13. Studying Table 4.12, note how, for the three methods, the Accuracy, Precision, Recall,
Specificity and F1-Score for predicting Ria de Vigo (G) class was higher than for the other two
classes (while the Misclassification Rate was lower), which evidently implies that this class
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was the best predicted out of the three. Essentially this means that we have higher assurance
that, when the model predicts the origin as Ria de Vigo, it is a correct prediction. Additionally,
we observed that the performance measures for Ria de Vigo were identical among the three
regularization methods. Ridge method seemed to perform the worst with regards to predicting
Ria de Aveiro (Rav) and Estudrio do Tejo (T), while LASSO achieved the best results for these
two classes.

Table 4.12: Individual class performance measures considering the Confusion Matrix indicators
for the three regularization methods

Ridge LASSO Elastic Net
Measure G Rav T G Rav T G Rav T
acc 0.9988 0.8790 0.8785 0.9972 0.9735 0.9707 0.9980 0.9428 0.9408
mcr 0.0012 0.1210 0.1215 0.0028 0.0265 0.0293 0.0020 0.0572 0.0592
prec 0.9965 0.8383 0.8018 0.9985 0.9649 0.9492 0.9980 0.9440 0.8844
rec 1.0000 0.7980 0.8387 0.9929 0.9569 0.9626 0.9960 0.8843 0.9439
spec 0.9983 0.9207 0.8981 0.9993 0.9821 0.9746 0.9990 0.9730 0.9393
F1 0.9982 0.8177 0.8199 0.9957 0.9609 0.9558 0.9970 0.9132 0.9132

Legend: acc - Accuracy, mcr - Misclassification Rate, prec - Precision, rec - Recall, spec - Speci-
ficity and F1 - F1-Score; G - Ria de Vigo, Rav - Ria de Aveiro, T - Estudrio do Tejo

Regarding Table 4.13, and taking into consideration that the ideal model would have the FI-
scores valuing 1, while the worst model would have null FI-scores, we concluded that, generally,
the LASSO method yielded the models with the best overall performance measures, followed
by Elastic Net and then Ridge methods.

Table 4.13: Overall model performance measures (Micro F1, Macro FI and Weighted F1) consid-
ering the Confusion Matrix indicators for the three regularization methods

Measure Ridge LASSO Elastic Net
Micro F1 0.8782  0.9707 0.9408
Macro F1 0.8785 0.9708 0.9411
Weighted F1  0.8780 0.9707 0.9409

4.2.3.3 ROC curve and AUC

As mentioned in Section 3.2, analyzing ROC curves is an alternative way to study and compare
the predictive quality of different models. Once more, in order to carry out this analysis, we
resorted to merging the 1,000 different testing samples into one testing set composed of 6,000

observations.
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A ROC curve is typically established in binary problems, where the response variable has
two classes: positive and negative. In our Multinomial problem the response variable has three
classes. For this reason, we opted to construct, for each class, a ROC curve of that class against
the other two. This means that, for each of the regularization methods, we have three ROC
curves, representative of each class of the response variable. These curves were constructed
resorting to packages ROCR (Sing et al., 2005) and PRROC (Grau et al., 2015). Analyzing Figure
4.14, (and with assistance of Figures B.1, B.2 and B.3), we can see that, for the Ridge method,
although the predictive quality was remarkably good for all classes, it was best when predict-
ing Ria de Vigo. Since the perfect ROC curve is the one closest to the top left corner of the
orthonormal axis, we can conclude that the discrimination of Ria de Vigo performed almost
perfectly. By examining the AUC-score for each class (Area Under the Curve) we can verify that,
after Ria de Vigo (AUC = 1), Estudrio do Tejo (AUC = 0.9028) had a better score than Ria de
Aveiro (AUC = 0.8627). With respect to Figure 4.15(a) (along with B.4, B.5 and B.6) remark how,
overall, the LASSO method appeared to perform better than Ridge. Again, regarding the curves’
respective AUC, we can conclude that the LASSO method performed a better discrimination
over Ria de Vigo class (AUC = 0.9990), followed by Estudrio do Tejo (AUC = 0.9785), and then
Ria de Aveiro (AUC = 0.9630). Regarding Figure 4.15(b), along with B.7, B.8 and B.9, we see how,
overall, LASSO still performed better than Elastic Net. Still, alike the other two regularization
methods, Ria de Vigo was the best predicted class (AUC = 1), followed by Estudrio do Tejo (AUC
= 0.9397), and then Ria de Aveiro (AUC = 0.8942).
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Figure 4.14: Graphical comparison of the ROC curves between the three classes of the response
variable, conditioned to the Ridge regularization method and considering the merged 6,000
observation testing set
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Figure 4.15: Graphical comparison of the ROC curves between the three classes of the response
variable, conditioned to the regularization method ((a) LASSO, (b) Elastic Net) and considering
the merged 6,000 observation testing set
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4.2.4 Variable Importance

Due to the data standardization, to study the importance (or weight) of each variable on the
prediction of the clams’ location of origin, we considered the absolute value of their correspond-
ing model coefficient. By doing so, we conclude that the most important variables are the ones
that have the highest absolute coefficient values. Additionally, because regularized Multinomial
Logistic Regression returns, for each selected variable, a coefficient per class, we have the ability
to choose to either study the variable effect on predicting each of the individual locations of
origin, or the collective impact that the variable has on predicting the classes indiscriminately.
For the sake of concluding about the individual class weight of the selected variables, we study
the absolute values of the coefficients in each class. In order to conclude about the overall effect
that a predictor has on the model, we can simply sum the absolute values of that predictor’s
coefficient of each class. In this subsection, we approach both of these methods of analyzing

variable importance.

To perform a variable importance analysis on a single model, studying the velocity of con-
vergence of the variables’ coefficients to 0 also helped to define the importance of the different
predictors in predicting the response’s behavior. Once more, regard Figures 4.7, 4.8 and 4.9.
The most important predictors have the slowest convergence, while the less important vari-
ables exhibit fast convergence. This signifies that, at very low penalties, the least important
variables will already have small coefficients, contrary to the important variables. Analyzing the
model derived from the first iteration of Monte Carlo Cross-Validation, we defined three levels
of importance: high, medium and low. The thresholds were established through the quantile
measures of the absolute values of the model’s coefficients at the lowest considered penalty,
conditioned to the three different regularization methods. A variable was termed important, if
its absolute coefficient was higher that the 3rd quantile of the model’s absolute coefficients; vari-
ables of medium importance had coefficients whose absolute values fell between the 2nd and
3rd quantiles; the remaining variables were considered of low importance. Tables C.1, C.2 and
C.3 display the different variables’ importance qualification, conditioned to the regularization

techniques.

To perform a variable importance analysis on the 1,000 models adjusted considering the
three regularization methods, we studied the range in which the absolute values of the coeffi-
cients varied. This also helped better understand the precision in which the coefficients were
estimated - high precision leads to a small range of value variation, while low precision conducts
the opposite. To perform this analysis, we constructed graphic representations of the range of
values for each selected predictor’s coefficient along the 1,000 models, for each regularization
method and class of the response variable. Regarding the Ridge method (Figure 4.16), it is im-
portant to notice that, because this regularization method does not perform feature selection,
we obtained intervals for the 44 variables. Features like Cu, Zn and FA16: 1n_9 displayed low
precision for all of the classes of the response variable, given how the range of values they varied
in was significantly superior compared to the other variables. Nevertheless, most predictors’

coefficients appeared to have been estimated with high precision.
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Figure 4.16: Range of the absolute values of Ridge’s selected predictors’ coefficients for predict-
ing (a) Ria de Vigo, (b) Ria de Aveiro, (c) Estudrio do Tejo, along the 1,000 models. For each
interval, the black colored dot represents the average absolute value of the corresponding vari-
able coefficient, throughout the 1,000 models. The predictors are displayed in ascending order
of their average absolute coefficient value

With respect to the LASSO method (Figure 4.17), notice how, because it performs robust fea-
ture selection, the amount of variables selected to predict each of the clams’ location of origin
throughout the 1,000 models was very diminished compared to the Ridge method. We observed
how, in comparison to Ridge, the coefficient estimations appeared to be much less precise. By
analyzing which predictors were chosen to explain each class of the response variable across
the 1,000 models, we monitored how the biochemical fingerprints of the clams seemed to have
a higher relevancy in predicting the clams’ location, comparatively to the geochemical finger-
prints. To predict Ria de Vigo, features like FA20:5n_3, FA16:1n_7, FA18:1n_7, FA22:5n_3
and FA14:0 had associated low precision. As for Ria de Aveiro, that was the issue for FA22:3n_6,
FA20:1n_7 and FA22:6n_3. Lastly, for Estudrio do Tejo, the same issue lied with most of the
selected features such as Zn, FA16:1n_9,FA18:3n_3,FA20:4n_6,FA22:5n_6,Sr,FA18:4n_3
and Mg. Note how, for predicting Estudrio do Tejo, LASSO estimated the model coefficients for

the selected features with less precision than when predicting the other two classes.
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Figure 4.17: Range of the absolute values of LASSO’s selected predictors’ coefficients for pre-
dicting (a) Ria de Vigo, (b) Ria de Aveiro, (c) Estudrio do Tejo, along the 1,000 models. For each
interval, the black colored dot represents the average absolute value of the corresponding vari-
able coefficient, throughout the 1,000 models. The predictors are displayed in ascending order
of their average absolute coefficient value

Finally, considering the models generated by the Elastic Net method (Figure 4.18), we ob-
served how this method selects less variables than Ridge, but more than LASSO, being some-
what partway from both of these methods, in terms of variable selection. In comparison to
Ridge, the coefficient estimations done through Elastic Net appeared to be less precise, al-
though, when comparing to LASSO, they were, in general, more precise. Again, we monitored
the higher relevancy of the biochemical fingerprints of the clams to predict their location of
origin. To predict Ria de Vigo, features like Cu, FA20:5n_3, FA22:5n_3, FA14:0, FA18:1n_7,
FA16:1n_9,FA22:6n_3 and FA16: 1n_7 had associated low precision. As for Ria de Aveiro, that
was seen for Cu, Zn, FA22:3n_6, Co, FA22:6n_3,FA20:3n_6,FA18:0,FA18:3n_3,FA20:4n_3,
FA20:1n_7, FA22:2n_6, FA16: 1n_9 and Mn. Lastly, for Estudrio do Tejo, the same issue lied
with features such as Zn, FA16:1n_9, Cu, FA18:3n_3,FA16:0,FA18:4n_3,FA22:5n_6 Sr, Mn
and FA22:2n_6.

With regards to coefficient estimation precision, we can conclude how, in general, Ridge

method produces the estimates with the best precision, followed by Elastic Net and then LASSO.
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Figure 4.18: Range of the absolute values of Elastic Net’s selected predictors’ coefficients for
predicting (a) Ria de Vigo, (b) Ria de Aveiro, (c) Estudrio do Tejo, along the 1,000 models. For
each interval, the black colored dot represents the average absolute value of the corresponding
variable coefficient, throughout the 1,000 models. The predictors are displayed in ascending
order of their average absolute coefficient value

To complete this analysis, regard Tables D.1 through D.9. These tables display, considering
the distribution of values of the model coefficients throughout the 1,000 models, the probability
of variable selection (prob), and the average (W), standard error of the mean - SEM (SEM(| 81)),
minimum (min(| B|)) and maximum (max(|8])) of the absolute values of each selected predic-
tor’s coefficient. We observe how the coefficient estimation through the LASSO method led to
higher standard error of the mean values. Because this measure assesses how far the sample
mean of the data is likely to be from the true population mean, this signifies that there is a
higher uncertainty around the LASSO’s estimate of the mean absolute coefficient values. Addi-
tionally, considering the tables that regard the LASSO method (D.4, D.5 and D.6), we see how, for
each class of the response variable, only 2-3 predictors have a high probability of being selected.
Meanwhile, Elastic Net (D.7, D.8 and D.9) selects 5-10 predictors with high probability. Despite
this fact, the variables that LASSO selects with high probability have also a high chance of being
selected by Elastic Net.

To finalize the individual class coefficient analysis, note how, regardless of the regulariza-

tion method applied, the variable importance of each predictor changes significantly when
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considering the prediction of different locations of origin of the clams.

Subsequent to studying the range of values of the model coefficients, throughout the 1,000
models, for each individual class of the response variable, we performed an analysis on the vari-
able importance without discriminating between the different locations of origin of the clams.
This way, for each of the 1,000 models, we measured the predictors’ importance as defined in
equation 3.61. We aimed to understand if there were variables that verified having a high vari-
able importance more often than others, throughout the 1,000 models of each regularization
method. In order to perform this analysis, for each model, we selected the 10 most important
predictors. Afterwards, we combined these results to check for patterns in the top 10 most im-
portant variables across the 1,000 models of each method. This study was useful to conclude if
there were any predictors, and if so, which, that were most frequently selected as having a heavy
influence for the prediction of the clams’ geographic origin. In Figure 4.19, we observe how,
for the three regularization methods, the probability of fatty acids FA18:3n_3, FA20:5n_3 and
FA22:3n_6 belonging to the top 10 most relevant variables was very high. It is also important
to remark that, again, the geochemical fingerprints of the clams appear to not be as relevant for

predicting their location of origin, when compared to plenty of fatty acids.

4.2.5 Residual Analysis

As mentioned in Section 3.2, in Multinomial Logistic Regression models, a residual measures
how close the fitted probabilities of class affiliation of the train observations are to predicting
the the actual class they belong in. Consider the following hypothetical example: the sets
of probabilities resulting from the output of Ridge, LASSO and Elastic Net for the same train

observation, that we know beforehand belongs to the Ria de Aveiro class, are:

* Ridge: (G=0.3,Rav=0.4,T=0.3)
* LASSO: (G=0.2,Rav=0.7,T=0.1)

¢ Elastic Net: (G=0.3,Rav=0.5,T=0.2)

It is clear that, because prior to fitting any model we knew that the observation belonged
to the Ria de Aveiro class, in this case, LASSO is the method that produces the finest set of
probabilities (because comparatively to the other two methods, LASSO’s probability estimate of
the observation belonging to the correct class is the highest), followed by Elastic Net and then
Ridge. For each of these methods, we define the residual for this observation as 1 minus the

output probability of that observation belonging to the Ria de Aveiro class, that is:
* Ridge: rpigge =1-0.4=0.6
e LASSO: r14550=1-0.7=0.3
e Elastic Net: rgj sricner =1 —0.5=0.5,
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Figure 4.19: Probability of a variable being selected for the top 10 features with highest variable
importance throughout the 1,000 models, conditioned to the regularization method: (a) Ridge,

(b) LASSO, (c) Elastic Net. The variables are displayed in descending order of probability of
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CHAPTER 4. APPLICATION

reiterating the conclusion that, since LASSO has the lowest residual, it is the method that best
fits this observation, followed by Elastic Net and then Ridge.

It is important to remark that, because a method performs better for a single observation,
it does not mean that it fits the best models, since we need to accommodate the entirety of the
training set. Furthermore, we also need to take into consideration the 1,000 different fit models.
In the present case, for each of the 1,000 iterations, we divided the dataset into training/ testing
sets with a ratio of 80%/20%, leading to training sets of 24 observations and testing sets of 6
observations. By this reason, for each of the 1,000 models of each regularization method, we
had 24 residual values. Using the same reasoning as in previous analysis, we combined the
1,000 training sets into one large training set composed of 24 x 1,000 = 24,000 observations, in
order to better understand the differences in residuals between the three methods.

Regard Figure 4.20(a). The median residual produced when fitting a Ridge model was higher
than the median LASSO or Elastic Net residual. Both in LASSO and Elastic Net more than 25%
of the residuals had values below 0.2, while Ridge could not achieve residual values below this
same threshold. Additionally, notice how in Ridge, around 25% of the residuals had values
above 0.5, meaning that, considering the 1,000 Ridge models, the correct class failed to be
predicted at least 25% of the times. With respect to Figure 4.20(b), notice how the residual
distributions of LASSO and Elastic Net methods appeared to be very similar, contrary to Ridge’s,
which had a completely different shape and location: more narrow and located around higher
residual values. We see how the density curves for LASSO and Elastic Net displayed a more
flattened property, which in theory signifies these methods’ residuals were more scattered,
while Ridge’s residuals were more condensed within a smaller range of values. To complete
the residual analysis, and as a measure of predictive performance of the models, a vertical
continuous line is shown on the density curves plot, representative of the 0.5 residual threshold
value. Theoretically, the models that have a higher concentration of residual values below the
0.5 threshold, have a better predictive performance compared to the models that have a higher
concentration of residuals above this same threshold. Therefore, again, we verify that, out of
the three regularization methods, Ridge displayed the poorest performance.

Besides comparing the residual behavior between methods, we also studied how they varied
between the three different classes of the response variable, conditioned to the regularization
method. Regard Figure 4.21. On average, for the three regularization methods, we observe that
the Ria de Vigo class (G) produced models with the lowest residuals, compared to the other
two classes of the response variable. Around 75% of the Ridge residuals from Ria de Vigo were
lower than 0.4, while, for the other two classes, around 75% were higher than this same value.
Similarly, for the Elastic Net regularization method, 50% of the residuals produced for Ria de
Vigo were below 0.3, whereas 75% of the residuals for Ria de Aveiro (Rav) and Estudrio do Tejo
(T) classes were above this same value. Notice how the residual values in Ria de Aveiro and
Estudrio do Tejo had fairly similar distributions, especially for Ridge and Elastic Net, while Ria
de Vigo’s distribution curve was generally located around smaller residual values. Again, to
complete the residual analysis, and as a measure of predictive performance of the models, a

vertical continuous line is shown on the density curves plot, representative of the 0.5 residual
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Figure 4.20: (a) Boxplots and (b) Density curves of the model residuals, considering the three
regularization methods, and the merged 24,000 observations training set. On the density curves
plots, there are displayed 4 vertical lines: 3 dotted lines representative of the mean residual val-
ues in each regularization method, 1 continuous line representative of the 0.5 residual threshold
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threshold value. We verify, once more, that, out of the three classes of the response variable, Ria

de Vigo, G, showed to be the class with the best predictive quality, regardless of the regularization

method.
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Figure 4.21: Boxplots ((a), (c), (e)) and density curves ((b), (d), (f)) of the residuals of Ridge ((a),
(b)), LASSO ((c), (d)) and Elastic Net ((e), (), distinguishing between the three classes of the
response variable. On the density curves plots, there are displayed 4 vertical lines: 3 dotted lines
representative of the mean residual values in each class of the response variable, 1 continuous
line representative of the 0.5 residual threshold value
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5

CONCLUSION

The main interest of this thesis was the application regularization methods to bypass the com-
plications linked to high-dimensional data and problem-solving. With the intention of showing
how the development of such methods has been a breakthrough in plenty scientific fields, we
proved, mathematically, the reason why high-dimensional problems lead to complexities within
the domain of Linear Modeling and Generalized Linear Modeling. In short, it concerns the non-
invertibility of the Fisher Information Matrix when p > n, p being the number of predictors
and n being the number of observations of the contemplated data. The trouble arises when
estimating the model’s coefficients, as it entails calculating the inverse of the Fisher Information

Matrix, which does not exist when a dataset has more variables than data points.

To study the performance of three regularization methods, Ridge, LASSO and Elastic Net, we
applied them to a set of data containing detailed information on the biochemical and geochem-
ical fingerprints of Ruditapes philippinarum, with the purpose of predicting the location of
origin of this species: Ria de Vigo in Galiza, Spain, Ria de Aveiro in Aveiro, Portugal, or Estudrio
do Tejo in Lisbon, Portugal. Finding which features are most relevant for predicting a certain
event is essential, as attaining information on each feature can be time and cost demanding.
Besides identifying which features have a higher weight on predicting the specie’s location of
origin, we confirmed that Ridge produces very dense models, since it does not perform feature
selection, LASSO can sometimes be a slightly unstable method, perhaps due to how it addresses
groups of highly correlated variables, and that Elastic Net is, to some extent, a midway between
Ridge and LASSO. Given the small sample size, obtaining these results was enabled through the

application of Monte Carlo Cross-Validation.

The amount of features selected by a LASSO model was very small compared to an Elastic
Net Elastic Net model, referencing the fact that, because the dataset is composed of various
groups of highly correlated variables, LASSO addresses this issue by selecting one predictor

from each group and dropping the remaining.

Regardless of the regularization method, we reached that the location of Ria de Vigo was
correctly predicted most frequently. While the number of times that Ria de Aveiro class was
predicted was less than the actual Ria de Aveiro occurrences, for the Estudrio do Tejo class the

exact opposite occurred.
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To analyze the predictive performance of the different regularization methods applied, we
resorted to studying Cross Entropy, Confusion Matrices and ROC curves. Concerning Cross
Entropy, we arrived at the conclusion that, on average, Elastic Net was the method with the
best testing Cross Entropy, followed by Ridge, and then LASSO. Strangely enough, when we
computed the training Cross Entropy, we found that LASSO was the method that, on average,
had the best training Cross Entropy, followed by Elastic Net and then Ridge. After computing
graphical representations for both testing and training Cross Entropy values, we observed the
instability of LASSO in terms of testing Cross Entropy but not training Cross Entropy. Addition-
ally, concerning training Cross Entropy, Ridge produced the models with the highest values,
while LASSO and Elastic Net behaved in a similar way.

Confusion Matrices facilitate the computation of performance measures such as Accuracy,
Misclassification Rate, Precision, Recall, Specificity and a series of F1-Score measures. This
performance analysis technique allows us to both study the overall models, not differentiating
between the classes of the response variable, but also conduct a single class analysis. When
studying the predictive performance of the individual classes, although all of them showed
good predictive quality, we found that the prediction of Ria de Vigo was oftentimes superior
compared to the other two classes, which behaved more or less identically. The computation of
measures like Micro F1, Macro F1 and Weighted F1 assess predictive performance for the overall
models, enabling a comparative study between the three regularization methods. We observed
that, in terms of these F1-Scores, LASSO accomplished the best predictive models, followed by
Elastic Net and then Ridge.

ROC curves are typically employed in problems with a binary response variable, where the
curve of False Positive Rate against True Positive Rate is drawn and used to calculate the area
under the curve (AUC). For this reason, in our study, for each class of the response variable,
we computed a ROC curve of that class against the other two, essentially transforming a classic
Multinomial model into three individual Logistic models. Through analyzing the AUC values,
we again found that Ria de Vigo had the best predictive quality out of the three classes, followed
by Estuério do Tejo and then Ria de Aveiro, regardless of the regularization method. Additionally,
LASSO produced the ROC curves with the highest AUC values for all of the classes of the response
variable.

We found that Ridge produced the models with the highest residuals, while LASSO and
Elastic Net behaved in a similar way. Considering the distinction between the three classes of
the response variable, we found that, for all of the regularization methods, Ria de Vigo led to
the smallest residuals, while the other two classes displayed an identical behavior.

We showed that the Ridge is, overall, the poorest performing method when addressing this
high-dimensional classification problem. Between LASSO and Elastic Net, none of them is em-
phasized as the best method, as they both outperform each other in different aspects. Even so,
the number of features selected by LASSO was much smaller compared to Elastic Net, perhaps
due to the existence of groups of highly correlated variables in the dataset.

The location of Ria de Vigo was the one correctly predicted most frequently, regardless of the

regularization method employed. The prediction of Ria de Aveiro and Estudrio do Tejo behaved
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somehow equally.

It was clear that fatty acids FA18:3n_3, FA20:5n_3 and FA22:3n_6 played a significant
role in predicting the geographic origin of Manila clams. We also found that the biochemical
fingerprints of the adductor muscle of this bivalve (fatty acids) had a higher impact in predicting
its origin when compared to the geochemical fingerprints of their shell (chemical elements).

Overall, our analysis relied heavily on the fact that the information provided on the location
assigned to each of the 30 samples of clams is truthful, but that might not always be the case.
Future studies should address scenarios where none of the locations known appears to be
a viable option to generate acceptable results. Additionally, it will also be relevant to verify
if the predictive perform between the three methods, much like the quality of prediction of
the different locations, varies if confronted with a higher amount of data instances. By fine-
tuning these approaches, one will make a valuable contribution towards the fight against illegal,
unreported, and unregulated (IUU) fishing, one of the major threats to achieve United Nations
Sustainable Development Goal (SDG) 14 - Life Below Water (FAO, 2021).
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Table A.1: Description of the studies mentioned in the Literature Review (see chapter 2) - part 1

Summary Response Features Methods Findings Ref.
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Table A.2: Description of the studies mentioned in the Literature Review - part 2

Summary Response Features Methods Findings Ref.
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Table A.3: Description of the studies mentioned in the Literature Review - part 3

Summary Response Features Methods Findings Ref.
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Table A.4: Description of the studies mentioned in the Literature Review - part 4

Summary Response Features Methods Findings Ref.
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Table A.5: Description of the studies mentioned in the Literature Review - part 5

Summary Response Features Methods Findings Ref.
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; ’ LA )"
DMOZ Websﬁe, 20249 trai 5 Rid () Aseervatham
which is an = SLE WA o0 g e 2. 133,348 ctg. et al,
open directory 1Ng 2011
. 3. Selected ., .
project that 7 257 testin Ridee 3. "Selected Ridge
aims to classify ’ & & performs bet-
the whole web ter than the
into categories. LASSO in terms
of micro-F1, but
however has a
macro-F1 slightly
lower than the
value obtained by
LASSO."
Diffuse Infiltrative Glioma
1. CFS
The goal is to adequacy: CV/
number of 1. 141/156 genes
genes that are - 57 train sam- 2. FCBF Bol6n-
significantly ples 22,283 genes  adequacy: CV/ 2. 116/118genes  Canedo,
ffici _ 2014
- C}ent. o 28 test sam- DOB-SCV 3. 117/123 genes
explain diffuse 1
infiltrative ples 3. INT
gliomas. adequacy: CV/

DOB-SCV
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APPENDIX A. LITERATURE REVIEW

Table A.6: Description of the studies mentioned in the Literature Review - part 6

Summary Response Features Methods Findings Ref.
DLBCL - Diffuse Large B-Cell Lymphoma
1. CFS
adequacy: CV/
The goal is to DOB-SCV
select a few _ 2 classes 1. 61/65 genes
number of 2. FCBF Bol6n-
genes that are - 32 training 4,026 genes  adequacy: CV/ 2. 35/37 genes Canedo,
- nificant ) 2014
signt .can y - 15 testing DOB-SCV 3. 45/51 genes
sufficient  to
explain DLBCL. 3. INT
adequacy: CV/
DOB-SCV
DLBCL - Diffuse large B-cell lymphoma II
The study aims 1. 54 genes
to select a small 1. Elastic Net se ~1.25
number of
genes that are 2. Adaptive 2. 55 genes
significantly Elastic Net Algamal
) - 2classes se ~1.12 and
sufficient to 7,129 genes »
differentiate - 77 samples ’ 3. AERidge 3. 49 genes 53;3’5
between  dif- 4. Adjusted se~1.11
fuse large B-cell Adaptive
lymphoma Elastic Net 4. 61 genes
and follicular
se =~ 1.04
lymphoma.
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Table A.7: Description of the studies mentioned in the Literature Review - part 7

Summary Response Features Methods Findings Ref.
Leukemia
1. Golub
2. Support Vec- 1. 50 genes
tor Machine  \iqcassification
(SVM) - Recur-  grror  (mce) =
sive Feature 4,34
Elimination
(RFE) 2. 31 genes Zou
3 SVM mce = 1/34 and
Consists of o Hastie,
A Univariate 3. 22 genes 2005
a microarray Ranking (UR) ’
problem where mce = 3/34 J. Fan
the goal IS to -2 Classes 4. Penalized and
construct  a Logistic ~Re- % 268enes Fan,
diagnostic rule - 38 training 7,129 genes  gression (PLR) mce =1/34 2008,
based on the 34 testin - RFE Zhu
expression esung 5. 16 genes and.
level of genes to 5. PLR-UR mce = 3/34 Hastie,
; 2004
predict the type 6. Nearest )
. . 6. 21 genes Golub
of leukemia. Shrunken »as ol
Centroids mee = ”
1999
(NSC) 7. 45 genes
7. Elastic Net mce =0/34
8. Feature 8. 11 genes
Annealed Fea- .o _1/34
ture Selection
(FAIR)
Lung Cancer
Experimental
samples to
identify be-
tween malig- L 26
. enes
nant pleul‘al - 2 classes 8 ]. Fan
mesothelioma 1. NSC mce =11/149 and
(MPM) and ade- - 32 training 12,533 genes Fan,
nocarcinoma 149 testin 2. FAIR 2. 31 genes 2008
(ADCA) of the g mce = 7/149

lung based on
variations from
gene  expres-
sion levels.
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Table A.8: Description of the studies mentioned in the Literature Review - part 8

Summary Response Features Methods Findings Ref.
Neuroblastoma
The study
contains in- 1. 5genes
formation on 1. Sure mce =19/114
patients of pendence
the  German Rules (SIS) 2. 23 genes
Neuroblastoma 2 Tterated mce =22/114
Trials, diag-
nosed between _ 2 classes f)lé;edence 3. 10 genes
1989 and 2004. . Screening mce =22/114 J. Fan
The goal is to - 125training 10,707 genes (FCBF) et al,
understand . 4. 12 genes 2008
whether each =~ l14testng 3. var2-SIS mce =21/114
patient sur-
vived 3 years 4. var2-FCBF 5. 57 genes
after the diag- 5. LASSO mce =22/114
nosis based
on the gene 6. NSC 6. 9,413 genes
expression mce =24/114
levels.
Ohsumed (large-scale text categorization)
. "not only it has
the best perfor-
mance in terms
A collection of micro and
of medical - 23 classes 1. LASSO macro.—Fl, but it
abstracts origi- 2. Ridge also gives a very Aseervatham
nally designed - 6,286 training 20,520 ctg. ‘ sparse solution." et al.,
for .content- - 7,643 testing 3. tSelected 2. 20,520 ctg. 2011
based informa- Ridge

tion retrieval.

3. 0.12 x 20,520 =

2,462 ctg. (same
performance as
Ridge)
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Table A.9: Description of the studies mentioned in the Literature Review - part 9

Summary Response Features Methods Findings Ref.
Ovarian Cancer
1. CFS
. adequacy: CV/
The goal is to
DOB-SCV
select a few
number of - 2classes 2. FCBF 1. 35/33 genes Bol6n-
genes that are 59 training 15,154 genes  adequacy: CV/ 2. 27/26 genes Canedo,
significantly DOB-SCV 2014
sufficient to - 84 testing 3. 32/31 genes
explain ovarian 3. INT
cancet. adequacy: CV/
DOB-SCV
Prostate Cancer
The goal is to 1. 6 genes
identify  be- 1. NSC (mce =9/34) J. Fan
tween prostate and
tumor samples 2 classes 2. FAIR 2. 2 genes Fan,
and  normal 105 raining 12,600 genes 3. CFS (mce=9/34) 2008,
prostate  sam- Bolén-
ples based on - 34 testing 4. FCBF 3. 89 genes Canedo,
iati f
variations from 5 INT 4. 77 genes 2014
gene  expres-
sion levels. 5. 73 genes
Prostate Cancer II
1. 44 genes
The goal is to 1. Elastic Net se~1.13
select a few
number of 2. Adaptive 2. 44 genes
genes that are Elastic Net Algamal
significantly - 2classes sex 107 and
. 5,966 genes . AERi
sufficient to . 102 samples 3 idge 3. 42 genes Lee,
differentiate be- 4. Adjusted se =~ 1.03 2015
tween prostate Adaptive T
tumor/non- Elastic Net 4. 48 genes
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Table A.10: Description of the studies mentioned in the Literature Review - part 10

Summary Response Features Methods Findings Ref.
Ramaswamy data
1. 617 genes
Consists of a mce = 12/54
set of tumor
samples, span- _ 4 classes 1. SVM -UR 2. 617 genes Zhu
ning 14 tumor 2 PLR-UR mce =12/54 and
classes that ac- - 144 training 16,063 genes Hastie,
count for 80% 54 testin 3. SYM - RFE 3- 315genes 2004
of new cancer g PLR - RFE mce =9/54
diagnosis in the
US. 4. 294 genes
mce =9/54
Reuters (large-scale text categorization)
A collection of
news-wire  ar- 1. 0.0043 x 6,760 ~
ticles covering 29 ctg. (same
different  do- 1. LASSO performance as
: h - 90 classes .
mains, where Rid Ridge) Aseervatham
. 2. Ridge
each document 7,770 training 6,760 ctg. & et al,
was manually 3. Selected 2. 6,760 Ctg' 2011
. d 't _ . .
assigne (o} 3,019 testing Ridge 3. 0.05 x 6,760 =
one or more
. 338 ctg. (worst
categories, ac-
; . performance)
cording to its
subject.
SMK
Gene  expres-
sion data from 1. CFS
smokers with adequacy: CV/
and  without DOB-SCV
lung  cancer. _ 3 classes 1. 107/103 genes
This is diag- 2. FCBF Bolén-
nostic  gene - 125training  19,993genes  adequacy: CV/ 2. 50/55 genes Canedo,
expression DOB-SCV 2014
P - 62 testing 3. 51/51 genes
profile that
3. INT

could be used
to distinguish
between  the
two classes.

adequacy: CV/
DOB-SCV
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Table A.11: Description of the studies mentioned in the Literature Review - part 11

Summary Response Features Methods Findings Ref.

SRBCT - small, round blue cell tumors of childhood

1. 25 genes
mce =1/20
These can- 2. 12 genes
cers belong to 1. Pliable mce = 1/20
four  distinct LASSO 5 a1
. . . enes
diagnostic cat- 2 LASSO 8 Asenso
egories and ’ mce = 1/20 et al,
often present - 4classes 8. ElasticNet . genes 2020,
diagnostic . :

- 63 trainin Zhu
dilemmas in & 2308genes 4 pIR-UR mce = 0/20 and
clinical prac- - 20 testing Hasti

: . PLR - RFE astie,
tice. The goal > 5. 8 genes 2004
is to identify 6. SVM -UR mce =0/20
genes most
relevant to the 7. SYM-RFE 6. 21 genes
classification. mce =0/20

7. 32 genes
mce =0/20
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ROC CURVES
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Figure B.1: Ria de Vigo ROC curve and AUC, considering the Ridge method of regularization and
the merged testing set of 6,000 observations
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Figure B.2: Ria de Aveiro ROC curve and AUC, considering the Ridge method of regularization
and the merged testing set of 6,000 observations
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Figure B.3: Estuério do Tejo ROC curve and AUC, considering the Ridge method of regularization
and the merged testing set of 6,000 observations
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APPENDIX B. ROC CURVES
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Figure B.4: Ria de Vigo ROC curve and AUC, considering the LASSO method of regularization
and the merged testing set of 6,000 observations
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Figure B.5: Ria de Aveiro ROC curve and AUC, considering the LASSO method of regularization
and the merged testing set of 6,000 observations
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Figure B.6: Estudrio do Tejo ROC curve and AUC, considering the LASSO method of regulariza-
tion and the merged testing set of 6,000 observations
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Figure B.7: Ria de Vigo ROC curveand AUC, considering the Elastic Net method of regularization
and the merged testing set of 6,000 observations
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Figure B.8: Ria de Aveiro ROC curve and AUC, considering the Elastic Net method of regulariza-
tion and the merged testing set of 6,000 observations

1.0

e |
—

«
o _| =}
o

Estuario do Tejo

© _| | ©
o o

AUC =0.9397385

True Positive Rate

04
|
04

0.2

0.2

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

0.0

False Positive Rate

Figure B.9: Estudrio do Tejo ROC curve and AUC, considering the Elastic Net method of regular-
ization and the merged testing set of 6,000 observations
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APPENDIX C. VARIABLE IMPORTANCE
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D

COEFFICIENTS OF THE SELECTED
FEATURESS

Notes:

* Ifa coefficient does not have an associated Standard Error of the Mean value, it signifies
that, out of the 1,000 fit models, only one selected that coefficient’s respected variable as

significant, which inhibits computing the SEM value.

 Tables D.1 through D.9 are arranged by ascending order of probability of variable selection
throughout the 1,000 models.
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Table D.1: Probability of variable selection (prob), average (m), standard error of the mean
(sem(|B])), minimum (min(]B|)) and maximum (max(|8])) of the absolute coefficient values of
the selected features to predict Ria de Vigo as the location of origin, throughout the 1,000 Ridge
models

Predictor prob ﬁ sem(|f]) min(|f]) max(|8])
intercept 1.0000 0.1116 0.0028 0.0006 0.5215
FA14:0 1.0000 0.0370 0.0002 0.0076 0.0538
FA15:0 1.0000 0.0181 0.0002 0.0040 0.0428
FA16:0 1.0000 0.0159 0.0005 0.0022 0.0904
FA16:1n_9 1.0000 0.0352 0.0017 0.0019 0.2032
FA16:1n_7 1.0000 0.0359 0.0002 0.0074 0.0592
FA17:0 1.0000 0.0358 0.0002 0.0074 0.0518
FA18:0 1.0000 0.0083 0.0001 0.0001 0.0203
FA18:1n_9 1.0000 0.0271 0.0002 0.0050 0.0547
FA18:1n_7 1.0000 0.0374 0.0002 0.0079 0.0612
FA18:2n_6 1.0000 0.0224 0.0002 0.0057 0.0386
FA18:3n_3 1.0000 0.0123 0.0001 0.0017 0.0211
FA18:4n_3 1.0000 0.0265 0.0002 0.0061 0.0397
FA20:1n_9 11 1.0000 0.0211 0.0002 0.0039 0.0468
FA20:1n_7 1.0000 0.0288 0.0002 0.0066 0.0427
FA20:2n_6 1.0000 0.0028 0.0001 0.0000 0.0251
FA20:3n_6 1.0000 0.0115 0.0001 0.0014 0.0268
FA20:4n_6 1.0000 0.0263 0.0002 0.0054 0.0461
FA20:4n_3 1.0000 0.0246 0.0002 0.0055 0.0375
FA20:5n_3 1.0000 0.0404 0.0002 0.0088 0.0569
FA22:2n_9 1.0000 0.0288 0.0003 0.0066 0.0599
FA22:2n_6 1.0000 0.0053 0.0001 0.0000 0.0295
FA22:3n_6 1.0000 0.0313 0.0002 0.0067 0.0427
FA22:4n_6 1.0000 0.0290 0.0002 0.0056 0.0404
FA22:5n_6 1.0000 0.0296 0.0003 0.0054 0.0684
FA22:5n_3 1.0000 0.0391 0.0002 0.0081 0.0549
FA22:6n_3 1.0000 0.0367 0.0002 0.0081 0.0576
Na 1.0000 0.0324 0.0002 0.0070 0.0645
Mg 1.0000 0.0283 0.0003 0.0055 0.0658
Al 1.0000 0.0271 0.0002 0.0054 0.0556
P 1.0000 0.0148 0.0001 0.0026 0.0280
Mn 1.0000 0.0053 0.0002 0.0000 0.0397
Fe 1.0000 0.0165 0.0001 0.0036 0.0451
Co 1.0000 0.0168 0.0009 0.0000 0.1411
Ni 1.0000 0.0130 0.0007 0.0000 0.0964
Cu 1.0000 0.1467 0.0095 0.0014 1.3083
Zn 1.0000 0.0364 0.0022 0.0016 0.3738
Sr 1.0000 0.0358 0.0002 0.0074 0.0489
Y 1.0000 0.0347 0.0002 0.0076 0.0579
Ba 1.0000 0.0082 0.0002 0.0000 0.0329
La 1.0000 0.0080 0.0002 0.0001 0.0289
Ce 1.0000 0.0043 0.0001 0.0000 0.0245
Nd 1.0000 0.0031 0.0001 0.0000 0.0157
Gd 1.0000 0.0054 0.0001 0.0000 0.0274

U 1.0000 0.0292 0.0002 0.0058 0.0485




Table D.2: Probability of variable selection (prob), average (m), standard error of the mean
(sem(|B])), minimum (min(]B|)) and maximum (max(|8])) of the absolute coefficient values of
the selected features to predict Ria de Aveiro as the location of origin, throughout the 1,000
Ridge models

Predictor prob ﬁ sem(|f]) min(|f]) max(|8])
intercept 1.0000 0.0987 0.0025 0.0000 0.4873
FA14:0 1.0000 0.0081 0.0001 0.0004 0.0175
FA15:0 1.0000 0.0105 0.0002 0.0000 0.0373
FA16:0 1.0000 0.0144 0.0004 0.0001 0.0836
FA16:1n_9 1.0000 0.0272 0.0010 0.0024 0.1771
FA16:1n_7 1.0000 0.0271 0.0002 0.0042 0.0559
FA17:0 1.0000 0.0218 0.0002 0.0032 0.0381
FA18:0 1.0000 0.0357 0.0003 0.0051 0.0543
FA18:1n_9 1.0000 0.0077 0.0002 0.0000 0.0495
FA18:1n_7 1.0000 0.0304 0.0002 0.0040 0.0541
FA18:2n_6 1.0000 0.0077 0.0001 0.0000 0.0206
FA18:3n_3 1.0000 0.0336 0.0003 0.0041 0.0651
FA18:4n_3 1.0000 0.0136 0.0001 0.0005 0.0284
FA20:1n_9_11 1.0000 0.0051 0.0001 0.0000 0.0288
FA20:1n_7 1.0000 0.0341 0.0002 0.0054 0.0566
FA20:2n_6 1.0000 0.0225 0.0002 0.0027 0.0446
FA20:3n_6 1.0000 0.0383 0.0003 0.0059 0.0576
FA20:4n_6 1.0000 0.0074 0.0001 0.0000 0.0223
FA20:4n_3 1.0000 0.0369 0.0002 0.0064 0.0580
FA20:5n_3 1.0000 0.0314 0.0002 0.0048 0.0537
FA22:2n_9 1.0000 0.0273 0.0002 0.0056 0.0494
FA22:2n_6 1.0000 0.0087 0.0004 0.0000 0.0652
FA22:3n_6 1.0000 0.0435 0.0003 0.0068 0.0652
FA22:4n_6 1.0000 0.0213 0.0002 0.0029 0.0384
FA22:5n_6 1.0000 0.0094 0.0001 0.0002 0.0207
FA22:5n_3 1.0000 0.0278 0.0002 0.0035 0.0455
FA22:6n_3 1.0000 0.0384 0.0003 0.0062 0.0645
Na 1.0000 0.0135 0.0001 0.0018 0.0271
Mg 1.0000 0.0035 0.0001 0.0000 0.0234
Al 1.0000 0.0221 0.0002 0.0040 0.0501
P 1.0000 0.0174 0.0002 0.0026 0.0366
Mn 1.0000 0.0255 0.0002 0.0032 0.0965
Fe 1.0000 0.0113 0.0001 0.0009 0.0259
Co 1.0000 0.0283 0.0010 0.0019 0.1704
Ni 1.0000 0.0113 0.0001 0.0000 0.0341
Cu 1.0000 0.1032 0.0067 0.0007 0.9113
Zn 1.0000 0.0162 0.0011 0.0005 0.3527
Sr 1.0000 0.0029 0.0001 0.0000 0.0142
Y 1.0000 0.0095 0.0001 0.0004 0.0211
Ba 1.0000 0.0176 0.0002 0.0014 0.0367
La 1.0000 0.0049 0.0002 0.0000 0.0399
Ce 1.0000 0.0060 0.0001 0.0000 0.0359
Nd 1.0000 0.0056 0.0001 0.0000 0.0346
Gd 1.0000 0.0056 0.0001 0.0000 0.0208

U 1.0000 0.0055 0.0001 0.0000 0.0142




Table D.3: Probability of variable selection (prob), average (m), standard error of the mean
(sem(|B])), minimum (min(]B|)) and maximum (max(|8])) of the absolute coefficient values of
the selected features to predict Estudrio do Tejo as the location of origin, throughout the 1,000
Ridge models

Predictor prob ﬁ sem(|f]) min(|f]) max(|8])
intercept 1.0000 0.1142 0.0025 0.0009 0.5847
FA14:0 1.0000 0.0289 0.0002 0.0044 0.0550
FA15:0 1.0000 0.0082 0.0002 0.0000 0.0288
FA16:0 1.0000 0.0171 0.0010 0.0000 0.1206
FA16:1n_9 1.0000 0.0507 0.0028 0.0003 0.3140
FA16:1n_7 1.0000 0.0089 0.0001 0.0000 0.0203
FA17:0 1.0000 0.0139 0.0001 0.0021 0.0297
FA18:0 1.0000 0.0274 0.0002 0.0028 0.0506
FA18:1n_9 1.0000 0.0194 0.0002 0.0012 0.0347
FA18:1n_7 1.0000 0.0070 0.0001 0.0000 0.0179
FA18:2n_6 1.0000 0.0299 0.0002 0.0051 0.0451
FA18:3n_3 1.0000 0.0459 0.0003 0.0078 0.0851
FA18:4n_3 1.0000 0.0400 0.0003 0.0068 0.0586
FA20:1n_9 11 1.0000 0.0226 0.0002 0.0036 0.0472
FA20:1n_7 1.0000 0.0057 0.0001 0.0000 0.0282
FA20:2n_6 1.0000 0.0213 0.0002 0.0022 0.0385
FA20:3n_6 1.0000 0.0268 0.0002 0.0026 0.0418
FA20:4n_6 1.0000 0.0193 0.0002 0.0021 0.0440
FA20:4n_3 1.0000 0.0122 0.0001 0.0004 0.0268
FA20:5n_3 1.0000 0.0089 0.0001 0.0011 0.0202
FA22:2n_9 1.0000 0.0030 0.0001 0.0000 0.0214
FA22:2n_6 1.0000 0.0125 0.0004 0.0001 0.0606
FA22:3n_6 1.0000 0.0123 0.0002 0.0001 0.0299
FA22:4n_6 1.0000 0.0078 0.0001 0.0000 0.0249
FA22:5n_6 1.0000 0.0390 0.0003 0.0063 0.0848
FA22:5n_3 1.0000 0.0113 0.0001 0.0019 0.0231
FA22:6n_3 1.0000 0.0029 0.0001 0.0000 0.0138
Na 1.0000 0.0189 0.0001 0.0029 0.0489
Mg 1.0000 0.0303 0.0003 0.0050 0.0666
Al 1.0000 0.0058 0.0002 0.0000 0.0302
P 1.0000 0.0040 0.0001 0.0000 0.0283
Mn 1.0000 0.0305 0.0003 0.0048 0.1249
Fe 1.0000 0.0278 0.0002 0.0045 0.0493
Co 1.0000 0.0115 0.0002 0.0001 0.0646
Ni 1.0000 0.0224 0.0005 0.0020 0.0890
Cu 1.0000 0.0518 0.0037 0.0021 1.0472
Zn 1.0000 0.0391 0.0026 0.0014 0.6620
Sr 1.0000 0.0351 0.0003 0.0056 0.0577
Y 1.0000 0.0252 0.0002 0.0034 0.0571
Ba 1.0000 0.0095 0.0001 0.0001 0.0214
La 1.0000 0.0072 0.0001 0.0000 0.0176
Ce 1.0000 0.0077 0.0001 0.0000 0.0221
Nd 1.0000 0.0039 0.0001 0.0000 0.0349
Gd 1.0000 0.0077 0.0001 0.0000 0.0205

U 1.0000 0.0239 0.0002 0.0034 0.0468




Table D.4: Probability of variable selection (prob), average (|]), standard error of the mean
(sem(|B])), minimum (min(|B|)) and maximum (max(|8|)) of the absolute coefficient values of
the selected features to predict Ria de Vigo as the location of origin, throughout the 1,000 LASSO
models

Predictor prob ﬂ sem(|f]) min(|8]) max(|8|)
intercept 1.0000 0.0895 0.0024 0.0000 0.4259
FA20:5n_3 0.9990 0.8213 0.0082 0.0204 2.3161
FA14:0 0.4180 0.1209 0.0053 0.0002 0.7655
FA22:5n_3 0.3080 0.1434 0.0072 0.0000 0.7781
FA16:1n_7 0.2250 0.2400 0.0158 0.0003 1.1711
FA18:1n_7 0.1240 0.1465 0.0167 0.0019 1.1441
FA22:6n_3 0.0410 0.1187 0.0181 0.0005 0.4207
Sr 0.0290 0.0951 0.0158 0.0117 0.3130
Mg 0.0140 0.0905 0.0240 0.0035 0.3480
Na 0.0090 0.1311 0.0292 0.0014 0.2741
Y 0.0070 0.1220 0.0484 0.0018 0.3673
U 0.0060 0.0497 0.0245 0.0002 0.1632
FA17:0 0.0030 0.0286 0.0124 0.0037 0.0413
FA22:5n_6 0.0010 0.0348 - 0.0348 0.0348

Table D.5: Probability of variable selection (prob), average (ﬁ), standard error of the mean
(sem(|B])), minimum (min(|8])) and maximum (max(|8|)) of the absolute coefficient values of
the selected features to predict Ria de Aveiro as the location of origin, throughout the 1,000
LASSO models

Predictor prob 1Bl sem(|fl) min(|B) max(|B)
intercept 1.0000 0.0814 0.0025 0.0000 0.5104
FA22:3n_6 0.9980 0.5841 0.0115 0.0064 2.6134
FA22:6n_3 0.1760 0.1689 0.0145 0.0034 1.0424
FA18:0 0.0960 0.0989 0.0094 0.0075 0.6472
FA20:3n_6 0.0910 0.0878 0.0098 0.0006 0.5271
FA20:1n_7 0.0250 0.1694 0.0462 0.0001 0.9399
Mn 0.0210 0.1308 0.0282 0.0118 0.5711
FA20:4n_3 0.0140 0.0972 0.0452 0.0091 0.6689
FA22:2n_6 0.0030 0.1425 0.0528 0.0614 0.2417
Al 0.0020 0.0989 0.0938 0.0052 0.1927
FA18:1n_7 0.0020 0.1649 0.0565 0.1084 0.2213
Co 0.0010 0.0805 - 0.0805 0.0805

Ni 0.0010 0.0003 - 0.0003 0.0003




Table D.6: Probability of variable selection (prob), average (|]), standard error of the mean
(sem(| B])), minimum (min(|8])) and maximum (max(|§|)) of the absolute coefficient values of
the selected features to predict Estuario do Tejo as the location of origin, throughout the 1,000
LASSO models

Predictor prob m sem(|]) min(|8]) max(|g|)
intercept 1.0000 0.1254 0.0037 0.0001 0.9169
FA18:3n_3 1.0000 0.7571 0.0107 0.0838 2.6361
FA22:5n_6 0.7600 0.2290 0.0081 0.0001 2.8846
Mn 0.1580 0.2264 0.0194 0.0004 1.5649
FA18:4n_3 0.1270 0.2005 0.0173 0.0002 1.2017
FA16:1n_9 0.0930 1.5298 0.1351 0.0084 6.6432
Sr 0.0840 0.2080 0.0251 0.0002 1.2440
Fe 0.0530 0.1581 0.0187 0.0030 0.5875
FA20:4n_6 0.0280 0.2755 0.0417 0.0026 0.9087
FA22:2n_6 0.0110 0.2086 0.0496 0.0010 0.5636
Mg 0.0080 0.1928 0.1041 0.0010 0.8956
U 0.0040 0.0624 0.0524 0.0042 0.2193
Zn 0.0030 1.7357 0.8343 0.2373 3.1208
FA20:1n_9_11 0.0020 0.1060 0.0185 0.0876 0.1245
FA20:2n_6 0.0010 0.1037 - 0.1037 0.1037

Y 0.0010 0.6927 - 0.6927 0.6927




Table D.7: Probability of variable selection (prob), average (|]), standard error of the mean
(sem(|B])), minimum (min(|B|)) and maximum (max(|8|)) of the absolute coefficient values of
the selected features to predict Ria de Vigo as the location of origin, throughout the 1,000 Elastic
Net models

Predictor prob 18l sem(fl) min(|f]) max(|p)
intercept 1.0000 0.1148 0.0029 0.0002 0.5012
FA20:5n_3 1.0000 0.2113 0.0062 0.0965 1.2822
FA22:5n_3 0.9420 0.1173 0.0013 0.0015 0.5440
FA18:1n_7 0.9120 0.0922 0.0010 0.0013 0.3816
FA14:0 0.9000 0.0933 0.0012 0.0000 0.3857
FA16:1n_7 0.8860 0.0826 0.0012 0.0003 0.4147
FA22:6n_3 0.8810 0.0836 0.0010 0.0009 0.4200
Sr 0.8280 0.0797 0.0009 0.0011 0.1818
Y 0.8110 0.0656 0.0009 0.0000 0.2015
FA17:0 0.8050 0.0740 0.0009 0.0009 0.2273
Na 0.6770 0.0539 0.0008 0.0001 0.1205
FA22:3n_6 0.5560 0.0518 0.0010 0.0004 0.1003
U 0.5240 0.0409 0.0009 0.0000 0.1439
FA22:5n_6 0.4980 0.0472 0.0012 0.0004 0.1762
FA22:4n_6 0.4950 0.0478 0.0008 0.0001 0.1041
Mg 0.4790 0.0474 0.0018 0.0007 0.2352
FA22:2n_9 0.4750 0.0408 0.0012 0.0000 0.1707
FA18:1n_9 0.4680 0.0412 0.0011 0.0002 0.1623
FA20:1n_7 0.4670 0.0337 0.0008 0.0001 0.0959
Al 0.4560 0.0391 0.0010 0.0002 0.1198
FA18:4n_3 0.4240 0.0366 0.0007 0.0001 0.0765
FA20:4n_6 0.4230 0.0384 0.0009 0.0004 0.0953
FA20:4n_3 0.3570 0.0227 0.0006 0.0000 0.0527
FA20:1n_9_11 0.3370 0.0221 0.0012 0.0002 0.2013
FA18:2n_6 0.3320 0.0189 0.0007 0.0003 0.0689
FA16:1n_9 0.1540 0.0857 0.0049 0.0004 0.3235
FA15:0 0.1490 0.0114 0.0007 0.0000 0.0388
Cu 0.0910 1.0228 0.0514 0.0337 2.4687
Co 0.0870 0.0751 0.0038 0.0029 0.1654
Ni 0.0700 0.0442 0.0035 0.0008 0.1135
P 0.0250 0.0069 0.0011 0.0006 0.0228
Fe 0.0200 0.0040 0.0007 0.0000 0.0119
FA16:0 0.0170 0.0236 0.0053 0.0012 0.0918
Ba 0.0040 0.0071 0.0024 0.0036 0.0143
La 0.0010 0.0051 - 0.0051 0.0051

In 0.0010 0.1633 - 0.1633 0.1633




Table D.8: Probability of variable selection (prob), average (|]), standard error of the mean
(sem(] B1)), minimum (min(|4])) and maximum (max(|8[)) of the absolute coefficient values of
the selected features to predict Ria de Aveiro as the location of origin, throughout the 1,000
Elastic Net models

Predictor prob ﬁ sem(|f]) min(|8]) max(|8|)
intercept 1.0000 0.0827 0.0021 0.0000 0.4635
FA22:3n_6 1.0000 0.2176 0.0039 0.0330 1.1912
FA22:6n_3 0.8990 0.1079 0.0013 0.0003 0.4451
FA20:3n_6 0.8340 0.1051 0.0013 0.0012 0.2976
FA20:4n_3 0.7870 0.0847 0.0011 0.0010 0.2420
FA18:0 0.7770 0.0936 0.0014 0.0003 0.3615
FA20:1n_7 0.6850 0.0800 0.0015 0.0002 0.4317
FA18:3n_3 0.6340 0.0855 0.0016 0.0002 0.3257
FA20:5n_3 0.5720 0.0531 0.0009 0.0001 0.1197
FA18:1n_7 0.5270 0.0604 0.0013 0.0001 0.2103
FA22:5n_3 0.4670 0.0495 0.0011 0.0005 0.1075
Mn 0.4410 0.0534 0.0014 0.0013 0.3009
FA16:1n_7 0.4220 0.0353 0.0008 0.0005 0.0850
FA22:2n_9 0.3980 0.0239 0.0007 0.0005 0.1242
FA22:4n_6 0.3540 0.0393 0.0012 0.0006 0.1251
Al 0.3400 0.0297 0.0013 0.0001 0.1205
FA20:2n_6 0.3270 0.0287 0.0011 0.0001 0.0945
Ba 0.2050 0.0195 0.0010 0.0001 0.0655
FA17:0 0.1730 0.0147 0.0011 0.0001 0.0678
P 0.1380 0.0157 0.0010 0.0001 0.0510
Co 0.1330 0.1632 0.0083 0.0003 0.4558
FA16:0 0.0820 0.0411 0.0037 0.0002 0.1537
Ni 0.0740 0.0062 0.0006 0.0001 0.0214
FA16:1n_9 0.0720 0.0719 0.0077 0.0002 0.2851
FA22:2n_6 0.0600 0.0790 0.0057 0.0013 0.2507
FA18:4n_3 0.0520 0.0097 0.0011 0.0000 0.0299
Fe 0.0510 0.0083 0.0008 0.0003 0.0250
Cu 0.0460 0.4703 0.0535 0.0077 1.2907
FA15:0 0.0310 0.0168 0.0026 0.0003 0.0580
FA18:1n_9 0.0100 0.0308 0.0126 0.0001 0.1249
Ce 0.0050 0.0035 0.0013 0.0005 0.0069
Zn 0.0050 0.3157 0.0719 0.0684 0.4881
FA22:5n_6 0.0020 0.0068 0.0062 0.0006 0.0130
Nd 0.0020 0.0230 0.0216 0.0015 0.0446
FA18:2n_6 0.0010 0.0012 - 0.0012 0.0012
Gd 0.0010 0.0010 - 0.0010 0.0010
La 0.0010 0.0239 - 0.0239 0.0239

Na 0.0010 0.0068 - 0.0068 0.0068




Table D.9: Probability of variable selection (prob), average (m), standard error of the mean
(sem(|B])), minimum (min(|B|)) and maximum (max(|8|)) of the absolute coefficient values of
the selected features to predict Estuario do Tejo as the location of origin, throughout the 1,000
Elastic Net models

Predictor prob W sem(|]) min(|8]) max(|f|)
intercept 1.0000 0.1316 0.0032 0.0000 0.6602
FA18:3n_3 1.0000 0.2708 0.0056 0.1256 1.5944
FA22:5n_6 0.9220 0.1264 0.0024 0.0014 0.7923
FA18:4n_3 0.8980 0.1282 0.0015 0.0001 0.4956
Sr 0.7410 0.0957 0.0018 0.0002 0.8281
Mn 0.6260 0.0914 0.0026 0.0002 0.4976
FA18:2n_6 0.5370 0.0547 0.0010 0.0000 0.1434
Fe 0.5280 0.0617 0.0014 0.0001 0.2120
FA14:0 0.5270 0.0474 0.0010 0.0002 0.1105
Mg 0.5080 0.0570 0.0015 0.0000 0.1878
FA18:0 0.4860 0.0568 0.0012 0.0002 0.1385
FA20:3n_6 0.4600 0.0533 0.0011 0.0000 0.1309
Y 0.3990 0.0392 0.0008 0.0005 0.0973
U 0.3900 0.0317 0.0010 0.0001 0.0933
FA20:4n_6 0.3490 0.0509 0.0015 0.0003 0.1379
FA20:2n_6 0.3470 0.0297 0.0010 0.0000 0.1077
FA20:1n_9 11 0.3320 0.0305 0.0013 0.0001 0.1668
Ni 0.2700 0.0259 0.0020 0.0003 0.1864
FA18:1n_9 0.2650 0.0215 0.0010 0.0002 0.0805
FA16:1n_9 0.2250 0.6683 0.0115 0.0092 1.3730
FA16:0 0.2110 0.1801 0.0039 0.0074 0.3253
Na 0.1300 0.0092 0.0006 0.0001 0.0302
FA22:2n_6 0.0960 0.0725 0.0063 0.0008 0.3992
FA22:3n_6 0.0790 0.0122 0.0013 0.0002 0.0613
FA17:0 0.0380 0.0099 0.0012 0.0004 0.0297
FA15:0 0.0210 0.0191 0.0033 0.0017 0.0600
Zn 0.0200 0.9694 0.1586 0.0055 2.0088
Ba 0.0080 0.0088 0.0021 0.0008 0.0193
Ce 0.0050 0.0106 0.0025 0.0017 0.0146
FA20:4n_3 0.0050 0.0027 0.0006 0.0008 0.0041
Al 0.0040 0.0219 0.0039 0.0116 0.0300
Cu 0.0040 0.5696 0.1322 0.2016 0.7700
Gd 0.0040 0.0077 0.0024 0.0032 0.0133
FA20:1n_7 0.0020 0.0135 0.0041 0.0094 0.0175

La 0.0010 0.0014 - 0.0014 0.0014
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