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Abstract

Electroencephalography (EEG) signals represent the brain’s electrical activity ob-
tained through placing electrodes on the scalp. These recordings can be analyzed
as curves across space and time. In this work, EEG signals are treated as functions
or curves using functional data analysis. The construction of the curves is achieved
through a set of B-splines basis functions. Due to the inherent spatial and tem-
poral dependencies of EEG signals, various applications in spatial statistics have
emerged, especially for modeling brain neuroimaging data. Here, we consider the
brain as a random field where the EEG signals are analyzed as spatially correlated
curves. Consequently, functional geostatistics methods are employed to predict
curves at unsampled sites. The spatial prediction of the curves is performed using
functional kriging, which employs the empirical functional principal components’
representation of the EEG curves. The predictive performance is assessed through
leave-one-out functional cross-validation.

The EEG signals used in this study were obtained from a controlled experiment
involving inner speech. The analysis extracted key features from the smoothed
curves, revealing that inner speech involves multiple brain regions, including the
association area, Broca’s and Wernicke’s area.

Keywords: Functional data analysis, functional geostatistics, EEG signals, func-
tional principal components.
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Chapter 1

Introduction

1.1 Context

The brain is the most complex organ that executes cognitive functions, synchro-
nized by the never-ending activity of millions of nerve cells. Understanding neural
activities is crucial for medical diagnosis because it provides valuable insights re-
garding body and brain function. Various sensors and techniques have emerged
to capture and explore brain activity. Some of them include functional magnetic
resonance imaging (fMRI), electroencephalography (EEG), and electrocorticogra-
phy (ECoG). The most commonly used techniques are EEG and fMRI due to
their non-invasive characteristics for real-time monitoring and observation of neu-
ral mechanisms (Gui et al., 2010). While fMRI records blood flow as a proxy for
brain neural activity, EEG measures the electrical potentials produced by nerve
cells within the cerebral cortex. The preference for using EEG instead of fMRI
for studying neural activity relies on its affordability and accessibility for obtain-
ing quick brain activity information. EEG signal analysis is primarily focused on
detecting neurological and mental disorders (e.g., epilepsy and depression) and
developing control and communication technology for Brain-Computer Interfaces
(BCI) (Chaddad et al., 2023).

Traditionally, EGG data are analyzed in time, frequency, and time-frequency do-
mains. The time domain relies on the characteristics and properties of signals
varying over time, while the frequency domain decomposes signals into their fre-
quency components. The most popular frequency property is the power spectrum
density (PSD). Meanwhile, the time-frequency domain integrates both time and
frequency domains, providing extra information to recognize dynamical features of
non-stationary signals (Hernández et al., 2018). The advent of machine learning
algorithms has further enhanced EEG signals research, with classification meth-
ods such as support vector machines (Saccá et al., 2018), decision trees (Bastos
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Introduction 2

et al., 2020), linear discriminant analysis (Nkengfack et al., 2020), and k-nearest
neighbors (Sha’Abani et al., 2020), among others.

EEG signals are characterized by their non-stationary and non-linear features,
given that these records correspond to densely repeated measurements over time
and space. Therefore, each EEG data observation can be represented as a space-
time curve. The increased need for handling this data type has led to the de-
velopment of advanced techniques such as functional data analysis (FDA). FDA
extends traditional statistical methods to model data in the form of functions such
as curves, surfaces, or images. In the FDA framework, the entire observed curve
is modeled as a realization of a random function rather than a series of discrete
values, and the analysis is developed on the whole functional dataset. Since its in-
ception in the early 1990s, there has been a growing interest within the statistical
community to create models for functional data (Giraldo et al., 2007), as evidence
by the pioneering work of Deville (1974) and Ramsay and Dalzell (1991).

The inherent spatial and temporal dependencies present in EEG signals, intrinsic
to the brain’s nature, have led to various applications in spatial statistics for mod-
eling brain neuroimaging data. The spatial component is given by the location of
electrodes on the scalp that capture brain activity, while the changes define the
temporal aspect in brain activity over time. For example, McCall et al. (2012) an-
alyzed EEG data for epilepsy detection, introducing spatial and temporal domains
for identifying abnormal electrical activity of the cortex in epileptic patients. As
expressed before, EEG signals represent cerebral electrical activity that can be
analyzed in the form of spatially dependent curves. A recent approach, functional
geostatistics, offers a novel perspective for modeling the spatial dependence struc-
tures among curves. Geostatistical methods can be applied within this framework
to model and predict spatial functional data, including EEG signals.

1.2 Motivation

Conventional EEG analysis is focused on temporal features and involves sig-
nals preprocessing, feature extraction and pattern recognition, and classification
(Ruchika et al., 2023). Common signal processing methods, such as wavelet trans-
formation and Fourier transformation, determine the frequency value of each fre-
quency signal band. Feature extraction and pattern recognition usually employ
a combination of time and frequency domains and wavelet techniques (Guo et
al., 2015). Currently, these methods are automated with machine learning tech-
niques to provide better classification results (Tran, 2022). Although various data
analysis techniques are available, most are tedious and time-consuming, unable
to manage the enormous size of EEG data. Additionally, many techniques pre-
sume EEG signals analysis can be conducted through linear statistics (Thivierge,
2007). Because of these limitations, there is an increased need to apply novel
approaches to EEG data that consider more than time- and frequency-domain
methods (Chandel et al., 2023).
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FDA emerges as a valuable framework for understanding the evolution of EEG
signals and their connection to human conduct (Yi et al., 2022). A popular ap-
plication of FDA is brain neuroimaging data, such as EEG signals, which contain
information regarding the complex interaction between brain cortical activity and
cognitive processes (Thivierge, 2007). As technological advancements result in a
significant increase in data collection, functional data analysis has gained promi-
nence across various domains. For instance, FDA finds applications in the climate
and meteorology fields when analyzing variations in temperature and precipita-
tion among weather stations (Ramsay & Dalzell, 1991) or PM10 pollutant behavior
(ShAADAN et al., 2012). FDA is a statistical technique introduced by Grenan-
der (1950) and Rao (1958), and later formalized by Ramsay (1982) and Ramsay
Dalzell (1991) (Wang et al., 2016).

In FDA, many applications correspond to systematic spatio-temporal datasets
(Cressie & Wikle, 2015). Functional data presenting inherent spatial dependen-
cies is commonly referred to as spatial functional data (Delicado et al., 2010). The
observed curves of spatial functional data are related according to the data prox-
imity. In this paradigm, spatial functional data analysis (SFDA) extends spatial
statistical methods to handle functional data objects with spatial dependencies
(Guo et al., 2022). In contrast to other spatio-temporal approaches, SFDA tech-
niques broaden spatial methodologies without relying on parametric assumptions
about temporal effects. In SFDA, the fundamental unit of information becomes the
entire observed function, incorporating the spatial component. The methodologies
developed in SFDA can be applied to various spatial data structures, comprising
geostatistical data, point patterns, and aerial data. Consequently, much like uni-
variate or multivariate spatial data analysis, SFDA methods can be broadly clas-
sified into geostatistical functional methods and purely spatial functional methods
(Mateu & Romano, 2017). The SFDA methods are presented by Giraldo et al.
(2011); Bohorquez et al. (2017) and Menafoglio and Secchi (2017), among others.

The brain is a spatially multi-dimensional and multi-scale system with continuous
dynamic processes (Zaleshina & Zaleshin, 2017). Therefore, it can be studied as a
spatial map, allowing the application of geostatistical techniques such as Kriging.
Kriging is a set of spatial prediction methods extensively used in geostatistical ap-
plications for spatial predictions at unknown locations that minimize mean square
prediction errors (Chiles & Delfiner, 2009). The potential of studying EEG signals
as functional data, including brain spatial structures, is the main motivation for
this work. This research is focused on spatial prediction of EEG signals produced
during covert speech using functional geostatistics approach, giving insights about
speech perception and production on the left hemisphere of the brain. In the
same way, this thesis attempts to indirectly highlight the potential of considering
spatially informed data for understanding brain function and cognitive processes.
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1.3 Related work

In the past few years, FDA has been used to analyze EEG data for the detec-
tion of neurological disorders and the development of BCI. Zhang et al. (2020)
employed FDA to analyze the relationship between working memory ability and
frontal activity of the brain using EEG signals. Jaramillo-Jimenez et al. (2023)
conducted an analysis of the resting-state EEG spectral features between sub-
jects with Parkinson’s disease and healthy subjects to find differences in theta
and alpha rhythms. The authors used the FDA and averaged epochs approaches
to explore the external validity and reproducibility of the findings. FDA allows
the extraction of time or frequency information from EEG signals, facilitating the
selection of significant channels and frequencies to identify diverse human behav-
iors (Yi et al., 2022). For instance, A. W. Scheffler et al. (2022) investigated the
neurodevelopmental differences between typically developing children and children
with autism spectrum disorder through modeling the patterns of alpha spectral
variations across the scalp.

Functional principal component analysis (FPCA) is a method used to understand
EGG signals patterns and variation by extracting main features from the signals.
Vidal Badia et al. (2021) proposed a functional data framework for removing un-
wanted noise from the signals to estimate brain electrical activity sources. The
authors used functional independent component analysis and a principal compo-
nent expansion using B-spline basis functions. Functional linear regression models
are applied to predict working memory ability based on EEG signals, with the B-
spline approximation of functional principal components (Sundaram et al., 2022;
A. W. Scheffler et al., 2020). Another alternative method involves employing inde-
pendent component analysis, band-pass filtering, and discrete wavelet transform to
extract features from EEG signals (Das et al., 2023). Machine learning algorithms
are employed to classify the extracted features, such as linear discriminant analy-
sis, support vector machine, k-nearest neighbor, and artificial neural networks, for
effective classification (A. Scheffler et al., 2020).

Diverse methodologies have been proposed to examine the spatial properties of
EEG signals. Adaptive spatial filters, such as independent component analysis
and principal component analysis, represent one approach to extracting weights
from the spatial attributes of the data (Loza & Principe, 2021). The approach
entails utilizing knowledge regarding the spatial arrangement of EEG recordings
to enhance the classification precision. Another study involves utilizing a two-
dimensional representation of EEG channel locations to enhance classification ac-
curacy (Wen et al., 2020).

There is a growing interest in modeling correlated functional data, such as tem-
porally and spatially correlated functional data. Statistical methods for modeling
correlated variables have been adapted to the functional context. Specifically, au-
toregressive Hilbertian models have been used to deal with temporal correlation in
functional data, and regression models have been developed to deal with spatially
correlated functional data (Giraldo et al., 2010).
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Kriging, a geostatistical method known for its high accuracy in spatial predic-
tion, has demonstrated efficacy in diverse applications (Olokodana, Mohanty, &
Kougianos, 2020a). Kriging has been employed for spatial filtering of EEG signals
(Zhao et al., 2023). A deep neural network (DNN) model has been proposed for
rapid and accurate seizure detection using EEG signals (Ibrahim et al., 2022). This
model complements kriging computation across different cores, and feeds the cor-
related data into the DNN for training, exhibiting enhanced efficiency compared
to conventional kriging methods and DNN (Olokodana, Mohanty, & Kougianos,
2020b). The authors explored three variations of kriging methods (simple, ordi-
nary, and universal). Experimental results with EEG signals from both healthy
and diseased patients indicated that all three kriging methods performed well in
terms of accuracy, sensitivity, and detection latency. Simple kriging was the pre-
ferred method for seizure detection, outperforming ordinary kriging and universal
kriging within a 68.2% confidence interval.

Kriging and cokriging predictors have been considered for spatial prediction of
functional data. A nonparametric approach has been introduced to address the
spatial prediction of functional data by selecting an appropriate number of ba-
sis functions in the modeling process. A practical application is presented with
meteorological data from Canada’s Maritime Provinces. The spatial prediction of
meteorological data holds significance for various models, including hydrological
models and forest ecosystem models (Giraldo et al., 2010). Similarly, Nerini et
al. (2010) proposed a kriging method for spatially sampled curves with a spatial
functional linear model. The method analyzes the temperature profiles of elephant
seals in the Antarctic Ocean.

1.4 Aim and objectives

This study aims to use functional geostatistics to predict spatial EEG signals gen-
erated during verbal thinking. This research will attempt to answer the following
question: How can spatial modeling of EEG signals help better understand neural
activities responding to language and expression brain areas?

To address this research question, the following objectives have been established:

• Analyze EEG signals as space-time curves using FDA.

• Model the spatial autocorrelation structure of EEG signals using functional
geostatistics.

• Employ simple kriging to estimate the curved signals within the brain area
associated with language.
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1.5 Outline

This thesis is organized into five chapters, as follows: Chapter 2 defines back-
ground on the speech and EEG concepts employed in this thesis. Furthermore, it
introduces the background of geostatistics, functional data analysis, and functional
geostatistics. Chapter 3 describes the methods and thesis workflow, considering
the concepts highlighted in Chapter 2. Chapter 4 presents the results of the ex-
ploratory analysis of EEG curves, and spatial modeling and prediction. Finally,
Chapter 5 discusses the outcomes, suggests future research directions, and con-
cludes this work.



Chapter 2

Background theory

This chapter provides a background on the relevant concepts for the thesis and
includes a literature review of existing techniques. The first section explains the
concepts related to the speech and EEG signals. The remaining sections include
the statistical background of functional data analysis, and geostatistics for scalar
and functional data. The main references for the theoretical concepts were ex-
tracted from Ramsay and Dalzell (1991) and Bohorquez et al. (2016).

2.1 Speech

Speech involves an interchange of motor functions originating in the brain and
ending in muscular movements, and it has been a focal point of EEG investiga-
tions (Schultz et al., 2017). During covert and overt speech, the electrical activity
of the brain is triggered by multiple cortex regions, which are involved in speech
perception and production. In both forms of speech, EEG has been extensively
studied through experiments. Overt speech can introduce potential effects of mus-
cle activity on electrophysiology experiments, which can affect the signal-to-noise
ratio and result in poor measurements (Ganushchak et al., 2011). In contrast,
covert speech, often called imagined or inner speech, involves self-communication
without overt articulation, making it a compelling domain for exploration (Li et
al., 2021). Decoding covert speech signals is promising, particularly in applica-
tions such as BCI, which aims to enhance the quality of life for individuals who
are unable to communicate through conventional means or present severe motor
disabilities (Nieto et al., 2022).

Inner speech is associated with increased activity in the left inferior frontal gyrus,
left premotor cortex, supplementary motor area and left temporal cortex (Shergill
et al., 2003). These areas are involved in speech generation and perception. How-
ever, the activation of the areas varies across individuals regarding age and mental
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state (Alderson-Day & Fernyhough, 2015). For example, patients with schizophre-
nia, who often experience auditory verbal hallucinations, show attenuated activa-
tion in the left superior temporal gyrus during the processing of inner speech,
indicating deficits in self-monitoring (Simons et al., 2010).

Research on brain mapping and inner speech has revealed the specific neural cor-
relates of inner speech, and its role in language ability (Geva et al., 2011). This
includes the left pars opercularis in the inferior frontal gyrus and the white mat-
ter adjacent to the left supramarginal gyrus. The interaction between areas that
generate and perceive inner speech in the frontal and temporal cortex has shown
fronto-temporal connectivity. This connectivity is further supported by the mod-
ulation of activity in the temporal cortex during inner speech generation (Shergill
et al., 2001). The cognitive roles of inner speech involve enabling abstract thought
and supporting metacognition, memory, and executive function (Langland-Hassan,
2021).

2.2 Electroencephalography

Electroencephalography (EEG) is the most commonly used technique for recording
and interpreting the brain’s electrical activity, measured through electrodes on
the scalp or directly on the cortex (Blinowska & Durka, 2006). Neuron cells
are constantly communicating with each other by sending electrical signals that
generate brain waves (Iqbal et al., 2016). These brain waves, also known as brain
rhythms, are categorized into distinct bandwidths depending on their functions.
Delta waves are characterized by low frequencies (below to 4 Hz) and are generated
during sleep and meditation (Botella-Soler et al., 2012). In contrast, Gamma
waves (30–80 Hz) associated with active thought, (Ortiz et al., 2020), are fast and
sensitive. Theta rhythms, which range from 3 to 8 Hz, are predominant in light
sleep and relaxation (Sabourin et al., 1990). Alpha waves (8 - 13 Hz) are present
during awake state of relaxation (Cahn & Polich, 2013), and betha waves (13
- 30 Hz) during cognitive activities (Pfurtscheller et al., 2006). The dominance
of specific brain waves depends on the subject’s activities and emotions, where
low frequencies are dominant during states of tiredness or dreaminess, and higher
frequencies for states of alertness or hyperactivity. The speed of brainwaves is
quantified in hertz (cycles per second) (Ghane, 2015).

The electrical activity is recorded by placing electrodes along the scalp of a subject,
also known as EEG channels. The brain signals are generated by the inhibitory
and excitatory postsynaptic potentials of cortical nerve cells, which originate in
the cortex and extend to the scalp surface. In a normal adult, the frequency of
EEG signals varies from 1 Hz to about 100 Hz and the amplitude from about 10
µV to 100 µV (Subha et al., 2010). As the brain’s structure is not uniform and
the cerebral cortex is functionally arranged, EEG patterns are highly influenced
by the position of the electrodes.
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The International Federation of Societies for Electroencephalography has devised
the 10–20 electrode placement system to specify electrode locations. This system
was created to allow comparisons over time between participants in an experiment
using EEG, guaranteeing reproducibility. The method is based on the correla-
tion between the position of an electrode and the underlying cerebral cortex area
(Subha et al., 2010). In this system, between 16 and 20 electrodes are evenly
distributed, with each pair being separated by a distance of 10% - 20% of the total
circumference distance of the head (front-back or right-left) (Khalifa et al., 2015).

EEG recordings are mainly used to diagnose and study functional brain disor-
ders and diseases, including epilepsy, tumors, and cerebrovascular lesions, among
others. Brain signals are noisy, nonstationary, and nonlinear. The complexity
and randomness of brain signals are influenced by subjects age and mental states.
To comprehend the complex behavior and dynamics of interconnected neurons, it
is imperative to employ a combination of linear and nonlinear signal processing
techniques (Kaur & Kaur, 2015).

2.2.1 Signal preprocessing

EEG observations are contaminated with several types of noise. To improve the
quality of the data, EEG signals are preprocessed using a filter to remove the noise
components. Filtering is a technique that removes unwanted noise from signals by
removing contaminated frequencies. Some commonly used filters for EEG signal
processing include: spatial filters (e.g., independent component analysis), temporal
filters (e.g., moving averages), frequency selective filters (high and low pass filters),
and constant filters (Ghane, 2015).

2.2.2 Feature extraction

The most important features and properties of the signals can be extracted using
time-domain features, frequency-domain features, and wavelet features. In the
time domain, the EEG signals are analyzed in terms of voltage and time. The
frequency domain examines signals in terms of power and frequency (Ghane, 2015).

Power spectral density (PSD) is a feature extraction method that quantifies the
power of each frequency level of brain activity in EEG signals (Myers et al., 2017).
This approach represents the distribution of a signal’s power over a given frequency
band, facilitating comprehension of the signal’s characteristics (Dempster, 2001).

PSD reflects the intensity of variations across different frequencies. It delineates
where frequency variations are robust or weak. PSD is measured in energy per fre-
quency, allowing the determination of energy within a designated frequency range
through integration. The PSD essentially constitutes the Fourier transform of the
signal’s autocorrelation function. Calculating the power of a signal within a spe-
cific frequency band involves integrating across positive and negative frequencies
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(Unde & Shriram, 2014). The Fourier transform S(w) and power spectral density
Sx,y(w) are computed as shown in equation 2.1 and 2.2 (Ricker, 2012).

S(w) =

∫ ∞

−∞
s(t)e−jwtdt (2.1)

Sx,y(w) =

∫ ∞

−∞
Rx,y(z)e

−jwzdz (2.2)

Where Rx,y(z) is the autocorrelation function.

2.3 Functional Data Analysis

In diverse fields, many datasets come from repeated measures with variations over
a continuum. Functional data analysis (FDA) emerges to analyze functional data,
which is data in the form of continuous functions. This statistical technique is
focused on the analysis of sample curves, but it can also include vectors or scalars
(Kokoszka & Reimherr, 2017). This section provides an FDA background, includ-
ing some definitions of functional data and its representation using basis expansion.
Furthermore, we include descriptive statistics in the exploratory functional data
analysis.

2.3.1 Functional Data

The fundamental unit of information in FDA is the functional data (Ramsay &
Dalzell, 1991), which denotes a smooth curve or function observed over a contin-
uous domain, such as time and frequency.

Let χ(t) be a function defined for a set of T . Then, according to Ferraty (2006):

• A functional variable is a random variable defined as χ(t), t ∈ T , that takes
values in an infinite dimensional space (or functional space).

• A functional data refers to an observation an observation χ(t) of χ(t), t ∈ T .
Let T ⊂ R, it is common to assume that the observations are in L2.

• A functional dataset χ1(t), ..., χn(t) corresponds to the realizations of n func-
tional variables, χ1(t), ..., χn(t) identically distributed as χ(t).

The reconstruction of the entire function χi(t) can be performed by fitting a model,
since the observed functions correspond to a finite number of discrete values. The
model can be parametric (Goulard & Voltz, 1993), or non-parametric (Ramsay &
Silverman, 2005) using basis functions. The basis function system enables the rep-
resentation of multiple time points using fewer coefficients with a reduced number
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of errors. It is a collection of known functions ϕ1, ..., ϕK independent of each other
(Ramsay & Silverman, 2005). The function χi(t) can be represented as a linear
combination of K basis functions as follows:

χi(t) =
K∑
j=1

aijϕj(t) = ΦT (t)ai (2.3)

where ΦT (t) represents the vector whose elements are the K basis functions, aij
represents the coefficients of the basis function ϕj(t), j = 1, ..., K, for χi(t) and ai
is a vector containing K coefficients.

The most commonly used basis functions include Fourier, B-splines, and wavelets,
among others. The decision to use one of them relies on the attributes of the data.
For instance, the most popular basis systems, Fourier basis and B-splines, are used
for periodic and non-periodic data, respectively (Ramsay & Silverman, 2005).

B-splines basis is a smoothing spline method proposed by De Boor and De Boor
(1978). This spline method fits a piecewise defined polynomial function to the
data, which aims to decrease noise levels by employing a function that represents
the variations of the original data without overfitting it. B-splines functions are
determined by the spline order and the placement of knots (Thivierge, 2007).

Given a set of L subintervals of T = [a, b] connected by knots τl, l = 1, . . . , L− 1.
Therefore, the number of basis functions K = m+ L− 1, where m represents the
order and L− 1 the number of knots. A spline basis function S(t) is expressed as
(Ramsay & Silverman, 2005):

S(t) =
K∑
k=1

ckBk(t) (2.4)

Where Bk(t) represents the B-splines function.

2.3.2 Exploratory Functional Data Analysis

The exploratory functional data analysis consists of data visualization and sum-
marization of functional data. The exploratory FDA retrieves general information
about the structure of the functional data and explores its main features and un-
usual characteristics. The classical univariate and bivariate descriptive statistics
can be applied to functional data, where the calculated objects correspond to
curves. The descriptive functions correspond to the point-wise mean, variance,
covariance, and correlation.

Given a set of n functions observed at multiple time points xi(t), the descriptive
statistics functions are (Ramsay & Dalzell, 1991):
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• Mean:

χ̄(t) =

∑n
j=1 χi(t)

n

• Variance:

V arχ(t) =

∑n
j=1(χi(t)− χ̄(t))2

n− 1

• Covariance:

Covχ(t1, t2) =

∑n
j=1(χi(t1)− χ̄(t1))(χi(t2)− χ̄(t2))

n

• Correlation:

Corχ(t1, t2) =
Covχ(t1, t2)√

V arχ(t1)V arχ(t2)

2.4 Geostatistics

Spatial statistics is an area of statistics that encompasses a set of methodologies
for predicting and estimating the spatial dependence structures of data derived
from random observations at point locations, or spatial aggregations, within a
region. This approach is integrated with geostatistics, regional data, and point
patterns. In geostatistics, the main interest is the prediction of unknown values
at unsampled locations. Since we consider the brain as a continuous domain, we
use geostatistics to model the spatial dependencies of the EEG signals obtained
from 21 electrodes. This section contains an overview of the basic concepts in
geostatistics.

2.4.1 Scalar geostatistics

Geostatistics is a set of methods applied to spatial data varying in a continuous
space, where Ds ⊂ Rd. Ds is continuous and Z(s) is a random variable with
spatial location s, (s ∈ Ds). In this section, we describe the concepts used in
geostatistics when dealing with scalar data.

Spatial process

A spatial process is defined as a stochastic process {Z(s), s ∈ Ds ⊂ Rd}, where
Rd is the spatial index set. A stochastic process, also known as a random field or
random function, is based on the first two moments of Z(s). A random function
is characterized by the following elements:
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• Cumulative distribution function: For any n points s1, . . . , sn, the n-dimensional
distribution function of a random vector Z(s) = (Z(s1), . . . , Z(sn))

t is

Fs1 ,s2 ,...,sn
(z1, z2, . . . , zn) = P [Z (s1) ≤ z1, Z (s2) ≤ z2, . . . , Z (sn) ≤ zn]

• Mean function: The first moment is the mathematical expectation, usually
denoted as µ(s) = E(Z(s)).

• Variance function: The second moment is the variance Z(s) with respect to
µ (s). It is denoted as V ar(Z(s)) = E(Z(s)− µ(s))2.

• Autocovariance function: The autocovariance of a spatial process Z (s), is
a function of spatial locations, si and sj. si, sj ∈ Rd, for all i, j ∈ Z+.
Cov (Z (si) , Z (sj)) is defined as:

Cov(Z(si), Z(sj)) = C(si, sj) = E((Z(si)− µ(si))(Z(sj)− µ(sj)))

where C(.) is a positively defined function to ensure a non-negative prediction
error variance.

• Semivariance function: The semivariogram γ(Z(si), Z(sj)) estimates the spa-
tial variance for specific distances, and is defined as:

γ(Z(si), Z(sj)) = γ(si, sj) =
1

2
E(Z(si)− Z(sj))

2 (2.5)

Therefore, the variogram is 2γ(si, sj).

Considering µ(s) = E (Z(s)) is known for s ∈ Ds, the optimal prediction of a
random variable Z(s0) at an unsampled site s0 ∈ Ds can be expressed as the
following linear combination of the data (Cressie & Wikle, 2011):

Z∗(s0) =
n∑

i=1

λiZ(si) = λ′Z (2.6)

Let µ = (µ(si), i = 1, ..., n), and λ is selected to minimize the mean-squared pre-
diction error denoted as:

E (Z(s0)− λ′Z)
2

(2.7)

The main goal of this method is to estimate the covariance matrix by fitting a posi-
tive definite function C which guarantees that the predicted variance V ar (Z∗(s0))
is not negative. Simple kriging is an optimal linear predictor that does not require
stationarity or normality assumptions. It is a weighted average where the weights
are found through minimization of the variance of the prediction error, denoted
as:

Z∗(s0) = µ(s0) + c′Σ−1(Z−µ) (2.8)
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with minimized mean-squared prediction error

E (Z∗(s0)− Z(s0))
2 = C(0)− c′Σ−1c (2.9)

where

• C(0) = V ar(Z(s))

• Σ ≡ Cov(Z). Σ is a positive definite matrix. The i, j-th entry of Σ is
(Σ)ij = Cov(Z(si), Z(sj)) i, j = 1, ..., n. Cov(Z(si), Z(sj)) is given by a
known positive-definite covariance function C(Z(si), Z(sj)|Θ) with parame-
ter vector Θ.

• c′ = cov(Z(s0);Z)

• µ ≡ E(Z)

Covariance parameter estimation

Least squares methods are employed for selecting the model C and initial values
Θ0 based on graphical exploratory data analysis. These methods involve esti-
mating the variogram 2γ, which under second-order stationarity, is related to the
covariance function by the expression:

2γ(si − sj|Θ) = V ar (Z(si)− Z(sj)) = 2 (C(0|Θ)− C(si − sj|Θ)) (2.10)

for si − sj ∈ Rd. In geostatistical analysis, it is widely used the weighted least-
squares method, which makes use of the matrixW (Θ), proposed in (Cressie, 1985).
The weighting matrix is given by:

W (Θ) ≃ Diag

(
2(2γ(si − sj|Θ))2

|N(si − sj)|

)
where N(si − sj) = {(i, j) : si − sj}, for i, j = 1, . . . , n which produces the first
q spatial lags q = 1, ..., Q. These methods employ spatial lag categories until half
of the maximum distance between every pair of sites. The disadvantage of using
least squares methods is the need to define lag classes to perform an empirical
estimation of the covariance. When there are not many observations, the amount
of data in each class may be small.

2.4.2 Functional geostatistics

In this section, the concepts of geostatistics are broadened to handle spatial func-
tional data. Analyzing spatial functional data offers an alternative approach
to space-time modeling when the curves are spatially correlated. Functional
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geostatistics allows the spatial prediction of the entire curve at unsampled lo-
cations. The spatial functional predictors are presented based on functions or
curves in terms of their empirical functional principal components. This approach
demonstrated that functional kriging depends on the auto-covariance and cross-
covariance of the scalar random field associated with the score vectors. This
section contains basic concepts for the prediction of spatial functional data. These
concepts are further developed by Bohorquez et al. (2016).

Spatial functional data

The concept of functional data in Section 2.3 is extended to define spatial func-
tional data. ConsideringDs ⊂ Rd as the spatial index set, χs(t), s ∈ Ds represents
a spatial functional random variable. A spatial functional dataset χs1(t), ..., χsn(t)
refers to the observation of n functional variables χs1(t), ..., χsn(t) at spatial loca-
tions S = {s1, ..., sn}, S ⊂ Ds.

Spatial functional random field

Let Ds ⊂ Rd be the spatial index set, and let χ1
s(t), ..., χ

P
s (t), s ∈ Ds, be P spa-

tial functional square integrable random fields, such that, χp
s(t) ∈ H = L2 (B)

p = 1, ..., P . Here the consideration is that t ∈ B ⊂ R, represents the functional
variable as a curve. L2 (B) represents a real separable Hilbert space. Then, ac-
cording to Bohorquez et al. (2016), a multivariate spatial functional random field
is denoted as {Ξs : s ∈ Ds ⊂ Rd} where Ξs =

(
χ1
s(t), ..., χ

P
s (t)

)
. A multivari-

ate spatial functional dataset is an observation of Ξs at specific spatial locations,
denoted by S ⊂ Ds.

Functional principal components

Assuming the spatial functional random fields are random elements of L2 (B) and
that E (χs(t)) = 0, then the covariance operator C of χs(t) is defined as follows:

C(y) = E [⟨χs, y⟩χs] y ∈ L2 (B) (2.11)

Thus,

C(y)(t) =

∫
c(t, r)y(r)dr, where c(t, r) = E [χs(t)χs(r)]

with the following estimators

Ĉ(y) =
1

n

n∑
i=1

(⟨χsi , y⟩χsi) , y ∈ L2 (B)
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and

Ĉ(y)(t) =

∫
ĉ(t, r)y(r)dr, where ĉ(t, r) =

1

n

n∑
i=1

χsi(t)χsi(r)

According to Horvath and Kokoszka (2012), the functional principal components
(FPC) are the eigenfunctions of the covariance operator (2.11). The empirical
functional principal components (EFPC) are the estimators of FPC.

The reconstruction of the curve χsi can be done using a basis function system using
the EFPC. The EFPC are formed by the eigenfunctions ξj(t), j = 1, ..., K of the
covariance operator C of χs(t) with the basis coefficients associated to principal
component scores fj(si) as follows:

fj(si) = ⟨χsi , ξj⟩ , j = 1, ..., K, i = 1, ..., n (2.12)

In Horvath and Kokoszka (2012), the approximation of this basis is uniformly
optimal by minimizing Ŝ2, denoted as:

Ŝ2 =
n∑

i=1

∥∥∥∥∥χsi(t)−
K∑
k=1

fk
si
ξk(t)

∥∥∥∥∥
2

. (2.13)

The K is chosen by considering a minimum percentage of accumulated variance,
commonly set at 85%. The functional principal components can be either univari-
ate or multivariate, as the dimension is reduced in T and not in the number of
functional random variables. It is possible to have a great approximation using
only a few EFPCs with a strong temporal correlation.

By employing the Karhunen-Loève expansion (Bosq, 2000), it is assumed that the
model takes the following form:

Ys(t) = µ(t) + χs(t) = µ(t) +
∞∑
j=1

fj(si)ξj(t), Ys(t) ∈ L2 (2.14)

where E(Ys(t)) = µ(t).

The estimation of the mean function µ(t) is performed by utilizing the sample
mean function µ̂(t) = Ȳs(t) with Ȳs(t) = n−1

∑n
i=1 Ysi(t). Therefore, E(χs(t)) = 0

and hence, we can use the random variable χs(t). Additionally, for k = 1, ..., K

E
(
fk
si

)
= E

〈
χsi , ξ

k
〉
=

〈
0, ξk

〉
= 0 (2.15)

It is noted that for each k and s ∈ Ds, f
k
s is a scalar spatial random field. So, the

vector
(
f 1
s , ..., f

K
s

)
is a K-dimensional spatial random field.
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Simple kriging using functional principal components

The spatial functional prediction is based on the assumption of a known mean µ(t),
and employs a linear combination of the observed functions or curves as follows:

χ̆s0(t) =
n∑

i=1

λiχsi(t) (2.16)

This predictor in (2.16) has the same expression as the simple kriging (see 2.6)
considering curves. The predicted curve χ̆s0(t) is obtained as a linear combination
of the observed functions χ(t).

The minimum least squares method is used to solve λ1, λ2, ..., λn (Horvath &
Kokoszka, 2012),

E ∥χs0(t)− χ̆s0(t)∥
2 = E (⟨χs0 , χs0⟩)− 2

n∑
i=1

λiE (⟨χsi , χs0⟩)

+
n∑

i,i′=1

λiλi′E
(
⟨χsi , χsi′

⟩
)

(2.17)

The expression (2.17) depends entirely on the covariance between pairs of curves
at different locations. Substituting each curve into its EFPC representation, then:

E
(
⟨χsi , χsi′

⟩
)
=

∞∑
j=1

∞∑
j′=1

E (fj(si)fj′(si′)) (⟨ξj(t)ξj′(t)⟩) =
∞∑
j=1

E (fj(si)fj(si′))

(2.18)

Given the linear combination representation using empirical functional principal
components, see (2.13) and (2.14), the functional covariances between two loca-
tions E

(
⟨χsi , χsi′

⟩
)
are determined by the sum of the spatial auto-covariance of

all score components fj(s) for (si, si′).



Chapter 3

Methodology

This chapter describes the methodology for the spatial prediction of the EEG
curves. The foundation of this methodology is based on the theoretical framework
presented in Chapter 2. This chapter is organized in three sections. The first
section presents a description of the EEG signals dataset. The second section
summarizes the software and tools. The third section presents the general workflow
using functional data analysis and functional geostatistics approaches.

3.1 Data description

The EEG signal dataset corresponds to the realization of a spatial functional
random field comprising 21 electrodes for each vowel. The dataset consists of the
power spectral density (PSD) that was calculated for all the signal data using
the Fast Fourier transform and averaging each respective signal PSD. Figure 3.1
illustrates the observed EEG signal values generated by every vowel task at the 21
electrodes, and Figure 3.2 displays the location of the 21 electrodes and the brain
functional areas.

Experimental protocol

The EEG signals were obtained at the Clinical Electrophysiology Laboratory of the
Universidad Nacional de Colombia. The experiment involved 22 healthy subjects
wearing an EEG neuroheadset equipped with 21 georeferenced electrodes (input
channels) in the left hemisphere. Throughout the experiment, the light was on
and off for a certain time. While the light source was on, participants were asked
to think continuously about a specific vowel using imagined speech, ceasing their
focus, and relaxing once the light source was off. Between every silent speech
vowel task, a 5-minute resting period was given to each participant to facilitate the
transition to the subsequent vowel. The vowels considered were the five Spanish
vowels recorded in the order: /a/, /e/, /i/, /o/, and /u/.

18
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Figure 3.1: EEG measurements of the subject thinking about an specific vowel
recorded from 21 locations.

Figure 3.2: Left brain hemisphere approximation using Euclidean distance
with the location of the 21 electrodes.

When a person thinks about a particular vowel, it generates a noisy signal captured
by each electrode with a sampling frequency of 250 Hz. The EEG signals were
recorded at the same brightness and noise levels. Nonetheless, these neural signals
may be affected by various factors, including the subject’s heartbeat, blinking and
swallowing.



Methodology 20

3.2 Software

In this work, we use the packages fda.usc (Bande et al., 2022), gstat (Pebesma,
2004), and SpatFD (Bohorquez et al., 2016) available in the software R version
4.3.1. The first package is used for transforming the discrete EEG values into
curves, exploring functional descriptive statistics, and conducting functional prin-
cipal component analysis. The second package, gstat, enables the variogram esti-
mation, including the selection of a model C and initial parameters Θ0. Finally, we
employ SpatFD for generating the spatial functional data, and performing the spa-
tial prediction of the EEG curves at unsampled locations using functional kriging.
The primary advantage of utilizing functional data is that it represents multiple
data points in a single dimension, thereby facilitating efficient computation.

3.3 Methods

This section outlines the workflow for generating the spatial prediction of the EEG
curves representing brain activity in the left hemisphere during a specific vowel
task using inner speech. The initial two sections focus on the methods developed to
select one subject from the 22 participants of the experiment. This choice is driven
by our interest in analyzing the spatial functional data for a single random field.
The criteria for participant selection depend on the exploration and comparison
of the minimum and maximum values of the pointwise descriptive statistics of the
signals, as well as the detection of outliers. Consequently, we choose the subject
whose EEG curves do not exhibit extreme high, or low, signal values and multiple
electrode outliers for each vowel task. The remaining sections correspond to steps
for spatial prediction, which include the construction of the spatial functional data
with the functional principal component analysis results, the variogram estimation,
and functional kriging. Figure 3.3 displays the workflow to predict the spatially
correlated EEG curves.

3.3.1 Functional data construction

The construction of functional data involves specifying a set of basis functions and
coefficients, and defining a linear combination of these basis functions as follows:

χi(t) =
K∑
j=1

aijϕj(t)

The discrete EEG data is transformed into functions by using a set of B-splines of
order four with evenly separated knots. The advantages of using B-spline functions
include fast computation and great adaptability. Moreover, the basis system is
capable of representing data with a significant number of points by employing a
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Figure 3.3: Workflow to perfom the spatial prediction of correlated EEG
curves generated by one participant
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smaller number of coefficients. The number of K B-splines was chosen by cross-
validation. The selection of basis functions is based on the criteria of minimizing
the mean squared error (MSE).

3.3.2 Exploratory FDA

Exploratory functional data analysis is conducted to summarize and explore the
general structure and main characteristics of the multivariate functional data for
each vowel. We analyze and compare the behavior of every vowel by graphical
exploratory analysis using pointwise descriptive statistics such as mean (χ̄(t)),
variance (V arχ(t)), and correlation (Corχ(t1, t2)) defined in section 2.3.2. These
analog functions from traditional measures have similar interpretations and can
be calculated by using the pointwise statistic across the replications.

Furthermore, the trimmed mean and median are computed by employing depth
notions to contrast them with the pointwise mean of every vowel. The concept
of depth aims to measure the centrality of a given curve within a group of curves
(Fraiman & Muniz, 2001). In this work, we use two types of depth notions:
mode and random projections. The depth mode function implements the modal
depth that selects the deepest and most densely surrounded curves. The random
projections’ depth function is computed through random projections.

The functional boxplots allow the detection of outliers. Hyndman and Shang
(2010) proposed the functional bagplot and the functional highest density region
(HDR) boxplot for outlier detection. These functional boxplots are based on the
first two robust principal component scores. The functional boxplot shows that
the curves outside the outer region represent outliers (Sun & Genton, 2011).

3.3.3 Functional principal component analysis

Functional principal component analysis (FPCA) is employed to analyze and re-
duce the dimension of functional data. It is an extension of conventional principal
component analysis (PCA) specifically designed for functional data (Ramsay &
Dalzell, 1991). FPCA explores the variations inherent in functional data, incor-
porating both spatial and temporal aspects to identify patterns, trends, and rela-
tionships within the data. In the FCPA extension, the vectors from the classical
PCA are replaced with functions, matrices with linear operators, and summations
with integrations (Shang, 2014).

Let χs(t) be a set of spatial continuous EEG curves with mean µ = E(χs(t)) = 0,
given the covariance operator C (see 2.11), the FPC are the eigenfunctions ξj(t)
of the covariance operator C of χs(t), and the estimator of FPC are the EFPC.
In FPCA, the functional principal components are associated with eigenvalues
that retains the amount of variability explained by the corresponding component.
These principal components facilitate the projection of the EEG curves in the
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direction of major variability. Each EEG function has an infinite dimension asso-
ciated with a spatial location. We aim to reduce the infinite dimension t ∈ [0, T ],
across the frequency domain to n finite dimensions that explain more than 85% of
the variability.

The reconstruction of the curve χsi can be done using a basis function system
using the EFPC (see 2.12). Therefore, we can use the EFPC representation fj(si)
of the EEG curves χsi(t) to construct the spatial functional data.

The spatial functional data object is constructed from the spatial coordinates of
the 21 electrodes and the EEG curves observed at each site. The spatial object
storages the smoothed curves, their parameters, the EFPC representation of the
EEG curves obtained in the functional principal component analysis, and the
coordinates of the electrodes.

3.3.4 Variogram estimation

The variogram 2γ is estimated by using the weighted least squares estimator pro-
posed by Cressie (1985). The initial values Θ0 are obtained based on the visual
exploration of the EFPC representation of the EEG curves using the eyefit tool in
R. The spatial structure dependencies are modeled by selecting a model C (e.g.,
circular, gaussian, spherical, exponential). The available variogram models are
displayed in Figure 3.4.

Figure 3.4: Variogram models available in gstat
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3.3.5 Functional Kriging

Once the spatial EEG curves are represented in terms of their empirical functional
principal components and the covariance parameter is estimated, the spatial pre-
diction of the curves at unsampled sites can be done by using functional kriging.

The spatial functional prediction is based on the assumption of a known mean
µ(t), and employing a linear combination of the observed functions or curves as
follows (see 2.16):

χ̆s0(t) =
n∑

i=1

λiχsi(t)

The performance of the prediction can be assessed by minimizing the prediction
variance error E ∥χs0(t)− χ̆s0(t)∥

2. We use the leave-one-out functional cross-
validation method that removes one EEG observation at a time from the dataset,
then fits the model with the remaining data, and then performs the prediction for
the left-out observation (Bohorquez et al., 2016).



Chapter 4

Results

This chapter presents and discusses the principal findings when exploring the pat-
terns and characteristics of the signals for the selected participant number 4. The
first section presents the results of the exploratory functional data analysis and
functional principal component analysis. The second section shows the results of
modeling the variogram and brain activity maps.

4.1 From Discrete to Functional Data

Considering yi,j an observation in the location i = (1, . . . , 21) and frequency j =
(0, ..., 250), the model in terms of time and space can be expressed as yi,j =
xi(tj) + ϵi,j, where xi represents the smooth functions and ϵi,j the error. The
smoothed curves xi are estimated by using a basis functions based approach. The
most common ones are the Fourier basis and the B-splines basis. Due to the EEG
signals corresponding to non-periodic data, the B-splines basis was used instead
of Fourier, which fits more with periodic data showing repeated cycles.

To transform the discrete dataset into functions, we use a set of B-splines of order
four. The number of B-splines was chosen by cross-validation. The basis functions
are selected based on the criteria of minimizing the mean squared error (MSE).
Figure 4.1 shows the plot of the MSE for a specific number of basis functions. The
number of B-splines chosen for each vowel is 11 for vowel /a/, 12 for vowel /e/,
13 for vowel /i/, 12 for vowel /o/, and 13 for vowel /u/. This was also verified by
visual inspection to examine the effect of using a different number of B-splines.

Figure 4.2 shows the multivariate functional data with 21 smoothed curves for open
vowels (/a/, /e/, and /o/) and closed vowels (/i/, /u/); each curve represents one
electrode.

We note that vowels /a/ and /e/ show high signal values in electrode 1 (greater
than 7.5µV 2/Hz). This electrode is located in the association region of the brain,

25
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Figure 4.1: Plot of the MSE obtained through cross-validation against the
corresponding number of basis functions to fit the EEG smoothed curves

Figure 4.2: Smoothed EEG signals data using B-splines basis functions for
each vowel

which might indicate that when the task starts, the brain associates the input
information with memories of previous experiences. The vowels /a/ and /e/ show
similar behavior, with signal values varying from 0 to about 8 µV 2/Hz. The vowel
/i/ shows high brain activity in the intervals 0–50 Hz and 150–250 Hz. However,
the signal levels are low, varying from 0 to about 4 µV 2/Hz. In the case of the
vowel /o/, electrode 11 exhibits high signal levels. This electrode is located close
to the Broca’s area, which activates speech muscles for speech production. For the
vowel /u/, the electrode showing high values is 21. This electrode is located near
Wernicke’s area, which is involved with speech comprehension.
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4.2 Exploratory FDA

The exploratory analysis is integrated with descriptive statistics such as func-
tional mean, variance, trimmed mean and median (using different depth notions),
and correlation. These analog functions of the classical measures have similar in-
terpretations and can be calculated by computing pointwise measures across the
replications. We also identified outliers using functional boxplots.

4.2.1 Descriptive statistics for functional data

The mean and variance curves show the distinctive patterns and variability of the
EEG signals in Figure 4.3. The mean and variance curves of vowels /a/ and /e/
exhibit similar behaviors, varying from 0 to 6 µV 2/Hz. The peaks occur around
the frequency range of 0 to 50 Hz. For the vowel /i/, the mean values vary from 0
to 3, while the variance values are between 0 and 2 µV 2/Hz. Vowel /o/ shows the
lowest signal values, reaching a maximum value of 1 in both statistics. Finally,
the mean and variance values of the vowel /u/ vary between 0 and 2 µV 2/Hz.

Figure 4.3: Smoothed curves representing the functional mean in black and
variance in red. The gray lines correspond to the EEG smoothed curves.

Trimmed mean and median curves, using mode and random projections (RP)
depth, were also plotted. The concept of depth aims to measure the centrality of a
given curve within a group of curves (Fraiman & Muniz, 2001). The depth mode
function implements the modal depth that selects the deepest and most densely
surrounded by others, and the RP depth function is computed through random
projections. Figure 4.4 displays the trimmed mean and median curves. The curves
follow similar patterns compared to the mean curve for all five vowels, except for
the vowel o, where the trimmed mean varies between about 0.5 and 0.8 µV 2/Hz
in the interval 0–50 Hz.
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Figure 4.4: Measures of central tendency point-wise trimmed mean and me-
dian using depth notions for all five vowels

The correlation function displays the temporal dependence within EEG signals. In
classical correlation, pairs of data are considered, but in the context of functional
data, the correlation is computed between every two time points along the curves.
Figure 4.5 presents a symmetrical correlation contour plot, where the color gradient
indicates high correlation values in red and low values in blue.

Figure 4.5: Contour plot of the correlation between frequency points per
vowel. High correlation values are displayed in red and low correlation values

in blue

At first glance, the interpretation can be challenging. The diagonal running from
the lower left to the upper right corners is equal to one, signifying the correlation
of the frequency points with themselves. In the correlation contour plot for the
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vowels /i/ and /u/, there is a strong correlation across frequency points in the
interval 100–200 Hz.

4.2.2 Outlier detection

To address the presence of outliers in the functional data, we employed two vi-
sualization techniques: the functional bagplot and the functional highest density
region (HDR) boxplot. Functional boxplots use the first two robust principal
component scores to map features into the functional space.

Figure 4.6 shows the functional bagplot which is constructed by inflating the inner
region (bag region) with a constant factor and specifying a coverage probability
for the outer region (fence region). This plot allows the visualization of outliers
for each vowel. The functional bagplot of open vowels /a/, /e/, and /o/ does not
exhibit outliers.

Figure 4.6: Functional bagplots for outlier detection, the black line represents
the median curve surrounded by 95% pointwise confidence intervals.

The functional boxplot is effective when outliers are considerably distant from the
median. However, it may misidentify outliers when they are in proximity to the
median. In such situations, the functional HDR boxplot becomes a more suitable
outlier detection method. In this boxplot, the dark and light gray regions represent
the 50% the highest density region (HDR) and outer HDR, respectively. The black
line denotes the modal curve, and curves outside the outer region are identified
as outliers. Figure 4.7 reveals that electrode 1 is an outlier for vowels /a/, /e/,
and /i/, while electrodes 11 and 21 are outliers for vowels o, and u, respectively.
This suggests that high brain activity is produced in the association, Broca’s and
Wenicke’s areas.
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Figure 4.7: Functional HDR boxplots for outlier detection. The black line
denotes the modal curve, and curves outside the outer region represent outliers

4.3 Functional Principal Component Analysis

Functional principal component analysis is a widely used methodology for explor-
ing and summarizing variability within functional data. FPCA aims to decompose
the variability inherent in functions into a few functional principal components.
These components represent the dominant patterns of variation present in the
functional data. The mean is subtracted from each variable to guarantee that
the functional principal components describe the direction of the most significant
variation. In this section, we apply the FPCA technique to reduce the dimension
of the data and identify outliers and clusters.

Figure 4.8 illustrates the first two functional principal component curves for every
vowel, which are the most significant contributors to the variance explanation.
The functional principal components show that component 1 is responsible for the
highest deviations from the mean in the frequency range 0–50 Hz for all vowels,
except for the vowel /i/, where the highest deviation is attributed to component
2. The first two functional principal components explain more than 85% of the
total variation for each vowel. The cumulative explained variance in the first two
functional components is 97.5%, 97.2%, 96.5%, 91%, and 95.6% for vowels /a/,
/e/, /i/, /o/, and /u/, respectively. The rest of the components explain small
proportions of the variation in the data. The explained variance of the first three
functional principal components is presented in Table 4.1.

Considering the first two principal components, which account for most of the
variance in the EEG signal data, we utilize the score plot to assess the underlying
data structures. This visual representation helps in identifying clusters and outliers
in the EEG dataset. In Figure 4.9, the score plot displays the results for each vowel.



Results 31

FPC Vowel a Vowel e Vowel i Vowel o Vowel u
1 0.685 0.810 0.917 0.607 0.778
2 0.290 0.162 0.048 0.303 0.178
3 0.016 0.020 0.031 0.067 0.023

Table 4.1: Explained variance by the eigenfunctions of EEG signals data

Figure 4.8: First two functional principal component curves for every vowel.
The black line represents the first FPC, and the red one the second FPC.

The score plot of the vowel /a/ reveals a cluster formed by electrodes 4, 5, and 10,
capturing signals in the Wernicke’s area. In contrast, electrode 17, located near
the brain’s motor function area, exhibits low values in the direction of the first
functional principal component (FPC1), while electrode 1, associated with the
brain’s association area, displays the highest values. This discrepancy suggests
that electrode 1 is an outlier or an extreme observation.

Moving to the vowel /e/, electrodes 3, 7, and 8, positioned close to the origin in the
score plot, indicate values similar to the mean. Electrodes 1, 2, and 6 contribute
the most to FPC1, while electrodes 5, 10, and 10 cluster together with high values
in the direction of the second functional principal component (FPC2). For the
vowel /i/, electrodes 13, 14, 17, 19, and 20 exhibit the lowest contributions to
either FPC1 or FPC2.

Analyzing the vowel /o/ electrodes 4, 5, and 10 shows similar patterns with high
values in the direction of FPC1. Notably, strong trends are observed in the vowel
/o/, with the majority of electrodes either contributing significantly to FPC1 (e.g.,
electrodes 4, 5, 9, and 10) or FPC2 (e.g., electrodes 3, 8, 14, and 20).

In the case of the vowel u, electrode 21 strongly aligns with the major trend
represented by FPC1. Electrodes 5 and 10 consistently appear close to each other
in all score plots, indicating similar patterns across the five different vowel values.
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Figure 4.9: Score plot of the first two functional principal component display-
ing the 21 electrodes

4.4 Variogram estimation

We modeled the spatial dependencies of the scores associated with the first and
second functional principal components to predict the spatial functional data. As
we have seen in the previous section, the first principal component explains 68.5%,
81%, 91.7%, and 60.7% of the variability for vowels /a/, /e/, /i/, /o/, and /u/,
respectively, and the second principal component only accounts for 29%, 6.2%,
4.8%, and 1.78%. Therefore, it is enough to include the first two score vectors to
model the variogram and then use functional kriging.

EFPC1 EFPC2
Vowel Model Sill Range Model Sill Range

a Hole 105 12 Hole 44.85 16.08
e Wave 59.89 34.08 Wave 11.99 49.08
i Wave 55.6 32.24 Wave 3.18 31.17
o Periodic 10.53 154.67 Hole 4.98 11.60
u Periodic 19.92 161.17 Periodic 4.55 161.17

Table 4.2: Estimated model parameters using the weighted least squares es-
timator for the EEG curves representation using the first and second EFPC

Figures 4.10 and 4.11 illustrate the weighted least squares estimator for Θ using the
first and second EFPC representation of the spatially correlated EEG curves. The
nugget parameter is fixed and equal to zero because there is no reason to assume
discontinuity at the origin. Table 4.2 displays the fitted model parameters using
the weighted least squares estimator. The semivariogram models demonstrate
continuous growth, indicating strong spatial autocorrelation structures in the left
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hemisphere of the brain, where electrodes with significant distances between them
remain correlated.

Figure 4.10: Weighted least squares estimator for Θ using the first EFPC
representation of EEG curves.

Figure 4.11: Weighted least squares estimator for Θ using the second EFPC
representation of EEG curves.

4.5 Spatial prediction

Figure 4.12 illustrates the graphical comparison between observation and pre-
diction for electrode 9, located in Wernicke’s area, where the predicted curves are
similar to the observed functions. The EEG predicted curve of the vowel /u/ shows
significant differences due to the low variation range of the signals. The predictions
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Figure 4.12: Predicted vs observed EEG curves for electrode 9 of vowels /a/,
/e/, /i/, /o/ and /u/

are obtained using the functional kriging with the scores resulting from the EEG
curve EFPC representations. To evaluate the performance of the spatial predic-
tion, we use the leave-one-out functional cross-validation method. This method
involves removing each functional observation and using the remaining functional
observations to predict a smoothed function at the removed location (Bohorquez
et al., 2016). Table 4.3 presents the summary statistics for the prediction error
obtained by functional kriging per vowel. The results indicate that the prediction
for the vowel /o/ has better performance than other vowel predictions.

Statistic a e i o u
Minimum 26.05 12.26 10.86 3.921 7.824
Median 36.37 37.51 23.43 8.254 22.139
Mean 38.84 41.41 22.51 9.497 42.784

Maximum 85.12 94.94 37.63 20.149 256.871

Table 4.3: Summary statistics for the prediction error obtained by functional
cross-validation for each vowel

The brain maps for each vowel at a certain frequency are shown in Figures 4.13,
4.14, 4.15, 4.16 and 4.17. Figure 3.2 describes the brain areas numbered in these
maps. Wernicke’s area (#3), which is related to speech comprehension, is acti-
vated with great intensity in the vowels /a/ and /o/. However, Broca’s (#8) and
association’s (#7) brain areas are activated with more intensity by the vowels /e/,
/i/, and /o/. The distinction of brain activity in the vowel /u/ is challenging due
to low signal levels as well as low variation ranges.
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Across all the frequency points, the brain activity goes from either the Broca’s (#8)
or association area (#7) to the Wernicke’s area (#3) in every vowel. For instance,
for the vowel /a/ task using inner speech, the brain exhibits increased activity in
the association region that associates the task with previous experiences. Then,
the visual and Broca’s areas are activated for image perception, recognition, and
speech production. Finally, the region in Wernicke’s area is activated. The brain
temporarily initiates knowledge regarding the vowel, associates it with a mental
representation, and then transmits a command to the speech articulatory muscles,
without producing a sound using inner speech.

Figure 4.13: Brain activity map vowel /a/
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Figure 4.14: Brain activity map vowel /e/

Figure 4.15: Brain activity map vowel /i/
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Figure 4.16: Brain activity map vowel /o/

Figure 4.17: Brain activity map vowel /u/



Chapter 5

Discussion, future work and
conclusions

5.1 Discussion

The electrical activity in the brain is represented by the EEG signals, which can
be analyzed as correlated functional data. This work was focused on applying
functional data analysis and functional geostatistics methods to explore EEG sig-
nals produced during inner speech. The discrete EEG data was converted to
functions or curves using B-splines. The analysis was conducted on the resulting
smoothed curves to extract the main features and characteristics of the signals.
The exploratory functional data analysis revealed distinctive variations in the EEG
signals. For instance, the brain activity for the vowels /a/ and /e/ is higher than
that for the vowels /i/, /o/, and /u/. Furthermore, in the case of the vowel /a/,
the brain areas with high activity are the association and Wernicke areas, and
with low brain activity, the motor function area.

EEG recordings are highly correlated across time and space. As demonstrated
in the FPCA results, the reduction of the temporal dimension was sufficient by
using the first two principal components, which account for more than 85% of the
total variation for each vowel. This method also revealed spatial structures within
certain electrodes across the five vowels. For example, the spatial clusters formed
by electrodes 5 and 10 located in Wernicke’s region, and electrodes 18 and 19 in
Broca’s area.

The empirical functional principal components were used to model the spatial
dependencies. The variograms revealed strong spatial autocorrelation structures.
The continuous growth pattern in the variograms, even as the distance increases,
indicates that electrodes closer together are spatially autocorrelated, and elec-
trodes that are further apart remain correlated. Finally, we employed simple
kriging for predicting spatial functional data at unobserved locations. The perfor-
mance of the spatial prediction was addressed using leave-one-out functional cross-
validation. Although the predicted and observed functions were closely aligned,

38
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there were differences between the predicted and observed curves for the vowel
/u/. These differences were attributed to the low variation ranges of the signals.

In every vowel task, the brain activity proceeds from either the Broca’s or as-
sociation area to the Wernicke’s area across all frequency points. Some studies
indicated that imaginary speech primarily involves the Broca and Wenicke areas
as well as the supplementary motor area (López-Vargas et al., 2022). The brain
activity maps demonstrated that the inner speech is not a single process itself and
involves multiple brain regions. The vowel command activates brain regions that
are involved in the association, mental representation, and articulation of sounds.
The findings revealed comparable contributions to studies that use alternative
methods for mapping the brain.

5.2 Future work

It must be noted that this exploratory work can be expanded and enhanced. For
instance, the ANOVA test, which aims to determine significant differences between
the means of two or more groups, can be extended to the analysis of spatially
dependent curves. Aristizabal et al. (2019) proposed a methodology called spatial
functional ANOVA (SFANOVA) to analyze the variance and test the hypothesis
of equal functional mean for spatially correlated curves. This technique is applied
to an evoked potential dataset representing the cerebral activity response in an
emotional stimulus task, where the spatial dependencies are estimated by using a
trace-variogram estimator. Therefore, for understanding the characteristics of the
inner speech of diverse groups classified by gender or age, we can make inferences
about the population by using the SFANOVA. However, the gender representation
in the EEG signals dataset utilized in this thesis is imbalanced, with only three
female subjects present. The dataset does not provide gender or age differences
between the participants.

There are several studies proposed for supervised and unsupervised classification
methods based on functional geostatistics. Some supervised classification methods
include the classification of spatially correlated curves using normal mixed effect
models (Ruiz-Medina et al., 2014) and the classification of bivariate functional
data using spatial spline regression techniques (Nguyen et al., 2016). In the case
of unsupervised classification, some researchers have proposed methods for classi-
fying curves by reducing the spatial variations in clusters (Romano et al., 2010),
functional non-parametric clustering for clustering and aligning correlated curves
in space (Abramowicz et al., 2017), and clustering spatial functional data by using
hierarchical clustering based on univariate statistics such as the functional mode or
the functional mean (Vandewalle et al., 2022). All of these methods can be applied
to the detection of Parkinson’s disease or epilepsy seizures using EEG signals.
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Traditional Kriging methods, which are based on best linear unbiased prediction,
are extensively employed in spatial prediction. However, they encounter limita-
tions when dealing with non-linear and non-Gaussian data. To address these chal-
lenges, Chen et al. (2020) introduces DeepKriging, a deep neural network (DNN)
structure for spatial prediction. DeepKriging incorporates an embedding layer of
spatial coordinates with basis functions to capture the spatial dependence. This
method outperforms traditional Kriging methods as it can handle large datasets
integrated with non-linear and categorical data, and provides non-linear predic-
tions with smaller approximation errors.

DeepKriging can improve spatial prediction accuracy and be used in diverse ap-
plications, such as environmental monitoring, disease mapping, and resource man-
agement. The authors present an application of PM2.5 concentration data to
demonstrate the performance of DeepKriging compared to Kriging and other DNN
methods. This approach could further enhance the application of EEG signals in
the current thesis, since they are non-linear, non-Gaussian, and non-stationary.

5.3 Conclusions

In this work, the EEG signals obtained in an experimental setting were analyzed
as space-time curves using functional data analysis and functional geostatistics
methods. The exploratory analysis uncovered brain activity patterns associated
with the complex interaction between speech and brain function. This study
modeled the spatial dependencies inherent to the brain and EEG signals and used
functional kriging for prediction of the spatially correlated curves.

The analysis revealed distinct variations in the EEG signals, with high brain activ-
ity observed in the regions associated with speech production and comprehension.
These findings contribute to the understanding of brain activity involved in inner
speech and provide comparable results to other brain mapping methods. Further-
more, these findings reveal distinct brain regions and corresponding patterns of
cerebral activity associated with covert speech, providing insights into language
processing and cognitive function.

The use of functional data analysis and functional geostatistics to handle space-
and time-varying data highlights the significance of incorporating advanced an-
alytical tools into the neuroscientific field to acquire a deeper comprehension of
brain function and neural mechanisms. Understanding the neural mechanisms as-
sociated with speech is crucial for developing brain-computer interfaces to help
individuals with communication difficulties.

This thesis involves analyzing spatial functional data, that is data in form of curves
with spatial dependencies. We apply the exploratory functional data analysis over
the curves to explore the main characteristics of the functions with descriptive
statistics, such as functional mean and variance. The functional principal compo-
nent analysis reveals the variations and spatial patterns among the curves. More-
over, we used FPCA to reduce the temporal dimension to the components that
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explain the most of the variance, with an 85% threshold. The empirical functional
principal components were used to model the spatial dependencies and predict the
spatial curves using functional kriging.

Currently, technological advancements have led to a significant rise in datasets that
correspond to the realization of a functional random field. In this case, we applied
geostatistics to functional data obtained under experimental conditions. Never-
theless, the most popular functional datasets are found in geographic observations
such as air quality and temperature.
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Appendix A Predictions

This appendix provides the curve predictions obtained using functional kriging.
The following figures display the observed curves in black and, in red, the predicted
curves. Figure 1 illustrates notable differences between the predicted and observed
functions of electrode 5 and electrode 17 in the vowel /a/. Figure 2 shows that
the predictions are very similar to the observations among all the electrodes in
the vowel /e/, except for electrode 17. The predictions of the vowel /i/ in Figure
3 exhibit variances in the frequency range of 100 to 250 Hz in electrodes 7, 17,
18, and 21. Similarly, the predicted curves for the vowel /o/ in Figure 4 exhibit
variances in the frequency range from 0 to 10 Hz, particularly for electrodes 3, 7
and 17. In the case of the vowel /u/, the differences between the predicted and
observed curves can be seen in electrodes 1, 18, 16, 11, and 5 (Figure 5). These
differences can be attributed to the low variation ranges of the signals.
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Figure 1: Predicted vs observed EEG curves for all 21 electrodes of vowel /a/
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Figure 2: Predicted vs observed EEG curves for all 21 electrodes of vowel /e/
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Figure 3: Predicted vs observed EEG curves for all 21 electrodes of vowel /i/



Appendix A 52

0 50 10
0

15
0

20
0

0.0

0.5

1.0

1.5

 

 

Prediction
E1

0 50 10
0

15
0

20
0

0.0

0.2

0.4

0.6

 

 

Prediction
E2

0 50 10
0

15
0

20
0

0.1

0.2

0.3

0.4

0.5

0.6

 

 

Prediction
E3

0 50 10
0

15
0

20
0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

 

 

Prediction
E4

0 50 10
0

15
0

20
0

0.5

1.0

1.5

 

 

Prediction
E5

0 50 10
0

15
0

20
0

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

 

 

Prediction
E6

0 50 10
0

15
0

20
0

0.0

0.2

0.4

0.6

 

 

Prediction
E7

0 50 10
0

15
0

20
0

0.1

0.2

0.3

0.4

0.5

0.6

 

 

Prediction
E8

0 50 10
0

15
0

20
0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

 

 

Prediction
E9

0 50 10
0

15
0

20
0

0.5

1.0

1.5

 

 

Prediction
E10

0 50 10
0

15
0

20
0

0.0

0.5

1.0

1.5

2.0

 

 

Prediction
E11

0 50 10
0

15
0

20
0

0.0

0.2

0.4

0.6

0.8

1.0

1.2

 

 

Prediction
E12

0 50 10
0

15
0

20
0

0.0

0.2

0.4

0.6

 

 

Prediction
E13

0 50 10
0

15
0

20
0

0.0

0.2

0.4

0.6

 

 

Prediction
E14

0 50 10
0

15
0

20
0

0.2

0.4

0.6

0.8

1.0

1.2

 

 

Prediction
E15

0 50 10
0

15
0

20
0

0.5

1.0

1.5

 

 

Prediction
E16

0 50 10
0

15
0

20
0

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

 

 

Prediction
E17

0 50 10
0

15
0

20
0

0.0

0.1

0.2

0.3

0.4

0.5

0.6

 

 

Prediction
E18

0 50 10
0

15
0

20
0

0.0

0.2

0.4

0.6

0.8

 

 

Prediction
E19

0 50 10
0

15
0

20
0

0.0

0.2

0.4

0.6

0.8

 

 

Prediction
E20

0 50 10
0

15
0

20
0

0.0

0.2

0.4

0.6

0.8

1.0

1.2

 

 

Prediction
E21

Figure 4: Predicted vs observed EEG curves for all 21 electrodes of vowel /o/
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Figure 5: Predicted vs observed EEG curves for all 21 electrodes of vowel /u/



Appendix B Code

This chapter presents the source code used in this thesis to perform the exploratory
functional data analysis and the spatial prediction of the EEG curves. We use the
packages fda.usc, gstat, and SpatFD available in the software R version 4.3.1.
The full source code, as well as additional functions, can be found on the GitHub
repository at the following link: https://github.com/bquinteroal/EEGSignals
FunctionalGeostatistics

####### Packages #######

packages = c(

"Matrix", "fda", "fda.usc", "gstat", "splines", "colorspace", "sp", "geoR", "ggplot2",

"reshape2", "readr", "readxl", "ggpubr", "ggrepel", "gridExtra", "patchwork", "purrr",

"tidyr", "dplyr", "ggpubr", "rainbow", "cowplot", "readxl", "tidyverse", "grid", "lattice",

"roahd", "ftsa", "fields", "SpatFD", "gstat", "sp", "sf", "reshape", "plotly", "processx"

)

sapply(packages, require, character.only = TRUE)

####### Working Directory #######

setwd("D:/Thesis")

source("Package.R")

setwd("D:/Thesis/Data/Dataset")

### Read dataset

for (i in 1:23) {

if(i!=10){

assign(paste0("s",i),value = read_excel(paste0("sujetoEpsd",i,".xlsx")))

assign(paste0("s",i),value=as.matrix(dplyr::select(get(paste0("s",i)),-FRECUENCIA),

row.names=1))

}

}

### Create parameters and names for the data.

p = 228 ; nelec = 21 ; nvow = 5

vowels = c("a","e","i","o","u")

### Creation of objects for data functions. Given the functions created for the analysis

for each vowel.

for (i in 1:23) {

if(i!=10){

assign(paste0("s",i,".list"),value= data.list(get(paste0("s",i)),p))

assign(paste0("s",i,".gfdata"),value= gfdata(get(paste0("s",i)),p))

assign(paste0("names(s",i,".list)"),value= vowels)

assign(paste0("names(s",i,".gfdata)"),value= get(paste0("names(s",i,".list)")))

}

}

### RMSE and MSE

nb = seq(10,30,1)

for (i in 1:23) {

if(i!=10){

assign(paste0("nb.MSE",i),value= gf.RMSE(get(paste0("s",i,".gfdata")),

get(paste0("s",i,".list")),seq.nb = nb))

54
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}

}

### Plot RMSE n basis selection

x11()

ggplot.RMSE(nb.MSE4,nb)

n.basis<-c(11,13,12,13,11)

for (i in 1:23) {

if(i!=10){

assign(paste0("s",i,".gfd"),value=gfd.individual(get(paste0("s",i,".gfdata")),n.basis))}

}

### Change names of the data.

for (i in 1:23) {

if(i!=10){

nam<-paste0("names(s",i,".gfd)<-vowels")

eval(parse(text = nam))

}

}

plot<-NULL

for (i in 1:length(vowels)) {

assign(paste0("plots",i),value=ggplot.gfd(s4.gfd,vow = vowels[i],trial = 3,legend = T))

plot<-paste0(plot,"plots",i,",")

}

### Plots

plots<-paste0("plots<-ggarrange(",plot,"ncol=",3,",nrow=",2,")")

eval(parse(text = plots))

{x11()

plots}

####### Descriptive statistics #######

### Calculate summary statistics

summary.s4.gfd<-summary.gfd(list.gfd=s4.gfdata)

### Plots mean and variance

plot<-NULL

for (i in 1:length(vowels)) {

assign(paste0("plots",i),value=ggplot_combinedmean(s4.gfd,summary.s4.gfd,vow = vowels[i],

trial = 3))

plot<-paste0(plot,"plots",i,",")

}

plots<-paste0("plots<-ggarrange(",plot,"ncol=",3,",nrow=",2,")")

eval(parse(text = plots))

{x11()

plots}

### Plots trimmed mean and median

plot<-NULL

for (i in 1:length(vowels)) {

assign(paste0("plots",i),value=ggplot.gfdata.trim(summary.s4.gfd,vow = vowels[[i]],

trial = 3, legend= T))

plot<-paste0(plot,"plots",i,",")

}

plots<-paste0("plots<-ggarrange(",plot,"ncol=",3,",nrow=",2,")")

eval(parse(text = plots))

{x11()

plots}

### Correlation coefficient

for (i in 1:length(vowels)) {

assign(paste0("s4.cor.",vowels[i]),value=cor.fd(1:p,get(paste0("s4.gfd"))[[vowels[i]]][['3']]))

}

windows()

par(mfrow=c(2,3))
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for (i in 1:length(vowels)) {

image.plot(1:p, 1:p, get(paste0("s4.cor.",vowels[i])), xlab='Hz', ylab='Hz')

}

### Outliers

for (i in 1:length(vowels)) {

assign(paste0("fds.s4.",vowels[i]),value=fds(1:p,get(paste0("s4.list"))[[vowels[i]]][['3']]))

}

### Plot functional boxplot type HDR

windows()

par(mfrow=c(2,3))

for (i in 1:length(vowels)) {

fboxplot( get(paste0("fds.s4.",vowels[i])), plot.type = "functional",

type ="hdr", projmethod = "PCAproj",ylab="Brain Signal",xlab="Hz",na.rm = TRUE)

}

### Plot functional boxplot type bag

windows()

par(mfrow=c(2,3))

for (i in 1:length(vowels)) {

fboxplot( get(paste0("fds.s4.",vowels[i])), plot.type = "functional",

type ="bag", projmethod = "PCAproj",ylab="Brain Signal",xlab="Hz",na.rm = TRUE)

}

####### FPCA #######

s4.fpca =gfd_pca(s4.gfd)

### Plots PC functions

windows()

par(mfrow=c(2,3))

for (i in 1:length(vowels)) {

plot(get(paste0("s4.fpca"))[[vowels[i]]][['3']][["harmonics"]], lwd = 1,xlab= "Hz", ylab='PCs')

}

### Plot scores

electrodes=c("1","2","3","4","5","6","7","8","9","10",

"11","12","13","14","15","16","17","18","19","20","21")

plot<-NULL

for (i in 1:length(vowels)) {

assign(paste0("plots",i),value=ggplot.fpca.scores(s4.fpca,vow = vowels[i],trial=3,electrodes))

plot<-paste0(plot,"plots",i,",")

}

plots<-paste0("plots<-ggarrange(",plot,"ncol=",3,",nrow=",2,")")

eval(parse(text = plots))

{x11()

plots}

####### Functional geostatistics #######

coordenadas <- as.data.frame(read_table2("coordenadas.txt"))

for (i in 1:length(vowels)) {

assign(paste0("vow",vowels[i],"_rep3"),

value=t(get(paste0("s4.gfdata"))[[vowels[i]]][['3']]$data))

assign(paste0("vow",vowels[i],"_rep3"),

value=as.data.frame(get(paste0("vow",vowels[i],"_rep3"))))

}

### Spatial functional data construction

for (i in 1:length(vowels)) {

assign(paste0("sfd_",vowels[i]),

value=SpatFD(get(paste0("vow",vowels[i],"_rep3"))%>% select(`E1`:`E21`),

coords = coordenadas, basis = "Bsplines", nbasis = n.basis[i],

lambda = 0.00001, nharm = 2,name = paste0(i)))

assign(paste0("ptj_",vowels[i]),

value=data.frame(scores(get(paste0("sfd_",vowels[i])))[[1]]))

}
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colnames(ptj_a)=colnames(ptj_e)=colnames(ptj_i)=

colnames(ptj_o)=colnames(ptj_u)=c("x","y","f1","f2")

coordinates(ptj_a)=coordinates(ptj_e)=coordinates(ptj_i)=

coordinates(ptj_o)=coordinates(ptj_u)=c("x","y")

### Variograms

var_af11=variogram(f1~1,ptj_a,cutoff=50,cressie=T)

var_af21=variogram(f2~1,ptj_a,cutoff=60,cressie=T)

var_ef11=variogram(f1~1,ptj_e,cutoff=50,cressie=T)

var_ef21=variogram(f2~1,ptj_e,cutoff=50,cressie=T)

var_if11=variogram(f1~1,ptj_i,cutoff=50,cressie=T)

var_if21=variogram(f2~1,ptj_i,cutoff=50,cressie=T)

var_of11=variogram(f1~1,ptj_o,cutoff=60,cressie=T)

var_of21=variogram(f2~1,ptj_o,cutoff=60,cressie=T)

var_uf11=variogram(f1~1,ptj_u,cutoff=60,cressie=T)

var_uf21=variogram(f2~1,ptj_u,cutoff=50,cressie=T)

### Models

models_a<- list(vgm(105, "Hol", 12),vgm(44.85, "Hol", 16.08))

models_e<- list(vgm(59.89, "Wav", 34.08),vgm(11.99, "Wav", 49.08))

models_i<- list(vgm(55.6, "Wav", 32.24),vgm(3.18, "Wav", 31.17))

models_o<- list(vgm(10.53, "Per", 154.67),vgm(4.98, "Hol", 11.60))

models_u<- list(vgm(19.92, "Per",161.17),vgm(4.55, "Per", 161.17))

### Spatial functional prediction

for (i in 1:length(vowels)) {

assign(paste0("KS_SFD_",vowels[i],"_l"),value=KS_scores_lambdas(get(paste0("sfd_",vowels[i])),

coordenadas, method = "lambda", model = get(paste0("models_",vowels[i]))))

}

class(KS_SFD_a_l)

summary(KS_SFD_a_l)

recons_fd(KS_SFD_a_l)

# Cross Validation

setwd("D:/WWU/Thesis/pred/a")

crossval_loo(KS_SFD_a_l)

setwd("D:/WWU/Thesis/pred/e")

crossval_loo(KS_SFD_e_l)

setwd("D:/WWU/Thesis/pred/i")

crossval_loo(KS_SFD_i_l)

setwd("D:/WWU/Thesis/pred/o")

crossval_loo(KS_SFD_o_l)

setwd("D:/WWU/Thesis/pred/u")

crossval_loo(KS_SFD_u_l)

### Kriging maps

setwd("D:/WWU/Thesis/krig")

dir.create(dirname(paste0('./a/')), recursive=TRUE)

dir.create(dirname(paste0('./e/')), recursive=TRUE)

dir.create(dirname(paste0('./i/')), recursive=TRUE)

dir.create(dirname(paste0('./o/')), recursive=TRUE)

dir.create(dirname(paste0('./u/')), recursive=TRUE)

Sys.setenv(PATH=paste0("C:/Users/bibi/AppData/Local/Programs/orca", Sys.getenv("PATH")))

N_img = 228

t = seq(sfd_a[[1]]$data_fd$basis$rangeval[1],

sfd_a[[1]]$data_fd$basis$rangeval[2],length.out = N_img)
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for (i in 1:N_img){

orca(ggmap_KS(KS_SFD_a_l,

map_path = NULL,

window_time = t[i],

method = "lambda")[[1]], paste0('./a/vowa_',i,'.png'))

}

t = seq(sfd_e[[1]]$data_fd$basis$rangeval[1],

sfd_e[[1]]$data_fd$basis$rangeval[2],length.out = N_img)

for (i in 1:N_img){

orca(ggmap_KS(KS_SFD_e_l,

map_path = NULL,

window_time = t[i],

method = "lambda")[[1]], paste0('./e/vowe_',i,'.png'))

}

t = seq(sfd_i[[1]]$data_fd$basis$rangeval[1],

sfd_i[[1]]$data_fd$basis$rangeval[2],length.out = N_img)

for (i in 1:N_img){

orca(ggmap_KS(KS_SFD_i_l,

map_path = NULL,

window_time = t[i],

method = "lambda")[[1]], paste0('./i/vowi_',i,'.png'))

}

t = seq(sfd_o[[1]]$data_fd$basis$rangeval[1],

sfd_o[[1]]$data_fd$basis$rangeval[2],length.out = N_img)

for (i in 1:N_img){

orca(ggmap_KS(KS_SFD_o_l,

map_path = NULL,

window_time = t[i],

method = "lambda")[[1]], paste0('./o/vowo_',i,'.png'))

}

t = seq(sfd_u[[1]]$data_fd$basis$rangeval[1],

sfd_u[[1]]$data_fd$basis$rangeval[2],length.out = N_img)

for (i in 1:N_img){

orca(ggmap_KS(KS_SFD_u_l,

map_path = NULL,

window_time = t[i],

method = "lambda")[[1]], paste0('./u/vowu_',i,'.png'))

}
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