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ABSTRACT

In this dissertation, a gradient-based optimization, utilizing both MMA and GCMMA
optimization algorithms, is applied to a truss topology optimization problem including local
stress and buckling constraints. The problems with these constraints are prone to be affected
by the singularity phenomenon where the global optimum is in a degenerated region of the
design domain. This can prevent the elimination of bars when their areas tend to zero because
the stress/buckling constraints are violated. Through a combination of relaxation techniques,
namely e-relaxation, a continuation approach and an adaptation of the constraint's formula-
tion, the singularity phenomenon can be overcome. The known chain effect in truss topology
optimization is addressed by implementing a reverse SIMP function that is used to smooth
out the "jump" in the buckling length. This buckling length correction is thus performed in the
continuum set of the problem design variables which allows the use of gradient-based algo-
rithms.

The developed methodology is firstly tested resorting to a set of problems with analyti-
cal solutions. Then the proposed algorithm is applied to a new set of complementary examples
increasing the number of bar elements. The results found by the MMA optimization algorithm
represent reliable solutions that prove the efficiency of the proposed formulation to deal with
buckling constraints. Finally, the GCMMA's results agreed with the MMA results in all but
two examples, where it showed some difficulties in escaping from local minimum.

Keywords: Buckling, Stress, Chain Effect, Truss, Topology Optimization, MMA
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RESUMO

Nesta dissertagdo, uma otimizagao baseada no gradiente, utilizando os algoritmos de
otimizacdo MMA e GCMMA, é aplicada a um problema de otimizagado de topologia de trelicas
incluindo constrangimentos de tensdo e de encurvadura locais. Os problemas com estes cons-
trangimentos sao propenso a ser afectados pelo fendmeno da singularidade onde o 6timo glo-
bal esta localizado numa regido degenerada do dominio de projeto. Isso pode evitar a elimi-
nagao de barras quando as suas areas tendem para zero porque os constrangimentos de ten-
sdo/encurvadura sdo violados. Através de uma combinac¢do de técnicas de relaxamento, no-
meadamente, € — relaxation, uma continuation approach e uma adaptacdo da formulagdo do
constrangimento, o fendmeno da singularidade pode ser ultrapassado. O conhecido efeito de
cadeia na otimizagdo da topologia de trelica é abordado pela implementacdo de uma funcao
SIMP reversa que é usada para suavizar o "salto" no comprimento de encurvadura. Esta cor-
recao do comprimento de encurvadura é entdo realizada no conjunto continuo das variaveis
de projeto do problema, o que permite o uso de algoritmos de otimizacdo baseados no gradi-
ente.

A metodologia desenvolvida é primeiro testada recorrendo a um conjunto de problemas
com solugdes analiticas. Em seguida, o algoritmo proposto é aplicado a um novo conjunto de
exemplos complementares aumentando o nimero de elementos da barra. Os resultados en-
contrados pelo algoritmo de otimizagdo MMA representam solucdes confidveis que compro-
vam a eficiéncia da formulacao proposta para lidar com os constrangimentos de encurvadura.
Finalmente, os resultados do GCMMA concordaram com os resultados do MMA em todos os

exemplos, exceto dois, onde se verificaram algumas dificuldades em escapar a minimos locais.

Palavas chave: Encurvadura, Tensao, Efeito da Cadeia, Trelica, Otimizacdo Topoldgica,
MMA

xiii






1

CONTENTS

INTRODUCTION 1

1.1 Context and Motivation...........cccciiiiiiiii s 1
1.2 Problems and ODbJectiVes ............cccccuiuiiiiiiiiiiiii s 1
1.3 Approach and ContribUtions...........ccccccveueirinieeiinnecireeeeee e 2
1.4  Document Organization ...........ccccoceviiviiiniiiiniiiiii s 2
STATE OF THE ART ..uccuieernuisessensucssesssissesssssssssesssssssssssssssssssssssssssssssssssssssssssssssssssssssssssnes 3

2.1 Historic Background ... 3
21.1 Types of Structural Optimization ...........ccccoeviviiiiiiiiiiiiccccccce, 4
2.1.2 Formulating an Optimization Problem.............ccccoooeiiiiiinniiece 5
2.2 Optimization AIGOrithms ...........ccoooiiiiiiiiiiiiiiie, 6
221 Gradient-Based Optimization ........c..cccoeeereinerinininenieenieenccneeseeneeeseeenenes 6
2.2.2 Non-Gradient Based Optimization...........ccccecevieerieinieinieinenincincinceeeeees 12
2.2.3  Sensitivity ANAlYsis........cccooiiiiiiiiiiiiiiiiiiic s 12
2.3 Finite Element Method ..........ccooiiiniiiiiiiccc e 15
2.3.1 Bar, a FInite EIOIMENT .......coooviiiiiiiieeeee ettt st 17
2.4 Buckling CONStraints...........cccccciiiiiiiiiiiniiiii s 18
2.4.1 Global Buckling Approach ............ccoeeiiviiiiininiiiiniiiiinicccccccceees 19
2.4.2 Local Buckling Approach..........ccccccviiiiiniiiiniiiiiiicccccces 20
2.5 Epsilon Relaxation.........cccoveiiriiieiiinniccineceneeeceeeeee et 21
2.6 Continuation APPTroachi.........ccccoecioiniciinieiieecree e 23
PROBLEM FORMULATION AND CONSTRAINT ANALYSIS 25

3.1 INtrodUCtioN.......c.cuiviiiiiic e 25
3.2 Stress CONSraiNt ... ....ccoiiiiiiiiic e 26



3.3 Buckling COnStraint...........ccccoeiiiiiiiiiininiiiiiiccccccc e 27

3.3.1 Structural Optimization Problem with Two Variables...............ccccocuinnne. 35
3.3.2 Jumping Buckling Length ...........cccccoiiiiiiiiiiiicce 39
3.3.3  ANalysis Of BA) .c.ooviiiiiiiicc s 44
3.4 Objective FUNCHOMN. ......c.ciiiiiciieccieecce e 47
3.5 Problem formulation.........c.ccoiiiririiini e 48
4 SENSITIVITY CALCULUS 49
41 Objective FUNCHON.......c.ccooiviiiiiiiiiiiiii e 49
4.2 Stress DerivatiVe ..ottt 50
4.3  Stress CONSIaINt.......ccccuviiiiiiiiiiiciice e 53
4.4  Buckling CONStraint...........ccccceoiiiiiiiiiiiiiiiiic e 53
5 RESULTS 57
51 Chapter SUMMATY ... 57
5.2 Analytical Results..........cccccoiiiiiiiiiniiiiiiiii e 58
521 5-Bar Ground STrUuCtUTe.........cccocivieirieiniiiicieccceectcee et 61
522 10-Bar Ground Structure.........ccccceveoirerininininieinicinictsectniceeeteeee e 62
5.2.3 36-Bar Ground StruCture ..........cccoueerieinieinieiniecicee et 63
53 Complementary StrUCUIES ..........ccccerieuiueirinieieireeecereeeeereee e 65
5.3.1 20-Bar Ground StruCtUTE .......cc.ccevueuirieirieirieirieeeeteee et 65
5.3.2 L BIracKet....oucieiiiiiiiiiiciieecc ettt 65
5.3.3 110-Bar Ground Structure ..........cccoeeeveeieeininenieinieinieinetneeseteveeeeeeveeeveeen 66
5.3.4 21-Bar Ground StruCtUTE .......cc.ccevueuirieirieiricinieeeeet et 67
5.4  Optimization RESUILS ........ceueiriiiiiiiiicciece e 67
541 MMA RESUILS ....ueiiiiiiiieieeeet ettt 68
542 GCMMA RESUILS ..ottt 71
5.4.3 5-Bars Ground StrUuCtULE .........ccccevieiriiiniinieinciecicec e 74
5.4.4 10-Bars Ground STIUCEUTE ........cccoeceeueririiniiiniciieinictcenctetet et 76
5.4.5 36-Bars Ground StrUCEUTE ........c.occoerueririiniienieiieieeeeeeeee e 78
5.4.6 20-Bars Ground STUCEUTE ........c.coceoirueririinieienieiieiereee ettt 79
5.4.7 21-Bars Ground STIUCEUTE ........c.cocecirueririiniienieiieiereeeeneeesee et 83
5.4.8 L Bracket Ground Structure............cccocecivevirenininiiinieinctneeneeeeeseeeveeeenen 84

XVi



6

549 T110-Bars Ground SEUCTULE ......eeeeeeeeeeeeeeeeeeeeeeee e e e e e e e eeeeee e e e
5.5 RESUIES DISCUSSION . .eeeveeeeeeeeeeeeeee e e e e e e e e eeeseeeeeseeeeeeseeneeeesaanneeesaenneenaan

CONCLUSION AND FUTURE WORKS

0.1 CONCIUSION ..ctiieeeiiiieeiee ettt ettt ettt e e st e e s eeae e e sseatessssabeessssaseessssaseessssseesssanes

6.2 FUTUTE WOTKS ..eoiiiieeeeeeeeeee ettt ettt ettt e ev e s s et e e s s s sateesessaseesssaaeesssaans

XVvii






LiST OF FIGURES

Figure 2.1 - Meshing process (a) original study domain (b) schematics of a meshed domain .........ccccceuuunueee 16
Figure 2.2 - Assembling the global stiffness matrix. (a) 3 Bar structure (b) assembling of stiffness matrix ..... 17
Figure 2.3 - Simple ground structure for chain analysis ..........ceeeveiieeireiieniieinniinniinnieeeeeeee 20
Figure 2.4 - Structure for analysing both the constraint behaviour and the continuation approach from [26]21
Figure 2.5 - € relaxation of the stress constraint with increasing relaxation ..........c.c.cceeeeeeeeeeereeieeneeeeneeeeeneeeeeene 23
Figure 3.1 - Feasible Region in (a) Force based formulation (b) Stress based formulation ...........ccccccueeveeenennes 29
Figure 3.2 - SINGUIAIItY POt ......ccciiiiiiiiiiiiiiiiiiiiiieneiteceeeeeeeeeeeeeeeeeeseeseesseesssssteseesssssssessessssssesesssssssssssssssssssssssssans 31
Figure 3.3 - Variation Chart for (a) & with p = 3 and (b) p with @ = 0.25 .......ccccevrririiiiriiiirneniiinenscsnnenes 33
Figure 3.4 - 4 N0de SroUNd SEFUCTUIE .......cccveiiiiiiiiiiiiieiiiieeeeteieeeeeeeeeeeeeeeeseeseessessessssesssssesssssssssssssssssssssssssssssssses 36
Figure 3.5 - BasiC FOrMUIAtION .....ccciiiiiiiiiiiiiiiiiieeciieeeeccieeeeeeeeeeeeeseeseeeseeseestesseesssssessessssssssssssssssssssssssessssssssssasses 37
Figure 3.6 - GUO'S FOrMUIALION .....ccciiiiiiiiiiiiiiiiiieiieieeieeeieeeeeeeeeeeeeseeeeeeseeseessesseessessssssssssssssssssssessssssssssssssssssssssses 38
Figure 3.7 - Guo's Formulation NOrmalized .........cceceieiiiiiiiiiiiiiiiiiiiiiiiieeeieeieeeieeeieeeieseeeieeseseesesssssssssssssssssssssssees 38
Figure 3.8 - NOormalized EPSIlON .......ccueieiiiiiiiiiiiiiiiiiniiiiiintieeieeeeeeeeieeeeeseeeseeseessesssessessesssesssssssssesssssssssssssssssssssses 39
Figure 3.9 - 9 NOdE GroUNd StrUCTUIE.......cccciiiiiiiiiiiiiiiiiieiieieeeeieeeteeteeseeeteestesteesessssssssssssssssssssssssssssssssssssssssssaes 40
Figure 3.10 - Reverse SIMP behavior Of B(A) ....cccceieiiiiiiiiiiiiiiiiiiiiieiieiiieeeieeieemeeseeesieseessessesssessssssesssssssssssssssssses 44
Figure 3.11 - Structure for Jumping Buckling Length Analysis.........c.cccuuiiiiiiiiiiiiiniiniiiniiniiieeeeeeieeeeeeeseeseeeseeeeee 45
Figure 3.12 - Parameter Analysis of a 4-bar structure varying (a) Aref or (b) PL......cccovervvuerviverriveeriieriinennnne 46
Figure 4.1 - Derivatives alocation 0Nt MatriX.....ccccccuiiiiiiiiiiiiiiiiiiiiiiiiiiieieieieeieeeeeeeieeeeeieeseeeeeeseesssessssssssssssssssens 52
Figure 5.1 - Topology Solution to the optimization of the 5-bar Ground Structure........cccccceeveeereeineeeeenneeneenne 61
Figure 5.2 - 10-Bar GrouNd SErUCTUIE......cccveeiieieeeireiieeiieiieeieemeeeieeieeeeeemeeemeemeesmeemesstssmesstssmssssesmsssmsssssssssssssssssses 62
Figure 5.3 - Topology Solution to the optimization of the 10-bar Ground Structure........ccccccevvvveieeireeniennennenns 62
Figure 5.4 - 36-Bar GrouNd SErUCTUIE.......ccevevieiieiieeiieeiieieeemiemieeiemieeeeeeieeemeemeemmeemeesmestesstssmssssesmsssssssssssssssssssssses 63
Figure 5.5 - Topology Solution to the optimization of the 36-bar Ground Structure........cccccceevvververreeneennennnnns 64
Figure 5.6 - 20-Bar GrouNd SErUCTUIE......cccveeieiiieeieeieeeiieiieeieeiieeieeieeemeemeeemeemeesmesmessmestessmesmssssesmsssmssssssssssssssssssss 65
Figure 5.7 - L-Bracket Ground SErUCEUIE ......cccvvevieiiieieeiiemieeiienieiiiieiieieeiiemmeemmeemeeemeemeemmeemesseesmessmsssssssssssssssssssses 66
Figure 5.8 - 110-Bar GroUNd StrUCKUI@.......cccvveierieeeieeieeemieteeemeemeeemeemeeemeemeesmeemeesmeemtereeemeemmeemsemmesssemsssssssssssssssees 66
Figure 5.9 - 21-Bar GrouNd SErUCTUIE......cccveeieeiieeireiiremieieeeieemieeieeieeemeemeeemeereemmeemessmesmesseesmssssssmsssssssssssssssssssssess 67
Figure 5.10 - Continuation Approach for the Relevant Parameters .........cccceeeeveeieeereenneeneeneenieeneeeeeeneeeeeeeeeseenne 68
Figure 5.11 - Objective Function Plot for 5-Bar Problem............cccceieieiieiiieiieiiinniiiinenieiiieiienieneeeeeee 75
Figure 5.12 - Direct Comparison between member stress and limiting factors for the 5-Bar Ground Structure,
(2) GO ECT (D) GEOMAMMN .....aaeaeeeeeeeeeeenennsnnssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssnnnnnne 76
Figure 5.13 - Objective Function Plot for 10-Bar Problem...........ccceeeieiieiieeiiniiinnieiiieiiiiiienieiieeeeeeneeee 77

X1X



Figure 5.14 - Direct Comparison between member stress and limiting factors for the 10-Bar Ground

Structure, (a) GG ECT (D) GEOAAM.........uceeeeeeeeeeeeecccccreeeeeee e cneeeeeese s s s sneseesessssssssnneessesssssnsnnns 77
Figure 5.15 - Objective Function Plot for 36-Bar Problem............ccuuiiiiiiiiiiiiiiiiiniiniiiiiiinenneeneeeeeeneeeeeeneeseeeseseeee 79
Figure 5.16 - Direct Comparison between member stress and limiting factors for the 36-Bar Ground

Structure, (a) GG ECT (D) GEOAAM........uuceeeeeeeeeeeccccreeeeeeeee e sneeeeeese s s s sneseseessssssssnneessessssnsnnns 79
Figure 5.17 - Objective Function Plot for 20-Bar Problem............cciiiiiiiiiiiiiiiiiiiiiininniieieineeeneeeneeneeeeeeseeeesessseeee 80
Figure 5.18 - Direct Comparison between member stress and limiting factors for the 20-Bar Ground

Structure, (a) GG ECT (D) GEOAAM. ...t sneree s sne s s s s s s s s sannnsessssssssssnnes 81
Figure 5.19 - Objective Function Plot for 21-Bar Problem...........ccceeeeeiieiiieiieiiienieniieiiiniieiieieeeeeeeeeee 82
Figure 5.20 - Direct Comparison between member stress and limiting factors for the 20-Bar Ground

Structure, (2) GG ECT (D) GEOAAM........uueeeeeeeeieeeccceeeeee s rneeee s sns s e s s s s s s sasnnsessssssssssnnes 83
Figure 5.21 - Objective Function Plot for 21-Bar Problem...........ceceeiieiieiieeiiniiinnienieeiiiniienieiieeeeeeeeee 84
Figure 5.22 - Direct Comparison between member stress and limiting factors for the 21-Bar Ground

Structure, (a) GG ECT (D) GEOAAM. ...t rnreee s sss s snsse s s s s s s s sasnnsessssssssssnnns 84
Figure 5.23 - Objective Function Plot for L-Bracket Problem ...........cccceeiveeiieiiiniieniiniieiineiinnieniinneeneneeeeen, 85
Figure 5.24 - Direct Comparison between member stress and limiting factors, (a) oeogecr (b) cecadm...... 86
Figure 5.25 - Objective Function Plot for 21-Bar Problem............ceeeeeeiieiiieiieiiienieniienieniieieeiieeeeeeeeeeen 87
Figure 5.26 - Direct Comparison between member stress and limiting factors for the L-Bracket Ground

Structure, (a) GG ECT (D) GEOAAM........uueeeeeeeeeeeeccceeeeees s rnreee s sne s e s s s s s s sasnnsessssssssssnnes 87
Figure 5.27 - Objective Function Plot for 110-Bar Problem.............ceeeeeeeieeeeeeiieeeenieeeeeeieeeneeneeeeeeieesmeseesmeeseeenees 89

Figure 5.28 - Direct Comparison between member stress and the limiting factors for the 110-Bar Ground
Structure, (a) GG ECT (D) GEOAAM.........uceeeeeeeeeeccccreeeeeee e sneeeeeese s s s ssesessessssssssnneessesssssssnnns 89

XX



LIST OF TABLES

Table 2.1 - Possible types of objective function, design variables and constraints for an optimization problem.

................................................................................................................................................................ 5
Table 3.1 - Simplified Material ProPerties ... ... iiiiiiiiiiirrrrrrrrrrrrrrrssressssssssssssssssssssssssssssssssssssssssssnns 36
Table 3.2 - First 9 element connectivity table for a 9-node ground structure ........cccceeveeiiiiiiiiiiiiiiiiiiniineninennns 41
Table 3.3 - The angle of elements connected to NOAE 2........ccoiiiiiiiiiiiiiiiiiiiiiiinrrrrrrrsrsssssssssssssssssssssssssssssns 41
Table 5.1 - Aluminium 1050-H14 Material Properties.....cccccviiiiiiiiiiiiiiiiiiiiiiiiiiniiiiiissssssssnns 58
Table 5.2 - Comparison between the analytical results, MMA and GCMA for 5-bar Ground Structure........... 58
Table 5.3 - Comparison between the analytical results, MMA and GCMA for 10-bar Ground Structure......... 59
Table 5.4 - Comparison between the analytical results, MMA and GCMA for 36-bar Ground Structure......... 60
Table 5.5 — 5-bar ground structure Properties......ccccvviiiiiiiiiiniiiiiiiiiiiiisssssssssssssssssssssssssssssssssssss 61
Table 5.6 - Values of the Analysis of the 5-bar Ground Structure Optimum Solution.........ccceeeviiiiiiiiiiiiiiininnnn. 62
Table 5.7 - Values of the Analysis of the 10-bar Ground Structure Optimum Solution........cccceevriiiiiiiiiiiininnnnns 63
Table 5.8- Values of the Analysis of the 36-bar Ground Structure Optimum Solution........cccceevviiiiiiiiiiniiiinnnnns 64
Table 5.9 - Problem's Optimization Parameters .......ccciuiiiiiiiiiiiiiiiiiniiniiiiiiiiinsssssssssssssssssssssssssssssssssssns 67
Table 5.10 — Comparison between topologies of the solutions with and without the Buckling Constraint

(MMA) of the analytical @XaMPIES.......ceeiiiiiiiiriireeriiiiiicceeeereesressssneeeesssessssssnsessssssssssssnsnessssssssssnnnsanses 69
Table 5.11 — Comparison between topologies of the solutions with and without the Buckling Constraint
(MMA) of the complementary @Xamples .......cccccceeriiiiiinrsseeeiiiiiisssssneessessesssssssssesssssssssssssssssssssssssnsassses 70

Table 5.12 - Mass Comparison between the formulation with and without the buckling constraint for the
LYY P o T RN 71

Table 5.13 — Comparison between Topology Solution with and without the Buckling Constraint (GCMMA).. 72

Table 5.14 — Comparison between topologies of the solutions with and without the Buckling Constraint

(MMA) of the complementary @XamplEs .......cccccceereiiiiinrsseeeieiiiiessssneeessssesssssssessssssssssssnsssssssssssssnsnanses 73
Table 5.15 - Mass Comparison between the formulation with and without the buckling constraint.............. 74
Table 5.16 - Mass Comparison between the formulation with and without the buckling constraint.............. 74
Table 5.17 - Solution Breakdown of the optimization algorithm for the 5-Bar Ground Structure............ceeeuu.. 75
Table 5.18- Solution Breakdown of the optimization algorithm for the 10-Bar Ground Structure ...........c...... 76

Table 5.19 - Topology Representations Relating to mass distribution, buckling constraint and stress
constraint for 36-Bar Problem.........ccciiueiiiiiiiiiiiinnriiiininneeeninsesnsssssssssssssssssssssssssssssssssssssssssanes 78

Table 5.20- Solution Breakdown of the optimization algorithm for the 36-Bar Ground Structure, Topology,
Bucklin Constraint, and Stress CONStraint's ValUeS......ccccceveieeirireniirireeiereeenersenesessesssssssssssssssssesssnssessennes 78

Table 5.21 - Solution Breakdown of the optimization algorithm for the 20-Bar Problem, solved with MMA.. 80

xx1



Table 5.22 - Solution Breakdown of the optimization algorithm for the 20-Bar Problem, solved with GCMMA

.............................................................................................................................................................. 82
Table 5.23 - Solution Breakdown of the optimization algorithm for the 21-Bar Problem ........cccccovviiiiiiiinnanns 83
Table 5.24 - Topology Graphs Relating to mass distribution, buckling constraint and stress constraint for L-

(=T o] 1 T a2 e ¢ =T o RN 85
Table 5.25 - Topology Graphs Relating to mass distribution, buckling constraint and stress constraint for L-

Bracket Problem using GCMMA algorithm........ccccvviiiiiiiiiiiiieiiiiiiiiiniieeiieiieeieeieeieeeeeseemeeseeeeesmeene 86
Table 5.26 - Topology Graphs Relating to mass distribution, buckling constraint and stress constraint for 36-

23T o o o =T o TN 88
Table 5.27- Solution Breakdown of the optimization algorithm for the 36-Bar Ground Structure ..........ccceu.. 88

xxii



DOF
FEM

FE

GA
GCMMA
KKT
MMA
MMTO
STO

ACRONYMS

Degrees of freedom.

Finite Element Method.

Finite Element.

Genetic Algorithms.

Globally Convergent Method of Moving Asymptotes.
Karush-Khun-Tucker optimality condition.

Method of Moving Asymptotes.

Multi-Material Topology Optimization.

Structural Topology Optimization.

xxiii






Latin

SYMBOLS

Constraint matrix containing each variable coefficients in constraint
functions.

Area cutoff point of the buckling length assessment function.

Bar element e's cross-sectional area

Average of the adjacent element's area

Real valued MMA and GCMMA parameter.

Real valued MMA and GCMMA parameter for every i constraint.
Lower bound imposed on the bar's cross-sectional area.

Column vector with the independent terms of the constraint’s functions.
Convergence constant.

Real valued MMA and GCMMA parameter for every i constraint.
Real valued MMA and GCMMA parameter for every i constraint.
Material's Young Modulus

Error between current point and optimum point at iteration k.
Generic objective function.

Applied load vector.

Internal force applied to element e.

Load variation vector with a FE

Generic inequality constraint function.

Admissible stress constraint.

Buckling constraint.

Global geometry matrix.

Generic equality constraint function.

Cross-sectional moment of inertia

Continuation approach iteration intervals.

Maximum number of iterations

Global stiffness matrix.

Element e's matrix w.r.t. global reference

XXV



ke
kct

Lbuc
L(x,])

k 11k
Lk, U]

XXVi

Element e's local matrix

Parameter that relates I, to I;.

Column vector of element's length
Buckling length being considered.
Element's length

Optimization problem Lagrangian function.
Lower and Upper asymptote value for variable j at iteration k,
respectively.

Adapted critical load correcting exponent.
Critical buckling load.

Optimization step direction.

MMA and GCMMA constraint i’s gradient approximating functions

w.r.t. to variable j.

Newton's method step direction.

Total number of elements in the ground structure.
Number of adjacent elements.

Buckling force bar support parameter.
Optimization algorithm rate of convergence.

MMA and GCMMA constraint i's correcting function at iteration k.

Element e's transformation matrix

Displacement vector.

eth Design variable.

Lower bound for generic design variable x,.
Upper bound for generic design variable x,.
Design variables vector.

Vector of design variables at iteration k.

Optimum point.

Density design variable associated with element e.
Normalized area design variable associated with element e.
Real valued MMA and GCMMA artificial variable.
Domain set of x.

Null space matrix of A.

Real valued MMA and GCMMA artificial variable.

MMA and GCMMA lower and upper move limits, respectively.
Percentage of admissible stress considered in u calcualtion.
Coefficient that relates an element's area to its moment of inertia
Set of adjacent elements.

Parameter used to limit the variation of x;.

Constraint Relaxation Parameter.



Element e's angle w.r.t the horizontal reference.
Adjoint method's vector.

Column vector of Lagrangian multipliers.

Adapted critical load correcting constant

The ratio of the circumference of a circle to its diameter.
Material's mass density.

GCMMA convexity guarantying parameter for outer iteration k and
inner iteration v for constraint function i.

Stress applied to element e.

Admissible stress value.

Adapted critical buckling stress of element e.

Critical buckling stress of element e

Material yield stress.

Area scaling parameter

Generic functional representing any constrain or objective function.

XXVil






INTRODUCTION

1.1 Context and Motivation

Structural Optimization is a research field with great potential to aid and even automate
the design process of a given structure. It started with simple area optimizations carried out
on isostatic trusses to obtain the minimum possible mass. These simple problems have devel-
oped throughout the last 120 years into complex algorithms that are able to solve increasingly
complex problems. Although notions of structural optimization are centuries old, this field
can be considered new because the progress made is tied to both computing power and math-
ematical formulations. New algorithms and methodologies are proposed as computer tech-
nology develops, and vice versa. Currently new powerful computing capability has allowed
researchers to implement algorithms developed over twenty years ago to solve complex prob-
lems.

This thesis intends to contribute to the current framework in structural topology optimi-
zation by dealing with a gradient-based optimization to problems with local buckling and
stress constraints, using the ground structure approach.

1.2 Problems and Objectives

This thesis intends to contribute to the current framework by applying a structural to-
pology optimization to truss structures considering both local buckling and local stress con-
straints. These constraints are computationally expensive and have complications relating to
the fact that their physical definitions are tied to the area variable, which is also used as a
topology variable. When an algorithm removes a bar it usually does it continuously. As the
area decreases towards zero the local buckling and stress constraint tend to be violated, pre-
venting the bar from being removed, which threatens the essence of topology optimizations
to generate "black-white" designs.

The buckling constraint is commonly used in global terms, with the stability of the struc-

ture being attributed to a single constrained value that account for the global state equilibrium



of the whole structure. Furthermore, to circumvent numerical singularities and the require-
ment that the constraint functions be convex, gradient algorithms may be abandoned in favor
of heuristic algorithms, that are not gradient dependent. However, these algorithms are very
time consuming because they require many function evaluations which makes gradient-based
methods more desirable due to their efficiency.

This thesis aims to not only present a solution to the singularity problems involving local
buckling and stress, but also to formulate and solve a problem that considers the chain effect
in a gradient-based optimization. This effect is the alternative interpretation of having unstable
nodes in truss layout. These nodes are interpreted as internal nodes of a potential larger bar
instead of being viewed as compromising the kinematic stability of the truss. This leads to
difficulties in the problem formulation as the constraints must contemplate this effect of chain
on bar member which directly impact on the buckling length definition.

In a nutshell, the main two problems addressed in this thesis are the following: (1) the
numerical singularity phenomenon related to the buckling constraint and the requirement that
it be convex, (2) the inclusion of the chain effect in the optimization problem formulation.

1.3 Approach and Contributions

The developed methodology solves the difficulties presented earlier by employing a
combination of techniques that allow a gradient-based optimization to accurately solve a set
of design problems. These techniques include a € — relaxation, a continuation approach, and
a constraint reformulation. When applied simultaneously, these techniques allow the opti-
mizer to deal with buckling constraints more effectively.

In the end, this thesis' contribution is a gradient-based truss topology optimization with
both local buckling and stress constraints including the so-called chain effect.

1.4 Document Organization

Regarding this thesis structure. Chapter 1 presents an introduction to the subject and
motivation. In Chapter 2, the state of the art is presented including an overview of the litera-
ture used to develop the proposed methodology. Chapter 3 presents a more in-depth study of
the problem components, those being the objective function and the constraining functions,
and it ends with the optimization problem formulation. Chapter 4 presents the sensitivity
analysis of the previous chapter's functions, a key aspect in gradient-based optimization. In
Chapter 5, a set of truss problems are solved with the proposed methodology, starting with
three examples having an analytical solution. Chapter 6 presents the conclusion and some fu-
ture works suggestions.



STATE OF THE ART

This chapter presents an overview of the bibliography required to fundament the dis-
sertation starting with some historic background, followed by with some information about
optimization processes and their requirements, after that some consideration pertaining to
sensitivity analysis, and it ends with some of the relaxation techniques employed.

2.1 Historic Background

Structural Optimization has its genesis in the works of Maxwell [37] and Michell [38]. In
these pioneering works, Maxwell develops a method for obtaining the stresses of a truss struc-
tures while Michell continues Maxwell's works by utilizing the gathered stress information to
calculate the minimum amount of material that still allows the truss to support the required
loads. Michell's algorithm is an early version of dimensional optimization of a truss for mini-
mum weight. However, it wasn't until the decade of 1950 that these works saw any further
development as further mathematical and technological advancements were required.

In the decade of 1950, the development efforts in the field of structural topology optimi-
zation were led by the aeronautical industry that was formulating and solving problems re-
lated to the complex inner structures of airplane wings. By studying the various formulations
used to obtain the complex geometries required, Schmit [49] would recognize common fea-
tures among the many formulations and that ended up on proposing his own standardized
formulation. It was composed of an objective function, a set of constraints that limit the varia-
tion of the design variable, and the usage of an algorithm that solves the problem. This prob-
lem structure developed by Schmit would become a key ingredient of optimization disci-
plines, in a broader sense, i.e., beyond the structural optimization field.

Earlier, in the decade of 1940, when studying membrane plane stress cases there was a
need to apply differential equations related to the stress in a membranes’ continuous domain.
Since the respective differential equations are so complex in such structural domains, i.e., it's
hard to get their solution analytically, numerical methods are required. A discretized version

of the continuous domain is used to solve the differential equations in order to simplify their



use. This means that the design domain is modeled by a set of finite elements with pre-defined
shape functions that approximate the "exact" function solution of the problem. This method
was latter referred to as the Finite Element Method (FEM) [19]. It became an integral part of
computer analysis across diverse engineering domains. Based on the FEM, a technique tai-
lored to truss analysis was later developed, the so-called Ground Structure Approach by Dorn
et. al. [20]. This technique consists of a group of nodes connected by bars, and an algorithm
that searches them for the optimal connectivity of the bars for a given load and support re-
quirements.

Still in the same decade, during the Second World War when resources were scarce, op-
timization underwent a major development in the field of Operational Research. The need for
the correct and efficient use of the available limited resources at that time was mandatory. This
demanded the development of simple algorithms that could be resolved by hand using calcu-
lation tables, the now famous Simplex Algorithms. However, these algorithms proved to be too
simple when modern computers emerged in the early 80’s. That opened the way for the de-
velopment of new optimization algorithms, such as integer programing and related heuristic
algorithms that are still present in the current literature. [23]

These developments, just summarized here, culminate in the current rich academic en-

vironment of topology optimization.

2.1.1 Types of Structural Optimization

While every optimization is based roughly on the same standard mathematical formu-
lation, the different physical meaning of design variables and functions allows distinguishing
three main optimization categories (1) Sizing Optimization, (2) Shape Optimization, (3) Topol-
ogy Optimization, see [18].

The first structural optimization problems have to do with dimensional optimizations
as presented by Dorn et al. [20], where a minimum weight problem is solved with a ground
structure approach [15]. This revolutionary new technique provides the framework for much
of the literature that comes after it. In a Ground Structure Approach, nodes are firstly distrib-
uted over the design domain and then connected by potential bars [53]. Although the ground
structure method would prove to be a powerful tool in structural topology optimization, the
first applications were on simple sizing problems where the objective function is the struc-
ture's weight, and the design variables are the areas of the structure's bar elements.

Later works in the decade of 1970, such as Francavilla et all [22], use the position of the
nodes as design variables resulting in shape optimization. Currently this kind of optimization
is often used in conjunction with one of the remaining categories of optimizations.

Lastly, topology optimization is developed by the works of Svanberg [55] and Bendsoe
[9]. In topology optimization the design variables are typically Boolean and are used to deter-
mine whether a given element should be removed from the ground structure to decrease either

the mass or the compliance, depending on what the objective function is. Topology optimiza-



tion is often used in conjunction with dimensional optimization without distinguishing be-
tween the two using a positive lower bound on the area, a,,;;, , see [2]. In case such lower
bound is touched, the respective bar is considered as being removed from the truss optimal
layout.

Using density-based optimization allows for another key feature of modern topology
optimization, often called Multi Material Topology Optimization, MMTO. This can impact fa-
vorably on further weight decrease as it allows to have a more efficient use of different mate-
rial specific weights. Works such as [50] shows mass decreases of more than 39% when com-
paring with single material solutions and [8] shows significant decreases on all the structures
studied.

2.1.2 Formulating an Optimization Problem

An optimization problem is defined by an objective function, f(x) whose varia-
bles, x4, ..., x,, € X are affected by a set of constraints, g;(x), hx(x) and are bounded by, x, €

[xi%.] (Eq.21).

e f(x) (Eq. 2.1)
X
g(x) <0 ;j=1,..m
S. t. hk(X) =0 k=1, ., P
KSSXeS§e ,e=1,..,n

In formulation (Eq. 2.1) the objective function is minimized and there are m less-than-
or-equal-to constraints, p equality constraints and n bound constraints. A problem that is
stated according to this formulation is said to be in the standard format. Many optimization
algorithms, especially the ones that are gradient based, require the problem to be formulated
in the standard formulation. The objective function, design variables and constraints can have
many different types of meanings resulting in different types of formulations, Table 2.1 shows
some of those different types of meanings.

Table 2.1 - Possible types of objective function, design variables and constraints for an optimization prob-

lem.

Objective Function Project Variables Constraints

Weight Dimensions Displacement

Cost Node Position Stress

Compliance Topology Natural Frequency
Critical Buckling Factor or
Load
Reliability



2.2 Optimization Algorithms

With the optimization problem formulated, the next step is to solve it. There are many
algorithms that have been developed to solve problems of various degrees of complexity.
However, in general, optimization algorithms can be categorized as gradient-based optimiza-
tion and non-gradient based optimization. The decision about what to use will depend mainly
on the characteristics of the design variables. For instances, if these variables are discrete then
using a non-gradient based method is the only option. In case continuity and differentiability
are ensured, a gradient-based method can be advised, as it is typically computationally
cheaper although the sensitivity analysis can still be time-consuming and difficult to imple-
ment.

2.2.1 Gradient-Based Optimization

Gradient-Based methods utilize an analysis on the gradient of the objective function on
a given point to calculate a step direction, p, a vector which is then added to the set of variables,
X, resulting in a new point where the process is repeated. For brevity, algorithms applied to
linear problems aren’t addressed in this document. The simplest nonlinear optimization prob-
lems to solve are unconstrained problems where step calculation does not need to consider
the feasibility of the end point. One of the first proposals for an algorithm is given by Isaac
Newton where a step is calculated based on the second-degree information of the objective

function resulting in the commonly known Newton's Step, py, (Eq. 2.2).

- Vi(x) (Eq. 2.2)
PN = T T2r)

V2f(x)
This step is then added to the Set of Variables (Eq. 2.3),

xK+1 = xK 4+ By (Eq.2.3)

Resulting in a new point, from which a new step is determined and added to the new
set of variables, resulting in an iterative process that determines the minima and minimum of
a given nonlinear function. Further explanation of Newton’s Method can be consulted in [24].

Newton’s method is used as a benchmark for other optimization algorithms, as it has
the best convergence rate (Eq. 2.4) possible. All other gradient based methods can be consid-
ered an inefficient version of this method resulting in lower convergence rates, Newton’s
Method is not widely used since it displays some difficulties that are circumvented by other
optimization algorithms.

lim llewall™ _ c (Eq. 2.4)
koo leyll



Where e, is the error at iteration, ), = xX

—x*, and if C < oo then the sequence of solu-
tions converges at rate 1, and with convergence constant C. The convergence rate is usually
used for comparing algorithms and how they converge, usually r¢ € [1; 2[ . The quadratic con-
vergence rate of 2 is only achieved by Newton’s method when close to the local optimum.
However, one of the disadvantages of Newton's Method is that it only works well close
enough to the local optimum.

Adding a constraint to a nonlinear problem greatly increases its difficulty requiring a
modified version of Newton’s Method. It is then necessary to include information about the
constraints into the function before the optimization algorithm minimizes it. Let an optimiza-

tion problem be defined by the formula (Eq. 2.5).

min  f(x) (Eq. 2.5)
s.t. Ax=Db

Where A is a full rank constraint matrix and b is a column vector with as many entries
as there are constraints, it stores to the constraints' right-hand side. The Lagrange Function
associated with this problem is given by (Eq. 2.6).

L(x,A) = f(x) — AL (Ax — b) (Eq. 2.6)

Where A, is the column vector of the Langrage multipliers. The Lagrange multipliers
define the gradient at the optimum as a linear combination of the derivative of the constraint
matrix (Eq. 2.7).

VE(x") = At- A, (Eq. 2.7)

These Lagrange multipliers are known as dual variables while x are the primal variables.
Many problems that solve nonlinear constrained optimization problems use primal-dual al-
gorithms to reach an optimum.

Usually, an optimization will iterate until some stopping conditions are verified. In ad-
dition to a maximum number of iterations it would be convenient to use the optimality condi-
tions as stopping criteria. These conditions guarantee that the point being analyzed after some
design iterations is a local minimum. In fact, when dealing with gradient-based optimization
it is only possible to prove that a given point is a local minimum. To find the global minimum
all local minima would need to be analyzed. The conditions that indicate a local minimum
presence, for a nonlinear constrained optimization problem, are known as the Karush-Kuhn-
Tucker Conditions, henceforth referred to as KKT Conditions. These conditions are applicable
to inequality constraints and are either the necessary conditions for optimality if the left-hand
side of (Eq. 2.11) is positive semi-definite or sufficient condition if it is positive definitive.



VeL(x,,4,) =0 (Eq. 2.8)

A =0 (Eq. 2.9)
Alg(x) =0 (Eq. 2.10)
Z(x.)"VEL(x., A)L(x,) =0 (Eq. 2.11)

Matrix Z is the null space matrix of A(x). If the KKT Condition are met at a candidate
point, (x,,A,) then that point is guaranteed to be a local minimizer of the original function f(x).
The KKT conditions can be used to evaluate if the current iteration point is a local minimum.

The optimization algorithm used in both Pratas [46] and Almeida [8] is the Method of
Moving Asymptotes, MMA, see [55]. Since this dissertation can be seen as a follow up on these
two previous works, the same algorithm will be employed with some modification in its im-
plementation. Furthermore, an improved version of MMA is also employed, the Global Con-
vergent Method of Moving Asymptotes, so-called GCMMA. The difference on utilizing MMA
when compared to the Newton Method is the latter’s reliance on second order derivative in-
formation, that MMA does not require, at the cost of a linear rate of convergence, lower than
Newton’s Method [54].

2211 Method of Moving Asymptotes
The Method of Moving Asymptotes, MMA, is used to solve the problem of the following

form,

min m 1 (Eq. 2.12)
X fo(x) +aozmma + Z (CiYi + EdiYi2>
=)
s.t gi(x) —ajizyma — Vi <0, i=1,..,m

Xx€EXy=022=0

Where, X = {x ER|Xe € Xe < Xe,6 =1, ...,n}. The objective function f, and constraint
functions g;, g4, ..., gm are given, continuously differentiable, real-valued function on X.
ay, a;, ¢; and d; are given real numbers which satisfy ag > 0,a; = 0,¢; = 0,d; = 0 and ¢; + d; >
0 for all i, as well as ajc; > a, for all i with a; > 0. Lastly the optimization variables are only x;
since y; and zyya are artificial variables.

Since one of the limitations of optimization algorithms is that the functions in the prob-
lem formulation need to be convex, MMA solves this restriction by using approximating func-
tion that are defined by (Eq. 2.13), these functions can be guaranteed to be convex.



n k k Eq. 2.13)
p q (Eq
g%‘(x) = I'ik + Z <U-k j ) + - )

K
S\Uf —x x5— L
Where (Uk— k)z agi if% >0 (Eq. 2.14)
Kk J ) aX] aX]
Pij = 0g;
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k 0%;
9ij = 2 0f g
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(Eq. 2.16)

Bk o
Kk _ K) ij ij
rit = 8i(x) Z(Uk_xk+xk—L1-‘>
j=1 N j j j

In these approximating functions the values of L}‘ and Ujk are the moving asymptotes
that give name to the method and limit the value of x; because L}‘ <x < Ujk, these are chosen

according to two heuristic rules from [55]:

e If the process tends to oscillate, then it needs to be stabilized. This is accom-
plished by moving the asymptotes closer to the current iteration point.

e If, instead, the process is monotone and slow, it needs to be relaxed. This is ac-
complished by moving the asymptotes further away the current iteration point.

Furthermore, choosing a finite value for asymptotes Ujk and L}‘ guarantees that the re-
sulting approximation is a convex function [55].

Depending on the sign of the original function's first derivative the approximating func-
tion will either be defined by pf; or ¢/ with 1/ being a correcting function. The approximating

function is a first order approximation of g(x), see (Eq. 2.17).

agk ag; (Eq. 2.17)
k k =g k = = —1 = k
g; (x ) g,(x )and ox, 9, atx = x

This approximation function is used to solve a primal-dual sub problem whose solution

is then used in the next iteration.



min n plg]_ qlé]- . (Eq. 2.18)
X Z Uk _+ K +1y

X X A
j=1 \J ! j
Uk + k + i = 8j
S\ T KT
max{x;, a]k} <x5 < min{x;, B}‘} (Eq. 2.20)

The parameters a]k and ,B}‘ are called move limits and are defined by (Eq. 2.21) and (Eq.
2.22).

aff = 0.9L; + 0.1x/ (Eq. 2.21)

Igjk =0.9U; + 0_1x]l< (Eq. 2.22)

These so-called move limits limit the variation in X]k avoiding numerical singularities be-

cause they are chosen so that Llj‘ < cx]k < X]}( < B}‘ < U]-k. This stabilizes the optimization algo-
rithm by limiting its convergence. The move limits are implemented according to (Eq. 2.23)
and (Eq. 2.24) utilizing a constant that controls the interval in which these move limit can vary,
K.

max({x;; L; + ka(x}‘ - L)} (Eq. 2.23)
minfX;; Uj + ko (xf — U;)} (Eq. 2.24)
When implementing the asymptotes, the first two iterations of the sub problem calculate

the upper and lower bounds differently (Eq. 2.25) than the following iterations do, (Eq. 2.26)
see [56].

1}< = x— 0.5(% — xj) (Eq. 2.25)
u]k = x]}‘ + O.5(§j — gj)
{1#=x;<—v;<@—zj> (Ba. 2.26
uf =X+ v (% — %))

This y]k is a parameter used by Svanberg [56] to limit the variation in the value of x; from
one iteration to the next. It was critical to apply a continuation approach to it so that the solu-
tion to the buckling constraint would give a reasonable solution. This would restrict the pro-
gress of the iteration point so that a more reasonable step direction is chosen, as when this

10



parameter is low the value of x; cannot tend towards local minimum within the first few iter-

ations.

2.21.2 A Globally Convergent version of MMA
The distinction between the underlying MMA calculations presented and the globally

convergent version of the algorithm is in the approximating function for the sub problem.
GCMMA is processed in two iterative loops, an 'outer' iteration loop, and an 'inner' iteration
loop. The outer iteration is where a new iteration point is picked from, while the inner iteration
is where the approximating function are recalculated until they are greater than or equal to
the original function.

For this to work, a new iteration k will denote the outer iterations while v will denote
the inner iteration with the double index notation (k, v) being used. The optimization will run
as indicated in [58]. The approximating function are defined based on (Eq. 2.27).

n kv kv
g (x) =1/ + § ( T — )

where , dg + dg - (Eq. 2.28)
pl = (Uf —xf)"( 1.001 (a_xj (xk)> +0.001 (a_xj (xk)>

(Eq. 2.29)

+ p—
9
gk = (xk - 1F)’ 0001 (xk)> +1.oo1<—g(xk)>
0x; 0x;

(Eq. 2.30)

) nopk gk

k) _ k t 2

= gi(x )__Z<U.k—xl< +xk—L]-(>
SN TN K

J
The novelty in this new definition is manly the new parameter pf‘” which is updated in

each inner iteration, changing the approximations pf‘j and q{‘j such that it they are guaranteed

to be convex and conservative with respect to the original function and its gradients.
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2.2.2 Non-Gradient Based Optimization

Also known as derivative-free optimization, it is common to find in the literature non
gradient based optimization algorithms that use heuristic methods to solve the optimization
problem. For example, some authors use Genetic Algorithms (GA) to solve regular Structural
Optimization Problems (STO) [41].

Some authors have also applied neural networks to solve structural optimization relying
on a machine learning algorithm to overcome some stability difficulties with an interesting
proposition of even being able to solve plastic design of steel structures. [7]

In [51] it is argued that non-gradient based optimization on a small-scale problem can
(1) have better convergence, (2) deal with discrete designs, (3) it’s easy to implement, as it lacks
the need for gradients, and (4) it shows potential for parallel computing techniques. However,
these methods lose these benefits as the number of variable increases as it is often the case in

topology optimization design problem.

2.2.3 Sensitivity Analysis

One critical aspect of gradient-based optimization is associated with determining the
various gradients themselves as that process has a significant computational cost. The com-
monly used Finite Element Method (Eq. 2.31) is usually underlying many optimization prob-
lems so its treatment in stress derivatives requires special attention.

KX)u = f(x) (Eq. 2.31)

Equation (Eq. 2.31) represents an equilibrium problem in elasticity problems of solid
mechanics. The element stiffnesses matrices are assembled into the global matrix K(x), a load
f(x) is applied producing the displacement vector u.

Consider the generic functional ¥(x, u(x)) representing any constrain or objective func-
tion in a FE-based design domain. Typically, these are either constraints or objective functions
that are defined based on information about both the variable value, x;, and/or the displace-
ment associated with it, u(x). The stress function is a good example of such functional. It de-

pends on the extension of the bar, which in turn depend on the design variables, see (Eq. 2.32).

Ue (%) (Eq. 2.32)
Le

0e(u(x)) = Ece(u(x)) = Ee

To calculate the sensibility of ¥(x,u(x)) a total derivative is applied based on the chain
rule resulting in (Eq. 2.33), see also [46].

d¥ oY o0¥aou Eq. 2.33
o (0u0) =+ oo (F9-2%)
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Usually, the first partial derivative (explicit) is easy to resolve since it can be computed

directly in its analytical form. However, the second derivative (implicit) can be more complex
due to the contribution of ? see [8]. Differentiating (Eq. 2.31) and solving for % results in (Eq.

7
X

2.34) which can be reintroduced to equation (Eq. 2.33) resulting in (Eq. 2.35).

du _ [of  O0K(x) (Eq. 2.34)
ax - K0T 5~ 5 “(’Q]
dy v v [of 9K (Eq. 2.35)
T (0u0) = 5o+ KT 5 - “(’Q]

Computing the inverse of the global stiffness matrix results in added complexity and,
therefore, computational cost. So, the problem of solving du/ dx can be addressed via the Di-
rect Differentiation or the Adjoint Method as summarized below.

2.2.3.1 Direct Differentiation

Here one calculates the derivatives directly from equation (Eq. 2.36) which results in a
system of equation with as many equations as there are design variables, see [18].

dx 0%; 0x

Kdu _[of oK) u] (Eq. 2.36)

2.2.3.2 Adjoint Method

This method is recommended for topology optimization problems characterized by
number of design variables that is higher than the number of constraints defined by function,

¥(u(x)), as aforementioned [10]. The adjoint method’s formulation is presented below.

o¥ oy
K\=z,z=— ,A=—K! (Eq. 2.37)
aui aui

In the adjoint problem’s formulation z; is called the dummy load vector and is given by
differentiation of W(x,u(x)) with respect to the displacements, while A is called the adjoint
vector. Applying the adjoint problem methodology to (Eq. 2.33) results in a formulation that
will be and used to develop the sensitivity analysis of the stress constraints, (Eq. 2.38).

dw ow d (Eq. 2.38)
— o T — f—
x (xux)) I +A = (f — Ku)

In Pratas [46] a very thorough and well explained comparison between the two methods
is presented that concludes that a direct differentiation method is preferred when de number
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of constraints, m, is higher than the number of variables, n. And conversely the adjoint method
is preferred when the number of constraints is lower than the number of variables, m > n.

Both methods behave identically when the number of constraints is close to the number
of variables, m = n. Initially, it may be obvious that a direct differentiation is preferred since
the number of constraints per element is two, resulting in twice as many functions to derive
than variables, m = 2n, as will be shown by the problem formulation. However, both the stress
constraint and the buckling constraint are based on the element’s stress which is a functional
dependent on the node displacement, (Eq. 2.32). This rearrangement of the sensibility calculus
will result in the same number of constraints as there are variables, m = n, for which it would
be preferred to apply a direct differentiation as it is algorithmically easier to implement. Yet
the adjoint method was implemented regardlessly, because the work done in this dissertation
was not done in isolation, it was based on previous dissertations and will, hopefully, constitute
the basis of future similar works. At the cost of some difficulty in the present other future
projects were simplified such as adding multi-material density variables.

Because of this, the adjoint method is preferred. On the other hand, the stress associated
with an inactive constraint does not need to be considered, reducing the number of adjoint
problems to be considered, and thus justifying using the adjoint problem method when solv-
ing for the constraint’s derivatives, since the effective number of constraints can be signifi-
cantly smaller than the number of variables. This is because to minimize the number calcula-
tions done within the MMA algorithm only the active constraints are sent to optimizer, an idea

inspired by active constraint methods.

2.2.3.3 Sensitivity Formulation Readjustment

This dissertation takes as a basis primarily the work done by Pratas [46] and Almeida [8]
in which the adjoint method is applied directly to a constraint, as they consider only an ad-
missible stress constraint of the form shown in (Eq. 2.39).

2

The sensitivity analysis presented applies the adjoint method directly to this constraint
results in formula (Eq. 2.40) since in the context of this problem the load vector is independent

from the project variables.

dg® dg° ;0K (Eq. 2.40)
dx, 0% € 0%,

However, this methodology is only applicable when only one constraint is considered.
If another constraint was to be applied another adjoint set of linear equation would have
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needed to be solved, greatly increasing the number of calculation necessary and forgoing the
benefits of employing the adjoint method.

A significant readjustment to how the constraint sensitivity is calculated was done, since
the optimization is a stress-based optimization. As previously mentioned, both the admissible
stress constraint and the buckling stress constraint, as well as other mechanical resistance con-
straints are defined as higher-order function defined based on stress functions. Therefore, a
derivative of the stress is always implicitly calculated when calculating constraints sensitivity.
That means that determining the derivative of the stress function can be taken as a common
step between the different constraints’ sensitivities, even if those constraints refer to different
mechanical phenomenon.

Let the stress on a given element be defined by (Eq. 2.41), a more detailed explanation of

this expression is given in chapter 2.3.

cos 6 ) (Eq. 2.41)
ing (ux
Ge(U(X)) = Ee _S::l’(l)se L,
—sin@

Applying the adjoint method to this stress definition results in formula (Eq. 2.42).

do, doe 0K (Eq. 2.42)
= —de=—u
dx. 0%, 0Xe

Calculating the stress sensitivity directly with the adjoint method allows for a simpler
implementation of further constraints of mechanical resistance, since the sensitivity of those
constraints is now calculated directly apart from the stress derivative which is calculated only

once by the adjoint method. This stress sensitivity calculation is explored further in section 4.2.

2.3 Finite Element Method

The FEM was briefly touched upon in the previous section the following is a more in-
sightful demonstration of the method. Courant [19] was one of the first implementations of
what would later be known as the Finite Element Method, a term coined by Clough [16] is
developed partly as an aid for the development of airplane wings by the Structural Dynamics
Unit under the Boeing Airplane Company.

The FEM presents a discretization of a continuous domain by simple subdomains, called
finite elements, which allow for the construction of approximating functions. Resulting in
powerful features when compared with other discretization methods. [17] The FEM is com-
prised of three stages (1) Pre-processing, (2) solution and (3) post-processing.

In a pre-processing stage the continuous domain to be studied is represented by a pre-
selected type of element that will approximate it. Several points in space, or nodes, are distrib-
uted across the domain and then several elements connect those nodes to each other. Figure
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2.1 shows a schematic representation of this process which is often referred to as meshing and
is the source for several errors when applying a FEM.

Study Object

/

Figure 2.1 - Meshing process (a) original study domain (b) schematics of a meshed domain

After a domain is properly discretized, or meshed, the approximating function need to
be derived. The approximating function is usually of the form presented in the second-order
differential equation (Eq. 2.43) since it can represent many physical processes.

_%(a%> b eu—f=0 (Eq. 2.43)

Where u is the dependable variable that satisfies the differential equation, and it is usu-
ally dependent on the independent variable x. The other parameters” meaning changes de-
pending on the type of physical settings that are considered therefore the FEM is constant
through many applications and the context is what gives these parameters their meaning. The
Finite Element method can be applied to a wide variety of problems like solid and structural
mechanics, fluid dynamics including viscous or compressible fluids, mechanical vibration
problems with coupled vibrations or damped vibration or even the more complex forced vi-
brations, heat transfer problems and so on. [40]

The topic of solving differential equation is lengthy however when dealing with the FEM
an approximation of the exact solution is used resulting in (Eq. 2.44)

Ku® =f°+Q° (Eq. 2.44)

Where K¢ is the coefficient matrix of element e and f¢ + Q€ are the load vector, with f¢
being constant load and Q° being the load variation from one node to the next, if applicable, it
simply represents a distributed load. In a structural environment the coefficient matrix is
known as the stiffness matrix, the load vectors are known as force vectors and u is the dis-
placement suffered in each of the degrees of freedom, DOF.

With the element’s approximating function derived the next step is to assemble all the
local solutions onto a global problem formulation. This assemblage is done based on the nodes

that a given element interfaces with, so an element that connects nodes 1 and 2 will impact the
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global matrix in positions associated with the DOF’s of nodes number 1 and 2 with a com-
pounding effect from all the other elements affecting those nodes. Figure 2.2 schematizes how
the local stiffness matrix are put together into the global stiffness matrix.

(a) (b)
v
P — \
e e | e
- Lf TSRl 1,3
_ e e I""'1» e
‘ o___ 0 K= '\ 21 K22, K2,3
@ @ 0 Fe~ T e e:
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Figure 2.2 - Assembling the global stiffness matrix. (a) 3 Bar structure (b) assembling of stiffness matrix

This concludes the pre-processing stage of the FEM resulting in a matrix equation (Eq.
2.45).

Ku=f (Eq. 2.45)

The following stage is the solution stage that solves the previous equation although there
are some nuances to the process of solving a matrix equation and there are other types of
problem formulations, those won’t be addressed in this dissertation.

The last stage is the post-processing stage where the results of the equation are dealt
with and interpreted by the user.

2.3.1 Bar, a Finite Element

Truss structures are comprised of unidirectional elements to define its structure so the
recommended type of finite element would also be a unidirectional element. Considering that
unidirectional structural elements are either a beam element or a bar element and usually the
decision of which to employed is based on the type of internal loads that the element is sup-
posed to model. A bar element models a bar, a mechanical element that supports only axial
loads and only has two degrees of freedom on its local coordinate system that capture the
movement of nodes along the element’s axis. As opposed to a beam element that has two
nodes on its extremities and two degrees of freedom per node, four in total, referring to the
node’s rotation and movement in an orthogonal direction, there exists a complex finite element
that combines bars and elements named framed element, that captures all the loads supported
by each of these two finite elements.
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With the added complexity of a beam element, they should only be considered for anal-
ysis when strictly necessary since the lower cost of bar elements would allow the analysis of
larger and more complex structures. A bar element is comprised of two connected nodes
i and j and is defined by the length between those nodes and the cross-sectional area of the
element, it can also have material information for the purposes of structural optimization the
Young's Module and the specific density are required since the rigidity of the element and its
mass are important for defining the constraint and objective function.

For a bar on its local coordinate system the local stiffness matrix is defined by (Eq. 2.46)

e = ey 1 —1] (Eq. 2.46)
Le -1 1

However, since the bars may have different alignments the global coordinate system
must be considered, that is done by considering a transformation matrix that converts the co-
ordinates form the local to de global matrix coordinate system, (Eq. 2.47)

e _ mTre . _[cosB, sinB, 0 0 ] (Eq. 2.47)
K = TIk°T,, with T, = | 0" coso. sind,

Where 6 is the angle of the element w.r.t. with the horizontal axis. In (Eq. 2.48) and (Eq.
2.49) the same process is applied to the load and DOF vectors.

fy cos® (Eq. 2.48)
ff sin@
f5 cos©
fs sin 0

[Fe] = [TJ{f} =

uf cos 6 (Eq. 2.49)
uj sin6
u$ cos 0
u$ sin 6

[U€] = [T ]{u®} =

When applying a finite element analysis to structural topology optimization it is im-
portant to note that the force applied in each element is dependent both on the area of that
element and on its material properties.

2.4 Buckling Constraints

Buckling is a phenomenon that is prevalent in column mechanical components such as
beams and bars under compression where the load that provokes the component's failure may
be far inferior to the material's compressive yield. The critical buckling load, P", given by
Euler's Column Formula (Eq. 2.50) [39], indicates the limiting value for this behavior.

18



_ T2EI (Eq. 2.50)
(nerL)?

cr

In this formulation E represents the material Yield Strength, I represent the cross-sec-
tional moment of inertia, L represents the column's length and lastly n., is a parameter that
accounts for the end conditions of the column and controls the effective buckling length, since
the columns used in this work will be articulated at both ends, n., = 1. This formula appears
in the various buckling problem formulations. A further rearrangement can be made to this
formula since I = B.AZ, for a circle cross-section B, = 1/41 (Eq. 2.51) [3]. Defining the mo-
ment of inertia this way facilitates having the area as an optimization variable and let’s change,
when implementing, the shape of the element's cross-sectional area.

_ m?EBja;  mEA2 (Eq. 2.51)
412

PCI‘

To get the previous formula to be in accordance with a stress base formulation it is
simply necessary to divide the critical load by the elements area to get the elements’ critical
stress, (Eq. 2.52).

_ mEa; (Eq. 2.52)
Oer = 317

In topology optimization if only stress and buckling constraints are employed the solu-
tion may lead to unstable structure given that there are unsupported hinges within the final
solution [64]. Therefore, one of two solutions may be proposed either dealing with the hinge
stability, with a Global Buckling Approach, or removing the hinge entirely, interpretating a
bar is modelled by more than one element, with a Local Buckling Approach [48].

2.4.1 Global Buckling Approach

For a global approach to structure buckling an additional constraint is used (Eq. 2.53)
which is based on an Eigen values problem (Eq. 2.54).

Kt)+G(u,t) >0 (Eq. 2.53)
(K(t) + AG(u,t))z =0 (Eq. 2.54)
In which K(t) and G(u,t) are global matrices for stiffness and geometry, respectively

[12]. The first Eigen value, 2, is often called the critical load factor since it is a multiplicative

factor by which the load must be multiplied to cause structural buckling. This constraint can
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only consider the rotation of members in relation to each other since Local Buckling does not
influence it therefor is used to avoid hinge instability. [29]

Utilizing global stability structures alongside other optimizing routines it is possible to solve
large structure problems [62],[45]

Some authors use imperfections in a ground structure so that the alignment between elements
isn’t perfect motivating support elements to the unsupported hinge. [35],[44]

2.4.2 Local Buckling Approach

This approach is used when the desired result is to have elements of the ground struc-
ture merged into longer bars, but it suffers from a phenomenon known as jumping buckling
length [3]. A phenomenon that occurs when at a node the only remaining bars with non-zero
area are collinear therefor the length to be considered in Euler’s Column Formula, the buckling
length, has “jumped” from the length of one bar to the length of two.

Since there is a sudden change in the critical buckling load as some areas tend to zero
the feasible region of the areas belonging to collinear members is discontinuous. Gradient
based optimization cannot deal with discontinuous feasible regions.

Some strategies have been employed to deal with this phenomenon. The optimization
of chains when the adjacent element's area is zero leading to removing the discontinuity from
the problem [4]. With a given ground structure divided onto its possible chains the length to
be evaluated can either be the length of an individual member or the length of the larger chain
if the areas associated with the elements supporting a hinge are zero.

NN

Figure 2.3 - Simple ground structure for chain analysis

In Figure 2.3, each element can be in one of three categories it can be an aligned element,
it can be a supporting element, henceforth referred to as adjacent elements, or it can be an
unrelated element to the hinge. These categories will create dependencies that will influence
the sensitivity as will be shown in following chapters. Considering node 5, the lined elements
would be elements (7) and (8), the elements adjacent to that node would be (3), (4) and (5),.
Lastly the unrelated elements for node 5 would be (1), (2) and (6), henceforth non-adjacent
elements. This distinction into these three categories is important for the computer implemen-
tation of this methodology as well as the sensitivity analysis since some properties will have

dependency on the adjacent elements.
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Other works employ an overlapping larger bar to the ground structure while either us-
ing Global Constraints to solve the problem allowing the algorithm to have the alternative
between two small bars whose hinge needs support or one longer bar with increased area [25].
Or even by introducing a penalization to the length of each bar discouraging the use of indi-
vidual member over the usage of the underlying longer bars [47].

Achtziger's work has been used in a large set practical applications in many different
problems found in the literature therefore, it will be the preferred method for dealing with the
jumping buckling method of this paper. Some works that reference Achztiger's work
[21][13],[62]. It is also referred to when dealing with global buckling constraints in conjunction
with member buckling because of the treatment of buckling constraint’s difficulties even
though the jumping buckling length problem is avoided by utilizing the global buckling con-
straints.

2.5 Epsilon Relaxation

In a stress-based formulation of a topology optimization problem there is a discontinuity
that stops the iterative process and is the result of having zero valued areas, since as the area
approaches zero the stress approaches infinity. This problem can be circumvented by impos-
ing a minimum value for the area, € < A; [27]. Called € — relaxation it has been shown that it
can bridge the gap between sizing and topology optimizations [14]

The structure shown in Figure 2.4 is taken from Guo [26] as well as the member stress
that will show what the impact of this € — relaxation is.

Lo

()

Lo
(3)

P

Figure 2.4 - Structure for analysing both the constraint behaviour and the continuation approach from [26]

So that the following calculations are simplified the length shown is attributed as L, =
1. The stress in the elements shown is given by (Eq. 2.55)and (Eq. 2.56).

2 (Eq. 2.55)
YT 24,4424,
1 (Eq. 2.56)
0 =03 = ——"—
27T 24, +24,
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Assuming the constraint, g, shown in (Eq. 2.57) where o, is the stress on elemente,
Oadm is the admissible stress that will be considered the same for every element, and € is the
parameter with regards to the € — relaxation approach. Note that the constraint should be mul-
tiplied by the element’s area in order to avoid the discontinuity of the stress constraint, instead
dealing with internal forces [27].

g% A (( o )2 - 1) <e (Eq. 2.57)

Oadm

Since the stress for elements 2 and 3 are defined by equivalent formulas only g? and g3
will be considered.
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Figure 2.5 - € relaxation of the stress constraint with increasing relaxation

Considering the graphs presented in Figure 2.5, it is possible to note that point (A, A;) =
(0,0.5) transforms from a discontinuity when € = 0 to a connected area of the admissible re-
gion this allows a sizing formulation of an optimization problem to eliminate the necessary

bars, merging sizing and topology optimization into the same problem. [14]

2.6 Continuation Approach

Analyzing graphs like the ones presented in Figure 2.5, Guo and Cheng [27] propose
that the attractive region of the global optimum increases as € increases. This allows the opti-
mization algorithm to follow a path from an initial relaxed design, where all elements have
the same value for their cross-sectional area, until the global optimal point is hopefully reached
simply by decreasing €. [15] This approach allows for previously inaccessible sub regions of
the admissible region to be accessed by gradient based optimization.

In both Pratas [46] and Almeida [8] the continuation approach is comprised of two dis-
tinct stages: a variation stage and a stabilization stage represented by I; and I, respectively.
There is a small initial number of iterations, §.1;, of I; were the parameters are kept constant
so that the algorithm has time to adjust to the initial unconstrained problem, according to Pra-
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tas [46] 8, € [0.05 0.20]. The variation stage I, is defined by % with k¢t = 2.5, finally the num-

ber maximum of iteration is given by I"™#* =, + I,. It is important to reference that in Pratas
[46] the second interval I, is used to restrict the intermediate material constraint g€ as by their
notation, this constraint only becomes relevant when dealing with densities has the variables
for the optimization problem,

So, starting from a relaxed form, as the iteration progress a linear variation of the relax-
ing parameter, ¢, is used to transition onto more restrictive solution, "trapping" the algorithm
away from the local minimum with all bars present.

24



‘ 3
PROBLEM FORMULATION AND
CONSTRAINT ANALYSIS

3.1 Introduction

In this chapter an analysis of the employed constraints, the nuances of employing them,
and some graphical analysis is performed to justify and understand some of the decisions and
options that were took when developing the present work and its formulation.

Since the elected type of elements is a bar the only types of loads to be considered are
either compression or tension, in both cases they are an axial load with the only difference
being the direction the load is applied in. However, the behavior of a bar under these loads
differs. While under tension a bar can support almost as much stress as its material tensile
yield strength, under compression, and depending on the slenderness of the bar, the same bar
may only support fractions of its compressive yield stress, or not even being able to support
its own weight. This is due to the buckling phenomena that affects slender mechanical com-
ponents under compression. A buckling constraint will be developed and implemented in the
following chapters so that the stress value of any component under compression is limited to
a value lower in value than the critical stress, ensuring that the analysis is performed in the
linear stages of the stress curve, simplifying the computation.

When designing any kind of structure, it is important to know what failure criteria will
be applied to the material, since it will have implications in the dimensional aspects of the
structure. Although there is extensive literature developing algorithms that solve optimization
problems with dynamic phenomena such as vibrations [60] or fatigue [36], these will not be
included on the current problem formulation. Therefore, the following analysis will only need
to consider static effects.

A criterion commonly used is the von Mises stress defined by (Eq. 3.1)

J(ol —6,)* + (0, — 03)2 + (05— 0,)° _
2 = oY

(Eq.3.1)

Where, 0,,0;, and o3 are the principal stresses and oy is the yield stress for a material
determined by a uniaxial tensile test. This definition correlates the state of tension on with a
singular scalar parameter that can be correlated directly with the material yield stress. This

25



von Mises stress-based criteria is also known as maximum distortion strain energy criterion,
it is required and regulated by some design norm codes. As it is a bad practice to design com-
ponents considering that the loads applied to it will develop a stress in the components close
to its yield stress, usually a safety coefficient is employed, which is also regulated by norm
codes. Resulting in a new limiting stress that will be referred to as admissible stress, g4py. In
the present work the safety coefficient will be considered one, making the admissible stress
equal to the tensile yield stress. This note is important when defining the optimization param-
eters if a real structure is to be designed.

Elaborating on the energy-based formulation, some earlier works solve the optimization
problem of maximizing potential energy [59] which equates to solving a maximum stiffness
problem [33]. These works are then referenced to when developing a problem formulation of
minimum potential where there are different constraining values for the stress when a com-
ponent is compressed and when it is tensioned [6].

3.2 Stress Constraint

The previous developments to the current algorithm, performed by Pratas [46] and Al-
meida [8] only contemplate one single constraint per element, the stress constraint. In their
dissertation Pratas [46] explains the three problems of employing a constraint in the form (Eq.
3.2), which are (1) non-linear behavior, (2) local nature and (3) singularity phenomenon.

2 Eq.32
gi(—=) —1=0 (Eq.32)

The nonlinear behavior of the stress constraint can be solved by a mesh convergence
analysis, resulting in two types of mesh refinements, h-method if the number of elements is
increased, or p-method if the number of nodes is increased [46]. In a scenario where the test
problems are based on defined ground structures changing the mesh layout may be undesir-
able. So, to deal with nonlinear optimization it is possible to either linearize the constraint or
use nonlinear optimization algorithms to solve the problem [28].

The local nature of the stress constraint, comes from the fact that each elements stress
needs to be compared to the limiting stress value, resulting in at least as many constraints as
there are elements in the ground structure. One of the techniques used to avoid the local nature
is aggregation techniques, that deal with a singular overall constraint that results from aggre-
gating the information from every bar [46]. The computational cost of this local nature may
turn some examples prohibitively expensive, limiting the size of problem that can be solved.
So much so that the efficiency of the programmatic implementation of the algorithm is the key
to solve larger and more complex problems. Some authors have applied parallel computing to
reduce the time taken to solve such complex problem [31].
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The singularity phenomenon is direct consequence of how the stress of an element is
calculated since it depends on the element’s cross-sectional area. As it approaches zero, in a
topology context that should be interpreted as the bar being eliminated, however as the area
decreases the element’s internal stress tends to infinity. This would mean that the tensile yield
criterion is violated and so the elements cross-sectional area needs to be increased, disallowing
the topology optimization to continue and reach the true global optimum, since the algorithm
gets “trapped” on those local optimums that include bars that should have been removed.

To solve this last problem Pratas [46] presents two different relaxation techniques, the e-
relaxation (Eq. 3.3) and the qp-approach (Eq. 3.4), based on [15],[32].

(xa N\ (Eq. 3.3)
gi: ((%) - 1) Xp S €

_ 2 Eq.34
. <01(xpi)> <o (Eq. 34)

q
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Choosing which of these techniques to apply depend on the type of design variable be-
ing used, and since this dissertation’s design variable is solely the cross-sectional area, the
employed relaxation will be the appropriate € — relaxation, so the stress constraint will be de-
fined in the form of (3.3). However, the qp-approach will not be removed from the algorithm’s
implementation, since it is a core component when dealing with density design variables, and
it would facilitate the study of this algorithm in a multi-material setting.

3.3 Buckling Constraint

Euler's buckling load defines the maximum load, either stress or force, that a component
can support under compressive load, (2.34). To correctly model a truss structure, this phenom-
enon must be taken into account in the problem formulation since any bar under compression
is at risk of buckling. Initially and taking advantage of the fact that buckling only affects ele-
ments under compression, a constraint may be formulated understanding that any member’s
tension stress, oy, that is larger than its critical buckling stress, Obucys does not produce buckling
[3] (Eq. 3.5).

—Opucy, < O (Eq. 3.5)

The above constraint is a concave inequality which cannot be integrated into a convex
problem optimization [45]. Poulsen linearizes the constraint trough an iterative process that
deals with the derivative of Euler's Buckling. The problem of concave constraints can also be
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avoided by dealing with member stress instead of force, but this process introduces disconti-
nuities in the feasible domain. Figure 3.1 shows the feasible regions of a single bar of fixed
length with a force applied to its extremities both when studying either the force environment
or the stress environment.
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Figure 3.1 - Feasible Region in (a) Force based formulation (b) Stress based formulation
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When analyzing the graph presented in Figure 3.1 (a) there are three regions that can be
identified. The first region is the elastic case where the generated stress is smaller than the
compressive yield stress, this would be the region above the compression limit line. The sec-
ond region is the plastic case where the generated stress is larger than the compressive yield
stress, this would be the region below the compression limit line. Lastly, the third region is the
slenderness case which corresponds to the region where the limiting effect is the critical buck-
ling stress instead of the material’s compression limit, which would be the region of the graph
in between the Euler buckling limit line and the compression limit line [42].

It is interesting to note that the derivative of a force constraint in terms of the design
domain, the cross-sectional areas, results in stress information. Linearizing a problem by deal-
ing with the derivative of forces or linearizing by dealing with a stress formulation has the
same physical principle behind it. Note also, however, that the 1st order derivatives of a stress
function lose physical meaning.

One of the recommendations to correctly apply the optimizing algorithms, both MMA
and GCMMA, is that the constraint should have its value comprised in between 0 < g; < 100.
For that reason, a normalization of the constraint is applied resulting in the equation shown
in (Eq. 3.6)

% 1< (Eq. 3.6)
GCI'

However, this transformation isn’t as straightforward as shown because of how the ele-
ment's tension and its critical tension interact as an area tends to zero in value, since both of
those parameters depend on the element’s area. Consider a given element under a constant
force, F,, such that the stress applied to that element,o,, is simply the applied force divided by
the element’s area, (Eq. 3.7), and its limiting buckling force is given by Euler's Formula, o,
(Eq. 2.52).

l:e (Eq 3.7)
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As shown in Figure 3.2 as the area tends to zero the stress on that member, o,, sharply
rises giving rise to a problem when trying to apply a topology optimization algorithm. Simi-
larly, to the stress constraint, the bars won’t be eliminated because there is a point at which
decreasing the area further would violate the buckling constraint, o,. Such a problem neces-
sitates the adaptation of the constraint, by altering the critical stress formula o¢;, noting that
the problem arises from the way this formula behaves as the area tend to an infinitesimal
value. Although it is true that a small area would be unstable, it is also true that small enough
areas are to be disregarded, when in a topology optimization environment. It should be inter-
preted that the element is to be eliminated from the final layout, if the area crosses some pre-
determined threshold, since the area is the topological variable and is of real value. Consider-
ing only an initial adaptation of the formula the minimum area allowed by the constraint goes
from A, = 0.3 to A, = 0.15.

The balancing between disregarding small areas and capturing the behavior of small
areas without singularity problems can be achieved by adding a new function to the critical
stress formula. This function would have little influence in Euler’s buckling formula when the
function’s value is large enough, but it changes the behavior of the function when the area
tends to zero and the function itself approaches singularity situations.

The necessary behavior can be observed in a hyperbolic function such as f(x) = i, adding

this kind of function to the critical stress formula would change how the formula behaves for
small values of critical load. This is because as the area tends to zero the new added function’s
value would take over and correct the overall constraint. In Figure 3.2 the line attributed to o¢,
is the product of this adaptation as dictated by formula (Eq. 3.8)

1 Eq. 3.8

Ggr(Ae) = Gcr(Ae) + (A, + u)p ( 4 )
e

With

i ( . )% (Eq. 3.9)
"= O Oadm

This new adaptation allows the element’s area to approach zero without violating the
constraint and as the area increases, the difference between the two formulations tends to zero
becauseAlim o¢r = O¢r. The definition of parameter p is such that it connects this new added

e—)OO

formula to the element’s admissible stress, grounding a somewhat abstract concept in physical
properties.

It is then important to understand the influence of parameters a and p in the new limit-
ing function since they are independent parameters with great influence in the final constraint.
In Figure 3.3, a chart is presented where both parameters are varied such that the new con-
straint can be plotted in conjunction with the dashed element tension line, oe.
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As seen in Figure 3.3, the larger the value of p is, the closer the new function becomes to
the original function while the smaller the value of a, the smaller the different between the
functions is. This understanding is important when it comes to defining the behavior of mul-
tiple elements and their interaction with each other. However, it is pertinent to note that it is
possible to turn this well-behaved function into a concave constraint that might destabilize the
optimization algorithm. Note that the intersection point between the element’s stress line and
the different constraints moves to smaller values of the area, allowing for a more relaxed ver-
sion of the same problem, since the area variable can take smaller values without violating the
modified constraint.

For clarification, the objective of this modification to Euler’s buckling formula is to im-
prove the behavior of the overall constraint when small areas are obtained, this results in the
partial destruction of the linearization obtained by dealing with a stress-based formulation.
The effects of this new adaptation and its importance will hopefully become apparent when
analyzing scenarios with more than one element done in 3.3.1.

Another implementation that will facilitate the area of a given member to reach zero is
by changing the constraint’s formulation so that it vanishes from the problem, changing the
number of constraints that are considered in each iteration. This is achieved by rewriting the
constraints in the form of g; - x; < 0 [5]. According to Guo, by multiplying the constraint by
its area is done, the formulation changes from a stress-based formulation to a force-based for-
mulation [14], this is easily confirmed when considering the stress definition (Eq. 3.7) and tak-
ing considering that the design variable represents the element's cross-sectional area. How-
ever, when the constraint is normalized to fit with the optimizing algorithm's requirements it
makes the constraint dimensionless, removing all physical meaning. The objective of formu-
lating the local constraints as itself multiplied by the variable they address, then becomes the
removal of those constraints [5]. The difficulties associated with including buckling in the con-
straint do not need to be considered if the constraint is absent, so this reformulation of the
constraint improves it's relaxation without sacrificing the meaning of the constraint when
dealing with larger areas.

To ensure the value of a constraint defined this way is below one hundred as per the
recommendation of the optimizing algorithm, the initial constraint must respect -1 < g; <1
because the project variable is defined by 0 < x; < 100. However, this leads to a formulation
whose areas cannot be larger than 100, which is inconvenient, so a scaling factor is introduced,
¢. Applying this scaling factor to the variable, x,;, so that it captures any element’s real area,
Aj, results in (Eq. 3.10).

Aj = - xp, (Eq. 3.10)

The parameter ¢ affects the entire problem formulation, so it is not element dependent,
this mean it is a scaling parameter that will affect the entire constraint. The fact that the area
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variable is now always bounded by 0 < x; < 100, results in a notion of normalized area vari-
able, x5,. With the motivation of presenting a cohesive version of the constraint, only the nor-
malized area variable will be multiplied by the constraint, omitting the scaling factor ¢, since
it applies to every element. The disappearing constraint effect is preserved since as x,, tends
to zero so does the overall constraint.

The result of the previous considerations is a constraint that is defined as shown in (Eq.
3.11). This constraint resolves the singularity issues of including the buckling effect into the
problem formulation with normalized constraints applicable to MMA and GCMMA by aggre-
gating two attenuating effects, the relaxation of Euler’s formula and erasing the constraint as

X, tends to zero.

g Oc 1) — Eq.3.11
gi: TE.$ X, 1 1% —€<0 (Eq )

417 T+ 0P

1
o)
n=
O Gadm

This constraint is not yet the final form the constraint will take as it does nothing to

With
(Eq. 3.12)

address the jumping buckling length phenomenon, but it is important to first analyze this in-
termediate form of the constraint to prevent the analysis of the full constraint from being too
cumbersome. So, to better understand the importance of this definition, in the following chap-
ter, a two variable problem is created and studied such that a visual representation on a Car-
tesian graph is possible.

3.3.1 Structural Optimization Problem with Two Variables

Because a graphical representation is usually helpful to understand a complex mathe-
matical problem, a two variable problem is used such that its solution is a known point. Start-
ing from a five-bar ground structure, seen in Figure 3.4, the five potential variables, associated
with each of the elements” bars, x5, = x,_ are grouped into one of two auxiliar variables,
A; and A,. This grouping is done such that the elements grouped into A; are the only elements
present on the optimum point of the 5-bar problem. In this case the grouping is done according
to (Eq. 3.13).
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Figure 3.4 - 4 node ground structure

Ay =Xp, = Xp, (Eq. 3.13)
Az = XA2 = XA4 = XAS

When analyzing the 5-bar problem it is apparent that only two bars are under compres-
sion, bar (1) and bar (2), therefore only two buckling constraints influence the optimal solu-
tion. This way a constraint can be associated with each auxiliar variable resulting in a buckling
constraint for each variable. This effectively changes the topology optimization problem from
a 5-constraint problem into a 2-constraint problem when only buckling constraints are applied.

The value of the optimum auxiliar variables can further be simplified if the adequate
physical properties are chosen, Table 3.1. These properties are chosen so that the final opti-
mum design is simply (4;,4,) = (1,0), this point will be referenced as point B in the following
graphs.

Table 3.1 - Simplified material properties

Property Value
Young Modulus, E; [Pa] f
T
Cell Length, Ly [m] 1
Applied Force, P [N] 1
Admissible Stress, o5py [Pa] V2

Applying these parameters to both the definition of stress and critical stress solved both
for the element’s area, (Eq. 3.14) and (Eq. 3.15) respectively, results in an optimum point that
is fully stressed.

Fe (Eq. 3.14)
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AL2 (Eq. 3.15)
Ae= 7 e

With only two buckling constraints it is possible, as mentioned, to plot out the admissi-
ble region as a 2D graph, Figure 3.5 shows the graphical representation of a simple application
of a buckling constraint, (Eq. 3.16)). This initial constraint will serve as a baseline from which
increasing complexity will be added.

gi: (oi— Gcriti)Ai <0 (Eq. 3.16)

«Z=3>>lsoLines
gt
g2

5 TTeee i +  PointA
X PointB

Figure 3.5 - Basic Formulation

The graphical representation of this constraint clearly shows why a gradient based opti-
mization would not deal with this feasible region, since it would tend towards Point A and
would have no means of “jumping” the discontinuity onto the true optimum point, Point B.
The lines shown have an asymptotic behavior with regards to their respective axis, and so the
feasible region is discontinuous. To solve this discontinuity a € — relaxation is employed re-
sulting in a formulation that will be referred to as Guo’s Formulation, defined by (Eq. 3.17).

The graphical representation of this constraint is shown in Figure 3.6.

gi: (0; = orig)Ai <€ (Eq. 3.17)
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Figure 3.6 - Guo's Formulation

This new constraint initially solves the problems of dealing with a buckling constraint
however it is not in accordance with the recommendation for applying the optimizing algo-
rithm [30] and with the works of Pratas [46] and Almeida [8]. Normalizing Guo’s Formulation
results in (Eq. 3.18) and its graphical representation, Figure 3.7.

; Eqg. 3.18
gi:<ol _1>A1S8 (Eq. 3.18)

cycriti
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Figure 3.7 - Guo's Formulation Normalized

One realizes that normalizing Guo’s Formulation, as per the requirements of MMA al-
gorithm reverts the behavior of the problem, such that an almost asymptotic situation is reap-
pears. It is critical for the optimizing algorithm to recover the buckling constraint’s lost behav-
ior. This was achieved by implementing the previously discussed adaptation to Euler For-
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mula, (Eq. 3.8), resulting in constraint (Eq. 3.19) equivalent to (Eq. 3.11) and its graphical rep-
resentation Figure 3.8. This implementation henceforth be referred to as normalized epsilon

relaxation.

(Eq. 3.19)

(Z=>>Iso Lines
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g2
Paoint A
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- — = Lower Bound

Figure 3.8 - Normalized Epsilon

It is important to note the effect of a lower bound on the optimum point since if the
lower bound is high enough it can interfere so much with the admissible region that the opti-
mum is altered, as seen by the red dashed line on the graph. If this line represents a lower
bound it will limit the admissible region in such a way that Point B is unattainable, so Point A
will be considered the optimum point. This may lead to solution where no bars are eliminated
from the final solution therefore defeating the purpose of the topology optimization process.

3.3.2 Jumping Buckling Length

The jumping buckling length is a phenomenon that manifests itself when dealing with
buckling constraints on a STO environment because as bars are removed, some nodes may
become unsupported. That is to say that only two colinear bars remain attached to the node,
in that case the actual buckling length is the sum of both bars' length resulting in an abrupt
change of the buckling length to a higher value greatly increasing the minimum allowed area
for both bars.

This property creates disjointed admissible areas that make it difficult to apply a gradi-
ent based method. It is important to transform this "jump" into a "slope" so that a contiguous
region is created. It is possible to overcome this difficulty by defining a problem based on the
possible chain within a given ground structure [3]. The basis for this study is a 9 node, 20 bar

element ground structure, present in Figure 3.9.
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Take for instance node (2), from the five elements connected to it, two are colinear, (1)
and (2), and would form a chain. Then if the areas of the other members, the adjacent elements,
are set to zero the buckling length to be considered would be the sum of elements (1) and (2)

since the node became a hinge.

(12)

()

> 0 13)15

Figure 3.9 - 9 Node Ground Structure

Achtziger would define a constraint using a branched function since there are two sce-
narios to be considered in the constraint, both an unsupported and a supported node. There-
fore, a constraint is defined in the form presented in (Eq. 3.20).

nEyaf (Eq. 3.20)
— ifCi(a) =0
412 !
nEya?
4L(c)?

gi: Fi=

vceCi(a) ifCi(a)# 0

In which C;(a) is the set of active chains, ¢, in a given ground structure, a chain is defined
as active if the area of all adjacent elements is zero. This approach of identifying adjacent ele-
ments to determine which chains are active is paramount for the methodology employed alt-
hough as it will be presented some slight modifications were done. The algorithm developed
is comprised of two stages, an initial construction of a table that stores the chain information
comprising all the chains in the current ground structure, the intermediary nodes associated
with each chain and the adjacent elements to each chain. And a second stage performed during
the iterative process where the adjacent elements’ areas are monitored so that if a node be-
comes unsupported the correct buckling length is used.

Achtziger's approach proposes that a table of chains is constructed such that as the sup-
porting elements are removed. The leading element of a given chain acquires the properties of
the whole chain. In practical terms it removes an intermediary node from the chain in question.
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However, this methodology may lead to difficulties if there is a necessity to reintroduce the
node into the structure, so some modifications are employed to identify the chains and act
accordingly, without removing the underlaying nodes.

The developed algorithm analyses every node on a ground structure and trough the el-
ements connectivity gathers which elements are connected to the node being analyzed. For the
9-node ground structure, the elements” connectivity of the first nine elements, representing
only the bottom half of this structure for brevity’s sake, is presented in Table 3.2.

Table 3.2 - First 9 element connectivity table for a 9-node ground structure

Element | Node @ Node

Number ii i
1 1 2
2 2 3
3 1 4
4 1 5
5 2 4
6 2 5
7 2 6
8 3 5
9 3 6

Since the connectivity table is prerequisite to defining a ground structure it is useful to
base the chain effect analysis in this information. When analyzing node (2), to gather the ele-
ments connected to it, it is only necessary to check if in the connectivity table an element is
defined based on that node. Associating Table 3.2 with Figure 3.9 it is possible to confirm that
only the five elements connected to node (2) have their connectivity defined with it.

After determining which elements are connected to the node in question the next step is
twofold, determining which elements are collinear, which then means that all the other ele-
ments are supporting elements to the chain made from the collinear ones. Taking advantage
of the definition of chains being based on collinear elements, it is only necessary to gather the
elements’ angle with regards to a horizontal reference and matching the ones that are equal.

Table 3.3 - The angle of elements connected to node 2

1 0
2 0
5 135
6 90
7 45
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Table 3.3 shows the angle of each of the elements connect to node 2, as expected only
elements (1) and (2) share the same angle, therefor in node 2 there is only one chain comprised
of those two elements, while elements (5), (6) and (7) can be defined as adjacent elements. To
reiterate, if at any point during the optimization the areas of elements (5), (6) and (7) ap-
proach zero, the node should be considered unsupported, and the chain should be considered
active, (Eq. 3.21), with I,4; (i) being the set of adjacent elements to node i.

j€Taqj

Determining that a node is unsupported is a key feature in distinguishing from sequence
of elements in which the buckling length is independent from each other, and a sequence of
elements that are modelling a larger component. In which case the buckling length should be
the sum of the chain’s elements buckling length. The buckling length then becomes dependent
on the area of the adjacent elements to a particular chain. This dependency has repercussions
that will be explored and dealt with in a later sensitivity analysis.

If the area variable is not allowed to reach zero, the requirement for an unsupported
hinge cannot be defined as the sum of the adjacent elements” areas being zero. Since, in a com-
putational environment it is rare to encounter a mathematical exact result, due to numerical
errors and therefor the areas will only approach zero never actually reaching it. A requirement
for an unsupported hinge rather than being defined by (Eq. 3.21), will be defined by (Eq. 3.22).

b Y x=e (Eq. 3.22)

j€Taqj

This approach of defining a low enough value from which a certain variable should be
considered zero is a common occurrence when solving problem with a computer analysis. Yet
from this formulation a discrepancy becomes apparent, if a chain is supported by only one
other element, that element’s area may be equal to €, however. if another chain is supported
by four elements the area from which the element is considered erased in one fourth of € re-
sulting in an inconsistency when analysing hinges.

With the intention of developing a strategy that encompasses various node dispositions
with various possible number of bars connect to any node. A strategy based on the average
area, A, of the elements connected to a node is developed. In this case a node will be considered
unsupported if this average value is below a certain cut off point, A,.f. The cut off point, or
reference area, plays the role of € in equation (Eq. 3.22). The new expression to determine un-
supported hinges is represented in (Eq. 3.23).

iz ¢ Z i < Aver (Eq. 3.23)

adj .
) J€Tag;j
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In which, N,q; is the number of elements within I',4;. The usage of the average area is
inspired by the way an unsupported node may be defined in a density variable environment,
if there is less than one adjacent node it can be identified by the average of the density varia-
bles, since these are Boolean variables. If (Eq. 3.24) is verified, then there is less than one adja-

cent node.

1 1
%) = — 2 X, < — 2 xp < 1 (Eq. 3.24)
Nagj J 7 Nagj )

j€Taqj j€laqj

When a chain is identified as active, two different lengths are important for the optimi-
zation algorithm the element e's length, L., and the length of the chain, element e is part of,
the buckling length, Ly,.. So, if the average area is zero, the length to be considered is the
length of the chain, Ly, while if the area is higher than zero then the length to be considered
is only the element’s length, L;. By interpolating between these two extremes, it results in (Eq.
3.25).

A (Eq. 3.25)

Lbuc= L1+ <1— )L
ref

This function dominium is only A € [0; A.¢f] since having a negative buckling length

doesn't have any physical significance. So, for values of A above the cut-off points the node

should be considered fully supported and thus the buckling length should be only the length

— — A \PL
of the element. For convenience B(A) is introduced, where B(A) = (1 - AA ) , with the appli-

ref’

cation of the exponent, p, being inspired by a SIMP penalization, as seen in Figure 3.10. This
penalization is motivated by the desire to have values of Ly, that are either the value of a
member's length or the length of the chain and eliminating intermediary values of length. This,
in turn, results in the buckling length of a chain of member i and j to be defined by (Eq. 3.26).

Where,
A\P (Eq. 3.27)
1-— fA<A
B(A) = < Aref) 1 ref
0 ifA > Arer
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Figure 3.10 - Reverse SIMP behavior of B(A)

Finally, the complete implementation of the buckling constraint for a given element i is
given by (Eq. 3.28).

buc. Oe _ ) (Eq. 3.28)
gi . TtEed)'Xi_l_ 1 1 XiSO
4Lg,. G+ wP
Where,
1 % (Eq. 3.29)
H= ((X ' Gadm_)
With,
A (Eq. 3.31)

pL
_ 1-— ifA<A
B(A) = < Aref) f ref
0 if A> Aref

3.3.3 Analysis of B(A)

As indicated by the previous formulation the value of B(A) is very important to control
the effect of the Jumping Buckling Length as the steeper the function becomes the more abrupt
the change in Buckling length is. To analyze the behavior of this B(A), a similar graphical ap-
proach to chapter 3.3.1 is employed. Consider Figure 3.11 taken from [25].
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(4)

Figure 3.11 - Structure for Jumping Buckling Length Analysis

Has it can be seen in the previous figure, as the area of elements (2) and (3) decreases
the stability of node 4 decreases as well resulting in a more pronounced chain between element
(1) and (4). Therefor it's important to link the area of elements (2) and (3) with the length of
the chain. Applying (3.21), the average area is simply defined by (Eq. 3.32).

A, +A;
2

i (Eq. 3.32)

< Aref

So, if A = 0 then Ly, = 2L, and, conversely, if A = A, then Ly, = Lo. By interpolating
between the two extremes. a function applicable to the algorithm is obtained, resulting in
(3.24).

The simplicity of this example allows for the drawing of a feasible domain in a 2D envi-
ronment with bars (1) and (4) sharing the same project variable, x,,, and bars (2) and (3)
being associated with another variable, x4,. The graphs for this example are represented in

Figure 3.12 with varying values of both p* and A .
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Figure 3.12 - Parameter Analysis of a 4-bar structure varying (a) A, or (b) p,

As is in the previous graph the values of A..f and p" do not affect the value of the opti-
mum area for a topology that doesn't include bars (2) and (3), Point B, these parameters only
affect the admissible region. This may make it feasible to include elements (2) and (3) in the
final design. In Figure 3.12a, A¢¢ dictates how supported the node is perceived to be. If the
cut-off point is set too high the algorithm will have to resist the buckling effect by increasing
the area of element (1) and (4). On the other hand, if the cut-off point is set too low it means
that any adjacent bar can support the node allowing the algorithm to control the buckling
length through function B(A).
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When it comes the influence of p;, at first, it would seem that the better values for a
problem solution would be obtained when the value of this exponent is high, according to the
reverse SIMP graph presented in Figure 3.10, these high values of p;, would penalize interme-
diary values of B(A). However, the more accurate behavior is obtained when the value of py,
is relatively low, this would justify an additional constraint to restrict the value of B(A), noting
that this function shows a predisposition for utilizing intermediary values of length when py,
is low, similar to how stress based multi material topology optimization choses intermediary
material properties.

Analyzing Figure 3.12b, a further justification for the better behavior of low values of py,
can be observed when comparing the point (A, A;) = (4,0) with the intersection of each of the
lines for g, and g, After a certain increase in py, the intersection of g, and g, represents a lower
value of the objective function, represented by the isocost lines, this decrease in objective func-
tion values is graphically represented by the point being below the isocost line that crosses
point (A1,A;) = (4,0). The correct solution for this problem would be a solution that doesn’t
eliminate any bars, reducing the problem to a simple sizing problem.

It is important to note that the simplification preformed to graphical represent the prob-
lem can only give a model of how the problem behaviors at a simplified number of variables,
if more variables are added the overall complexity increases and encountering the optimum
point is not as intuitive as it may seem from this simple graphical demonstration. More ap-
plicability would probably be achieved by a 3D graphical representation that would have a
more complex local minima setting. However, these were not explored, and the sensibility
achieved by understanding well these models allow for a better search of a global minimum
from out of the various local minimumes.

3.4 Objective Function

The objective function typically is one of two functions, a compliance function (Eq. 3.33)
or a volume function which are typically minimized (Eq. 3.34). Some assumptions made for
one formulation have correlations to the another, resulting in many authors debating and
adapting formulation from one type of problem to the other, when exploring the feasibility of
their formulations.

fopj(Xa) = fTu(x,) (Eq. 3.33)

fobj(xa) = PL - x4 (Eq. 3.34)
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A variation of the minimum volume problem that considers the mass density of the ma-
terial used is a minimum weight problem, these are more adequate when used in a multi ma-
terial optimization, since varying the material may lead to a lighter solution, even the volume
is increased. A minimum weight problem minimizes a formula similar to (Eq. 3.35).

fobj(xa) = pMPL - u(xp) (Eq. 3.35)

Where py is the material’s mass density and is usually dependent on the variable used
for material selection, typically it is a Boolean variable. Although the presented problem is
solved in a single material topology optimization environment the objective function used will
be the mass function, to maintain the coherence from the preceding works.

3.5 Problem formulation

With all the constraints explained and analyzed and the objective function specified the
complete problem formulation is presented below, (Eq. 3.36).

min
Xa, € [0;100] bLpeLeXa, (Eq. 3.36)
-t 2 Eq. 3.37
S gadm:<( Ge) _1>_XAe_€SO (q )
Oadm
buc. (_ Oe _ w ) _
8 mEep-x;i [ 1 11-Xp,—€<0
\ 412\ (xaqj)  (Ae + 1) /
with
1 3 (Eq. 3.39)
"= (O( ’ Gadm)
Lbuc(xadj) = Li + B(A) ' L]- (Eq 339)
and
AN (Eq. 3.40)
X 1- ifA<A
BA) = ( Aref> ! ref
0 if A> Aper
A= Ni S = A (Eq. 3.41)
adj j€Tagj
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4 SENSITIVITY CALCULUS

4.1 Objective Function

The objective function presented in (Eq. 3.36) only depends linearly on the design vari-
ables which makes the derivative of this function quite simple to calculate, (Eq. 4.1).

dM(x,) Eqg. 4.1
dx A = Peled ( a )
A

The derivative becomes more elaborated if the material’s mass density depends on the
design variable, demanding the derivation of the interpolating function. However, the single
material nature of the problem greatly simplifies the derivative of the objective function.

If there is an interpolation of the mass density property it would convert the scalar value
of the mass density into a function, p,(x,), dependent on the density variable, x,. This inter-
polation would change the design variable from the element’s cross-sectional area into its den-
sity variable, a variable that represents the existence or absence of material and is done by a
SIMP law [11] defined by (Eq. 4.2). In this equation p? is a low value of material density that
simulates the absence of material while also avoiding numerical singularities and p; being the
value of the material density for the material phase. A SIMP interpolation of various materials

can be used to solve multi material topology optimization problem [52].

Pe(Xp,) = Xp2ps + (1 —xp2)p? (Eq. 4.2)

This function then has influence in the calculation of the derivative and results in (Eq.
4.3), for which the value of x, is fixed.

dM(x,.)  dpe (Eq. 4.3)
dx T ox Le®xa

Pe Pe

In which the derivative of the mass density is given by (Eq. 4.4).
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dpe pi-1 (Eq. 4.4)

o = P¥p. (P2 = pe)

Pe

This expression has a penalization exponent applied to x,_, p1, these are used to restrict

the density variable to a Boolean behavior, refer to [8].

4.2 Stress Derivative

As discussed earlier on section 2.2.3.2 the applied method for determining the derivative
of both constraints is the adjoint method, that will only be applied to the derivative of the
stress itself, with both constraints being calculated almost fully by direct differentiation, apart
from the value of the stress derivative. In the adjoint method given in equation (Eq. 2.40), the

. . .o 0gg . L . . ,
explicit part of this derivative, f, is null, as the stress definition given in (Eq. 2.41) doesn’t
A

directly depend on the cross-sectional area. Note that the stress in each element, e, is defined
by the Young Modulus and the extension on that element, 6,(u) = E.€.(u), and none of these
terms are dependent on the area. The result is a simplified version of the adjoint method (Eq.
4.5).

dg? JK
dXA aXA

With A, being the result of solving an adjunct problem for every element, defined by (Eq.
4.6).

K\, =7, z= (""’e)T (Eq. 4.6)

OJue

It is then possible to determine the analytical formula for the fictitious load vector, z,

which is dependent on the extension which can be taken as € = %

e

cosa T Eq.4.7

d T lE sina: (Fa: 47)
“[aTe(Eee)] = | ]~ cos e
—sinag

Working back onto the definition of adjoint vector, A, results in (Eq. 4.8)

CoS O 1T (Eq. 4.8)
E | sina
— k-1
Ae =K L_e —CoSs S(e
—sina,
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Lastly, the derivative of the Global Stiffness Matrix, ;TK. For a given bar element in a
A

finite element environment its stiffness matrix is given by (Eq. 4.9).

K= Eed)eXA [_i —1] (Eq. 4.9)

L 1

With the derivative as a function of area simply being, (Eq. 4.10).

9K _ Eeq’[ L) (Eq. 4.10)
aXA Le -1 1

Which results in the complete formulation of the stress derivative as, (Eq. 4.11).

cosae 1T (Eq. 4.11)
doe(w) _ K‘lE sin o, Eed [ 1 _1]u
dx, Le | T COSef(f L, -1 1
—sina,

This definition of the stress derivative is important when it comes to introducing new
constraints into the optimization problem since it is possible to calculate the sensitivity of the
new constraint in an explicit manner. The derivative of a given generic constraint will be cal-
culated explicitly apart from the value of the stress derivative that will be provided by the
adjoint method, not only simplifying the implementation process from a programmer’s point
of view, but also reducing the computational cost of the algorithm.

It is possible to solve the stress derivative in order to the density variable, laying the
groundwork for further implementation of this methodology. Because there will be a need to
interpolate the material’s Young Modulus, defined by (Eq. 4.12) where E; and EQ have equiv-
alent meanings to ps and p?, respectively. A similar expression to (Eq. 4.4) is used for the de-

rivative of Young Modulus, E,(x,_), seen in (Eq. 4.13).

Ee(xp,) = xp Ed + (1 —xp1)EQ (Eq. 4.12)

aEe (Xpe)
axpe

Eq. 4.13
= (EL - EDxD'p, (Fq 419)

Applying this definition of Young’s Modulus to the definition of the global stiff-
ness matrix and its derivative, (Eq. 4.14) and (Eq. 4.15) respectively. Again, the value of
x4 is taken as a constant value.

—1] (Eq. 4.14)

¢xa 11
K= p1E1+ 1— P1 EO
[Xpe e ( Xpe) e] Le [_1 1
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0K -
—— = [(Ed —EDxp: ™

%[1 —1] (Eq. 4.15)
0%, P1 Le 1

1

Different from the adjoint stress derivation with regards to the normalized area,
when dealing with a derivative in order of the density variable the explicit part of the
adjoint method is not null and is defined by (Eq. 4.16).

do(xp,u) _ OEe(x,,) e (Eq. 4.16)
0%, 0x

Pe

The complete expression for the stress derivative, is presented in (Eq. 4.17).

CoSe 171 (Eq. 4.17)
ac(xp,u) _ aEe(Xpe) s(u) _ K_1£ sin O 0K u
0x, 0%, Lo | ~ COS%e 0%,
—sinog

This stress information for both the derivative with regards to the area and density var-
iables is then allocated in a matrix according to Figure 4.1, where N represents the total num-
ber of element in the ground structure.

e increase
%

[ doy| doy doy day 7
0%,,| 0y, axpNE—l axPNE
do,| doy do, do,

g inct
: 0xA1 axAz 8xANE_1 axANE
Vo (xp x4) = : :

doy, Ooy, doy, doy,
axﬂl axﬂl axANE—l axpNE
doy, 0doy, doy, Ooy,

v | 0xy,  Oxy, axANE_l axANE_

Figure 4.1 - Derivatives alocation onto matrix

It is worth noting that the size of the array of gradient is strongly related to the number
of materials per element and therefore each stress must be derived for each material phase
plus the area. When only one material in present in the optimization, the stress constraint is
derived with regards to two different variables, the element's area and its material density.
This may seem superfluous but is done to lay the basis for future projects based on the work

done in this dissertation.
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4.3 Stress Constraint

With the simplification of getting the stress derivatives as an independent process the
constraint is derived quite simply. Firstly, remembering the stress constraint, g7, shown in
(Eq. 4.18),

2 Eq. 4.18
gg:xA[(G(y;)—l]—eSO (Eq )
adm

where g, represents the stress in the element e, 0,4, represents the admissible stress, x,
is the element area and lastly ¢ is the € — relaxation parameter.

. . . . ., dggdm . . . .
The derivative associated with this constraint, g;x , variable x is a generic variable that

can later be interpreted as either a normalized area variable or a density variable, comes nat-
urally as (Eq. 4.19),

do. _ doadm s (Eq. 4.19)

dgg: ( Oe )2_1 dX_A+2XA( Oe ) Wcadmz dx “¢
dx Cadm X O%dm

when differentiating with respects to the area variable the derivative of the admissible
stress is null. However, it is important when differentiating with respects to the density vari-
able, the reverse happens. The normalized area derivative, %, is 1 when dealing with area
variables and is 0 when dealing with density variables. An advantage of differentiating w.r.t.
the area variable is that the admissible stress is constant, simplifying the calculating when
comparing with density-based differentiation.

As it is evident by this formulation, all the values were already defined except the ad-
missible stress derivative, whose value is given by expression (4.20). Since the admissible
stress is a material property similar to the mass density and Young's Modulus, an equivalent
expression is obtained for its derivative.

dGadm 0 (Eq 4.20)

_ P1—1( 1
=X o -0 p
p adm adm) 1
dxp

4.4 Buckling Constraint

The buckling constraint is a more complex constraint and so it will require some careful
analysis, because a lot of functions are concatenated into other functions and there are complex
dependencies, the derivatives will share the same level of concatenation. The complete form
of the buckling constraint is shown in (Eq. 3.28), however, this formulation is cumbersome and
difficult to deal with, so a simpler version is presented in (Eq. 4.21)
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. <_ % 1) <o (Eq. 4.21)

This simplified version allows for the simple application of derivation rules resulting in

(Eq. 4.22), here ddL: has the same behaviour has in the admissible stress constraint (Eq. 4.19).

do do® Eq. 4.22
(Lo Nou _[eor-tEs, s
dx ot dx XA ng

oS is defined by (Eq. 4.23). The derivate of this function is presented in (Eq. 4.24).

c T[E(xp)qu) 1 (Eq. 4.23)
T ALpuc(? a7
dot _ CI)‘ITE(Xp) 0Xp 2xa  OLpyuc(xa)
dxa, 4Lpyc(xa)? <E " Lpuc(Xa)  0%a

0%, (Eq. 4.24)
_ -p-1_"4
) p(xa + W o%a

When dealing with the buckling constraint, especially when including the chain effect,
it is important to understand the interaction between this derivative and the 3 classifications
attributed to an element mentioned in section 2.4.2, as the presented formulation is applicable
to each of those three cases. When constraint is derived w.r.t to the area of the element it refers

9%, . . . . .
to, the term % is equal to 1, and so the terms attached to it are present in the final value, while
A
a . . . . . .
the term % is null and so it does not influence that final value. The inverse happens if a
A

constraint is derived w.r.t. the adjacent area’s variables, since %XA) # 0 while % = 1. Addi-
A A

tionally, if a constraint is derived w.r.t. any unrelated member’s variables the value of Z;:E is
simply null.

Going back to (4.22), if the deriving variable is the density variable, the value of gXT‘:: is
zero and it cancels a term from the expression, simplifying it, (Eq. 4.25).

) dGe GC B dﬁg o (Eq 425)
dge" . dx, ¢ dx, ¢
= —Xa

2
dx \ G(C: /
do§

Again, the challenge comes from determining the value of the — since there is a de-
p

pendency from both the Young’s Modulus, E(x,), and the buckling length, L(x,), this situation
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is similar to the problem with the normalized area as a design variable, considering (Eq. 4.24),

the derivative is of the same form but with x, substituted by E(x,), resulting in (Eq. 4.26).

dof  ¢mxy <6E(Xp)_2E(xp)6L(xp)> (Eq. 4.26)
dxp 4L(xp)2 0%p L(xp) 0%

The additional function added to the basic Euler formula is primarily done to solve a
singularity problem when the area tends to zero, but this singularity problem does not exist
when dealing with a density variable, so it is considered constant when differentiating, there
may be a need for a different relaxing formula when in a density variable setting.

Expression (Eq. 4.26) can have one of three values depending again on which elements

OL(xp)
Xp

are being considered, if it is the element the constraint refers to is null and therefore its

accompanying terms are cancelled. If the element is adjacent to the element the constraint re-

0E(x,) . . . .
(xp) is null since elements cannot influence other element’s material

fers to, the derivative "
p
dc’

properties directly. Lastly, if the derivative is relative to non-related elements the value of —=
p

is null, since they do not affect neither the element’s Young Modulus nor its buckling length.

dc’

When storing the value of — onto a matrix it is noted that only the diagonal positions and

Xp

those associated with positions related with adjacent elements are non-zero. This is a direct
result of the construction of the constraint. This remark is useful when implementing this com-
plex formula in an algorithm as it can be used to validate that the software is correctly imple-

mented.
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5 RESULTS

5.1 Chapter Summary

The objective of this chapter is to show the developed problem formulation applied to a
set of examples. The solutions to three of these examples were solved analytically, to give some
perspective of how the solution compares to known problems. Apart from two of the examples
presented, the 5-bar and 20-bar examples, all other were picked from Almeida [8]. Initially
when the buckling constraint was applied to this set of problems, there was a large discrep-
ancy between the values for the areas of elements limited by buckling constraint and those
limited by the admissible stress constraint. This discrepancy would have made it difficult to
represent in any meaningful way areas limited by buckling and limited by admissible stress
in the same graphical. To bring these values closer together, the material used was changed
from steel to aluminum, as well as the parameters that define the example, i.e., the length of
the elements in the ground structure, were also changed to better suit both constraints.

The analytical solution to those first three problems can then be compared with the so-
lution provided by the algorithm, serving as a benchmark for all the other examples. Although
useful to solve the structure analytical in an earlier stage to then compare the solutions obtain,
it may lead to some bias in the results, as solutions with lower mass can appear but with dif-
ferent topologies.

After the comparison between the analytical solutions and the topology optimization
solutions, the algorithm is extended to the other problems, showing some of the solution's
information regarding constraint values, which bars are most requested for each constraint, as
well as the value of the objective function and KKT conditions, through the optimization pro-
cess.

Since the optimization considers only one material phase, the material will be the same
for all examples shown. The material chosen was an aluminum 1050-H14, the properties rele-
vant to optimization are shown in Table 5.1, the full material sheet can be consulted at [1].
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Table 5.1 - Aluminium 1050-H14 Material Properties

Property Value

Young Modulus, E; 69.0 GPa
Admissible Stress, 6apm 103 MPa
Mass Density, p 2705 kg/m?3

5.2 Analytical Results

The three problems that were elected to benchmark the solutions obtained by the opti-
mization algorithm were the 5-bar ground structure, presented earlier in section 3.3.1, but with
more realistic parameters, the 10-bar ground structure, the simplest structure studied in [8],
and the 36-bar ground structure, a problem whose solution clearly demonstrates chain effect
situations.

These problems share a common feature, all their solutions are isostatic trusses, enabling
the resolution of internal load with simple node analysis. This allows the characterization of
what the minimum areas are for both the admissible stress and the buckling critical load be-
cause the internal stress in each element is only dependent on the external applied load. A
simple division between the internal force of an element and its limiting stress results in the
minimum area.

A comparison between the results obtained from the next chapters analysis, MMA algo-
rithm optimization and GCMMA algorithm for the example of 5-bar, 10-bar and 36-bar ground
structures are presented in Table 5.2, and Table 5.4, respectively.

Table 5.2 - Comparison between the analytical results, MMA and GCMA for 5-bar Ground Structure

Element | Analytical Value | MMA Value | GCMMA Value

1 107.392 107.385 107.385
2 0.000 0.004 0.004
3 137.302 138.807 138.807
4 0.000 0.004 0.004
5 0.000 0.004 0.004
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Table 5.3 - Comparison between the analytical results, MMA and GCMA for 10-bar Ground Structure

Element | Analytical Value | MMA Value | GCMMA Value
1 194.175 194.6051 194.6051
2 0.000 0.1601 0.1601
3 200.475 200.6912 200.6912
4 141.757 141.9279 141.9279
5 0.000 0.7424 0.7424
6 0.000 0.2011 0.2011
7 137.302 138.8674 138.8674
8 238.406 238.949 238.949
9 137.302 137.0462 137.0462
10 0.000 10.1518 10.1518
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Table 5.4 - Comparison between the analytical results, MMA and GCMA for 36-bar Ground Structure

Element Analytical Value MMA Value GCMMA Value
1 0.000 0.010 0.010
2 550.218 775.521 775.521
3 0.000 7.118 7.116
4 82.381 82.337 82.337
5 349.515 349.529 349.529
6 0.000 0.010 0.010
7 930.039 664.228 658.582
8 349.751 349.719 349.719
9 0.000 0.010 0.010
10 349.515 349.496 349.496
11 0.000 414.575 418.766
12 930.039 664.214 658.545
13 0.000 0.010 7.030
14 82.381 111.744 82.338
15 233.010 233.003 233.023
16 0.000 0.500 0.010
17 720.405 616.133 610.169
18 349.751 349.733 349.718
19 0.000 0.010 0.010
20 233.010 232.996 232.991
21 0.000 188.478 193.531
22 720.405 616.120 610.114
23 0.000 0.010 6.831
24 82.381 101.286 82.340
25 116.505 116.498 116.517
26 0.000 0.565 0.010
27 415.926 414.432 414.346
28 349.751 349.728 349.717
29 0.000 0.010 0.010
30 116.505 116.489 116.485
31 0.000 0.010 0.010
32 415.926 414.379 414.276
33 0.000 4.343 4.631
34 82.381 82.359 82.357
35 0.000 0.010 0.010
36 0.000 0.010 0.010
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5.2.1 5-Bar Ground Structure

The 5-bar ground structure was already presented in Figure 3.4, the previously men-
tioned parameter change, to present a more realistic structure, is presented in Table 5.5.

Table 5.5 - 5-bar ground structure properties

Property Value
Cell Length, Ly 250 mm
Applied Force, P 10 kN

The solution obtained by the algorithm for this problem, without the buckling constraint
included, is the 2-bar solution presented in Figure 5.1.

o

N

1 -
&) B

Figure 5.1 - Topology Solution to the optimization of the 5-bar Ground Structure

Because this truss is isostatic the internal forces are easy to determine and therefore the
minimum area according to the stress constraint, a‘r‘gﬁ?, and the buckling constraint, alr’n“iﬁ, can

be also calculated and the results are presented in Table 5.6.
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Table 5.6 - Values of the Analysis of the 5-bar Ground Structure Optimum Solution

Element Relation with Value of internal Minimum area w.r.t. Minimum area w.r.t.
the applied load force [N] stress, 229 [mm?] buckling, abu¢,
[mm?]
1 —P -1 x 10* 97.087 107.392
3) V2P 1.414 x 10* 137.302 -

Changing the parameters enables having a minimum area that is in the same order of
magnitude as the other stress limited areas. It is expected that an optimization algorithm when
solving this problem will first be limited by the larger of the two minimum areas, a2 in the
case of element (1). Element (2) is under tension so the buckling constraint does not apply to
it. The results presented in Table 5.6 will be compared to the solution of the optimizing algo-

rithm.

5.2.2 10-Bar Ground Structure

The 10-bar ground structure is presented in Figure 5.2, and the ground structure param-
eters employed are different than the ones used in the previous example.

P[kN] 10

w gen

Figure 5.2 - 10-Bar Ground Structure

The solution obtained by the algorithm for this problem, without the buckling constraint

included, is the 6-bar solution presented in Figure 5.3.
)

)
T p @

Figure 5.3 - Topology Solution to the optimization of the 10-bar Ground Structure
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Because this truss is isostatic the internal forces are easy to determine and therefore the
minimum area according to the stress constraint, a%3™, and the buckling constraint, a5%%, can

be also calculated and the results are presented in Table 5.7.

Table 5.7 - Values of the Analysis of the 10-bar Ground Structure Optimum Solution

Element Relation with Value of Internal Minimum area w.r.t. Minimum area w.r.t.
the applied load Force [N] stress, a%d™, [mm?] buckling, ab¥¢,

[mm?]

(1) 2P 2 x 10* 194.175 -

3) —2P -2 x10* 194.175 200.475

4) —-P —1x10* 97.087 141.757

(7) V2P 1.414 x 10* 137.303 -

(8) 2P —1.414 x 10* 137.303 238.406

9 \2p 1.414 x 10* 137.303 -

The results presented in Table 5.6 will be compared to the solution of the optimizing
algorithm. The same considerations taken for the previous example can be applied here, where
three of the bars are under compression and their a?% is larger than a%3", presenting new

limits when compared to the non-buckling optimization.

5.2.3 36-Bar Ground Structure

The 10-bar ground structure is presented in Figure 5.4, and the ground structure param-
eters employed are different than the ones used in the previous example.

wez9'o

P[N] 6 000

Figure 5.4 - 36-Bar Ground Structure

The solution obtained by the algorithm for this problem, without the buckling constraint
included, is the 19-bar solution presented in Figure 5.5.
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Element | Relation withthe | Value of Internal | Minimum area w.r.t. | Minimum area w.r.t. | Minimum area w.r.t.

5) 10 (15) 20 (23) (30)
Pt P P N

: 3
) ~m Y w Y an T 2 32 p

Figure 5.5 - Topology Solution to the optimization of the 36-bar Ground Structure

Because this truss is isostatic the internal forces are easy to determine and therefore the
minimum area according to the stress constraint, a%*™, and the buckling constraint, aZ%¢, can
be also calculated and the results are presented in Table 5.8.

Since the solution presented was taken from an optimization without consideration for
the stability of the structure the are multiple unsupported nodes, an additional column is
added to the result tables that will indicate what would the correct minimum area be if the

element’s correct buckling length was being assessed, a5,

Table 5.8- Values of the Analysis of the 36-bar Ground Structure Optimum Solution

applied load Force [kN] stress, 2™ [mm?] buckling, al¥e | buckling with correct
[mm?] Lyuc, @i, [mm?]
(2) -7P —42.00 407.767 550.218 -
(4) V2P 8.485 82.381 - -
(5) 6P 36.00 349515 - -
@) -5P —-30.00 291.262 465.019 930.039
(8) V2P —8.485 82.381 349.751 -
(10) 6P 36.00 349515 - -
(12) -5P —-30.00 291.262 465.019 930.039
(14) V2P 8.485 82.381 - -
(15) 4p 24.00 233.010 - -
a7 -3P —18.00 174.757 360.203 720.405
(18) V2P —8.485 82.381 349.751 -
(20) 4p 24.00 233.010 - -
(22) -3P —18.00 174.757 360.203 720.405
(24) V2P 8.485 82.381 - -
(25) 2P 12.00 116,505 - -
27) -pP —6.000 58.252 207.963 415.926
(28) V2P —8.485 82.381 349.751 -
(30) 2P 12.00 116.505 - -
(32) -pP —42.00 58.252 207.963 415.926
(34) V2P 8.485 82.381 - -

The same considerations taken for the previous example can be applied here. However,
the significant increase of the minimum area observed in the values of afy;, would indicate
that perhaps the topology of the solution is not appropriate when including buckling con-

straints to the formulation. The effects of this correct assessment of the buckling length will be
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firstly shown in the solution obtained by the algorithm and then discussed in the final section

of this chapter.

5.3 Complementary Structures

More examples are solved by the algorithm to show how the solutions obtained by it
with the added buckling constraint would compare with some of the structures solved in Pra-
tas [46] and Almeida [8].

5.3.1 20-Bar Ground Structure

The 20-Bar Ground Structure’s problem was presented in Figure 3.9. The values for the
horizontal and vertical element's length and the applied load are presented in Figure 5.6.

(19) (20)
Q) 0! 0)

(14)

(i3} P[kN] | 10

8) (6) (9)
(4)

0,125 m v
Figure 5.6 - 20-Bar Ground Structure

This example is relevant to demonstrate how the optimization would deal with chain
effect, because this is more complex version of the 5-bar ground structure problem, where bars
(1) and (2) would equate to bar (1) of the 5-bar examples and bars (8) and (14) would equate
to bar (3) of the 5-bar example.

5.3.2 L Bracket

The structure of the L Bracket example is presented in Figure 5.7 as well as the values
of the cell length and the applied load.
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0,200m

PIN] | 7500

Figure 5.7 - L-Bracket Ground Structure

5.3.3 110-Bar Ground Structure

The 110-bar ground structure is presented in Figure 5.8. Since this structure presents a
symmetry along the vertical axis, the number of variables can be significantly reduced from
110 to only 56, a more manageable amount.

P[N] 5 5 000
Figure 5.8 - 110-Bar Ground Structure
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5.3.4 21-Bar Ground Structure

The 21-Bar Ground Structure is presented in Figure 5.9 as well as its defining parameters.
Similarly, to what was done with the 110-Bar ground structure, the 21-Bar problem can be
simplified and have the number of variables reduced from 21 down to 11.

TPV 6 000

Figure 5.9 - 21-Bar Ground Structure

5.4 Optimization Results

The following subsections will present information about the solutions obtain from the
optimization process when applied to the previous examples. Starting with a comparison be-
tween the algorithm’s behaviour to both a problem formulation with and without buckling
constraint, comparing for both the MMA algorithm and the GCMMA algorithm. The first anal-
ysis is a strictly visual one, comparing the thickness of the different lines as well as the topol-
ogies that result from the optimizations.

A more in-depth demonstration of the results follows these comparisons for each of the
ground structures, with the objective of better showing the effects and phenomena regarding
the buckling effect constraint. The significant parameters for these optimizations are presented
in Table 5.9.

Table 5.9 - Problem's Optimization Parameters

Parameter 5-Bars 10-Bars 36-Bars 20-Bars 21-Bars L-Bracket 110-Bars
Size of I, 150 210 250 105 300 210
Scaling
4 5 10 3.2 5 5 2
Factor, ¢
Length Penaliza-
1 2 1

tion Exponent, p*

Cut of point w.r.t.

0.1 0.4 0.4 0.15 0.25 0.5
total area, %A .f

Tolerance for KKT

Conditions, kkt,,,

1%x1073
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The continuation approach employed varied between the same values for all examples
with the difference between examples being the rate at which the variation was done. This rate
is controlled by the total number of iterations performed, since the variations intervals are
dictated by a percentage of the parameter ;. A generic representation of this continuation
approach is presented in Figure 5.10. The parameters whose values were affected by this con-
tinuation approach are the parameter controlling the € — relaxation, €, the parameters associ-
ated with the new buckling constraint, @ and p, and finally an internal MMA parameter asso-
ciated with the maximum allowed variation of the variables from one iteration to the next, y.
It was key for the optimization to apply a continuation approach to obtain any usable results,
as all other solution would converge to a local minimum.

05 R 35| 12
=

Continuation
Parameters
Parameter p

cte 1 2

Figure 5.10 - Continuation Approach for the Relevant Parameters

5.4.1 MMA Results

The solutions found by the algorithm, using the MMA optimizer, to the three analytical
examples are presented in Table 5.10, where a comparison between the problem with and
without the buckling constraint is performed.
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Table 5.10 - Comparison between topologies of the solutions with and without the Buckling Constraint

(MMA) of the analytical examples

Example

Without buckling

With buckling

5-Bars

10-Bars

36-Bars

JZAN

The solutions to the complementary problems are presented in Table 5.11, with the

MMA optimizer. These more complex problems present a difference in either the topology or

the thickness of the lines, as the ideal structure changes as the buckling constraint is intro-

duced.
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Table 5.11 - Comparison between topologies of the solutions with and without the Buckling Constraint
(MMA) of the complementary examples

Example Without buckling With buckling

20-Bars

21-Bars

L-
Bracket

/

110-bars

The graphical representations shown in Table 5.10 and Table 5.11, as well as all the fol-
lowing topology representations, have a colored scheme to represent which bars are under
tension, in blue, and which are under compression, in red. In addition to the color scheme, on
future graphs the buckling length will be included just below each bar, showing what length
is being considered for that bar's buckling constraint.

Regarding the analytical examples, the first two problems, shown in Table 5.10, the 5-
bar and the 10-bar, do not show any significant change in the structure's topology when com-
paring a problem solved with and without the buckling constraint. The third example, the 36-
bar problem, nonetheless does clearly show two distinct topologies for each formulation, this
was to be expected and will be further discussed in this chapter's last section.
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In all problems shown, the impact of the buckling constrain can be observed even when
the topology is the same, as bars under compression suffer a significant increase in their cross-
sectional area when buckling is introduced, represented by a thicker line.

It is possible to compare the objective function between the two formulation and check
that, as expected, there is a significant increase in the mass of the structure when including
buckling. This is because with the examples chosen the admissible yield stress of a bar under
compression in higher in value then the critical stress of those bars, justifying an increase in
the element’s cross-sectional area. Table 5.12 shows the comparison between the two formu-
lations, worth noting that is possible to change the parameters of the examples so that no bar
is restricted by buckling, although that would be counterproductive.

Table 5.12 - Mass Comparison between the formulation with and without the buckling constraint for the

MMA Algorithm
Truss Mass w/o Mass w/ Mass Ratio
buckling constraint buckling constraint
5-Bars 0.2002 0.2088 104.30%
10-Bars 0.9691 1.1638 120.09%
36-Bars 6.3072 13.9867 221.76%
20-Bars 0.2002 0.2073 103.55%
21-Bars 0.6507 0.7166 110.13%
L Bracket 1.0412 1.1798 113.31%
110-Bars 0.6328 1.0537 166.51%

54.2 GCMMA Results

In this chapter a different algorithm will be implemented. It was noted that the MMA
algorithm is very problem dependent in the definition of the key parameters. With the inten-
tion of alleviating the preliminary work of find the correct parameters, which entails running
the algorithm many times with different parameters each time, GCMMA was applied to the
same problems. This will provide a benchmark of several examples to compare with MMA.

The same problems presented earlier are solved, in this chapter, using the GCMMA opti-
mizer, these results are presented in Table 5.13, for the analytically solved problems, and in

71



Table 5.14, for the complementary structures. Some of the topologies differ from the pre-
vious topologies, the implications of which will be discussed further on in the final section of
this chapter.

Table 5.13 - Comparison between Topology Solution with and without the Buckling Constraint (GCMMA)
Example Without buckling With buckling

5-Bars

10-Bars

36-Bars /\

With some of the more complex structures it was not possible to reach a reasonable so-

lution, as the structure's complexity "trapped" the algorithm in some undesired local mini-
mum, a proposition to why this is can be found that the end of this chapter, in the result's
discussion.
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Table 5.14 - Comparison between topologies of the solutions with and without the Buckling Constraint

(MMA) of the complementary examples

Example

Without buckling

With buckling

20-Bars

21-Bars

L-Bracket

110-bars

A comparison between the formulation applying the GCMMA algorithm with and with-

out the buckling constraint, similar to the one presented for the MMA algorithm, is presented

in Table 5.15.
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Table 5.15 - Mass Comparison between the formulation with and without the buckling constraint

Mass w/o buck- Mass w/ buckling

Truss ling constraint constraint Mass Ratio
5-Bars 0.1994 0.2088 104.71%
10-Bars 0.9659 1.1608 120.18%
36-Bars 6.3074 13.8031 218.84%
20-Bars 0.2001 0.2662 133.03%
21-Bars 0.6476 0.7255 112.03%
L Bracket 1.0367 1.2834 123.80%
110-Bars 0.6328 1.0523 166.29%

A further comparison between the two algorithms is required, it is presented in Table
5.16.

Table 5.16 - Mass Comparison between the formulation with and without the buckling constraint

MMA GCMMA

Truss Optimization Optimization Mass Ratio

5-Bars 0.2088 0.2088 100.00%
10-Bars 1.1638 1.1608 99.74%
36-Bars 13.987 13.8031 98.69%
20-Bars 0.2073 0.2662 128.41%
21-Bars 0.7166 0.7255 101.24%
L Bracket 1.1798 1.2834 108.78%
110-Bars 1.0537 1.0523 99.87%

As Table 5.16 shows, there are examples where the MMA algorithm'’s solution agrees
with the solution from GCMMA, and there are others where the solution given by MMA is
significantly lighter than the one given by GCMMA, while the opposite does not happen.

To better characterize the optimization’s solutions a more detailed set of information is
presented, in the following subsections.

5.4.3 5-Bars Ground Structure

The information regarding the solution of the 5-Bar ground structure optimization prob-
lem is presented in Table 5.17. In this table, three graphical representations of the topology are
presented. The first refers to the elements stress state with the same color scheme as before,
and the addition of the buckling length information in text just below each element. The sec-
ond shows how the existing element's stress compares to the elements critical stress, showing
where in the topology this critical stress has the most impact as a limiting factor. The third
representation, shows a similar relationship between the element's stress and the material's
yield stress, showing which bars are critical w.r.t. the admissible stress constraint.

74



Table 5.17 - Solution Breakdown of the optimization algorithm for the 5-Bar Ground Structure

Topology Buckling Constraint Stress Constraint
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In Figure 5.11, the progression of the objective function and the KKT conditions through the

iterations for this example is presented.

-
- [

o
o

Truss Mass [Kg]

0
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The graphs presented in Figure 5.12 show the direct relation between the elements stress, o,
and both the critical stress value, taken from Euler's Formula, 65", and the yield stress value,
given by the material's properties, 0,4, A discussion of these values and their relationship

with the constraints is presented in the final section of this chapter.
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5.4.4 10-Bars Ground Structure

In Table 5.18 shows a set of graphs and plots similar to those presented in the previous

section but regarding the 10-Bar ground structure optimization problem.

Table 5.18- Solution Breakdown of the optimization algorithm for the 10-Bar Ground Structure
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In Figure 5.13, the progression of the objective function and the KKT conditions through

the iterations for this example is presented.
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Figure 5.13 - Objective Function Plot for 10-Bar Problem

A graph representing the relation between all the elements’ stress and their respective

limiting factor is presented in Figure 5.14, similarly to the previous section but regarding the

10-Bar ground structure problem, these results will be discussed in the final section of this

chapter.
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5.4.5 36-Bars Ground Structure

Table 5.19 shows a set of topology graphs similar to part of those previously presented in the

last section but regarding the 36-Bar ground structure optimization problem.

Table 5.20 presents the rest of the information regarding this problem.

Table 5.19 - Topology Representations Relating to mass distribution, buckling constraint and stress con-

straint for 36-Bar Problem
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Table 5.20- Solution Breakdown of the optimization algorithm for the 36-Bar Ground Structure, Topology,

Bucklin Constraint, and Stress Constraint's Values
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In Figure 5.15, the progression of the objective function and the KKT conditions through

the iterations for this example is presented.
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Figure 5.15 - Objective Function Plot for 36-Bar Problem

A graph representing the relation between all the elements’ stress and their respective
limiting factor is presented in Figure 5.16, similarly to the previous section but regarding the
10-Bar ground structure problem, these results will be discussed in the final section of this

chapter.
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5.4.6 20-Bars Ground Structure

In Table 5.21 shows a set of graphs and plots similar to those presented in previous sec-
tions but regarding the 20-Bar ground structure optimization problem solved with MMA al-
gorithm.
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Table 5.21 - Solution Breakdown of the optimization algorithm for the 20-Bar Problem, solved with MMA
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In Figure 5.17, the progression of the objective function and the KKT conditions through

the iterations for this example, with the MMA algorithm, is presented.
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Figure 5.17 - Objective Function Plot for 20-Bar Problem




A graph representing the relation between all the elements’ stress and their respective
limiting factor is presented in Figure 5.18, similarly to previous sections but regarding the 20-
Bar ground structure problem solved with MMA, these results will also be discussed in the

final section of this chapter.
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Since in this example there is a difference between the two algorithm’s solution, the same
results presented for the MMA algorithm are now presented for the GCMMA algorithm. Table
5.22 shows a set of graphs and plots similar to those presented in previous sections but regard-
ing the 20-Bar ground structure optimization problem solved with GCMMA algorithm.
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Table 5.22 - Solution Breakdown of the optimization algorithm for the 20-Bar Problem, solved with GCMMA
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In Figure 5.19, the progression of the objective function and the KKT conditions through

the iterations for this example, with the GCMMA algorithm, is presented.
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Figure 5.19 - Objective Function Plot for 21-Bar Problem
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A graph representing the relation between all the elements’ stress and their respective

limiting factor is presented in Figure 5.20, similarly to previous sections but regarding the 20-
Bar ground structure problem solved with GCMMA, these results will also be discussed in the

final section of this chapter.
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Table 5.23 shows a set of graphs and plots similar to those presented in previous sections

but regarding the 21-Bar ground structure optimization problem solved with GCMMA algo-

rithm.

Table 5.23 - Solution Breakdown of the optimization algorithm for the 21-Bar Problem
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In Figure 5.21, the progression of the objective function and the KKT conditions through
the iterations for this example is presented.
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Figure 5.21 - Objective Function Plot for 21-Bar Problem

A graph representing the relation between all the elements’ stress and their respective
limiting factor is presented in Figure 5.22, similarly to previous sections but regarding the 21-
Bar ground structure problem. these results will also be discussed in the final section of this

chapter.
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5.4.8 L Bracket Ground Structure

Table 5.24 shows a set of graphs and plots similar to those presented in previous sections

but regarding the 21-Bar ground structure optimization problem solved with MMA algorithm.
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Table 5.24 - Topology Graphs Relating to mass distribution, buckling constraint and stress constraint for L-

Graph Problem
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Figure 5.23, the progression of the objective function and the KKT conditions through

the iterations for this example, with the MMA algorithm, is presented.
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Figure 5.23 - Objective Function Plot for L-Bracket Problem

A graph representing the relation between all the elements” stress and their respective

limiting factor is presented in Figure 5.24.
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Since in this example there is a difference between the two algorithm’s solution, the same

results presented for the MMA algorithm are now presented for the GCMMA algorithm. Table

5.25 shows a set of graphs and plots similar to those presented in previous sections but regard-

ing the L-Bracket ground structure optimization problem solved with GCMMA algorithm.

Table 5.25 - Topology Graphs Relating to mass distribution, buckling constraint and stress constraint for L-
Bracket Problem using GCMMA algorithm
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In Figure 5.25, the progression of the objective function and the KKT conditions through
the iterations for this example, with the GCMMA algorithm, is presented.
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Figure 5.25 - Objective Function Plot for 21-Bar Problem

A graph representing the relation between all the elements’ stress and their respective limit-
ing factor is presented in Figure 5.26.
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5.4.9 110-Bars Ground Structure

Table 5.26 shows a set of topology graphs similar to part of those previously presented
in the last section but regarding the 36-Bar ground structure optimization problem. Table 5.27
presents the rest of the information regarding this problem.
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Table 5.26 - Topology Graphs Relating to mass distribution, buckling constraint and stress constraint for
36-Bar Problem

Graphical Representation
©
2,
;gs \f?:L
[} [<
& g
= i
1.0003
= 0.8753
£ ® 0.7503
2 0.6252 5
o)
O 0.5002 ~Z_
g 03751 &
e » 0.2501
A 0.1250
0
1.0008
= 0.8757
5 0.7506 _
= 0.6255 =
I 3
S 0.5004 &
0 0.3753 | ®
3 S
& 0.2502
@ 0.1251
0
Table 5.27- Solution Breakdown of the optimization algorithm for the 36-Bar Ground Structure
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In Figure 5.27, the progression of the objective function and the KKT conditions through

the iterations for this example is presented.
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Figure 5.27 - Objective Function Plot for 110-Bar Problem

A graph representing the relationship between the stress of each element and the respec-

tive limiting factor is presented in Figure 5.28.
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5.5 Results Discussion

The algorithm proposed in this thesis aims to solve problems with buckling constraints
in a gradient-based setting. The results of the 5-bar and 10-bar problems give merit to the pro-
posed algorithm, as the solution found is close in value to the analytical solution found for
these trusses. Although the parameters that define these trusses were carefully chosen so that
any bar under compression would first trigger the buckling constraint instead of the stress
constraint, the solution found can be considered a global optimum as any other topology
would imply a solution with more mass. An interesting behavior occurs in the 36-bar ground
structure problem, because the inclusion of the chain effect in this structure, very large cross-
sectional areas are required to deal with the "jump" in buckling lengths and forces. So, a set of
vertical elements are added to some of the unstable nodes.

The noteworthy aspect of these vertical elements is that on the one hand they are null-
load elements and on the other not every unstable node requires them. The algorithm can
clearly reach a solution where some unstable nodes under compression are left without these
vertical bars in the 36-bar topology, Table 5.19. The interpretation here being that these two
"unstable" elements under compression model a larger bar, with its length being the sum of
these element's lengths. In this node, since the areas of the attached to the unstable node are
relatively small, the increase in cross-sectional are due to the larger buckling length does not
justify the added mass of a vertical stabilizing bar.

With some confidence in the results obtained, as the algorithm is performing as in-
tended, the methodology is then extended onto other problems, whose solutions were not ob-
tained a priori, with mixed results. It is therefore important to discuss how the parameters
used in the problems were obtained. By running multiple sets of optimizations of the same
but with varying parameters using the notions obtained from chapter 3.3, the best solution is
then selected and shown in this thesis. All the examples shown go through this process so that
the solutions presented are as close as possible to the global minimum. Although most of the
results for the complementary problems are satisfactory, the solutions for the 20-Bar and L-
Bracket ground structures using GCMMA represent only a local minimum, easily proven by
the objective function's value obtained through the MMA optimizer being better than the one
for the GCMMA algorithm. No matter what parameters where chosen the solution to these
problems would always converge to the local minima shown, further experimentation of
GCMMA showed some insensitivity to the continuation approach, quickly converging, as seen
in the objective function and KKT-Conditions Graphs. The results for all other structure were
comparable better as can be checked in the mass comparison in graph Table 5.16. The imple-
mentation of GCMMA was done primarily to turn the formulation problem independent and
give better stability in the convergence of these results, as with some parameters many of the
problems shown wouldn't reach completion, as numerical errors would terminate the optimi-
zation. To this effect the inclusion of the optimizer can be considered a success apart from the

two examples discussed.
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It is unclear if the GCMMA algorithm can be described as "better" or "worse" than the
MMA algorithm, as it would require further investigation into the inner works of these algo-
rithms. In sum, GCMMA is much more independent from the continuation approach or initial
parameters, while being more prone to local minimum in some situations, especially when
those same parameters are used to circumvent local minimum when utilizing MMA.

One manifestation of the relaxation approach employed to the buckling constraint can
be seen in figures like Figure 5.22, where the stress of each bar is directly compared with the
either its critical load or the material yield stress. Shown in these graphs is a gross violation of
the critical load proving that the relaxation was employed with great success, as this violation
only occurs in the elements that were eliminated from the topology while the elements still
present have their stress in fact correctly limited. In these small bars that are to be eliminated
the element's stress does in fact violate the critical load, as this bars quickly become unstable
even under their own weight, but the algorithm eliminated them and so their critical does not
apply to the relevant constraints.

These graphs also reveal that the admissible stress constraint functions mostly without
needing any relaxation, although it is applied for coherency. This result is interesting in that
the admissible stress should need to be relaxed, however, it appears that the force associated
with an element being eliminated decreases enough through the optimization as to always
respect the admissible stress.
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6 CONCLUSION AND FUTURE WORKS

6.1 Conclusion

This dissertation’s main objective was to develop an algorithm that includes local buck-
ling constraint in a structural topology optimization problem, consequently having to deal
with considerations for the chain effect phenomenon. Thus, making a humble contribution to
the development of more realistic structural topology optimization algorithms.

Starting with a historic contextualization and a bibliographic review it was noted that
the scientific area of topology optimization has seen several re-emerging periods coinciding
with computational breakthroughs and methodology improvements, this thesis benefits from
some of the latest developments in this area. The expanding body of literature that serves as a
basis for this thesis is built upon key developments that were addressed and their technics
briefly presented. A special look was taken into the used algorithms, MMA and GCMMA.
Because these algorithms are gradient based, they require a formulation that is convex and
continuous, justifying adaptations to the functions used so that they are coherent with the
optimizing algorithm's requirements. Since the differentiation of the various functions is a key
feature in gradient-based optimization, a necessary restructuring of the calculations was pre-
sented to obtain the constraint’s sensitivity more efficiently and to allow easier implementa-
tion of new constraints.

The buckling constraint was then presented and analyzed with a small comparison be-
tween a global and local approach. The desired local approach would need a relaxation of the
problem which was obtain with three aspects. First, a € — relaxation was used, secondly, a
continuation approach was need because of the algorithm, and lastly, a reformulation of the
basic constraint was employed.

The next chapter presented an analysis of this algorithm’s more important parts, those
being the objective function and the constraints used. Starting with the stress constraint, to
circumvent the difficulties associated with an admissible stress constraint, a relaxation tech-
nique known as € — relaxation was required, as well as multiplying the stress constraint by
the element's area, allowing constraints associated with small cross-sectional areas to be re-
moved from the active set of constraints. This would address the drawbacks of having an ad-
missible stress constraint, which are also presented and discussed in this section. Further onto

this chapter, the buckling constraint is presented with a step-by-step analysis of the final com-
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plex constraint that starts with an analysis of the load environment in a single member, iden-
tifying the different stress domains present in a loaded element. Then a new limiting formula
is presented, with the justification of altering the behavior of Euler’s formula when dealing
with small area, avoiding numerical singularities while not disturbing the performance of Eu-
ler's formula in elements that are present in the optimization. Since when trying to solve for
the topology optimization with dimensional optimization included, an element's area is both
the topological variable and the dimensional variable. Requiring that when an element's area
is reduced beyond some point, they are considered removed from the final topology.

The adaptation to Euler's formula presents the required behavior to process the buckling
of a given element when it is present in the topology while allowing the algorithm to remove
it when necessary. This formula's behavior is directly governed by two parameters, and a fol-
low up analysis of these parameters was presented in graphical form, to gather some sensitiv-
ity of the effects that varying them will have in the overall optimization. This analysis facili-
tated the following process of running multiple optimizations of the same problem with dif-
ferent problems, since there was a notion of how to change the parameter to escape local min-
ima. With the understanding of how the constraint performs for a single element a two varia-
ble problem is formulated so that a 2D graphical analyses of a usually unrepresentable prob-
lem is performed. This problem is then used to understand why and how the constraint needs
to be formulated the way it is, given the requirements of the optimizers, resulting in an admis-
sible region that is a continuous relaxed domain better suited for the optimization.

Afterwards and still constructing the buckling constraint, the jumping buckling length
problem is addressed, presenting a viable methodology to deal with it. This methodology re-
quires the classification of the members of the ground structure and their association based on
the nodes they are connected to. Resulting in a table that associates chains of elements with
their respective supporting elements. A current limitation of this methodology is the inability
to deal with chains of more than two elements. A similar 2D analysis is present for the effects
of the chain effect on the buckling constraint, resulting in the appropriate quantification of the
parameters that rule the buckling length, of which there are two. With this study complete,
the buckling constraint is fully defined and there is a more in-depth understanding of the four
governing parameters. Lastly, in this third chapter the objective is briefly presented and then
the complete problem formulation is shown ready to be differentiated.

The next chapter, chapter four refers to the function's sensitivity analysis. As this opti-
mization requires the gradient information of the constraints and the objective function, an
entire chapter is dedicated to differentiating these formulas. The sensitivity calculus w.r.t. to
the constraints was readjusted from the works of Pratas [46] and Almeida [8], in their works
the adjoint method would be applied to the admissible stress constraint. Although it makes
no significant difference applying the adjoint method to the constraint or the stress infor-
mation inside it when dealing with only one constraint, when dealing with more than that a
redundancy would appear as the same derivatives would repeatedly be calculated. A more
efficient application of the adjoint method when dealing with multiple constraints is to apply
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it once to the element’s stress, then having both the admissible stress and the buckling con-
straint be differentiated somewhat directly. It is in this chapter that the complexity of the buck-
ling constraint becomes apparent and shows its impact in the differentiation of the constraint
as higher order function with complex dependencies lead to complex derivatives.

With the problem defined, the next chapter presents the results for a series of examples
that allow for the demonstration of the features of this algorithm. From this selection three
example are elected to be solved analytically in order to determine how the formulation be-
haves when in a more complex formulation than the simpler two variable problems presented
in earlier chapters. These analytical solutions can then be compared with the optimization re-
sults, given that the optimal solution is known. The algorithm solves the analytical problems
with great accuracy and the results for the other examples can logically be considered correct,
especially given that many perturbations were experimented with, and the solutions pre-
sented are those with the lowest mass. A general comparison between the solutions of both
optimizers, MMA and GCMMA, is presented with both agreeing on all the examples, except
two. The 20-bar ground structure, and the L-Bracket ground structure problems seem to trap
the GCMMA optimizer in local minima, as it tends towards a local minimum. When this same
problem happened with the MMA algorithm, a relaxation of some of the parameters would
allow the optimization to escape those local minimums, but GCMMA seems to be more inde-
pendent from the continuation approach employed, as it quickly converges to a solution, re-
gardless of the parameters used.

6.2 Future Works

This dissertation presents the ground works for some further works in topology optimi-
zation with local buckling constraints manly the inclusion of density-based optimization onto
this formulation, since some of the derivatives were presented with the added differentiation
w.r.t the density variable, to facilitate this incorporation process in future projects. Including
density-based optimization onto this formulation would possibly allow many improvements
to this algorithm.

Firstly, the incorporation of multi-material analysis, which has been shown to greatly
decrease the final weight of a structure, an interesting discussion might address which param-
eter would the algorithm prefer to change. Maybe in some scenarios the material would be
preferably changed, as the material's Young Modulus influences Euler's buckling, allowing for
a linear influence in the overall constrain. While in other scenarios adding more bars to stabi-
lize nodes, therefore decreasing the effective buckling length of an element, would be pre-
ferred because the buckling length has a quadratic influence in Euler’s Formula. The result of
this optimization would lead to very dynamic solutions and further approximate an algorithm
with real world applicability in terms of structural design.

Including density-based optimization onto the formulation would also allow the opti-
mizer to change its topology variable from area to density and allow the area to work within
a given interval, separating the topology optimization from the dimensional optimization.
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This interval would allow a designer to selected from within a list a given sizes and allow the
algorithm to choose, for instances the best profile to select from a list of normalized profiles,
approximating the continuous solution given by the dimensional optimization to the discrete
values of those normalized profiles. This would further approximate the current algorithm to
the actual design process of structures, although maybe in that case a non-gradient optimiza-
tion would probably better suit this application, the gradient-based optimization may have
some unexpected benefits.

Another area of improvement could be considered the optimization of the cross-sec-
tional profile that in this thesis is simply a circle. Because when dealing with axial loads the
cross-sectional profile would not influence the admissible stress constraint, as the stress is only
dependent on cross-sectional area’s value and not its shape, this would impact the buckling
constraint. Since, when dealing with Euler’s formula the second moment of inertia is used
which is dependent on the area's shape, adding a new variable to the optimization which de-
termines what the best profile for a given element is. Possibly a simpler version of this cross-
sectional shape optimization would be applicable to a three-dimensional scenario, optimizing
then what the best orientation is for a given truss.

Lastly, it is worth noting that the computational cost of this formulation greatly increases
when adding problems with such complex constraint as is the buckling constraint. A study of
the efficiency of the computing process would allow not only shorter times in obtaining a op-
timization's solution but also would enable dealing with more complex structures, with order
of magnitude more elements. The most immediate improvement to the algorithm's perfor-
mance would be multi-thread parallel computing, although some other improvement may
also be available.
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