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ABSTRACT In this paper, we model the aggregate interference power in directional beamforming mobile
networks. The work considers the random waypoint model to describe the mobility of the nodes and
adopts directional beamforming for communication. The major contribution of this paper is the statistical
characterization of the aggregate interference caused by directional beamforming transmissions of mobile
interferers to a given node positioned at a reference point. The analysis assumes Rayleigh and Rician small-
scale fading channels, a distance-based path-loss large-scale fading model, and a three gain levels sectored
antenna model. The quality of the proposed approximations has been confirmed through various simulations
for different mobility scenarios, channel conditions, and beamforming parameters, highlighting the effect of
directional communications along with mobility on aggregate interference. To demonstrate the practical
application of the work, we use two different estimators for the interference characterization. The results
confirm the effectiveness of the estimators even when adopting a small set of samples.

INDEX TERMS Interference characterization, directional beamforming, stochastic geometry modeling.

I. INTRODUCTION
Recent progress on physical-layer (PHY) communication
technologies allows unprecedented throughput gains through
the simultaneous reception of multiple packets includ-
ing multi-user multiple input multiple output (MU-MIMO)
schemes [1] and orthogonal coding schemes, such as Zadoff
Chu sequences [2]. In such systems, the nodes simultaneously
transmit over the same band and may cause interference to a
given receiver, usually the basestation (BS), while decoding
a packet transmitted by a specific node. This paradigm shift
in the receiver’s capability requires knowledge about the
stochastic properties of the interference to achieve higher
capacity performance or simply to model its performance.

In the context of 5G, the reception of multiple packets
simultaneously decoded at the receiver has been explored
to support Machine-Type Communications (MTC), where a
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transmitting device randomly selects one of the 64 orthogonal
preambles available per cell and transmits it to the BS in the
Physical Random Access Channel (PRACH) [3]. For beyond
5G networks,MassiveUltra-Reliable and Low-LatencyCom-
munications (mURLLC) are currently under development for
ultra-dense 6G network scenarios to support the access of a
massive number of IoT devices [4]. For mURLLC systems,
the nodes access the channel in the so-called grant-free mode,
meaning that a high number of nodes can simultaneously
transmit its preamble to PRACH causing interference to each
other. The main motivation for this work is the scenario
where multiple mobile transmitters can randomly transmit
their signals so that the interference caused to the BS can be
characterized, which is of high importance to characterize the
performance of massive MTC and mURLLC schemes under
development.

Additionally, it is well known that beyond 5G commu-
nications will massively rely on directional communica-
tions to explore the advantages of high-frequency bands.
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Directional communications can mitigate the highly imposed
isotropic path loss at high-frequency bands. Basically, the
nodes can focus their radiation patterns toward a particular
spatial direction which reduces the incurred interference [5],
and therefore improves spatial reuse. However, the adoption
of directional communication has changed the traditional
assumption of Gaussian distributed interference due to the
existence of dominant interferers. Therefore, the study of the
spatial interference statistics in directional networks is crucial
as it requires simplified resource allocation and interference
management mechanisms when compared to classical com-
munication techniques.

In general, advanced stochastic geometry techniques [6]
are widely used to model aggregate interference. Such
models usually consider the spatial positions of interfer-
ing nodes and their individual radio channel conditions to
determine the amount of interference caused to a specific
node [7]. The nodes’ mobility can introduce a degree of
uncertainty for the nodes’ position. However, it is a more
practical and feasible scenario to be considered when mod-
eling the interference. Therefore, this work characterizes the
interference power caused by multiple interferers to a single
node considering the mobility of the nodes, the directional
communication capability, and the radio propagation channel
conditions.

A. RELATED WORKS
Because of its importance in several applications, such
as network optimization [8], spectrum sensing [9],
localization [10], and others [11], [12], the interference
characterization in wireless networks has received increased
attention over the last years. Frequently, the central limit
theorem (CLT) applies for interference modeling due to a
high number of nodes. However, the dominant interferers
cause a non-negligible error when CLT is adopted [13]. This
has motivated several works to characterize the interference
with non-Gaussian models.

Mainly, the complexity of non-Gaussian modeling
approaches has limited the researchers’ efforts in modeling
the aggregate interference in mobile networks. To the best
of authors’ knowledge, only few and very recent works
have considered the interference modeling based on statistics
related with interferers mobility [14], [15], [16], [17], [18],
[19]. In [14], the aggregate interference is characterized con-
sideringmultiple static nodes and a single mobile nodemoves
according to a random pattern for the uplink channel. This in
turn produces variation in the displacement over time with
respect to the location of the nodes. The Random Direction
(RD) model is used in [15] to describe the movement of the
nodes. The authors characterize the aggregate interference
using the probability density function (PDF) of the distance
between any pair of nodes. The work in [16] proposed a
general-order linear model for node mobility to investigate
interference prediction in a mobile ad hoc network. The
work in [17] adopted the random waypoint (RWP) mobility
model [20] for aggregate interference characterization of

multiple mobile nodes only considering the path-loss effect.
The work in [18] extends the work in [17] to consider slow
fading and fast fading effects. The authors in [19] investigated
the impact of wireless powered communications considering
mobile nodes moving according to the RWP mobility model.

The adoption of directional communications substantially
reduces the interference between the communicating nodes,
thus, the multi-user interference becomes no more the major
constraint of the network capacity. This has motivated several
works to investigate the interference effect on the perfor-
mance of directional networks [21], [22], [23], [24], [25],
[26]. The analysis done in [21] highlights that directional net-
works can experience a considerable transitional behaviour
from a noise-limited regime to an interference-limited one
that may effectively reduce throughput/delay performance of
the network, which requires adopting proper resource alloca-
tion procedures. The authors in [22] investigated the effect
of directional beamforming on the medium access control
(MAC) design. The work in [23] derived closed-form for-
mulas for computing the coverage probability and the aver-
age rate when considering realistic path-loss and blockage
models adopting directional communications. Moreover, the
work in [24] introduced a model that captures the effects of
beamwidth and orientation errors on the throughput in direc-
tional wireless Poisson networks. The works in [25] and [26]
analysed the distribution of the aggregate interference, and
the outage probability in directional networks considering
static interferers, respectively. The next section elaborates on
the main contributions of this paper.

B. MAIN CONTRIBUTIONS
This work adopts a non-Gaussian modeling approach to char-
acterize the aggregate interference of nodes distributed over
an annular region. We assume that the nodes move based on
the RWP model introduced in [20] and communicate using
directional beamforming through a three gain levels sectored
antenna model. The main contributions of this work can be
summarized as follows:

• Differently from [14], [15], [16], [17], and [18] where
omnidirectional communication is assumed, this work
considers the directional communication capability of
nodes for the interference characterization.

• While the works in [21], [22], [23], [24], [25], and [26]
do not assume any mobility scenario for the analysis of
directional communications, the interference modeling
in this work adopts the RWP model to describe the
nodes’ mobility.

• A three gain levels sectored antenna model is presented
for directional beamforming. The model is more real-
istic than other approaches proposed so far [23], [24],
[27], [28] and allows a more detailed description of the
beams’ gain.

• Departing from the fact that inhomogeneous spatial
Poisson process (IPP) can characterize the nodes’ mobil-
ity moving according to the RWP model, we divide the
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spatial region into multiple annuli showing that the inter-
ferers’ density in each annulus can then be approximated
by homogeneous Poisson processes with correspond-
ing densities. Then, we drive the moment generation
function (MGF) considering distance-based path loss
for large-scale fading, Rayleigh and Rician channels for
small-scale fading, and directional beamforming.

• We approximate the aggregate interference by the Gen-
eralized Extreme Value (GEV) distribution. The GEV
distribution parameters are computed by solving a sys-
tem of equations composed of the raw-moments of the
GEV distribution which are obtained from the derived
MGF. The simulation results validate the proposed mod-
eling and confirm that the GEV distribution can effec-
tively characterize the aggregate interference.

• We enrich the work and demonstrate its practical value
by adopting two different estimators for the estimation
of the GEV parameters, namely, moment-based estima-
tor and probability weighted moments estimator. Both
estimators achieve high accuracy even when a small
number of samples is used in the estimation process.

Notations: In this work, P(X = x) represents the prob-
ability of the random variable (RV) X , fX (·) represents the
PDF, FX (·) represents the Cumulative Distribution Function
(CDF), MX (s) represents the MGF defined as MX (s) =
E[esX ], δ(·) represents Dirac’s delta function, 0(·) is the com-
plete Gamma function, Gamma(k , θ ) represents the Gamma
distribution with shape k and scale θ , E[X ] denotes the expec-
tation of the RV X , and 2F1(a, b, c, z) represents the Gauss
Hypergeometric function.

II. NETWORK MODEL
The adopted network scenario assumes that n mobile nodes
are spread over a spatial area defined by Xmax × Ymax . We
adopt the RWP model proposed in [20] and assumed in sev-
eral works such as [17], [18], and [19], to describe the mobil-
ity of the nodes across the network. Initially, the position
of every node (x, y) is randomly sampled from the uniform
distribution represented by x ∈ [0,Xmax] and y ∈ [0,Ymax].
Then, the node moves to another random position, which is
also uniformly chosen as the starting point, with a velocity
v uniformly sampled from v ∈ [Vmin,Vmax]. Thereafter, the
node remains stopped for a pause time Tp before repeating
the same cycle. We denote the nodes’ average velocity by
E[V ] [20]

E[V ] =
E[S]

(E[Vwp])−1E[S]+ Tp
, (1)

where E[Vwp] =
(
Vmax−Vmin
ln( VmaxVmin

)

)
denotes the average nodes

velocity when Tp approaches to zero, whereas E[S] is the
average distance between two random positions.

The spatial circular model (SCM) [18] is considered to
compute the aggregate interference due to multiple transmit-
ting nodes at a reference node No located at position (xo, yo),
xo ∈ [0,Xmax] and yo ∈ [0,Ymax], as shown in Fig. 1.

FIGURE 1. A reference node No receives interference from n moving
transmitters with directional beamforming capability. The inner circle
radius is denoted by R1 while RL+1 denotes the outer circle radius.

The SCM admits L annuli where the width of each annulus
l ∈ {1, . . . ,L} is represented by ρ. Therefore, the radii of the
outer and inner circumferences of the annulus l are given by
Rl+1 = (R1+ lρ) and Rl , respectively. Regarding the circular
area where the nodes are located, it is simply a composition
of a finite number L of annuli areas A =

∑L
l=1 Al , where

Al = π
(
(Rl+1)2 − (Rl)2

)
represents the area of the annulus l.

The RV Xl represents the number of nodes located within
a specific annulus l which can be approximated by a Poisson
process [29], being its truncated probability mass function
(PMF) given by [8]

P(Xl = k) =
(λlAlτ )k

k! e−λlAlτ∑n
i=0

(λlAlτ )i
i! e−λlAlτ

, k = 0, 1, · · · , n, (2)

where λl denotes the nodes’ spatial density for the l-th annu-
lus, n represents the number of the nodes distributed over
the network, and τ represents the channel access probability
depending on the adopted MAC protocol and/or policies,
such as the preamble transmission probability in a MTC
or mURLLC network. We highlight that the RWP mobility
model causes inhomogeneity in the spatial distribution of the
nodes. Therefore, the nodes’ spatial distribution is approx-
imated by an IPP where λl takes different values for each
annulus l.

We approximate the spatial PDF of the moving nodes
in 2 dimensions, fX ,Y (x, y), as given by [20, Th.3]

fX ,Y (x, y) =
(
psfinit (x, y)+ pp(1− ps)

+ (1− ps)(1− pp)fm(x, y)
)
× a−2, (3)

where ps is the probability where a node keeps stopped during
the whole simulation time, finit is initial spatial distribution of
the nodes, {X ,Y } ∈ [0, a] in which a = Xmax = Ymax , and pp
is the probability that a node is pausing at any random time
instant, given by

pp =
(Vmax − Vmin)Tp

ln(VmaxVmin
)E[S]+ (Vmax − Vmin)Tp

. (4)

The notation fm(x, y) represents the asymptotically stationary
distribution of the nodes’ locations given in [ [20], Th.2].

We highlight that the spatial distribution of the moving
nodes in (3) considers the characteristics and parameteriza-
tion of the RWP model. Consequently, the probability that
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a moving node is located within the annulus l is written as
follows

Pl = P(Z la = 1)

=

∫ (xo+Rl+1)
(
yo+
√

(Rl+1)2−(x−xo)2
)

(xo−Rl+1)
(
yo−
√

(Rl+1)2−(x−xo)2
) fXY (x, y) dy dx

−

∫ (xo+Rl )
(
yo+
√

(Rl )2−(x−xo)2
)

(xo−Rl )
(
yo−
√

(Rl )2−(x−xo)2
) fXY (x, y) dy dx, (5)

where Z la is a Bernoulli RV representing the hypothetical
presence of a node within the l-th annulus. Therefore, the
spatial nodes’ density of the annulus l can be approximated by
the average number of nodes (nPl) distributed over the area
Al , being given by

λl =
nPl
Al
. (6)

Because of the nodes’ mobility, λl in (6) takes different
values within each annulus l where the expected number of
nodes positioned within each annulus l is given by the PMF
represented in (2). Using the Riemann sum, the area A can
be partitioned into a finite number L of small annuli areas
that together form the interference region being measured.
Therefore, the inhomogeneity of the nodes’ density across
the whole area A can now be approximated through multiple
homogeneous Poisson processes (L) over each partitioned
area Al with a specific corresponding density (λl). This
methodology has been validated in [18] considering different
mobility scenarios. We highlight that the accuracy of the
approximation depends mainly on the parameterization of L,
which is demonstrated in Section IV.

III. AGGREGATE INTERFERENCE CHARACTERIZATION
The main goal of this work is to characterize the aggregate
interference at node No due to multiple moving transmitters
with directional beamforming capability. The total aggregate
interference, Iagg, represents the accumulative interference
generated by nodes positioned within each annulus with area
Al , as follows

Iagg =
L∑
l=1

Il . (7)

Therefore, the distribution of Il is firstly studied, then, the
distribution of Iagg is tackled based on the relation in (7).

A. INTERFERENCE OF NODES LOCATED IN THE AREA Al
Assuming that nl nodes bounded by the annulus l such that∑L

l=1 nl = n, then, the total interference power seen at the
reference node No from the interferers located in the annulus
l, is given by

Il =
nl∑
i=1

Ii, (8)

where Ii is the interference power of an i-th node which can
be expressed by

Ii = Ptψigir
−α
l , (9)

where Pt represents the transmitted power. The small-scale
fading channel between the i-th node and the node No is
represented by ψi. The notation gi = gt (θt )gr (θr ) denotes the
total directivity gain in the i-th node to the No node, where
gt (θt ) is the gain of the transmitting node and gr (θr ) is the
gain of the receiving node, while θt and θr are the boresight
angle directions of the transmitting and receiving antennas,
respectively. The distance between the i-th node and the node
No is represented by rl , and α is the large-scale path loss
coefficient. We highlight that the values ψi, gi, and rl are
instant values of the RVs 9i, Gi, and Rl , respectively.

The total power of the interference caused by the nodes
located within annulus l, i.e., within area Al , represents the
sum of each node power. Therefore, the analysis is firstly
started by studying the interference power caused by a single
node. Based on (9), Ii can be seen as a product between the
constant Pt and the RVs9i,Gi, and R

−α
i . The following steps

are then performed:

1) Given that9i is a Gamma distributed when considering
either Rayleigh or Rician fading [30], we approximate
the auxiliary RV Yi as a ratio between the Pt9i and Rαl .

2) We find the PDF of Gi, and then, the distribution of Ii
is characterized by the product distribution between Yi
and Gi.

3) Finally, the MGF of Ii is derived and, consequently, the
MGF of Il .

1) CHARACTERIZATION OF RANDOM VARIABLE Yi
We consider the Gamma distribution to describe the power
of the fading channel 9i ∼ Gamma(ko, θo) where ko and θo
are the shape and scale parameters, respectively. The Gamma
distribution can effectively approximate the stochastic power
fading when there is no line-of-sight (LoS) as in the Rayleigh
fading channel [25], or the LoS link as in the Rician fad-
ing channel [31]. The assumption of small-scale fading is
of particular interest when directional beamforming is not
implemented with a high number of antennas and the channel
hardening condition [32] does not hold, but the proposed
model can also accommodate channel hardening by consid-
ering deterministic channels.

If the channel is Rayleigh distributed, i.e., X ∼ Ray(B),
whereB is the scale parameter, the fading power is then drawn
from the Exponential distribution with the rate parameter
( 1
2B2

), which can be represented by the Gamma distribution
as follows

9
Ray
i ∼ Gamma

(
ko = 1, θo =

1
2B2

)
. (10)

Furthermore, the Rician fading channel can be described
through the parameters K and�where K represents the ratio
between the LoS power component and the non-LoS power
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components, and � denotes the total power from both com-
ponents. Consequently, the amplitude of the received signal
is characterised by the Rician distribution with parameters
ν2 = K�

1+K and σ 2
=

�
2(1+K ) . The parameter K can be

represented in the decibels scale KdB = 10 log10 (K ). If X ∼
Rice(ν, σ ), then (X

σ
)2 is a non-central Chi-squared distributed

with non-centrality parameter ( ν
σ
)2 and two degrees of free-

dom. Consequently, the Gamma distribution [31] can be used

to approximate 9Rice
i using moment matching as follows

9Rice
i ∼Gamma

(
ko=

(ν2 + 2σ 2)2

4σ 2(ν2 + σ 2)
, θo=

4σ 2(ν2 + σ 2)
(ν2 + 2σ 2)2

)
.

(11)

By definition, if X ∼ Gamma(k, θ) and c > 0, cX ∼
Gamma(k, cθ ), therefore

Pi = Pt9i ∼ Gamma(ko, ϑ), (12)

where ϑ = Ptθo represents the scale and ko represents the
shape. Assuming that Ql = Rαl , then, we define Yi as follows

Yi =
Pi
Ql
. (13)

The probability that an interfering node is located within an
annulus l is given by the quotient between the area of the
annuli with outer radius r and the annulus area Al , being
represented by the CDF in (14a), which yields to the PDF
in (14b) as follows

FRl (r) =
r2 − (Rl)2

(Rl+1)2 − (Rl)2
,Rl ≤ r ≤ Rl+1, (14a)

fRl (r) =
2r

(Rl+1)2 − (Rl)2
,Rl ≤ r ≤ Rl+1. (14b)

As a result, the CDF and PDF of Ql are respectively given
by (15a) and (15b)

FQl (q) =
q

2
α − (Rl)2

(Rl+1)2 − (Rl)2
, (Rl)α ≤ q ≤ (Rl+1)α, (15a)

fQl (q) =
2q

2
α
−1

α
(
(Rl+1)2 − (Rl)2

) , (Rl)α ≤ q ≤ (Rl+1)α. (15b)

Given that the RV 9i is independent of the RV Ql , then,
we use the ratio distribution to derive the PDF of Yi as follows

fYi (y) =
∫
∞

−∞

|q|fPi (qy)fQl (q) dq, (16)

which can be solved by substituting fQl (q) by (15b) and
fPi (qy) by (12), yielding to

fYi (y) =
∫ (Rl+1)α

(Rl )α
|q|

(qy)ko−1e
−qy
ϑ

0(ko)(ϑ)ko
2q

2
α
−1

α
(
(Rl+1)2 − (Rl)2

) dq.
(17)

Solving the integral in (17) yields to

fYi (y) =
(
0

[
ko +

2
α
,
(Rl)αy
ϑ

]
− 0

[
ko +

2
α
,
(Rl+1)αy

ϑ

])
×

2y−
2+α
α (ϑ)

2
α

α
(
(Rl+1)2 − (Rl)2

)
0(ko)

. (18)

2) CHARACTERIZATION OF RANDOM VARIABLE Gi
Generally, the radiating antenna elements result in creat-
ing continuous sidelobes with descending power levels. For
instance, the first and second sidelobes of a rectangular
aperture antenna are -13.26 dB and -17.83 dB, respectively,
relative to the peak of the main beam. While the interference
caused by the sidelobes is relatively small compared to the
main lobe, its effect becomes remarkable in the case of con-
current transmissions.

Because of its simplicity, the sectored antenna model with
two beams (onemain lobe and one sidelobe) has been adopted
in several works [23], [24], [27], [28] to approximate the
directionality of nodes’ communication. Although the two
beams approximation does not represent the actual array
pattern as it just considers the first sidelobe power, it has been
widely adopted mainly for mathematical tractability.

With the traditional two beams sectored antenna model,
two levels of gain are assumed, the main lobe gain radi-
ated over its main beamwidth and the sidelobe gain fixed
and radiated over the rest of the angular space. With this
assumption, the captured/sensed interference could be greater
than its real value. While the gain levels of the sidelobes
are relatively small compared to the main lobe, they gen-
erate a cumulative effect at the receiver side especially in
case of high-density scenarios. Therefore, we introduce a
more realistic beamforming approximation that brings out the
physical properties of directional communications by consid-
ering power decaying of the sidelobes over the angular space.
The proposed approximation adopts one main lobe and two
sidelobes with corresponding gain levels and beamwidths.
The model has been assessed through different simulation
parameters as presented in Section IV.

We assume that all nodes are equipped with antenna arrays
to perform directional beamforming. We adopt a sectored
antennamodel withmulti-beams (onemain lobe and two back
lobes) as shown in Fig. 2, to represent the gain patterns gt (θt )
and gr (θr ) as follows

gt,r (θt,r ) =



G1,
−ω1

2
≤ θt,r ≤

ω1

2
G2, −

ω1 + ω2

2
≤ θt,r ≤ −

ω1

2
,
ω1

2
≤ θt,r

≤
ω1 + ω2

2
G3, −π ≤ θt,r ≤ −

ω1 + ω2

2
,
ω1 + ω2

2
≤ θt,r ≤ π.

(19)

To obtain a more realistic beam pattern, the proposed beam-
forming model adopts multi-level of gains {G1, G2, G3}
in which (G1 > G2 > G3), defined by corresponding
beamwidths {ω1, ω2, ω3} in which ω1 +ω2 +ω3 = 2π , and
the boresight angle direction θ ∈ [−π, π). The array gains
{G1,G2,G3} are assumed to be constant for all angles within
the corresponding beamwidths {ω1, ω2, ω3}.
Without loss of generality, all nodes are assumed to be

on the same horizontal plane and the beam pattern does not
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FIGURE 2. Multi-Beams sectored antenna model.

variate over the elevation angle. The orientation of the beams
of each node is sampled from the uniform distribution in
[−π, π). As can be noticed, the possible outputs of (19) are
G1,G2 orG3 over [−π, π), thus, the gain distributions, gt (θt )
or gr (θr ), are discrete and their PMF is given by

fGt,r (g) = p1δ(g− G1)+ p2δ(g− G2)+ p3δ(g− G3),

(20)

where p1 = ω1/2π , p2 = ω2/2π , and p3 = ω3/2π in which
p1 + p2 + p3 = 1.

The directivity gain, Gi, is merely a product between the
two random gainsGt andGr , in which the PMF of each one is
given by (20). Intuitively, the potential set of outcomes forGi
are {G2

1, G
2
2, G

2
3, G1G2, G1G3, G2G3} with probabilities {p21,

p22, p
2
3,, 2p1p2, 2p1p3, 2p2p3}, respectively. Thus, the PMF of

Gi is formulated as follows

fGi (g) = p21δ(g− G
2
1)+ p

2
2δ(g− G

2
2)+ p

2
3δ(g− G

2
3)

+2p1p2δ(g− G1G2)+ 2p1p3δ(g− G1G3)

+2p2p3δ(g− G2G3). (21)

3) CHARACTERIZATION OF RANDOM VARIABLE Ii
The PDF of the RV Ii can be computed by the product
distribution between the RVs Yi and Gi as follows

fIi (x) =
∫
∞

−∞

1
|g|
fGi (g)fYi (x/g) dg, (22)

which can be solved by substituting fGi (g) and fYi (x/g) by (21)
and (18), respectively, yielding

fIi (x) =
p21
G2
1

fYi

(
x

G2
1

)
+

p22
G2
2

fYi

(
x

G2
2

)
+

p23
G2
3

fYi

(
x

G2
3

)

+
2p1p2
G1G2

fYi

(
x

G1G2

)
+

2p1p3
G1G3

fYi

(
x

G1G3

)
+
2p2p3
G2G3

fYi

(
x

G2G3

)
. (23)

Therefore, the MGF of the interference seen at node No due
to a single interferer, MIi (s) = E[esIi ] =

∫
∞

−∞
esx fIi (x) dx, is

represented in (24), as shown at the bottom of the next page,
where %(x) = 2F1(ko, −2α ,

−2+α
α
, x) is a Gauss Hypergeomet-

ric function.

4) CHARACTERIZATION OF RANDOM VARIABLE Il
Given that Ii’s are independent, then for k active interferers,
the MGF of the interference power Il is the product between
the MGFs of each Ii, given as follows

MIl |k (s) = MI1 (s)×MI2 (s) · · · ×MIk (s) =
(
MIi (s)

)k
. (25)

The distribution of the aggregate interference Il can be then
expressed as follows

fIl (j) =
n∑

k=0

fIl (j|Xl = k)P(Xl = k). (26)

Based on (25), the MFG of Il can be written as

E[esIl ] =
n∑

k=0

P(Xl = k)
∫
∞

−∞

esjfIl (j|Xl = k) dj

=

n∑
k=0

P(Xl = k)MIl |k (s). (27)

Using (2) and (25), we obtain

MIl (s) =
n∑

k=0

(λlAlτMIi (s))
k

k!
e−λlAlτ = eλlAlτ (MIi (s)−1).

(28)

B. INTERFERENCE OF NODES BOUNDED BY THE AREA A
So far, we have derived the MGF of the interference induced
by interferers positioned within the annulus l. Using (7), the
MGF of the total aggregate interference caused by interferers
bounded by L annuli can be written as follows

MIagg(s) =
L∏
l=1

MIl (s). (29)

Substituting (28) in (29) leads to

MIagg (s) = e

(∑L
l=1 λlAlτ (MIi (s)−1)

)
. (30)

C. DISTRIBUTION OF THE AGGREGATE
INTERFERENCE IAGG
In this subsection, we approximate the aggregate interference
power Iagg by the GEV distribution [33]. To determine the
theoretical distributions that achieve the best accuracy in
approximating the sample data, the simulated aggregate inter-
ference power is used to determine the parameters of different
known distributions using the maximum log-likelihood esti-
mation process. The different fit tests presented in Fig. 3 show
that the GEV distribution exhibits a close approximation of
Iagg. A detailed description about the simulation environment
parameters can be found in Section IV.

Given that Iagg can be approximated by a GEV distribution,
then, the PDF and CDF of Iagg are given by

fIagg (z; σ, γ, µ) ≈
1
σ
t(z)γ+1e−t(z), (31a)

FIagg (z; σ, γ, µ) = e−t(z), (31b)

VOLUME 10, 2022 113783



A. T. Abusabah, R. Oliveira: Interference Distribution for Directional Beamforming Mobile Networks

FIGURE 3. Comparison between density of Iagg and density of known
distributions for a rician fading channel considering E[V ] = 10.82 m/s,
G1 = 0 dB, G2 = −7.0 dB, G3 = −10.0 dB, ω1 = 60◦, ω2 = 200◦, and
ω3 = 100◦.

where

t(z) =


(
1+ γ (

z− µ
σ

)
)−1/γ

, γ 6= 0

e−(z−µ)/σ , γ = 0
. (32)

The symbols σ , γ , and µ are the GEV distribution parame-
ters named the scale, shape, and location, respectively. The
approximations in (31a) and (31b) require to find the three
GEV parameters σ , γ , and µ. Next, we propose an efficient
approach for computing the GEV parameters using the raw-
moments of Iagg.

The proposed approach uses the variance, skewness, and
mean of the GEV distribution to set up three equations for σ ,
γ , and µ, as follows

M ′3=sgn(γ )
0(1−3γ )−30(1−2γ )0(1−γ )+20(1−γ )3(

0(1−2γ )−0(1−γ )
)3/2 ,

γ <
1
3

M ′2 =
σ 2

γ 2

(
0(1− 2γ )− 0(1− γ )2

)
, γ <

1
2

M1 = µ+
σ

γ
(0(1− γ )− 1), γ < 1,

(33)

whereM ′3,M
′

2, andM1 are the skewness, variance, and mean
of the GEV distribution, respectively. Note that the central
moments (skewness and variance) can be written in terms of

the raw-moments as followsM ′3 =
M3 − 3M1(M2 −M2

1 )−M
3
1

(M2 −M2
1 )

3/2

M ′2 = M2 −M2
1 ,

(34)

where Mx are the raw-moments of Iagg, obtained from (30),
i.e., Mx = E[I xagg] =

dx
dsxMIagg (s)|s=0.

The first equation in (33) can be numerically solved using
MATHEMATICA with the FindRoot command line or using
MATLAB with the vpasolve command line in an efficient
and straightforward manner to obtain γ . Subsequently, the
parameters σ and µ are given by

σ =

√
γ 2(M2 −M2

1 )

0(1− 2γ )− 0(1− γ )2

µ = M1 −
σ

γ
(0(1− γ )− 1).

(35)

D. AGGREGATE INTERFERENCE ESTIMATION
In the previous section, we have characterized the aggre-
gate interference approximated by a GEV distribution. Based
on the adopted model, the parameters σ , γ , and µ have
been mathematically derived using the raw-moments of Iagg
in (30). In this subsection, we aim to estimate the parameters
of the GEV distribution which could be used in real-time
scenarios for the estimation of Iagg. Hence, we introduce two
estimators for the estimation of σ , γ , andµ using the samples
of the aggregate interference collected periodically by the
node No, namely:
1) Moments Based (MB) Estimator: The MB estimator is

based on solving the set of equations in (33) by computing
the raw-moments from the collected set of samples repre-
sented by W = {W1,W2, · · · ,Wm}. We also denote the
sorted sample set by Ws = {W1,m,W2,m, · · · ,Wm,m}, where
W1,m ≤ W2,m ≤ · · · ≤ Wm,m. The estimators (σ̂ , γ̂ , µ̂) of
(σ, γ, µ) only depend on the collected samples and assume
no knowledge about the model. Thus, M1, M2, and M3 are
estimated though the computation of

Mx =
1
m

m∑
i=1

(Wi)x . (36)

2) Probability Weighted Moments (PWM) Estimator:
Given a RV D, the weighted moments of D are given by [34]

Ma,b,c = E[Da(F(D))b(1− F(D))c], (37)

MIi (s) =
1

(Rl+1)2 − (Rl)2

(
(Rl+1)2

(
p21%

(
G2
1(Rl+1)

−αϑs
)
+ p22%

(
G2
2(Rl+1)

−αϑs
)
+ p23%

(
G2
3(Rl+1)

−αϑs
)

+2 p1p2%
(
G1G2(Rl+1)−αϑs

)
+2 p1p3%

(
G1G3(Rl+1)−αϑs

)
+2 p2p3%

(
G2G3(Rl+1)−αϑs

) )
−(Rl)2

(
p21%

(
G2
1(Rl)

−αϑs
)
+ p22%

(
G2
2(Rl)

−αϑs
)
+p23%

(
G2
3(Rl)

−αϑs
)
+ 2 p1p2%

(
G1G2(Rl)−αϑs

)
+2 p1p3%

(
G1G3(Rl)−αϑs

)
+ 2 p2p3%

(
G2G3(Rl)−αϑs

) ))
(24)
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TABLE 1. Random waypoint model parameters.

TABLE 2. Beamforming model parameters.

TABLE 3. Channel parameters.

where F(D) = P(D ≤ d) and a, b, c ∈ R. In [35], it is shown
that E[D

(
F(D)

)b] can be written as follows

M1,b,0 =
1

b+ 1

{
µ−

σ

γ
[1− (b+ 1)γ0(1− γ )]

}
, (38)

for γ < 1 and γ 6= 0. A system of equations can be set
using (38) as follows

M1,10,0 = µ−
σ

γ
(1− 0(1− γ ))

2M1,1,0 −M1,0,0 =
σ

γ
0(1− γ )(2γ − 1)

3M1,2,0 −M1,0,0

2M1,1,0 −M1,0,0
=

3γ − 1
2γ − 1

.

(39)

Consequently, the estimators (σ̂ , γ̂ , µ̂) of (σ, γ, µ) are the
solution of (39), where M1,b,0 can be computed by the unbi-
ased estimator presented in [36] as follows

M̂1,b,0 =
1
m

m∑
j=1

(
b∏
l=1

j− l
m− 1

)
Wj,m. (40)

IV. MODEL EVALUATION
In this section, we use simulation to validate the approxi-
mations proposed to model the aggregate interference. The
proposed methodology is validated by comparing the numer-
ical results with simulated ones. The RWP model parameters
describing the nodes’ mobility are presented in Table 1, while
the beamforming and channel parameters are listed in Table 2
and Table 3, respectively. To verify the accuracy of the aggre-
gate interference model proposed in this work, we compare
the model’s numerical results with simulated results

The nodes’ mobility was captured during 3000 s consider-
ing a square simulation area of (1000m×1000m). The limits
of the nodes’ velocity were parameterized to Vmin = 5 m/s
and Vmax = 20 m/s in three different mobility scenarios:

TABLE 4. Comparison between the theoretical raw-moments of Iagg and
the moments computed from simulated data.

FIGURE 4. CDFs of Iagg for a rician fading channel and L = {2, 3, 300}
considering E[V ] = 10.82 m/s, G1 = 0 dB, G2 = −7.0 dB, G3 = −10.0 dB,
ω1 = 60◦, ω2 = 200◦, and ω3 = 100◦.

1) Scenario 1: E[V ] = 10.82 m/s was defined adopting
Tp = 0 s.

2) Scenario 2: E[V ] = 3.52 m/s was defined adopting
Tp = 100 s.

3) Scenario 3: E[V ] = 1.5 m/s was defined adopting
Tp = 300 s.

The receiver node No was located at xo = yo = 500 m, i.e.,
the origin of the simulation area. The aggregate interference
samples were collected by the node No every second and
3× 106 realisations were run. The simulation considers n =
100 moving nodes and the interference is caused by the nodes
located between R1 = 100 m and RL+1 = 400 m.
Initially, the derived MGF of Iagg,MIagg , in (30) is verified.

Table 4 compares the first, second, and third theoretical raw-
moments with the simulated ones for different mobility sce-
narios. The close matching between the results validates the
derived MGF and confirms its effectiveness in computing the
moments of Iagg that are used to approximate its distribution.
We start by comparing the simulated results with numerical

results obtained using different L values as depicted in Fig. 4.
Although the results confirm the effectiveness of the proposed
modeling when considering L ≤ 3, the model’s accuracy
increases with L. This observation can be attributed to the
homogeneity distribution of the nodes approached when con-
sidering high parameterization of L, which harmonizes with
the mathematical approximation derived in (6).
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FIGURE 5. CDFs of Iagg for a rician fading channel considering different
mobility scenarios and parameters G1 = 0 dB, G2 = −7.0 dB,
G3 = −10.0 dB, ω1 = 60◦, ω2 = 200◦, and ω3 = 100◦.

FIGURE 6. CDFs of Iagg for a rayleigh fading channel considering
different mobility scenarios and parameters G1 = 0 dB, G2 = −7.0 dB,
G3 = −10.0 dB, ω1 = 60◦, ω2 = 200◦, and ω3 = 100◦.

Fig. 5 and Fig. 6 illustrate the CDFs of the aggregate inter-
ference power for Rician and Rayleigh channels, respectively.
The Monte Carlo simulation was used to obtain the ‘‘Simu-
lation’’ curves, whereas the ‘‘Model’’ curves were computed
by (31b) considering differentmobility scenarios (Scenario 1,
Scenario 2, and Scenario 3). The comparison between the
results obtained by simulation and the results obtained by
the proposed model indicates that the aggregate interference
power can be effectively represented by the GEV distribution
under the mobility and beamforming assumptions. Moreover,
the results show that the increase in the speed of the nodes
leads to higher interference power. This can be attributed
to the increase of the average number of nodes around No
for higher average speeds, which is also aligned with the
conclusions in [18]. Compared to the results reported in [17],
[18], we highlight that the current results show a significant
decrease in the aggregate interference power mainly because
the channel is established in a specific direction when adopt-
ing beamforming.

To assess the proposed beamforming model and highlight
its effect on the aggregate interference, the CDFs of Iagg are
simulated considering different beamwidth values and gain
levels. Fig. 7 depicts the CDFs of Iagg considering different
beamwidths (ω1, ω1, and ω3). The results show that the
aggregate interference decreases when narrowing the spatial
radiation of the main lobe (ω1 = 30◦ < ω1 = 45◦ <
ω1 = 60◦). This can be justified by the fact that the radiating

FIGURE 7. CDFs of Iagg for a rician fading channel considering different
beamwidth values with parameters G1 = 0 dB, G2 = −7.0 dB,
G3 = −10.0 dB, and E[V ] = 10.82 m/s.

FIGURE 8. CDFs of Iagg for a rician fading channel considering different
gain levels with parameters ω1 = 60◦, ω2 = 200◦, ω3 = 100◦, and E[V ] =
10.82 m/s.

power is more concentrated over smaller spatial regions when
narrowing the beams, which eventually limits the interference
in the network. This transitional behaviour in the interference
highlights the importance of interference characterization for
directional beamforming. The limited-interference behaviour
requires a design of novel interference avoidance techniques
at the MAC layer, taking the advantage of the reduced inter-
ference due to directional beamforming.

On the other hand, the side lobes gain effect on the aggre-
gate interference is evaluated considering different side lobes
gain levels as represented in Fig. 8. The results show that
the aggregate interference increases when adopting higher
side lobes gain values

(
(G2 = 0.3,G3 = 0.2) over (G2 =

0.2,G3 = 0.1) and (G2 = 0.2,G1 = 0.1) over (G2 =

0.1,G3 = 0.05)
)
. The results highlight the influence of the

side lobes on increasing the aggregate interference power
which confirms the compatibility of the adopted beamform-
ing model with different scenarios and parameters.

The accuracy of the proposed estimators (MB and PWM)
are assessed in Fig. 9 for the three mobility scenarios
(Scenario 1, Scenario 2, Scenario 3). The CDFs of the sim-
ulated data are compared with the CDFs computed by esti-
mating the GEV parameters using (36) and (40) for the MB
and PWM estimators, respectively. The results indicate a
close matching between the simulated CDFs and the CDFs
generated with the proposed estimators for a sample set of
length m = 100. However, the results obtained by the PWM
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FIGURE 9. CDFs of the estimated Iagg through the MB estimator and
PWM estimator for m = 100 samples considering a rician fading channel.

FIGURE 10. CDFs of the estimated Iagg through the MB estimator
considering different sample set lengths (m = {1000, 100, 10}) for a rician
fading channel and E[V ] = 10.82 m/s.

FIGURE 11. CDFs of the estimated Iagg through the PWM estimator
considering different sample set lengths (m = {1000, 100, 10}) for a rician
fading channel and E[V ] = 10.82 m/s.

estimator show better accuracy than the ones obtained by the
MB estimator, as illustrated in Fig. 9.
To highlight the impact of the sample set length on the esti-

mation quality, the CDFs of Iagg considering different sample
set lengths (m = {1000, 100, 10}) for the MB and PWM
estimators are plotted in Fig. 10 and Fig. 11, respectively.
The simulation adopts the Scenario 1 mobility scenario with
the Rician fading channel. The results indicate that the more
samples we utilize, the better estimation quality we obtain for
both estimators. Moreover, we highlight the high accuracy of
both estimators even for a small set of samples length. As a

final remark, the PWM estimator seems to be more efficient
than the MB estimator when considering small m values.

V. CONCLUSION
In this work, we have characterized the aggregate interference
on a reference node caused bymobile usersmoving according
to the RWP mobility model in wireless beamforming net-
works. The proposed modeling and theoretical derivations
have been verified by the comparison with several simula-
tion results. The validation considers large-scale path loss
and small-scale fading channels over different beamforming
parameters and mobility scenarios, validating the accuracy
and effectiveness of the proposed approximations. Compared
to previous works, we notice a significant decrease in the
aggregate interference power when considering beamforming
which requires adequate and innovative MAC schemes with
simplified resource allocation and interference management
mechanisms. Moreover, we have defined two different esti-
mators for the interference characterization. The results con-
firmed the estimators’ efficiency even when utilizing a small
length of samples.
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