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ABSTRACT

This thesis was motivated by the search for new classes of algebras that maximize both
generality (the class contains many important examples) and tractability (the class allows
for deep structural theorems), combining algebra, automated reasoning, and large-scale
computation. A database of nearly 500 classes of algebras was autoformalized from the
literature and organized as a partially ordered set of inclusions. More than 80,000 theorems
were proved with automated theorem provers, many requiring non-trivial proofs. The
work also produced dozens new GAP packages.

In the process, group-theoretic constructions such as verbal and marginal subgroups
were extended to inverse semigroups and related structures, yielding new theorems.

The methods developed show how autoformalization and database techniques can
generate new algebraic classes and enable property transfer between them. The work
toward the original goal—identifying classes that maximize generality and depth—is
more than half complete, and we expect that this goal will soon be achieved, opening one
or more new areas of mathematics.

Keywords: Marginal Semigroups, Classes of Algebras, Artificial Intelligence, ArXiv
Extraction.
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Resumo

Esta tese foi motivada pela procura de novas classes de dlgebras que maximizem tanto a
generalidade (a classe contém muitos exemplos importantes) como a tratabilidade (a classe
permite teoremas estruturais profundos), combinando algebra, raciocinio automatizado
e computagdo em grande escala. Uma base de dados com quase 500 classes de dlgebras
foi autoformalizada a partir da literatura e organizada como um conjunto parcialmente
ordenado de inclusdes. Foram demonstrados mais de 80 000 teoremas com recurso a
demonstradores autométicos, muitos dos quais exigiram provas nao triviais. O trabalho
produziu também dezenas de novas bibliotecas GAP.

No processo, construgdes de teoria de grupos, tais como subgrupos verbais e marginais,
foram estendidas a semigrupos inversos e estruturas relacionadas, dando origem a novos
teoremas.

Os métodos desenvolvidos mostram como a autoformalizagao e as técnicas de bases
de dados podem gerar novas classes algébricas e permitir a transferéncia de propriedades
entre elas. O trabalho em direcdo ao objetivo inicial (identificar classes que maximizem
a generalidade e a profundidade ) estd mais de metade concluido, e espera-se que este
objetivo seja em breve alcancado, abrindo uma ou mais novas dreas da matemaética.

Palavras-Chave: Semigrupos Marginais, Classes de Algebras, Inteligéncia Artificial,
Extracdo do ArXiv.
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1

INTRODUCTION

The theory of groups led to some of the deepest and most beautiful results in mathematics.
The structure theory of finite groups, the classification of finite simple groups, connections
with geometry, topology, analysis, and number theory. All testify that. Yet, as powerful
as group theory is, it is a specialized theory. The axioms of invertibility make the class
of groups narrower, thereby excluding as particular examples many natural algebraic
structures of mathematics.

Semigroups, on the other hand, are a very general framework: they only require the
ubiquitous associativity: it is satisfied by the composition of functions, and many other
object across mathematics. For a long time, however, this very generality was seen as an
obstacle. The prevailing view was that semigroup theory could not possibly admit deep
structural theorems beyond the basic tools of universal algebra (isomorphism theorems,
homomorphism theorems, congruence theory, and so forth). The perception was that the
price of generality was the impossibility of depth.

This perception was spectacularly overturned by the work of Green [27] and Rees [61].
They showed that profound structure theorems are indeed possible in semigroup theory.
Green’s relations and Rees’ theorem provided tools as deep and influential for semigroups
as Sylow theory and Jordan-Holder theory are for groups. With these breakthroughs the
subject exploded into a flourishing field, proving that it is indeed possible to combine
generality with depth.

The goal of the present thesis is inspired by this historical trajectory. The aim was
to identify new contexts analogous to semigroups: algebraic theories which are broad
enough to contain many important classes of algebras as particular cases, but structured
enough to permit the existence of deep and general theorems.

Consider, for example, the class of magmas, that is, sets with a binary operation and no
further axioms. Virtually all of mathematics can be encoded in this framework, because
whenever there is a binary operation one can speak of a magma. However, outside of
the general results of universal algebra, it is not clear which kinds of profound theorems
could ever be obtained about magmas. Classes slightly less general, such as semigroups
or loops, may admit more structure and more powerful theorems. The challenge, then, is

1



CHAPTER 1. INTRODUCTION

to identify the gems: theories that maximize tractability and generality.

In order to achieve this goal, three main steps are required:

1. The construction of a very large database of algebraic classes, extracted from the

literature, formalized, and organized systematically.

2. The construction of a large database of theorems, each valid in some particular class

of algebras, and each linked to its algebraic context.

3. A large-scale analysis to find which classes allow the largest number of theorems
from the database to be generalized to them.

It became clear during the course of this work that such an ambitious program was
incompatible with the timeframe of a two and a half year doctoral thesis. A different project
will be necessary to realize the full vision. Nonetheless, what has been accomplished
already opens the door to this final objective and provides solid foundations for it.

The contributions of the present thesis are as follows:

1. A first research article in mathematics was written with the dual purpose of prov-
ing interesting new theorems and of acquiring advanced skills in automated the-
orem proving (ATP). This article, (See Appendix A) which was published in a
peer-reviewed journal, provided the training ground to learn the tools of ATP, to
formulate conjectures, to control ATP through Python scripts to perform massive au-
tomated tests, to analyze automated proofs, and to humanize them into publishable

mathematics.

2. The construction of a large database of algebraic classes, a major project in the
domain of auto-formalization. This is a field still very much open, and the present
work contributes to it. The database was built over a year of research conducted
in Prague, a leading center for auto-formalization that has secured multiple ERC
grants in the area. The database includes not only formal definitions of algebraic
classes, but also metadata: the first paper where the class appears, the number of
citations of that paper, the AMS Mathematics Subject Classification code, and more.
All this allows to get an idea of how important will be the class that generalizes
many of the classes in the database.

3. The construction of the partially ordered set (poset) of algebraic classes, enabling
the identification of maximal elements and relationships of containment between
theories.

4. The introduction of new natural theories, obtained by extending the language
of existing classes with additional commuting automorphisms. This provided a
method for producing new classes which are both novel and naturally linked to
established algebraic structures. This is a project in data augmentation.

2



CHAPTER 1. INTRODUCTION

5. Whenever an object can be defined in a class of algebras of some type (say, magmas)
and in the class C that object has property P, we can check if that object has property
P in any other class of algebras of the same type. This idea opens the gate for many
new familiar theorems. We provide many concrete examples of the application of
this idea.

The structure of the thesis reflects this trajectory. In the first chapter we describe the
results obtained on marginal semigroups, which constituted the "training chapter". The
second chapter explains in detail the process of auto-formalization of algebraic classes
extracted from the arXiv. The third chapter constructs the poset of classes of algebras. The
fourth chapter discusses data augmentation through the introduction of new classes. The
fiftth chapter illustrates several applications of the library to generate new theorems.

What remains to be done in order to complete the project? The most demanding task
is the auto-formalization of a large corpus of theorems in the classes of algebras already
collected. This is a much more complex challenge than the auto-formalization of algebraic
classes alone. Once this is achieved, the next step will be to generalize these theorems to
all the overclasses where they are true. Then it will be necessary to define and compute
metrics that measure both generality (the number of subclasses contained) and tractability
(the number of theorems that can be generalized to the class). The ultimate goal is to
identify candidates for the twenty-first century analogous to what semigroup theory was
in the twentieth: a field of extreme generality where deep and far-reaching theorems can
nonetheless be proved.
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MARGINAL SUBSEMIGROUPS

2.1 Initial Considerations

In his celebrated work, Garrett Birkhoff introduced the concept of varieties of universal
algebras: classes of algebras of a fixed type closed under subalgebras, direct products,
and homomorphic images. He then proved a cornerstone theorem of twentieth-century
algebra: a class of algebras is a variety if and only if it is axiomatizable by identities [8].

This result launched modern universal algebra, theoretical computer science and
shaped later advances in automated reasoning. A landmark event is McCune’s use of the
Equational Theorem Prover (ETP) to solve Robbins” problem in lattice theory, a domain
to which Birkhoff made deep contributions [46], and the first time a machine managed
to solve a mathematical problem that outperformed several mathematicians (including
Alfred Tarski).

Since groups are universal algebras, one may speak of varieties of groups. For example,
the variety of abelian groups is defined by the identities (xy)z = x(yz), x1 = x, xx" =1
and xy = yx. Because inversion is available, any identity p(x1,...,xx) = q(x1,...,Xx) in
groups is equivalent to

(g(x1,... ,xk))_lp(xl, o, xp) =1

Hence, assuming = 1 implicitly, a variety of groups can be specified by a set of words.
For instance, in groups, the list [ x~'y~'xy, x%] defines the variety of groups satisfying

xly~lxy =1and 3 =1.

-1
1

1

Saying that a group G satisfies the word x~'y~'xy means a;'a;'a1a, = 1 for all

a1, ay € G. If G does not belong to that variety, the set
S = {al_laz_lalaz |a1,a, € G}

contains nontrivial elements, and thus the subgroup (S) gives an idea of how far G is
from being abelian. This already hints at a structural role of this subgroup linked to
characteristic subgroups. Recall that an automorphism of G is a bijection f : G — G with
f(ab) = f(a)f(b) and f(a~!) = (f(a))"!. A subgroup H < G is characteristic if f(H) = H
for every automorphism f of G.



2.1. INITIAL CONSIDERATIONS

The following result is a well known theorem from Group theory.

Theorem 2.1.1. Let G be a group and let w(x1, ..., x,) be a group word. Then
H-= (w(al,...,an) | ai,...,dy € G)

is characteristic in G.

Proof. Let f € Aut(G). For allay,...,a, € G,

flw(as, ..., an)) =w(f(a1),..., f(an)) € H,

so f(H) C H. Applying the same argument to f ! gives H C f(H). Hence f(H) = H, and
therefore H is characteristic. O

Since every characteristic subgroup is normal, this construction offers a canonical,
variety-oriented way, to produce normal subgroups. In this setting, P. Hall’s brief 1940
note introduced two dual notions that became standard: verbal subgroups and marginal
subgroups [29] [62].

2.1.1 Verbal and marginal subgroups

Let X be a non-empty set. Given a set W of words in the free group F(X) and a group G,
the verbal subgroup is defined as

W(G):z(w(gl,...,gn) | wew, gi€G>.

The marginal subgroup Mw(G) consists of elements a € G such that inserting a into any

coordinate of any w € W never changes the value:

w(glf'”/agi/-”/gn):w(g1/~"/gi/-~-/gn) :w(glf'”/gia/”-/gn)

for all choices of g1, ..., g» € G and each position i. Heuristically, W(G) captures the active
content of the variety-defining laws, while My (G) collects the silent elements for those laws.
Both mentioned subgroups are fully characteristic (that is, they are invariant under every
endomorphism) [50, 41].

Example 2.1.2. (The commutator word) Let w(x, y) = [x,y] = x 'y 'xy. Then
w(G) = (g, h11g,h€G)=GY,  Mq(G) =Z(G).
Example 2.1.3. (The pth power word) Fix a prime p and let w(x) = x”. Then
w(G) =(8’ g €G)=GCF,
and My(G) is the set of all a € G with (ga)? = g” for every g € G.

5



CHAPTER 2. MARGINAL SUBSEMIGROUPS

2.2 Extensions to Inverse Semigroups

Many group-theoretic ideas extend naturally to inverse semigroups, often with subtle
but illuminating adjustments. Conjugation offers a familiar example: replacing global
symmetries by partial ones preserves much of the structure and leads to a rich theory in
inverse semigroups [42, 58, 2, 30, 33].

An inverse semigroup is a semigroup S in which each a € S has a unique inverse a~!
with aa™'a = a and a~'aa™! = a7!. As in groups, one can form words in the signature
(-,~1y and ask for the structures generated by their elements, as well as for the elements
that are silent with respect to those words. This is exactly Hall’s program transposed to
the world of partial symmetries and an idempotent-rich algebra as are inverse semigroups

[29].
2.21 Marginal Subsemigroups in Inverse Semigroups

2.2.1.1 Definitions

Fix an inverse semigroup S and a word w(x1,...,x,) in ~1). For each position 7, an
element a € S is called ith partial marginal for w if there exist idempotents e, f € E(S) such
that, for all choices of variables,

w(x1,...,ax;,...,%,) = w(xX1,...,eXi,...,Xy),

(X1, ..., Xi,..., Xp) =(X1,...,Xif,..., Xn).

The ith partial margin M{’(S) is the set of such elements, and the margin M“(S) =

Miz1 M’(S) consists of the marginal elements.

2.2.1.2 Main results

The first goal of this thesis was to extend to inverse semigroups the idea of Marginal
groups. This was done as a goal in itself, but also as a way to acquire advanced skills
using automated reasoning tools, in our case ProverX [1].

Our two main structural theorems mirror the group case while revealing the role of
idempotents.

* Full inverse-subsemigroup property. For every i, the set M{’(S) is a full inverse subsemi-
group of S (it contains all idempotents and is closed under product and inversion).
Consequently, the margin M“(S) is also a full inverse subsemigroup.

o Commutator case and the metacenter. For the commutator word w(x,y) = [x,y] =
x~1y~lxy, the marginal inverse subsemigroup coincides with the metacenter

Z(S)={aeS|aa'xa=axa laforallx € S}.
Thus M®“(S) = Z(S), which is a normal inverse subsemigroup.

6



2.3. OPEN PROBLEMS AND PERSPECTIVES

These results extend the classic ones about groups. Moreover, the proofs of the mentioned
theorems were obtained with the help of ProverX, but not directly, as we cannot feed into
to machine general words of the form w(xy, ..., x,). It was necessary to work with some
particular words and some small 7, say n = 2, 3; then humanize the proofs, another skill
important to master for the subsequent work; and, finally, try to infer the general rule (or
proof) from those partial proofs.

Another instance of the use of the machine, now in a much more direct way, was the
proof of many results about commutators in groups that also hold for Cillford semigroups

(inverse semigroups with central idempotents). Our main result is the following.

Theorem 2.2.1. Let S be a Clifford semigroup and write [x,y] := x~'y~'xy. Then, for all
xX,Y,z,u,v,w €S, the following identities hold:

1. [z7lxz, z7lyz] = z7Yx, y)z;

2. [xu, xoxw] = [xu, xw] (xw) " [xu, xv] xw;

3. y~'xy = x[x,yl;

4 [x, zy] = [x,yly7'x, 2y

5. [x, vyl = yly,xly™"

6. y~'lx, y7'1, zly z7'ly, 271, x]z x7M[z, x7'], ylx € E(S);
7. (xyP = x*y? [y, x] [ly, x], yl.

Too see more regarding our work on Marginal Subsemigroups, please see Appendix A.

2.3 Open Problems and Perspectives

Normality and congruences for margins: In groups, marginal subgroups are normal and
directly induce congruences. In inverse semigroups, one may first define a marginal
equivalence by pointwise invariance of a word’s value and then pass to the least congruence
containing it. A central question asks when this extra step is unnecessary: does the
marginal equivalence already define a congruence, and is M“(S) automatically normal,
beyond the commutator case? Power words w(x) = x" are natural test cases. A positive
answer would place inverse-semigroup margins on the same firm footing as their group
counterparts and clarify how margins behave under standard constructions (e.g., Rees
quotients) and decompositions.

Extending the framework across varieties: Hall’s method studies how words interact
with algebraic structure. The same viewpoint can be used beyond groups, in semigroup
settings where the signature and the available words change. Examples include completely
regular semigroups, regular *-semigroups, and monoids with extra operations. The aim
is to find the verbal and silent elements for key identities and to see how these identities

7



CHAPTER 2. MARGINAL SUBSEMIGROUPS

shape Green’s relations, idempotent-separating congruences, and semilattice-of-groups
decompositions. In spirit, this mirrors what verbal and marginal subgroups already do

in group theory.
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ARX1v EXTRACTION

3.1 Formalizing Mathematics: Some notes on the history,

systems, milestones, and future

By formalizing mathematics one means encoding definitions, statements, and proofs in a
precise logical language, so that a computer can check the derivations from axioms and
rules of inference.

The roots of formalization predate computers by many decades. Frege’s Begriffsschrift
[22] advanced a formal language for logic and function-argument analysis; Whitehead and
Russell’s Principia Mathematica [71] attempted to derive large parts of mathematics from
logical axioms; Hilbert’s program sought finitary consistency proofs for formal systems
[31]; and Godel’s incompleteness theorems [24] showed inherent limitations of formal
axiomatic methods.

With digital computers, the idea of mechanically checking proofs took concrete form.
N. G. de Bruijn’s Automath [10] pioneered a typed framework in which entire theories could
be written so that a machine checks correctness line by line. Automath stimulated long-
lasting ideas: compact encodings of binders (de Bruijn indices), book-like organization of
developments, and the insight that rigorous type disciplines can enforce correctness of
derivations at scale [23] .

A subsequent strand, the LCF approach (that is, an interactive automated theorem
prover), emphasized small trusted kernels and user-extensible automation. This style
strongly influenced later systems in the HOL family and Isabelle (i.e. interacting theorem
proving systems). In parallel, the proof-as-programs perspective (the Curry-Howard
correspondence) encouraged systems where proofs are typed lambda-terms and types
are propositions, laying foundations for type-theoretic assistants.

Beginning in the 1970s, Andrzej Trybulec’s Mizar project sought a human-oriented
declarative proof language supported by automated checking and a curated, steadily
growing library: the Mizar Mathematical Library (MML) [6]. The Mizar style emphasizes
textbook-like proofs with strong global organization and a journal-like workflow for library

contributions.



CHAPTER 3. ARXIV EXTRACTION

The journal Formalized Mathematics—established in 1990—has long served as a dedi-
cated venue for Mizar articles and for consolidating formalized material. Its electronic
portal lists volumes from 1990 onward and clarifies its editorial relationship to the Journal
of Formalized Mathematics, an electronic counterpart aligned with the evolving MML [20].

Formalizing mathematics became a mathematical topic in itself [36].

Isabelle/HOL and the HOL tradition

Systems in the HOL lineage implement Church’s simple type theory and emphasize
small kernels, robust automation, and integration with SAT/SMT and first-order provers.
Isabelle/HOL supports a declarative, human-readable proof language (Isar) and a journal-
like repository of articles, the Archive of Formal Proofs (AFP), founded in 2004 [4], which is
refereed and continuously checked. HOL Light, designed with an emphasis on simplicity
and reliability, has powered several milestone projects [51].

Coq and dependent type theory

Coq implements the (Calculus of) Inductive Constructions, marrying dependent type
theory with inductive definitions and program extraction. Over three decades it has
grown into a mature platform for both mathematics and verified software, supported by
books, extensive libraries, and active tool development [13] [67].

Lean and mathlib

Lean began as a dependently typed system with a small kernel and extensible metapro-
gramming. Lean 4 (2021) re-engineered the prover and language, powering the rapid
growth of the community-driven mathlib library [49] [5] .

Agda, ACL2, PVS, Metamath

Agda advances dependently typed programming and interactive proving; ACL2 (with
industrial roots in Boyer-Moore logic) emphasizes automated reasoning about recursive
definitions and finite structures; PVS combines expressive higher-order specification with
decision procedures and model checking; Metamath features a tiny kernel and large

repositories entirely in a minimal proof language [52] [39] [54] [47] .

3.1.1 Landmark case studies

The Four Color Theorem. The 2008 article Formal Proof—The Four-Color Theorem reported
a fully formalized proof in Coq, offering an end-to-end, machine-checked account of a

theorem historically verified with substantial computation but without proof assistants
[26].
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3.1. FORMALIZING MATHEMATICS: SOME NOTES ON THE HISTORY, SYSTEMS,
MILESTONES, AND FUTURE

The Odd Order Theorem (Feit-Thompson). A six-year collaboration culminated in 2012
with a complete constructive formalization in Coq of the Feit-Thompson theorem that
every finite group of odd order is solvable. The project integrated domain-specific proof

engineering (notably SSReflect), large algebraic libraries, and significant automation [25].

The Kepler Conjecture (Flyspeck). The Flyspeck project, completed in 2014 and docu-
mented in 2015, delivered a formal proof of the Kepler Conjecture using HOL Light and
Isabelle. It combined geometric analysis, linear programming, and large computational
verifications into a fully checked account, later published in Forum of Mathematics, Pi [28].

Fermat’s Last Theorem. It has been announced that Kevin Buzzard (Imperial) and his
team are now formalizing Fermat’s last Theorem.

3.1.2 Where formalization meets mathematics

The mathematical payoff is twofold. First, verification at scale: difficult arguments can be
refactored into smaller lemmas with precise interfaces, then checked end-to-end (as in
the Odd Order and Kepler case studies). Second, new mathematics of formalization: the
discipline of encoding statements uncovers implicit conventions, strengthens invariants,

and clarifies boundaries between computational and conceptual parts of proofs.

The resulting artifacts are not merely archives. They are executable knowledge bases:
one can search for lemmas, inspect dependencies, migrate results between theories, and

build new theorems on a stable foundation.

3.1.3 Observations

Formalizing mathematics is now a sustained scholarly activity: grounded in strong foun-
dations, implemented in robust systems, supported by curated libraries, and published in
journals that recognize its distinct contributions. It should be observed that formalizing
a theorem can range from a task for a Masters thesis or a PhD Dissertation to a very
demanding project that involves a large team of top mathematicians for a long period of

time.

In the future, all the work done in the formalization of mathematics will be used to
create the autonomous referee first; then the referee that also fixes problems when it finds
one (if they can be fixed); it will be used to train Al agents that will be able to prove results
as machines could never before. It is important to observe that the first goal of this area is
to be able to get a Gold Medal in the International Mathematics Olympiads.
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CHAPTER 3. ARXIV EXTRACTION

3.2 Autoformalization: History, systems, milestones, and

prospects

3.2.1 Opening context

An ambitious collaborative project led by Kevin Buzzard at Imperial College London
is presently formalizing Wiles’s proof of Fermat’s Last Theorem in the Lean theorem
prover [11, 21, 34]. This effort combines large-scale library engineering, number-theoretic
background (elliptic curves, modular forms, Galois representations), and community
infrastructure.

In this context, my supervisor, Professor Joao Aratjo, conjectured at the AI Theorem
Proving Conference (Aussois, 2023), in the presence of Kevin Buzzard, that Fermat’s Last
Theorem will be the last major theorem to be formalized primarily by humans; after that,
autoformalization will take over.

3.2.2 What is autoformalization?

By autoformalization we mean the semi or fullyautomatic transformation of informal
mathematical content (typically IXIEX prose, textbook statements, or arXiv articles) into
checked formal statements and proofs in a proof assistant. Concretely, the pipeline seeks
to (i) parse informal text into a precise logical representation, (ii) resolve symbols, types,
and overloading against a formal library, (iii) select relevant background material (premise
selection), and (iv) construct or search for a proof (tactics or low-level inference). The end
product is a machine-verified artifact integrated into a growing library.

Two complementary streams have converged here. The first is large-theory automated
reasoning over existing formal corpora (Mizar, HOL Light, Isabelle/HOL, Lean), using
learning to guide premise selection and proof search. The second is text-to-formal transla-
tion, which aims to digest the informal layer itself, mapping natural XTEX mathematics to

a formal vernacular.

3.2.3 Prehistory and enabling ideas

The prehistory of autoformalization is the emergence of methods that scaled automation
on existing formal libraries. Urban’s MPTP program systematized exports from Mizar to
ATP (automated theorem prover) formats, enabling cross-fertilization between interactive
and automated provers at library scale [69]. Building on this, MaLARea introduced an
iterative loop between ATP search and machine learning to prioritize relevant lemmas
in large theories [68]. In parallel, Kaliszyk and Urban integrated learning and ATPs
with HOL Light, demonstrating that a substantial fraction of a major corpus (Flyspeck)
can be re-proved automatically via model- and data-driven premise selection [38]. The
HOL(y)Hammer service subsequently delivered this capability as a robust, user-facing

bridge between interactive proving and strong automation [37].
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3.2. AUTOFORMALIZATION: HISTORY, SYSTEMS, MILESTONES, AND PROSPECTS

3.2.4 From large-theory automation to text-to-formal

The mid-2010s saw deep learning applied to premise selection: DeepMath showed that
sequence models trained on Mizar statements improve retrieval of useful premises for ATPs
[35]. This line continued with richer features and benchmarks, and with higher-order
environments such as HOList, which framed HOL Light proving as a reinforcement-
learning task and provided a reproducible sandbox for data-driven proof search [7]. In
parallel, the Metamath-based GPT-f work explored transformer-guided tactic generation
for fully formal proofs [59].

On the text-to-formal front, a direct attack on translation from KEIEX sentences into
Mizar statements was explored by Wang, Brown, Kaliszyk, and Urban, including type
elaboration and supervised /unsupervised machine translation setups [70]. The goal is
not only syntactic parsing but also semantic alignment with an existing library, a central

difficulty when the same informal symbol may denote distinct formal entities.

3.2.5 Benchmarks, datasets, and Lean-era developments

Community benchmarks have played a key role in measuring progress. The miniF2F
dataset aggregates olympiad-level problems formalized across systems and became a
standard target for learned theorem provers [73]. The IsarStep benchmark mined high-
level proof steps from Isabelle’s Archive of Formal Proofs, promoting models that reason
at human-readable granularity [43]. In Lean, OpenAl’s experiments on olympiad prob-
lems demonstrated LLM-guided tactic search and curriculum learning for statement
understanding [53, 60]. The LeanDojo framework further improved reproducibility and
retrieval-augmented proving on mathlib, releasing open toolchains and datasets that
lowered the barrier for controlled experimentation [72].

3.2.6 Landmark moments and contributions

Several milestones delineate the field.

¢ Library-scale exports and re-proving. MPTP and MaLARea established scalable exports
and learning-guided ATP loops for Mizar; HOL(y)Hammer and Flyspeck experi-
ments extended this to HOL Light, with strong auto-reproving rates [69, 68, 38,
371].

* Neural premise selection. DeepMath and successors demonstrated that deep sequence

models improve premise selection on large formal corpora [35].

* Higher-order learning environments. HOList framed tactic-level proving as RL, enabling

controlled comparisons of architectures and search strategies [7].

* LLM-guided proving. GPT-f, OpenAl’s Lean work on olympiad problems, and cur-
riculum approaches showed that large language models can guide or synthesize
steps that verifiers accept, especially when coupled with retrieval [59, 53, 60, 72].
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¢ Text-to-formal prototypes. Direct translation from informal IXTEX to Mizar built the
first end-to-end autoformalization pipeline components, including domain-specific

type elaboration [70].

A unifying thread across these results is the leadership of Josef Urban and collaborators
in designing exports, learning loops, and evaluation regimes for large-theory reasoning;
this work seeded much of today’s autoformalization ecosystem. Urban has been awarded
several major grants, including ERC, to carry on the autoformalization project.

3.2.7 Open challenges

Despite rapid progress, several bottlenecks remain.

* Robust symbol grounding. Mapping a human'’s overloaded, context-rich notation to a
specific formal constant is still brittle. Better joint representations of informal tokens
and formal symbols are needed for stable disambiguation.

* Coverage of background knowledge. Many informal texts rely on folklore results or
implicitlemmas. Autoformalizers mustlearn to ask for missing lemmas, or synthesize

them, not merely translate surface form.

¢ Long-range structure. Scaling to monographs and classification-scale proofs requires
models that reason over dependency graphs and propose modular decompositions,

not only local steps.

3.2.8 Prospects

With the autoformalization dream fulfilled, hopefully within short term, the corpus of
formalized mathematics will be enormous, eventually all mathematics produced so far
will be formalized, and hence we will have an enormous amount of material to train Al
agents. If Aratjo’s conjecture comes to pass, it will not be due to a single leap, but to the
steady accumulation of models, tools, and libraries that let machines shoulder an ever
larger share of translation and search, while humans architect theory and certify meaning.

Recently, an apparent breakthrough has been announced with the proof of the string

prime theorem autoformalized (see also Szegedy’s recent note [64]).

3.2.9 Our autoformalization project: scope and objectives

As discussed previously, the autoformalization project is ongoing. Its long—term objective
is to design pipelines that can transform arbitrary mathematical usual writing into fully
checked formal artifacts, i.e., definitions, statements, and proofs that are accepted by a
proof assistant’s kernel. Concretely, the target is to deal effectively with the full spectrum
of obstacles present in informal texts: overloading and ambiguous notation; implicit

hypotheses and lemmas; linguistic variability and ellipsis; and genuine gaps that must be
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3.2. AUTOFORMALIZATION: HISTORY, SYSTEMS, MILESTONES, AND PROSPECTS

bridged by auxiliary results or explicit justifications. In domain-restricted settings with
stabilized notation and mature libraries, near-fully-automatic workflows are more realistic
in the short term, and serve as stepping stones toward the general goal.

Within this broader agenda, our specific aim is to construct the largest feasible, curated
knowledge base of algebraic classes in the sense of universal algebra, with emphasis on

varieties and quasivarieties. For each class of algebras K we record the following data:
¢ the underlying signature and a canonical axiomatisation (identities or quasi—identities);

¢ authoritative bibliographic sources (e.g., the original paper establishing K), together
with citation data and AMS subject classifications;

¢ structural relationships: classes contained in K, classes containing K, and known

isomorphisms or equivalences between different presentations;

¢ links to formal counterparts when available (entries in major proof-assistant li-

braries), enabling cross—navigation between informal and formal artefacts.

The resulting object is a directed, typed graph whose vertices are algebraic classes and
whose edges encode inclusion.

To pursue this atscale, Ijoined Josef Urban’s group in Prague. The work there combined
export and alignment tools for existing formal corpora with data models that can ingest
and normalise heterogeneous mathematical sources (articles, monographs, surveys) into
a coherent, queryable repository tailored to varieties and quasivarieties.

We will now describe what we have done in order to get the full library and to get the
partial ordered set of inclusions of those classes of algebras.

In order to gather almost 500 non-isomorphic classes of algebras, it was necessary to
complete some tasks. Firstly, we had to extract the whole ar5iv database, which is a website
that contains almost all arXiv documents, but written in HTML instead of the usual PDF
format. After that, we filtered the mathematical definitions that satisfied specific criteria
and, following that, we built a prompt and we used an LLM, like ChatGPT, to convert the
axioms of those classes of algebras written in IXIEXto axioms written in first order logic,
that is, ProverX syntax [1].

Finally, we separated each class of algebras by its type, for example (2,2, 1,0) which
means two binary operations, one unary operation and one constant, and then we built
the partial ordered set, by inclusion, using ProverX, of all those sets. We present now a
more detailed explanation of each step.

3.2.10 ArXiv Extraction

Regarding the ar5iv acquisition, it is a fact that arXiv documents use PDF format due to its
flexibility and reliability, however, they are more complicated to analyze and parse using
a programming language. Therefore, in order to overcome that restriction, we had to

download the whole ar5iv database. We extracted approximately two million documents
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CHAPTER 3. ARXIV EXTRACTION

so, taking into account the huge amount and space required to download all those papers,
we had to use a remote server instead of a local machine.

3.2.10.1 Parsing Varieties and Quasi-Varieties

Regarding extracting and filtering mathematical definitions, we created a filtering process
that was used to gather documents relevant to the mathematical domain from the men-
tioned dataset. This step involved not only parsing the HTML content of each scientific
paper and consider only documents with mathematical definitions, but also apply the
filter to each definition in order to get only varieties and quasi-varieties.

3.2.10.2 First Order Logic Conversion

Regarding the conversion to first order logic, the axioms of the mathematical definitions
were converted to first-order-logic (FOL) terms. The reason for this step is because ProverX,
uses its syntax in FOL. This conversion algorithm was created using the OpenAl API
where, after we provide it with a prompt explaining how we wanted the conversion and
providing some examples, we were able to translate the IXTEX axioms of the definitions
into their corresponding FOL representations. It is important to observe that, in this step,
we had to confirm each conversion one by one due to ChatGPT’s limitations.

3.2.10.3 Building the Partial Ordered Set

Regarding the construction of the partial ordered set (poset), the final step was to separate
all the sets by their algebraic type and consider all the possible combinations to check if a
class contains or is contained in other class of algebras. Then we organized, using directed
graphs, all those classes of algebras into partially ordered sets (Posets), where each node
represents a class of algebras and an arrow from the class A to the class B means that
the defining axioms of A imply the defining axioms of B. In the figure below, we show a

diagram that illustrates the most important steps throughout our work.

Papers M
@ (Classes of Algebras) H{ Latex Definitions

Name
Signature
Identities(ProverX)

Figure 3.1: Diagram Illustrating all the Necessary Procedures
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4

THE POSET OF INCLUSIONS ON OUR DATABASE

4.0.1 Background and Motivation

Inverse semigroups and completely regular semigroups are two classical success stories
of semigroup theory. They share deep structural properties and enjoy elegant classifi-
cation theorems that connect them to group theory, order theory, and geometry. For
decades, semigroup theorists wondered whether there might be a “third family” of reg-
ular semigroups with equally strong structural properties. The folklore consensus was
pessimistic: no such family exists, yet no rigorous explanation for this conviction had ever

been published.

Aratjo, Kinyon, and Robert [3] undertook the ambitious task of turning this metamath-
ematical belief into a theorem. The guiding analogy is Arrow’s impossibility theorem
in social choice: Arrow listed axioms for voting systems and then proved that no voting
system with 3 or more candidates could satisfy them all simultaneously in every scenario.
Similarly, Aratjo—Kinyon—Robert listed the desirable shared properties of inverse and
completely regular semigroups, and then proved that under suitable constraints, any
variety of regular semigroups with uniquely defined inversion satisfying these properties

collapses into one of the two known classes.

4.0.2 Methodology and Scale

The proof method was exhaustive. The authors systematically listed all possible varieties
of regular semigroups with uniquely defined inversion, under clearly stated constraints.
Each candidate variety was then tested against the desirable properties. At first sight,
many appeared promising. But after detailed inspection, each turned out to coincide
with (or be contained in) either the class of inverse semigroups or the class of completely

regular semigroups.

This approach required the development of thousands of lemmas, far beyond the capacity
of human verification alone. The project was only possible thanks to the extensive use of
automated reasoning, specifically the system ProverX.

17



CHAPTER 4. THE POSET OF INCLUSIONS ON OUR DATABASE

4.0.3 Workflow of Results

As in the other projects described below, the workflow can be divided into three layers:

* Rapid results. Many candidate inclusions or identities could be settled instantly by
ProverX, producing quick positive proofs or small counterexamples.

¢ Delayed results. For some identities, proofs or counterexamples emerged only after
machines were given more time, often requiring larger search bounds or more

complex strategies.

¢ Human intervention. The hardest cases required human mathematicians to analyze
why automation stalled, to devise new strategies, or to combine automated fragments

into a rigorous whole.

4.0.4 Outcomes

The paper provided the first rigorous mathematical justification of the long-standing
conviction that no “third family” exists. The proofs in the paper filled more than one
million pages, and there were countless counter-examples.

A key observation was this pattern: many cases treated easily; some cases treated
with more computer effort; a few last examples unbeatable by the machine and requiring

human intervention.

4.1 The Equational Theories Project (Tao, 2024)

4.1.1 Overview

Terence Tao’s equational theories project [65, 66] emerged from a similar vision: to study
algebraic structures at scale using human-machine collaboration. The object of study here
was the class of magmas, thatis, sets with a single binary operation, together with equational
identities of bounded complexity. The project enumerated thousands of candidate axioms

and organized them into a poset under logical implication.

4.1.2 Motivation

Unlike the semigroup case, where the departure point was very important classes of
semigroups, here the classes were artificial, generated systematically from short equational
axioms. This artificiality was intentional: it provided a clean benchmark for testing new
workflows, machine provers, and collaborative methods. By creating a dense web of
small questions, the project forced researchers and machines alike to scale their effort to
thousands of micro-problems.
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4.1.3 Challenges

The project thus faced several challenges such as:

* Massive scale. Tens or hundreds of thousands of implication queries had to be
decided.

* Demanding results. Some proofs or counterexamples required more time and

advanced techniques and heuristics.

¢ Infinite counterexamples. Some non-implications hold only because a counterex-
ample exists in an infinite algebra. They were found by humans, but this project
prompted work by Mikold$ Janota (Prague), showing how automated theorem

provers can now find infinite counterexamples, a milestone for the field.

4.1.4 Workflow of Results

The project again exhibited a three-layered workflow:

¢ Rapid results. Many implications or non-implications could be settled quickly by

ProverX/Mace4, often in seconds.

¢ Delayed results. Some queries required much more time, with machines eventually

succeeding after extended searches.

¢ Human intervention. The most difficult cases required human insight.

4.1.5 Outcomes

The project produced a partially ordered set of equational axioms, fully decided, a new
benchmark dataset for automated reasoning, and a proof-of-concept for large-scale collab-

orative workflows.

4.2 Extracting a Database of Algebraic Classes from the arXiv

42,1 Motivation and Contrast

After extracting hundreds of classes of algebras from ArXiv and building our database,
we had to find (as in Tao’s project) the full partial ordered set of inclusions. This project
started long before Tao’s, but applies the same paradigm to a different data source.

4.2.2 Challenges

This project faced many of the same challenges as the ones mentioned previously, but with
an added difficulty: different papers often define the same class with different primitive
operations.
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¢ Massive number of questions. Each pair of classes raised two inclusion questions.

¢ Many proved and many disproved. Automated tools solved large numbers of these
questions, sometimes producing rapid results, and the other times only after long

computations.

¢ Undecided cases. Several implications remain undecided due to automated tools

limitations.

¢ Operational ambiguity. To handle different naming conventions, a canonical dic-
tionary was introduced (unary1, unary2, binaryl, binary2, etc.). Yet even this was
insufficient: e.g., rings could be encoded with + as binaryl in one paper and as
binary? in another. This forced us to test many permutations of operations to ensure

completeness.

4.3 Poset described

Regarding the construction of the partial ordered set (poset), we had to separate all the
sets by their algebraic type and consider all the possible combinations to check if a class
contains or is contained in other class of algebras. Then we organized, using directed
graphs, all those classes of algebras into partially ordered sets (Posets), where each node
represents a class of algebras, and an arrow from the class A to the class B means that the
defining axioms of A imply the defining axioms of B. In order to access this poset, one
has to access the link https://www.proverx.dm.fct.unl.pt/app.php, and then click on
"Enter as Guest", then click on the folder Class_Database, then click compare_classes.py
and run the script. After that, users will be able to introduce their classes of algebras with
the corresponding axioms, and the program will compute all the classes in the database
that contain and are contained in the given class. The following image shows on of the

classes of algebras contained in our database, in this case, Separative Semigroups.

y id or name (or press 'a’ + <Return> in order to see the list of ALL again): 67

eparative Semigroup (id: 67)

[2]
refs: ['mathe311414"]

amie’ ]

ear: 2083

(including this
: 4
2

Figure 4.1: Extracted Metadata for Separative Semigroups
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4.3. POSET DESCRIBED

It is also possible to check our metadata for those (almost 500) classes of algebras in
this github link: https://github.com/gg-araujo/Thesis/tree/main/500

4.3.1 Statistics

In the histogram presented below, we can see the relation between the number of all
theorems (inclusions between classes of algebras) that we were able to prove using
ProverX, and the maximum length of each proof. That is, if we proved that the defining
axioms of A imply the defining axioms of B, assuming for example that the class B is
defined by 3 axioms, then if ProverX proved the first axiom in 10 lines, the second in
40 and the last in 20 lines our maximum length of proof would be 40. It is important to
observe that the majority of the theorems are really simple or trivial to prove, however,
we got 23 theorems, out of 324, that required more than 20 lines to prove.

Histogram

250

200 1

Theorems (Inclusions)

f ' } g Y
0 10 20 30 40 50 60 70 80
Maximum Length of Proof

Figure 4.2: Histogram Showing the Relation Between the Number of Theorems and the
Length of their Proofs

In the table below, we can see the number of classes extracted, as well as the number
of classes that are contained or contain another class of algebras, the total of theorems
gathered and the number of trivial and non-trivial theorems. For our purposes, we chose
the number 20 to distinguish between trivial and non-trivial proof because ProverX uses

some lines for the assumptions and to do simple observations.

Table 4.1: Statistics of the Algebras and their Theorems

Properties Values
Number of Non-Isomorphic Classes of Algebras Extracted 463
Number of Classes of Algebras Extracted with at least 1 Theorem 269
Number of Theorems 324
Number of Trivial Theorems ( Maximum Length of Proof < 20) 301
Number of Non-Trivial Theorems (Maximum Length of Proof > 20) 23
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In the table below, we have the 7 graphs with the highest number of classes of algebras.
We present the number of non-trivial implications on each graph, as well as the average
of the outdegree of each graph (number of implications divided by the number of classes
that are contained in other classes), and also the average of the indegree of each graph
(which is the number of implications divided by the number of classes of algebras that
contain other classes).

Table 4.2: Statistics of the Graphs (Poset) with most Algebras

N° Alg | Non-trivial = | Indegree (Average) | Outdegree (Average)
G3 49 2 1.585 2.097
G9 13 4 1.2 24
G10 48 1 2.325 3.207
G11 13 0 1.714 1.714
Gl4 10 0 1.571 1.833
G15 26 3 1.8 2.4
G32 23 1 1.5 1.5

In the figure below, we see the graph that we obtained for the classes of algebras of
type (2), that is the classes defined just by one binary operation. An arrow from a node A
to a node B means that the defining axioms of A imply the defining axioms of B, which
implies that on the top of the graph we have the maximal classes of algebras and on the

bottom we have the minimal classes of algebras, by inclusion.

4.4 Implemented Algorithms for the Extraction

In the algorithm presented below, we describe how we implemented the procedure
of parsing HTML documents and extracting classes of algebras defined by varieties or

quasi-varieties.
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4.4. IMPLEMENTED ALGORITHMS FOR THE EXTRACTION

Algorithm 1 Extracting and Filtering Mathematical Definitions

Require: htmlDocument, filterCriteria
Ensure: filteredDefinitions

1:

= e,
S B L T A el =

Step 1: Load the HTML Document
htmlTree « Parse HTML
Step 2: Extract Mathematical Definitions
definitions « ]
for all element in htmITree do
if IsMathDefinition(element) then
definitions.append(element)
end if
end for
Step 3: Apply Filtering Criteria

. filteredDefinitions « []
. for all definition in definitions do

if MeetsCriteria(definition, filterCriteria) then
filteredDefinitions.append(definition)
end if

: end for

Step 4: Return Filtered Definitions

: return filteredDefinitions

In the algorithm presented below, we describe how we implemented the procedure of

converting [&TEXaxioms to ProverX syntax.

Algorithm 2 Converting LaTeX Axioms to First-Order Logic Axioms

Require: prompt, apiKey
Ensure: converted Axioms

1:
2:
3:

R AN LI

10:
11:
12:
13:

Step 1: Prepare the API Request
apiEndpoint < "https://api.openai.com/v1/engines/davinci-codex/completions"

n,on

headers < { "Content-Type": "application/json", "Authorization": "Bearer " + apiKey }

data « { "prompt": prompt, "maxtokens": 1024, "temperature": 0.5 }
Step 2: Send the Request to OpenAl API

response < SendPostRequest(apiEndpoint, headers, data)

Step 3: Parse the API Response

responseData < ParseJSON(response)

convertedText «— responseData["choices"][0]["text"]

Step 4: Extract and Format First-Order Logic Axioms

converted Axioms «— ExtractFOLAxioms(convertedText)

Step 5: Return the Converted Axioms

return converted Axioms

In the final algorithm presented below, we describe how we separated each class of

algebras by its signature, used ProverX to prove all inclusions and then created the Posets,

separated by their algebraic type.
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Algorithm 3 Creating the Poset of all Classes of Algebras

Require: algebras, signatures
Ensure: poset
1: Step 1: Separate Algebras by Algebraic Signature
separated Algebras < SeparateBySignature(algebras, signatures)
Step 2: Generate Inclusion Relationships Using ProverX
inclusionRelations < [ ]
for all signature in signatures do
for all algebral in separated Algebras[signature] do
for all algebra? in separated Algebras[signature] do
if algebral # algebra2 then
result «<— UseProverX(algebral, algebra2)
if result == "algebral includes algebra2" then
inclusionRelations.append((algebral, algebra2))
end if
end if
end for
end for
: end for
Step 3: Create Partially Ordered Set (Poset)
: poset « CreatePoset(inclusionRelations)
: Step 4: Return the Poset
: return poset

| S e S o S S S gy
@ P XA RN P2

4.4.1 Owutcomes and Open Work

This ordered database now offers many opportunities:

1. When a new class of algebras is introduced, it can immediately be checked which

existing classes contain it and which classes are contained in it.

2. Given a theorem in a specific class of algebras, one can ask the machine to determine
in which of those classes the theorem still holds.

3. When a theorem appears in two different classes of algebras (even if the proofs are
very different), one may search in the poset for a class containing both and check

whether a common generalization exists.

4. It is possible to introduce new notions of equivalence between classes of algebras
(for instance, term equivalence) and to verify, ideally in an automated way, which

classes are equivalent under the chosen concept.

Yet the open cases remain significant. They represent both a challenge and an oppor-
tunity: to refine automated reasoning, possibly to improve the ways of finding infinite
models, to integrate the lessons from the other projects, and to deepen our human under-
standing to tackle the cases the machine cannot handle.
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4.5 Concluding Perspective

Taken together, these three projects—Aratjo-Kinyon—Robert’s impossibility theorem for
regular semigroups, Tao’s equational theories project, and the extraction of algebraic

classes from the arXiv—illustrate a new research paradigm in algebra:
¢ Begin with thousands of classes or axioms.

¢ Pose a uniform property (existence of inversion, equational implication, class inclu-

sion).
¢ Attack at scale using automated provers and counterexample finders.

* Accept a layered workflow: rapid machine results, delayed machine results, and

essential human intervention.

¢ Exploit new techniques for constructing large and even infinite counterexamples, as

pioneered in part by Mikolds$ Janota and others.
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5

ENGINEERING CLASSES THAT CONTAIN

ALGEBRAS FROM IMPORTANT CLASSES

Our first objective was to gain fluency in the use of Automated Theorem Proving (ATP)
tools on algebraic structures. Work on marginal semigroups served precisely this purpose.

At a second stage we built a pipeline to extract algebraic classes from the literature and
convert their IXTEX axioms into first-order logic suitable for ATP. To this end, we scraped
the ar5iv HTML mirror of arXiv (about two million documents), filtered for definition
environments that specify varieties or quasi-varieties, and converted the axioms via an
LLM prompt carefully tuned to ProverX syntax. A guiding principle was noiselessness: we
keep primarily classes that have generated at least one paper, so that every subsequent
implication or representation theorem carries mathematical weight.

The third stage was to group the classes by signature; for each signature we attempted
all pairwise implications and recorded the resulting directed graph (edge A — B means
axioms of A imply axioms of B).

Now we arrived to an application we were looking for and that required the introduc-

tion of all the previous machinery.

5.0.1 Strategic aim

We now seek general classes that contain, as special cases, algebras from multiple important
classes extracted from the literature. Unlike Tao’s project, our classes will not be artificial
or generated randomly. The goal is to generate classes that contain algebras from other

classes but in a rich algebraic way.

5.0.2 Design principles

¢ Controlled strengthening: add just enough structure (e.g., definable unary opera-
tions or weak distributivity laws) to render deep statements provable while retaining

wide coverage.
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¢ Representation-aware: design the general class so that known important classes

appear via systematic realization schemes.

¢ ATP-friendly: keep axioms short and oriented for saturation-based provers; prefer
identities that canonically orient under LPO/KBO to accelerate search.

5.0.3 Conceptual move

Classical containment A C B is often too rigid. We therefore consider an extended
inclusion: a class C is realized inside a class 7 if, for algebras T € 7~ equipped with a fixed
family of commuting automorphisms f, g, ... that preserve the operations of T, there
are term-definitions of operations @, .. . in the language of 7 U {f*!, ¢*!,.. .} such that
(T,®,...) € C. Informally: C is a definable shadow of 7 modulo commuting automorphisms.

5.0.4 A generic ATP workflow for discovering general classes

The procedure for generating candidate general classes can be summarized as follows.

Step 1. Fix a target class 7. Choose a well-studied class as the starting point. Example:

Let 7~ be the class of inverse semigroups (S, -,”).

Step 2. Extend the language with commuting automorphisms. Introduce two for-
mal symbols f, g representing commuting automorphisms that preserve all primitive
operations of 7.

Example: For inverse semigroups, we stipulate that f, ¢ are bijections and that f(xy) =

f()f(y), glxy) = g(x)g(y), and f(x') = f(x), g(x") = g(x)".

Step 3. Enumerate algebraic words. Systematically build algebraic terms in the extended
language. These involve the original primitives and the new automorphisms (with
inverses).

Example (inverse semigroups):
fgw), @), W)

Step 4. Define candidate operations. Interpret these terms as new primitive symbols,
forming the signature of a putative general class.
Example (inverse semigroups): Define

x+y:=f(0gy), X\y:=g ' (f(xXy), x/y:=f(xgy)).

Step 5. Run goal-free ATP. Apply ProverX in goal-free mode with LPO priorities (that
is, putting the generated axioms defined by the new operations on the top), allowing the
prover to generate consequences freely. After a fixed time budget (e.g., 60s), extract the
identities it discovered that involve only the new symbols.
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Example: In the inverse semigroup setting, one quickly obtains:
(x+y)/y)+y=x+y,  x\(x+(x\y))=x\y.

Step 6. Consolidate a candidate axiom set. Repeat the process until a compact and
stable set of axioms emerges (about ten axioms is a good compromise between potential

richness and time taken to find them).

Step 7. Test containments. Compare the newly defined class against the database of
important classes.

This workflow has the advantage of being largely systematic: once the target 7 is
fixed, the generation of words, the definition of candidate operations, and the extraction
of axioms are all automatable, while the testing against the database ensures immediate

mathematical relevance.

5.1 Classes of Algebras Created with this Process

Below are representative families distilled from this process. We chose these classes of
algebras due to the fact that they had the highest length of proof when we used ProverX
to prove them.

5.1.1 Generalized Inverse Semigroups

Definition 5.1.1. Given a non-empty set A, we say that A is a Generalized Inverse Semi-
group (GIS) of type (2,2, 2) if and only if there exist three binary operations +, \, /: AXA —
A such that the following axioms hold:

L x\((y/(x\y)) + (x\y)) = x\y;
2. (x+y)/(x\(x+y)+y =x+y.

Theorem 5.1.2. Generalized Inverse Semigroup of type (2,2,2) contains the following classes of
algebras: Quasigroups [[16], Definition 1] and Nelson algebras [[15], Definition 2.2].

Proof. If A(-,\1, /1) is a Quasigroup, then A(+, \2, /2) is a GIS of type (2,2,2) where the

operations +, \, /2 are defined as

x+y:=xy, x\2y:=x\1y, x/2y:=x/1y.

If A(A,V,—,~,1)is a Nelson algebra, then A(+, )\, /) is a GIS of type (2,2,2) where the
operations +, \, / are defined as

x+y:=xVy, x\y:=x-—-y, x/y:=xAy.
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Theorem 5.1.3. Let (I,-,”) be an inverse semigroup [45, Definition 2.1], and let f, g be two
commuting automorphisms of I. Then (I, +, /,\) is a GIS of type (2,2, 2), where the operations +,
\ and |/ are defined as follows:

1. x+vy:= f(x)g(y);
2. x\y =g (f(x)y);

3. x/y = fxg(y')).

5.1.2 Generalized Boolean Algebras

Definition 5.1.4. Given a non-empty set A, we say that A is a GBA of type (2,1) if and only
if there exist one binary operation + : A X A — A and one unary operationb : A — A

such that the following axiom hold:

L b(b(b(x))) + b(x) = b(b(b(y))) + b(y).

Theorem 5.1.5. GBA of type (2, 1) contains the following classes of algebras: Nelson algebras [[15],
Definition 2.2].

Proof. If A(A,V,—,~,1)is a Nelson algebra, then A(+,b) is a GBA of type (2,1) where
the operations +, b are defined by

x+y:=x—-oy, bx):=~ux.
O

Theorem 5.1.6. Let (B, -, +,a,0,1) be a Boolean Algebra [[55], Definition 1] and let f, g be two
commuting automorphisms of B. Then (I, V, b) is a GBA, where the operations V, b are defined as
follows:

1L xvy = f(f(x)al(yy));
2. b(x) = a((g7 (¥)a(f 1 (x)))-

5.1.3 Generalized Abelian Groups

Definition 5.1.7. Given a non-empty set A, we say that A is a GAG of type (2,1,1) if
and only if there exist one binary operation + : A X A — A and two unary operations
b,c: A — A such that the following axiom hold:

1. c(x +b(x)) = c(x) + b(c(x)).
Theorem 5.1.8. GAG of type (2,1, 1) contain the following classes of algebras: Groups.
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Proof. If A(-, ’,1)is a Group, then A(+, b, c) isa GAG of type (2,1, 1) where the operations
+,b, ¢ are defined by
x+y:=xy, bx)=clx)=x".
O

Theorem 5.1.9. Let (G, -, +,a,0) be an Abelian L-Group [[48], Definition 11] and let f, g be
two commuting automorphisms of G. Then (G, V, b, ¢) is a GAG, where the operations V, b, c are
defined as follows:

1. x Vy=a(xx)-a(g7'(y));
2. b(x) = fHa(x)) - g(x);
3. c(x) = f(a(x)) + a(g™(x)).

5.1.4 Generalized Distributive Monoids

Definition 5.1.10. Given a non-empty set A, we say that A is a GDM of type (2,2,1,1) if
and only if there exist two binary operations +,-: A X A — A and two unary operations
b,c : A — A such that the following axioms hold:

L c(b(x)) = (b(c(x)) - ble(x))) - ble(x));
2. (x+x)- (x+x)-(x+x)=x+(x-x).

Theorem 5.1.11. GDM of type (2,2,1,1) contain the following classes of algebras: Boolean
Algebras [[55], Definition 1], Weakly Orthomodular Ortholattice [[56], Definition 2.8].

Proof. If A(A,V,~,0,1) is a Boolean algebra, then A(-,+,b,c) isa GDM of type (2,2,1,1)

where the operations are defined by
xy:=xAy, x+y:=xVy, bx)=clx)=~nx.

If A(U,N, ’,1) is a Weakly Orthomodular Ortholattice, then A(:, +, b, ¢) isa GDM of type
(2,2,1,1) where the operations are defined by

xy:=xNy, x+y:=xUy, bx)=c(x)=x".
O

Theorem 5.1.12. Let (M, -, +,1) be a Distributive Monoid [[32], Definition 2.19] and let f, g
be two commuting automorphisms of M. Then (M, V, \, b, c¢) isa GDM of type (2,2,1, 1), where
the operations V, \, b, ¢ are defined as follows:

Lxvy=g'(fy) (x+y);
2. x\y=x+y;

3. b(x) = g7 (x +x) + g1 (x);
4. c(x)= U ) - (x + ).
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5.1.5 Generalized Involutive Bisemilattice

Definition 5.1.13. Given a non-empty set A, we say that A is a GIB of type (2,1,1) if
and only if there exist one binary operation V : A X A — A and two unary operations
b,c: A — A such that the following axiom hold:

L c(x Vy) = cly) v e(x);
2. b(b(x V x)) = b(b(x) V b(x)).

Theorem 5.1.14. GIB of type (2,1, 1) contain the following classes of algebras: Groups, Assem-
blies [[17], Definition 3.1] and Bar Inverse Monoids [[57], Definition 2.2]

Proof. If A(-, /,1)is a Group , then A(V, b, c) is a GIB of type (2, 1, 1) where the operations
are defined by
xVy:=xy, bx)=clx)=x".

If A(+,e,s) is an Assembly , then A(V, b, c) is a GIB of type (2,1, 1) where the operations
are defined by
xVy:=x+y, bx)=e(x), c(x)=s(x).

If A(-, *,[],0,1) is a Bar Inverse Monoid , then A(V, b, c) is a GIB of type (2,1,1) where
the operations are defined by

xVy:=xy, bx)=clx)=x"
[

Theorem 5.1.15. Let (I,-,+,a,0,1) be an Involutive Bisemilattice [[9], Definition 2.7] and let
f, g be two commuting automorphisms of 1. Then (I, V, b, c) is a GIB of type (2,1, 1), where the
operations V, b, ¢ are defined as follows:

1. xVy=g(f'y)+a(f(x);

2. b(x) =g Hx +x)-alx +x);
3 c(x) = fx-x)+ fla(x)).

Definition 5.1.16. Given a non-empty set A, we say that A is a GIB of type (2, 1) if and
only if there exist one binary operation vV : AX A — A and one unary operationc : A — A
such that the following axiom hold:

1. c(x Vy)=c(x)Vc(y).

Theorem 5.1.17. GIB of type (2, 1) contain the following classes of algebras: f-Quandles [[12],
Definition 2.1].
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Proof. 1f A(:, f) is an f-Quandle , then A(V, c) is a GIB of type (2, 1) where the operations
are defined by

xVy:=xy, cx)=f(x).
O

Theorem 5.1.18. Let (I,-,+,a,0,1) be an Involutive Bisemilattice [[9], Definition 2.7] and let
f, g be two commuting automorphisms of I. Then (I, V,\, b, c) is a GIB of type (2, 1), where the

operations V, \, b, c are defined as follows:

1. xvy=gtaly+x) (x+y);

2. c(x) = g((a(g7'(x)) - (x + x))).

5.1.6 Generalized De Morgan Algebras

Definition 5.1.19. Given a non-empty set A, we say that A isa GMA of type (2,2,1,1) if
and only if there exist two binary operations V, \ : A X A — A and two unary operations
b,c: A — A such that the following axiom hold:

1. x Vb(x) =x;

2. c(x) vV =cx);
3. ¢(b(x)) = b(c(x));
4. xV (b(x)\y) = x.

Theorem 5.1.20. Let (M, -, a,0) be a De Morgan Algebra [[14], Definition 2.2] and let f, g be
two commuting automorphisms of M. Then (M, V,\, b, c) is a GMA of type (2,2,1,1), where
the operations V, \, b, ¢ are defined as follows:

L xvy=a(g'(y y)-ax)).
2. x\y = g7 H((g(x) - al(y - 1))
3. b(x) = g(a((a(x) - (x - x)))).

4. c(x) = a(fH (g (f ((x - x))))-

Definition 5.1.21. Given a non-empty set A, we say that A is a GMA of type (2,1, 1) if
and only if there exist one binary operation V : A X A — A and two unary operations
b,c: A — A such that the following axiom hold:

1. b(c(x) V x) = b(c(x));
2. c(x Vb(x)) =c(x).
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Theorem 5.1.22. GMA of type (2,1, 1) contain the following classes of algebras: Assemblies [[17],
Definition 3.1].

Proof. If A(+,e,s) is an Assembly , then A(V,b,c) is a GMA of type (2,1,1) where the
operations are defined by

xVy:=x+y, bx)=e(x), c(x)=s(x).
O

Theorem 5.1.23. Let (M, -, a,0) be a De Morgan Algebra [[14], Definition 2.2] and let f, g be
two commuting automorphisms of M. Then (M, V, b, c) is a GMA of type (2,1,1), where the
operations V, b, ¢ are defined as follows:

L xvy=g(g(x) aly-x));

2. b(x) = g(a(a(x) - (x - x)));

3. c(x) = a(g7 (x- x)).

5.1.7 Generalized Orthomodular Ortholattice

Definition 5.1.24. Given a non-empty set A, we say that A isa GDO of type (2,2) if and
only if there exist two binary operations V, \ : A X A — A such that the following axiom
hold:

L x\((x\x) v y) = x\(x\x).

Theorem 5.1.25. GDO of type (2, 2) contain the following classes of algebras: Weakly Orthomod-
ular Ortholattice [[56], Definition 2.8].

Proof. If A(U,N, ’,1) is a Weakly Orthomodular Ortholattice, then A(\, V) is a GDO of
type (2,2) where the operations are defined by

x\y:=xNy, xVy:=xUy.
O

Theorem 5.1.26. Let (D, -, +,a) be a Distributive Ortholattice [[56], Definition 3.2] and let
f, g be two commuting automorphisms of D. Then (D, Vv, \) is a GDO of type (2,2), where the

operations V, \ are defined as follows:
L xvy=(f(g(x)-g (a(y)
2. x\y = (g(f(x))-a((x-y))).

With this method we were able to generate approximately 80000 Theorems, as the
reader can check in this github link: https://github.com/gg-araujo/Thesis/tree/
main/80000%20Theorems, and we were able to prove that Central Groupoids (defined by
one binary operation) are equivalent to structures with two binary operations. We present

now those results and their corresponding proofs.
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5.1.8 New Characterizations of Central Grupoids

Definition 5.1.27. We say that a non-empty set A is a Central Grupoid if there exists a
binary operation - : A X A — A such thatforall x,y,z € A:

(xy)(yz) = y.

Definition 5.1.28. We say that a non-empty set A is a GCG of type (2, 2) if there exist two
binary operations \, /: AX A — Asuch thatforallx,y,z,w e A:

L ((x/y\y/2)/(y/w) =y;
2. (x/(y\2))/(y/z) = y\z.

The following proof was obtained using XPlain, a program that translates ProverX proofs
into LaTeX.

Theorem 5.1.29. Let (A, -) be a Central Grupoid and let f, g be two commuting automorphisms
of A. Then (A,V, /) is a GCG of type (2, 2) where the operations V and | are defined as

xVy:=f(gx) (x-y), x/y:=xy.

Proof. Given the following propositions:

(x-y)-(y-2)=y (A1)
flx-y) = f1(x) - f1(y) (A2)
g1(x-y) = gl(x) - g1(y) (A3)
xVy=fl(glx)) - (x-y) (A4)

Xfy=x-y (A5)
we want to prove:
((x/y) v y/2)/(y/u)=y. G)

The following lines are negations of goal:

((c1/c2) V (c2/c3))/(c2/ca) # ca. (NT)

We can now proceed to prove the above axiom

Proof.
&2 = ((f1(g1(c1)) - fUgL(e2)) - €2) - (€2 €) (5.1)
y x y y =z
= (fUgler)) - fUgL(c2))) - €2) - (e2- ca) (5.2)
x y
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=((f1(31(e1)) - F1(g1(e2))) - 2} (c2 - 4) (5:3)
= ((F1g1(e1)) - FUgc2) cz)/é-—cuu (5.4)
=((f1(g1(er) - f1(81(c2)) n)/@/ (5.5)
= ((F1g1(e1)) - FLgL(c2) -gmcz/yao (5.6)
=((f1(g1(er) - f1(81(c2) “‘11 ©2) (3 )/ (eafca) (57)
= (F1(g1(er)) - F(g1(e))) - ((en -ch) : ?CZ e3))/(ea/cs) (5.8)
=(f1(gl(er) - g1(c2)) <y<c1 12) (€2 ca)))/(ca/ca) (5.9)
= (fl(m) ((c1-c2) - (2~ ca))/(eafea) (5.10)
=(f1(g1{cy &2)- <Zc1 102) (€2 ca)))/(cafca) (5.11)
= (f1g1(or -yc%)) ((c1- @) (2 )/ (eaf es) (5.12)
=((c1- ) v (c2 - c5)/(ca/cs) y (5.13)
=((c1-c2) v @)/(cz/m (5.14)
=((c1c2) v <cuTcu3>y)/<cz/c4> (5.15)
= (e ca) v (Cz/yC3))/(Cz/C4) (5.16)
=((IC_ITIC_2I;V (c2/c3))/(c2/cs) (5.17)
= ((cl/ycz) v (c2/es))/ (ca/ca) (5.18)
# Co (5.19)
The previous line is an instance of x # x. O

Given the following propositions:

(x-y)-(y-z)=y (A1)
xVy=fLglx)) - (x-y) (A2)
x/y=x-y (A3)
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we want to prove:
(/v 2)/y/z)=yVz

The following lines are negations of goal:

c2Vez # (c1/(c2 Vv e3))/(c2/c3).

We can now proceed to prove the second axiom

Proof.
f1(g1(c2)) - (ca-c3) =ca2 Vc3
L L L L L
x X oy x Y
=cy Vs

# (c1/(c2 V c3))/(c2/c3)

= (Cl/(IC_zI Vv IC_SI))/(CZ/CS)
Xy

= (c1/(FIR1(e2)) - (2 e (ea/es)

x x oy

= (c1/(f1(g1(c2)) - (c2 - ea)))/(e2/c3)
=(c1° I(fl(gl(@))y (e c3)))/(c2/3)

=(cr- m(gui» (c2-e3))/(cafca)
=(c1 - (f1(g1(ca)) - (c2- cs»)/@
= (1 (f1(g1(c2)) - (e2- ©3) /(e -yc3>|
=(c1- (fl(gl(c;;) (e ¢3)) - (2 -yc3>,

x y

(2 F= (o2 (- 2) ) = (- (y-2) - (v 2)- )=y 2
x Yy y y
with ¢ = z - w. Using the previous equality

(IC_lI ' (Ifl(gl(cz))I (c2-¢3))) - I(Cz c3) = Ifl(gl(cz))I ~(c2-¢3)

X y z z y z

with the previous calculations

(c1- (f1(g1(c2)) - (c2-¢3))) - (c2- c3) # f1(g1(c2)) - (c2 - c3)

gives
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O]

Theorem 5.1.30. Let (A, +,) bea GCG of type (2, 2). In this conditions we can assure that (A, -)

is a Central Grupoid.

Proof. Let us suppose that (A, +,-) is a GCG of type (2,2). In these conditions we can

assure that

((uy) + (y2)(yw) = y;
(u(y +2)(yz) =y +z.
Using equation 5.33 and replacing y by xy we get that

((u(xy) + ((xy)2)(xy)w) = xy,
and replacing u by ((xx) + (xx)) and using 5.33 once again we get that
(x + ((xy)2)((xy)w) = xy.
Moreover, replacing y by y(z + u) and u by x in 5.33 we get that
((x(y(z +u)) + (y(z + w)0))((y(z + w))w) = y(z + u),
therefore replacing v by zu and using 5.34 we can see that
(x(y(z +u) + (2 +u)(y(z + w)w) = y(z + u).
Replacing y by y + z in 5.35 we get that
(e + ((e(y + 2)u))((x(y +2))u) = x(y +2),
and replacing u by yz and applying 5.34, we can assure that
(o + (y +2))(x(y +2)u) = x(y +2).
Using the previous equation with u = yz and applying 5.34 we get that

(x+(y+2)(y+2)=x(y +2).

Changing the name of the variables in the previous equation, it is clear that

(y+@z+u)(z+u)=yz+u),
and replacing y by (x(y(z + u))) we obtain
((x(y(z + ) + (z + u))(z + u) = (x(y(z + u)))(z + u)
which implies, applying both previous equations, that
y(z +u) = (x(y(z + u)))(z +u).
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Replacing y by y(z + u) and z by z + u in 5.35 we can assure that

(x + ((x(y(z + W)z + W))((x(y(z + u))w) = x(y(z + u)),

and applying 5.39 we get that

(x + (y(z + W))((x(y(z + u))w) = x(y(z + u)). (5.40)
Using equation 5.40 with w = z + u and using 5.39, we can guarantee that

(x + (y(z + w))(y(z + ) = x(y(z + u)). (541)
Using 5.33 with w = z + u, we get that
((xy) + o)y (z +u)) = y,

and then using v = z + u it is clear that

((xy) + (y(z + ) (y(z +u)) =y,
which implies using 5.41 that
(ey)y(z+u)) =y. (5.42)
By equation 5.35 we know that
(x + (xy)w))((xy)z) = xy,
and replacing w by y(z + 1) and using 5.42 we can assure that
(x +y)((xy)z) = xy. (5.43)
Using z = y(z + u) on the previous equation and considering 5.42, we get that
(x+y)y =xy. (5.44)
Using 5.33 with w = z and u = x, it is clear that
((xy) + (y2)(yz) = v,
therefore applying the previous equation and 5.44, we conclude that
(xy)yz) =y
as we wanted to prove. O

Definition 5.1.31. We say that a non-empty set A is a GCG2 of type (2, 2) if there exist two
binary operations v, \ : AX A — Asuch thatforallx,y,ze€ A:

L (A\y\(yVvz)=y;
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2. x\((x\y)\z) = x\y.

In the following two results we will see a different way of characterizing Central Grupoids.

Theorem 5.1.32. Let (A, -) be a Central Grupoid. Then (A, /, V) is a GCG2 of type (2,2) where

the operations [ and V are defined as

x/y:=yx, xVy:=(xyx.

Proof. Given the following propositions:

x-y)-(y-2)=y
X[y=y-x
xVy=(x-y)-x

we want to prove:
(x/y)/(yvz)=y.

The following lines are negations of goal:

(c1/c2)/(c2 V c3) # C2.

We can now proceed to prove the first axiom:

Proof.

c2=((c2-c3)-c2)(c2-c1)
L 1 L | Iy I |
y X R

= I((Cz “c3) - Cz)I : I(Cz : 61)I
v x
=.(CZ : Cl)l/l((Cz “c3) - Cz)I
x y

= (2 e/l )
X oy x

=(c2 - 01)/(|C_zI v .C_3.)
X Y

- @/(cz Vv c3)

= (c1/c2)/(c2 V c3)

*C2
The previous line is an instance of x # x.
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(5.53)



CHAPTER 5. ENGINEERING CLASSES THAT CONTAIN ALGEBRAS FROM
IMPORTANT CLASSES

Given the following propositions:

(x-y)-(y-z)=y
X[y=y-x
we want to prove:
x/((x/y)/z) = x/y.

The following lines are negations of goal:

c1/((c1/c2)/c3) # c1/ca.

We can now proceed to prove the second axiom:

Proof.

(¢s-(e2-c0))- e = af(ea - (e2-cn))
y rox Y
= C1/W
y X
=61/W
x Y
= Cl/((IC_zl : IC_ll)/CS)
y X
=C1/((IC_1I/IC_2|)/C3)
x oy
= c1/((c1/c2)/c3)
#c1/co

/

=cC1/¢62
| Iy |
x oy

(e (y-2) 2= (y-2) - (y-2) - G-w) = (- (v 2) - (y-2) - @)=y -2
x y y y
where ¢ = z - w. Using the previous calculations we get

(c3-(c2-c1))-c1=c2 1
| - L1 L L L1 L
x Yy oz z y oz

and also

(c3-(c2-c1))-c1#c2 1

gives
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O]

Theorem 5.1.33. Let (A, /, V) be a GCG2 of type (2,2). In this conditions we can assure that
(A, /) is a Central Grupoid.

Proof. Given the following propositions:

(x/n)/(yvz)=y (A1)
x/((x/y)/z) = x/y (A2)

we want to prove:
(/y)/(y/2) =y. ©)

The following lines are negations of our goal:

(c1/c2)/(c2/c3) # ca. (N1)

We can now proceed to prove the theorem:

Proof.

/) G/ 2)=Ce/ ) (/Y)Y v 1)/ 2) (5.65)

y vy oy F
= (/) (/) y v w)/2) (5:66)

x X y
:I(x/_y)l/(y V) (5.67)

x y
= (/I g (5.68)
vy oy F
=7 (5.69)
v

Using the previous calculations we get

(c1/c2)/(c2/c3) =

C2
| Iy | | Iy | L
x oy y oz y

and also
(c1/c2)/(c2/c3) # 2
gives
F (5.70)
O
O

We finish this chapter by proving three more properties regarding Central Groupoids.
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5.1.9 More Properties of Central Groupoids

Theorem 5.1.34. If A is a Central Grupoid, then for all x,y € A we have
(xy=yx)=>x=y.
Proof. Since A is a Central Grupoid, it follows by definition that
(xy)yz) =y
for all x,y,z € A. Replacing z by x we get that (xy)(yx) = y. Consequently,
y = (xy)(yx) = (yx)(xy) = x
as we wanted to prove. [
Theorem 5.1.35. Central Groupoids are contained in Rectangular Groupoids.
Proof. Consider a,b,c,d € A such that ab = cd and let us suppose that the identity
(wy)yz) =y
holds for all w, y, z € A. Then, replacing y by xy and w by xx, we get that
((ex)(xy))((xy)z) = xy = x((xy)z) = xy. (5.71)
Similarly, since (xy)(yw) = y, it follows that, substituting y by yz and w by zz,
(x(y2))(yz)(zz2)) = yz = (x(yz))z = yz. (5.72)
Moreover, we can see that for each x € A,
(ab)(dx) = (cd)(dx) =d, (xc)(ab) = (xc)(cd)=rc.

Using equation 5.71 with x = a,y = b,z = dx and equation 5.72 withy =a,z = b, x = xc,

we conclude that
a((ab)(dx)) = ab = ad = ab, ((xc)(ab))b =ab = cb =ab

as we wanted to prove.
O

Theorem 5.1.36 ([40], Theorem 5). Central Grupoids contain the class of algebras defined by the
identity:
[x((yz)w)] - (zw) = z. (5.73)
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Proof. Suppose that for all x, y, z, w € A the equality

[x((yz)w)] - (zw) = z.

holds. In these conditions, replacing the variable x by x((w(yz))w), we get that

[(x((w(yz)w)(yz)w)] - (zw) = z.

On the other hand, using equality 5.73 and replacing z by yz and also y by w, we get that

[x((w(yz))w)] - (yz)w) = yz.

Therefore, we conclude that

(y2)(zw) = [(x((w(y2))w))(yz)w)] - (zw) = z

as we wanted to prove. O

5.2 Opening Opportunities and Concluding Remarks

The guiding goal of this thesis has been the following: to produce material that allows to
find/identify very general theories which are, at the same time, tractable. Our strategy rested on
three pillars: (i) to construct a clean database of algebraic classes that appear in the literature
(hence mathematically relevant), (ii) to build the poset of inclusions between these classes
(by signature and, when needed, with extended notions of inclusion), and (iii) to train and
integrate human—machine workflows for deciding massive numbers of questions (proofs
and refutations) with speed and auditability.

To complete this goal (general theories with deep results) it is now necessary to extract
theorems in bulk (as we did for algebraic classes, an entire auto-formalization project in itself)
and test, on a large scale, those results against the most general classes in our database to
see which of them allow the generalization of the largest number of such results.

This project should build upon the present one, but should require a comparable amount
of work: reusing the database of classes, the poset, and the automated theorem proving
(ATP) pipelines, but shifting the focus to meta-theorems at the level of general classes.
Historically, groups served as a paradigm: enormous depth but limited generality. Semi-
groups, much more general, were for decades thought to admit only “universal algebra
level” results (isomorphism theorems, homomorphism theorems, etc.). The work of Green
[27] and Rees [61] changed this picture: it is possible to prove deep theorems even in very general
structures. Our program aimed at finding classes even more general, but still with “anchor
theorems”. The preliminary evidence is promising, but more work is needed—particularly
in the “slow” layer of the workflow and in the systematic engineering of special terms
that unlock proofs. When the entire project will be completed, then it will be possible
(hopefully) to emulate for theories more general than semigroups, the success story that

the last 100 years saw in this class.
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6

UsiNG THE DATABASE TO PRODUCE RESULTS

wITH A KNowN Fravor (CoNCLUSION)

As we saw, our work and methods provided hundreds/thousands of theorems. However,
as we explain, several paths can be taken using our database in order to produce even
more interesting results. For a future work, one could:

(i) Identities yielding solutions to the Yang-Baxter equation

It is known that certain classes (racks, quandles, braces) yield solutions to the Yang—Baxter
equation (YBE) [18, 19]. The pipeline is:

1. Fix families of identities X that imply YBE (e.g., quandle axioms, or the addi-
tive/multiplicative mixture of left braces [63]).

2. Scan the database for classes that imply X (directly or via realization).

3. For each candidate class, export constructors for YBE solutions and validate with
ATP/model finders.

(ii) Natural orders: from semigroups to other classes

There are many different natural orders in semigroups (or in some subclasses).

One example is the Jones (natural) order in reqular semigroups:
a<b &= e, f eE(S)idempotents with a =eb =0bf.

The natural orders are very important in the theory of semigroups (in inverse, regular, etc),
but they seem overlooked in other classes of algebras where the same definition might
yield an order as well.

Therefore, we designed a scanning procedure as follows:

1. Formalize the order as a first-order predicate with idempotent parameters.
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2. Search in classes with sufficient idempotents (or projectors) to replicate the construc-
tion.

3. Test reflexivity, antisymmetry, transitivity, and compatibility with ATP and small-
model generators.

A particular illustration of this idea appears in Appendix B.

(iii) Mal’cev terms and congruences

A Mal’cev term is a ternary term p(x, y, z) satisfying

px,x,y)=y, plxyy) =x

A variety is congruence permutable if and only if it admits a Mal’cev term [44].
Examples:

e In groups, p(x,y,z) = xy~'z is Mal’cev.
¢ In modules and affine structures, p(x, y,z) = x — y + z works.

As above, one could go through our entire database trying to find classes of algebras
that are congruence permutable. Note that this project requires the extra difficulty of
generating counteless candidates to be a Malcev term, and then to check if it is or it is not.
To see more information regarding this subject, please verify Appendix D.

(iv) Creation of GAP packages using our library

Our project could dramatically extend the classical GAP libraries such as SmallGroups,
SmallSemi, and LOOPS. The new packages can be constructed directly from our library of
important classes of algebras and its associated poset of inclusions.

The workflow is as follows:

1. Start with a class of algebras extracted from the literature, defined in first-order logic
and maximal in the global poset of inclusions, say class C.

2. Generate all small models of the class, typically up to some order bound (for instance,
all models of size < 8 or < 10), using a finite model builder.

3. Package these models as a GAP library, complete with identifiers and metadata, in
the same style as SmallGroups or SmallSemi.

4. Add commands that exploit the poset structure: for each subclass D that in the poset

lies below C, the package includes functions to retrieve all models of D.

The result are dozens of GAP packages, each corresponding to a mathematically significant
class of algebras, each with its own small-model library. This approach achieves a unique

integration:
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¢ The abstract database (axioms and inclusions) and the concrete small-model libraries

are kept synchronized.

¢ The packages inherit the same API conventions, so that once a user knows how to

query one package, they can query them all.

¢ The inclusion poset is built into the access commands: researchers can traverse up-

wards or downwards in the hierarchy to explore neighbouring classes automatically.

The following images show the instructions and one of those GAP packages that we created,
specifically for the class of algebras Shelf defined by the identity (x+y)+z = (x*z)*(y*z). The
reader can also check these packages in the github link: https://github.com/laitep/
GAP-packages.

GAP-packages

This respository is a collection of currently 26 GAP packages, each of which contains a list of small models for a given
class of algebras.

Each package has a function which lists, for each sufficiently small natural number N, a complete and minimal set of I
representatives of isomorphy classes of the models of order N (of the given class of algebras).

To install any of the 26 GAP packages, e.g. the package "SmallShelf-0.1.0", first clone the repository in the usual way,
by running

git clone https://github.com/laitep/GAP-packages L‘T—‘

Then move the folder of the GAP package your are interested in, i.e. in the example above the folder

Smallshelf-0.1 ]
inside
GAP-packages/Packages L‘T—‘

Figure 6.1: Instructions to install the GAP packages (1)

into the subfolder
pkg

of the GAP home directory on your computer.

Finally perform the following steps

cd pkg/SmallShelf-0.1.0 1]
./configure
make

In order to load the package "SmallShelf-0.1.0 start GAP and then type

LoadPackage("SmallShelf"); Lg

Figure 6.2: Instructions to install the GAP packages (2)
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updated: all Readme files

SmallComplementedLattices-0.1.0

updated: all Readme files

SmallDoppelsemigroup-0.1.0

updated: all Readme files

SmallHoop-0.1.0

updated: all Readme files

SmallimplicationGroupoid-0.1.0

updated: all Readme files

SmallLattice-0.1.0

updated: all Readme files

SmallLeftBrace-0.1.0

Readme files

updated: all

SmallLeibnizAlgebra-0.1.0

updated: all Readme files

SmallLieTripleSystem-0.1.0

updated: all Readme files

SmallLoop-0.1.0

updated: all Readme files

SmallMaltsevOperator-0.1.0

updated: all Readme files

SmallMoufanglLoop-0.1.0

updated: all Readme files

SmallMvAlgebra-0.1.0

updated: all Readme files

SmallNearRing-0.1.0

updated: all Readme files

SmallNovikovAlgebra-0.1.0

Figure 6.3: List of some of the GAP packages that were created
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Report issues at https://github.com/laitep/GAP

Homepage:

Figure 6.4: Loading the package SmallShelf
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Figure 6.5: GAP package that shows all the non-isomorphic models for the class of algebras

Shelf of order 3.
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Abstract

Marginal subgroups, introduced by P. Hall, are characteristic subgroups induced by
group words. The goal of this paper is to extend the notion to inverse semigroups.
Our first main result establishes that these marginal subsemigroups are full inverse
subsemigroups. We then examine the special case in which the word is the commu-
tator, showing that the induced marginal inverse subsemigroup coincides with the
metacenter, which is a normal inverse subsemigroup. In the process we prove some
results about commutators in inverse semigroups and in Clifford semigroups. The
paper concludes with several open problems.
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1 Introduction

Letw (x1, ..., x,) be a group word. An element a of a group G is said to be marginal
for wif, foralli € {1,...,n}and for all x; € G,
WXL,y @Xjy oo Xy) =@ (X1, ey Xy e X)) =0 (X1, .., XiA, . Xy) . (1)
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The set M, (G) of all marginal elements of G is a characteristic, hence normal, sub-
group of G, called the marginal subgroup for . Marginal subgroups were introduced
by P. Hall in [3]. Following Hall (see, e.g., [13, p. 57]), marginal subgroups are some-
times defined asymmetrically by, say, by the set of the second equations in (1), however
these definitions turn out to be equivalent.

An important example of a marginal subgroup of a group G is its center Z(G) =
{a € G : ax = xa, Yx € G}, which turns out to be the marginal subgroup for the
commutator [x,y] = x~'y~lxy. One could, in fact, argue that the whole general
theory of marginal subgroups is modeled on commutators and centers.

The only use of the notion of marginality in semigroup theory of which we are aware
is the work of Moravec on what he called marginal completely regular semigroups [11].
What we do in this paper is in a different direction from Moravec’s very interesting
work.

In this paper we focus on inverse semigroups. Recall that a semigroup S is said to be
an inverse semigroup if, foreach x € S, there exists aunique inverse x ~! € § satisfying
xx"'x = x and x'xx~! = x~!. Standard references for inverse semigroup theory
are [4, Chap. 5], [9] and [12]. Throughout this paper, we will use well known facts
about inverse semigroups without explicit citation. Such facts include: the set E(S)
of all idempotents of § forms a commutative subsemigroup, and for all x,y € S,
™ H™ ' =xand (xy)~! =y~ IxT!

X .
Let S be an inverse semigroup and let w (x1, . . ., x,) be an inverse semigroup word.
Fori € {1,...,n}, we define an element a € S to be i-th partial marginal for w if

there exist idempotents e, f € E(S) such that, for all x; € S,

(X1, ...,aX;, ..., xp) =w(X1,...,exX;,...,X,) 2)

WX,y XAy oo Xy) = O, e X e X)) 3)

Strictly speaking, we should indicate the dependence of e and f on the index i;
however, we will show shortly (Lemma 4) that e and f depend only on a and they
are equal to aa”! =a"la. The set M C‘;)(S ) of all such elements a is called i-th partial
margin for w. The set M, (S) = ﬂ?zl M(’;)(S) is called the margin for w and its
elements are said to be marginal for w. (In the group case, the refinement of the notion
of marginal element into i-th partial marginal element is due to L.-C. Kappe [5].)

Recall that a subsemigroup of a semigroup is said to be full if it contains all idem-
potents. We can now state our first main result.

Theorem 1 Let S be an inverse semigroup and let w(x1, ..., X,) be an inverse semi-
group word. Then:

1. Foreachi e{l,...,n}, MC’;)(S) is a full inverse subsemigroup of S;

2. My(S) is a full inverse subsemigroup of S.

Note that we do not claim that the marginal inverse subsemigroup M, () is normal
for arbitrary inverse semigroup words; see Problem 11 in §5.

In the special case of the commutator, we are able to characterize the marginal
inverse subsemigroup. Recall that the metacenter of an inverse semigroup S is

Z(S)={a eSS : aa"'xa =axa'a, Vx € S}.
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Marginal Subsemigroups and Commutators in Inverse Semigroups

The metacenter is a normal inverse subsemigroup of S [6, 12].

Theorem 2 Let S be an inverse semigroup and let w (x, y) = [x, y] be the commutator.
Then
My, (S) = Z(S).

Consequently, M, (S) is a normal inverse subsemigroup of S.

In §2, we prove Theorem 1. In §3, we examine commutator identities in inverse
semigroups, especially Clifford semigroups. In §4, we prove Theorem 2. Finally in
§5, we pose a few problems.

2 Marginal Inverse Subsemigroups

Throughout this section, let S be an inverse semigroup and let w(xy, ..., x,) be an
inverse semigroup word.

We start with an easy observation which follows from E(S) being a commutative
subsemigroup of S.

Lemma3 Foralley,...,e, € E(S),

w(ey,...,ey)) =e1---¢ey,.

1 1

An element a of an inverse semigroup S is completely regular if aa™" = a™'a, in
which case we denote the idempotent aa~! = a~'a by a®. We now show that i-th
partial marginal elements are completely regular.

Lemma4 Let S be an inverse semigroup, let w(x1, ..., X,) be an inverse semigroup
word, and let a € M, (S). Then a is completely regular and for all x; € S,
w(X1,...,axXi,...,xp) = wo(xy,.. .,aox,-, ..., Xp) and 4)

0
(X1, ...,xid, ..., xp) =wX1, ..., X4 ,...,%X) 5

Proof Lete, f € E(S)be asin (2), (3). We will first prove e = f, then aa~! = e and

a~'a = e. These together imply (4), (5).

First, we show
WX, ..., ...,X) =01, ...,0, ..., X)) =01, ..., fuoo, X)) (6)

We compute

w(xXt,...,a,...,xp) =w(xy,...,aa a,...,Xxy)
:a)(xl,...,ea_la,...,x,,) by (2)
:a)(xl,...,ea_lae,...,xn)
:a)(xl,...,aa_lae,...,xn) by (2)
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=w(x,...,ae,...,XxX,)
=wX], ..., €5, ... xn) by (2)
=wX[,...,€,...,Xp).

The second equality of (6) follows by a dual calculation.

Now in (6), set each x; = e and use Lemma 3 to get e = ef. Dually, we also have
f = ef and thus e = f. We will now use this freely when we invoke (3).

Next, starting with Lemma 3, we compute

aa_le:a)(e,...,aa_le,...,e)
:a)(e,...,aa_la,...,e) by (3)
=wle,...,a,...,e)
=w(e, ...,e,...,e) by (6)
=e by Lemma 3

Together with a dual calculation, we have shown

ea la=e=aa'e. (7)
Now since a tea € E(S),
ea 'ea za)(e,...,a_lea,...,e) by Lemma 3
—wle,...,a e, ... e) by (3)
=wle,...,a le,...,e)
—we,...,a ta,... e by (3)
=ea"'a by Lemma 3
=e by (7)
It follows that
eca ' =ealeaa ' = ealaa" e = ea”le. (8)

Finally, we start again with Lemma 3 to get

aa”! = a)(aa_l, R aa_l, ey aa_l) by Lemma 3
:a)(aa_l,...,ea_l,...,aa_l) by (2)
:a)(aa_l,...,ea_le,...,aa_l) by (8)
:a)(aa_l,...,aa_la,...,aa_l) by (2) and (3)
:a)(aa_l,...,a,...,aa_l)
:a)(aa_l,...,e,...,aa_l) by (6)
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=aa”'e by Lemma 3

=e, by (7)

1

A dual calculation shows a™'a = e, and this completes the proof. O

Lemma5 Ifa € MC’L)(S) then a=' € MZ;)(S)- In particular, for all x; € S, i €
{1,...,n},

1 0

o(X1,...,a Xiy...,Xp) =w(Xx1,...,a Xj,...,x,) and 9)
-1 0
(X1, ...,xja ", ..., Xp) =w(X1,...,x;a ,...,Xn) (10)
Proof This follows from using (4) twice in succession along with aa™! = a~'a:
-1
(X1, ...,ax;, ..., xp) =w(x1,...,aa "Xj,...,Xn)
-1 -1
=wX1,...,a aa "Xj,...,Xp)
-1
=0X1,...,0 Xjy...,Xp).

Lemmaé Ifa € MC"U(S), then a centralizes E(S), that is, ae = ea for all e € E(S).

Proof For all e € E(S),

ea = ea’a = aea = aa"'eea = a(ea)_lea
=awle,..., (ea)_l(ea), ce., ) by Lemma 3
=aa)(e,...,a_lea,...,e)
=aa)(e,...,a_lea0,...,e) by (5)
=aa)(e,...,a_le,...,e)
=aa)(e,...,aoe,...,e) by (9)
= aa’e by Lemma 3
=ae,

We can now prove our first main theorem.

Proof of Theorem 1 Let a,b € MC’;)(S). By Lemma 6, a’h = ba®. We use this as
follows:

(ab)’ = (ab)~Yab) = b~ 'a7ab = b7 'ba"'a = ba® = a"B° (11)
Now for all x; € S,
w(x1,...,abxi, ..., x;) =w(xy,.. .,aobx,-, ey Xn) by (4)
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=a)(x1,...,ba0xi,...,xn)
=a)(x1,...,b0a0x,-,...,xn) by (4)
= w1, ..., @b)’xi, .. X)),

Thus (4) holds for ab, and the proof that (5) holds for ab is similar. Hence ab €
M (S) and therefore M’ (S) is a subsemigroup of S.

That MC’;)(S) is closed under taking inverses is Lemma 5. Finally it is clear that
every idempotent is i-th partial marginal, that is, E(S) € M fu(S ), and thus M fo(S ) is
full. This proves part (1) of the theorem, and part (2) immediately follows. O

3 Commutator properties and identities

For the rest of this paper, we focus specifically on commutators [x, y] = x 'y~ lxy
in inverse semigroups. In groups, commutators satisfy some well-known identities.

[x,1]=1;

[x, yI71 = [y, x];

[z7'xz, z 7 yzl = 27 M x, ylz;
[x, yz] = [x, zl[x, y]*;
y~lxy = x[x, yl;

e, y " =yly, xly™ b
[, y~ ', 2Py, 27 xFllz, x 'yl = 1
(xy)? = x2y2[y, x1[ly, x1, y1.

X NN R D=

Of course, we cannot expect many of these to hold in arbitrary inverse semigroups
without suitable modifications. A couple of them are quite easy.

Lemma 7 Let S be an inverse semigroup.

1. Ife € E(S), then|[x,e] € E(S) forall x € S;
2. [x,yI™'=1[y,xlforallx,y € S;

1

Proof 1. Since x~'ex € E(S) forall x € S, we have

1

[x, 6]2 = (x_lex)e(x_lex)e = ()c_le)c)ze2 =x ‘exe=]|x,e].

1

2. Wehave [x, y]™' = 71y lxy) " =y Ix~lyx = [y, x]. O

For the rest, we do not know if there are any suitable generalizations to arbitrary
inverse semigroups; see Problem 14 in §5.

Recall that a Clifford semigroup is an inverse semigroup in which every element is
completely regular, or equivalently, an inverse semigroup in which every idempotent
is central. Clifford semigroups are characterized as semilattices of groups. More pre-
cisely, if S is a Clifford semigroup, then there exists a semilattice (Y, M) and a family
of disjoint subgroups S, (¢ € Y) such that § = [ Se and Sy Sg € Synp for all
o, peY.

aeY
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Not surprisingly, commutators in Clifford semigroups are much better behaved
than in general inverse semigroups. They were first studied in detail by Kowol and
Mitsch [7]. Among many other results, they showed that Clifford semigroups can be
characterized using commutators.

Proposition 8 ([7], Cor. 3.2) Let S be an inverse semigroup. The following are equiv-
alent: (1) For all x,y € S, [x,y] € E(S) implies xy = yx; (2) S is a Clifford
semigroup.

Our goal in this section is to show that group commutator identities hold in Clifford
semigroups without change. We start with the following.

Lemma9 Let S = |J,cy Sa be a Clifford semigroup. For a, b € S, assume that for
somea,B €Y,a € Sy, be Sgandlet e = ey denote the identity element of Syngp.
Then

[ea, eb] = [a, b].

Proof We have that ea € S(ozl‘l,B)l‘la = Sal‘lﬂ and eb € S(O{I_I,B)I_I,B = Sal‘lﬁ- Thus

-1 —1
[ea, eb] = (ea)  Senb (eb)” *eb (ea)(eb)
— a e e Senp p 7158 o7 1Sum8 gy
— —1
—a Seeb” SBeeaeh

— -1
=a S«p" SBab

= [a, ],

where the last but one equality holds because the element e is the identity in the group
Saﬂﬂ . O

Theorem 10 The following hold in Clifford semigroups.

[z7 xz, 27 vzl = 27 ' [x, ylz;

[xu, xvxw] = [xu, xw](xw)_l[xu,xv]xw;
y~lxy = x[x, yl;

[x, zy] = [x, yly ' [x, zly;

e, y " =yly, xly~ 1

y U,y z2lyz iy, 27 xlex iz, x 7, ylx € E(S);
(xy)? = x2y?[y, x1[[y, x1, y].

NSRBI~

Proof Taking into account Lemma 9 and the properties of commutators in groups, it
follows that

1. [z7 %z, 27 yz] = [ez Yexze, ez Veyze] = ez [ex, eylze = z7 ' [x, ylz;
2. We have

[xu, xvxw] = [exu, exvexw] = [exu, exw](exw)_l[exu, exv]exw

= [xu, xw](xw)_l[xu,xv]xw;
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3. y“lxy = (ey)lexey = ex[ex, ey] = x[x, y].

4. [x,zy] = [ex, ezey] = [ex, eyl(ey) " '[ex, ezley = [x, yly~'[x, zly.
5

6

. x, y_l] = [ex, (ey)_l] = eyley, ex](ey)_l = y[y,x]y_l.

. We compute
y e,y 2lyz Uy, 27 xlex Tz, x], y)x

= (ey) " '[lex, (ey) ™', ezley(ez) "'ley, (e2) 7', exlez(ex)[lez, (ex) ™11, eylex
= €.

It follows that y~'[[x, y =11, zlyz~![[y, z7'1, x]zx ~'[[z, x '], y]x is an idempo-
tent.
7. We compute

(xy)* = (exey)® = (ex)(ey)*[ey, ex][ey, ex], ey]
= x2y?[y, x1[[y, x1, y].

O
4 Marginal inverse subsemigroups for commutators
In this section, we prove Theorem 2. Let S be an inverse semigroup and let w (x, y) =
[x, y] be the commutator. We will prove that M,,(S) = Z(S), the metacenter.
Assume first that a € Z(S) so that
axa 'a = aa"'xa (12)
for all x € S. Taking x = a~'a, we obtain
a=a-a'a-ala=aa" a7 'aa=aa-aa”" -a = a_laa,
using (12) in the second equality. Thus aa ! = a~'a-aa™"', thatis,aa™! <a 'ain

the natural order on E (S). On the other hand, a~! € Z(S) because the metacenter is an
Y'a <aa='. Thusaa™! 1

inverse subsemigroup of S [6, 12], so we also have a™ =a ‘a,
that is, a is completely regular.

From (12), we obtain

a’xa® = a"'xa (13)

for all x € S. Thus

lax, y] = (ax)_ly_laxy =x"! 'Cl_l)’_la Xy = x_lao)’_laoxy = [a’x, y]
and

[xa, y] = (xa)_ly_lxay = a_lx_ly_lxa -y = aox_ly_lxaoy = [xd?, vl,
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in both cases using (13) in the third equality. The other two cases, [x, ay] = [x, a® v]
and [x, ya] = [x, ya’], are immediately implied by Lemma 7(2). Therefore a €
My, (S).

Now assume a € M, (S) so that [ax, y] = [a"x, y] for all x, y € §. Recall that a
is completely regular (Lemma 4) and commutes with every idempotent (Lemma 6).
We thus compute

0 0

a'xa=a xx_lxa = aO

xax " 'x = a(a_lxax_l)x

=ala, x_l]x = a[aao, x_l]x = a[ao, x_l]xa

= aaoxaox_lx = axx_lxao = axao .

Hence a € Z(S).
Therefore M,,(S) = Z(S) as claimed. Finally, as already mentioned in §1, it is
known that Z(S) is normal [6, 12]. This completes the proof of Theorem 2.

5 Open problems

We have focused on marginal subsemigroups in this paper, but one could also approach
the subject from a different direction. In the group case, a marginal subgroup is normal,
hence defines a congruence. If S is a semigroup and w is a semigroup word, define the
marginal equivalence relation ~, on S by a ~, b if and only if

w(X1,...,aXj, ..., xp) =o(X1,...,bxi, ..., xX,) (14)

w(X1,...,xid,...,xp) =oX1,...,Xb,...,x,) (15)

for all x; € S. Then define the marginal congruence =, to be the smallest congruence
on § containing ~,. In special classes of semigroups with additional operations, one
would want to use appropriate notions of word and congruence.

In the case of inverse semigroups where w is the commutator, it turns out the
marginal equivalence relation and marginal congruence coincide, that is, ~,, is already
a congruence. This can be shown directly, and in this case, the marginal congruence
coincides with the central congruence of S [2, 6]. One can also reach the same conclu-
sion starting with our result that the marginal inverse subsemigroup of the commutator
coincides with the metacenter, hence is normal.

Problem 11 Let S be an inverse semigroup and let w(x1, ..., x,) be an inverse semi-
group word. Does the marginal congruence =, coincide with the marginal equivalence

relation ~,,? Equivalently, is the marginal inverse subsemigroup M, (S) normal in
S?

Good candidates for investigation here are the power words w (x) = x".
In a more general direction, we suggest the following.

Problem 12 Study marginal elements, subsemigroups, congruences, etc. in various
classes of semigroups with the appropriate notion of what constitutes a word in that
class.
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This might turn out to be particularly interesting in completely regular semigroups,
even for commutators. In that case, there is more than one natural choice of commutator
word, for example, x'y~!xy or (yx)~!xy. Using PROVER9, we have been able to
show that in cryptogroups (completely regular semigroups in which Green’s ‘H-relation
is a congruence), the marginal equivalence relation and marginal congruence for either
choice of commutator coincide. However, we do not know what happens for general
completely regular semigroups.

Problem 13 Study marginal elements, subsemigroups, congruences, etc. for commu-
tator words in completely regular semigroups.

Finally, with reference to §3, we conclude with the following.

Problem 14 Find appropriate generalizations of well-known group commutator iden-
tities to arbitrary inverse semigroups.
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Abstract It is well known that the following relation a < b < (Fe?2 = ¢,f2 = f) a = eb = bf is a
natural partial order on regular semigroups and that it plays a critical role in their theory, leading to
very deep structural results. In this short note we prove that <, or its reflexive completion, is also a
non-trivial natural partial order on other classes of non-regular semigroups or of non-associative algebras,
including Directoids, A-Lattices, and Schweizer Magmas. We hope that proving that these varieties admit
this relation as a natural partial order may pave the way for similarly fruitful structural developments in
their study.

1 Introduction
Let S be a semigroup. In S define the relation: for a,b € S,
a<be (Fe? =e, f2=f) a=eb=>f. (1.1)

It is well known that, when S is a semigroup of idempotents, (5, <) is a partially ordered set, and < is the
natural partial order in bands (an order is said to be natural in some class of algebras when it is expressed
in the language of the class). The same relation is the natural partial order for inverse semigroups, and
its introduction had a great impact on the theory of inverse semigroups, namely, leading Schein and
Meakin [8,9,10,14], independently, to a structure theorem for the class. This was later generalized in very
influential papers by Nambooripad [12,13] (and independently by Hartwig [4]) who introduced a natural
order for regular semigroups and used it to provide a structure theorem for that class. Subsequently,
Jones [5,6,11] proved that the relation < above coincides with Nambooripad’s for regular semigroups.
Therefore, we have a binary relation that serves as a natural partial order in some classes of semigroups
and plays a critical role in key structure results. This raises the question: are there other varieties in
which the relation < is a non-trivial natural partial order?

This short note answers this question in the affirmative. We provide varieties of algebras T with
operations (op;)i<n, n € N, containing a binary operation * € {op; | i < n} such that for each model
(S, (opi);) in T the relation on S defined by

a<be (3 =efP=fla=eb=0bf (1.2)
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is antisymmetric and transitive. Clearly, if this is the case, then the reflexive relation < on S, defined by
r<y& (z<yorz=y) (1.3)

will also be antisymmetric and transitive and hence a natural partial order relation in the variety 7'. The
relation < will be called the reflexive completion of <. Below, we list the found new equational theories
where the relation defined by Eq. (1.2) is antisymmetric, transitive, and non-trivial (i.e., x < y does not

imply z = y).

2 Results
2.1 Pre-Directoids

The aim of this section is to establish the antisymmetry and transitivity of < in important algebraic
classes (that is, classes that have papers or books dedicated to them). But, in order to clarify the core
arguments, we introduce an auxiliary class.

Definition 2.1 The variety of pre-directoids is the class of algebras of type (2) defined by the following
identity:
(PD) z-((z-y)-2) = (z-y) -2
Theorem 2.1 (i) Let (S,-) be a pre-directoid, and let < be the relation on S defined by
r<y & JuvW=u vP=v, z=u-y, z=y v). (2.1)

Then < 1is antisymmetric.
(i) Assume that, additionally, (S,-) fulfills either of the following two identities

(I1) z-y=y-x. (12) (x-y) - x=x-y.
Then < is also transitive and its reflexive completion < is therefore a partial order relation on S.

Proof (i) Let z,y € S such that < y and y < z. We claim that z = y.
Since x < y, there exists v € S such that

rT=1y-v. (2.2)

Similarly, from y < x, there exists u € S such that

y=u-zx. (2.3)
Thusy(zg)u~x(2i2)u~(y~v) (Q)u((uo:)v) (D) (u~x)~v(2i3)y~v(2:2)x.
(ii) Let x,y,z € S such that < y and y < z. We claim that z < z.
Since z < y, there exists v; € S such that
T=1y- 1. (2.4)
Similarly, y < z implies that there exists vy € S such that
y=2z-vs. (2.5)
Observe that from this we get
2.5 PD 2.5
z-(y-a) (:)z~((z~vg)~a) (D) (z~v2)-a(:)y~a. (2.6)
and therefore
2.4 2.6 2.4
Z’l'(:)z~(y~1}1)(:)(y~1)1)(:)1’ (2.7)
Next we claim that
(2.7)
T z=2-T = T (2.8)

If (I1) holds, this is obvious. If (I2) holds, this follows from z -z D (z-x) 2 = z-x

We concludethatx~|3_3|(2i8)x~(x~z) (2:8)36((:32)2) D) (xz)z(2:8 x-z =z
Thus « is idempotent and we have x = z-x = x - z. It is proved that < z. The proof is complete.



2.1.1 Examples

We consider now important non-associative varieties in which the relation < given by Eq. (2.1) is anti-
symmetric, transitive and non-trivial.

Definition 2.2 The variety of directoids [2] is the class of algebras of type (2) defined by the following
identities:

(D1) -z ==. MD3) y-(z-y)=z-y. D4) z-((x-y) -2 =
(D2) (z-y)-z=x-y. (x-y)- =

Clearly every directoid (S, ) is a pre-directoid where identity (I12) above is fulfilled. Therefore, by Theorem
2.1, the relation < on S given by Eq. (2.1) is both antisymmetric and transitive and its reflexive completion
< is a partial order relation on S.

Here is an example (cf. Table 1 and Figure 1) of a non-associative order 4 directoid with non-trivial <.

Table 1 The multipli-

Fig. 1 H dia-
cation table 1g asse dia

gram for <

Yet another class of non-associative algebras in which the relation < given by Eq. (2.1) is antisym-
metric, transitive and non-trivial, is the following.

Definition 2.3 The variety of A-lattices [1] is the variety of type (2,2) defined by the following identities:

y=y- T (LL3) z- (x4 y) = =. (LL5) 2 +y =y + .
((@-y)-2)=(r-y) 2z (LL4) 2+ (x-y) = (LL6) 2+((z+y)+2) = (z+y)+2.

Let (S, -, +) be a A-lattice. Clearly, both (.5, -) and (S, +) are commutative pre-directoids. Accordingly,
by Theorem 2.1, the relation < defined by Eq. (2.1), either on - or +, is both antisymmetric and transitive
and the corresponding reflexive completions < are partial order relations on S.

Here is an example (cf. Table 2 and Figure 2) of an order 5 A-Lattice with non-associative + and
non-trivial <:

Table 2 Multiplication tables for

T oand - Fig. 2 Hasse dia-

gram for <

2.2 Schweizer Magmas

This subsection presents another class of non-associative magmas generalizing Neumann quasigroups [15],
where < (Eq. (2.1)) is antisymmetric, transitive, and non-trivial.

Definition 2.4 Schweizer magmas [3] form a variety of type (2) defined by the following identity:
(SM) (y-2)-(y-2) ===



Our goal is to prove the following theorem.

Theorem 2.2 Let (S,-) be a Schweizer magma, and define the relation < on S by
r<y < JuveS(u-u=u, vv=v,xr=u-y, T=y-v).

Then < is antisymmetric and transitive and its reflexive completion < is a partial order on S.

Before proving the theorem, we prove the following auxiliary result.
Lemma 1 Let (S,-) be a Schweizer magma, and let ¢,d,e € S such that e is idempotent and

c=d-e. (2.9)

Then:

(i) d-(d-d)=c (ii) c-(d-c)=c. (iii) c-(c-c) =c.

Proof (i) Firstly, we have that

c(d-a) ) (d-e)(d-a) B a-e (2.10)
u —
In particular, we get ¢- (d-e) = e - e (replacing a with e in (2.10)) and c¢- (d - d) = d - e (replacing a with
d in (2.10)). From these two equalities and the idempotency of e, we get

e=e-e=c-(d-e)=c-(c-(d-d)). (2.11)
SM SM
Thus (z-3) - (z-2) - ((z-9)-a) = 0+ (z-2) and (z-9) - (z-2) (- 9) - @) = (@-9) (1) - ).
The two previous equalities imply
a-(z-z)=(z-y) ((z-9)-a) (2.12)
Replacing « with (z - y) in the previous we get a- (2 - (2 - y)) @12) ((z-y)-y) - ((2-y)-a) (20 4. y.
Therefore, we obtain the following identity:
a-(b-(b-uw)=a-u. (2.13)
We can now conclude that ¢ %= 4. ®2V 4 (e (e -(d-ad)) C13 (d-d).
a b b a
(ii) Just observe that ¢- (d - ¢) (@19 . 2D (c-(c-(d-d))) 1 (d-d) CV g o=
—— ~——

(#31) Clearly, c¢- (c-¢) @ .. (c-(c-(d-0)) @1y .. (d-c) @

Now we can prove the main theorem.

Proof Tt is enough to prove that < has the following property, which immediately implies both the
antisymmetry and transitivity of < and therefore also of its reflexive completion <:

(r<yandy<z)=z=y. (2.14)

Let z,y,z € S such that x < y and y < z. We claim that x = y. Since x < y, there exists v; € S such

that = y - vy. From part (i) of Lemma 1 we get y- (y-y) = x. Similarly, since y < z, there exists vy € S
such that y = z - vg; thus, from part (iii) of Lemma 1, y - (y - y) = y. Therefore, y =y - (y - y) = x.
From z < y and y < x we get x = y. From x < y < z we get x = y < z. Theorem 2.2 is proved.

Here is an example (cf. Table 3 and Figure 3) of an order 4 non-associative Schweizer magma with
non-trivial <:

To improve readability, we adopt the standard convention in non-associative magmas: juxtaposition
takes precedence over -, and brackets determine order. For example, z(yv - uz) :=x - ((y - v) - (u - 2)).
Definition 2.5 Neumann magmas (cf. [3]) form a variety of type (2) defined by the following identity:
(NM) z(yz - yx) = =.

Proposition 1 FEvery Neumann magma is a Schweizer magma.



Table 3 The multipli-

Fig. 3 H dia-
cation table 1g asse dia

gram for <
ONONO)

In particular, the class of Schweizer magmas contains Neumann quasigroups (cf. [7] and p. 248 in
[15]), which are equivalent to Schweizer quasigroups (cf. Theorem 21 in [3]).

Proof Observe first that (NM) implies y = z(zy - z) and hence

a M) [ (NM) o
u(y-zu) = & 2(xy - x2) Eu | =" wywz =y w2 (2.15)
x Yy P yx z
Next observe that a (bc)-ab (215 a(bc-ba) (*20) ¢, which leads us to the identity
Ly ] HWu 'L uu
x y Tz u Yy zZUu
x(yz) - xy = z. (2.16)
(2.15) (2.16)
Further, we have (ad-ac)-bd "="b(d-cb)-bd and b(d-cb)-bd =" cb, that is,
Ll Jud Ul uu uu U J uu [ -
Ty T2 uyYy zu TY Ty =z Ty z
(zw - zz) - yw = zy. (2.17)
Hence, ab-ac (1% (ac-ac)(b-clac- ac)) (N2 (ac-ac)(b?) 17 ¢b, so that zy - 2z = zy.
ud ud A AT Ud O’ ‘0o
Ty T2 m Yy z u Tw Tz Yyw

Problem 1 Identify other important varieties of algebras —meaning those for which at least one book is
dedicated to their study— where < is antisymmetric and transitive.

Declarations
Ethics approval and consent to participate

Not applicable.

Consent for publication

Not applicable.

Competing interests

Not applicable.

Availability of data and materials

Not applicable.

Funding

G. Araidjo, A. Hahn and A-C Monteiro: This work is funded by national funds through the FCT
— Fundagdo para a Ciéncia e a Tecnologia, I.P.; under the scope of the projects UIDB/00297/2020
(https://doi.org/10.54499/UIDB/00297/2020) and UIDP/00297,/2020
(https://doi.org/10.54499/UIDP /00297 /2020) (Center for Mathematics and Applications)

Mikolas Janota and Josef Urban: This work was supported by the Ministry of Education, Youth and
Sports within the dedicated program ERC CZ under the project POSTMAN no. L1L1902 and co-funded
by the European Union under the project ROBOPROX (reg. no. CZ.02.01.01/00/22_008,/0004590).



Author contributions

This paper results from a comprehensive scan of well-known classes of algebras to identify those in which
the natural partial order in regular semigroups also qualifies as a natural partial order. To this end, we
downloaded the entire arXiv database, extracted the algebraic classes mentioned, and verified for each
whether the result holds. When it did, we produced human proofs.

The extraction of relevant algebraic classes from the database was conducted by G. A., M. J., and J.
U. during a six-month visit of the first author to Prague. Then the human verification of the identified
classes was carried out by A. H., G. A., and C. M. The identification of the classes where the relation
forms a partial order was performed by A. H., and the corresponding human proofs were provided by G.
A., C. M., and A. H. All authors contributed to the final writing of the paper.

Acknowledgments

We wish to thank Jodo Aratjo for several very useful comments.

References

1. I. Chajda, H. Lénger: Semimodular A-lattices. Multiple-Valued Logic Soft Computing 39, 79-96 (2022).
[https://arxiv.org/abs/1909.05186]

2. I. Chajda, H. Langer: Directoids, an algebraic approach to ordered sets, Heldermann Verlag (2011).

. N.N. Didurik, V.A. Shcherbacov: Some properties of Neumann quasigroups. In: Conference on Applied and Indus-
trial Mathematics: CAIM 2018, 20-22 septembrie 2018, Iasi, Roméania. Chisindu, Republica Moldova: Casa Editorial-
Poligraficd “Bons Offices” SRL, 2018, Editia a 26-a, pp. 93-94. [https://arxiv.org/abs/1809.07095]

. R.E. Hartwig, How to partially order regular elements, Math. Japonica 25(1), 1-13 (1980).

P.M. Higgins, Techniques of Semigroup Theory, Oxford University Press (1992).

P. M. Higgins, The Mitsch order on a semigroup, Semigroup Forum, 49, 261-266 (1994).

G. Higman and B. H. Neumann. Groups as groupoids with one law. Publ. Math. Debrecen, 2:215-221, 1952.

M. V. Lawson, Inverse Semigroups: The Theory of Partial Symmetries, World Scientific Publishing Co., Inc., River

Edge, 1998.

9. S. Margolis, A tribute to John Meakin on the occasion of his 75th birthday, Semigroup Forum, 102, 1-9 (2021).
10. J. Meakin, On the structure of inverse semigroups, Semigroup Forum, 12(1), 6-14 (1976).
11. H. Mitsch, A natural partial order for semigroups, Proc. Amer. Math. Soc., 97(3), 384-388 (1986).
12. K.S.S. Nambooripad, “Structure of Regular Semigroups”. Memoirs of the American Mathematical Society, Volume 22,
Number 224 (1979).

13. K.S.S. Nambooripad, “The natural partial order on a regular semigroup”. Proceedings of the Edinburgh Mathematical
Society. 23 (3): 249-260 (1980).

14. M. Petrich: Inverse Semigroups. Wiley, New York (1984).

15. Sh. K. Stein. On the foundations of quasigroups. Trans. Amer. Math. Soc., 85(1):228-256, 1957.

w

® N o



C

ReEsearRcH ARTICLE ON NUMBER OF
NonN-IsomMmorrPHIC MODELS OF COMMON

ALGEBRAS

72



Number of Non-isomorphic Models of
Common Algebras

Gongalo Aratjo
Universidade Nova de Lisboa
Lisbon, Portugal

Joao Aratijo
Universidade Nova de Lisboa
Lisbon, Portugal
https://docentes.fct.unl.pt/jj-araujo
jj.araujo@fct.unl.pt

Choiwah Chow
Universidade Aberta
Lisbon, Portugal
17026030@estudante.uab.pt

Mikolas Janota
Czech Technical University in Prague
Czech Republic
http://people.ciirc.cvut.cz/~janotmik/
mikolas. janota@cvut.cz

Joao Ramires
Universidade Aberta
Lisbon, Portugal

Abstract

The number of models of order n, up to isomorphism, of an algebra is an important
property of that algebra. To date, only a handful of such sequences of numbers are
produced and available online in websites such as the oeis.org. We use the parallel
model enumerator Mace4 to generate models of the algebras listed in the MarcieX
database, count their numbers, and report them in this paper.

1 Introduction

The number of order n non-isomorphic models of a given class of algebras is a very im-
portant piece of information. It is also very difficult to find. For example, the number of



non-isomorphic groupoids (or magmas) has been found [35]. Similar ideas can be applied
to special classes of algebras. Closed formulas are known for some particular classes of
groups [306], but finding them often requires very deep results, including the classification of
finite simple groups. For groups in general, only bounds are known. The sequence of order
n groups was chosen to be the first one in the On-Line Encyclopedia of Integer Sequences
(OEIS) [37].

But the results above, along with some of the same flavor, stand out as exceptions. The
rule is that there is no closed formula for the order n non-isomorphic models of an important
class of algebras (say, rings, semigroups, quasigroups, etc.). Therefore, the best we have now
is some computation of the first terms of the sequence. For many classes of algebras not
even the first values are computed for any meaningful n. The reason is that the task is far
from trivial. We need to use some finite model enumerator to generate the models of order n
according to the rules laid down by the axiomatic definition of that class of algebras. These
enumerators use delicate symmetry breaking algorithms to reduce the number of redundant
isomorphic models, but usually a large number of unnecessary models is generated. This
has two adverse effects: time and memory are lost to generate them and afterwards a new
algorithm and more time are needed to clean up the list. It often happens that the biggest
bottleneck is precisely in this second part (get rid of the redundant generated models). For
example, while there are only 1,627,672 semigroups of order 7, the finite model generator
Mace4 [38] generates over 1 billion models of order 7; afterwards, its companion program
Isofilter is not able to filter out all the isomorphic models in reasonable time (over 2 days)
when the program had to be terminated.

In order to push the limits of the known sequences for general classes of algebras, we
developed two new algorithms that apply to the two steps of the process. Our first symmetry
breaking algorithm (to be published) dramatically reduces the number of redundant models
generated; our second algorithm [39] reduces by orders of magnitude the time needed to
discard the redundant models. For example, Mace4 generates 28.9 million models for the
inverse semigroups of order 8. Without invariants, it takes Isofilter 150,703 seconds to filter
out the isomorphic models to get 4,637 non-isomorphic models, but it takes less than 2%
(2,873 seconds) of the original time for Isofilter to accomplish the same task with invariants
(see Table 2 in [40]). The general idea is the following: to each model generated we attach
a vector of parameters that are preserved under isomorphism. This induces a partition of
he original list into many blocks (or parts) of non-isomorphic models (that is, isomorphic
models belong to the same block). Therefore, rather than testing a given model against all
others, we only test it against the models in the same block; in addition, as checking each
block is independent from checking the others, the task can be parallelized.

With these two tools we were able to find the initial terms of the sequence of order n
models of a given class of algebras for many classes whose sequence was unknown so far; we
also were able to confirm and extend the sequences in the cases some terms were already
known.



2 MarcieX

MarcieX [41] is a library of theories and theorems in the syntax of ProverX [42]. It has
the advantage of being noiseless, unlike many other databases (such as TPTP [43], etc.)
that computer scientists use to benchmark their research in Artificial Intelligence Theorem
Proving (AITP). In addition, it provides some routines that allow the user to perform the
following operations:

1. given a theorem, MarcieX scans its database to identify in which other classes of
algebras of the same type, the analogue holds; for example, given the theorem If in a
group every element is the inverse of itself, then the group is commutative, MarcieX
will check all classes of algebras that have a binary operation and a unary operation,
and check if the same result is true (eg, the same result holds for inverse semigroups);

2. given a class of algebras by the user, MarcieX will find the classes of algebras that
contain it or are contained in it;

3. given some concept C' that in some theory T" has some property P (say, a binary relation
that in semigroups is a congruence), MarcieX will find other classes of algebras not
contained in 7" in which the concept C keeps property P;

4. given some model (say, a counter-example for some conjecture), MarcieX will identify
pages of papers where a model isomorphic to that one appears.

In this paper we use MarcieX as a database of classes of algebras so that we can apply
to them our finite model builder algorithms.

3 Counting Models

We use a 24-core Intel® Xeon®CPU E5-2630 v2 2.60GHz x24 computer, with 64 GB
RAM and 600 GB disk space for generating models and for filtering out isomorphic models.
Once isomorphic models for an order of an algebra are filtered out, we count the remaining
non-isomorphic models and report the number.

We run finite model enumeration on algebras in the MarcieX database. We allocate at
least 5 hours to the search, in parallel with all 24 cores of the computer, of models of each
order of each algebras. The search will be aborted if the time limit is exceeded and if the
search is deemed not likely to finish anytime soon. Another limitation of the hardware used is
disk space. We stop the search of models of a particular order if the size of the file containing
the models exceeds 500 GB. The search for an sequence of number of models starts from
order 2, then proceed incrementally (by 1 each time) up to, but not including, the order in
which the time limit or the disk space limit is reached.

We exclude in this paper algebras such as semigroups, quasigroups, and loops, etc., of
which the number of models of small orders are well-known, or that they can easily be found



in online resources such as the OEIS. We also exclude algebras that we are not able to find
their numbers of models at least up to order 4.

We compare our results with the integer sequences in the OEIS. For OEIS sequences
A000112, A001930, A084965, A087729, A181769, A226193, A346414, our results match
theirs although we are not able to generate longer sequences than theirs, so, we do not
report our results here. For sequences A178432 (see Section 5.22) and A305858 (see Sec-
tion 6.32.4), we not only match, but also extend, their results. We found 100 new sequences
that have not been reported to the OEIS that are reported in the following sections.

4 Classes of Semigroups

4.1 Type (2)
4.1.1 Cancellative monoids

A Cancellative monoid is a structure (A, -, 1) such that
L. (zy =22 =y =2);
2. (zz=yz=1x=y),
3. x(yz) = (zy)z;
4. 1z = z;
5. vl =ux.

Cancellative monoids appear on [25] and the number of non-isomorphic models from order

4.1.2 Monoids

A Monoid is a structure (A, -, 1) such that
L x(yz) = (zy)z;
2. lx =ux;
3. 1l ==x.

Monoids appear on [27] and the number of non-isomorphic models from order



4.1.3 Commutative semigroups

A Commutative semigroup is a structure (A, -) such that
Lox(yz) = (2y)z;
2. zy = yz.

Commutative semigroups appear on [28] and the number of non-isomorphic models from
order

4.1.4 Archimedean commutative semigroups

An Archimedean commutative semigroup is a structure (A, -) such that
L z(yz) = (2y)z;
2. zy = yz;
3. VaVydz : xx = zy.

Archimedean commutative semigroups appear on [28] and the number of non-isomorphic
models from order

4.1.5 Nowhere commutative semigroups

A Nowhere commutative semigroup is a structure (A4, -) such that
L a(yz) = (zy)z;
2. xy=yr=>2x=4y.

Nowhere commutative semigroups appear on [28] and the number of non-isomorphic models
from order

4.1.6 Left weakly commutative semigroups

A Left weakly commutative semigroup is a structure (A, -) such that
L x(yz) = (vy)z;
2. VaVydz : xyxy = yz.

Left weakly commutative semigroups appear on [29] and the number of non-isomorphic
models from order



4.1.7 Right weakly commutative semigroups

A Right weakly commutative semigroup is a structure (A4, -) such that
L x(yz) = (2y)z;
2. VaVydz : xyxy = zz.

Right weakly commutative semigroups appear on [29] and the number of non-isomorphic
models from order

4.1.8 Weakly commutative semigroups

A Weakly commutative semigroup is a structure (A, -) such that
L z(yz) = (2y)z;
2. VaVy3dz : xyxry = yz;
3. VaVydw : zyry = wx.

Weakly commutative semigroups appear on [29] and the number of non-isomorphic models
from order

4.1.9 Conditionally commutative semigroups

A Conditionally commutative semigroup is a structure (A, -) such that
L a(yz) = (zy)z;
2. zy = yr = T2Y = Y2x.

Conditionally commutative semigroups appear on [29] and the number of non-isomorphic
models from order

4.1.10 Quasi-commutative semigroups

A Quasi-commutative semigroup is a structure (A, -) such that
L a(yz) = (zy)z;
2. xy = yzyz.

Quasi-commutative semigroups appear on [29] and the number of non-isomorphic models
from order



4.1.11 Right commutative semigroups
A Right commutative semigroup is a structure (A, -) such that
L z(yz) = (zy)z;
2. xyz = x2Y.
Right commutative semigroups appear on [29] and the number of non-isomorphic models
from order
4.1.12 Left commutative semigroups
A Left commutative semigroup is a structure (A, -) such that
L x(yz) = (zy)z;
2. yzx = zyzx.
Left commutative semigroups appear on [29] and the number of non-isomorphic models from
order
4.1.13 Externally commutative semigroups
An Externally commutative semigroup is a structure (A, -) such that
L z(yz) = (vy)z;
2. zyz = zyzw.
Externally commutative semigroups appear on [29] and the number of non-isomorphic models
from order
4.1.14 Medial semigroups
A Medial semigroup is a structure (A, -) such that
L x(yz) = (vy)2;
2. Tuvy = Tvuy.

Medial semigroups appear on [29] and the number of non-isomorphic models from order

4.1.15 E-2 semigroups

An E-2 semigroup is a structure (A, -) such that
L x(yz) = (2y)z;
2. xyxy = TIYY.

E-2 semigroups appear on [29] and the number of non-isomorphic models from order
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4.1.16 Right cancellative semigroups

A Right cancellative semigroup is a structure (A, -) such that
L 2(yz) = (zy)z;
20 yr=zx =y =z

Right cancellative semigroups appear on [28] and the number of non-isomorphic models from
order

4.1.17 Left cancellative semigroups

A Left cancellative semigroup is a structure (A, -) such that
L x(yz) = (zy)z;
2. xy=x2=> 1y = 2.

Left cancellative semigroups appear on [28] and the number of non-isomorphic models from
order

4.1.18 Cancellative semigroups

A Cancellative semigroup is a structure (A, -) such that
L x(yz) = (zy)2;
2. xy=x2 =Yy = 2
3. Yr =2 =y = 2.

Cancellative semigroups appear on [28] and the number of non-isomorphic models from order

4.1.19 Primitive semigroups

A Primitive semigroup is a structure (A, -) such that
L x(yz) = (vy)z;
2. (y=axyandy=yzr) =2z =1y.

Primitive semigroups appear on [28] and the number of non-isomorphic models from order



4.1.20 Null semigroups

A Null semigroup is a structure (A, -) such that
L x(yz) = (2y)z;
2. zy = z2w.

Null semigroups appear on [28] and the number of non-isomorphic models from order

4.1.21 Semigroups with zero

A Semigroup with zero is a structure (S, -,0) such that
L x(yz) = (vy)z;
2. 0z =0 = 20.

Semigroups with zero appear in [100] and the number of non-isomorphic models from order
2 to order 6 is given in Table 1.

Table 1: Number of Semigroups with zero
Order: 2 3 4 5 6

#Models: 2 12 90 960 15,759

4.1.22 Left zero semigroups

A Left zero semigroup is a structure (A, -) such that
L x(yz) = (zy)z;
2. zy =x.

Left zero semigroups appear on [28] and the number of non-isomorphic models from order

4.1.23 Right zero semigroups

A Right zero semigroup is a structure (A4, -) such that
L z(yz) = (vy)z;
2. zy =v.

Right zero semigroups appear on [28] and the number of non-isomorphic models from order



4.1.24 TUnipotent semigroups

A Unipotent semigroup is a structure (A, -, 1) such that
L x(yz) = (2y)z;
2.1-1=1;
orzr=xandyy =y =x=y.

Unipotent semigroups appear on [28] and the number of non-isomorphic models from order

4.1.25 Separative semigroups

A Separative semigroup is a structure (A, -) such that
Lo 2(yz) = (zy)z;
2. (zy =zx and zx = yy) = = = y.

Separative semigroups appear on [28] and the number of non-isomorphic models from order

4.1.26 2-Aperiodic semigroups

A 2-Aperiodic semigroup is a structure (A, -) such that
L x(yz) = (2y)z;
2. zx = xxW.

2-Aperiodic semigroups appear on [32] and the number of non-isomorphic models from order

4.1.27 2-Nilpotent semigroups

A 2-Nilpotent semigroup is a structure (A, -, 1) such that
L x(yz) = (zy)z;
2. zx = 1.

2-Nilpotent semigroups appear on [27] and the number of non-isomorphic models from order

4.1.28 Semigroups with Right Identity

A Semigroup with right identity is a structure (A, -, 1) such that
L (zy)z = x(y2);
2. z=rxl.

Semigroups with right identity appear on [1] and the number of non-isomorphic models from
order

10



4.1.29 J-Simple Semigroups

A J-Simple semigroup is a structure (A, -) such that
L (zy)z = 2(y2);
2. VaVydzdw : x = zyw.

J-Simple semigroups appear on [1] and the number of non-isomorphic models from order

4.1.30 Right Groups

A Right group is a structure (A, -, 1) such that
L z(yz) = (zy)z;
2. 1-1=1;
3. VaVydz: xz=uy.

Right groups appear on [1] and the number of non-isomorphic models from order

4.1.31 Id Semigroups

An Id semigroup is a structure (A4, -, 1) such that
L z(yz) = (zy)z;
2.1-1=1.

Id semigroups appear on [1] and the number of non-isomorphic models from order

4.1.32 Left Groups

A Left group is a structure (A, -) such that
L a(yz) = (zy)z;
2. VaVydz : x = xzy.

Left groups appear on [2] and the number of non-isomorphic models from order
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4.2 Type (2,1)
4.2.1 Closable semilattice pseudo-complemented semigroups

A Closable semillatice pseudo-complemented semigroup is a structure (A, -, 0) such that

L x(yz) = (zy)z;

2. 2’z = 0;
3. 20 = x;
4. x/y/ — y/x/;

1w

5. o (2'y) = 2'y/;
6. 2'v = x.
Closable semilattice pseudo-complemented semigroups appear in [110] and the number of

non-isomorphic models from order 2 to order 8 is given in Table 2.

Table 2: Number of Closable semilattice pseudo-complemented semigroups
Order: 2 3 4 5 6 7 8

#Models: 1 4 24 191 2,046 30,693 1,661,964

4.2.2 Semilattice pseudo-complemented semigroups

A Semillatice pseudo-complemented semigroup is a structure (A,-,,0) such that

L 2(y2) = (zy)z;

2. 2’z = 0;
3. -0 =ux;
4. a:,/y/ — y/xl;

/

5. o' (x'y) =2y

Semilattice pseudo-complemented semigroups appear on p. 84 of [110] and the number of
non-isomorphic models from order 2 to order 8 is given in Table 3.
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Table 3: Number of Semilattice pseudo-complemented semigroups
Order: 2 3 4 5 6 7 8

4Models: 2 8 54 540 7,252 124,712 3,680,984

4.2.3 Antidomain monoids

An Antidomain monoid is a structure (A, -, 1,0) such that
1. (A, 1) is a monoid,;
2. 2’z =0;

0 = 0;

'y = y'al;

2 x = ;

SR AN S

:L,/ — (Z,y)/<xy/>/’
7. (zy)z = (zy)zy.

Antidomain monoids appear on p. 82 of [110] and the number of non-isomorphic models
from order 2 to order 9 is given in Table 4.

Table 4: Number of Antidomain monoids
Order: 2 3 4 5 6 7 8 9

#Models: 1 2 8 40 261 2444 33,055 1,682,176

4.2.4 Left closure semigroups
A Left closure semigroup is a structure (A, -, d, 1) such that
L z(yz) = (zy)z;
2. d(x)x = x;
3. d(d(x)) = d(x);
4. d(z)d(ry) = d(zy);
5. d(z)d(y) = d(y)d(x).

Left closure semigroups appear on p. 76 of [110] and the number of non-isomorphic models
from order 2 to order 7 is given in Table 5.
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Table 5: Number of Left closure semigroups
Order: 2 3 4 5 6 7

“Models: 4 23 196 2,179 32,278 599,168

4.2.5 Left closure monoids

A Left closure monoid is a structure (A, -, d, 1) such that
1. (A,-,d) is a left closure semigroup;
2. (4,-,1) is a monoid.

Left closure monoids appear on p. 76 of [110] and the number of non-isomorphic models
from order 2 to order 7 is given in Table 6.

Table 6: Number of Left closure monoids
Order: 2 3 4 5 6 7

#Models: 3 15 109 1,071 14,571 255,798

4.2.6 Quasi-MV-algebras
A Quasi-MV-algebra is a structure (A, ®,", 0, 1) such that

L (zoy)@®z=20(y®2);
2. 2" =

3. zd1l=1;

4. (@' oy)oy= (Y ®r) o1
5. (z®0) =2"®0;

6. (z®0)@0=2a0;

7.0 =1.

Quasi-MV-algebras appear in [97] and the number of non-isomorphic models from order 2
to order 8 is given in Table 7.
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Table 7: Number of Quasi-MV-algebras
Order: 2 3 4 5 6 7 8

#Models: 1 1 9 9 467 567 153,163

4.2.7 Groups

A Group is a structure (A,-,7!, 1) such that
L a(yz) = (zy)z;
2. lx = x = x1,
3. xtr =aat = 1.

Groups appear on [2] and the number of non-isomorphic models from order

4.2.8 MV-algebras
An MV-algebra is a structure (A, @, -, 0) such that

1. 0 u=u;

2. ubv=vPu;

3. (uBv)Gw=ud (vdw);

4. =—u = u;

9. u @ 0 =-0;

6. 7(~udv)Bv="(vdu) Bu.

MV-algebras appear on [24] and the number of non-isomorphic models from order

4.2.9 Inverse monoids

An Inverse monoid is a structure (A, -*, 1) such that
L x(yz) = (zy)z;
2. lx =ux;
3. zl =ux;

4. (uv)* = v*u*;
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5. (u*)* = u;
6. wuru = u;
7. wurov* = vvruu’t.

Inverse monoids appear on [26] and the number of non-isomorphic models from order

4.2.10 Regular semigroups

A Regular semigroup is a structure (A,-, ) such that

L a(yz) = (zy)z;
2. xx 'z ==z,

Regular semigroups appear on [28] and the number of non-isomorphic models from order

4.2.11 Left regular semigroups

A Left regular semigroup is a structure (A,-,~!) such that
L a(yz) = (zy)z;
2. z7lzw = .

Left regular semigroups appear on [28] and the number of non-isomorphic models from order

4.2.12 Right regular semigroups
A Right regular semigroup is a structure (A, -, ') such that

L z(yz) = (2y)z;
2. zxx~t =1

Right regular semigroups appear on [28] and the number of non-isomorphic models from
order

4.2.13 2-Regular semigroups

A 2-Regular semigroup is a structure (4, -, ) such that
L a(yz) = (zy)z;
2. zxxlrx = x1.

2-Regular semigroups appear on [31] and the number of non-isomorphic models from order
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4.2.14 Inverse semigroups

An Inverse semigroup is a structure (4,-,7%) such that

L z(yz) = (zy)z;

2. v lx =z

3. vzt =271,
4. ~!is unique in the previous conditions.

Inverse semigroups appear on [28] and the number of non-isomorphic models from order

4.2.15 *-Semigroups

A *-Semigroup is a structure (A, -, ') such that
L (zy)z = z(y2);
2. (x7 ) =g
3. (zy) =y a7l

*-Semigroups appear on [33] and the number of non-isomorphic models from order

4.2.16 U-Semigroups

A U-Semigroup is a structure (4,-,71) such that
L (zy)z = 2(y2);
2. (7 H =1

U-Semigroups appear on [33] and the number of non-isomorphic models from order

4.2.17 I-Semigroups

An I-Semigroup is a structure (A, -,~') such that
L (zy)z = x(y2);
2. (a7t =
3. zx7lr = .

[-Semigroups appear on [33] and the number of non-isomorphic models from order
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4.2.18 Completely regular semigroups

A Completely regular semigroup is a structure (4, -,~') such that

L (zy)z = z(y2);

2. vl =z

3. zx ' =z la.

Completely regular semigroups appear on [34] and the number of non-isomorphic models
from order

4.2.19 Clifford semigroups
A Clifford semigroup is a structure (4,-,71) such that
L (zy)z = x(y2);
2. vty = o
3. vt = e
4. xx = = 2y = Y.

Clifford semigroups appear on [34] and the number of non-isomorphic models from order

4.2.20 Cryptogroups
A Cryptogroup is a structure (A4, -,") such that
L (zy)z = z(y2);
2. x = xx'x;
3. xx' = 2w
4. 2" = x;
5. wa'yy (za'yy') = xy(zy)'.

Cryptogroups appear on [34] and the number of non-isomorphic models from order
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4.2.21 Regular Cryptogroups
A Regular Cryptogroup is a structure (A, - ) such that
L (zy)z = x(y2);
2. v =xx'x;
3. xx' = 2w
4. 2" = x;
5. xyza(zyzx) = xyxze(ryrzr)'.

Regular Cryptogroups appear on [34] and the number of non-isomorphic models from order

4.2.22 Left Regular Cryptogroups
A Left Regular Cryptogroup is a structure (A, -,”) such that
L (zy)z = z(y2);
2. r=xx'x;
3. xx' = 2w
4. 2" = x;
5. xy(zy) = xx'yy' xa’.

Left Regular Cryptogroups appear on [34] and the number of non-isomorphic models from
order

4.2.23 Normal Cryptogroups
A Normal Cryptogroup is a structure (A, -/ ) such that
L (zy)z = z(y2);
2. v = xx'x;
3. xx’ = a2'x;
4. 2" = x;
5. xyza(zyzx) = xzyx(xzyx)'.

Normal Cryptogroups appear on [34] and the number of non-isomorphic models from order
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4.2.24 Left Normal Cryptogroups
A Left Normal Cryptogroup is a structure (A, ) such that
L (zy)z = z(y2);
2. r = xx'x;
3. xx' = 2w
4. 2" = x;
5. xyy'z = zzyy’.

Left Normal Cryptogroups appear on [34] and the number of non-isomorphic models from
order

4.2.25 Orthogroups
An Orthogroup is a structure (A4, -,") such that
L (zy)z = x(y2);
2. v = xx'x;
3. xx' = a'x;
4. 2" = x;
5. xza'yy (za'yy') = xa'yy'.

Orthogroups appear on [34] and the number of non-isomorphic models from order

4.2.26 Regular Orthogroups
A Regular Orthogroup is a structure (A, -/ ) such that
L (zy)z = z(y2);
2. v = xx'x;
3. xx' = 2'x;
4. 2" = x;
5. xyzr = vyra'zx.

Regular Orthogroups appear on [34] and the number of non-isomorphic models from order
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4.2.27 Left Regular Orthogroups
A Left Regular Orthogroup is a structure (A,-,) such that
L (zy)z = z(y2);
2. v =xx'x;
3. xx' = 2w
4. 2" = x;
5. xy = xyxr’.

Left Regular Orthogroups appear on [34] and the number of non-isomorphic models from
order

4.2.28 Normal Orthogroups
A Normal Orthogroup is a structure (A, -,) such that
L (zy)z = x(y2);
2. v = xx'x;
3. xx' = a'x;
4. 2" = x;
5. xyzz'x = xzZyx.

Normal Orthogroups appear on [34] and the number of non-isomorphic models from order

4.2.29 Semilattices of Groups

A Semilattice of groups is a structure (A, -,") such that
L (zy)z = x(y2);
2. v = xx'x;
3. VaVydz . xy = yzx.

Semilattices of groups appear on [1] and the number of non-isomorphic models from order
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4.2.30 Completely Simple Semigroups

A Completely simple semigroup is a structure (A, -/ ) such that
L (zy)z = x(yz);
2. x = xx'x;
3. VaVydz 1 o = xyxz.

Completely simple semigroups appear on [1] and the number of non-isomorphic models from
order

4.3 Type (2,1,1)
4.3.1 Bar inverse monoids

A Bar inverse monoid is a structure (A, -* [], 1) such that

L z(yz) = (zy)z;
2. lx =x;
3. xl =ux;
4. (uwv)* = v*u’
5. (u*)* = u;
6. uuru = u;
7. uurov* = vvruu’;
8. [1] =0;
9. 0] = 1;
10. ulv] = [wv]u.

Bar inverse monoids appear on [26] and the number of non-isomorphic models from order

4.3.2 Intra-regular semigroups
An Intra-regular semigroup is a structure (A4,-/,7!) such that
L 2(y2) = (zy)z;
2. d'rvxxr! = .
Intra-regular semigroups appear on [28] and the number of non-isomorphic models from

order
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4.3.3 Domain range semigroups

A Domain range semigroup is a structure (A, -, d, r) such that

8. r(zy) = r(r(x)y);

9. r(2r(y)) = r(z)r(y);

10. r(x)r(y) = r(y)r(z);
(

Domain range semigroups appear on p. 81 of [110] and the number of non-isomorphic models
from order 2 to order 4 is given in Table 8.

Table 8: Number of Domain range semigroups
Order: 2 3 4

#Models: 3 66 48,498

4.4 Classes of Bands

4.4.1 Bands

A Band is a structure (A4, -) such that
L 2(y2) = (zy)z;
2. xx = x.

Bands appear on [28] and the number of non-isomorphic models from order
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4.4.2 Semilattices

A Semilattice is a structure (A, -) such that
L z(yz) = (zy)z;
2. zx = x;
3. Ty = yzx.

Semilattices appear on [28] and the number of non-isomorphic models from order

4.4.3 Regular bands

A Regular band is a structure (A, -) such that
L 2(y2) = (zy)z;
2. rx = x;
3. zYyrzT = TYZX.

Regular bands appear on [30] and the number of non-isomorphic models from order

4.4.4 Left regular bands

A Left regular band is a structure (A, -) such that
L a(yz) = (xy)2;
2. rx = x;
3. xyxr = xy.

Left regular bands appear on [30] and the number of non-isomorphic models from order

4.4.5 Right regular bands

A Right regular band is a structure (A, -) such that
L a(yz) = (2y)2;
2. xx = x;
3. xyr = yx.

Right regular bands appear on [30] and the number of non-isomorphic models from order
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4.4.6 Rectangular bands

A Rectangular band is a structure (A, -) such that
L z(yz) = (zy)z;
2. zx = x;
3. Tyr = .

Rectangular bands appear on [30] and the number of non-isomorphic models from order

4.4.7 Left normal bands

A Left normal band is a structure (A, -) such that
L (zy)z = 2(y2);
2. rx = x;
3. xyz = x2Y.

Left normal bands appear on [34] and the number of non-isomorphic models from order

4.4.8 Right normal bands

A Right normal band is a structure (A, -) such that
L (zy)z = 2(y2);
2. rx = x;
3. yzx = zyzx.

Right normal bands appear on [34] and the number of non-isomorphic models from order

4.4.9 Normal bands
A Normal band is a band (A, -) such that

1. zyzx = zzyz.

Normal bands appear in [87] and the number of non-isomorphic models from order 2 to order
9 is given in Table 9.
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Table 9: Number of Normal bands
Order: 2 3 4 5 6 7 8 9

#Models: 3 8 30 114 536 2,698 15,441 96,868

5 Algebras of type (2)

5.1 Medial quasigroups

A Medial quasigroup is a structure (A, -) such that
1. VuvoTtw : wu = v;
2. VuVoI'w : uw = v;
3. (zy)(w) = (zu)(yv).

Medial quasigroups appear on [16] and the number of non-isomorphic models from order

5.2 Left distributive quasigroups
A Left distributive quasigroup is a structure (A, -) such that
1. Vuvo3'w : wu = v;
2. YuvvIlw : ww = v;
3. z(uv) = (zu)(zv).
Left distributive quasigroups appear on [16] and the number of non-isomorphic models from

order

5.3 Right distributive quasigroups

A Right distributive quasigroup is a structure (A, -) such that
1. Vuvo3lw : wu = v;
2. VuVoI'w : uw = v;
3. (zu)v = (2v)(uw).

Right distributive quasigroups appear on [16] and the number of non-isomorphic models
from order
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5.4 Distributive quasigroups
A Distributive quasigroup is a structure (A, -) such that
1. VuVo3lw : wu = v;
2. VuVoF'w : uw = v;
3. (zu)v = (xv)(uv);
4. z(uv) = (zu)(zv).

Distributive quasigroups appear on [16] and the number of non-isomorphic models from order

5.5 Idempotent quasigroups

An Idempotent quasigroup is a structure (A, -) such that
1. VuvoTtw : wu = v;
2. YuvvI'w 1 ww = v;
3. Tx = x.

Idempotent quasigroups appear on [16] and the number of non-isomorphic models from order

5.6 Unipotent quasigroups

A Unipotent quasigroup is a structure (A, -, 1) such that
1. VuvoT'w : wu = v;
2. VuVoI'w : uw = v;
3. zx = 1.

Unipotent quasigroups appear on [16] and the number of non-isomorphic models from order

5.7 Left semi-symetric quasigroups

A Left semi-symetric quasigroup is a structure (A, -) such that
1. VuvoT'w : wu = v;
2. VuvoT'w : uw = v;

3. z(zy) =y.

Left semi-symetric quasigroups appear on [16] and the number of non-isomorphic models
from order
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5.8 TS-quasigroups
A TS-quasigroup is a structure (A, -) such that

1. VuVo3'w : wu = v;
2. YuvvI'w : ww = v;
3. a(zy) = ;

4. vy = yz.

T'S-quasigroups appear on [16] and the number of non-isomorphic models from order

5.9 Right quasi-Jordan algebras

A Right quasi-Jordan algebra is a structure (A, -) such that
L a(yz) = x(2y);
2. (y(zx))r = (y)(zz).

Right quasi-Jordan algebras appear on [21] and the number of non-isomorphic models from
order

5.10 LR-Grupoids

An LR-Grupoid is a structure (A, -) such that
L x(yz) = y(z2);
2. (xy)z = (z2)y.

LR-Grupoids appear on [18] and the number of non-isomorphic models from order

5.11 Jordan Grupoids
A Jordan Grupoid is a structure (A, -) such that

1. (zx)(uz) = ((zz)u)x;
2. oy = yzx.

Jordan Grupoids appear on [19] and the number of non-isomorphic models from order
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5.12 BZ-algebras
A BZ-algebra is a structure (4, -, 0) such that
L ((zy)(2y))(zz) = 0;
2. zx = 0;
3. 20 = x;
4. ((zy =0) and (yz = 0)) = = = y.

BZ-algebras appear on [15] and the number of non-isomorphic models from order

5.13 BCC-algebras
A BCC-algebra is a structure (A, -,0) such that
L ((zy)(zy))(x2) = 0;
2. zx = 0;
3. 20 = x;
4. ((zy =0) and (yx =0)) = x =y;
5. 0z = 0.

BCC-algebras appear on [15] and the number of non-isomorphic models from order

5.14 Phi-implicative BZ-algebras
A Phi-implicative BZ-algebra is a structure (A, -, 0) such that
L ((zy)(zy))(z2) = 0;
2. xx = 0;
3. 20 = ;
4. ((zy=0) and (yz =0)) =z =y;
5. zy = (2y)(y(0(0y))).

Phi-implicative BZ-algebras appear on [15] and the number of non-isomorphic models from
order
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5.15 Weakly positive implicative BZ-algebras
A Weakly positive implicative BZ-algebra is a structure (4, -,0) such that
L ((zy)(2y))(zz) = 0;
2. 22 = 0;
3. 20 = x;
4. ((zy =0) and (yx =0)) =z =y;
5. (zy)z = ((z2)2)(y2).

Weakly positive implicative BZ-algebras appear on [15] and the number of non-isomorphic
models from order

5.16 Quasi-Directoids

A Quasi-Directoid is a structure (A, -) such that

1. zx = z;
2. z(zy) = zy;
3. y(ay) = zy;

4. o((xy)2) = (xy)=.

Quasi-Directoids appear on [13] and the number of non-isomorphic models from order

5.17 Positive Implicative BCK-algebras
A Positive Implicative BCK-algebra is a structure (A, -, 0) such that
L ((wy)(22))(zy) = 0
2. 20 = x;
3. zy=0and yr =0 =y = x;
4. 0x = 0;
5. (zy)z = (z2)(yz).

Positive Implicative BCK-algebras appear on [9] and the number of non-isomorphic models
from order
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5.18 RC-systems
A RC-system is a structure (A, -) such that
L (zy)(22) = (y2)(y2)-

RC-systems appear on [7] and the number of non-isomorphic models from order

5.19 LD-systems
A LD-system is a structure (A, -) such that
L z(yz) = (zy)(22).

LD-systems appear on [5] and the number of non-isomorphic models from order

5.20 Left Bol loops
A Left Bol loop is a loop (A, -, 1) such that
L a(y(zz)) = (z(yz))=.

Left Bol loops appear on p. 13 of [112] and the number of non-isomorphic models from order
2 to order 15 is given in Table 10.

Table 10: Number of Left Bol loops
Order: 2 3 4 5 6 7 8 9 10 11 12 13 14 15

#Models: 1 1 2 1 2 1 11 2 2 1 &8 1 2 3

5.21 Right Bol loops
A Right Bol loop is a loop (A, -, 1) such that
L z((zy)z) = ((zz)y).

Right Bol loops appear on p. 4 of [112] and the number of non-isomorphic models from order
2 to order 15 is given in Table 11.

Table 11: Number of Right Bol loops
Order: 2 3 4 5 6 7 8 9 10 11 12 13 14 15

#Models: 1 1 2 1 2 1 11 2 2 1 &8 1 2 3
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5.22 Involutory quandles

An Involutory quandle is a structure (A, -) such that
L z(zy) = y;
2. x(yz) = (xy)(x2);
3. xx = .

Involutory quandles appear on p. 2 of [111] and the number of non-isomorphic models from
order 2 to order 11 is given in Table 12. The numbers of involutory quandles up to order
10 were previously reported in the OEIS sequence A178432. We have added the number of
involutory quandles of order 11.

Table 12: Number of Involutory quandles
Order: 2 3 4 5 6 7 8 9 10 11

#Models: 1 3 5 13 41 142 665 4,288 36,455 436,672

5.23 Quasi-implication algebras

A Quasi-implication algebra is a structure (A, -) such that
1. (zy)r = x;
2. (xy)(xz) = (yx)(yz);
3. ((zy)(yx))x = ((yx)(zy))y.

Quasi-implication algebras appear on p. 8 of [107] and the number of non-isomorphic models
from order 2 to order 12 is given in Table 13.

Table 13: Number of Quasi-implication algebras
Order: 2 3 45 6 7 8 9 10 11 12

#Models: 1 1 2 3 5 8 13 20 33 53 88
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5.24 Orthomodular implication algebras

An Orthomodular implication algebra is a structure (A, -, 1) such that

1. zz =1
2. z(yz) = 1;

3. (zy)r =

4. (zy)y = (yx)z;

5. (((zy)y)2)(x2) = 1;

6. (((((((((zy)y)z)2)2)x)z)z)w)x = (((2y)y)z)z.

Orthomodular implication algebras appear on p. 4 of [107] and the number of non-isomorphic
models from order 2 to order 12 is given in Table 14.

Table 14: Number of Orthomodular implication algebras
Order: 23 45 6 7 8 9 10 11 12

#Models: 1 1 2 2 4 6 11 17 33 63 137

5.25 Orthoimplication algebras

An Orthoimplication algebra is a structure (A, -) such that
L. (zy)z =
2. (zy)y = (yx)z;
3. z((yz)z) = xz.

Orthoimplication algebras appear on p. 4 of [107] and the number of non-isomorphic models
from order 2 to order 11 is given in Table 15.

Table 15: Number of Orthoimplication algebras
Order: 2 3 45 6 7 8 9 10 11

#Models: 1 1 2 2 4 6 11 17 33 63
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5.26 Order algebras
An Order algebra is a structure (A, -) such that

1. zx = ;
2. (ay)e = yo;
3. (zy)y = xy;

4. x((zy)z) = z(yz);
5. ((zy)2)y = (x2)y.

Order algebras appear in [90] and the number of non-isomorphic models from order 2 to
order 7 is given in Table 16.

Table 16: Number of Order algebras
Order: 2 3 4 5 6 7

#Models: 2 7 36 251 2,306 26,568

5.27 Hilbert algebras
A Hilbert algebra is a structure (A, —, 1) such that
.= (y—z) =1,
2. (= y—=2)—=((r—=y) = (z—2)=1
J.r—y=landy szrz=1=z=y.
Hilbert algebras appear in [71] and the number of non-isomorphic models from order 2 to

order 9 is given in Table 17.

Table 17: Number of Hilbert algebras
Order: 2 3 4 5 6 7 8 9

#Models: 1 2 6 21 95 550 4,036 37,603
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5.28 Directoids
A Directoid is a structure (A, -) such that

1. zx = ;
2. (ay)e = ay;
3. ylzy) = vy

4. w((zy)2) = (xy)z.

Directoids appear in [67] and the number of non-isomorphic models from order 2 to order 7
is given in Table 18.

Table 18: Number of Directoids
Order: 2 3 4 5 6 7

#Models: 1 2 7 61 2,297 517,919

5.29 BClI-algebras
A BCl-algebra is a structure (A, -, 0) such that
L ((zy)(22))(zy) = 0;
2. (x(zy))y = 0;
3. xx = 0;
4. zy=yr=0=z =y;
5. 20 =0= 2 = 0.
BCl-algebras appear in [44] and the number of non-isomorphic models from order 2 to order

8 is given in Table 19.

Table 19: Number of BCI-algebras
Order: 2 3 4 5 6 7 8

#Models: 2 5 22 118 974 10,834 162,555
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5.30 BCK-algebras
A BCK-algebra is a structure (A, -, 0) such that
L ((zy)(22))(zy) = 0;
2. 20 = x;
3. 0z = 0;
4 zy=yr=0=>2=1y;
BCK-algebras appear in [45] and the number of non-isomorphic models from order 2 to order

8 is given in Table 20.

Table 20: Number of BCK-algebras
Order: 2 3 4 5 6 7 8

#Models: 1 3 14 8 775 9,170 143,866

5.31 Commutative BCK-algebras
A Commutative BCK-algebra is a structure (A, -, 0) such that
L (o) (22))(29) = 0
2. 20 = x;
3. 0z =0;
4. 2y=yr =0= 2 =1y;
5. w(xy) = y(yz).
Commutative BCK-algebras appear in [54] and the number of non-isomorphic models from

order 2 to order 10 is given in Table 21.

Table 21: Number of Commutative BCK-algebras
Order: 23 4 5 6 7 8 9 10

#Models: 1 2 5 11 28 72 192 515 1,426
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5.32 Quandles
A Quandle is a structure (A, <) such that

1.z <z =gz
2. (z<y)<z=(x<2)<(y<2);

3. Vavydlz: z<x=uy.

Quandles appear on [23] and the number of non-isomorphic models from order

5.33 Algebras of type (2,1)

5.33.1 Left state BCK-algebras

A Left state BCK-algebra is a structure (A, -, 1, 0) such that
Loay=0= p(@)uly) =0;
2. pay) = p(@)p(z(zy));

plp(e)u(y)) = p@)p(y);

((zy)(x2))(zy) = 0;

20 = x;

AR AN

zy=0and yr =0=y = z;
7. 0x = 0.

Left state BCK-algebras appear on [9] and the number of non-isomorphic models from order

5.33.2 Right state BKC-algebras

A Right state BKC-algebra is a structure (A, -, 1, 0) such that
Lozy = 0= p(x)uly) = 0;

plry) = @) p(y(yr));

plp(@)uly)) = p(@)u(y);

((zy)(22))(zy) = 0;

0 = z;

SRR

zy=0and yr =0=y = x;
7. 0x = 0.

Right state BKC-algebras appear on [9] and the number of non-isomorphic models from
order
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6 Algebras of type (2,2)

6.1 Wajsberg Hoops
A Wajsberg Hoop is a structure (A4, -, 4, 1) such that

L x(yz) = (zy)z;

2. x1l =ux;
3. TY = YT,
4. x4+ z =1,

5. (z+y)r = (y+x)y;
6. x4 (y+2)=(zy) + 2
7. (x4+y)+y=(y+z)+a

Wajsberg Hoops appear on [20] and the number of non-isomorphic models from order

6.2 Bounded Hoops
A Bounded Hoop is a structure (A, -, +,1,0) such that

L z(yz) = (2y)z;

2. xl =ux;
3. Ty = yz;
4. r+x=1;

5 (v +y)r = (y+2)y;
6. x4 (y+2) = (zy) + 2
7. 04+x2=1.

Bounded Hoops appear on [20] and the number of non-isomorphic models from order
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6.3 Modular lattices

A Modular lattice is a structure (A4, A, V) such that
I (zhz=z)=aV(yAz)=(xVy) Az

TANYy=yANuz,

cA(YNz)=(xAy)Az;

TNANT =

zV(xAy) =z;

A (zVy)=ux;

zVy=yVuz,

o N o v LN

zV(yVz)=(xVy)Vz;
9. zVx=u.

Modular lattices appear on [22] and the number of non-isomorphic models from order

6.4 Unital Dialgebras
A Unital Dialgebra is a structure (A, -, +,1) such that
1. u(vw) = (uwv)w and (uv)w = u(v 4+ w);
2. (u+v)+w=u+ (v+w)and u+ (v + w) = () + w;
3. (u+v)w=u+ (vw);
4. 14 u=u;
5. ul =u.

Unital Dialgebras appear on [10] and the number of non-isomorphic models from order

6.5 Non Associative Dialgebras

A Non associative dialgebra is a structure (A4, -, +) such that
L. (w)w = u(v + w);
2. u+ (v+w) = (w) + w;
3. (u+v)w=u+ (vw).

Non associative dialgebras appear on [11] and the number of non-isomorphic models from
order
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6.6 Semidistributive lattices

A Semidistributive lattice is a structure (A, A, V) such that
l.zVy=azVz=zV(yAz)=zVuy;
2.z Ny=axANz=zxzAN(yVz)=xAy;

TNy =yANux;

cA(YyNz)=(xAy)Az;

TNT =z

zV(rAy) =ux;

A (xVy) =ux;

zVy=yVuz,

© o N e v oW

zV(yVz)=(xVy)Vz;
10. z Vo ==x.

Semidistributive lattices appear on [8] and the number of non-isomorphic models from order

6.7 RLC-systems
A RLC-system is a structure (A, -, +) such that
L (zy)(22) = (yo)(y2);
2. z+2)+Wy+2z)=(2+y) + (v +v);
3. (yx) + (zy) = z;
dox=(y+a)(z+y)

RLC-systems appear on [7] and the number of non-isomorphic models from order

6.8 ALD-systems

An ALD-system is a structure (A, +, -) such that
L z(yz) = (zy)(22);
2. z(yz) = (z+9)z;
3. z(y+2) = (zy) + (x2).

ALD-systems appear on [5] and the number of non-isomorphic models from order
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6.9 Left I-Semirings
A Left I-Semiring is a structure (A, +,-,0, 1) such that
1. (A,+,0) is a commutative monoid;
2. (A,-,1) is a monoid;
3. (4y)z = (z2) + (y2);
4. 0x = 0.
Left I-Semirings, also known as lazy semirings, appear in [118] and the number of non-

isomorphic models from order 2 to order 8 is given in Table 22.

Table 22: Number of Left I-Semirings
Order: 2 3 4 ) 6 7 8

#Models: 1 4 24 195 2,146 30,471 567,060

6.10 Doppelsemigroups
A Doppelsemigroup is a structure (A, F, ) such that
L. (zdy)Fz=a4(yF 2);
2. (zkFy)dz=2F (y2);
3. (xdy)dz=24(y2);
4. ok (ykFz)=(zkytF 2
Doppelsemigroups appear on p. 11 of [119] and the number of non-isomorphic models from

order 2 to order 5 is given in Table 23.

Table 23: Number of Doppelsemigroups
Order: 2 3 4 5

#Models: 8 77 1,217 68,177
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6.11 Strong doppelsemigroups
A Strong doppelsemigroup is a structure (A,+, =) such that
L. (xdy)kFz=z-4(yF 2);
2. (zhy)dz=akF (y2);
3. (zHy)dz=x-4(y2);
4. x+ (yFz2)=(xky)F 2z
5. z4(ykz)=xk (y2).
Strong doppelsemigroups appear on p. 12 of [119] and the number of non-isomorphic models

from order 2 to order 5 is given in Table 24.

Table 24: Number of Strong doppelsemigroups
Order: 2 3 4 5

#Models: 8 65 841 56,428

6.12 Dimonoids
A Dimonoid is a structure (A, +, ) such that
L (zdy)dz=a4(ytF 2);
2. (zdy)Fz=2F (yF 2);
3. (xdy)dz=24(y2);
4. ok (ykFz)=(zkytF 2
Dimonoids appear on p. 12 of [119] and the number of non-isomorphic models from order 2

to order 5 is given in Table 25.

Table 25: Number of Dimonoids
Order: 2 3 4 5)

#Models: 10 74 1,246 84,836
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6.13 Commutative dimonoids
A Commutative dimonoid is a structure (A, F, ) such that
L. (xdy)dz=z4(yF 2);
2. (zdy)kFz=xkF (yF 2);
3. (zHy)dz=x-4(y2);
4. x+ (yFz2)=(xky)F 2z
5. rFy=yFandx 1y =y .
Commutative dimonoids appear on p. 12 of [119] and the number of non-isomorphic models

from order 2 to order 6 is given in Table 26.

Table 26: Number of Commutative dimonoids
Order: 2 3 4 5 6

#Models: 3 14 101 1,495 102,268

6.14 Diassociative semigroups

A Diassociative semigroup is a structure (A, <, —) such that
L. (xy+z=w+ (y<2)=x+ (y = 2);
2. (zr—y)+z=x— (y< 2);
3. (r—y)—z=(@+y wz=0—(y— 2).

Diassociative semigroups, also known as Associative dialgebras and Associative dimonoids,
appear on p. 3 of [120] and the number of non-isomorphic models from order 2 to order 5 is
given in Table 27.

Table 27: Number of Diassociative semigroups
Order: 2 3 4 5

#Models: 8 52 734 55,883
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6.15 Duplicial semigroups

A Duplicial semigroup is a structure (A, <—, —) such that
L (z+y) <+ z=x+ (y+ 2);
2. (z—y)z=2— (y < 2);
3. (r—y)—z=x— (y— 2).

Duplicial semigroups appear on p. 5 of [120] and the number of non-isomorphic models from
order 2 to order 4 is given in Table 28.

Table 28: Number of Duplicial semigroups
Order: 2 3 4

#Models: 15 251 8,898

6.16 Left disemigroups

A Left disemigroup is a structure (A, F, ) such that
1. (A,F ) and (A, ) are both semigroups;
2.2k (ykF2)=(xxy) k2
3. xbk(y*xz2)=(zky) -z

Left disemigroups appear on p. 2 of [117] and the number of non-isomorphic models from
order 2 to order 5 is given in Table 29.

Table 29: Number of Left disemigroups
Order: 2 3 4 )

#Models: 11 117 2,252 100,461

6.17 Right disemigroups

A Right disemigroup is a structure (A, *, =) such that
1. (A,4) and (A, * ) are both semigroups;

2.4 (ydz)=a(y*2);

3. (xxy)dz=axx(yz2).

Right disemigroups appear on p. 2 of [117] and the number of non-isomorphic models from
order 2 to order 5 is given in Table 30.
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Table 30: Number of Right disemigroups
Order: 2 3 4 5)

#Models: 11 117 2,252 100,461

6.18 Disemigroups
A Disemigroup is a structure (A, F, ) such that
1. (A,F,4) is a left disemigroup;
2. (A, ) is a right disemigroup.
Disemigroups appear on p. 3 of [117] and the number of non-isomorphic models from order

2 to order 5 is given in Table 31.

Table 31: Number of Disemigroups
Order: 2 3 4 5

#Models: 6 41 513 51,391

6.19 Near-semirings

A Near-semiring is a structure (S, +,-) such that
Lao+(y+z)=@+y) +z
2. w(yz) = (zy)z;
3. x(y + 2) = (zy) + (x2).

Near-semirings appear on p. 2 of [106] and the number of non-isomorphic models from order
2 to order 4 is given in Table 32.

Table 32: Number of Near-semirings
Order: 2 3 4

#Models: 22 531 25,364

45



6.20 Skew lattices
A Skew lattice is a structure (A, V, A) such that
1. (A,V) is a band;
2. (A, A) is a band;
B.zA(xVy) =x=zV(xAy);
4. (xVy) Ny=y=(xAy)Vy.
Skew lattices appear in [104] and the number of non-isomorphic models from order 2 to order

10 is given in Table 33.

Table 33: Number of Skew lattices
Order: 2 3 4 5 6 7 8 9 10

#Models: 3 7 21 53 173 531 1,971 7,903 37,390

6.21 Semirings with zero
A Semiring with zero is a structure (S, +, -, 0) such that
1. {(S,4+,0) is a commutative monoid;
2. (S,-) is a semigroup;
3. 2y +2) = (wy) + (22);
4 (y+2)z = (yz) + (22);
5. 0z =0 = 20.
Semirings with zero appear in [103] and the number of non-isomorphic models from order 2

to order 5 is given in Table 34.

Table 34: Number of Semirings with zero
Order: 2 3 4 )

#Models: 8 246 628 55,315
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6.22 Semirings with identity and zero
A Semiring with identity and zero is a structure (S, +, -, 1,0) such that
1. (S,4+,0) is a commutative monoid;
2. (S,-,1) is a monoid;
3. w(y + 2) = (zy) + (x2);
4 (y+2)z = (yz) + (22);
5. 0z = 0 = 20.
Semirings with identity and zero appear in [102] and the number of non-isomorphic models

from order 2 to order 5 is given in Table 35.

Table 35: Number of Semirings with identity and zero
Order: 2 3 4 5

#Models: 4 39 628 34,786

6.23 Semirings with identity
A Semiring with identity is a structure (S, +,-, 1) such that
1. (S,+) is a commutative semigroup;
2. (S,+,1) is a monoid;
3. w(y +2) = (zy) + (22);
4. (y+ 2)x = (yx) + (22).
Semirings with identity appear in [101] and the number of non-isomorphic models from order

2 to order 5 is given in Table 36.

Table 36: Number of Semirings with identity
Order: 2 3 4 5

#Models: 4 46 663 35,451
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6.24 Right hoops
A Right hoop is a structure (A4, -, /, 1) such that
1. (A,-, 1) is a monoid,;
2. x/(yz) = (x/2)/y;
3. x/x =1;
4 (z/y)y = (y/z)z.
Right hoops appear in [99] and the number of non-isomorphic models from order 2 to order

11 is given in Table 37.

Table 37: Number of Right hoops
Order: 2 3 4 5 6 7 8 9 10 11

#Models: 1 2 5 10 23 49 111 244 545 1,203

6.25 Pocrims
A Pocrim is a structure (A, @, S, 0) such that
1. (zoy)e(xez)e(zey) =0;
2. z60=u;
3. 00z =0;
4. (roy)oz=20(20Y);
d. zo0y=yor=0=z=y.
Pocrims appear in [96] and the number of non-isomorphic models from order 2 to order 8 is

given in Table 38.

Table 38: Number of Pocrims
Order: 2 3 4 5 6 7 8

#Models: 2 4 14 45 217 1,159 7,457
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6.26 Neardistributive lattices
A Neardistributive lattice is a structure (A, V, A) such that
1. (A,V,A) is a lattice;
2.z AN(yVz)=xzAyV(zAzV(zAy)])];
B.xV(yAnz)=zV[yA(zV[zA(zVy)])
Neardistributive lattices appear in [86] and the number of non-isomorphic models from order

2 to order 11 is given in Table 39.

Table 39: Number of Neardistributive lattices
Order: 2 3 4 5 6 7 8 9 10 11

#Models: 1 1 2 4 9 22 60 174 532 1,700

6.27 Multiplicative semilattices
A Multiplicative semilattice is a structure (A, V,-) such that
1. (A, V) is a semilattice;
2. z(yVz)=ayVaz
3. (xVy)z=xzVyz.
Multiplicative semilattices appear in [83] and the number of non-isomorphic models from

order 2 to order 4 is given in Table 40.

Table 40: Number of Multiplicative semilattices
Order: 2 3 4

#Models: 6 220 32,234

6.28 Hoops
A Hoop is a structure (A, -, —, 1) such that

1. (A, 1) is a commutative monoid;

2. — (y— 2) = (2y) — z;
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3. x—>x=1;
4. (x = y)x = (y — x)y.
Hoops appear in [72] and the number of non-isomorphic models from order 2 to order 13 is

given in Table 41.

Table 41: Number of Hoops
Order: 2 3 4 5 6 7 8 9 10 11 12 13

4Models: 1 2 5 10 23 49 111 244 545 1,203 2,697 5974

6.29 Complemented modular lattices

A Complemented modular lattice is a structure (L, V, A, 0, 1) such that
1. (L,V,A,0,1) is a complemented lattice;
2. ((zA2)Vy)ANz=(xA2)V(yA:z).

Complemented modular lattices appear in [64] and the number of non-isomorphic models
from order 2 to order 11 is given in Table 42.

Table 42: Number of Complemented modular lattices
Order: 2 3 45 6 7 8 9 10 11

#Models: 1 0 1 2 6 13 41 100 303 797

6.30 BCK-join-semilattice

A BCK-join-semilattice is a structure (A, V,—, 1) such that
L(x=y)—(y—=2) —=(r—2)=1
2.1 =zxz=ux
3.0 51=1;
4. z— (zVy) =1;
S.axV((x—=y) =y =((z—y) —y);

6. xVr=ux;
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7. xNVy=yVux;
8. (xVy)Vz=xV(yV2).

BCK-join-semilattices appear in [46] and the number of non-isomorphic models from order
2 to order 7 is given in Table 43.

Table 43: Number of BCK-join-semilattice
Order: 2 3 4 5 6 7

#Models: 1 3 14 87 745 8,282

6.31 BCK-meet-semilattices
A BCK-meet-semilattice is a structure (A, A, —, 1) such that
L(x=y)—(y—=2) —(r—2)=1
2. 1=z=ux
3.r—=>1=1;
4. (x Ny) —y =1,
5. 2N ((x = y) = y) =
6. T Nx = ux;
T.x Ny=yAux;
8. (xANy)ANz=xA(yAz).
BCK-meet-semilattices appear in [48] and the number of non-isomorphic models from order

2 to order 7 is given in Table 44.

Table 44: Number of BCK-meet-semilattices
Order: 2 3 4 5 6 7

#Models: 1 2 8 38 265 2,391
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6.32 Algebras of type (2,2,1)
6.32.1 Digroups
A Digroup is a structure (A, F, 4, 1, 1) such that
1. (A, ) and (A, ) are both semigroups;
2. c4(ykz2) =24 (yz2);
3. (zdy)Fz=(zky)F z
4. xF(ydz)=(xky) -z
5. 1Fx=z=241;
6. rFal=1=a 42
Digroups appear in [116] and the number of non-isomorphic models from order 2 to order

15 is given in Table 45.

Table 45: Number of Digroups
Order: 23 45 6 7 8 9 10 11 12 13 14 15
2 2

#Models: 4 2 6 2 10 4 7 2 17 2 8 5

6.32.2 Ortholattices

An Ortholattice is a structure (L,V, A,”,0,1) such that

1. (L,V,A,0,1) is a bounded lattice;

2. xVa =1;
3. zNx' =0;
4. 2" = x;

5. (zVy) =2 Ny
6. (zNy) =2"Vy.

Ortholattices appear in [92] and the number of non-isomorphic models from order 2 to order
12 is given in Table 46.
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Table 46: Number of Ortholattices
Order: 2 3 4 5 6 7 8 9 10 11 12

#Models: 1 0 1 3 13 46 226 1,047 5,432 29,002 163,783

6.32.3 Ockham algebras
A Ockham algebra is a structure (A, VvV, A,,0, 1) such that
1. (A,V,A,0,1); is a bounded distributive lattice;
2. (zNy) =2V,
3. (zVy) =2"NY;
4. 0/ =1;
5. 1"=0.
Ockham algebras appear in [89] and the number of non-isomorphic models from order 2 to

order 10 is given in Table 47.

Table 47: Number of Ockham algebras
Order: 2 3 4 5 6 7 8 9 10

#Models: 1 3 13 45 197 827 3,664 16,058 71,709

6.32.4 Near-rings
A Near-ring is a structure (N, +, -, —, 0) such that

1. (N,+,—,0) is a group;
2. (N, ) is a semigroup;
3. (x4 y)z =xz+yz.

Near-rings appear in [84] and the number of non-isomorphic models from order 2 to order
13 is given in Table 48. The numbers of near-rings up to order 7 were previously reported
in the OEIS sequence A305858. We extend this sequence to order 13.
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Table 48: Number of Near-rings
Order: 2 3 4 5 6 7 8 9 10 11 12 13

#Models: 3 5 35 10 99 24 3,856 486 535 139 54,694 454

6.32.5 Near-rings with identity
A Near ring with identity is a structure (N, 4+, -, —, 0, 1) such that
1. (N,+,—,0,-) is a near-ring;
2.z-1=z=1- =z
Near-rings with identity appear in [85] and the number of non-isomorphic models from order

2 to order 19 is given in Table 49.

Table 49: Number of Near-rings with identity
Order: 23 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
1 1 6

#Models: 11153 11 1 1 11 1 1 1 4274 1 26 1

6.32.6 Involutive lattices
An Involutive lattice is a structure (A, V, A, =) such that
1. (A,V,A) is a lattice;
2. 2(zANy) =V y;
3. "x==x.
Involutive lattices appear in [73] and the number of non-isomorphic models from order 2 to

order 13 is given in Table 50.

Table 50: Number of Involutive lattices
Order: 2 3 45 6 7 8 9 10 11 12 13

#Models: 1 1 3 4 12 20 61 122 389 906 3,047 8,028
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6.32.7 Division rings
A Division ring is a structure (R, +, -, —,0, 1) such that
1. (R,+,—,0,-,1) is a ring with identity;
2. 0#1;
3.x#£0=Jy (zy =1).
Division rings, also known as Skew-fields, appear in [69] and the number of non-isomorphic

models from order 2 to order 15 is given in Table 51.

Table 51: Number of Division rings
Order: 23 4 5 6 78 9 10 11 12 13 14 15

#Models: 2 3 3 5 0 7 4 6 0 11 0 13 0 O

6.32.8 Clifford algebras
A Clifford algebra is a structure (A, +,-, —,0, 1) such that

LLx+y=y+u

2. (z+y)+z=a+ (y+2);
3. z(yz) = (zy)z;

4. z(y+ 2) = 2y + xz;

5. (y + 2)x = yx + zx;

6. x +0=ux;
7. lx =x;
8. z+(—x)=0.

Clifford algebras, also known as Geometric algebras, appear in [53] and the number of non-

isomorphic models from order 2 to order 9 is given in Table 52.
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Table 52: Number of Clifford algebras
Order: 2 3 4 5 6 7 8 9

#Models: 2 5 16 51 202 879 4,454 25,322

6.32.9 Commutative regular rings

A Commutative regular ring is a structure (R, +,-,—,0, 1) such that
1. (R,+,—,0,-,1) is a ring with identity;
2. Vedy axyr = x;
3. Ty = yzx.

Commutative regular rings appear in [61] and the number of non-isomorphic models from
order 2 to order 13 is given in Table 53.

Table 53: Number of Commutative regular rings
Order: 2 3 45 67 8 9 10 11 12 13

#Models: 2 3 13 5 72 7 900 384 800 11 169,452 13

6.33 Algebras of type (2,2,1,1)

6.33.1 Left braces

A Left brace is a structure (A, -, 4,7, —,0, 1) such that
L. (z(y+2)) + o = (vy) + (x2);
2. x(yz) = (vy)z;

3. lx =x =21,

5. 24 (y+2) = (x+y) + z;
6. 0+z=x=2+0;

7.2+ (—x)=0=(—x) + z;
8. x+y=y+uz

Left braces appear on [6] and the number of non-isomorphic models from order
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6.33.2 Skew braces

A Skew brace is a structure (G, +,-,71, — 1,0) such that
1. (G,-,71,1) is a group;
2. (G,+,—,0) is a group;
3. x4 (yz) = (z+y)z~ (z + 2);

Skew Braces appear on [3] and the number of non-isomorphic models from order

7 Algebras of type (2,2,2)

7.1 Quasigroups
A Quasigroup is a structure (A, -, \, /) such that

L oa(z/y) =y;
2. (y\z)r =y;
3. x/(zy) =y
4. (yx)\z =y.

Quasigroups appear on [16] and the number of non-isomorphic models from order

7.2 Associative trioids

An Associative trioid is a structure (A, F, -, L) such that

L. (xdy)dz=o(y2);
2. (zdy)dz=ax4(yF 2);
3. (zhy)dz=akF (yz2);
4. (xHdy)Fz=aF (yF 2);
5. (rFy)Fz=aF (yF 2);
6. (xdy)dz=a4(yL=2);
7. (xLy)dz=2L1l(ydz);
8. (x-dy) Lz=al (yF 2);
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9. (zkFy) Lz=xtF (y L 2);
10. (z Ly Fz=axk(yt 2);
1. (zLy) Lz=2 L (yL=z).
Associative trioids appear on p. 5 of [121] and the number of non-isomorphic models from

order 2 to order 4 is given in Table 54.

Table 54: Number of Associative trioids
Order: 2 3 4

#Models: 15 185 5,914

7.3 RIF loops
A RIF loop is a loop (A4, -\, /, 1) such that
L z\y = (z/1)y;
2. y/x=y(l/z);
3. (zy)(2(2y)) = ((x(yz))x)y.
RIF loops appear on p. 6 of [112] and the number of non-isomorphic models from order 2

to order 11 is given in Table 55.

Table 55: Number of RIF loops
Order: 2 3 45 6 7 8 9 10 11

#Models: 1 1 2 2 2 1 11 2 23 242

7.4 ARIF loops
An ARIF loop is a loop (A, -,\,/,1) such that

L z(yz) = (zy)z;

2. (z2)((yz)y) = 2((zy)2)y.

ARIF loops appear on p. 6 of [112] and the number of non-isomorphic models from order 2
to order 11 is given in Table 56.
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Table 56: Number of ARIF loops
Order: 2 3 4 5 6 7 8 9 10 11

#Models: 1 1 2 1 2 1 11 3 3 1

7.5 Extra loops
An Extra loop is a loop (A4, -,\,/, 1) such that
L (z(y2))y = (zy)(zy).

Extra loops appear on p. 14 of [113] and the number of non-isomorphic models from order
2 to order 15 is given in Table 57.

Table 57: Number of Extra loops
Order: 2 3 4 5 6 7 8 9 10 11 12 13 14 15
11

#Models: 21 215 2 2 1 5 1 2 1

7.6 F-quasigroups
An F-quasigroup is a quasigroup (A, -\, /) such that

L. z(yz) = (zy)((z\x)z2);
2. (zy)x = (2(x/x))(yx).

F-quasigroups appear on p. 8 of [112] and the number of non-isomorphic models from order
2 to order 12 is given in Table 58.

Table 58: Number of F-quasigroups
Order: 2 3 4 5 6 7 8 9 10 11 12

#Models: 1 5 13 19 6 41 88 116 20 109 155

7.7 Rectangular quasigroups
A Rectangular quasigroup is a structure (A, -\, /) such that
1. z\(zz) = x;

2. (zz)/x = x5
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3. x(x\y) = 2\ (zy);
4. (z/y)y = (zy)/y;
5. (2\y\((z\y) (2u)) = (2\(x2))u;
6. ((zy)(z/u))/(z/u) = z((yu)/u).

Rectangular quasigroups appear on p. 71 of [114] and the number of non-isomorphic models
from order 2 to order 5 is given in Table 59.

Table 59: Number of Rectangular quasigroups
Order: 2 3 4 5

#Models: 3 7 40 1,413

7.8 Rectangular loops

A Rectangular loop is a structure (A, -\, /) such that

1. 2\(2z) = 2
2. (xz)/x = x;
3. x(x\y) = =\ (2y);
4. (z/y)y = (xy)/y;

(
(@\\((2\y) (1)) = (2\(22))u;
6. ((vy)(z/u))/(z/u) = z((yu)/u);
7. (2\7)(y\y) = (z/2)(y/y).

Rectangular loops appear on p. 72 of [114] and the number of non-isomorphic models from
order 2 to order 6 is given in Table 60.

Table 60: Number of Rectangular loops
Order: 2 3 4 5 6

#Models: 3 3 7 8 117
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7.9 Left conjugacy closed loops
A Left conjugacy closed loop is a loop (A, -, \,/, 1) such that

L z(yz) = ((zy)/2) (22).

Left conjugacy closed loops appear on p. 6 of [112] and the number of non-isomorphic models
from order 2 to order 11 is given in Table 61.

Table 61: Number of Left conjugacy closed loops
Order: 23 4 5 6 7 8 9 10 11

#Models: 1 1 2 1 5 1 24 7 18 1

7.10 Right conjugacy closed loops
A Right conjugacy closed loop is a loop (A, -\, /, 1) such that

L (zy)z = (22)(2\(y2)).

Right conjugacy closed loops appear on p. 6 of [112] and the number of non-isomorphic
models from order 2 to order 11 is given in Table 62.

Table 62: Number of Right conjugacy closed loops
Order: 2 3 45 6 7 8 9 10 11

#Models: 1 1 2 1 5 1 24 7 18 1

7.11 Conjugacy closed loops
A Conjugacy closed loop is a loop (A, -,\,/, 1) such that

1. z(yx) = ((zy)/2)(zx);
2. (zy)z = (x2)(2\(y2))-

Conjugacy closed loops appear on p. 14 of [113] and the number of non-isomorphic models
from order 2 to order 11 is given in Table 63.
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Table 63: Number of Conjugacy closed loops
Order: 2 3 4 5 6 7 8 9 10 11

#Models: 1 1 2 1 3 1 7 5 3 1

7.12 Multiplicative lattices
A Multiplicative lattice is a structure (A4, V, A, -) such that
1. (A, V,A) is a lattice;
2. 2(yVz)=xyVaz;
3. (xVy)z=xzVyz.
Multiplicative lattices appear in [82] and the number of non-isomorphic models from order

2 to order 4 is given in Table 64.

Table 64: Number of Multiplicative lattices
Order: 2 3 4

#Models: 6 175 25,872

7.13 Moufang quasigroups
A Moufang quasigroup is a structure (A4, -,\, /) such that
1. (A,-,\,/) is a quasigroup;
2. ye =y = ((zy)2)z = z(y((ez)x)).
Moufang quasigroups appear in [81] and the number of non-isomorphic models from order 2

to order 5 is given in Table 65.

Table 65: Number of Moufang quasigroups
Order: 2 3 4 5

#Models: 1 5 29 1,351
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7.14 Lattice-ordered semigroups
A Lattice-ordered ring is a structure (L, V, A, -) such that
1. (L,V,A) is a lattice;
2. (L,-) is a semigroup;
3. z(yVz)=ayVaz
4. (xVy)z=xzVyz.

Lattice-ordered semigroups appear in [75] and the number of non-isomorphic models from

order 2 to order 6 is given in Table 66.

Table 66: Number of Lattice-ordered semigroups
Order: 2 3 4 5 6

#Models: 6 44 479 6,738 117,028

7.15 (Generalized Boolean algebras
A Generalized Boolean algebra is a Brouwerian algebra (A, vV, A, —, 1) such that
l.zVy=(r—y) —v.

Generalized Boolean algebras appear in [70] and the number of non-isomorphic models from
order 2 to order 9 is given in Table 67.

Table 67: Number of Generalized Boolean algebras
Order: 2 3 4 5 67 8 9

#Models: 4 0 12 0 60 0 1,171,417 O

7.16 Distributive lattice ordered semigroups

A Distributive lattice-ordered semigroup is a structure (A, V, A, -) such that
1. (A, V,A) is a distributive lattice;
2. (A,-) is a semigroup;
3. z(yVz)=(xy) V (zz) and (z Vy)z = (x2) V (y2).

Distributive lattice ordered semigroups appear in [68] and the number of non-isomorphic
models from order 2 to order 5 is given in Table 68.
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Table 68: Number of Distributive lattice ordered semigroups
Order: 2 3 4 5

#Models: 6 44 479 5,492

7.17 BCK-lattices
A BCK-lattice is a structure (A, V, A, —, 1) such that

L(z—=y)—=>((y—=2) —=(x—2)=1

2. 1 >z =ux;

3. x—=>1=1;

4.z = (xVy)=1;

5. 2V ((x = y) —=y)=(x—=y) —y);

6. xVzr=uz,

7. xNVy=yVux;

8. (xVy)Vz=zV(yVz);

9. (xANy) > y=1,

10. zA ((z = y) > y) =x;

11. x Az =x;

12. x Ay =y AN z;

13. (zAy)Az=zA(yA=z).
BCK-lattices appear in [47] and the number of non-isomorphic models from order 2 to order

8 is given in Table 69.

Table 69: Number of BCK-lattices
Order: 2 3 4 5 6 7 8

#Models: 1 2 8 38 265 2,391 27,485
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7.18 Commutative lattice-ordered monoids
A Commutative lattice-ordered monoid is a structure (A, V, A, -, 1) such that
1. (A,V,A) is a lattice;
2. (A,-,1) is a monoid;
3. x(yVz)=xyVaz
4. (xVy)z=xzVyz;
5. Y = yzT.
Commutative lattice-ordered monoids appear in [55] and the number of non-isomorphic

models from order 2 to order 8 is given in Table 70.

Table 70: Number of Commutative lattice-ordered monoids
Order: 2 3 4 5 6 7 8

#Models: 2 6 31 199 1,598 15,515 181,538

7.19 Commutative lattice-ordered semigroups
A Commutative lattice-ordered semigroup is a structure (A, V, A, -) such that
1. (A,V,A) is a lattice;
2. (A,-) is a semigroup;
3. x(yVz)=xyVaz
4. (xVy)z=xzVyz;
5. TY = YT.
Commutative lattice-ordered semigroups appear in [57] and the number of non-isomorphic

models from order 2 to order 7 is given in Table 71.

Table 71: Number of Commutative lattice-ordered semigroups
Order: 2 3 4 5 6 7

#Models: 4 20 149 1,427 16,683 230,688
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7.20 Algebras of type (2,2,2,1)
7.20.1 Trigroups
A Trigroup is a structure (A,F, 1, 4,71 1) such that
1. (A, L, -) is a trisemigroup;
2. 1Fxr=zc=241;
J.abarl=1l=atHzando Lo t=1=2""1 Lz
Trigroups appear in [115] and the number of non-isomorphic models from order 2 to order 4

is given in Table 72.

Table 72: Number of Trigroups
Order: 2 3 4

#Models: 3 46 43,973

7.20.2 Boolean monoids
A Boolean monoid is a structure (A, V, A, -, —,0, 1, e) such that
1. (A,Vv,0,A,1,-) is a Boolean algebra;
2. (A,-,e) is a monoid;
3. (xVy)z=(z2)V (yz);
4. z(y V 2) = (xy) V (z2);
5. 0z = 0 = z0.
Boolean monoids appear in [51] and the number of non-isomorphic models from order 2 to

order 16 is given in Table 73.

Table 73: Number of Boolean monoids
4 5 6 7 8 9 10 11 12 13 14 15 16

50 0 0 8 0 0 0 0 0 0 0 242547

Order: 2
1

3
#Models: 0
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8 Algebras of type (2,2,2,2)

8.1 Algebras of type (2,2,2,2,1)
8.1.1 Bilattices
A Bilattice is a structure (L, V, A, ®, ®, ) such that
1. (L,V,A) is a lattice;
2. (L,®,®) is a lattice;
3. ~(x ANy) =z V -y,
4. =(zVy) =z Ay,
5. 0T =x;
6. 2(z By) =2 y;
7. 2(z®@y) =@ .
Bilattices appear in [49] and the number of non-isomorphic models from order 2 to order 9

is given in Table 74.

Table 74: Number of Bilattices
Order: 2 3 4 5 6 7 8 9

#Models: 0 0 1 3 32 284 3,839 62,735

9 Algebras of type (3)

9.1 Autodistributive Ternary Groupoids

An Autodistributive Ternary Groupoid is a structure (4, a) such that
1. ala(z,y, 2),u,v) = ala(z,u,v),a(y, u,v),a(z,u,v)).

Autodistributive Ternary Groupoids appear on [17] and the number of non-isomorphic mod-
els from order
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9.2 Cancellative Ternary Groupoids

A Cancellative Ternary Groupoid is a structure (A, a) such that
L. a(u,v,x) = a(u,v,y) = x = y;
2. a(u,z,v) = alu,y,v) =z =y;
3. a(z,u,v) =aly,u,v) =z =1y.

Cancellative Ternary Groupoids appear on [14] and the number of non-isomorphic models
from order

9.3 Left Cancellative Ternary Groupoids
A Left Cancellative Ternary Groupoid is a structure (A, a) such that
1. a(u,v,x) = a(u,v,y) = x =y.

Left Cancellative Ternary Groupoids appear on [14] and the number of non-isomorphic
models from order

9.4 Middle Cancellative Ternary Groupoids
A Middle Cancellative Ternary Groupoid is a structure (A, a) such that
L. a(u,z,v) = a(u,y,v) = x =y.

Middle Cancellative Ternary Groupoids appear on [14] and the number of non-isomorphic
models from order

9.5 Right Cancellative Ternary Groupoids
A Right Cancellative Ternary Groupoid is a structure (A, a) such that
1. a(z,u,v) = a(y,u,v) = x =y.

Right Cancellative Ternary Groupoids appear on [14] and the number of non-isomorphic
models from order

9.6 Semicommutative Ternary Groupoids
A Semicommutative Ternary Groupoid is a structure (A, a) such that
1. a(z,y,z) = a(z,y,x).

Semicommutative Ternary Groupoids appear on [14] and the number of non-isomorphic
models from order
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9.7 Commutative Ternary Groupoids

A Commutative Ternary Groupoid is a structure (A, a) such that

1. a(z,y,2) = a(z,y, v);
2. a(x,y,z) =alz,x,y);
3. a(x,y,2) = a(z, z,y);
4. a(x,y, z) = aly, z, 2);
5. a(x,y,z) = aly, z,x)

Commutative Ternary Groupoids appear on [14] and the number of non-isomorphic models
from order

9.8 Heaps
A Heap is a structure (A, a) such that

L. CL(U, w, a(x> Y, Z)) = a(a(v, w, .T), Y, Z);
2. y=a(r,2,y);
3. y=aly,z,x).

Heaps appear on [12] and the number of non-isomorphic models from order

9.9 Abelian Heaps
An Abelian heap is a structure (A, a) such that
1. a(z,y,z) = a(z,y,x);
2. a(v,w,a(x,y, z)) = ala(v,w,x),y, 2);
3. y=alx,z,y);
4. y=aly,x, ).

Abelian heaps appear on [12] and the number of non-isomorphic models from order
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9.10 Median algebras

A Median algebra is a structure (A, a) such that
1. a(u,u,v) = u;
2. a(u,v,w) = a(v,u,w) and a(v,u, w) = a(v,w, u);
3. ala(u,v,w),z,y) = a(u,a(v,z,y),a(w, x,y)).

Median algebras appear on [4] and the number of non-isomorphic models from order

10 Algebras of type (3,2)

10.1 Trusses

A Truss is a structure (A, a, -) such that
1. wa(z,y, z) = a(wz,wy,wz) and a(x,y, 2)w = a(zw, yw, zw);
2. x(yz) = (vy)z
3. a(z,y,z) = a(z,y,x);
4. a(v,w,a(z,y, z)) = ala(v,w, z),y, 2);
5.y =a(x,z,y);
6. y=al(y,z, ).

Trusses appear on [12] and the number of non-isomorphic models from order

10.2 Unital Trusses

A Unital Truss is a structure (A, a, -, 1) such that
1. wa(zx,y, z) = a(wz,wy,wz) and a(z,y, z)w = a(zw, yw, zw);
2. x(yz) = (zy)z;
3. a(x,y,z) = a(z,y,x);
4. a(v,w,a(z,y,2)) = ala(v,w,x),y, 2);
5. y=a(x,z,y);

6. y=a(y,z,x);

70



7.zl =x;
8. lx ==x.

Unital Trusses appear on [12] and the number of non-isomorphic models from order

11 Other Algebras

11.1 Ground mereotopologies
A Ground mereotopology is a structure (A, P,C) such that
1. P,C are relations defined on A;

6. C
7. C
Ground mereotopologies appear on p. 5 of [109] and the number of non-isomorphic models

from order 2 to order 7 is given in Table 75.

Table 75: Number of Ground mereotopologies
Order: 2 3 4 5 6 7

#Models: 3 11 63 518 6,789 141,499

11.2 Partially ordered semigroups

A Partially ordered semigroup is a structure (A, -, <) such that
1. (A,-) is a semigroup;
2. (A, <) is a partially ordered set;
3. x<y=uzz<yzand zzx < zy.

Partially ordered semigroups appear in [95] and the number of non-isomorphic models from
order 2 to order 5 is given in Table 76.

71



Table 76: Number of Partially ordered semigroups
Order: 2 3 4 5)

#Models: 11 173 4,753 198,838

11.3 Partially ordered monoids
A Partially ordered monoid is a structure (A, -, 1, <) such that
1. (A,-, 1) is a monoid,;
2. (A, <) is a partially ordered set;
3. z L y=wrz < wyz.
Partially ordered monoids appear in [94] and the number of non-isomorphic models from

order 2 to order 6 is given in Table 77.

Table 77: Number of Partially ordered monoids
Order: 2 3 4 5 6

#Models: 4 37 549 13,371 504,634

11.4 Ordered monoids with zero
An Ordered monoid with zero is a structure (A4, -, 1,0, <) such that
1. (A,-,1,<) is an ordered monoid,;
2. 20 =0 = 0z.
Ordered monoids with zero appear in [91] and the number of non-isomorphic models from

order 2 to order 9 is given in Table 78.

Table 78: Number of Ordered monoids with zero
Order: 2 3 4 5 6 7 8 9

#Models: 2 6 30 168 1,150 9,374 90,446 1,033,764
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11.5 Dense linear orders

A Dense linear order is a structure (A, <) such that
1. (A, <) is a partially ordered set;
2.z <yory <uzx;
Jr<y=3z(x<zz<y).

Dense linear orders appear in [66] and the number of non-isomorphic models from order 2
to order 4 is given in Table 79.

Table 79: Number of Dense linear orders
Order: 2 3 4

#Models: 4 324 1,179,648

11.6 Commutative ordered monoids
A Commutative ordered monoid is a structure (A, -, 1, <) such that
1. (A, 1) is a monoid,;
2. (A, <) is a partially ordered set;
3.z < y=wrz <wyz;
4. z<yory<uzx.
5. TY = YT.
Commutative ordered monoids appear in [58] and the number of non-isomorphic models

from order 2 to order 9 is given in Table 80.

Table 80: Number of Commutative ordered monoids
Order: 2 3 4 5 6 7 8 9

#Models: 2 6 22 92 426 2,146 11,634 67,472
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11.7 Commutative partially ordered monoids
A Commutative partially ordered monoid is a structure (A, -, 1, <) such that
1. (A,-, 1) is a monoid,;
2. (A, <) is a partially ordered set;
3. z Ly =wrz < wyz;
4. vy = yz.
Commutative partially ordered monoids appear in [59] and the number of non-isomorphic

models from order 2 to order 7 is given in Table 81.

Table 81: Number of Commutative partially ordered monoids
Order: 2 3 4 ) 6 7

#Models: 4 27 301 4,887 113,358 3,763,121

11.8 Commutative partially ordered semigroups
A Commutative partially ordered semigroup is a structure (A, -, <) such that
1. (A,-) is a semigroup;
2. (A, <) is a partially ordered set;
3. x <y=xz<yzand zzx < 2y;
4. vy = yz.
Commutative partially ordered semigroups appear in [60] and the number of non-isomorphic

models from order 2 to order 5 is given in Table 82.

Table 82: Number of Commutative partially ordered semigroups
Order: 2 3 4 5

#Models: 7 83 1,468 37,248
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11.9 Complemented lattices
A Complemented lattice is a structure (L, V, A, 0,1, <) such that
1. (L,V,A) is a lattice;
2. 0< x;
3. x <1
4. Vedy zVy=1landzAy=0.
Complemented lattices appear in [63] and the number of non-isomorphic models from order

2 to order 8 is given in Table 83.

Table 83: Number of Complemented lattices
Order: 2 3 4 5 6 7 8

#Models: 1 0 1 4 41 600 13,941

11.10 Orthomodular lattices
An Orthomodular lattice is an ortholattice (L, V, A, 0,1, <) such that
lL.z<y=zV( ANy =y.

Orthomodular lattices appear in [93] and the number of non-isomorphic models from order
2 to order 14 is given in Table 84.

Table 84: Number of Orthomodular lattices
Order: 2 3 4 5 6 7 &8 9 10 11 12 13 14

#Models: 1 0 1 1 2 2 5 4 9 9 17 17 33

11.11 Monadic algebras
A Monadic algebra is a structure (A, V, A, =, f,0, 1) such that

1. (A,V,A,—,0,1) is a Boolean algebra;
2. fleVy)=fz)V fy);

3. f(0)=0;
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4w < fz) = f(f(2));
5. flx) ANy=0<z A f(y) =0.

Monadic algebras appear in [80] and the number of non-isomorphic models from order 2 to
order 7 is given in Table 85.

Table 85: Number of Monadic algebras
Order: 2 3 4 5 6 7

#Models: 8 0 10,432 0 0 O

11.12 Concurrent semirings
A Concurrent semiring is a structure (A, +, *, -,0, 1) such that
1. (A, +,%,-,0,1) is an idempotent bisemiring;
2. (A, x,-,1,<) is a concurrent monoid.
Concurrent semirings appear on p. 37 of [108] and the number of non-isomorphic models

from order 2 to order 5 is given in Table 86.

Table 86: Number of Concurrent semirings
Order: 2 3 4 5

#Models: 1 4 43 14,029

11.13 Residuated partially ordered monoids

A Residuated partially ordered monoid is a structure (A4,-,\,/,1, <) such that
1. (A, <) is a partially ordered set;
2. (4,-,1) is a monoid;
3.ry<zey<z\z
4. oy <zex<z/y.

Residuated partially ordered monoids appear in [98] and the number of non-isomorphic
models from order 2 to order 7 is given in Table 87.
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Table 87: Number of Residuated partially ordered monoids
Order: 2 3 4 5 6 7

4Models: 2 5 28 186 1,795 21,904

11.14 Linear Heyting algebras
A Linear Heyting algebra is a structure (A, V, A, —,0, 1, <) such that
1. (A,V,A,0,1) is a bounded distributive lattice;
2.z NhNy<zey<ao =z
3. (x—=y)V(y—zx) =1
Linear Heyting algebras, also known as Goedel algebras, appear in [77] and the number of

non-isomorphic models from order 2 to order 4 is given in Table 88.

Table 88: Number of Linear Heyting algebras
Order: 2 3 4

#Models: 8 302 835,006

11.15 Brouwerian algebras
A Brouwerian algebra is a structure (A, V, A, —, 1) such that
1. (A, V,A) is a distributive lattice;
2.z < 1;
.z hNy<zey<az—z.
Brouwerian algebras appear in [52] and the number of non-isomorphic models from order 2

to order 5 is given in Table 89.

Table 89: Number of Brouwerian algebras
Order: 2 3 4 5

#Models: 4 8 58 8,806
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11.16 Commutative residuated partially ordered monoids
A Commutative residuated partially ordered monoid is a structure (A4, -, \, /, 1, <) such that
1. (A, <) is a partially ordered set;
2. (A,-,1) is a monoid;
3. ry<zey<z\z
4. x-y<zex<z/y
5. Y = yzT.
Commutative residuated partially ordered monoids, also known as Lineales, appear in [62]

and the number of non-isomorphic models from order 2 to order 7 is given in Table 90.

Table 90: Number of Commutative residuated partially ordered monoids
Order: 2 3 4 5 6 7

#Models: 2 5 24 131 1,001 9,248

11.17 Concurrent semiring with invariants

A Concurrent semiring with invariants is a structure (A, +, , -, »,0, 1, <) such that
1. (A, +,%,-,0,1) is a concurrent semiring;
2. ¢: A— Ais a closure operator;
3. 1< p(x);
4 plrxy) < plr+y).

Concurrent semiring with invariants appear on p. 37 of [108] and the number of non-
isomorphic models from order 2 to order 5 is given in Table 91.

Table 91: Number of Concurrent semiring with invariants
Order: 2 3 4 5

#Models: 1 8 199 10,260
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11.18 Normal valued lattice-ordered groups
A Normal valued lattice-ordered group is a lattice-ordered group (L, V, A,-,~!, e) such that
L(@ve ) yvy ) <@Vvy )P (evat)

Normal valued lattice-ordered groups appear in [88] and the number of non-isomorphic mod-
els from order 2 to order 7 is given in Table 92.

Table 92: Number of Normal valued lattice-ordered groups
Order: 2 3 4 ) 6 7

#Models: 2 3 30 155 5,528 69,332

11.19 M-zeroids
An M-zeroid is a structure (A, V, A, +, —, 0, <) such that
1. (A,+) is a commutative semigroup;
2. (A, A, V) is a lattice;
3. —x =u;
4. 2+ 0=0;
5. 2 + (—z) =0;
6. r<y&s0=—x+y;
7.2+ @yVz)=(x+y) V(r+2).
M-zeroids appear in [78] and the number of non-isomorphic models from order 2 to order 9

is given in Table 93.

Table 93: Number of M-zeroids
Order: 2 3 4 5 06 7 8 9

#Models: 2 3 7 21 75 315 1,637 8,583
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11.20 De Morgan monoids
A De Morgan monoid is a structure (A, V, A, -/, 1, <) such that
1. (A, V,A) is a distributive lattice;
2. (A4,-,1) is a commutative monoid;
3. zy < zey < ()]
4. ¢ < zx.
De Morgan monoids appear in [65] and the number of non-isomorphic models from order 2

to order 4 is given in Table 94.

Table 94: Number of De Morgan monoids
Order: 2 3 4

#Models: 18 882 174,062

11.21 BL-algebras
A BL-algebra is a structure (A, V, A, -, —,0, 1) such that
1. (A, V,A,0,1) is a bounded lattice;
2. (4,-,1) is a commutative monoid;
ryLzey<r— z;
4. (z =y)V(y—z)=1;
5. z(x = y) =x Avy.
BL-algebras appear in [50] and the number of non-isomorphic models from order 2 to order

5 is given in Table 95.

Table 95: Number of BL-algebras
Order: 2 3 4 5

#Models: 6 34 606 854,822
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11.22 Lattice-ordered rings
A Lattice-ordered ring is a structure (L, V, A, +,-, —,0) such that
1. (L,V,A) is a lattice;
2. (L,4+,-,—,0) is a ring;
. r<y=ax+z<y+z;
4. 0< 2,y =0 < ay.
Lattice-ordered rings appear in [74] and the number of non-isomorphic models from order 2

to order 6 is given in Table 96.

Table 96: Number of Lattice-ordered rings
Order: 2 3 4 ) 6
#Models: 14 51 2,238 4,655 492,120

11.23 Commutative lattice-ordered rings
A Commutative lattice-ordered ring is a structure (L, V, A, +, -, —, 0) such that
1. (L,V,A) is a lattice;
2. (L,+,-,—,0) is a ring;
. rly=>zc+2<y+z
4. 0<z,y=0<2x-y;
d. TY = Y.
Commutative lattice-ordered rings appear in [56] and the number of non-isomorphic models

from order 2 to order 7 is given in Table 97.

Table 97: Number of Commutative lattice-ordered rings
Order: 2 3 4 5 6 7
#Models: 14 51 1,794 4,655 492,120 3,290,875
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12 Conclusions

In this paper, we report new integer sequences for the number of models of order n (for
small integer values of n) for 100 algebras. These sequences have not been reported to the
OEIS. We also increased the length of the existing OEIS integer sequences A178432 and
A305858. This is accomplished with improved model enumeration algorithms implemented
in the parallel finite model enumerator Mace4, running on a 24-cores computer.
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Abstract

Bosbach showed that right complemented semigroups satisfy congruence-3-permutability. This
result was subsequently extended to generalized right complemented semigroups by Hagemann and
Mitschke. In this note, we show that congruence-3-permutability also holds in subtraction algebras,
a variety of magmas inspired by the set-theoretic subtraction. To our knowledge, this result has not
been known so far.

1 Introduction

An algebra A is congruence-3-permutable if for all congruences ¢, 6 of A the inclusion pofo¢ C fopof
holds. In this case, pofo¢p =0o¢pofh =0V ¢, and in particular ¢ o 6 o ¢ is a congruence itself. A
variety V is congruence-3-permutable is every algebra in V is congruence-3-permutable. This definition
generalizes classical congruence-permutability (= congruence-2-permutability), that is, the congruence
identity ¢o6 = 6o¢. While a strictly weaker condition than congruence-permutability, 3-permutability is
a strong enough property to have significant structural implications, and hence is of general interest. For
example, congruence-3-permutable varieties are congruence-modular [8] and any compatible Tp-topology
on one of their algebras is automatically Hausdorff [7]. Notably, neither of these results is true anymore for
(correspondingly defined) congruence-4-permutable varieties (by [6], with a counter-example attributed
to Day, and [4]).

Regarding semigroups, it was shown in [3] that right complemented semigroups are 3-permutable. Sub-
sequently this result was extended to generalized right complemented semigroups in [5]. In both of
these cases, the interaction of the main and the complementary operation play an important role. How-
ever, what has been missing so far is a determination if a type of complementary operation can force
3-permutability on its own.

The aim of this note is to prove that this is indeed the case for subtraction algebras, which use general-
izations of set-theoretic subtraction (see Sec. 2 for the exact definition). To our knowledge, this result
seems to not have been known. For example, in [10], several consequences of the axioms are listed, but
the decisive identity for 3-permutability is missing.

2 The main result

Like other congruence lattice properties, 3-permutability in varieties is equivalent to the existence of term
functions with certain identities.

Theorem 1 ([5]). A wvariety V is congruence-3-permutable if and only if V has ternary term functions
f, g such that the following identities are satisfied in all algebras in V:

(G1) f(z,y,y) = =;
(G2) g(z,x,y) = y;
(GS’) f(x,;r,y) = g(amy,y).

Subtraction algebras generalize the concept of set-theoretic substraction usually denoted by \.

*Center for Mathematics and Applications (CMA), Faculdade de Ciéncias e Tecnologia (FCT), Universidade Nova de
Lisboa (UNL), 2829-516, Caparica, Portugal

fCenter for Mathematics and Applications (CMA), Faculdade de Ciéncias e Tecnologia (FCT), Universidade Nova de
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fUniversidade Aberta, R. Escola Politécnica, 147, 1269-001 Lisboa, Portugal; Wolfram.BentzQuab.pt



Definition 1 ([2]). A subtraction algebra S is a binary algebra (S,-) such that the following identities
hold:

(A1) x-(y-x) =
(A2) x-(v-y) =y (y-z);
(A3) (x-y)-z=(v-2) y.

To reduce the amount of bracketing, we adopt the convention that the use of concatenation binds stronger
than the explicit use of -, so that x - yz is interpreted as z - (y - 2).

We remark that alternative definitions include an extra constant 0 and the axiom (A4): 0-0 = 0. As
subtraction algebras can be shown to satisfy the identity zx = yy, this difference is not material for our
results.

Proposition 1. Suppose that the following identities hold
(A1) z - yx = x;

(A2) x-ay =y yx;

(A3) xy-z=uzz-y;

(A5) flz,y,2) =z - yz;

(A6) g(x,y,z) =z - yx.

Then we have:

(G1) f(z,y,y) = =;

(G2) g(z,2,y) = y;

(G3) f(x,2z,y) = g(z,y,y).

Proof. We start by observing that

ab- b =" _ab (b -_ab) =" ab,
—~ = e =~
T T y T
which implies the identity
Y-y = TY. (1)
We also have
A A
a o & a ((a ~ba)(:2)ba-(ba-a)(—i)ba-ba,
~ O =
T T T y
a(ba - ¢) (4% a(be-a 4 a,

and
ab-c¥ (ab-b)c (4% (ab - c)b.

Hence we get the following identities

Tr = yx -y, (2)
w(yx - z) =, (3)
and
xy -z =(zy-2)y, (4)
respectively.
Further, notice that
aa® a . a (ba - ¢) 42 (ba-c)-(ba-c)a(i) (ba - ¢)(ba - ¢) (i—)cc,
—~ O~
T T T Yy
and so we get
Tx = yy. (5)



Therefore,
_ ©) (4n
f(x7y7y)7xyy71‘xxfx7

which proves (G1).
Notice that now the proof of (G2) is immediate.

Finally,
[z, z,y) @, Ty @ Y- yx 49 9z, y,y),

which proves (G3). O
Now, our main theorem is immediate.
Theorem 2. The variety of subtraction algebras is congruence-3-permutable.

Proof. The result follows immediately from Theorem 1 and Proposition 1. O
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