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Abstract

For a given connected (undirected) graph G = (V,E), with V = {1, . . . , n}, the minimum
rank of G is defined to be the smallest possible rank over all symmetric matrices A = [aij ]
such that for i 6= j, aij = 0 if, and only if, {i, j} /∈ E. The path cover number of G is the
minimum number of vertex-disjoint paths occurring as induced subgraphs of G that cover
all the vertices of G. When G is a tree, the values of the minimum rank and of the path
cover number are known as well the relationship between them. We study these values
and their relationship for all graphs that have at most two vertices of degree greater than
two: generalized cycle stars and double generalized cycle stars.
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1 Introduction

Let G = (V,E) be a simple, connected and undirected graph with vertex set

V = {1, . . . , n} and edge set E.
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e Aplicações).

** This work was partially supported by the ”Fundação para a Ciência e Tecnologia” (Portuguese Founda-
tion for Science and Technology) through the project UID/MAT/04721/2013 (Centro de Análise Funcional
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We say that a real n × n symmetric matrix A = [aij ] is associated with G if for i 6= j

(i, j ∈ {1, . . . , n}), aij = 0 if, and only if, {i, j} /∈ E. The set of all symmetric matrices

associated with G is denoted by S(G).

The maximum multiplicity of G, M(G), is the maximum multiplicity for a single

eigenvalue among matrices in S(G). The minimum rank of G, mr(G), is defined to be

the smallest possible rank over matrices in S(G). A path cover of G is a set of induced

paths of G that do not intersect, but do cover all vertices of G. The path cover number

of G, P (G), is the minimum number of induced paths of a path cover of G. The number

∆(G) is the maximum of p− q such that there exist q vertices of G whose deletion leaves p

paths. Isolated vertices count as (degenerate) paths. The maximum rank deficiency for

G, is m(G) = n−mr(G), where n is the order of G.

In [5] Johnson and Leal Duarte proved that, for each tree T ,

M(T ) = ∆(T ) = P (T ) = m(T ).

We aim to prove similar results for generalized and double generalized cycle stars.

2 Generalized cycle star and path cover number

All graphs discussed in this paper are simple, connected and undirected.

Let G be a graph and let v be a vertex of G. We denote by G − v the subgraph of G

obtained by deleting v and all edges incident with v. If S is a set of vertices, we let G− S
denote the graph obtained by removing each vertex of S and all associated incident edges.

If G is a tree, the components of G− v are called branches of G at v.

A tree T in which there is at most one vertex of degree greater than two is a generalized

star. In a generalized star, a vertex v is a central vertex if its neighbors are pendant

vertices (vertices of degree one) of their branches, and each branch is a path. Note that

a path is a degenerate generalized star, in which every vertex is a central vertex. When

referring to a path as a generalized star, one vertex has been fixed as the central vertex.

The arms of a generalized star T are the branches of T at v, where v is the central

vertex of T .

Definition 2.1. A generalized cycle star is a connected graph H with at most one vertex

with degree greater than two. If there exists a vertex v of degree greater than two, then v

is the central vertex of H, otherwise one vertex v is fixed as the central vertex.

A generalized cycle star H where every non central vertex has degree two is a cycle

star.

Observation 2.2.

1. If H is a generalized cycle star there is a generalized star T such that H = T or H

can be obtained from T by joining by an edge some of the pendant vertices of T to its

central vertex. The central vertex of H is the central vertex of T.

2. Let H be a generalized cycle star with central vertex v. All the connected components

of H−v are paths. If W is the set of vertices of a connected component of H−v then

the subgraph of H induced by W ∪ {v} is a path or is a cycle.
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Definition 2.3. Let H be a generalized cycle star with central vertex v. The connected

components of H − v are the arms of H. If B is an arm of H and W is the set of vertices

of B, the subgraph H ′ of H induced by W ∪ {v} is called a petal if H ′ is a cycle and is

called a ray if H ′ is a path.

If H is a generalized cycle star with central vertex v, c petals and r rays we say that H

is a (v, c, r)−generalized cycle star.

Example 2.4. 1. The graph in Figure 2 is a generalized cycle star with 3 petals, 2

rays and central vertex v. This graph can be obtained from the generalized star T ,

represented in Figure 1, by joining by an edge some of the pendant vertices of T to its

central vertex.
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Figure 1: Generalized star
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Figure 2: (v, 3, 2)−generalized cycle star

2. The graph in Figure 4 is a cycle star. It can be obtained from the generalized star

T in Figure 3 by joining by an edge each of the pendant vertices of T to the central

vertex v.
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Figure 3: Generalized star
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Figure 4: Cycle star graph

Observation 2.5. Let H be a (v, c, r)−generalized cycle star. Then:

1. The degree of the central vertex v is 2c+ r.

2. If c = 0, the graph is a generalized star.

3. If r = 0, the graph is a cycle star.
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Proposition 2.6. Let H be a (v, c, r)−generalized cycle star. Then

∆(H) =

{
1, if r ≤ 1 and c = 0;

c+ r − 1, if r > 1 or c 6= 0.

Proof

If r ≤ 1 and c = 0, H is a path and ∆(H) = 1. For the remaining cases the conclusion

follows easily since if we delete the central vertex of H we obtain c+r paths and the removal

of any other vertex increases the number of paths by a maximum of one.
2

Proposition 2.7. Let H be a (v, c, r)−generalized cycle star. Then

P (H) =

{
c+ 1, if r ≤ 1;

c+ r − 1, if r > 1.

Proof

Let {S1, . . . , SP (H)} be a minimal path cover for H.

Let F = H − v. Then P (F ) = c+ r since F is the union of c+ r disjoint paths.

Case 1: r ≤ 1

Consider the path Q induced by the central vertex v and the remaining vertices of the

ray when r = 1; if r = 0 let Q be the graph containing only the single vertex v.

Removing from the graph H the path Q we obtain c disjoint paths; these paths and Q

are induced paths that do not intersect and that cover all vertices of H. Thus P (H) ≤ c+1.

To verify that c+ 1 ≤ P (H) we can suppose, without loss of generality, that v ∈ SP (H).

Then each of the remaining paths Si has vertices from only one arm of H.

Let WP (H) be the set of vertices of SP (H) − v. If WP (H) = ∅, then {S1, . . . , SP (H)−1}
is a path cover for F . Thus, in this case, P (F ) < P (H). Since P (F ) = c if r = 0 and

P (F ) = c+ 1 if r = 1, we conclude that c+ 1 ≤ P (H). Suppose now that WP (H) 6= ∅. We

have the following cases:

1. WP (H) has vertices of two distinct petals, C and C ′, of H.

By the definition of P (H) there must exist paths Sk and Sl such that the vertices of

Sk are all the vertices of C that do not belong to SP (H) and the vertices of Sl are all

the vertices of C ′ that do not belong to SP (H).

Let Wk be the set of vertices of C that belong to WP (H) and let Wl be the set of

vertices of C ′ that belong to WP (H). Let S′k be the subgraph induced by the union of

the set of vertices of Sk with Wk and let S′l be the subgraph induced by the union of

the set of vertices of Sl with Wl . Note that S′k = C − v and S′l = C ′− v. Let S′i = Si,

for i ∈ {1, . . . , P (H)− 1} \ {k, l}. Then {S′1, . . . , S′P (H)−1} is a path cover for F . Thus

P (F ) < P (H) and c+ 1 ≤ P (H).

2. WP (H) has vertices of a petal C and vertices of a ray R of H.

In this case r = 1. As v ∈ SP (H), it is easy to conclude that all vertices of R − v are

in WP (H) otherwise there would be a path cover for H with number of paths less than

P (H). Also, there must exist a path Sk such that the vertices of Sk are all the vertices

of C that do not belong to SP (H). Let Wk be the set of vertices of C that belong to
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WP (H). Let S′k be the subgraph induced by the union of the set of vertices of Sk with

Wk.

Then {S1, . . . , Sk−1, S′k, Sk+1, . . . , SP (H)−1, SP (H) − (Wk ∪ {v})} is a path cover for F .

Thus P (F ) ≤ P (H). Since, in this case, P (F ) = c+1 , we conclude that c+1 ≤ P (H).

3. WP (H) is contained in the set of the vertices of a ray of H.

Then {S1, . . . , SP (H) − v} is a path cover for F . Thus c+ 1 = P (F ) ≤ P (H).

4. WP (H) is contained in the set of the vertices of a petal C of H.

By the definition of P (H) there must exist a path Sk such that the vertices of Sk are

all the vertices of C that do not belong to SP (H).

Let S′k = C − v. Then {S1, . . . , Sk−1, S′k, Sk+1, . . . , SP (H)−1} is a path cover for F .

Thus P (F ) ≤ P (H)− 1 and c+ 1 ≤ P (H).

Case 2: r > 1

Let R1, . . . , Rr be the rays of H and let Q be the concatenation of the rays R1 and R2.

Removing from the graph the path Q we obtain c+ r− 2 disjoint paths; these paths and Q

are paths that do not intersect and that cover all vertices of H. Thus P (H) ≤ c+r−2+1 =

c+ r − 1.

Since v ∈ SP (H) and SP (H) is a path, then SP (H)−v is a path (if v is a pendent vertex of

SP (H)) or is the union of two paths. Thus, if we remove the vertex v from S1, . . . , SP (H) we

obtain γ paths that do not intersect and that cover all vertices of F , whith γ ≤ P (H) + 1.

Thus P (F ) ≤ P (H) + 1 ≤ c+ r− 1 + 1 = c+ r = P (F ). Therefore P (H) = c+ r− 1. 2

3 Maximum multiplicity and minimum rank of a generalized
cycle star

Let G be a graph and let v be a vertex of G. The rank-spread of G at vertex v is defined

to be rv(G) = mr(G)−mr(G− v).

The vertex v is a cut-vertex of a connected graph G if, and only if, G−v is disconnected.

If H is a (v, c, r)−generalized cycle star with c+r > 1 then the central vertex v is a cut-vertex

of H.

Proposition 3.1. [1] Let v be a cut-vertex of a graph G. For i = 1, . . . , s, let Wi be the set

of vertices of the ith component of G − v and let Gi be the subgraph induced by {v} ∪Wi.

Then

rv(G) = min

{
s∑
i=1

rv(Gi), 2

}
and

mr(G) =

s∑
i=1

mr(Gi − v) + min

{
s∑
i=1

rv(Gi), 2

}
.

Observation 3.2. The following results are well known and straightforward:

1. If Pn is a path with n vertices, then mr(Pn) = n− 1.
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2. If Cn is a cycle with n vertices, then mr(Cn) = n− 2.

Proposition 3.3. Let H be a (v, c, r)−generalized cycle star with n vertices. Then

mr(H) =

{
n− c− 1, if r ≤ 1;

n− c− r + 1, if r > 1.

Proof

If H is a cycle or a path the result follows. Suppose that H is neither a cycle nor a path.

As the central vertex v is a cut-vertex of H, we can use Proposition 3.1. For i = 1, . . . , c+r,

let Wi be the set of vertices of the ith component of H − v, let ni = |Wi| and let Hi be the

subgraph induced by {v} ∪Wi.

Note that for i = 1, . . . , c + r, Hi is a path or a cycle but Hi − v is always a path. By

the Observation 3.2 we have

mr(Hi) =

{
(ni + 1)− 1, if Hi is a path;
(ni + 1)− 2, if Hi is a cycle

and
mr(Hi − v) = ni − 1.

It follows from the definition of rank-spread that

rv(Hi) = mr(Hi)−mr(Hi − v) =

{
1, if Hi is a path;
0, if Hi is a cycle.

By Proposition 3.1

rv(H) = min

{
c+r∑
i=1

rv(Hi), 2

}
=

{
r, if r ≤ 1;
2, if r > 1

and thus

mr(H) =

c+r∑
i=1

mr(Hi − v) + min

{
c+r∑
i=1

rv(Hi), 2

}
=

{
n− 1− c, if r ≤ 1;

n− (c+ r) + 1, if r > 1.

2

Theorem 3.4. Let H be a generalized cycle star. Then

P (H) = M(H) = m(H).
Proof

Suppose that H is a (v, c, r)−generalized cycle star with n vertices. By definition,

m(H) = n−mr(H). Using Proposition 3.3 we have:

m(H) =

{
c+ 1, if r ≤ 1

c+ r − 1, if r > 1
.

By Proposition 2.7 we conclude that P (H) = m(H). By [4] (pp. 34-5), m(H) = M(H), for

each graph H. Thus

P (H) = M(H) = m(H).

2

From Proposition 2.6, Proposition 2.7 and Theorem 3.4 we can easily conclude the next

result.

Corollary 3.5. Let H be a generalized cycle star with at least two rays. Then

P (H) = M(H) = m(H) = ∆(H).
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4 Connected graphs with at most two vertices with degree
greater than two

Let u and v be vertices of a graph G. Two paths from u to v are internally disjoint if,

apart from u and v, no vertex of G lies on both paths.

Definition 4.1. Let H1 and H2 be disjoint generalized cycle stars with central vertices

v1 and v2, respectively. A graph G which can be obtained from H1 and H2 by joining

a nonempty collection of pairwise internally disjoint paths from v1 to v2 is a double

generalized cycle star with central vertices v1 and v2. If t is the number of pair-

wise internally disjoint paths from v1 to v2 and d is the number of these paths with length

greater than 1 we say that G is a (H1,H2, t, d)−double generalized cycle star.

Example 4.2. 1. The graph in Figure 5 is a (H1, H2, 3, 2)−double generalized cycle star

with central vertices v1 and v2, where H1 is a (v1, 3, 1)−generalized cycle star and H2

is a (v2, 2, 3)−generalized cycle star.
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Figure 5: Double generalized cycle star

2. The graph in Figure 6 is a (H1, H2, 3, 2)−double generalized cycle star with cen-

tral vertices v1 and v2, where H1 is a (v1, 0, 0)−generalized cycle star and H2 is a

(v2, 2, 3)−generalized cycle star.
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Figure 6: (H1, H2, 3, 2)−double generalized cycle star

Definition 4.3. A graph that is a nonempty collection of t internally disjoint paths from a

vertex v1 to a vertex v2, with d > 1 paths of length greater than 1 is called a (v1, v2)−rugby

ball.
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Observation 4.4. A (v1, v2)−rugby ball is a (H1, H2, t, d)−double generalized cycle star

with d > 1, where H1 is a (v1, 0, 0)−generalized cycle star and H2 is a (v2, 0, 0)−generalized

cycle star.

Example 4.5. The graph in Figure 8 is a (v1, v2)−rugby ball with d = 4.

v1u
HHtHHt t t t�������

�t t t tXXXX��
t��t t t tH

HHHXXXXt t t����
v2u

Figure 7: Rugby ball

Observation 4.6.

1. Every connected graph with exactly two vertices with degree higher than two is a

double generalized cycle star.

2. Every double generalized cycle star is a graph with at most two vertices with degree

greater than two.

4.1 Double generalized cycle star and path cover number

Lemma 4.7. Let G be a (H1, H2, t, d)-double generalized cycle star where H1 is a

(v1, c1, r1)-generalized cycle star and H2 is a (v2, c2, r2)-generalized cycle star. Then

P (G) ≥ c1 + c2 + r1 + r2 + d− 2.

Proof

Note that if H = G−{v1, v2}, then P (H) = c1 + c2 + r1 + r2 +d since if we remove from

the graph G the vertices v1 and v2 we obtain c1 + c2 + r1 + r2 + d disjoint paths.

Let {S1, . . . , SP (G)} be a minimal path cover for G. If v1 and v2 are in the same path

Si, then Si−{v1, v2} is a path or a union of two or three paths. If v1 ∈ Si and v2 ∈ Sj with

i 6= j, then Si − v1 is a path or a union of two paths and Sj − v2 is also a path or a union

of two paths. Thus, if we remove the vertices v1 and v2 from the paths {S1, . . . , SP (G)} we

obtain at most P (G) + 2 paths that do not intersect and that cover all vertices of H.

Thus c1+c2+r1+r2+d = P (H) ≤ P (G)+2 . Therefore P (G) ≥ c1+c2+r1+r2+d−2.

2

Proposition 4.8. Let G be a (H1, H2, t, d)-double generalized cycle star where H1 is a

(v1, c1, r1)-generalized cycle star and H2 is a (v2, c2, r2)-generalized cycle star. We have

P (G) = c1 + c2 + r1 + r2 + d− 2,

for each of the following cases:
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1. d > 3;

2. r1 > 1 and r2 > 1;

3. d = 3 and r1 + r2 ≥ 1;

4. d = 2 and r1 + r2 > 1;

5. d = 1 and min{r1, r2} = 1 and r1 6= r2;

6. d = 1 = t and r1 = r2 = 1.

Proof

Let P1, P2, . . . , Pd be the family of internally disjoint paths from v1 to v2 with length

greater than 1. Let R1, R2, . . . , Rr1 and R′1, R
′
2, . . . , R

′
r2 be the rays of H1 and H2, respec-

tively. For each of the following cases consider the paths Q1 and Q2 defined as indicated:

1. For d > 3, let Q1 be the concatenation of paths P1− v2 and P2− v2 and let Q2 be the

concatenation of paths P3 − v1 and P4 − v1.

2. If r1 > 1 and r2 > 1, let Q1 be the concatenation of paths R1 and R2 and let Q2 be

the concatenation of paths R′1 and R′2.

3. For d = 3 and r1 + r2 ≥ 1 suppose, wlog, that r1 ≥ 1. Let Q1 be the concatenation of

paths P1 − v1 and P2 − v1 and let Q2 be the concatenation of paths P3 − v2 and R1.

4. For d = 2 and r1 + r2 > 1 consider the following sub-cases:

If r1 = 0 then r2 > 1. Let Q1 be the concatenation of paths P1 − v2 and P2 − v2 and

let Q2 be the concatenation of paths R′1 and R′2.

If r1 = 1 then r2 ≥ 1. Let Q1 be the concatenation of paths R1 and P1 − v2 and Q2

be the concatenation of paths P2 − v1 and R′1.

If r1 > 1, let Q1 be the concatenation of paths R1 and R2 and let Q2 be the concate-

nation of paths P1 − v1 and P2 − v1.

5. If d = 1 and min{r1, r2} = 1 and r1 6= r2, suppose, wlog, that, r2 = 1 and r1 > 1. Let

Q1 be the concatenation of paths R1 and R2 and let Q2 be the concatenation of paths

R′1 and P1 − v1.

In each of the previous cases, removing the paths Q1 and Q2 from the graph G we obtain

c1 + c2 + r1 + r2 + d− 4 disjoint paths; these paths along with Q1 and Q2 are paths that do

not intersect and that cover all vertices of G. Thus P (G) ≤ c1 + c2 + r1 + r2 + d− 2.

6. If d = 1 = t and r1 = r2 = 1, let Q1 be the concatenation of paths R1, P1 and R′1. In

this case, removing from the graph G the path Q1 we obtain c1 + c2 disjoint paths;

these paths and Q1 are paths that do not intersect and that cover all vertices of G.

Thus P (G) ≤ c1 + c2 + 1 = c1 + c2 + r1 + r2 + d− 2.

Since by Lemma 4.7 we have that P (G) ≥ c1 + c2 + r1 + r2 + d − 2, we can conclude that

P (G) = c1 + c2 + r1 + r2 + d− 2.

2

Observation 4.9. Let G be a (H1, H2, t, d)-double generalized cycle star where H1 is a

(v1, c1, r1)-generalized cycle star and H2 is a (v2, c2, r2)-generalized cycle star.
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1. The values of P (G) for the cases that are not considered in the previous proposition

are summarized in the following table and can easily be deduced.

Cases P(G)

r1 = r2 = 0 ∧ d < t ∧ d ≤ 1 c1 + c2 + r1 + r2 + d+ 1

r1 = r2 = 0 ∧ d < t ∧ d = 2
r1 = r2 = 0 ∧ d = t ∧ d ≤ 2
r1 + r2 = 1 ∧ d < t ∧ d ≤ 1 c1 + c2 + r1 + r2 + d
((r1 = 0 ∧ r2 > 1) ∨ (r2 = 0 ∧ r1 > 1)) ∧ d = 0

r1 = r2 = 0 ∧ d = 3
r1 + r2 = 1 ∧ d = t = 1
r1 + r2 = 1 ∧ d = 2 c1 + c2 + r1 + r2 + d− 1
r1 = r2 = 1 ∧ d < t ∧ d ≤ 1
((r1 = 0 ∧ r2 > 1) ∨ (r2 = 0 ∧ r1 > 1)) ∧ d = 1
((r1 = 1 ∧ r2 > 1) ∨ (r2 = 1 ∧ r1 > 1)) ∧ d = 0 ∧ t = 1

2. From the previous table and Proposition 4.8 we have

c1 + c2 + r1 + r2 + d− 2 ≤ P (G) ≤ c1 + c2 + r1 + r2 + d+ 1.

Proposition 4.10. Let G be a (H1, H2, t, d)-double generalized cycle star where H1 is a

(v1, c1, r1)-generalized cycle star and H2 is a (v2, c2, r2)-generalized cycle star. If d > 1 and

r1 + r2 > 1, then

∆(G) = c1 + c2 + r1 + r2 + d− 2.

Proof

If we remove the central vertices v1 and v2 from G we obtain c1 + c2 + r1 + r2 + d paths

so, ∆(G) ≥ c1 + c2 + r1 + r2 +d− 2. If we remove a vertex different from the central vertices

we obtain at most one more path. Then ∆(G) = c1 + c2 + r1 + r2 + d− 2.

2

4.2 Minimum rank of a rugby ball

Theorem 4.11. Let G = (V,E) be a (v1, v2)−rugby ball with n vertices and d > 1 internally

disjoint paths with length greater than 1. Then

mr(G) = n− d.

Proof

Note that G− v1 is a generalized star with n− 1 vertices, d > 1 rays and central vertex

v2. Thus, by Proposition 3.3, mr(G − v1) = n − 1 − d + 1 = n − d. By [6] we have

mr(G) ≥ mr(G− v1). Therefore mr(G) ≥ n− d.

In the following lemma we prove that there exists a matrix B ∈ S(G) such that

rank(B) ≤ n− d which enable us to conclude the equality.

2
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Lemma 4.12. Let G = (V,E) be a (v1, v2)−rugby ball with n vertices and d > 1 internally

disjoint paths with length greater than 1.

Let P1, . . . , Pd be the paths that we obtain from G by removing the vertices v1 and v2.

For each i ∈ {1, . . . , d} let ki be the number of vertices of the path Pi and let xi1, . . . , xiki
be the consecutive vertices of Pi, such that xi1 is adjacent to v1 and xiki is adjacent to v2.

Consider the vertex labeling of G, (x11, . . . , x1k1 , x21, . . . , x2k2 , . . . , xd1, . . . , xdkd , v1, v2).

For i = 1, . . . , d, let A(Pi) be the adjacency matrix of Pi and Bi = A(Pi) +D(Pi) where
D(Pi) is the diagonal matrix defined by:

D(Pi) =


diag(0, . . . , 0, 0, 1, 1) if ki ≡ 0(mod 4);
diag(0, . . . , 0, 0, 0, 0) if ki ≡ 1(mod 4);
diag(0, . . . , 0, 0,−1,−1) if ki ≡ 2(mod 4);
diag(0, . . . , 0,−1,−2,−1) if ki ≡ 3(mod 4).

For a, b ∈ R, let

Ba,b =



B1 0 · · · 0

1 0
0 0
...

...
0 0
0 1

0 B2
· · · 0

1 0
0 0
...

...
0 0
0 1

...
...

. . .
... ...

...

0 0 · · · Bd

1 0
0 0
...

...
0 0
0 1

1 0 · · · 0 0
0 0 · · · 0 1

1 0 · · · 0 0
0 0 · · · 0 1

· · ·
· · ·

1 0 · · · 0 0
0 0 · · · 0 1 Ma,b



where Ma,b =



[
a 0
0 b

]
if {v1, v2} /∈ E;

[
a 1
1 b

]
if {v1, v2} ∈ E.

Then Ba,b ∈ S(G), for every a, b ∈ R, and there exist a, b ∈ R such that rank(Ba,b) ≤
n− d.

Before presenting the general proof of Lemma 4.12 we illustrate it with an example. The

following notation will be useful.

Notation 4.13. The elementary operation that replace the row i of a matrix by the sum

of that row and the row j multiplied by α is denoted by Ri + αRj → Ri. The elementary

operation that replace the column i of a matrix by the sum of that column and the column

j multiplied by α is denoted by Ci + αCj → Ci.

Denote by E
(α)
ij the elementary matrix obtained from the identity matrix by adding α

times its jth row to its ith row and denote by C
(α)
ij the elementary matrix obtained from

the identity matrix by adding α times its jth column to its ith column.
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Example 4.14. The graph G in Figure 8 is a (v1, v2)−rugby ball with n = 24 and d = 4.

v1 u����t t t tHH
HH

x47x46x45x44x43x42x41

���
�t t t t tXXXX

x36x35x34x33x32x31
XXXXt t t t t t����x25x24x23x22x21

H
HHHt t t t tt t����

x14x13x12x11

v2u

Figure 8: Rugby ball

For a, b ∈ R, consider the following matrix:

Ba,b =



0 1 0 0 1 0
1 0 1 0 0 0

0 1 1 1 0 0 0 0 0
0 0 1 1 0 1

0 1 0 0 0 1 0
1 0 1 0 0 0 0

0 0 1 0 1 0 0 0 0 0
0 0 1 0 1 0 0
0 0 0 1 0 0 1

0 1 0 0 0 0 1 0
1 0 1 0 0 0 0 0
0 1 0 1 0 0 0 0

0 0 0 0 1 0 1 0 0 0 0
0 0 0 1 −1 1 0 0
0 0 0 0 1 −1 0 1

0 1 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0

0 0 0 0 0 1 0 1 0 0 0 0
0 0 0 1 −1 1 0 0 0
0 0 0 0 1 −2 1 0 0
0 0 0 0 0 1 −1 0 1

1 0 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 a 1
0 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 1 1 b


Note that Ba,b ∈ S(G) for every real numbers a and b and for the vertex labeling of G,

(x11 , x12 , x13 , x14 , x21 , x22 , x23 , x24 , x25 , x31 , x32 , x33 , x34 , x35 , x36 , x41 , x42 , x43 , x44 , x45 , x46 , x47 , v1 , v2).

We will find a, b ∈ R, such that rank(Ba,b) = 20.

Considering Ba,b and successively performing the elementary row and column operations:

• R3 −R1 → R3;R4 −R3 → R4;C3 − C1 → C3;C4 − C3 → C4;

• R7 −R5 → R7;R9 −R7 → R9;C7 − C5 → C7;C9 − C7 → C9;

• R12 −R10 → R12;R14 −R12 → R14;R15 + R14 → R15;
C12 − C10 → C12;C14 − C12 → C14;C15 + C14 → C15

• R18 −R16 → R18;R20 −R18 → R20;R21 + R20 → R21;R22 + R21 → R22;
C18 − C16 → C18;C20 − C18 → C20;C21 + C20 → C21;C22 + C21 → C22,

we obtain
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B′a,b =



0 1 0 0 1 0
1 0 0 0 0 0

0 0 1 0 0 0 0 −1 0
0 0 0 0 1 1

0 1 0 0 0 1 0
1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 −1 0
0 0 1 0 0 0 0
0 0 0 0 0 1 1

0 1 0 0 0 0 1 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 −1 0

0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 −1 0 1 0
0 0 0 0 0 0 1 1

0 1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 −1 0

0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 −1 0 0 1 0
0 0 0 0 0 −1 0 1 0
0 0 0 0 0 0 0 1 1

1 0 −1 1 1 0 −1 0 1 1 0 −1 0 1 1 1 0 −1 0 1 1 1 a 1
0 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 1 1 b



Note that

B′a,b = SBa,bQ,

where

S = S1 ⊕ S2 ⊕ S3 ⊕ S4 ⊕
[

1 0
0 1

]
and Q = Q1 ⊕Q2 ⊕Q3 ⊕Q4 ⊕

[
1 0
0 1

]
, with

S1 = E
(−1)
4,3 E

(−1)
3,1 ∈M4 Q1 = C

(−1)
3,1 C

(−1)
4,3 ∈M4

S2 = E
(−1)
5,3 E

(−1)
3,1 ∈M5 Q2 = C

(−1)
3,1 C

(−1)
5,3 ∈M5

S3 = E
(+1)
6,5 E

(−1)
5,3 E

(−1)
3,1 ∈M6 Q3 = C

(−1)
3,1 C

(−1)
5,3 C

(+1)
6,5 ∈M6

S4 = E
(+1)
7,6 E

(+1)
6,5 E

(−1)
5,3 E

(−1)
3,1 ∈M7 Q4 = C

(−1)
3,1 C

(−1)
5,3 C

(+1)
6,5 C

(+1)
7,6 ∈M7

Now, considering B′a,b and successively performing the elementary row and column operations:

• R23 −R2 → R23;R23 + R3 → R23;C23 − C2 → C23;C23 + C3 → C23;

• R23 −R6 → R23;R23 + R8 → R23;C23 − C6 → C23;C23 + C8 → C23;

• R23 −R11 → R23;R23 + R13 → R23;R23 + R14 → R23;
C23 − C11 → C23;C23 + C13 → C23;C23 + C14 → C23;

• R23 −R17 → R23;R23 + R19 → R23;R23 + R20 → R23;R23 + R21 → R23;
C23 − C17 → C23;C23 + C19 → C23;C23 + C20 → C23;C23 + C21 → C23,

we obtain
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Da,b =



0 1 0 0 0 0
1 0 0 0 0 0

0 0 1 0 0 0 0 0 0
0 0 0 0 1 1

0 1 0 0 0 0 0
1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 1 1

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 0 1 1

0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 −1 0 0 0 0
0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 1 1

0 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 1 a+2 1
0 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 1 1 b



Note that Da,b = S′4S
′
3S
′
2S
′
1B
′
a,bQ

′
1Q
′
2Q
′
3Q
′
4, where

S′1 = E
(+1)
23,3 E

(−1)
23,2 ∈M24 Q′1 = C

(−1)
23,2 C

(+1)
23,3 ∈M24

S′2 = E
(+1)
23,8 E

(−1)
23,6 ∈M24 Q′2 = C

(−1)
23,6 C

(+1)
23,8 ∈M24

S′3 = E
(+1)
23,14E

(+1)
23,13E

(−1)
23,11 ∈M24 Q′3 = C

(−1)
23,11C

(+1)
23,13C

(+1)
23,14 ∈M24

S′4 = E
(+1)
23,21E

(+1)
23,20E

(+1)
23,19E

(−1)
23,17 ∈M24 Q′4 = C

(−1)
23,17C

(+1)
23,19C

(+1)
23,20C

(+1)
23,21 ∈M24

As the 4th, the 9th, the 15th and the 22th rows are equal we can use the 22th row to transform
the 4th, the 9th and the 15th rows into null rows. Similar arguments apply to the columns. For this
purpose we successively perform the following elementary row and column operations,

• R4 −R22 → R4;R9 −R22 → R9;R15 −R22 → R15;

• C4 − C22 → C4;C9 − C22 → C9;C15 − C22 → C15,

obtaining
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Aa,b =



0 1 0 0
1 0 0 0

0 0 1 0 0 0 0 0
0 0 0 0

0 1 0 0 0
1 0 0 0 0

0 0 0 0 1 0 0 0 0
0 0 1 0 0
0 0 0 0 0

0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0

0 0 0 0 1 0 0 0 0 0
0 0 0 0 −1 0
0 0 0 0 0 0

0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 −1 0 0 0 0
0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 1 1

0 0 0 0 0 0 1 a+2 1

0 0 0 0 0 0 0 0 0 1 1 b


Note that Aa,b = SDa,bQ, where

S = E
(−1)
15,22E

(−1)
9,22 E

(−1)
4,22 Q = C

(−1)
4,22 C

(−1)
9,22 C

(−1)
15,22.

Remark that Aa,b = Aa,b({22, 23, 24})⊕

 0 1 1
1 a + 2 1
1 1 b

 and the submatrix Aa,b({22, 23, 24}) of Aa,b

has rank 18, since it has 3 null rows and the other 18 are clearly linearly independent.

Choosing a and b such that b = −a we have rank

 0 1 1
1 a + 2 1
1 1 b

 = 2, thus rank(Aa,b) = 18 + 2.

Since the matrices Ba,b and Aa,b are equivalent we conclude that if b = −a then rank(Ba,b) = 20.

Proof of the Lemma 4.12

It is easy to check that Ba,b ∈ S(G), for every a, b ∈ R. To prove that there exist a, b ∈ R
such that rank(Ba,b) ≤ n − d we will use elementary matrices S1, . . . , Sd, Q1, . . . , Qd, to

transform the submatrices B1, . . . , Bd of Ba,b into submatrices with null last row and null

last column.

In order to get this, for i ∈ {1, . . . , d}, let Si and Qi be the ki × ki matrices defined

considering the following cases:

1. ki ≡ 0(mod4)

(a) For ki = 4 let

Si = E
(−1)
4,3 E

(−1)
3,1 and Qi = C

(−1)
3,1 C

(−1)
4,3

(b) For ki > 4 let

Si = E
(−1)
ki,ki−1E

(−1)
ki−1,ki−3E

(−1)
ki−3,ki−5 · · ·E

(−1)
5,3 E

(−1)
3,1

Qi = C
(−1)
3,1 C

(−1)
5,3 · · ·C

(−1)
ki−3,ki−5C

(−1)
ki−1,ki−3C

(−1)
ki,ki−1
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2. ki ≡ 1(mod4)

(a) For ki = 1 let Si = Qi = Iki .

(b) For ki = 5 let

Si = E
(−1)
5,3 E

(−1)
3,1 and Qi = C

(−1)
3,1 C

(−1)
5,3

(c) For ki > 5 let

Si = E
(−1)
ki,ki−2E

(−1)
ki−2,ki−4E

(−1)
ki−4,ki−6 · · ·E

(−1)
5,3 E

(−1)
3,1

Qi = C
(−1)
3,1 C

(−1)
5,3 · · ·C

(−1)
ki−4,ki−6C

(−1)
ki−2,ki−4C

(−1)
ki,ki−2

3. ki ≡ 2(mod4)

(a) For ki = 2 let

Si = E
(+1)
2,1 and Qi = C

(+1)
2,1

(b) For ki = 6 let

Si = E
(+1)
6,5 E

(−1)
5,3 E

(−1)
3,1 and Qi = C

(−1)
3,1 C

(−1)
5,3 C

(+1)
6,5

(c) For ki > 6 let

Si = E
(+1)
ki,ki−1E

(−1)
ki−1,ki−3E

(−1)
ki−3,ki−5 · · ·E

(−1)
5,3 E

(−1)
3,1

Qi = C
(−1)
3,1 C

(−1)
5,3 · · ·C

(−1)
ki−3,ki−5C

(−1)
ki−1,ki−3C

(+1)
ki,ki−1

4. ki ≡ 3(mod4)

(a) For ki = 3 let

Si = E
(+1)
3,2 E

(+1)
2,1 and Qi = C

(+1)
2,1 C

(+1)
3,2

(b) For ki > 3 let

Si = E
(+1)
ki,ki−1E

(+1)
ki−1,ki−2E

(−1)
ki−2,ki−4E

(−1)
ki−4,ki−6 · · ·E

(−1)
3,1

Qi = C
(−1)
3,1 C

(−1)
5,3 · · ·C

(−1)
ki−2,ki−4C

(+1)
ki−1,ki−2C

(+1)
ki,ki−1

For i ∈ {1, . . . , d}, let Di = SiBiQi. It is easy to check that the last row and the last

column of Di are null, the remaining rows and columns of Di have exactly one non null

element and Di has the form

Di =


0 1 · · · 0
1 0 · · · 0
...

...
. . .

...

0 0 · · · 0

 . (1)

Let S = S1 ⊕ S2 ⊕ · · · ⊕ Sd ⊕
[

1 0
0 1

]
and Q = Q1 ⊕Q2 ⊕ · · · ⊕Qd ⊕

[
1 0
0 1

]
and consider
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B′a,b = SBa,bQ. Then

B′a,b =



D1 0 · · · 0

1 0
0 0
−1 0

...
...

1 1

0 D2
· · · 0

1 0
0 0
−1 0

...
...

1 1
...

...
. . .

... ...
...

0 0 · · · Dd

1 0
0 0
−1 0

...
...

1 1
1 0 −1 · · · 1
0 0 0 · · · 1

1 0 −1 · · · 1
0 0 0 · · · 1

· · ·
· · ·

1 0 −1 · · · 1
0 0 0 · · · 1 Ma,b


Now, bearing in mind (1) it is clear that it is possible, performing elementary row and

column operations, obtain a matrix Da,b with the form

Da,b =



D1 0 · · · 0

0 0
...

...
0 0
1 1

0 D2
· · · 0

0 0
...

...
0 0
1 1

...
...

. . .
... ...

...

0 0 · · · Dd

0 0
...

...
0 0
1 1

0 · · · 0 1
0 · · · 0 1

0 · · · 0 1
0 · · · 0 1

· · ·
· · ·

0 · · · 0 1
0 · · · 0 1 M ′

a,b



where, for some δ ∈ Z, M ′a,b =



[
a+ δ 0
0 b

]
if {v1, v2} /∈ E;

[
a+ δ 1
1 b

]
if {v1, v2} ∈ E.

In fact, Da,b = (S′d · · ·S′2S′1)B′a,b(Q′1Q′2 · · ·Q′d), where S′1, . . . , S
′
d, Q

′
1, . . . , Q

′
d are the ele-

mentary matrices of order n defined considering the following 4 cases.
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In what follows, k0 = 0 and for i ∈ {1, . . . , d}, θi = k0 + k1 + · · ·+ ki−1.

1. ki ≡ 0(mod4)

(a) For ki = 4 let

S′i = E
(+1)
n−1,θi+3E

(−1)
n−1,θi+2 and Q′i = C

(−1)
n−1,θi+2C

(+1)
n−1,θi+3

(b) For ki > 4 let

S′i = E
(+1)
n−1,θi+ki−1E

(−1)
ki−2

2

n−1,θi+ki−2E
(−1)

ki−4
2

n−1,θi+ki−4 · · ·E
(−1)

4
2

n−1,θi+4E
(−1)

2
2

n−1,θi+2

Q′i = C
(−1)

2
2

n−1,θi+2C
(−1)

4
2

n−1,θi+4 · · ·C
(−1)

ki−4
2

n−1,θi+ki−4C
(−1)

ki−2
2

n−1,θi+ki−2C
(+1)
n−1,θi+ki−1

2. ki ≡ 1(mod4)

(a) For ki = 1 let S′i = Q′i = In.

(b) For ki = 5 let

S′i = E
(+1)
n−1,θi+4E

(−1)
n−1,θi+2 and Q′i = C

(−1)
n−1,θi+2C

(+1)
n−1,θi+4

(c) For ki > 5 let

R′i = E
(−1)

ki−1
2

n−1,θi+ki−1E
(−1)

ki−3
2

n−1,θi+ki−3E
(−1)

ki−5
2

n−1,θi+ki−5 · · ·E
(−1)

4
2

n−1,θi+4E
(−1)

2
2

n−1,θi+2

Q′i = C
(−1)

2
2

n−1,θi+2C
(−1)

4
2

n−1,θi+4 · · ·C
(−1)

ki−5
2

n−1,θi+ki−5C
(−1)

ki−3
2

n−1,θi+ki−3C
(−1)

ki−1
2

n−1,θi+ki−1

3. ki ≡ 2(mod4)

(a) For ki = 2 let

S′i = E
(+1)
n−1,θi+1 and Q′i = C

(+1)
n−1,θi+1

(b) For ki = 6 let

S′i = E
(+1)
n−1,θi+5E

(+1)
n−1,θi+4E

(−1)
n−1,θi+2 and Q′i = C

(−1)
n−1,θi+2C

(+1)
n−1,θi+4C

(+1)
n−1,θi+5

(c) For ki > 6 let

R′i = E
(+1)
n−1,θi+ki−1E

(−1)
ki−2

2

n−1,θi+ki−2E
(−1)

ki−4
2

n−1,θi+ki−4E
(−1)

ki−6
2

n−1,θi+ki−6 · · ·E
(−1)

4
2

n−1,θi+4E
(−1)

2
2

n−1,θi+2

Q′i = C
(−1)

2
2

n−1,θi+2C
(−1)

4
2

n−1,θi+4 · · ·C
(−1)

ki−6
2

n−1,θi+ki−6C
(−1)

ki−4
2

n−1,θi+ki−4C
(−1)

ki−2
2

n−1,θi+ki−2C
(+1)
n−1,θi+ki−1

4. ki ≡ 3(mod4)

(a) For ki = 3 let

S′i = E
(+1)
n−1,θi+2E

(+1)
n−1,θi+1 and Q′i = C

(+1)
n−1,θi+1C

(+1)
n−1,θi+2

(b) For ki > 3 let

S′i = E
(+1)
n−1,θi+ki−1E

(+1)
n−1,θi+ki−2E

(−1)
ki−3

2

n−1,θi+ki−3E
(−1)

ki−5
2

n−1,θi+ki−5 · · ·E
(−1)

4
2

n−1,θi+4E
(−1)

2
2

n−1,θi+2

Q′i = C
(−1)

2
2

n−1,θi+2C
(−1) 4

2
n−1,θi+4 · · ·C

(−1)
ki−5

2

n−1,θi+ki−5C
(−1)

ki−3
2

n−1,θi+ki−3C
(+1)
n−1,θi+ki−2C

(+1)
n−1,θi+ki−1

Note that the matrix Da,b has d equal rows that correspond to the last row of each block.

Using the row n − 2 (the last of these equal rows), we can transform the remaining equal
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rows into null rows without changing the other rows of the blocks D1, . . . , Dd and the zero

blocks. Similar arguments apply to the columns.

To this end, consider

S′′ = E
(−1)
θ1+k1,n−2 · · ·E

(−1)
θd−1+kd−1,n−2

Q′′ = C
(−1)
θ1+k1,n−2 · · ·C

(−1)
θd−1+kd−1,n−2.

The matrix Aa,b = S′′Da,bQ
′′ has the form:

Aa,b =



D1 0 · · · 0

0 0
...

...
0 0
0 0

0 D2
· · · 0

0 0
...

...
0 0
0 0

...
...

. . .
... ...

...

0 0 · · · Dd

0 0
...

...
0 0
1 1

0 · · · 0 0
0 · · · 0 0

0 · · · 0 0
0 · · · 0 0

· · ·
· · ·

0 · · · 0 1
0 · · · 0 1 M ′

a,b



Note that Aa,b = Aa,b({n− 2, n− 1, n})⊕Na,b, where Na,b is defined by

Na,b =



 0 1 1
1 a+ δ 0
1 0 b

 if {v1, v2} /∈ E;

 0 1 1
1 a+ δ 1
1 1 b

 if {v1, v2} ∈ E.

Thus rank(Aa,b) = rank(Aa,b({n−2, n−1, n}))+rank(Na,b). Since Aa,b({n−2, n−1, n})
has d− 1 null rows, rank(Aa,b({n− 2, n− 1, n})) ≤ n− 3− (d− 1).

To study the rank of the matrix Na,b we have to consider two cases:

Case 1 : If {v1, v2} /∈ E then rank(Na,b) = rank

 0 1 1
1 a+ δ 0
1 0 b

 = rank

 1 a+ δ 0
0 1 1
0 0 b+ a+ δ



Case 2 : If {v1, v2} ∈ E, rank(Na,b) = rank

 0 1 1
1 a+ δ 1
1 1 b

 = rank

 1 a+ δ 1
0 1 1
0 0 b+ a+ δ − 2


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In each case, there exist values of a and b such that rank(Na,b) = 2 and consequently,

rank(Aa,b) ≤ n− 3− (d− 1) + 2 = n− d,

which allow us to conclude that rank(Ba,b) ≤ n− d, and the proof is complete.

2

4.3 Minimum rank of a double generalized cycle star

Lemma 4.15. Let G be a (H1, H2, t, d)-double generalized cycle star with n vertices where

H1 is a (v1, 0, 0)-generalized cycle star and H2 is a (v2, c2, r2)-generalized cycle star.

If d > 1 then

mr(G) = n− c2 − r2 − d+ min{r2, 2}.

Proof

If c2 + r2 = 0, then G is a rugby ball and the result follows from Theorem 4.11. Assume

that c2 + r2 6= 0. Then the vertex v2 is a cut-vertex of the graph G. Let k be the number

of connected components of G − v2. For i = 1, . . . , k, let Wi be the set of vertices of the

ith component of G − v2, let Gi be the subgraph induced by Wi ∪ {v2} and assume that

v1 ∈ Wk. Observe that Gi − v2 is a path, for i = 1, . . . , k − 1, and Gk − v2 is a generalized

star. Let ni = |Wi|, for i = 1, . . . , k. By Proposition 3.1 and by Proposition 3.3

mr(G) =(n1 − 1) + · · ·+ (nk−1 − 1) + (nk − d+ 1) + rv2(G)

=
k∑
i=1

ni − (k − 1)− d+ 1 + rv2(G) = n− k − d+ 1 + rv2(G).

We know that rv2(G) = min
{∑k

i=1 rv2(Gi), 2
}

where rv2(Gi) = mr(Gi)−mr(Gi − v2).
For i ∈ {1, . . . , k − 1}, Gi is a path or a cycle.

If Gi is a path then rv2(Gi) = ((ni + 1) − 1) − (ni − 1) = 1 and if Gi is a cycle then

rv2(Gi) = ((ni + 1) − 2) − (ni − 1) = 0. On the other hand, Gk is a rugby ball, thus

rv2(Gk) = (nk + 1− d)− (nk − d+ 1) = 0.

Therefore, rv2(G) = min{r2, 2} and mr(G) = n− k − d+ 1 + min{r2, 2}.
Since k = c2 + r2 + 1, then mr(G) = n− c2 − r2 − d+ min{r2, 2}. 2

Proposition 4.16. Let G be a (H1, H2, t, d)-double generalized cycle star with n vertices

where H1 is a (v1, c1, r1)-generalized cycle star and H2 is a (v2, c2, r2)-generalized cycle star.

If d > 1, then

mr(G) = n− c1 − c2 − r1 − r2 − d+ min {r1 + r2, 2} .

Proof

If c1 + r1 = 0, the result follows from Lemma 4.15. Assume that c1 + r1 6= 0. Then the

vertex v1 is a cut-vertex of the graph G. Let s be the number of connected components of

G−v1. For j = 1, . . . , s, let Yj be the set of vertices of the jth component of G−v1, let Gj be

the subgraph induced by Yj ∪{v1} and assume that v2 ∈ Ys. Observe that Gj−v1 is a path,
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for j = 1, . . . , s−1, and Gs−v1 is a generalized cycle star. Let nj = |Yj |, for j = 1, . . . , s. By

Proposition 3.1, rv1(G) = min
{∑s

j=1 rv1(Gj), 2
}

where rv1(Gj) = mr(Gj)−mr(Gj − v1).
For j ∈ {1, . . . , s − 1}, Gj is a path or a cycle. If Gj is a path then rv1(Gj) = 1, if Gj

is a cycle then rv1(Gj) = 0. On the other hand, Gs satisfies the conditions of Lemma 4.15

thus

rv1(Gs) = (ns + 1− c2 − r2 − d+ min{r2, 2})− (ns − c2 − r2 − d+ 1) = min{r2, 2}.

Therefore,

rv1(G) = min


s∑
j=1

rv1(Gj), 2

 = min {r1 + min{r2, 2}, 2} = min {r1 + r2, 2} .

Since,

s∑
j=1

mr(Gj − v1) =

s−1∑
j=1

mr(Gj − v1) +mr(Gs − v1)

= (n1 − 1) + · · ·+ (ns−1 − 1) + (ns − c2 − r2 − d+ 1)

= (n− 1)− (s− 1)− c2 − r2 − d+ 1

= n− (c1 + r1 + 1)− c2 − r2 − d+ 1

= n− c1 − c2 − r1 − r2 − d

we conclude that

mr(G) =

s∑
j=1

mr(Gj − v1) + rv1(G) = n− c1 − c2 − r1 − r2 − d+ min {r1 + min{r2, 2}, 2} .

2

Observation 4.17. Let G be a (H1, H2, t, d)-double generalized cycle star with n vertices

where H1 is a (v1, c1, r1)-generalized cycle star and H2 is a (v2, c2, r2)-generalized cycle star.

1. If d > 1 and r1 + r2 > 1, by Proposition 4.16, mr(G) = n− c1 − c2 − r1 − r2 − d+ 2.

2. We can now proceed analogously to the proof of Proposition 4.16 to deduce the values

of mr(G) for d ≤ 1, which are summarized in the following table.

Cases mr(G)

r1 = r2 = 0 ∧ d < t ∧ d ≤ 1 n− c1 − c2 − r1 − r2 − d− 1

r1 = r2 = 0 ∧ d = t = 1
r1 + r2 = 1 ∧ d < t ∧ d ≤ 1 n− c1 − c2 − r1 − r2 − d
((r1 = 0 ∧ r2 > 1) ∨ (r2 = 0 ∧ r1 > 1)) ∧ d = 0

r1 = r2 = 1 ∧ d < t ∧ d ≤ 1
r1 + r2 = 1 ∧ d = t = 1
((r1 = 0 ∧ r2 > 1) ∨ (r2 = 0 ∧ r1 > 1)) ∧ d = 1 n− c1 − c2 − r1 − r2 − d+ 1
((r1 = 1 ∧ r2 > 1) ∨ (r2 = 1 ∧ r1 > 1)) ∧ d = 0

r1 ≥ 1 ∧ r2 ≥ 1 ∧ d = t = 1
r1 ≥ 1 ∧ r2 ≥ 1 ∧ r1 + r2 > 2 ∧ 1 = d < t n− c1 − c2 − r1 − r2 − d+ 2
r2 > 1 ∧ r1 > 1 ∧ d = 0 < t
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3. From the previous table and the Proposition 4.16 we have

n− c1 − c2 − r1 − r2 − d− 1 ≤ mr(G) ≤ n− c1 − c2 − r1 − r2 − d+ 2.

From the Propositions 4.8, 4.10 and 4.16 we obtain the following result:

Corollary 4.18. Let G be a (H1, H2, t, d)-double generalized cycle star with n vertices where

H1 is a (v1, c1, r1)-generalized cycle star and H2 is a (v2, c2, r2)-generalized cycle star.

If d > 1 and r1 + r2 > 1, we have

P (G) = M(G) = m(G) = ∆(G).
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