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Abstract

For a given connected (undirected) graph G = (V, E), with V = {1,...,n}, the minimum
rank of G is defined to be the smallest possible rank over all symmetric matrices A = [a;;]
such that for i # j, a;; = 0 if, and only if, {,j} ¢ E. The path cover number of G is the
minimum number of vertex-disjoint paths occurring as induced subgraphs of G that cover
all the vertices of G. When G is a tree, the values of the minimum rank and of the path
cover number are known as well the relationship between them. We study these values
and their relationship for all graphs that have at most two vertices of degree greater than
two: generalized cycle stars and double generalized cycle stars.

AMS classification: 05C50; 15A03; 15A18
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1 Introduction

Let G=(V,E) be a simple, connected and undirected graph with vertex set
V ={1,...,n} and edge set E.
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We say that a real n x n symmetric matrix A = [a;;] is associated with G if for i # j
(i, € {1,...,n}), a;; = 0 if, and only if, {7,j} ¢ E. The set of all symmetric matrices
associated with G is denoted by S(G).

The maximum multiplicity of G, M(G), is the maximum multiplicity for a single
eigenvalue among matrices in S(G). The minimum rank of G, mr(G), is defined to be
the smallest possible rank over matrices in S(G). A path cover of G is a set of induced
paths of G that do not intersect, but do cover all vertices of G. The path cover number
of G, P(G), is the minimum number of induced paths of a path cover of G. The number
A(QG) is the maximum of p — g such that there exist q vertices of G whose deletion leaves p
paths. Isolated vertices count as (degenerate) paths. The maximum rank deficiency for
G, is m(G) = n — mr(G), where n is the order of G.

In [5] Johnson and Leal Duarte proved that, for each tree T,

We aim to prove similar results for generalized and double generalized cycle stars.

2  Generalized cycle star and path cover number

All graphs discussed in this paper are simple, connected and undirected.

Let G be a graph and let v be a vertex of G. We denote by G — v the subgraph of G
obtained by deleting v and all edges incident with v. If S is a set of vertices, we let G — .S
denote the graph obtained by removing each vertex of S and all associated incident edges.
If G is a tree, the components of G — v are called branches of G at v.

A tree T in which there is at most one vertex of degree greater than two is a generalized
star. In a generalized star, a vertex v is a central vertex if its neighbors are pendant
vertices (vertices of degree one) of their branches, and each branch is a path. Note that
a path is a degenerate generalized star, in which every vertex is a central vertex. When
referring to a path as a generalized star, one vertex has been fixed as the central vertex.

The arms of a generalized star T' are the branches of T" at v, where v is the central
vertex of T.

Definition 2.1. A generalized cycle star is a connected graph H with at most one vertex
with degree greater than two. If there exists a vertex v of degree greater than two, then v
is the central vertex of H, otherwise one vertex v is fixed as the central vertex.

A generalized cycle star H where every non central vertex has degree two is a cycle
star.

Observation 2.2.

1. If H is a generalized cycle star there is a generalized star 7" such that H =T or H
can be obtained from 7" by joining by an edge some of the pendant vertices of T to its
central vertex. The central vertex of H is the central vertex of T.

2. Let H be a generalized cycle star with central vertex v. All the connected components
of H —v are paths. If W is the set of vertices of a connected component of H —v then
the subgraph of H induced by W U {v} is a path or is a cycle.



Definition 2.3. Let H be a generalized cycle star with central vertex v. The connected
components of H — v are the arms of H. If B is an arm of H and W is the set of vertices
of B, the subgraph H’ of H induced by W U {v} is called a petal if H' is a cycle and is
called a ray if H' is a path.

If H is a generalized cycle star with central vertex v, ¢ petals and r rays we say that H
is a (v, c,r)—generalized cycle star.

Example 2.4. 1. The graph in Figure 2 is a generalized cycle star with 3 petals, 2
rays and central vertex v. This graph can be obtained from the generalized star T,
represented in Figure 1, by joining by an edge some of the pendant vertices of T to its
central vertex.

e

Figure 1: Generalized star Figure 2: (v, 3,2)—generalized cycle star

2. The graph in Figure 4 is a cycle star. It can be obtained from the generalized star
T in Figure 3 by joining by an edge each of the pendant vertices of T' to the central

vertex v.
/QK
Figure 3: Generalized star Figure 4: Cycle star graph

Observation 2.5. Let H be a (v, ¢, r)—generalized cycle star. Then:
1. The degree of the central vertex v is 2c + r.
2. If ¢ = 0, the graph is a generalized star.

3. If r =0, the graph is a cycle star.



Proposition 2.6. Let H be a (v,c,r)—generalized cycle star. Then

_ 1, ifr <1 and c = 0;
A(H)_{c—i—r—l, if r>1orc#0.

Proof

If r<1and c=0, H is a path and A(H) = 1. For the remaining cases the conclusion
follows easily since if we delete the central vertex of H we obtain c¢+r paths and the removal
of any other vertex increases the number of paths by a maximum of one. 0

Proposition 2.7. Let H be a (v,c,r)—generalized cycle star. Then

c+1, ifr<1;
P(H) = {c—i—r—l, z';zr > 1.
Proof

Let {S1,...,Sp)} be a minimal path cover for H.

Let F = H —v. Then P(F) = ¢+ r since F is the union of ¢ + r disjoint paths.

Case 1: r <1

Consider the path @ induced by the central vertex v and the remaining vertices of the
ray when r = 1; if r = 0 let @) be the graph containing only the single vertex v.

Removing from the graph H the path ) we obtain ¢ disjoint paths; these paths and @
are induced paths that do not intersect and that cover all vertices of H. Thus P(H) < c+1.

To verify that ¢+ 1 < P(H) we can suppose, without loss of generality, that v € Sp(g.
Then each of the remaining paths S; has vertices from only one arm of H.

Let Wp(p) be the set of vertices of Spy —v. If Wpyy = (), then {S1,.. - Sp(H)-1}
is a path cover for F'. Thus, in this case, P(F) < P(H). Since P(F) = ¢ if r = 0 and
P(F) = c+1ifr =1, we conclude that ¢+ 1 < P(H). Suppose now that Wpy) # 0. We
have the following cases:

1. Wp(m) has vertices of two distinct petals, C' and C’, of H.

By the definition of P(H) there must exist paths S; and S; such that the vertices of
Sk are all the vertices of C' that do not belong to Sp() and the vertices of S; are all
the vertices of C’ that do not belong to Sp(g).

Let Wy be the set of vertices of C' that belong to Wp(y) and let W be the set of
vertices of C’ that belong to Wp(m). Let S}, be the subgraph induced by the union of
the set of vertices of S with W}, and let S} be the subgraph induced by the union of
the set of vertices of S; with W . Note that S} = C' —v and §] = C' —v. Let S] = S;,
forie{1,...,P(H)—1}\{k,l}. Then {S,..., S??(H)—l} is a path cover for F'. Thus
P(F)< P(H) and ¢+ 1 < P(H).

2. Wp(my has vertices of a petal C' and vertices of a ray R of H.

In this case r = 1. As v € Sp(g), it is easy to conclude that all vertices of R — v are
in Wp(g) otherwise there would be a path cover for H with number of paths less than
P(H). Also, there must exist a path Sy such that the vertices of Sy, are all the vertices
of C' that do not belong to Sp(y). Let Wy be the set of vertices of C' that belong to
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Wp(m). Let S;. be the subgraph induced by the union of the set of vertices of S with
Wy.

Then {S1,...,Sk—1,5}, Skr1,- -+ Sp(a)—1, Spary — (Wi U {v})} is a path cover for F.
Thus P(F') < P(H). Since, in this case, P(F') = ¢+1 , we conclude that c+1 < P(H).

3. Wp(my is contained in the set of the vertices of a ray of H.

Then {S1,...,Sp) — v} is a path cover for F. Thus c+ 1= P(F) < P(H).

4. Wp(p) is contained in the set of the vertices of a petal C' of H.

By the definition of P(H) there must exist a path Sj such that the vertices of Sy are
all the vertices of C' that do not belong to Sps).

Let S, = C' —wv. Then {Si,...,Sk 1,5}, Sk41,---,Sp()—1} is a path cover for F.
Thus P(F) < P(H) — 1 and ¢+ 1 < P(H).

Case 2: r>1

Let Rq,..., R, be the rays of H and let (Q be the concatenation of the rays Ry and Rs.
Removing from the graph the path @ we obtain ¢+ r — 2 disjoint paths; these paths and @
are paths that do not intersect and that cover all vertices of H. Thus P(H) < c+r—2+1=
c+r—1

Since v € Sp(gry and Sp(p) is a path, then Sp gy —v is a path (if v is a pendent vertex of
Sp(ay) or is the union of two paths. Thus, if we remove the vertex v from S, ..., Spm) we
obtain v paths that do not intersect and that cover all vertices of F', whith v < P(H) + 1.

Thus P(F) < P(H)+1<c¢+r—1+1=c+r = P(F). Therefore P(H) =c+r—1. O

3 Maximum multiplicity and minimum rank of a generalized
cycle star

Let G be a graph and let v be a vertex of G. The rank-spread of G at vertex v is defined
to be 1,(G) = mr(G) — mr(G — v).

The vertex v is a cut-vertex of a connected graph G if, and only if, G—v is disconnected.
If H is a (v, ¢, 7)—generalized cycle star with c+r > 1 then the central vertex v is a cut-vertex
of H.

Proposition 3.1. [1] Let v be a cut-vertex of a graph G. Fori=1,...,s, let W; be the set
of vertices of the ith component of G — v and let G; be the subgraph induced by {v} U W;.

Then )
7y(G) = min {er(Gi), 2}

i=1
and \ \
mr(G) = Zmr(Gi —v) + min {Z o (Gj), 2} .
i=1 i=1

Observation 3.2. The following results are well known and straightforward:

1. If P, is a path with n vertices, then mr(P,) =n — 1.



2. If Cy, is a cycle with n vertices, then mr(C,) =n — 2.

Proposition 3.3. Let H be a (v,c,r)—generalized cycle star with n vertices. Then
n—c—1, ifr<1;
mr(H) = {n—c—T—Fl, if 1> 1.
Proof
If H is a cycle or a path the result follows. Suppose that H is neither a cycle nor a path.
As the central vertex v is a cut-vertex of H, we can use Proposition 3.1. Fori=1,...,c+r,
let W; be the set of vertices of the ith component of H — v, let n; = |W;| and let H; be the
subgraph induced by {v} U W;.
Note that for i = 1,...,c+ r, H; is a path or a cycle but H; — v is always a path. By
the Observation 3.2 we have
(n; +1) — 1, if H; is a path;
H;) =
mr(H;) { (n; +1) — 2, if H; is a cycle

and mr(H; —v) =n; — 1.

It follows from the definition of rank-spread that

, if H; is a path;

1
Tv(Hi) = mr(H,') - mr(Hi - U) - {0, if H; is a cycle.

By Proposition 3.1 hr
ry(H) = min Zr (H;),2p = rifr <
v N ,1“ t ] 2, ifr>1
1=
and thus ctr otr
. n—1—c, ifr <1
i) = St~ S 2 = {1 S
i=1 i=1 ’ '

Theorem 3.4. Let H be a generalized cycle star. Then

P(H)= M(H) =m(H).
Proof
Suppose that H is a (v,c,r)—generalized cycle star with n vertices. By definition,

m(H) =n —mr(H). Using Proposition 3.3 we have:

c+1, ifr<i
m(H){c—i-r—l, ifr>1"

By Proposition 2.7 we conclude that P(H) = m(H). By [4] (pp. 34-5), m(H) = M(H), for
each graph H. Thus

O
From Proposition 2.6, Proposition 2.7 and Theorem 3.4 we can easily conclude the next
result.

Corollary 3.5. Let H be a generalized cycle star with at least two rays. Then
P(H)=M(H)=m(H)=A(H).



4 Connected graphs with at most two vertices with degree
greater than two

Let u and v be vertices of a graph G. Two paths from u to v are internally disjoint if,
apart from u and v, no vertex of G lies on both paths.

Definition 4.1. Let H; and Hy be disjoint generalized cycle stars with central vertices
v1 and v, respectively. A graph G which can be obtained from H; and Hy by joining
a nonempty collection of pairwise internally disjoint paths from wv; to v9 is a double
generalized cycle star with central vertices v; and wve. If t is the number of pair-
wise internally disjoint paths from v; to vo and d is the number of these paths with length
greater than 1 we say that G is a (H1, Ha,t,d)—double generalized cycle star.

Example 4.2. 1. The graph in Figure 5 is a (Hy, Ha, 3,2)—double generalized cycle star
with central vertices v1 and vy, where Hj is a (v, 3, 1)—generalized cycle star and Hj
is a (ve, 2, 3)—generalized cycle star.

Figure 5: Double generalized cycle star

2. The graph in Figure 6 is a (Hj, H2,3,2)—double generalized cycle star with cen-
tral vertices v; and vy, where Hj is a (v1,0,0)—generalized cycle star and Hj is a
(v2, 2, 3)—generalized cycle star.

U1

Figure 6: (H1, Ha,3,2)—double generalized cycle star

Definition 4.3. A graph that is a nonempty collection of ¢ internally disjoint paths from a
vertex v1 to a vertex ve, with d > 1 paths of length greater than 1 is called a (v1, v2) —rugby
ball.



Observation 4.4. A (vy,vy)—rugby ball is a (Hy, Ha,t,d)—double generalized cycle star
with d > 1, where H; is a (v1,0,0)—generalized cycle star and Hs is a (ve,0,0)—generalized
cycle star.

Example 4.5. The graph in Figure 8 is a (v1, va)—rugby ball with d = 4.

U1 U2

Figure 7: Rugby ball

Observation 4.6.

1. Every connected graph with exactly two vertices with degree higher than two is a
double generalized cycle star.

2. Every double generalized cycle star is a graph with at most two vertices with degree
greater than two.

4.1 Double generalized cycle star and path cover number

Lemma 4.7. Let G be a (Hy,Hs,t,d)-double generalized cycle star where Hy is a
(v1,c1,71)-generalized cycle star and Ha is a (va, ca,r2)-generalized cycle star. Then

PG)>ci+ca+rm+ra+d—2.

Proof

Note that if H = G — {v1,v2}, then P(H) = ¢1 + ¢2 + r1 + r2 + d since if we remove from
the graph G the vertices vy and vy we obtain ¢y + co + 71 + o + d disjoint paths.

Let {S1,...,8p(c)} be a minimal path cover for G. If v; and vy are in the same path
Si, then S; — {v1,v2} is a path or a union of two or three paths. If v; € S; and vy € S; with
i # j, then S; — v is a path or a union of two paths and S; — vs is also a path or a union
of two paths. Thus, if we remove the vertices v; and vz from the paths {S1,...,Sp)} we
obtain at most P(G) 4 2 paths that do not intersect and that cover all vertices of H.

Thus ¢1+co+r1+re+d = P(H) < P(G)+2 . Therefore P(G) > c1+co+r1+ro+d—2.

O

Proposition 4.8. Let G be a (Hy, Ha,t,d)-double generalized cycle star where Hy is a
(v1,c1,71)-generalized cycle star and Ho is a (va, ¢, r2)-generalized cycle star. We have

PG)=ci+c+ri+r+d-2,

for each of the following cases:



1. d > 3; 4. d=2and ri +1ry > 1;
2.1 >1andry > 1; 5. d=1 and min{ry,re} =1 and r1 # ro;
S.d=3andri+ry>1; 6. d=1=tandri =7ry=1.

Proof

Let Pi, Ps, ..., Py be the family of internally disjoint paths from v; to ve with length
greater than 1. Let Ry, Ry,..., R, and R}, Ry, ..., R, be the rays of H; and Hj, respec-
tively. For each of the following cases consider the paths ()1 and )2 defined as indicated:

1.

For d > 3, let 1 be the concatenation of paths P; — vy and P, — v and let Q2 be the
concatenation of paths P3 — v; and Py — vy.

. If 1 > 1 and r9 > 1, let Q1 be the concatenation of paths R; and Rs and let ()2 be

the concatenation of paths R} and Rj.

For d = 3 and r1 + ro > 1 suppose, wlog, that r; > 1. Let ()1 be the concatenation of
paths P; — v1 and P, — v1 and let ()5 be the concatenation of paths P3 — vy and R;.

For d = 2 and r1 + ro > 1 consider the following sub-cases:

If r1 = 0 then ro > 1. Let ()1 be the concatenation of paths P, — vy and P> — vo and
let Q2 be the concatenation of paths R} and RY,.

If r1 =1 then ro > 1. Let ()1 be the concatenation of paths R; and P; — v and Qo
be the concatenation of paths Py — v; and R].

If r1 > 1, let )1 be the concatenation of paths R; and Ro and let Q2 be the concate-
nation of paths P, — v and P, — v1.

. If d =1 and min{ry,72} = 1 and ry # ro, suppose, wlog, that, ro = 1 and r1 > 1. Let

()1 be the concatenation of paths Ry and Ry and let Q2 be the concatenation of paths
R} and Py — v.

In each of the previous cases, removing the paths @1 and @) from the graph G we obtain
c1+co+ 711+ 719+ d— 4 disjoint paths; these paths along with Q1 and )2 are paths that do
not intersect and that cover all vertices of G. Thus P(G) <c1+co+r1+re+d—2.

6.

Ifd=1=tand r =ry =1, let @ be the concatenation of paths Ry, P; and R}. In
this case, removing from the graph G the path @1 we obtain c¢; + ¢y disjoint paths;
these paths and (1 are paths that do not intersect and that cover all vertices of G.
Thus P(G) <c1+co+1l=c1+co+mr+ro+d—2.

Since by Lemma 4.7 we have that P(G) > ¢ + c2 + r1 + r2 + d — 2, we can conclude that
P(G) =c1+c+ri+ro+d—2.

O

Observation 4.9. Let G be a (Hj, Ho,t,d)-double generalized cycle star where H;j is a
(v1, c1,71)-generalized cycle star and Hj is a (v, co, 72)-generalized cycle star.



1. The values of P(G) for the cases that are not considered in the previous proposition
are summarized in the following table and can easily be deduced.

Cases P(G)
ri=ro=0Ad<tAd<1 ci+cot+ri+ro+d+1
ri=ro=0ANd<tANd=2
rm=ro=0Ad=tANd<2
ri+r=1ANd<tAnd<1 c1+co4ri+re+d
(r1=0AmT2>1)V(ro=0A7>1)Ad=0
rn=r=0Ad=3
ri+reo=1ANd=t=1
mtry=1Ad=2 cite+ri+ro+d—1
rm=ro=1ANd<tANd<1
(rm=0Are>1)V(ra=0Ar1>1)Ad=1
((7"121/\7"2>1)\/(7‘2=1/\7‘1>1))/\d=0/\t=1

2. From the previous table and Proposition 4.8 we have

ca+c+ri+re+d—2<PG)<cr+co+ri+ra+d+1.

Proposition 4.10. Let G be a (Hy, Ha,t,d)-double generalized cycle star where Hy is a
(v1,c1,71)-generalized cycle star and Ho is a (ve, ca,19)-generalized cycle star. If d > 1 and
ri+re > 1, then

A(G) =c1+cg+ri+ro+d—2.

Proof
If we remove the central vertices v; and v9 from G we obtain ¢q + ¢o + r1 + 79 + d paths
50, A(G) > ¢1 +cag+11+12+d—2. If we remove a vertex different from the central vertices
we obtain at most one more path. Then A(G) =¢1 + ¢y + 71 +r2+d— 2.
O

4.2  Minimum rank of a rugby ball

Theorem 4.11. Let G = (V, E) be a (v1,va)—rugby ball with n vertices and d > 1 internally
disjoint paths with length greater than 1. Then

mr(G) =n—d.

Proof
Note that G — vy is a generalized star with n — 1 vertices, d > 1 rays and central vertex
ve. Thus, by Proposition 3.3, mr(G —v1) = n—1—-d+1 = n—d. By [6] we have
mr(G) > mr(G — vy). Therefore mr(G) > n —d.
In the following lemma we prove that there exists a matrix B € S(G) such that
rank(B) < n — d which enable us to conclude the equality.
]
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Lemma 4.12. Let G = (V, E) be a (v1,v2)—rugby ball with n vertices and d > 1 internally
disjoint paths with length greater than 1.

Let Py, ..., Py be the paths that we obtain from G by removing the vertices v1 and vs.
For each i € {1,...,d} let k; be the number of vertices of the path P; and let x;1,. .., Ty,
be the consecutive vertices of P;, such that x;1 is adjacent to vi and x;,; is adjacent to vo.
Consider the vertex labeling of G, (T11,. .., T1ky, T21, -+, T2gy -+ s Ldly - - - s Ldky,> V1, V2)-

Fori=1,...,d, let A(F;) be the adjacency matriz of P; and B; = A(P;) + D(FP;) where
D(P;) is the diagonal matriz defined by:

diag(0,...,0,0,1,1) if ki = 0(mod4);

D(P,) = diag(0,...,0,0,0,0) if ki = 1(mod4);
) diag(0,...,0,0,—1,—1)  if k; = 2(mod4);
diag(0,...,0,—1,—2,—1) if k; = 3(mod4).

For a,b € R, let

_ Lo -

00

B, 0 0 D

00

01

10

00

0 By 0 D

00

Ba,b_ 01
1.0‘

00

0 0 By C

00

01

10---00(10---00 10---00

L00---01[00---01 00--01|Map |

if {v1,v2} ¢ E;
where M, =

1
Then B,y € S(G), for every a,b € R, and there exist a,b € R such that rank(B, ) <
n—d.

Before presenting the general proof of Lemma 4.12 we illustrate it with an example. The
following notation will be useful.

Notation 4.13. The elementary operation that replace the row ¢ of a matrix by the sum
of that row and the row j multiplied by « is denoted by R; + aR; — R;. The elementary
operation that replace the column ¢ of a matrix by the sum of that column and the column
J multiplied by « is denoted by C; + aCj — Ci;.

Denote by Ez(Ja) the elementary matrix obtained from the identity matrix by adding «
times its jth row to its ith row and denote by C’Z(Ja ) the elementary matrix obtained from
the identity matrix by adding « times its jth column to its ith column.
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Example 4.14. The graph G in Figure 8 is a (v1, v2)—rugby ball with n = 24 and d = 4.

Figure 8: Rugby ball

For a,b € R, consider the following matrix:

0100 1 07
1010 00

0 111 0 0 0 00
0011 01
01000 10

10100 00

0 01010 0 0 00
00101 00

00010 01

010 0 0 O 10

101 0 0 0 00

B 010 1 0 0 00
ab = 0 0 001 0 1 0 0 00
000 1 -1 1 00

000 0 1-1 01

0100 0 0 0/1 0

1010 0 0 0/0 0

0101 0 0 0|00

0 0 0 0010 1 0 0l0 O
0001-1 1 0|00

0000 1 -2 1/0 0

0000 0 1-1/0 1

1 000|l000O0|]I00 O 0 0/I000 0 0 Ola 1

Lo 0 01l00001l000 0 0 10000 0 0 1|1 b ]

Note that B, € S(G) for every real numbers a and b and for the vertex labeling of G,

(I11?x127x13? 'I147x217I’227x237x24?x257xSl?z327x337I34’x357x36’I417I42’z437x447z45?x467x47’ Ul’UQ)'

We will find a,b € R, such that rank(B, ;) = 20.

Considering B, ; and successively performing the elementary row and column operations:

e R3 — R1 — R3; Ry — R3 — R4;C35 — C1 — C5;Cy — C3 — Cuy;
° R7—R5—>R7;R9—R7—>R9;C7—C5%C7;09—C7—>09;

o Ri» — Rio = Ri2; Ria — Ri2 — Rua; Ri5 + Ria — Rus;
Cir2 — Cig = C12;C1a — C12 = C14;C15 + C1a — Cis

o Rig — Rig — Ris; R20 — R1s — Rao; R21 + Rao — Ro1; Roo + Ra1 — Rao;
C1g8 — C16 = C1g;Ca0 — C1g — Co0; C21 + C20 — Ca1;Ca2 + Co1 — Coao,

we obtain
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ro1 0 0 1 07

10 00 00

00 10 0 0 0 -10

00 00 11

01 0 00 10

100 00 00

0 000 10 0 0 -10

00100 00

000 00 11

01 0 0 00 10

10 0 0 00 00

B - 00 0 1 00 -10

ab — 0 0 00 1 0 00 0 00

00 0 0-10 10

00 0 0 00 11

01 00 0 00 1O

1000 0 00/ 00

0001 0 00/-10

0 0 0 0010 0 00/ 00

000 0-1 00/ 10

0000 0-10 10

0000 O 00 11

1 0 _11]10-101]10—-1 0 11]10-10 1 11] al

Lo 0 0 1l00 0 01/00 0 0 01[00 0 0 0 01| 1 b |
Note that

ab_SBabQ7

where
S=SieShesese [l amdQ=egeQeqes [é?},with

S1=EGVESY € My Q1 =CY, e My

Sy = ESVESTY € Ms Q2 = CY, ) e M;

Sy = ESEVESVESY € Mo Qs = ”05 Uit e Mg

Sy = E%l)Eé,ng)EE()ﬁ )E?E;l) S Q4= 0371 05,3 )C( e (H) € My

Now, considering B, , and successively performing the elementary row and column operations:

o Ra3 — R2 — Ra3; Roz + R3 — Ros; Caz — Co — Cas; Caz + Cs — Cas;
® Ro3 — Rg — Ra3; Roz + Rs — Ra3;Ca3 — Cs — Cag; Caz + Cg — Cas;

® Ro3 — Ri1 — Ra3; Roz + Ri3 — Roa3; Ra3z + Ria — Ros;
Caz — C11 — C23;Ca3 4+ C13 = C23;Casz + Cra — Chas;

o Ra3 — Ri7 — Ras; Ras + Ri9 — Ra3; Rag + Rao — Ra3; Rog + Ra1 — Ros;
Caz — C17 — Ca3;Cas + Crg — Ca3; Caz + C20 — Ca3; Caz + C21 — Cas,

we obtain
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ro 1 00 0 07
1 00O 00
0 010 0 0 0 00
0 0 0O 11
01000 00
10000 00
0 00010 0 0 00
00100 00
000O00O 11
010 0 0O 00
100 0 0O 00
D 000 1 00O 00
@b = 0 0 001 0 00 0 00
000 0-10 00
000 O OO 11
0100 O 0O 00
1000 O 0O 00
0001 O 0O 00
0 0 0 0010 0 00/ 00O
0000 -1 00O 00
0000 O-10 00
0000 O OO 11
0O 00100001000 O 010000 O O1ljat+2 1
LO O 0O1|00001I0O00 O O1j0O00O0OO0 0 01 1 b6 ]
Note that D,y = 535955551 B, ,@1Q5Q5Q), where
Si=Eg 5 Blyy € Moy Qi =Cl,) Cy € Moy
Sy = Ez?zré)Ezz% € Moy Qz—cé3é)c2+1)€M24
Sy = Q;ilEégiéE(g 11 € May Qs = 023 11023 13%023 14 € May
1 1 1 1 1 1 1 1
Szll = E£§2)1E§;22)E§;12)E§3,1)7 € Moy Qil = 53,1)705;12902(;_22302(;2)1 € Moy

As the 4t" the 9", the 15" and the 22" rows are equal we can use the 22" row to transform
the 4%, the 9" and the 15" rows into null rows. Similar arguments apply to the columns. For this
purpose we successively perform the following elementary row and column operations,

e Ry — Ra2 — R4; R — Ra2 — Rg; Ri5 — R22 — Ris;

o Cy — Caa — Cy;C9 — Caa — Co; C15 — Caz — Cis,

obtaining

14



o100 ]
1 000
0010 0 0 0 0
0 00O
01 0 00
10 0 00
0 000 10 0 0 0
00 1 00
00 0 0O
010 0 0O
100 0 0O
000 1 0O
Aap = 0 0 Joo1 o 00 0 0
000 0-10
000 O 0O
010 O 0O 00 0 O
100 O 0O 00 O O
000 1 0O 00 0O O
0 0 0 001 0 0 00/ 0 O
000 0 -1 00 O O
000 O 0-10 0 O
000 O 0O 00 1 1
000 O 0 O01lfa+2 1
L 0 0 0 000 0 O O1| 1 b]
Note that A, = SD, @, where
S = E§5,;)2Eé,2§)E£,2é) Q= Ci,2;)cé,2;)c£5,;)2~
0 1 1
Remark that A, = 44,5({22,23,24})® | 1 a+2 1| and the submatrix A, ;({22,23,24}) of A,
1 1 b
has rank 18, since it has 3 null rows and the other 18 are clearly linearly independent.
0 1 1
Choosing a and b such that b = —a we have rank ( [1 a+2 1] ) =2, thus rank(A4,) = 18 + 2.
1 1 b
Since the matrices B, , and A, ; are equivalent we conclude that if b = —a then rank(B, ;) = 20.

Proof of the Lemma 4.12

It is easy to check that By € S(G), for every a,b € R. To prove that there exist a,b € R
such that rank(B,;) < n — d we will use elementary matrices S1,..., S5, Q1,...,Qq, to
transform the submatrices By, ..., Bg of B, into submatrices with null last row and null
last column.

In order to get this, for i € {1,...,d}, let S; and @Q; be the k; x k; matrices defined
considering the following cases:

1. k; = 0(mod4)
(a) For k; =4 let
Si=EGVESY and Q=05 Ve
(b) For k; > 4 let
Si = Bl 1Ph 1 sPh a5 o Fa
Qi = Céll)cé:%l) T Clg——li)%k—SCIg_—lzk—SCli_;)—l
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2. k; = 1(mod4)

(a) For k; =1let S; = Q; = Iy,.

(b) For k; =5 let
Si = é3)E:g1) and Qi = CSl)CE()?)l)

(c) For k; > 5 let
Si = l(c 11) QEI(C_I%,sz;EI(c:z)L,kﬁﬁ T Eé,_?)l)Ef(s,_ll)
Qi = 3 11)05() 3 Do ng:i,ki_6C£Zj%,ki_401§;;3_2

3. ki = 2(mod4)

(a) For k; =2 let
Si=Ey;") and Qi =cyY

(b) For k; =6 let
+1 1 1 +1
Si = ( )Eé:s )E?(),l ) and Qi = 3 1 )Cés )Cé,5 )
(c) For k; > 6 let
+1 —1 —1 1) (=1
Si = El(c k) El(cv—i,ki—ZiElii—i)ik -5 Eé,:& )E§,1 )
1 1 —1 1 1
Qi = 3 1 )Cé:a ) Clgf;k 50( 71 K 301;,16)

4. k; = 3(mod4)

(a) For k; = 3 let
o= BT ma = ik
(b) For k; > 3 let

_ (+1) (+1) (_1) (_1) (_1)
S- = Ek ki flEk 717ki*2Eki72 k; 4Ek Ak—6"" E371

-1 -1 +1 +1
Qi = 3 1 )Cés )"'Clgzi—%,ki 40(-—% ki 2Cli k)—l

For i € {1,...,d}, let D; = S;B;Q;. It is easy to check that the last row and the last
column of D; are null, the remaining rows and columns of D; have exactly one non null
element and D; has the form

0 1]---|0
1 0f---10

D; = .. (1)
0 0f---10

LetSle@Sg@-'-G}Sd@[é(f] andQ:Q1@Q2@---®Qd®[é?] and consider
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Btlz,b = 5B, Q. Then

107
00
-10

11
10
00
-10

/ Lo
ab — 11

10
00
-10

11

10—1--1[10—1---1]---[10—-1---1
00 0---1{00 0« 1]---{00 0--- 1| Mgy

Now, bearing in mind (1) it is clear that it is possible, performing elementary row and
column operations, obtain a matrix D, ; with the form

00

D, 0 0 (;(;
11
00

0.0.
0 0 || Di |40
11

0---01|---]0---01 /
0---01/0---01/---l0---01 ab

[“g‘sg} if {or, 0} ¢ B
where, for some § € Z, M , =

61| .
{GJ{ b} if {v1,v2} € E.

In fact, Doy = (S} S551)B., ,(Q1Q5 - - Q))), where S,...,5,,Q),...,Q) are the ele-
mentary matrices of order n defined considering the following 4 cases.
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In what follows, kg = 0 and for i € {1,...,d}, 0; = ko + k1 + -+ ki_1.
1. k; = 0(mod4)

(a) For k; =4 let

+1 -1 1 +1
S; = E7(1—1)791'+3E7('L—1),0i+2 and Q] = CT(L—1),91+207(1—1),91-+3

(b) For k; > 4 let
k;—2 k;—4 4 2
U 0T (et e
n—1,0;+k;—2""n—1,0,+k;—4 n—1,0;,+4"n—1,0,+2
k;—4 kj—2

2 4
r_ ~(=1)2 (-1)2 (=12 (-1~ 2 (+1)
Q; = Cn—l,ai—i-QCn—l, 4 'Cn—1,0i+ki—4Cn—1,9i+ki—2Cn—1,9i+kzi—1

— gD (
S’: - E’nfl,ori»kiflE

2. k; = 1(mod4)

(a) For k; =1 let S} = Q) = I,,.
(b) For k; =5 let
si=pt L ECY, L and @ =cY, oty

n—1,9i+4 n—179i+2 _176i+2 1,91-"—4
(c) For k; > 5 let
e ) n? (13
— 2 — 2 — 2 — 2 — 2
R§ = En71,91'+k¢71En71,9¢+kif3Enfl,0i+kif5 e En71,0¢+4En71,9¢+2
(-nF -1l R S S
Q% = Cn71,9i+20n71,9¢+4 e 'Cnf1,0¢+k¢75Cn71,9i+ki730n71,9¢+k¢71
3. ki = 2(mod4)
(a) For k; =2 let
_ p(+1) _ ~(+D)
Si= En—1,6’i+1 and Q] = Cn—l,@ﬁ-l
(b) For k; =6 let
_ p(+1) (+1) (=1 _ ~(=1) (+1) (+1)
Si= En71,0i+5En71,0i+4En71,9¢+2 and Q] = Cnf1,0i+20n71,9¢+40n71,9i+5
(c) For k; > 6 let
(+1) e (-0 (-1)b
—+ - 2 - 2 - 2 - 2 — 2
R’IL = En—l,ei—&-k:i—lEn—1,0i+ki—2En—1,9i+ki—4En—1,9i+k:i—6 e En—1,0i+4En—1,9i+2

(i (i DT DT DT A
;L A(-1)2 —1)2 1) )T )T +1
Qi - Cn—l,Gi—i—QCn—l, 4 'Cn—lﬂﬁ-ki—GCn—1,9i+ki—4Cn—1, i+k‘i—20n—1,6i+k;i—l

4. k; = 3(mod4)

(a) For k; = 3 let

1 (+1) (+1) r_ ~(+1) (+1)
S; = En71,0i+2En71,9i+1 and Q= Cn71,0i+10n71,9,'+2
(b) For k; > 3 let
(+1) (+1) nUr eyt nd i
; a(+1 +1 —1)" 2 —1)" 2 —1)2 -1)2
Si = En—1,9i+ki—1En—lﬂi—l—ki—2En—1,0i+ki—3En—1,9i+ki—5 o En—1,9i+4En—1,9i+2
2 4 k;—5 k;—3
(=12 (=13 (=12 (-1)"2 (+1) (+1)
Qi = Cn—l,Gi—i—QCn—l, i+4 'Cn—1,91-+ki—SCn—1,6i+ki—3Cn—1,Gi+ki—QCn—l,Gi—f—ki—l

Note that the matrix D, j has d equal rows that correspond to the last row of each block.
Using the row n — 2 (the last of these equal rows), we can transform the remaining equal
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rows into null rows without changing the other rows of the blocks Dy, ..., Dy and the zero
blocks. Similar arguments apply to the columns.
To this end, consider

n _ (=1 (=1)
ST = E01+k1,n—2 T Oq4_1+kqg_1,n—2

n_ ~(=1) (-1
Q= 091+k1,n—2 o Ced—ﬁ-kd—hn—?

The matrix A, = S”D, Q" has the form:

- 001
Dl O DY O 00
00
00

0 Dy | 0 (;(;
Agp = 00

O'O'
0 0 || Di |40
11

0---00/0---00[---l0---01 /
0---00/0---00/---l0---01 ab |

Note that Ay p = Agp({n —2,n —1,n}) ® Ny, where Ny is defined by

[0 1 1]
lLa+d0| if {vi,va} ¢ F,;
|1 0 b

Na,b— ~ _
0 1 1
la+d 1| if {vi,v} € E.
1 1 b

Thus rank(A,p) = rank(Aqp({n—2,n—1,n}))+rank(N,p). Since A, p({n—2,n—1,n})
has d — 1 null rows, rank(A,,({n —2,n —1,n})) <n—-3—(d—1).
To study the rank of the matrix N,; we have to consider two cases:

0 1 1 1 a+9 0
Case 1 : If {vy,v2} ¢ E thenrank(Ngp) =rank [ |1 a+d 0 =rank | |0 1 1
1 0 b 0 0 b+a+d
0 1 1 1 a+4 1
Case 2 : If {vj,v2} € E,rank(N,p) =rank [ |1 a+4 1 =rank [ [0 1 1
1 1 b 0 0 b+a+d—-2
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In each case, there exist values of a and b such that rank(N, ;) = 2 and consequently,
rank(A,p) <n—-3—-(d—-1)+2=n—d,

which allow us to conclude that rank(Bg,) < n — d, and the proof is complete.

4.3 Minimum rank of a double generalized cycle star

Lemma 4.15. Let G be a (Hy, Ha,t,d)-double generalized cycle star with n vertices where
Hj is a (v1,0,0)-generalized cycle star and Hy is a (va, c2,72)-generalized cycle star.
If d > 1 then
mr(G) =n —cy —ry —d + min{rg, 2}.

Proof

If ¢co + 19 = 0, then G is a rugby ball and the result follows from Theorem 4.11. Assume
that co + ro # 0. Then the vertex vs is a cut-vertex of the graph G. Let k be the number
of connected components of G — vy. For i = 1,...,k, let W, be the set of vertices of the
ith component of G — vg, let G; be the subgraph induced by W; U {ve} and assume that
vy € Wi. Observe that G; — vg is a path, for i = 1,...,k — 1, and G — vo is a generalized
star. Let n; = |W;|, for i = 1,..., k. By Proposition 3.1 and by Proposition 3.3

mr(G)=(n1 — 1)+ 4+ (ng_1 — 1)+ (ni —d+ 1) + 14, (G)

=Y ni—(k=1)—d+1+7,(G) =n—k—d+1+7,(G).

We know that 7,,(G) = min {Zle Tuo (G), 2} where 7., (G;) = mr(G;) — mr(G; — v2).

For i e {1,...,k— 1}, G; is a path or a cycle.

If G; is a path then 7,,(G;) = ((n; +1) — 1) — (n; — 1) = 1 and if G; is a cycle then
Ty (Gi) = ((n; +1) —2) — (n; —1) = 0. On the other hand, Gy is a rugby ball, thus
Tvz(Gk) = (nk—l—l—d)—(nk—d—i— 1) = 0.

Therefore, ry,(G) = min{rs, 2} and mr(G) =n — k —d + 1 + min{ra, 2}.

Since k = co + r9 + 1, then mr(G) = n — ¢y — r9 — d + min{ry, 2}. O

Proposition 4.16. Let G be a (Hy, Ha,t,d)-double generalized cycle star with n vertices
where Hy is a (v1,c1,71)-generalized cycle star and Ho is a (va, c2,12)-generalized cycle star.
If d > 1, then

mr(G)=n—c —ca—r1 —ro —d+min{r; +ry,2}.

Proof

If ¢1 + r1 = 0, the result follows from Lemma 4.15. Assume that ¢; + 1 # 0. Then the
vertex v is a cut-vertex of the graph G. Let s be the number of connected components of
G—uvy. For j =1,...,s,let Y; be the set of vertices of the jth component of G—wv1, let G; be
the subgraph induced by Y; U{v;} and assume that vy € Y,. Observe that G; — vy is a path,
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forj=1,...,s—1, and Gs—wv1 is a generalized cycle star. Let n; = |Yj|, for j =1,...,s. By
Proposition 3.1, T‘UI(G) = min {Z;:l o, (G5), 2} where 7., (G;) = mr(G;) — mr(Gj — v1).

For j € {1,. — 1}, Gj is a path or a cycle. If G is a path then r,, (G;) =1, if G;
is a cycle then rvl(G ) = 0. On the other hand, G, satisfies the conditions of Lemma 4.15
thus

T, (Gs) = (ns + 1 —ca —rg —d + min{re,2}) — (ns — c2 — r2 — d + 1) = min{rg, 2}.

Therefore,
Ty, (G) = min erl (Gj),2 p = min {ry + min{ry,2},2} = min {ry +72,2}.

Since,

Zm i — 1) Zmr i —v1) +mr(Gs — v1)

j=1
:(nl—1)+---—|—(ns—1—1)+(ns—02—7“2—d+1)
=n—-1)—(s=1)—co—rg—d+1
=n—(ag+m+1)—c—ro—d+1
=n—c—c—ri—r2—d

we conclude that
Zmr i — 1) + 7, (G) =n—c1 —ca — 11 —ro — d + min {r + min{re, 2},2}.

d

Observation 4.17. Let G be a (Hy, Ha,t,d)-double generalized cycle star with n vertices
where Hj is a (v1, c1,71)-generalized cycle star and Hj is a (ve, ca, 72)-generalized cycle star.

1. If d > 1 and 71 + ro > 1, by Proposition 4.16, mr(G) =n—c; —co —r1 —ro —d + 2.

2. We can now proceed analogously to the proof of Proposition 4.16 to deduce the values
of m,(G) for d < 1, which are summarized in the following table.

Cases mr(G)
rm=ro=0Ad<tANd<1 n—cl—cy—11—79—d—1
rm=ro=0Ad=t=1
rm4+r=1ANd<tNnd<1 n—c—cy—1r1—1r9—d

((7“1:0/\’/“2>1)\/(7“2:0/\T‘1>1))/\d:0
rm=ro=1ANd<tANd<1
rm+ro=1Ad=t=1
(ri1=0Areo>1)V(re=0Ar1>1))Ad=1 [n—cy—co—r1 —ro—d+1
((7'1:1/\7"2>1)\/(T2:1/\7“1>1))/\d:0
rmi>1Ar>1Ad=t=1
rM>1Are>1Ar+rea>2A1=d<t n—ci—c—1r —r9—d-+2
ro>1Ar1>1Ad=0<t
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3. From the previous table and the Proposition 4.16 we have

n—c—c—r—ro—d—1<mr(G)<n—c —co—r1 —ro—d+2.

From the Propositions 4.8, 4.10 and 4.16 we obtain the following result:

Corollary 4.18. Let G be a (Hi, Ha,t,d)-double generalized cycle star with n vertices where
Hj is a (v1,c1,71)-generalized cycle star and Hy is a (va, c2,72)-generalized cycle star.
Ifd>1 and r1 + 19 > 1, we have
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