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Abstract

In this paper we consider the monoid DPS,, of all partial isometries of a star graph S,, with n vertices.
Our main objectives are to determine the rank and to exhibit a presentation of DPS,. We also describe
Green’s relations of DPS,, and calculate its cardinal.
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1 Introduction and Preliminaries

Let © be a finite set. We denote by P7(2) the monoid (under composition) of all partial transformations on
Q, by T(£2) the submonoid of PT(2) of all full transformations on €2, by Z(2) the symmetric inverse monoid
on €, i.e. the inverse submonoid of P7(2) of all partial permutations on 2, and by S(€2) the symmetric group
on €2, i.e. the subgroup of PT () of all permutations on 2.

Recall that the rank of a (finite) monoid M is the minimum size of a generating set of M, i.e. the minimum
of the set {|X|| X € M and X generates M }.

Let €2 be a finite set with at least 3 elements. It is well-known that S(€2) has rank 2 (as a semigroup, a
monoid or a group) and 7 (£2), Z(2) and PT(Q2) have ranks 3, 3 and 4, respectively. The survey [10] presents
these results and similar ones for other classes of transformation monoids, in particular, for monoids of order-
preserving transformations and for some of their extensions. For example, the rank of the extensively studied
monoid of all order-preserving transformations of an n-chain is n, which was proved by Gomes and Howie [18]
in 1992. More recently, the papers [5, 12, 13, 14, 16] are dedicated to the computation of the ranks of certain
classes of transformation semigroups or monoids.

A monoid presentation is an ordered pair (A | R), where A is a set, often called an alphabet, and R C A* x A*
is a set of relations of the free monoid A* generated by A. A monoid M is said to be defined by a presentation
(A| R) if M is isomorphic to A*/pg, where pr denotes the smallest congruence on A* containing R.

Given a finite monoid, it is clear that we can always exhibit a presentation for it, at worst by enumerating
all elements from its multiplication table, but clearly this is of no interest, in general. So, by determining a
presentation for a finite monoid, we mean to find in some sense a nice presentation (e.g. with a small number
of generators and relations).

A presentation for the symmetric group S(2) was determined by Moore [22] over a century ago (1897). For
the full transformation monoid 7 (2), a presentation was given in 1958 by Aizenstat [1] in terms of a certain
type of two generator presentation for the symmetric group S(€2), plus an extra generator and seven more
relations. Presentations for the partial transformation monoid P7(Q2) and for the symmetric inverse monoid
Z(§2) were found by Popova [23] in 1961. In 1962, Aizenstat [2] and Popova [24] exhibited presentations for the
monoids of all order-preserving transformations and of all order-preserving partial transformations of a finite
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chain, respectively, and from the sixties until our days several authors obtained presentations for many classes
of monoids. See also [25], the survey [10] and, for example, [6, 7, 8, 9, 11, 15, 20].

Now, let G = (V, E)) be a finite simple connected graph.

The (geodesic) distance between two vertices  and y of G, denoted by dg(z,y), is the length of a shortest
path between x and y, i.e. the number of edges in a shortest path between x and y.

Let a € PT (V). We say that « is a partial isometry or distance preserving partial transformation of G if

dG(Z’O&, ya) = dG($7 y)a

for all 2,y € Dom(«). Denote by DP(G) the subset of PT (V) of all partial isometries of G. Clearly, DP(QG) is
a submonoid of PT (V). Moreover, as a consequence of the property

dg(z,y) =0 if and only if z =y,
for all z,y € V, it immediately follows that DP(G) C Z(V). In fact, furthermore, we have:

Proposition 1.1 Let G = (V, E) be a finite simple connected graph. Then DP(G) is an inverse submonoid of
(V).

Proof. It suffices to show that, for a € DP(G), the inverse transformation a~! (i.e. the inverse of the element
a in Z(V)) is also a partial isometry of G.
Let o € DP(G) and take z,y € Dom(a™!). Then za~!,ya~! € Dom(a) and so

dg(xoz_l, ya_l) = dg((:voz_l)a, (ya_l)oz) =dg(x,y),

as required. [

Observe that, if G = (V, E) is a complete graph, i.e. E = {{z,y} | z,y € V,z # y}, then DP(G) =Z(V).
On the other hand, for n € N, consider the undirected path P, with n vertices, i.e.

P,={L,...;n}H{{i,i+1}|i=1,...,n—1}).
Then, obviously, DP(P,) coincides with the monoid
DP,={acZ({1,2,...,n}) | |icc — ja| = |i — j|,for all i, € Dom(a)}

of all partial isometries on {1,2,...,n}.

The study of partial isometries on {1,2,...,n} was initiated by Al-Kharousi et al. [3, 4]. The first of
these two papers is dedicated to investigating some combinatorial properties of the monoid DP,, and of its
submonoid ODP,, of all order-preserving (considering the usual order of N) partial isometries, in particular,
their cardinalities. The second paper presents the study of some of their algebraic properties, namely Green’s
structure and ranks. Presentations for both the monoids DP,, and ODP,, were given by the first author and
Quinteiro in [15].

Now, for n € N, consider the star graph

Sp=({0,1,...,n—1},{{0,i} |i=1,...,n—1})

with n vertices. These very elementary graphs, which are a particular kind of trees and also of complete bipartite
graphs, play a significant role in Graph Theory. For example, through the notions of star chromatic number or
star arboricity. We may also find important applications of star graphs in Computer Science, in particular, in
Distributed Computing the star network is one of the most common computer network topologies.



This paper is devoted to studying the monoid DP(S,,) of all partial isometries of S,,, which from now on
we denote simply by DPS,,. Since we are considering {0, 1,...,n — 1} as the set of vertices of the star S, then
DPS,, is an inverse submonoid of the symmetric inverse monoid Z({0,1,...,n —1}).

In Section 2, we present some basic properties of DPS,,; in particular, we calculate the order of DPS,, and
describe its Green’s relations. Section 3 presents a generating set of DPS,, of a minimum size, which provides
the rank of DPS,,. Finally, in Section 4 we determine a presentation for the monoid DPS,,.

Throughout this paper we will consider PT(Y) C PT(X), whenever X and Y are sets such that ¥ C X.

For general background on Semigroup Theory and standard notations, we refer the reader to Howie’s book
[19].
We would like to point out that we made considerable use of computational tools, namely GAP [17].

2 Basic Properties of DPS,

Let n € N.
We start this section by observing that, clearly,

0 ife=y
ds,(z,y) =<1 1 if x # y and either x =0 or y =0
2 fr#yandz#0andy#0

for all z,y € {0,1,...,n—1}.
Observe that

DPs, = {@, (8)} = 7({0})
pps={0.0). (1) () (1) 6 1) (0 o)} =0

01 2
1 0 2
the symmetric inverse monoid Z({0, 1,...,n — 1}). Moreover, we have the following description of the elements
of DPS,,, which is a routine matter to prove.

On the other hand, for n > 3, for example ) ¢ DPS,, and so DPS,, is a proper inverse submonoid of

Proposition 2.1 Let o € PT({0,1,...,n —1}).
1. If |Dom(«)| < 1 then a € DPS,,.
2. If |Dom(a)| = 2 and 0 ¢ Dom(«) then the following statements are equivalent:

(a) a € DPSy,;
(b) « is injective and 0 ¢ Im(w);
(¢) o eZ({1,2,...,n—1}).

3. If |Dom(a)| = 2 and 0 € Dom(«) then the following statements are equivalent:

(a) o € DPS,,;
(b) « is injective and 0 € Im(«).

4. If | Dom(a)| = 3 and 0 € Dom(«) then the following statements are equivalent:

(a) o € DPSy,;



(b) « is injective and Ocw = 0
(C) O“Dom(a)\{o} < I({l, 2,...,m— 1}) and 0 = 0.

Let n > 2. For each £ € Z({1, .,n —1}), define £ € Z({0,1,2,...,n — 1}) by 0£ = 0 and_§_|Dom(§) =¢.
Consider the mapping ¢ : Z({1, ,...,n —1}) — Z({0,1,2,...,n — 1}) defined by &y = &, for all £ €
Z({1,2,...,n—1}).

Taking into account the previous proposition, it is easy to conclude that

DPS, = {£€Z({0,1,2,...,n—1})| €€ Z({1,2,...,n—1}}UZ({1,2,...,n—1})

AC et ol ey

Notice that, all these four subsets of DPS,, are pairwise disjoint.
Clearly,

~—

{a € DPS,, | | Dom(a)| =n}
is the group of units of DPS,, and
{a € DPS,, | 0 € Dom(a) and 0 = 0} = {£ € Z({0,1,2,...,n — 1}) | £ € Z({1,2,...,n — 1})}

is a submonoid of DPS,,. Moreover, for n > 3, this last submonoid of DPS,, has the same group of units as
DPS,, and we have the following relations with the symmetric group S({1,2,...,n — 1}) of degree n — 1 and
the symmetric inverse monoid Z({1,2,...,n — 1}).

Proposition 2.2 For n > 3, the group of units {& € DPS,, | | Dom(«)| = n} of DPS,, is isomorphic to the
symmetric group S({1,2,...,n — 1}) of order n — 1. Moreover, {a € DPS,, | 0 € Dom(«) and Ocx = 0} is a
submonoid of DPS,, isomorphic to the symmetric inverse monoid Z({1,2,...,n —1}).

Proof. It is easy to check that v is an injective homomorphism of monoids and, clearly, we have
Z({1,2,...,n—1})¢ ={a € DPS,, | 0 € Dom(«) and 0 = 0}

and
S({1,2,...,n—1})¢Yp = {a € DPS,, | | Dom(a)| = n},

which proves the result. [

Next, recall that, for a finite set ) with n € N elements, it is well known that the size of the symmetric

inverse monoid Z(12) is
n 2
n
|Z(Q)] = E (/{:) k!
k=0

(see [10, 19]). Therefore, from (1) and Proposition 2.2, we have
IDPS,| = |{€€Z({0,1,2,... n—l} € eZ({1,2,....,n =11} +|Z({1,2,...,n—1})]

C e 0 () e}

= (nk1>2k'+§< >k‘—|—(n—1)2—|—2(n—1)

k=0
1 n—1\2
= 1+n2+2 < )k!
k=1

[aay

k

and so we have proved:



Theorem 2.3 For all n € N,

n—1 2
-1
IDPS,|=1+n*+2) (” ) k.
k=1

k

The table below gives us an idea of the size of DPS,,.

n | |DPS,] n [DPS,|

1 2 11 469324582

2 7 12 6810715507

3 22 13 106668909002

4 83 14 1792648617463

) 442 15 32167115690782

6 3127 16 613654341732467
7 26702 17 12399337905055522
8 | 261907 18 |  264481977288432007
9 | 2883538 19 | 5937942527822578358
10 | 35144327 20 | 139949655415806098707

In the rest of this section we will describe Green’s relations of DPS,,. Remember that, given a set {2 and an
inverse submonoid M of Z(2), it is well known that the Green’s relations £, R and H of M can be described
as following: for o, 5 € M,

o oL if and only if Im(a) = Im(3);
e aRp if and only if Dom(a) = Dom(5);
o aJf if and only if Im(a) = Im(3) and Dom(a) = Dom(/5).
In Z(2) we also have
e aJp if and only if | Dom(«)| = | Dom(8)| (if and only if |Im(a)| = |Im(5)]).

Since DPS,, is an inverse submonoid of Z({0,1,2,...,n—1}), it remains to find a description of its Green’s
relation J. Recall that, for a finite monoid, we have J =D (= Lo R =R o L).

Theorem 2.4 Let o, 5 € DPS,,. Then adpS if and only if one of the following properties is satisfied:
1. | Dom(a)| = | Dom(B)| = 1;
2. | Dom(a)| = | Dom(f)| and 0 ¢ Dom(a) U Dom(f3);
3. | Dom(a)| = | Dom(5)| and 0 € Dom(c) N Dom(f).

Proof. We begin by supposing that aJf. Then, as remembered above, we have | Dom(a)| = | Dom(5)| =
| Im ()| = | Im(5)]. On the other hand, since § = D = R o £, then there exists ( € DPS,, such that aR({ and
¢LB. Consequently, we have Dom(a) = Dom(¢) and Im(¢) = Im(/5).

If | Dom(a)| = | Dom(B)| = 0 then o = 8 = () and so 0 € Dom(«) U Dom(f). Hence, Property 2 is satisfied.

If | Dom(a)| = | Dom(B)| = 1 then it is immediate that Property 1 is satisfied.

Next, suppose that | Dom(«)| = |Dom(S5)| > 2 and 0 ¢ Dom(«). Then 0 ¢ Dom(() and so, by Proposition
2.1, 0 ¢ Im(¢) = Im(p), whence 0 ¢ Dom(f3), again by Proposition 2.1. Hence, Property 2 is satisfied.

Now, suppose that | Dom(«)| = |Dom(S8)| = 2 and 0 € Dom(«). Then 0 € Dom(¢), which implies, by
Proposition 2.1, that 0 € Im(¢{) = Im(S) and so, again by Proposition 2.1, we have 0 € Dom(3). Hence,
Property 3 holds.



Finally, suppose that | Dom(a)| = |Dom(8)| > 3 and 0 € Dom(cr) = Dom(¢). Then, by Proposition 2.1,
we conclude that 0¢ = 0, whence 0 € Im(¢) = Im(8). Then, once again by Proposition 2.1, we deduce that
0 € Dom(f). Hence, Property 3 holds.

We now prove the converse implication.

First, suppose that Property 1 is satisfied, i.e. |Dom(«)| = |Dom(5)| = 1. Let 4,5 € {0,1,...,n — 1} be
such that Dom(«) = {i} and Dom(8) = {j}. Then

G = (;) , G = (Zg) , (3= <‘Z> and (4 = (;%)

are isometries of .5, and, clearly, o = (18(2 and 8 = (3a(4, whence adp.

Next, we suppose that Property 2 holds, i.e. | Dom(a)| = | Dom(f5)| and 0 ¢ Dom(«) U Dom(f).

If | Dom(a)| = | Dom(8)| = 0 then o = 8 = (), whence adp.

If | Dom(a)| = | Dom(B)| = 1 then Property 1 is also satisfied and, as proved above, we have aJp.

Now, assume that | Dom(«)| = | Dom(/3)| > 2. Then, by Proposition 2.1, we get o, 8 € Z({1,2,...,n —1}).
Hence, from | Dom(«)| = | Dom(f)|, we obtain agf in Z({1,2,...,n—1}) and thus we also have aJg in DPS,,.

Finally, suppose Property 3 is satisfied, i.e. | Dom(«)| = |Dom(5)| and 0 € Dom(a)) N Dom(53).
If | Dom(a)| = | Dom(B)| = 1 then Property 1 is also satisfied and, again as proved above, we have aJ/.
Next, assume that | Dom(a))| = | Dom(S)| = 2. Then, by Proposition 2.1, we also have 0 € Im(«) N Im(p).
Let i,7 € {1,...,n — 1} be such that Dom(a) = {0,4} and Dom(3) = {0, j}.
Define (1,3 € PT, by

Dom(¢1) = Dom(e), 0(; =0 and ¢ =3

and
Dom((2) =Im(B), (08)(2 =0a and (jB)G = ia.

It is easy to conclude that (1,(s € DPS,, a = (18(2 and § = Cflozcgl, whence adg.
Finally, suppose that | Dom(«)| = | Dom(3)| > 3. Then, by Proposition 2.1, we have

| pom(a)\{0}> Blpoman{oy € Z({1,2,...,n —1})

and O = 08 = 0. As |Dom(c|pom(a){o})| = [Dom(Blpom(s){o})l; We get alpom(a)\{0} d Blpom(s)\ {0y in
Z({1,2,...,n—1}) and so, in view of the proof of Proposition 2.2, we conclude that

@ = (a|pom(a)\{0})¥ 3 (Blpom(s)\{0})¥ = B

in DPS,,, as required. [ ]

Let us define
Jo={0}, Ji={aeDPS,||Dom(a)l =1},

Ji ={a € DPS,, | 0 ¢ Dom(«) and |Dom(a)| =i}, 2<i<n—1

and
Joi ={a € DPS,, | 0 € Dom(«) and |Dom(«)| =i+ 1}, 1 <i<n—1.

It is easy to check that the poset of J-classes of DPS,, can be represented by the Hasse diagram of Figure 1.



JO n—1

)

Jon—2 JIn—1
Jon-3@ In—2
Jo,2 s
Jo,1 Jo
J1
Jo

Figure 1: The Hasse diagram of DPS,,/j.

3 Generators and Rank of DPS,,

Let Q be a finite set with n € N elements. It is well known that the symmetric inverse monoid Z(€2) is generated
by its group of units, i.e. the symmetric group S(£2) of degree n, and any one transformation of rank n — 1 (see
[10, 19]). For instance, for n > 2, the symmetric inverse monoid Z({1,2,...,n}) is generated by the following

transformations
12 -+ n—-1n 1 2 3 -+ n nd 1 2 -+ n—-1
23 - n 1) \213 .. g " 12 -« n—1)
Notice that, in particular for n = 2, the first two previous transformations coincide and so we simply obtain

7({1,2}) = <<; ?) ’ G) >

In this section we will show that DPS,, has rank 3, for n = 3, and rank 5, for n > 4, by exhibiting a set
of generators with a minimum number of elements. Recall that, we already observed that DPS; = Z({0}) and
DPS2 =Z({0,1}), which are monoids with ranks 1 and 2, respectively.

Let n > 3 and consider the following partial isometries of .Sy,:

012 - n—2 n-1 /00123 - n—1 g (01 =2
=10 23 -+ n—-1 1) 2" o213 . n=1) P70 1 ... n=2)

1 2 -+~ n-1 01
ﬁQ_(l 2 ... nl) and 7‘(1 0>‘
Next, we show that these transformations generate DPS,,.

Proposition 3.1 Let n > 3. Then DPS,, = (a1, as, b1, B2,7). Moreover, in particular, DPS3 = (a1, f2,7).

Proof. First of all, notice that a1, as, 51 € {a € DPS,, | 0 € Dom(a) and 0 = 0} = Z({1,2,...,n — 1})9,

12 -+ n—-2 n-1 123 -+ n—-1 1 - n-—2
0‘152_(2 3 ... on—1 1 > a2ﬁ2_<2 13 .- n—1)’ 51&“‘(1 n—2>’



(a1B2)y = a1, (a2f2)Y = ag and (B182)Y = Bi1, whence (o182, 2832, B8162) = Z({1,2,...,n — 1}) and
(a1, a9, 1) = {a € DPS,, | 0 € Dom(«) and O = 0}. Therefore

{a € DPS,, | 0 € Dom(«) and 0 = 0} UZ({1,2,...,n—1}) C (a1, a2, B1, B2) (2)

(since this union is clearly a submonoid of DPS,,, which admits Z({1,2,...,n — 1}) as an ideal, in fact the
previous inclusion is an equality).

Now, let 7,5 € {1,...,n — 1}. Then

GGG O-C6)C) = -0 )0

and so, also in view of (2), we have (3 é) , <2> , (é) € (a1, a9, B1, B2,7) and thus we may conclude that

DPS,, = (a1, az, 1, 2,7), as required.

Finally, regarding the case n = 3, it suffices to notice that oy = o and 31 = 2. ]

Let n > 3 and take a set of generators X of DPS,. Recall that, by Proposition 2.2, the submonoid
M = {a € DPS,, | 0 € Dom(«a) and O = 0} of DPS,, is isomorphic to Z({1,2,...,n —1}).
0 1 2

For n = 3, it is clear that a; = (0 5 1

) € X, since it is the only element of the group of units of DPS3

distinct from the identity.

On the other hand, for n > 4, it is easy to check that an element of M with rank greater than or equal to
three can only be a product of elements belonging to M. Hence, in this case, X must contain at least three
elements of M (at least two of them with rank n and one of them with rank n — 1).

Next, observe that, for instance, v can only be obtained from X if at least one element of the form (2 8)

belongs to X, for some 4,5 € {1,...,n —1}.

Finally, since all elements of M fix 0, without at least one element of Z({1,2,...,n — 1}) with rank n — 1
in X, we cannot get, for instance, §s as a product of elements of X.

Thus, we have proved the following result with which we end this section.

Theorem 3.2 The rank of DPS,, is 3, for n =3, and 5, for n > 4.

4 A Presentation for DPS,,

We begin this section by recalling some notions related to the concept of a monoid presentation.

Let A be an alphabet and consider the free monoid A* generated by A. The elements of A and of A* are
called letters and words, respectively. The empty word is denoted by 1 and we write AT to denote A*\ {1}. A
monoid presentation is an ordered pair (A | R), where A is an alphabet and R C A* x A*. A monoid M is said
to be defined by a presentation (A | R) if M is isomorphic to A*/pg, where pr denotes the smallest congruence
on A* containing R. A pair (u,v) of A* x A* is called a relation of A* and it is usually written as u = v. To
avoid confusion, given u,v € A*, we will write u = v, instead of u = v, whenever we want to state precisely
that u and v are identical words of A*. A relation u = v of A* is said to be a consequence of R if u pr v. Let
X be a generating set of M and let f: A — M be an injective mapping such that Af = X. Let ¢ : A* — M
be the (surjective) homomorphism of monoids that extends f to A*. We say that X satisfies (via ¢) a relation
u=wv of A* if up = vyp. For more details see [21] or [25]. A direct method to find a presentation for a monoid
is described by the following well-known result (e.g. see [25, Proposition 1.2.3]).



Proposition 4.1 Let M be a monoid generated by a set X, let A be an alphabet and let f: A — M be an
injective mapping such that Af = X. Let ¢ : A* — M be the (surjective) homomorphism that extends f to
A* and let R C A* x A*. Then (A | R) is a presentation for M if and only if the following two conditions are
satisfied:

1. The generating set X of M satisfies (via ) all the relations from R;

2. If u,v € A* are any two words such that the generating set X of M satisfies (via @) the relation u = v
then u = v is a consequence of R.

Given a presentation for a monoid, another method to find a new presentation consists in applying Tietze
transformations. For a monoid presentation (A | R), the four elementary Tietze transformations are:

(T1) Adding a new relation v = v to (A | R), provided that u = v is a consequence of R;

(T2) Deleting a relation u = v from (A | R), provided that v = v is a consequence of R\{u = v};
(T3) Adding a new generating symbol b and a new relation b = w, where w € A*,
(T4)

T4) If (A | R) possesses a relation of the form b = w, where b € A, and w € (A\{b})*, then deleting b from
the list of generating symbols, deleting the relation b = w, and replacing all remaining appearances of b
by w.

The next result is well-known (e.g. see [25]):

Proposition 4.2 Two finite presentations define the same monoid if and only if one can be obtained from the
other by a finite number of elementary Tietze transformations (T'1), (T2), (T'3) and (T4).

In this section, we aim to determine a presentation for DPS,,. In order to achieve this objective, we will
take into account known presentations of symmetric inverse monoids. So, we begin by recalling the following
well known presentation of the symmetric inverse monoid Z({1,2,...,n —1}), for n > 4:

(a1,a2,b | a% = a?_l = (alag)”72 = (aga?_2a2a1)3 =1, (aga?_l_jaga{)Z =12<j<n-3),
b2, (baz)? = basb = (agb)?). (3)

n—2 n—2 n—2
ay” “asarbal “azay = ajazsbasai” " =b =

This presentation is associated to the set of generators

f_(L2 o me2ns1y (128 1)y (203 e
“T\23 -1 1 )T 213 o n-1)" T 23 0 et
of Z({1,2,...,n — 1}) via the homomorphism of monoids {aj, az,b}* — Z({1,2,...,n — 1}) that extends the
mapping a; — o}, ag — ob and b—— 3’ (see [10]).

Next, by applying Tietze transformations, we deduce a presentation of Z({1,2,...,n — 1}) associated to the
following set of generators:

(12 =2 1Y (1203 e e (12 a2
“MT\l2 3 ...op—1 01 )T 213 oo opn—1)Pt T\ 2 o o2/

Notice that 3} = o/t o/, % and ' = o/ " 2}a/.



Proposition 4.3 For n > 4, the monoid Z({1,2,...,n —1}) is defined by the presentation

(a1,a9,b | a3 = a" ' = (a1a9)" 2 = (aa? 2aga1)® = 1, (aga? ' apa])? = 1(2<j < n—3),
ajagal” blalaga?_2 =al “2haq, (a’f_2b1a1a2)2 = a?_lealagal 2hiay = (aga1 blal) ,

b2 = by, agby = bias),

which is associated to its set of generators {of,aly, B1} via the homomorphism of monoids {a1,ag,b1}* —
Z({1,2,...,n —1}) that extends the mapping a1 — o, az — o and by — B.

Proof. We proceed by applying elementary Tietze transformations to the above presentation (3).
Step 1: We add a new symbol, b1, to the alphabet and add the new relation b; = albaqffz. The resulting
presentation is

_ _ _ 1
(a1,a2,b,b1 | a3 = a} ™t = (a1a2)" "% = (aga} 2aza1)® = 1, (aga]” Jazal) 12<j5j<n-3),
a’fdagalba?*z@al = alagbagarf2 =b=10° (bag) = basb = (a9 ) , b1 = a1ba’™ >
Step 2: We add a new relation b = a’f_2b1a1. Observe that b = a?_2b1a1 is a consequence of the relations
a? ' =1 and by = arbal?
b=1bl1 = a?_zalba?_Qm = a?_2bla1.
The resulting presentation is

(a1,a2,b,b1 | a3 = a} ™ = (a1a2)™” _1_ja2a1) 12<j5j<n-3),

a?_2a2a1ba1 asa; = ajazbagal™ 2=p=1p% (bag)2 = bash = (agb) , b1 = aiba? 2 b= a’f_zblcu).

= (a2a}™ 2a2a1)3 =1, (aga?

Step 3: We remove the symbol b, along with the relation b = a’f_gblal, and replace all occurrences of b by
ay ~“2p1a; in the remaining relations. The resulting presentation is

(a1, a2,by | a2 =a]” 1 = (ara2)" —2 = (aga}™ 2a2a1)3 =1, (aga]” 1= Jagajl)z =1(2<j57<n-3),
afi” 2a2a1_1b1a1 Lasay = alaga?_lealazal 2= af 2pray = (a?_2b1a1)2,

n—2 2 n—2 n—2 n—2 2 —1 n—1
(al blalag) = ay blalagal b1a1 = (agal blal) s bl = al bla >,

Step 4: We add the relatlons b? = by and asb; = bias, as a result of being consequences of al” - =1, a% =1,

ayi” 2a2a1 1b1a” Lasay = al” 2biay and af 2pray = (a]™ 2b1a1)2:

b% = 1611011 = a?_lbla?_lbla?_l = al(a?_leal)Qa?_Q = ala?_leam?f_z =101 =0

and
GQ@?_lbla?_ll = aff_lagal 1blan la% =ay" 1a2a71‘_1b1a71‘_1a21a2

=ay" lagal lbla" 1a2a711 Loy = ala?_leala?_2a2 = 1b11lag = bras.

asby = laglbyl = aff_l

The resulting presentation is

2 _ n—1 _ n—2 __ n—2 3 _ n—1—j_ _j\2 _ ;
(a1,a2,b1 | a5 = a7 = (a1a2)" * = (a2a] “a2a1)” =1, (agay azal)*=1(2<j<n-3),
n—2 n—2 n—2 n—2 n—2 2
al"“azaral” “bra1al” “agar = ajagal” “brajagal” = ay” 2hay = (a}™ blal) ,

(a?_251a1a2)2 = a’f_lealaga?_2b1a1 = (aga?_2bla1) b1 = al lblal -1 bl = bl, a2b1 = bla2>
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Step 5: We may remove the relations a’f*Qagala?*leala?*zawl = a?*Zblal, a’f*leal = (a?*leal)Q and

by =a? 1bla1 1 , since they are consequences of a’f‘l =1, a% =1, b% = b; and asb; = brag:
a’f_QagalaT_leala?_Qagal = a?_Qaglbllagal = a?_2a2b1a2a1 = a?_lea%al = aff_lelal = a’f_leal,

leal = al leal = al b11b1a1 = a’f_zbla’f_lblal = (a]‘_leal)Q

and
by = 1b11 = a} 'byatt.

The resulting presentation is

n—1 n—2 n—2 3 n—1-j __j\2
(ay,a9,by | a2 =a} " = (ara2) = (a2a} "aga1)” =1, (aga; azal)*=1(2<j<n-3),
n—2 n—2 n—2 2 n—2 -2
ajagal” blalagal = al "biay, (af “biaraz)” = al “biaragal” 2hiay = (aga1 blal) )
b2 = by, asby = bras),
as required. [

Now, recall that, by Proposition 2.2, for n > 3, {« € DPS,, | 0 € Dom(«) and 0w = 0} is a submonoid of
DPS,, isomorphic to the symmetric inverse monoid Z({1,2,...,n — 1}):

Z({1,2,...,n— 1} ={a € DPS,, | 0 € Dom(«) and 0a = 0}.
Since o) = a1, ahh = ag and By = f1, as an immediate consequence of Proposition 4.3, we have:

Corollary 4.4 For n > 4, the submonoid {o € DPS,, | 0 € Dom(«) and O = 0} of DPS,, is defined by the
presentation

(a1, a9,b; | a% = a’f_l = (alag)"f2 = (aga?_Qagal)?’ =1, (agaj” 1= agal) 1(2<j<n—-3),

-2

n—2 n n—2 n—2 2 n— — -2
ajagal” “brajagal” " = ay” “biay, (a]” “braraz)” = aj b1a1a2a1 2hiay = (aga1 blal),

b2 = by, agby = bias),

which is associated to its set of generators {ai,a9,B1} via the homomorphism of monoids {a1,a2,b1}* —
Z({1,2,...,n— 1}) that extends the mapping a1 — a1, ag — o and by — B1.

Next, let n > 4 and consider the alphabet A = {ay,a2,b1, b2, c} and the set R formed by the following 3n+9
monoid relations:

(aga?_2a2a1)3 =1;

b% = bl and b% = bg;
asby = brag, baas = asba, baar = aiby and baby = b1by;

n—2

)

)

)

)

Rs) (aga?flfjaga{)g =1,j=2,...,n—3;
)

)

) a1a2a71‘_2b1a1a2a1 =ay 2biaq;
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(Ry) (a}?braraz)? = (aza} *bra1)%;

n—2 2.
Rio) af b1a1a2a1 2bray = (a2a} ™ "b1ay1)”;
Ri) S =c¢
R12) cay = cag;
n—2

Ri3) ai “c= asc;

agalc—alc j=1....,n—3;
Ri5) biraic = cby;
Rig blalc aje,j=2,...,n—3;

n—4,

R17 (blal)" ‘Sbl = 02a2a1 N

bac? = casc;

(
(
(
(
(R4
(
(
(
(Ris
(

)
)
)
)
)
)
)
)
)
)

Rig) (bac)? = bacho.

Our goal now is to show that the monoid DPS,, is defined by the presentation (A | R).

Observe that the set of relations (R;) to (Rs5) on the alphabet {a1, a2} consists of the well-known presentation
of the symmetric group S,_1 associated to its permutations (12 --- n — 1) and (12) (via the homomorphism
that extends the mapping a; — (12 --- n — 1), ag — (12)).

Let f: A — DPS,, be the mapping defined by

arf =a1, asf=az, bif=p, bof=p5 and cf=1

and let ¢ : A* — DPS,, be the homomorphism of monoids that extends f to A*.

First of all, it is a routine matter to check that:
Lemma 4.5 The set of generators {a1, a9, 1, 52,7} of DPS,, satisfies (via ) all the relations from R.

Notice that the previous lemma assures us that, if wy,ws € {a1,az,b1, b2, c}* are such that w; = wsq is a
consequence of R, then wyp = wap.

The following lemma is an immediate consequence of Proposition 4.1 and Corollary 4.4.
Lemma 4.6 Let wi,ws € {a1,as,b1}*. If wip = wayp then wy = we is a consequence of R.
Our next lemma provides us some useful relations that are consequence of R.

Lemma 4.7 One has:
1. The relation aiasc = ¢ is a consequence of R;
2. The relation ¢ = (bya1)" 3biaiay is a consequence of R;
3. The relation bic = ¢ is a consequence of R;

4. The relation byc = cag(blal)”*:)’bla:fag s a consequence of R.
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Proof. 1. It follows from relations (Rz) and (R13) that ajasc = ala’f*QC = l¢ = ¢, which implies that ajasc = ¢
is a consequence of R.

2. From relations (R;), (R2) and (Rj17) we can deduce that ¢ = (bja1)" ?biaas is a consequence of R,
since

2

A =c1=c

a% = Caglas = 02a2a7f—1a2 = (blal)”fgbla?ag.
3. If we consider the relations (Rg), (R11) and (from 2) ¢? = (bja1)" 3b1alaz, then we obtain
bic=bc = bl(blal)"_gbla‘;’agc = (blal)"_gbla‘(fagc =l =c
whence bic = ¢ is a consequence of R.
4. Finally, by considering the relations (R11), (Ris) and ¢? = (bja1)" 3bialas, we get

2

boc = boc® = cagc® = cag(blal)"_gbla‘i’aQ

and so byc = cag(blal)”_?’blai’ag is a consequence of R, as required. n

Let w € {a1,a2,b1,b2,c}* and = € {a1,az,b1,ba,c}. We denote by |w|, the number of occurrences of the
letter x in the word w.

Lemma 4.8 Let w € {ay,az2,b1,b2}*. Then |wlpy, = 0 if and only if 0 € Dom(wyp).

Proof. First, suppose |w|y, = 0. Then w € {ai, as, b1 }*, which implies that we € (a1, a9, f1) = {a € DPS,, |
0 € Dom(a) and O = 0}, whence 0 € Dom(we).

Conversely, suppose that |wlp, > 1. It follows from relations (Rg) and (R7) that w = byw is a consequence
of R. Then wy = (baw)p = (bay)(wep) = Ba2(wy). Therefore, Dom(wy) C Dom(f2) = {1,2,...,n — 1} and so
0 ¢ Dom(wy). [

Lemma 4.9 Let wi,we € {a1,az,b1}*. If (baw1)p = (bawa)p then wip = wap.

Proof. It suffices to observe that ((baw;)p)y = (B2(wip))Y = (WiP|Dom(wip)\{0})¥ = Wi, for i =1,2. [

Now, we can prove:
Lemma 4.10 Let wy,ws € {ay,a2,b1,be}*. If wip = wap then wy = we is a consequence of R.

Proof. First, observe that, by Lemma 4.8, we have |w;|p, = 0 if and only if |wa|p, = 0.

If |wyp, = |walp, = 0 then wy, we € {a1,az,b1}* and so, by Lemma 4.6, w; = ws is a consequence of R.

On the other hand, suppose that |w;|p,, |walp, > 0. Then, it follows from relations (Rg) and (R7) that there
exist w), w) € {a1,az,b1}* such that w1 = bew) and wy = bew) are consequences of R. Hence (byw})p = wip =
wap = (boawh)e. Thus, by Lemma 4.9, we have w]¢ = whp and so, by Lemma 4.6, we conclude that w] = w} is
a consequence of R. Therefore, byw) = byw), is a consequence of R, which implies that w; = w9 is a consequence
of R, as required. ]

Next, we continue with a series of lemmas now also involving the letter c.

Lemma 4.11 Let w € {ay,a2,b1,b2}*. Then there exist wi,ws € {ai,a2,b1}* such that cwe = wicwac is a
consequence of R.
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Proof. We divide this proof into three cases.
Case 1: If w € {a1, az,b1}* then it suffices to take w; =1 and wy = w.

Case 2: Assume w € {by}T. It follows from relations (Rg) that cwe = cbyc is a consequence of R. Then, if
we take wy = bia; and we = 1 and consider the relation (Ri5), we obtain

cwc = cboc = cbyle = biaicle = wicwace

and so cwe = wycws is a consequence of R.

Case 3: Assume w € {a1,az,b1,b2} T\ ({b2}T U{a1,a2,b1}). It follows from relations (Rg) and (R7) that
there exists wqg € {al,ag,bl}+ such that cwe = chbowsc is a consequence of R. Then, defining wi = biay, by
applying the relation (Rj5), we have

cwe = chywsc = biajcwac = wicwsc,
which implies that cwec = wicwac is a consequence of R. |

2

Lemma 4.12 Let w € {a1,a2,b1,b2}*. Then there exist wy,wa € {a1,as,b1,b2}* such that cwe = wic*ws is a

consequence of R.

Proof. By Lemma 4.11 there exist uy,us € {ai,az,b1}* such that cwe = wujcugc is a consequence of R. We
complete the proof by showing that there exist wi,ws € {ai,as,b1,be}* such that ujcugc = wictwy is a
consequence of R. We will proceed by induction on the length |usg| of us.

Suppose that |ug| = 0. Then ug = 1. It is clear that, if we take w; = u; and we = 1, then ujcusc = w1t wy
is a consequence of R.

Let k > 1 and assume that, for all u € {a1,a9,b;}* such that |u| < k, there exist wi,ws € {ay,ag, b1, b2 }*
such that ujcuc = wicws.

Suppose that |ua| = k. As a consequence of relations (R;1), (R2) and (Rg), we deduce that us = ug is a
consequence of R, for some subword uz € {a1, ag, by }* of uz such that none of the words of {a | i > n—1}U{a} |
i > 2} U{b} | i > 2} are factors of ug. Notice that |uz| < |ual.

If |ug| < |ug| then, by the induction hypothesis, there exist wq,ws € {a1,as2,b1,b2}* such that ujcuge =
wycws is a consequence of R. Clearly, since us = ug is a consequence of R, we have that u;cusc = ujcusc is a
consequence of R and so ujcusc = wic?ws is a consequence of R.

Now, suppose that |us| = |uz|. Thus us = u3 and, consequently, none of the words of {a% | i > n—1}U{d} |
i > 2} U{b} | i > 2} are factors of us.

Let ugy € {a1,az2,b1}" be a suffix of ug and let us € {ai,as,b;}* be such that us = usuy. Then, we can
choose u4 and us to satisfy one of the following cases, which we study separately, concluding the proof.

Case 1: Suppose that uy = b;. By Lemma 4.7, bjc = c is a consequence of R and so we have
UICUQC = UICUFUHYC = ulcU5b10 = UjCuscC,

whence ujcuse = ujcusc is a consequence of R. Since |us| = |uz| — 1 < |uz|, by the induction hypothesis there
exist wy,we € {a1,az, by, ba}* such that ujcusc = wicwsy is a consequence of R. Thus ujcuse = wicws is a
consequence of R.

Case 2: Suppose that ug = az and us = 1. Then ug = ag and, by relation (Rjg), we have
ULCUSC = Ucase = Uphoc? = wlcng,

where w; = u1by and wy = 1. Hence u;cusc = wic?ws is a consequence of R.

Case 3: Suppose that ugy = ajas. It follows from Lemma 4.7 that ajasc = ¢ is a consequence of R and so

U1CU2C = U1CU5U4AC = UICU5A1A2C = UICUKC.
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Then, ujcusc = ujcusc is a consequence of R. Observe that |us| = |ug| — 2 < |ug|. Hence, by the induction
hypothesis, there exist wy,ws € {a1,as,b1,b2}* such that ujcusc = wicwsy is a consequence of R. Therefore,
uicuge = wicws is a consequence of R.

Case 4: Suppose that us = bjae. By Lemma 4.7 we have that b1c = ¢ is a consequence of R. By considering
the relations (R7), we obtain

ULCULC = U CUSULC = U CUsD1asc = uicusasbic = uicusasc.

Then, ujcusec = ujcusazc is a consequence of R. Notice that |usas| = |ug| — 1 < |ug|. So, by the induction
hypothesis, there exist wi,ws € {ai,as,b1,be}* such that ujcusaze = wicwsy is a consequence of R. Hence,
w1 cuse = wictws is a consequence of R.

Case 5: Suppose that ugy = a; and us = 1. Then ug = a;. From relation (R;2) we have
U1 CULC = ULCA1C = UTCAC,

which implies that ujcugc = ujcagc is a consequence of R. By Case 2 there exist wq,ws € {a1,az, b1, ba}* such
that ujcasc = wicws is a consequence of R. Hence ujcusc = wic?wsy is a consequence of R.

Case 6: Suppose that uy = a{, for some j € {2,...,n — 3}, and us = 1. Then ug = a{ and it follows from
relations (Rj2) and (Ry4) that

_ J . j—1, _ Jj—1
UICULC = U1CAYC = UICA2a) C = Uicaj  C.

i—1 . . i—1 . -
Thus, ujcuge = ujcal "¢ is a consequence of R. Since |a] | = |ug| — 1 < |ug|, we can use the induction

hypothesis to conclude that there exist wy,wo € {aj,ag, by, ba}* such that ulcajflc = wyc?

of R, which implies that ujcusc = wic?ws is a consequence of R.

we i8S a consequence

ase . U[)[)()S(f t a/t Uyg = a] . (iIl, we ave

by applying the relation (R13). So, ujcusc = wujcusazc is a consequence of R. As |usas| = |ug| — (n — 2) +
1 = |ug| — (n — 3) < |ug| then, by the induction hypothesis, there exist wi,ws € {a1,az,b1,b2}* such that
uicusasc = wictws is a consequence of R. Thus, ujcusc = wycws is a consequence of R.

Case 8: Suppose that uq = aga{, for some j € {1,...,n — 3}. Then, by the relations (R14), we have
U1CU2C = UICURU4C = ulcuwga{c = ulcU5a{c.

Thus, ujcuze = ujcusalc is a consequence of R. Since |usa)| = |uz| — 1 < |ugl, the induction hypothesis assures
that there exist wy, ws € {a1, ag, by, ba}* such that ujcusalc = wic?ws is a consequence of R, which implies that
ujcuze = wic*wy is a consequence of R.

Case 9: Suppose that uqy = bia;. Then, we have
U1CU2C = U CUSU4C = UcUsbia1c = uqcuschs,

which follows from relation (R15). Hence, ujcuac = ujcuschy is a consequence of R. Since |ug| = |uz| —2 < |ug],

by the induction hypothesis, there exist wi,w), € {ai,as, by, ba}* such that ujcuse = wic?w), is a consequence
y yp 9 ) 2 9 9 9 2 q

of R and so ujcusc = wictwsy is a consequence of R, where wy = w’ng.

Case 10: Suppose that uy = bla{, for some j € {2,...,n — 3}. It follows from relations (Rjs) that

ujCU2e = uicususC = uicusbialc = ujcusalc,

whence ujcugc = ujcusajc is a consequence of R. As |usal| = |uz| —1 < |ug| then, by the induction hypothesis,
there exist wi, wy € {ai,ag, by, ba}* such that ulcUg)ach = wic?ws is a consequence of R. Thus, ujcusc = wic?ws
is a consequence of R, as required. [
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Lemma 4.13 Let w € {al, az, by, b, C}* \ {al, as, by, bg}*
1. If |w|. is even, then there exists w' € {ai,as,b1,ba}* such that w = w' is a consequence of R;

2. If |wl. is odd, then there exist wi, ws € {ai,as,b1,be}* such that w = wicws is a consequence of R.
Proof. First, observe that by taking in account the relation (Ri1), it is clear that
w = uoci1u10i2u26i3 cee cikfluk_lci’“uk

is a consequence of R, for some k € N, iy,...,ix € {1,2}, u1,uo,...,up_1 € {ai,as,by,ba}™ and wug,u, €
{a1, az, by, ba}*. Notice that |w|. and |ugctuicugc® - - - c1uyp_qc*uy|. have the same parity.

Next, by replacing in ugc uic?ugc® - - - ¢ —1uy_c*uy, each ¢ by (blal)"_‘gbla?ag, we obtain a word w’
such that, by Lemma 4.7, ugc uic?ugc® - - - 1uy_jc*uy, = w' is a consequence of R and the parity of
lugct urc2ugc® - - - -1y c*uyl. and |w'|. are the same. It follows that w = w’ is a consequence of R and
|w|. and |w'|. have the same parity.

If iy =io = -+ =i, =2 (and so |w|. is even), then w’ € {ay,as,by,be}*, which ends the proof.
On the other hand, if there exists j € {1,...,k} such that i; = 1, then w’ is a word of the form
VOCVLCVLC + + * CVpy—1CUpy, for some m € {1,..., k}, vo,vm € {a1,az, by, ba}* and vy, ve, ..., vm—1 € {a1,a2,by,ba}T.

If we use successively Lemma 4.12, followed by Lemma 4.7, then we eventually obtain a word w” such that
w' = w" is a consequence of R, |w”|. € {0,1} and |[w'|. and |w”|. have the same parity. Then w = w” is a
consequence of R and we note that, if |w’|. is even, then |w”|. = 0 and, if |w'|. is odd, then |w”|. = 1, in which

case w” = wycws, for some wy,wy € {ay,az, by, ba}*. m

Lemma 4.14 Let w € {a1,a2,b1, b2, c}* \ {a1, a2, b1,b2}* such that |w|. is odd. Then there exist wy € {ai,as}*
and we € {ay,az, by, bo}* such that w = wicws is a consequence of R.

Proof. Let uj,us € {a1,a2,b1,b2}* be such that w = ujcug is a consequence of R, which are guaranteed by
Lemma 4.13. Observe that, if u; € {a1,a2}*, then there is nothing left to prove. Thus, from now on, we assume
that u; € {al,ag, bl, bQ}* \ {al, a2}+.

We will prove by induction on the length of u; that there exist wy € {a1,a2}* and we € {a1, a9, b1, b2}* such
that uicus = wicws is a consequence of R, thus completing the proof.

If |ui| = 0 then u; =1 € {a1,a2}*, and the result follows.

Let k > 1 and assume that, for all u,v € {a1,as,b1,ba}* such that |u| < k, there exist wy € {aj,a2}* and
wy € {a1,a2,b1,ba}* such that ucv = wicws is a consequence of R.

Suppose |u1| = k. It follows from relations (R;), (R2) and (Rg) that u; = us is a consequence of R, for
some subword uz € {ay,az,by,be2}* of u; such that none of the words of {a} | i >n —1}U{d} | i > 2} U {b} |
i >2}U{bh |i>2} are factors of ug. Notice that |uz| < |u1l.

If |us| < |u1| then, by the induction hypothesis, there exist wy € {a1,a2}* and we € {a1,az, b1, ba}* such
that usgcus = wycws is a consequence of R. Since uw; = ug is a consequence of R then ujcus = ugcus is a
consequence of R and so ujcus = wycws is a consequence of R.

Now, assume that |ug| = |uj|. Thus, u; = u3 and, consequently, none of the words of {a} | i > n—1}U{d} |
i =2} U{b | i =2} U{bh |i> 2} are factors of uj.

Let uy4 € {a1,a2,b1,b2}" be a suffix of uy and let us € {a,az,by,ba}* such that u; = usuy. Then, we can
choose u4 and us to satisfy one of the following cases, which we study separately, concluding the proof.

Case 1: Suppose that ugs = b;. By Lemma 4.7, the relation bjc = ¢ is a consequence of R, which implies
that
U1CU2 = UsU4CUY = ’LL5b16U2 = U5CU2,

whence ujcus = uscug is a consequence of R. Since |us| < |ui| then, by the induction hypothesis, there exist
wy € {a1,a2}* and wy € {ay,az, by, ba}* such that uscus = wicwy and so ujcuy = wicws is a consequence of R.
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Case 2: Suppose that uy = by. Again, by Lemma 4.7, the relation bac = cag(b1a1)™ 3biaias is a consequence
of R. This implies that
U1CUY = UsULCU = UsbacCUy = U5ca2(b1a1)"73b1a‘;’a2u2.

Thus, ujcus = uscag(biar)” 3biajagus is a consequence of R. Since |us| < |u1| then, by the induction hypoth-
esis, there exist wy € {a1,as}* and wy € {ai,az,b1,ba}* such that uscag(biai)" 3braiagus = wicws, whence
ujcuy = wicws is a consequence of R.

Case 3: Suppose that uy = a71%2. By using the relation (Rp3), we obtain
UICU2 = UFU4CUY = U5CL71L726’[L2 = U5a2CU2

and so wujcus = usagcuy is a consequence of R. As |usas| < |ui|, by the induction hypothesis, there exist
wy € {a1, a2} and we € {a1, az, by, ba}* such that usascus = wicws is a consequence of R and thus we conclude
that ujcus = wicws is a consequence of R.

Case 4: Suppose that ug = bga{, for some 7 € {1,...,n —3}. By considering the relations (R7) and the fact
that, by Lemma 4.7, the relation boc = caz(blal)”*?’bla:fag is a consequence of R, we obtain

ujcup = usugcuy = usboalcuy = usalbacus = u5ajlca2(blal)"_gbla‘{fagu%

whence ujcus = u5a{ca2(b1a1)”_3b1a§a2uQ is a consequence of R. Since |usaj| < |ui| then, by the induction
hypothesis, there exist wy € {a1,a2}* and wy € {a1, as, by, ba}* such that usalcas(biar)* 3braiasus = wicws is
a consequence of R. Therefore, uicus = wycws is a consequence of R.

Case 5: Suppose that that ug = bja;. Then, by applying relation (R;5), we have
ULCUY = UsU4LCU2 = Usbra1cus = uscboug

and so ujcug = uschaug is a consequence of R. Since |us| < |uj| then, by the induction hypothesis, there exist
wy € {a1, a2} and wy € {a, az, b1, be}* such that uscbous = wicws is a consequence of R. Thus, ujcus = wicws
is a consequence of R.

Case 6: Suppose that uqs = bla{, for some j € {2,...,n — 3}. By the relations (Ri¢), we get
U1CUY = UFU4CU2 — U5b1a{cu2 = U5a{ch,

whence ujcus = usajcus is a consequence of R. As |usal| < |u1|, we can use the induction hypothesis, which
guarantees that there exist wy € {a1,as}* and we € {a1,az, b1, ba}* such that usalcus = wicws is a consequence
of R. It follows that ujcus = wicws is a consequence of R.

Case 7: Suppose that us = aga{, for some j € {1,...,n — 3}. Then, by the relations (R14), we obtain
UICU2 = UzU4CUY = u5a2a{cu2 = u5a{ch,

which implies that ujcus = U5a{ch is a consequence of R. Clearly, ]uw{] < |u1| and so, by the induction
hypothesis, there exist wy € {a,as}* and wy € {a1,a9,b1,ba}* such that um{cug = wicws is a consequence of
R. Hence, ujcus = wicws is a consequence of R.

Case 8: Suppose that uy = bjas. We have that bic = c is a consequence of R, by Lemma 4.7. By considering
also the relations (R7), we have

UCUY = UsU4CU2 = Usbiascus = usasbicus = usascus
and so ujcug = usascug is a consequence of R. Since |usas| < |uji| then, by the induction hypothesis, there

exist w1 € {a1,a2}* and we € {ai,az,by,ba}* such that usascus = wicwy is a consequence of R, whence
uicug = wicws is a consequence of R.
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Case 9: Suppose that uy = byas. By Lemma 4.7, we have that the relation bac = caz(bia;)” 3biajas is a
consequence of R. By applying also relations (Ry), we get

U1CU9 = UsU4CUs = Usbaascus = usasbacug = u5agca2(blal)"f‘sbla‘fagu?

So ujcuy = U5agca2(b1a1)”_3b1ai’a2uQ is a consequence of R. It is clear that |usas| < |ui| and thus, by the
induction hypothesis, there exist wy € {a1,as}* and we € {a1, ag, b1, ba}* such that usascas(biar)* 3bradagus =
wicws is a consequence of R. Therefore, uicus = wycws is a consequence of R.

Case 10: Suppose that ug = ajas. Since ajasc = ¢ is a consequence of R, by Lemma 4.7, we have
UICU2 = U5U4CUY = U5A]1A2CUY = U5CU2,

whence wujcuz = uscug is a consequence of R. Since |us| < |ui|, the induction hypothesis guarantees that
there exist w; € {aj,a2}* and wy € {ay,az,b1,b2}* such that uscus = wycws is a consequence of R. Thus,
ujcug = wicws is a consequence of R, as required. [

Lemma 4.15 Let uj,v; € {ai,a2}* and uz,vy € {a1,az2,b1,b2}* be such that (ujcuz)e = (vicva)p. Then
(cuz)e = (cv2)p and, there exist uz,vs € {a1,a2,b1}* such that uicuz = ugcuz and vicvy = vscve are conse-
quences of R and (uzc)p = (vsc)p.

Proof. First, observe that

(urcug)p = (u1p)(cp)(uzp) = (u1p)y(u2p) and  (vicve)p = (vip)(cp)(vap) = (Vi) (vay)

and so, as | Dom(7)| = 2, we have | Dom((ujcuz2)p)| = | Dom((vicve)p)| < 2. Since ui,v; € {aq,az}*, it follows
that w1, v19 € (a1,0) = {a € DPS,, | |Dom(«)| = n}, whence Dom(u1¢) = Im(ujp) = Dom(vip) =
Im(vip) ={0,1,...,n — 1} and O(uip) = 0(vip) = 0. Moreover,

Dom((ucuz)e) € Dom((uic)p) = Dom((u1p)y) = {0,i} and (uip)y = <(1) (Z)> )

for some i € {1,...,n — 1}, and

Dom((vicva)p) € Dom((vic)g) = Dom((vig)y) = {0,7} and (vip)y = <1 é) ’
for some j € {1,...,n — 1}. We also have

Dom((cuz)p) = Dom(y(uzp)) € {0,1} and  Dom((cvz)p) = Dom(y(v2¢)) < {0, 1},

1 € Dom((cuz)p) <= i =7 and i € Dom((ujcuz)p) = Dom((vicva)p) <= 1 € Dom((cvse)p)

and
0 € Dom((cug)p) <= 0 € Dom((u1cuz)y) = Dom((vicve)p) <= 0 € Dom((cv2)y),

whence Dom((cuz)¢) = Dom((cv2)p). Furthermore, if 0 € Dom((cuz)y) then

O(cuz)p = (0(u1p))(cuz)p = O(urcuz)p = 0(vicvz)p = (0(vip))(cv2)p = 0(cv2)p

and if 1 € Dom((cuz)y) then

L(cuz)p = 1y(u2p) = 0(u2p) = (i(urp)y)(uaep) = i(uicuz)p =
= i(vicv2)p = (i(v1p)7Y)(v20) = O(vagp) = 1y(v2¢p) = 1(cv2)p.
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Thus (cug)p = (cve)ep.
Next, we divide the proof in two cases.

Case 1: Suppose that | Dom((uicuz2)p)| = 2 or Dom((uicuz)p) = {i}. Then,

{0,i} = Dom((ujcuz)¢) = Dom((vicve)p) = {0,5}

{i} = Dom((uicuz)p) = Dom((vicvz)p) C {0, j}

and so, in both scenarios, we have j =i and so (ujc)p = (u1p)y = (vip)y = (vic)e. Hence, with uz = u; and
v3 = v1, we have ujcug = uscug, vicva = vscvy and (uge)p = (vsc)e, which concludes the proof in this case.

Case 2: Now, suppose that Dom((ujcus)p) = {0} or Dom((uicug)e) = 0. In both scenarios, it follows that
i & Dom((ujcug)p) = Dom((vicve)p). Then, by the above observations, we conclude that 1 ¢ Dom((cuz)p) =
Dom((cva)g) and so 0 ¢ Dom(uayp) UDom(vayp). Hence, uap, vap & (a1, g, f1) and so |ualp, = 1 and |valp, > 1.
Therefore, taking in account relations (Rg) and (R7), we deduce that ug = byug and vy = byvy are consequences
of R and so, by applying also the relation (Rj5), we conclude that ujcus = ujbjajcus and vicve = vibjaicvy
are consequences of R.

Now, since

(brarc)p = (bip)(arp)(cp) = frony = (?)

and 0(u1¢p) = 0(v1p) = 0, then

(urbrarc)p = (urp)(braic)p = <(1)> = (vip)(braic)p = (vibiaic)p

and so, by considering ug = uibiay € {a1,a9,b1}* and v3 = vibra; € {ay,aq, by }*, we obtain that ujcus = uscus
and v1cvy = vscvg are consequences of R and (usc)e = (vsc)p, as required. [

Lemma 4.16 Let wy € {a1,a9,b1,ba,c}* \ {a1,a2,b1,b2}* and we € {a1,as,b1,be,c}* be such that |wq|. and
|wa|e have the same parity. If wie = wap then wy = wy is a consequence of R.

Proof. If |wi|. and |ws|. are both even then, by Lemma 4.13, there exist ui,us € {a1,a2,bi,ba}* such that
wy = w1 and wy = ug are consequences of R. This implies that w1 = w1 = wap = usp. Therefore, by Lemma
4.10, uq = uo is a consequence of R and thus w; = ws is a consequence of R.

If |w1 . and |ws|. are both odd then, by Lemma 4.14, there exist uj,v; € {a1,a2}* and ug, vy € {ay, az, by, by }*
such that wy = ujcug and wy = vicvy are consequences of R. Thus, (uicug)y = wip = wap = (vicve)p and so,
by Lemma 4.15, (cuz)p = (cv)yp and there exist us, v3 € {a,as, by }* such that ujcus = ugcus and vicvy = vscve
are consequences of R and (usc)p = (vsc)p. Hence, we have

(Puz)p = (cp)((cuz)p) = (cp)((cv2)p) = (Pva)p  and  (uzc®)p = ((use)p)(cp) = ((vse)p)(cp) = (v3c®)g.

Now, since |c2usl. = |c?va|. = 2 and |uzc?|. = |vzc?| = 2 then, by the first part of the proof, we conclude that

c?us = ?vy and uzc® = v3c? are consequences of R, whence c3uy = vy and usc® = v3e? are consequences of R

and so, by relation (Ry1), cug = cvg and ugc = vsc are also consequences of R. Thus, we have
W1 = U1CU2 = U3CU2 = U3CVY = V3CVy = V1CV2 = W2,

which implies wy = ws is a consequence of R, as required. ]
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Finally, we present our last lemma.

Lemma 4.17 Let wy € {aj,a2,b1,ba,c}* \ {a1,az2,b1,b2}* and wy € {ay,a9,b1,be,c}* be such that |wi|. and
|wal. have different parity. If w1 = wap then wy = wsy is a consequence of R.

Proof. Observe that, since |w|. = 0, so an even number, for all w € {a1,ag, by, ba}*, we may suppose, without
loss of generality, that |wi|. is odd and |ws|. is even.

If wy € {a1,a9,b1,ba}* then it is obvious that wy = v is a consequence of R, where v = ws.

If we € {a1,a2,b1,b2,c}* \ {a1,a2,b1,b2}* then, as |ws|. is even, Lemma 4.13 guarantees us the existence of
v € {a1,as,b1,b2}* such that we = v is a consequence of R.

Either way, there exists v € {a1, ag, b1, ba}* such that we = v is a consequence of R.

Also, since |wi|. is odd, by Lemma 4.14 there exist u; € {aj,a2}* and us € {a1,as,b1,b2}* such that
w1 = uicus is a consequence of R.

Next, as in the proof of the Lemma 4.15, we have

Dom((uicuz)e) € Dom((u1c)p) = Dom((uip)y) = {0,i} and (u1p)y = <(1) é) )

for some i € {1,...,n— 1}, and (ujcuz)p = wip = wap = vep. On the other hand, since ug, v € {a1, as, by, ba}*,
we deduce that
0 € Dom(uap) = 0(u2p) =0, 1€ Dom(usp) = 1(uayp) # 0,

0 € Dom(vy) = 0(vp) =0 and i€ Dom(vyp) = i(vy) # 0,
whence
0 € Dom(vp) = 1 € Dom(uz2p) and 0 = 0(vy) = 0((ujcuz)p) = 1(uzp) # 0
and
i € Dom(vyp) = 0 € Dom(uz¢p) and 0 = 0(uap) = i((uicuz)p) = i(vp) # 0,

from which we conclude that (ujcus)e = vy = ().

Now, since |bacha|. = |uicuz|. = 1 and (bacha)p = (bap)(cp)(ba) = B2yf2 = 0 = (uicuz)p, by Lemma 4.16,
we get that ujcus = bachs is a consequence of R. Moreover, we also have that |bachbac|. and |v|. are both even
and (bacbac)p = ((bacb2)p)(cp) = By = ) = vy and so, by Lemma 4.16, we also obtain that v = bacbec is a
consequence of R.

Therefore, by the relation (R19) we deduce that bacbac = bachy is a consequence of R, whence ujcug = v is
a consequence of R and so w; = ws is a consequence of R, as required. ]

Finally, as a consequence of Proposition 4.1 and Lemmas 4.5, 4.10, 4.16 and 4.17, we immediately have our
main result of this section:

Theorem 4.18 Forn > 4, the monoid DPS,, is defined by the presentation (A | R) on 5 generators and 3n+9
relations.

For completeness, we end this section, and the paper, with the following presentations for the monoids
DPSl, DPSQ and DPS:),

Since DPS; = Z({0}) = (D), it is obvious that (z | 22 = z) is a presentation for DPS;.

Next, as DPSy = Z({0,1}) = <<(1) é) , <8> >, it is easy to check that

(a,s]a*=1, s* =s, (sa)® = sas = (as)?)

is a presentation for DPSy associated to this set of generators.
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Finally, recall that DPS3 = (a1, B2,7). Then, by using GAP computational system [17], we can easily verify
that

<a1,b2,c | a? =1, b3 = by, a1by = baay, ¢ = ¢, boc® = *by = carc, (a1c?)? = (Par)?, (bec)? = bgcb2>

is a presentation for DPS3 associated to the generators ay, B2 and .
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