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ABSTRACT

Nowadays, there is a great interest on the part of the automotive and aerospace industry to design
environmentally-friendly structures. To that purpose, stiffness-oriented designs are proposed here by extending
previous work on multi-scale topology optimization to the multi-material setting reformulating the problem to
include appropriately mass constraints and discussing different design domain parametrizations and algorithmic
strategies.

On the macroscale, the problem of minimizing the compliance subject to a global mass constraint is addressed.
On the microstructure scale, the multi-material design is carried out by solving the problem of minimizing the
local complementary strain energy density with mass density constraint. As a result, very efficient structures
composed of spatially varying porous and multi-material microstructures are obtained. The optimal design of the
multi-material microstructure can be done either in a pointwise manner or in larger subdomains, to promote
design uniformity. These parametrizations are here compared and discussed. Moreover, two different algorithmic
strategies to solve the multi-scale problem are proposed, and their pros and cons discussed. They differ in the way
the macro and micro design variables are related and updated. The macro design variables consider the mass
density distribution along the structure, while the micro variables define the microstructure’s topology using a
multi-material SIMP interpolation scheme.

The results show very efficient structures with locally optimized multi-material microstructures, which can
outperform their single-material counterparts with regards to stiffness while maintaining the same mass.
Additionally, the maximum stress verified on multi-material structures tends to be lower than the one obtained in
the single-material counterparts.

1. Introduction

fabricate optimized multi-scale structures exhibiting in general complex
and fine geometrical details. Combining AM with computational design

The optimization of multi-scale structures is carried out resorting to
different design length scales. Typically, two length scales are consid-
ered: macroscale and microscale. At the macroscale, the structure is
viewed as comprised of a material with microstructure assumed locally
periodic. Multi-scale structures can be found in nature, e.g., bone and
bamboo, and they hold the promise of achieving superior performance
while being intrinsically lightweight, robust and multi-functional [51].
Over the past years, the optimal design of multi-scale structures has
received increasing attention mainly due to the rapid developments in
Addictive Manufacturing (AM). AM provides an effective means to
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tools, as Topology Optimization (TO), has proved to be a sound
approach to design and materialize multi-scale structures [28,30].
Topology Optimization has been widely used in the mechanical,
automotive, and aerospace industries since the original work of Bendsge
and Kichuchi [6]. Several methods to perform TO have been proposed so
far, such as the density-based approach [5], Level-Set [50], Topological
Derivative [43] and Phase Field [7]. The vast majority of contributions
on TO relate to single-scale structural design (see [18]), while compar-
atively few address multi-scale design [51]. However, multi-scale
structures compared to single-scale structures have the potential to
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excel in performance, motivating research on the multi-scale topic.

Multi-scale TO, also known in the literature as hierarchical TO, has a
pioneer contribution from Rodrigues et al. [40], where the structure and
material (microstructure) are concurrently optimized. This involves two
material models at different length scales, and also two different opti-
mization problems to be solved, one for each length scale. The global (or
macro) problem determines the optimal macroscopic spatial distribution
of homogenized material, while the local (or micro) problem is actually
a set of optimization problems responsible for determining the optimal
microscopic spatial distribution of base materials and void phases at
each macro design point. The original bidimensional hierarchical model
by Rodrigues et al. [40] was later extended to three dimensions by
Coelho et al. [11], and then the computer implementation was paral-
lelized by Coelho et al. [10]. Afterwards, Coelho and Rodrigues [12]
suggested a different parametrization for the macro-domain considering
larger design subdomains, grouping several finite elements of the global
mesh, in order to reduce the total number of problem design variables, i.
e., avoiding an element-by-element design. A different multi-scale
optimization approach able to reproduce comparable results but using
level sets was introduced by Sivapuram et al. [42]. In the attempt of
improving the manufacturability of multi-scale structures, Liu et al. [37]
proposed an interpolation scheme on the macro-scale known as Porous
Anisotropic Material with Penalization (PAMP). The objective with such
interpolation scheme is to obtain “gray-white” designs easy to manu-
facture. The manufacturability is an important issue when designing
multi-scale structures. Therefore, the geometrical compatibility of
adjacent material microstructures is also a concern that has been
addressed by the research community (see e.g., [19,31,36,48,59] and
[24]).

Bringing together multi-material and multi-scale design approaches
can open even more the design space to search for optimal structural
solutions exceling in performance. Multi-Material Topology Optimiza-
tion (MMTO) consists in designing a structure composed of two or more
solid material phases. To perform MMTO using a density-based method,
a suitable interpolation scheme must be chosen. The classical SIMP
method can be extended to interpolate more than two solid phases, so-
called Recursive SIMP, see Bendsge and Sigmund [3]. Other interpola-
tion schemes have been proposed, see e.g.: Discrete Material Optimi-
zation (DMO) in Stegmann and Lund [44]; Shape Function with
Penalization (SFP) in Bruyneel [9] and James [26]; Peak Function in Yin
and Ananthasuresh [53]; and ordered SIMP in Zuo and Saitou [60].
Besides these schemes for density-based MMTO problems, there are also
other ones to solve multi-material problems using the level-set [22,49]
and phase field methods [47,58]. The vast majority of the works perform
MMTO in single-scale structures, most of them on the macroscale (see, e.
g., [35] and [32]) and only a few on the microscale (see, e.g., [13]).
MMTO has been applied to multi-scale structures in a much less extent as
summed up below.

To the authors’ knowledge, the first work where structure and ma-
terial are concurrently designed using MMTO techniques is Xu et al.
[52]. In that work, the composite macrostructure and periodic micro-
structure with multi-phase materials are concurrently optimized using
the so-called Bi-Directional Evolutionary Structural Optimization
(BESO) method [25]. The objective is to minimize the dynamic
compliance of the macro structure under harmonic excitation force.
Later, Jia et al. [27] presents a hierarchical TO method to simulta-
neously achieve the optimal structures and multiphase material
unit-cells that minimize the system thermal compliance. Only one finite
element model is considered, where the structure and material unit-cell
are coupled through elemental phase relative density, skipping the ho-
mogenization method. Afterwards, Da et al. [16] carries out optimiza-
tion for composite structures and the underlying multi-phase materials
simultaneously. It considers a macrostructure made of two periodic
composites, each one has three or more phase materials. There are three
finite element models, one macro model for the macrostructure and two
micro models for the material representative unit-cells. The objective is
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to minimize the structural compliance (or maximize the structural
stiffness). The same authors extended their work for thermal conduc-
tivity in Da et al. [15], where the objective is to minimize the overall
structural thermal compliance. In Zhang et al. [55] the authors per-
formed a multi-scale TO, aiming for improved stiffness, applied to
cellular multi-material structures. At the macroscale, a density-based TO
is solved using the order SIMP interpolation scheme to find out the
optimal overall structure layout with multiple materials. At the micro-
scale, a parametric level set method is applied to evolve the shape and
topology of the representative microstructures in each macroscale
element. In Liang and Du [34] a concurrent multi-scale and
multi-material topological optimization of vibro-acoustic structures for
minimizing sound radiation is performed, where an interpolation model
based on SIMP and PAMP is developed. Another work that performs
multi-scale MMTO is Li et al. [33] with the intend of minimize the dy-
namic compliance. The macrostructure is composed of uniform multi-
phase composites with periodic microstructures. Level set functions are
used to describe the boundaries of the macrostructure and multiphase
microstructure. Applied to heat transfer problems, the work of Pizzolato
et al. [39] performs multi-scale MMTO where the layout at the
macro-scale is described by level-set fields and the micro-scale geometry
is represented through a density approach. More recently, Zhao et al.
[56] proposes a concurrent topology optimization method of macro-
structural material distribution and periodic microstructure considering
dynamic stress response under random excitations. The optimization
problem is the minimization of the dynamic stress response of the
macrostructure subject to volume constraints in both macrostructure
and microstructure. Ultimately, Costa et al. [14] proposes a two-scale
concurrent optimization of lattice structure, where surrogate models
are used to represent material and geometrical properties for a contin-
uous topology optimization approach. Despite the several contributions
on multi-scale MMTO pointed out so far, none of them extends the
original hierarchical problem proposed by Rodrigues et al. [40] to the
multi-material setting, which is here done considering mass constraints
and a different optimization algorithm. On the one hand, the afore-
mentioned research works assume a macrostructure composed of a
single (or a few) composite material(s), whose microstructure and
location within the macroscopic design domain are concurrently opti-
mized. The present work, on the other hand, intents the local optimi-
zation of the periodic multi-phase material within the macrostructure
aiming for extremely efficient structures in terms of trade-off between
stiffness and lightweight design criteria. Moreover, the majority of
contributions in stiffness-oriented multiscale MMTO consider volume
constraints instead of mass constraints. The advantage of having mass
constraints in stiffness-oriented MMTO is that the presence of different
material phases is not enforced unlike multi-material formulations based
on material volume fraction constraints.

In this work, the multi-scale MMTO is formulated for the structural
compliance minimization problem, where the objective is to minimize
the global compliance (or maximize the global stiffness) of a cellular
structure while subject to a mass constraint. Here, the multi-material
design model is applied to the microscale design domain (unit-cell).
The ultimate goal is to design structures, with multi-material micro-
structures, that have enhanced performance when compared to their
single-material counterparts of the same mass. As previously mentioned,
the multi-scale problem combines a global design problem with a set of
local design problems. The global and local problems can be coupled,
and different algorithmic strategies and design parameterizations can be
used to obtain a solution. Two of these strategies and parametrizations
are considered in the present work. Regarding the algorithmic strate-
gies, they define how the global and local design variables are related.
The global design variables (macro-densities) can be either implicitly or
explicitly computed from the local design variables (micro-densities),
thus giving rise to two distinct categories of algorithmic strategies: (1)
implicit; and (2) non-implicit. As regards the design parametrizations,
these define how the macrostructure is to be optimized. The
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macrostructure can be either optimized in a pointwise fashion, where
each material point of the structure is locally optimized, or in larger
subdomains, where microstructural design uniformity is assumed within
each subdomain. These two algorithmic strategies and design parame-
terizations are explored and compared here in the framework of multi-
scale MMTO, as it has not been reported in the literature, to the best
of authors’ knowledge.

This paper is outlined as follows. In Section 2 the macroscale and
microscale material models are presented. Afterwards, one formulates
the multi-scale MMTO problem, derives the necessary conditions for
optimality and performs a sensitivity analysis in Section 3. The meth-
odology behind the multi-scale optimization, including a detailed
explanation of the aforementioned algorithmic strategies and design
parameterizations, can be found in Section 4. In Section 5 one presents
the obtained results solving the multi-scale MMTO problem using the
different approaches studied. Finally, the main conclusions of this work
are presented in Section 6.

2. Material model

The material model used here is two dimensional and comprises two
length scales, the macroscale (structure domain, Q) and the microscale
(microstructure domain, ¥), see Fig. 1. At the macroscale level, one is
interested in defining the distribution of a cellular/composite material
across the structure design domain, Q. Whereas at the microscale level,
the focus is on the design of a unit-cell viewed as the smallest repre-
sentative heterogeneity of the periodic cellular/composite material from
which the structure is made of. In the present framework, one designs
microstructures that can be made up of one or two different base ma-
terials (plus void). Both local periodicity and separation of length scales
are assumed, i.e., the microstructure is periodic throughout the structure
domain and has a feature size much smaller than the global size of the
structure. Bearing this in mind, the homogenization method [23] can be
conveniently applied. By applying the homogenization method, it is
possible to treat a heterogeneous medium as a homogeneous one, i.e.,
with equivalent or homogenized mechanical properties.

Structure design
domain, Q

FE Mesh

8
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2.1. Macroscale model

The macroscale model considered here has two different boundary
conditions applied, a displacement boundary condition du and a load-
based boundary condition OF, where plane stress is assumed, see
Fig. 1. The equilibrium problem is solved numerically resorting to the
Finite Element Method (FEM), where the original FEM2D Fortran code
developed by Kikuchi [29] is adapted here to use the 8-node quadri-
lateral elements (Q8), which prevents shear-locking.

The structure design domain Q can be divided into several design
subdomains Q; and inside each one the material microstructure is
assumed uniform, i.e., only one local problem needs to be solved within
each Q;. Although the material design freedom is reduced as the size of
these design subdomains increases, the continuity/connectivity of ma-
terial microstructures across the structure domain becomes a lesser issue
than considering smaller design subdomains. Furthermore, these
enlarged design domains reduce the total number of problem design
variables, thus the computational cost too, and it also reduces the spatial
variation of properties, turning manufacturability easier. In stark
contrast, an increased design freedom, on account of decreasing the
design subdomains’ size may imply that, ultimately, each design sub-
domain could be as small as the single FE size. This actually recovers the
most natural way to perform multi-scale TO, where each macro-FE is
associated with the design of a porous/composite material therein. This
means, at a macroscopic level, an element-by-element definition of an
optimal material microstructure. This kind of parametrization leads to
the solution of a very high number of local problems across the whole
structure domain, which especially appeals to parallel computing to
reduce the computational cost. These two different design model pa-
rametrizations are covered in the present work. In the first design model
each design subdomain Q; is comprised of several FEs, i.e., Q, C Q. In the
second one, each design subdomain coincides with the FE size Q,, i.e.,
Q.=Qi.

The several design subdomains correspond to periodic material
media with microstructure, and the material properties of each one are
computed through homogenization resorting to the analysis of a repre-
sentative Unit-Cell (UC). The microstructures are assumed to have a
number of material phases up to two (plus void). Details about the

Periodic material
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Fig. 1. Multi-scale material model description. The structure design domain Q is divided into i design subdomains ;. Each design subdomain has a unique periodic

material whose microstructure ¥ can be designed with 2 materials plus void.
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microscale model are given in the next section, where the homogeni-
zation method and the multi-material interpolation scheme are briefly
introduced.

2.2. Microscale model

The equivalent or homogenized stiffness tensor ET in each ©; is
predicted using the asymptotic homogenization method [21]:

%, %,
Ukl |¥|/ pqrs <6rA5xl ay ) (5 (sq,' — a—y:) d¥ (])

where |¥| is the unitary UC volume (or area in 2D), E is the base material
stiffness tensor, y is the position vector defined in ¥, § is the Kronecker
delta and y are the micro-displacements solution of the following
problem defined in ¥, comprised by a set of three equilibrium equations
(in 2D):

¥ ov;
Ej—~-— d¥ =
/ " dy, 9y

The base material stiffness tensor E at a given point in the micro-
structure is given by the SIMP-based multi-material interpolation law
[3], which depends on the micro design variables p! and p%:

By = (2[00 Bl + (1= 62)) ®

ov;
/ ,,kza d¥,V v € ¥ — periodic 2)
¥

where ul, ,u2 € [Hmin, 11 with pimin = 103 to prevent singularity issues; E;
and E; are the stiffness tensors of the solid phases (with E; > Ep); and p;,
D2 > 3 are the penalization exponents that disfavour intermediate den-
sity values of yl and ,uz in compliance-based problems [4]. In this
interpolation scheme, the design variable ! works as a topological
variable as it identifies presence or absence of the solid phase, and the
design variable yi2 is responsible for the material selection (E* or E2), see
Fig. 1(d). The multi-material interpolation law in Eq. (3) could be
extended to interpolate among an increased number of materials by
simply adding terms, so-called Recursive SIMP. However, the
SIMP-based interpolation scheme has been claimed unsuitable when
applied to more than three phases [44]. In that case, DMO could be more
recommended. Since in this study one interpolates between two solids
plus void, SIMP works just fine.

The stresses ¢ in the microstructure can be computed based on the
applied average macroscopic strain tensor (¢) through:

0 ki
0;j = Ejjs (5rA5s1 A )(“41) @

9ys

The applied average macroscopic strain tensor (¢) can be related with
the applied average macroscopic stress tensor (6) as:

(&r5) = Czpq (Gpg) ©

where C! is the homogenized compliance tensor, computed as the in-
verse of the homogenized stiffness tensor EX, such that:

EH ct

ijmn mnkl —

= (5ik5j1 + 5i/5jk) (6)

The FEM is used to solve Egs. (1), (2) and (4) numerically, see
PREMAT and POSTMAT Fortran Subroutines in Guedes and Kikuchi
[21]. The domain ¥ is discretised into a square-grid mesh with 4-node
isoparametric finite elements.

3. Multi-scale optimization framework

The multi-scale optimization in the present framework aims to
concurrently optimize the distribution of cellular material within the
macrostructure design domain, while optimizing the topology and
mixture of two materials plus void inside the cellular material design
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domain. Therefore, each scale has dedicated design variables as
formulated in the next section.

3.1. Problem formulation

In this work, one proposes the following multi-scale MMTO problem
formulation based on compliance minimization, assuming structures
comprised of periodic multi-material microstructures, subject to a mass
constraint:

1
i Z[¢ )] 7.1)
Sl -m <0 7.2)
0 < Prin <P < Poax <P (7.3)

where u is the unique solution of the equilibrium equations (minimizer
of the total potential energy) found by the FEM2D program, |Q;| is the
volume (area in 2D) of the subdomain i, and ¢; is the minimum “energy
density” found in the subdomain i, given by:

R / 6(u)o(u)de;

_ cH , i
i (” # ) €]

[ ~2
s.t. Z |::“k (ﬂkﬂl + (1 _ﬂk>l_72) |¥Aq —pl¥ <0 (8.2)

k

ng | ~1 ~2
2 {”k<1 _”k)‘%'} Cvi<o 8.3)
2 >

(8.1)

¥
0 <y, <p' <1 (8.4)
0 < oy <p* <1 (8.5)

where the set of equations (7) states the TO problem of the macro-
structure design, while the set of equations (8) states the TO problem of
the microstructure design. The macro TO problem aims the minimiza-
tion of the total strain energy given by (7.1), where n; is the total number
of design subdomains Q;. The design variable p is a vector containing the
mass densities (i.e., mass per unit volume) p; of all subdomains Q;, and
must not be confused with the dimensionless (artificial) density variable
typically used in classical TO. The global mass constraint (7.2) ensures
that the structure’s mass is not beyond its maximum allowable value M*.
This mass limit value is defined according to the global mass density
bounds such that M* € [pmin|R|, Pmax|2|], where |Q] is the structure
design domain volume (area in 2D). The lower and upper bounds of the
macro design variables are ppin and pmax, respectively. As regards the
micro TO problem, it aims the local minimization of the complementary
strain energy density of the material design domain Q; (8.1) while
subject to a local mass constraint (8.2), where ny is the total number of
micro-FEs, p; and p, are the mass densities of the stiffer and weaker
solids, respectively. This local mass constraint relates the macro and
micro design variables and therefore is supposed to be an equality
constraint, but due to practical issues involving the optimizer, an
inequality constraint is used instead. Since a compliance minimization
problem is solved here, this local constraint is active or nearly active
along design iterations. To correctly model and optimize multi-material
microstructures composed of three material phases, two micro design
variables p! and p? are required. In contrast to the macro problem, these
design variables are standard densities varying from O (or a very small
number pni) to 1, see (8.4) and (8.5). To avoid numerical problems,
such as checkerboard patterns and mesh dependence, a density-based
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filtering technique is used here (see [8]). While this technique is applied
to both micro design variables, p! and p2 the macro design variable, p, is

1
left unfiltered. Thereafter, the corresponding filtered micro densities, p

and ﬁz, are the ones really defining the UC layout, while original design
variables, p' and p2 have no physical meaning. The additional
constraint on the local volume fraction of the weaker material in (8.3) is
an artifice to always ensure defined ¢ derivatives as explained later in
Section 4.

3.2. Optimality conditions

To obtain the necessary conditions for the proposed multiscale
design problem, the Lagrangian function for each problem, macro and
micro, must be defined. The Lagrange function associated with the
macro problem (7) at points where p takes intermediate values (i.e., side
constraints are inactive) is given by:

7= i +A<"Zf[/),sz,-} —M*) ©

where A > 0 is the Lagrange multiplier associated with the global mass
(inequality) constraint. The stationarity of the Lagrange function .~
defined above with respect to (w.r.t.) the design variable p is given by:
104, o,

0z
- Q) = —AlQ| == = —2A 1
» "2 6/),»‘ i | ’“:31)1 (10

In design points where the constraint on the volume fraction of the
weaker solid (8.3) and design variables side constraints (8.4 and 8.5) are
inactive, the Lagrange function of the micro problem (8) can be written
as:

/o-on,- N R 1
0= CHg'lerﬂ,-(Z{ k(:ukﬁl + (1 *ﬂk)ﬁZ) |¥Aq pi¥|> an
i k

where A is the Lagrange multiplier of the local mass constraint. The
stationary of the Lagrange function / w.r.t. both filtered design variables

~1 ~2
p and p is given by:

0,
ot ocH /9,"6
=0V

2 2\
=4 (.“kﬂl + (1 *ﬂk>ﬂ2> ¥ | a2

o, o 19
66dQ;
o, acH / ’ NI
e 0©? 7“"9‘ =4 (ﬂkﬂl - ﬂkﬂz) P a3
M M '

Note that the macro stresses ¢ do not depend on the micro density fields
when solving the micro problem because these stresses are prescribed by
the macro problem analysis and then used as constants at the micro
problem level.

Using the sensitivity theorem (see e.g., [20]) to relate the macro and
micro Lagrange multipliers, one can rewrite the necessary condition
(10) as follows:
op;

o _Jed=2A 14)
op,

i

3.3. Sensitivity analysis

This work uses the Method of Moving Asymptotes (MMA, [45]) as
the optimizer to solve the multi-scale optimization problem. Since this is
a gradient-based optimizer, one needs to perform sensitivity analysis.

Since one uses the density filtering technique, the sensitivities of the
objective and constraint functions w.r.t. a density design variable, p, are
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computed based on the respective filtered density derivative through the
application of the chain rule (see [41]):

dij:Zﬁdﬁ": Zal R — |l ye — yi ||
dy Op; Ayt Ot | 3 jen, max{0, Ryin — [ ye = yi || }

€N, €N

(15)

where f is a general function, index k refers to the micro finite element k,
Nj defines the respective set of elements neighbouring element k, the
norm ||yx — Yil| sets the spatial distance between elements i and k cen-
troids, and Ry is the filter radius.

The objective and constraint functions of the macro (F and G,
respectively) and micro (f and g, respectively) problems have the de-
rivatives presented in Table 1.

4. Methodology

This section details the methodology employed to perform multi-
scale MMTO using two different algorithmic strategies: (1) implicit and
(2) non-implicit. The advantages and disadvantages of each one will be
discussed here. In a nutshell, the implicit strategy assumes that the macro
mass density field is implicitly computed through the micro densities,
which are set as independent design variables, while the non-implicit
strategy assumes both densities, macro and micro, as independent
design variables.

In the implicit strategy, the maximization of the global strain energy
is entirely done on account of the micro density field update. This
simplifies the algorithm as it means solving all the micro problems at
once. The prior cascade statement, equations (7) and (8), can be
replaced by the following equivalent compact optimization problem
statement:

min |
L 2 = / Clo6dQ (16.1)
Hips Mige 2
Q
Pi
me [~ [~2 2\ _
n Zk Hig\ HigPr + 1= pip | P2 ) Pl (16.2)
sty 7 Q]| —M <0
0 < flpin < /4,'1./( <1 (16.3)

Table 1
Objective and constraint functions of the multi-scale optimization problem with
the corresponding derivatives w.r.t. macro and micro (filtered) design variables,

p and g, respectively.

Macro problem Micro Problem

Objective 1 Jo, 6649
F=> (p;, _ (HJQ i
Function 52 hpw)  foc ol

€]

dF 1 H dQ;

e G 0CT Jo oot

hi die o l<ul
df J)CH j'glmrdszi
iz ol

Constraint G =il =M g = S GiRe + (1 - F)p2)] -
functions pil¥

e o [ (1 — )]

= —Q _ k Hi ) 1¥r

dp; . ==
dgi 2 o
— = (l‘i/’l +(1 - ﬂi)/’z)#k‘
dpty
d, s
Bl Gip - )l
day
dg _ (1 — i) P
dii ¥
dgo _ —fi %]
diiz ¥
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0 < Hin < i <1 16.4)
where n; is the total number of macro design subdomains, which may
represent either a pointwise mass density variation or extended regions
of uniform mass density depending on the defined design domain
parameterization. Note also that the design variables p! and p? vary in
the macro domain Q (index i), and in the micro domain ¥ (index k). This
encloses the hierarchical structure of the optimization problem formu-
lation (16). The problem is solved resorting to MMA as the optimizer,
and the algorithm implemented here in Fortran programming language
is detailed in Fig. 2(a). The algorithm starts by generating an initial
micro design, which is assumed the same at each macro design
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subdomain i, followed by the application of density filtering. Since the
microstructure at this stage is unique across the entire design domain €,
the homogenization subroutine just needs to be called once. This sub-
routine provides the initial homogenized compliance (C}) tensor and its

corresponding derivatives w.r.t. the filtered micro densities, .
Remember that the chain rule must be applied afterwards to obtain the
objective and constraint functions derivatives w.r.t. the non-filtered
densities, p, sent to the optimizer. This algorithm has two main loops.
The outer loop runs the macro-FE model and the optimizer (MMA), until
the convergence criterion is met (e.g., maximum number of iterations).
At each outer loop iteration, another loop (inner loop) spans all the local
design problems to calculate the new homogenized elastic properties
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Fig. 2. Flowchart of the algorithm to perform multi-scale optimization considering: (a) an implicit strategy; and (b) a non-implicit strategy.
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and corresponding derivatives.

The non-implicit strategy naturally handles the hierarchical problem
structure as stated by equations (7) and (8), where the two presented
optimization problems, each one at a different length-scale, are properly
coupled and concurrently solved using two optimizers, one for each
scale. Here, MMA can be selected as the optimizer for each scale. Such
strategy increases the algorithm complexity and raises convergence is-
sues comparing to the implicit strategy. In fact, there are a few key factors
to consider for this strategy to work smoothly, that will be discussed
later in this section. The algorithm flowchart as regards the non-implicit
strategy is presented in Fig. 2(b). Similar to the implicit strategy, this
algorithm also starts with an initialization procedure to set the initial
design variables (filtered and non-filtered) and the initial homogenized
compliance tensor (CH) along with its derivatives. Two main loops can
be identified in the flowchart. The outer loop optimizes the mass density
distribution (p) in the macrostructure, while the inner loop locally op-
timizes the topology and material distribution of the microstructure
(through p! and p?) in each macro subdomain ;. Only one MMA design
iteration is performed in the inner loop per outer loop iteration in order
to avoid premature convergence issues. The outer loop runs until the
convergence criterion is verified.

The non-implicit algorithmic strategy requires some careful param-
eter choices for the sake of attaining desired problem convergence.
Regarding the micro density design variables, p! and p?, one must
ensure that at least one entry or value of each density vector, for each
local problem i, does not touch its lower or upper bound for the sake of
Lagrangian multiplier ); existence, which is related to the local mass
constraint and calculated by MMA. Otherwise, the Lagrangian multiplier
A; will be incorrectly defined and, consequently, the objective function
derivative, dependent on the functional ¢; given by (14), is also incorrect
which misleads the gradient-based optimization algorithm on the search
for the local minima. Interestingly, the density filter helps overcoming
this multiplier non-existence issue because it always ensures some
“gray”, i.e., p! and p? take some intermediate values. Even so, in the
global problem, the mass density variable p may touch its bounds, i.e.,
Pmin OT Pmax, Which may become an issue. Notice that in case of selecting
side constraints as P, = fmin P1 OF Pmax = P1, the micro densities, p!
and uz, would be enforced to touch their bounds, (ul = Pmin A uz =1V
(n! = 1 A p2 = 1), respectively, to verify (8.2). To prevent this from
happening, one considers bounds for p slightly modified, i.e., pp,
Umin P1 + Cand p.. = p1 — ¢, where { is a small positive number (e.g., {
= 0,00001 is used here). These slightly adapted bounds can be seen as
just what it is needed in the single material setting, see e.g., Coelho and
Rodrigues [12]. However, in the bi-material setting, one also realizes
another situation where p! and p?might be forced to touch their bounds.
This is when the microstructure is uniform to represent the weaker solid,
i.e., p! =1 A p2 = pmin. A clever way to prevent again p from coinciding
to the bounds is to constrain the volume fraction of the weaker solid such
that it can never be unity. This is the rationale behind using the weaker
material volume constraint (8.3), where a limit slightly lower than 1 is
used, e.g., V5 = 0.99. In general, this approach would require one
additional local constraint per each solid phase added to the problem. In
case more than three material phases are considered, it can be used a
single porosity constraint instead of multiple material volume fraction
constraints. Although such an approach allows proper calculation of the
local Lagrangian multipliers, as provided by MMA, it means that a solid
material design solution (microstructure absence) is actually never truly
solid or uniform since at least a few intermediate micro density values
are enforced. While this tiny density field perturbations do not have any
impact on purely compliance-based problems, they prevent stress field
distributions from being absolutely uniform as it would be expected for
solid microstructures. Later, results shown in Section 5 make this point
clearer.

Another relevant issue is the optimizer version of MMA used here to
solve the multi-scale problem. It is advisable to use a variant of MMA so-
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called Generalized Method of Moving Asymptotes (GMMA) proposed by
Zhang et al. [54]. The main difference between this version and the
original MMA version of Svanberg [45] is that, in GMMA, each design

variable x; in each function ﬁ is associated with its proper moving
asymptote, L; (lower one) or Uj(upper one), in order to improve the
approximation quality. For example, the two asymptotes can be largely
relaxed for linear functions and tightened for nonlinear ones. To solve
the multi-scale problem (7-8) or (16) is advisable to have, on one hand,
a convex approximation of the compliance function (non-linear) based
on moving asymptotes, that can be easily tightened. On the other hand, a
linear approximation of the volume/mass constraints is wanted by
setting the lower and upper asymptotes to zero and “infinity”, respec-
tively. In the problem formulation, note that the constraint functions are
linear w.r.t. each design variable (i.e., bilinear functions), meaning that
the aforementioned GMMA approximation is exact.

In fact, the asymptotes play an important role in the problem
convergence properties, especially when implementing the non-implicit
strategy. Both global and local optimization problems use MMA as
optimizer. However, the parameters and history involved on the as-
ymptotes update scheme are not treated the same way in both problems.
In the global problem, such update scheme used to approximate the
global strain energy objective function follows the original (default)
methodology as proposed by Svanberg [45], where data from previous
iterations is used to set up the current asymptotes. This indeed helps the
global problem convergence. However, such approach is unsuitable to
solve the local problems since only one MMA iteration is performed per
global iteration. Using the data from previous local problems (history)
proved to give convergence problems according to the authors’ experi-
ence. Therefore, to improve algorithm’s convergence, a continuation
approach on the parameter yy, (GHINIT variable in MMA Fortran
version), that controls the distance between the lower and upper as-
ymptotes, is suggested for the local problem, i.e., its value may decrease
along iterations. This ensures that, as the algorithm converges to the
optimum, the approximation of the strain energy density function (local
problem objective function) becomes more conservative and, conse-
quently, more accurate.

The MMA move limits that keep under control the design variables
changes (jumps) is also a sensitive issue when implementing the non-
implicit strategy. To attain stable convergence, it is important to tighten
those move limits for the global design variables while relaxing the
variation of those limits for the local design variables. To sum up, move
limits should be close to each other when solving the global problem,
and apart from each other when solving the local problems. This pro-
cedure favors the local mass constraint (8.2) feasibility, avoiding sudden
jumps on the related Lagrangian multipliers A as estimated by MMA. The
parameter that controls the distance between the move limits is the so-
called ALBEFA in the MMA Fortran version. A high ALBEFA value means
tightening move limits and vice-versa.

Finally, the algorithm running time may also become an important
issue due to many local problems. To address this, parallel computing
can be conveniently applied to speedup computations in large-scale
problems. For an algorithm to be highly scalable, a coarse-grain paral-
lelism is more desirable than a fine-grain parallelism. In other words, the
more individual tasks being parallelized simultaneously, the better. That
is the reason why the non-implicit strategy is far more attractive to
develop parallel code than the implicit strategy. Comparing the flowchart
in Fig. 2(a) (implicit strategy) with the one in Fig. 2(b) (non-implicit
strategy) helps understanding just that. The inner loop suitable for
parallelization in the implicit strategy comprehends just the micro-FE
analysis, while in the non-implicit strategy besides this FE analysis, one
also runs the local optimizer in the inner loop. In the former case, MMA
deals with one high-dimensional optimization problem since all micro
design variables (a huge number) is sent to the optimizer at once, which
is quite time-consuming to be treated by MMA. Despite the MMA itself
could be parallelized (see [13] and [1]), the scalability compared to the
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non-implicit strategy would still be inevitably worse. In the latter case,
the local problems are independent (separate) from each other, which is
appealing to be tackled by different processors in parallel (e.g., see
[10]). The hardware used in this work is a shared-memory Workstation
HP Z8 G4, 2 CPUs Intel Xeon 6242R 3.1 GHz 2933 MHz 20C, 256 GB
RAM. Since this machine uses shared memory, OpenMP [17] is used to
parallelize the code unlike the author’s prior parallel code imple-
mentation based on MPI [10]. Furthermore, one uses recent available
programming Fortran compilers as freeware software provided by
Intel®, i.e., OneAPI Base and HPC Toolkits.

5. Results

For the sake of example and synthesis, the different aspects of the
proposed methodology for multi-scale MMTO, as the implicit and non-
implicit strategies and the different sizes of design subdomains, are tested
using a unique benchmark, the cantilever beam, discretized with 8-node
isoparametric FE and assuming plane stress. On one end of the beam, a
displacement boundary condition du is applied, where all degrees of
freedom are constrained. On the opposite end of the beam, a force-based
boundary condition 0F is applied, where forces are distributed along the
edge to avoid stress singularities, see Fig. 3(a). Two different design
parametrizations are considered, as shown in Fig. 3(b). On one hand,
Fig. 3(b) top, each design subdomain Q; contains a couple of layers that
are located at opposite sides towards the beam neutral axis. Each layer
comprises a row of consecutive FE in the horizontal, x;, direction.
Comprehensively, the total number of layers depends on the number of
FEs in the vertical, x5, direction, and the number of design subdomains
halves that total. On the other hand, Fig. 3(b) bottom, each design
subdomain has the size of each FE, |Q,|, in the mesh.

The level of mesh discretization used in the FE models for the
macrostructure and microstructures must be carefully addressed to
balance between accuracy and computational cost. Notice that per
iteration on the macro design problem, the number of local problems to
solve depends on the macro model discretization and parametrization.
Taking this into account, the macro and micro design domains are dis-
cretised into 50 x 20 and 100 x 100 square-FE mesh, respectively. The
authors realize that this level of refinement produces accurate results
within a reasonable runtime, which is concluded after running a few
simulations spanning different discretizations.

The material properties (E and p) considered for the solid material
phases are presented in Table 2, where the values of their ratios (in bold)
are the ones considered as problem data, instead of the absolute values
for the Steel and Aluminium indicated. In fact, the solutions obtained are
valid for any two materials that combined present the same E and p
ratios. A Poisson ratio of 0.3 is assumed for both solids.

For comparison purposes only, the multiscale TO problem is also
solved for the single-material case, considering only steel as the base
material. The idea is to investigate about an improvement on structural

Macro design
parametrization

Structure design
domain
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Table 2
Material properties of Steel (stiffer solid) and Aluminium (weaker solid). Prop-
erty ratios highlighted in bold.

Materials E [GPa] E/Egteel 7 [kg/m’] P/Psteel
Steel 200 1 7900 1
Aluminium 68 0.34 2700 0.34

stiffness on account of adding one more solid phase (weaker) to the
material selection pool while maintaining the same mass threshold in
the optimal design problem. The additional solid phase thought here is
Aluminium, more compliant but lighter than Steel. Interestingly, the
ratio of Young Modulus, between Aluminium and Steel, is basically
equal to the ratio of mass density p, which is actually typical of engi-
neering alloys [2].

It is well known that the optima found when solving a non-linear
optimization problem using a gradient-based optimizer highly depends
on the initial design chosen. Therefore, it is rather important to try out
some different initial designs. The generation of initial designs adopted
here is always the same. The whole beam is initially composed by the
same square-shape microstructure defined with intermediate densities,
see Fig. 3(c) for SMTO or Fig. 3(d) for MMTO, such that the total mass
threshold M* is satisfied. Different values of intermediate micro den-
sities defined according to Fig. 3 are tested. Another thing that impacts
the optimal solution obtained is the value of exponents p; and ps, and
how they change along design iterations. Applying a continuation
approach such that p; = ps = 2 — 4 during the first global iterations
proves to be beneficial, resulting in well-defined binary-like solutions
(so-called “black-white” designs). The number iterations needed for the
continuation approach vary from case to case. Typically, 40 iterations
are enough.

The results are presented below in different sections depending on
the macro design parametrization used. Firstly, one considers the Layer-
by-Layer (LbL) parametrization in Section 5.1 and then the Element-by-
Element (EbE) parametrization in Section 5.2. In the LbL parametriza-
tion, the mass density of each pair of layers located around the middle
(neutral) axis of the beam is the macro design variable. In the EbE
parametrization each FE contains a design variable which is computa-
tionally much more expensive. Therefore, the implicit and non-implicit
strategies, previously described in Section 4, are investigated for the LbL
parametrization only, see Sections 5.1.1 and 5.1.2, respectively.
Comprehensively, the same investigation is skipped here for the EbE
parametrization as it would involve a prohibitive number of design
variables (say millions). As mentioned before, the implicit strategy is not
as appealing as the non-implicit one to benefit from speed-ups running
the code in parallel, which discourages its usage for the EDbE
parametrization.

All results shown later consider the same values for the mass
threshold, M* = 0.3 x |Q|. Furthermore, the distributed load considers
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Fig. 3. Multi-scale model applied to a cantilever beam: (a) the structure design domain Q; (b) two different macroscopic design parametrizations; (c) initial design
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an applied force of 500 N in all nodes of the beam’s right end edge,
exception made for the uppermost and lowermost nodes (non-shared
nodes) where a force of 250 N is applied instead.

5.1. Layer-by-Layer

This section shows the results obtained solving the multiscale prob-
lem using both the implicit (Section 5.1.1) and non-implicit (Sections
5.1.2) strategies. The implicit strategy is used to solve the multiscale
problem in both single-material and multi-material settings. For the sake
of brevity, the SMTO is skipped for the non-implicit strategy since the
multi-material optimal solution can already be compared with the
single-material solution obtained through the implicit strategy.

Besides presenting the optimal mass density distribution on the
macrostructure with the corresponding optimal microstructures, one
also performs a stress analysis on both scales to enrich and discuss the
results. Recall that design symmetry about the neutral axis of the beam is
imposed when using the LbL parametrization. To show results, one takes
advantage of this symmetry. The upper half of the beam (above the
neutral axis) displays the optimal mass density of each layer and the
respective material microstructure within it. On the lower half (below
the neutral axis), the corresponding von Mises stresses are plotted. Since
stresses are not uniform along the layer length, one chooses the “worst-
case scenario”, i.e., the most stressed finite element in a layer (or subset
of layers characterized by the same microstructure), to plot the distri-
bution of stresses in the microstructure. Note that the colour scale for
stress changes with the microstructure.

5.1.1. Implicit strategy

The implicit strategy implies solving the multiscale problem accord-
ing to formulation (16). The single and multi-material optimal solutions
are presented in Fig. 4 and Fig. 5, respectively, where the micro designs
are shown including some stress plots. Further performance compari-
sons are presented in Table 3.

A beam under bending has normal stresses (higher away from the
neutral axis) and shear stresses (higher at the neutral axis). The obtained
results are just consistent with that. The mass density p decreases from
the extreme layers, where laminates and solids better cope with normal
stresses, to the neutral axis, where pure cross-shaped microstructures are
shear resistant (see e.g., [38,46]). The multi-material optimal solution is
12% stiffer than the single-material one, having both material solutions
the same weight. Such increased stiffness is obtained at the expense of an
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increased material volume fraction, see Table 3, which is also apparent
from visual inspection. Observe from Fig. 4 and Fig. 5 that, in MMTO,
full solid material solutions are obtained for layers 10 to 7, while in
SMTO only layer 10 is solid. Besides that, the cross-shaped microstruc-
tures obtained in MMTO are thicker than those obtained in SMTO.

5.1.2. Non-implicit strategy

The multiscale MMTO problem formulated in (7) and (8) is now
solved using the non-implicit strategy. The optimal solution obtained is
presented in Fig. 6, and in Table 3 a comparison with multiscale SMTO
and MMTO (implicit strategy) is summarized on the basis of energy and
stress measures.

Using the non-implicit strategy, the algorithm converges to a slightly
different multi-material solution compared to the implicit strategy. For
instance, differences can be observed in layer 9, comparing Fig. 5 and
Fig. 6, where the later result shows a microstructure that not only mixes
the two solids but also presents void. Despite differences in design, the
results obtained using both strategies have similar energy and stress
performances. Recall that, in order to have defined derivatives for the
macro-problem objective function, one must always ensure some “grey”
in the microstructures as previously explained in Section 4 for the non-
implicit strategy. Therefore, pure single-material design solutions are not
obtained with this strategy, i.e., there is always some residual “grey”, see
microstructures of layers 7 and 8 in Fig. 6. Layer 10 in the vicinity also
contains some grey, but it is not perceived from visual inspection since
the p upper bound is set very close to p;. This strategy could not be used
for layers 7 and 8, where specifically constraint (8.3) plays the role of
assuring residual “grey” for the weaker solid solution by setting V;
slightly lower than one. In fact, the total strain energy value obtained via
the non-implicit strategy is always comparatively higher, see Table 3, due
to the fact that the single-phase (solid) UC never corresponds to a full
distribution of density 1.

Interestingly, the maximum stress value attained in the multi-
material solution is lower than the one verified in the single-material
case, which is here a mere finding without explicitly introducing stress
as a design criterion. As future work it would be also important to
include stresses in the optimization problem formulation as objective or
constraint. For now, it is possible to anticipate that due to the enforced
“grey” presence in single-phase microstructures, a perturbation on the
stress field arises, which is an aspect to be given careful attention when
elaborating on stress-based formulations.
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Table 3

Results obtained using the LbL parametrization, where C* stands for the total
strain energy [J], V* is the total material volume fraction and a,‘,’l"‘fx is the
maximum Von-Mises stress in the structure [MPa]. The relative increase or
decrease of energy and stress in MMTO compared to SMTO (Ssyro) is also
presented.

Implicit Non-implicit

SMTO MMTO (8smr0) MMTO (8sprr0)
c* 255.58 224.57 (—12%) 226.92 (—11%)
v 0.30 0.57 (+90%) 0.56 (+87%)
oM 6.26 5.84 (—6.7%) 5.83 (—6.9%)

max

5.2. Element-by-Element

In this section, a similar study as the one performed in the previous
section is carried out to compare the performance of single-material
designs with multi-material ones. However, such study now considers
the EbE parametrization and uses only the non-implicit strategy to solve
the multiscale problem stated in (7) and (8). Here, the material micro-
structure may vary among the finite elements as all are design elements,
which makes it difficult to show all the obtained material designs.
Hence, only a few representative ones are presented. Note that sym-
metry about the beam neutral axis is not imposed although it is known to
be expected. The optimal single-material and multi-material design so-
lutions are presented in Fig. 7 and Fig. 8, respectively. Table 4 compares
the total strain energy, material volume fraction and stress values be-
tween these solutions. Moreover, the optimization history for the total
strain energy and density p values is provided in Fig. 9 for both
solutions.

The higher design freedom given by the EbE parametrization
compared to the LbL parametrization explains its superior performance
although the lack of design uniformity is an issue when it comes to
manufacturability. Microstructural connectivity among adjacent design
elements may not be guaranteed here since no method is here used to
explicitly impose it. Although the application of such a method is
beyond the scope of the present work, it is noteworthy the fact that the
literature reports several of such methods, see e.g., Wang et al. [48], Du
et al. [19], Li et al. [31], Zhou et al. [59], Liu et al. [36] and Hu et al.
[24]. Their application here can be seen as part of an interesting future
development. These methods limit the design performance on account of

10

additional problem design constraints. An alternative way to facilitate
the connectivity among adjacent microstructures is considering larger
design subdomains, which is done here in the setting of the LbL
parametrization. However, the LbL parametrization itself decreases
design freedom compromising performance. By comparing Table 3 and
Table 4, one concludes that the LbL multi-material solution performs
worse than the EbE single-material solution. Note that design finite el-
ements symmetric about the neutral axis show symmetrical material
designs as expected (see Elements 75 and 925 in Fig. 7), unlike the
previous results for the LbL parameterization where symmetrical layers
toward the neutral axis are grouped to share the same design.

Comparing the SMTO and MMTO results, benefits in stiffness and
strength can be recognized for the same mass requirement using the
multi-material and multi-scale design approach, see Table 4. The opti-
mization history presented in Fig. 9 shows a smooth convergence in both
cases.

6. Conclusion

The design of multi-scale structures with improved performance,
when compared to single-scale counterparts, is a current and growing
research topic. With the recent advances in AM technology, the pro-
duction of complex structural parts as rendered by multi-scale design
tools is becoming a reality. Combining multi-scale with multi-material
design techniques is a great way to explore outstanding structural per-
formance levels. Acknowledging that, the present framework is a
contribution to the state-of-the-art in multiscale MMTO. The authors
extend here the work previously developed by Rodrigues et al. [40] to
the multi-material setting, focusing on the particular aspects regarding
the optimization problem formulation and methodology.

Two different material models are required here to perform TO on
multiscale structures, entailing two length scales. The structure at the
macroscale is subject to force and displacement boundary conditions,
and its spatial variation of material properties depends on the material
microstructure, whose design domain is defined at the microscale,
assumed locally periodic. Two different design domain parameteriza-
tions are considered in the present framework, to characterize how the
material microstructure varies across the structure domain. It can either
vary pointwisely or remain uniform within enlarged subdomains. The
main goal of this work is to perform TO on both scales, concurrently, to
find the stiffest structure given a total mass threshold. Therefore, at the
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Fig. 6. LbL parametrization and non-implicit strategy (multi-scale MMTO). Optimal mass density p distribution along with the optimal multi-material micro-

structures (upper half), including Von Mises stress maps (lower half).
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Fig. 7. EbE parametrization and non-implicit strategy (multi-scale SMTO). Optimal mass density p distribution along with a few optimal single-material micro-

structures (upper half), including Von Mises stress maps (lower half).

macroscale, one optimizes the spatial distribution of mass density
throughout the structure domain. Whereas, at the microscale, one op-
timizes the topology and material distribution (MMTO) that define each
microstructure from which the structure is made of. Bearing this in
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mind, two coupled optimization problems are formulated, one for each
scale. These can be solved using two different strategies. The implicit
strategy assumes that the macro density design variable is implicitly
computed through the micro density design variables updated by a
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Table 4

Values for the total strain energy measured in Joules (C*), total material volume
fraction (V*) and maximum Von-Mises stress in the structure measured in MPa
(oM ) of the optimal SMTO and MMTO results obtained using the EbE param-
etrization and non-implicit strategy.

SMTO MMTO (Ssmro)

Cc* 217.40 194.78 (—10.4%)

v 0.30 0.55 (+83.3%)
oM 5.71 5.09 (—10.9%)

single optimizer, while the non-implicit strategy assumes the macro and
micro densities as independent design variables, requiring thus two
optimizers working concurrently. The optimizer used here is a variant of
the original MMA, called GMMA, which provides an improved
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approximation quality compared to the original version, since each
design variable in each function is associated with its proper moving
asymptote. Therefore, GMMA results in better problem convergence
properties.

This work provides a comparative study between: (1) SMTO and
MMTO optimal solutions; (2) two design parametrizations (LbL and
EbE); and (3) two algorithmic strategies (implicit and non-implicit).
Regarding the optimal solutions obtained, multi-material designs show a
stiffness improvement compared to single-material ones for the same
mass requirement. This is achieved on account of an increased material
volume fraction. Additionally, multi-material solutions show lower
stress levels when compared to single material ones, for the same
loading conditions. As regards the design parameterization, the more
local is the control of material microstructure the stiffer is the resulting
structure, but the improved structural performance outcome comes with
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Fig. 9. Optimization history: (a) total strain energy for multi-scale SMTO and MMTO problems; (b) mass density values p for SMTO; and (c) mass density values p
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manufacturability and computationally bigger challenges. The
increased computational cost can be dealt with parallel computing using
OpenMP to simultaneously tackle different micro problems on different
processors. However, the scalability depends on the algorithm strategy
used. The non-implicit strategy is more suitable to develop parallel code
than the implicit one, therefore the former strategy is advisable for large
scale multiscale TO problems. When the computational cost is not an
issue, both strategies perform well, with the implicit one being more
straightforward to be implemented.

In the future, the authors intend to extend the developed method-
ology to solve stress-based problems (see [57]) applied to multi-material
structures, where stresses are controlled along design iterations being
themselves part of the optimization problem formulation. This break-
through is valuable since multi-material designs might not always
ensure lower stress levels and, even if they do, it is not guaranteed that
the yield stress of any of the materials is not exceeded. Comprehensively,
this is a follow-up of much increased complexity on its own.
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