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Abstract

Given the Cauchy singular integral operator S acting on a reflexive rearrangement-

invariant Banach function space, our goal is to study the Fredholmness of the

operator aP +Q where P = 1
2(I + S), Q = 1

2(I − S) and a is a semi-almost periodic

function.

We start by equipping the space of the measurable functions finite µ-a.e.,

defined on a σ-finite measure space, with a metric. Then, we define the Banach

function spaces and we proceed to a detailed study of their properties. Next up,

we define the rearrangement invariant spaces and study the boundedness of the

Hilbert transform H acting on these spaces. The operators S and H share the

same behaviour, since S = iH, where i represents the imaginary unit. Further,

we develop the necessary theory of compact and Fredholm operators. Finally,

we prove our main result saying that, if a is a semi-almost periodic function

and the operator aP + Q is Fredholm, then alP + Q and arP + Q are invertible

on the reflexive rearrangement-invariant space, where al and ar are the left and

right almost periodic representatives of a, respectively, provided by the Sarason

theorem. If a is a purely almost periodic function, then a = al = ar and the above

result implies that the invertibility and the Fredholmness of this operator are

equivalent.

Keywords: Banach function space, rearrangement-invariant space, Fredholm

operator, compact operator, Cauchy singular integral operator, Boyd indices,

semi-almost periodic function.
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Resumo

Dado o operador integral singular de Cauchy S sobre um espaço funcional de

Banach invariante após rearranjo que seja reflexivo, o nosso objetivo é estudar o

caso em que o operador aP +Q é de Fredholm, onde P = 1
2(I + S), Q = 1

2(I − S) e

a é uma função semi-quase periódica.

Começamos por munir o espaço de todas as funções mensuráveis que são

finitas µ-a.e. definidas num espaço de medida σ-finita, com uma métrica. Depois,

definimos os espaços funcionais de Banach e procedemos ao estudo detalhado

das suas propriedades. A seguir, desenvolvemos a teoria necessária de operado-

res compactos e de Fredholm. Finalmente, provamos o resultado principal que

diz que, se a é uma função semi-quase periódica e se aP + Q é de Fredholm,

então alP +Q e arP +Q são invertíveis no espaço reflexivo invariante após rear-

ranjo, onde al e ar são representantes quase periódicos esquerdo e direito de a,

respectivamente, fornecidos pelo teorema de Sarason. Se a é puramente quase

periódica, como a = al = ar, o resultado acima diz que a noção de invertibilidade

e de Fredholm deste operador são equivalentes.

Palavras-chave: Espaço funcional de Banach, espaço invariante após rearranjo,

operador de Fredholm, operador compacto, operador singular integral de Cauchy,

índices de Boyd, função semi-quase periódica.
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Chapter 1

Introduction

Let B(X,Y ) denote the Banach space of all bounded linear operators acting from

a Banach space X to a Banach space Y . An operator A ∈ B(X,Y ) is said to be

Fredholm if its image imA is closed in Y and

dimkerA <∞, dimY/imA <∞.

Invertibility and Fredholmness are important concepts in the study of differential

equations, and they are used to determine the well-posedness and uniqueness

of solutions to boundary value problems. They are also important in the study

of integral equations

Kf = g,

where g is a given real-valued function and K is a linear operator defined by

(Kf)(x) :=

∫ b

a
k(x, t)f(t)dt.

The function k is said to be the kernel of the integral operator K. This equation is

also called: the Fredholm equation of the first kind. One of the simplest examples

is that when k ∈ C([a, b] × [a, b]), because it turns K to be compact. In the case

that

k(x, t) =
1

π(x− t)
,

the integral has a singularity, hence it does not exist in the proper way, neither

in the improper way. Thus, this thesis aims to study the Hilbert transform H

given by

f(x) 7→ p.v.
1

π

∫
R

f(t)

x− t
dt

defined on reflexive rearrangement-invariant Banach function spaces, where the

integral is understood in the Cauchy principal value sense, i.e.,

p.v.
1

π

∫
R

f(t)

x− t
dt := lim

ε↓0

1

π

∫
|x−t|>ε

f(t)

x− t
dt.

1



CHAPTER 1 . INTRODUCTION

More specifically, we will study necessary conditions for the Fredholmness of the

operator aP + Q where a is a semi-almost periodic function, P = 1
2(I + S) and

Q = 1
2(I−S), where S is the Cauchy singular integral operator which is a multiple

of the Hilbert transform by the imaginary unit.

A Banach function space is a generalization of the Lebesgue spaces Lp, which

were first studied by Frigyes Riesz in December of 1910. They are Banach spaces

and are defined over M0, the set of all measurable functions finite almost every-

where, in which the norm is related to the underlying measure in an appropriate

way. Some other examples of Banach function spaces are: Orlicz spaces, variable

exponent Lebesgue spaces, Lorentz spaces, Morrey spaces etc. Throughout this

writing, we consider all measure spaces to be σ-finite.

In Chapter 2, we aim to expose, constructively, a result saying that M0 is a

metrizable space of functions. Although the result is simpler on finite measure

spaces, when we pass to a more general case, we need to appeal to some topo-

logical notions, namely one of them being the property of the product topology,

saying that the convergence in the product space is equivalent to pointwise con-

vergence. We then claim that a countable product of complete metric spaces is

metrizable and its metric is also complete. Furthermore, this metric satisfies the

property of the product topology referred previously. This will allows us to equip

the space M0, where the underlying measure is σ-finite, with a metric that is

isometrically isomorphic to the product of M0 with finite underlying measures.

Chapter 3 begins with the axioms of Banach function spaces X and the study

their elementary properties. Then, we introduce the notion of the associate space

X ′ which can be treated as a "subspace" of the dual space X∗ of the Banach

function space X. The space X ′ has close connections with X as it completely

characterizes the norm of the elements of the original space X. Moreover, the

second associate space X ′′ of X is understood to be the associate space of X ′

and it is further proven that its elements are exactly the elements of X and that

the norm of X ′′ = (X ′)′ coincides with the norm of X. In the following section,

the notion of absolutely continuous norm of a function is introduced. So Xa

stands for the set of elements of X that have absolutely continuous norm and

we say that X has absolutely continuous norm if Xa coincides with the whole

space X. This notion correlates deeply with the dominated convergence theorem,

in the sense of Theorem 3.27. In particular, the dominated convergence theorem

implies that Lp = (Lp)a, for 1 ≤ p < ∞. We then set Xb to be the closure of the

set of simple functions. It is worthwhile to mention that this set contains the set

of all functions that have absolutely continuous norm, hence, in order to show

that X = Xa, it is sufficient to check that the simple functions have absolutely

continuous norm. Yet, it is crucial to take a closer look to the set Xa, as the

duality and separability of X depend on that subspace. In fact, one of the most

interesting property is the fact that X = Xa is equivalent to X∗ = X ′. Moreover,

2



if X = Xa and X ′ = (X ′)a then X is reflexive. In the same section, we extend the

notion of the adjoint operator of Hilbert spaces to Banach spaces with absolutely

continuous norm. The last section stands for the separability. Thus, a Banach

function space X is separable if and only if the underlying measure is separable

and X = Xa. If X∗ is separable, then X is reflexive.

In Chapter 4, we aim to expose a result about the necessary and sufficient con-

ditions for the boundedness of the Hilbert transform on rearrangement-invariant

spaces. These are Banach function spaces with the property that every pair

f, g ∈ M0 agrees in norm whenever f and g are equimeasurable, that is, when

the measures of their strict superlevel sets are equal for each level. For every

function f ∈ M0, one particular function of crucial importance arises and it is

the decreasing rearrangement, which is defined by

f∗(t) = inf {λ ≥ 0 : µf (λ) ≤ t} ,

where µf is the measure of the strict superlevel set of f defined by t, i.e.,

µf (λ) = µ {x ∈ R : |f(x)| > λ} .

The decreasing rearrangement f∗ rearranges the values of f in a decreasing

order. Further, it is proven that f and f∗ are equimeasurable, hence, in a

rearrangement-invariant space, they agree in norm. From the Hardy-Littlewood

inequality we can derive that, for every f, g, g̃ ∈ M0, where g̃ is equimeasurable

to g, we have ∫
R
|fg̃| dµ ≤

∫ ∞

0
f∗(s)g∗(s)ds.

The measure space (R,µ) is said to be resonant if we achieve the equality by

taking the supremum over all such g̃, for any f, g ∈ M0. So, if (R,µ) is a

resonant measure space and X is a rearrangement-invariant Banach function

space, then the Luxemburg representation theorem allows us to construct a new

rearrangement-invariant Banach function space X over the Lebesgue measure

space (R+,m) with the property that, for every f ∈ M0, yields

∥f∥X = ∥f∗∥X .

Next, the Boyd indices are defined based on the dilation operator

(Etf)(s) = f(st), (0 < s, t <∞),

which acts on M0(R+,m). They can be written as follows:

αX = lim
t↓0

log hX(t)

log t
, αX = lim

t→∞

log hX(t)

log t
,

where

hX(t) =
∥∥E1/t

∥∥
B(X)

, (0 < t <∞).

3



CHAPTER 1 . INTRODUCTION

We will show that the Boyd indices of the Lebesgue spaces Lp are αLp = αLp =

1/p. Generally, we have the inequality 0 ≤ αX ≤ αX ≤ 1, for every space X.

The last result of this chapter is that the Hilbert transform is bounded on a

rearrangement-invariant Banach function space X if and only if we have

0 < αX ≤ αX < 1.

In the last chapter, we begin with the definition of an algebra, C∗-algebra,

almost periodic and semi-almost periodic functions. Then we state Sarason’s

theorem which will be useful to solve the main problem. Next, we recall some

properties of complementary spaces, compact operators and the Riesz-Schauder

theory in order to introduce the notion of a Fredholm operator. A bounded

linear operator A ∈ B(X,Y ) acting on Banach spaces is Fredholm if and only if

there is F ∈ B(Y,X) such that AF − IY and FA− IX are compact operators. Let

B(X) := B(X,X) and let K(X) be the set of all compact operators on X. Then K(X)

is a closed two-sided ideal in the Banach algebra B(X). This enables us to define

the Calkin algebra B(X)/K(X). Hence, a bounded linear operator is Fredholm

if and only if it is invertible modulo the ideal of compact operators. We lately

proceed to derive from a cited result that, if the limit operator of any compact

operator is zero and if A ∈ B(X) is a Fredholm operator, then its limit operator,

if it exists, is invertible. This will be useful in the proof of the main result which

says that, if a is semi-almost periodic function and aP + Q is Fredholm on a

reflexive rearrangement-invariant space satisfying 0 < αX ≤ αX < 1, then alP +Q

and arP +Q are invertible operators, where al and ar are the left and right almost-

periodic representatives of a, respectively, given by the Sarason theorem. In the

case that a is a purely almost periodic function, since a = al = ar by Sarason’s

theorem, we get that, aP +Q is invertible if and only if aP +Q is Fredholm. This

result is a partial generalization of Corollary 18.11 from [4].

4



Chapter 2

Metric in the space of
measurable functions

In this chapter, we will show that the linear space M0 of all measurable almost

everywhere finite functions is metrizable. The proof is constructive. In order

to prove this result in full generality, we will need a result on metrizability of a

countable product of metric spaces. Further we introduce the metric on a finite

measure space (see Theorem 2.12 below). Finally, we extend the construction of

the metric to the case of σ-finite measure spaces. Moreover, a consequence of

this result is that the Lebesgue space Lp(R,m), (1 ≤ p ≤ ∞), where m represents

the Lebesgue measure, is continuously embedded in M0.

2.1 Countable product of metric spaces

Let us start introducing the notion of product topology which is very useful,

since the convergence in a product topology is equivalent to componentwise

convergence.

Definition 2.1. Let (Xi)i∈I be a family of topological spaces. The cartesian

product of topological spaces
∏

i∈I Xi is called product space. For each j ∈ I,

consider the set

Sj =
{
π−1
j (Uj) : Uj is an open set of Xj

}
,

where πj :
∏

i∈I Xi → Xj is the projection map from the product space onto Xj.

Then S =
⋃

j∈I Sj defines, as a subbasis, a topology for
∏

i∈I Xi, called the product
topology.

Remark. The open sets of the product topology are unions of sets of the form∏
i∈I Ui where Ui is an open set of Xi and Ui is not Xi for finitely many i. If

the topology of each Xi is generated by a basis, then the product topology is

5



CHAPTER 2 . METRIC IN THE SPACE OF
MEASURABLE FUNCTIONS

generated by the subbasis S =
⋃

j∈I Sj where

Sj =
{
π−1
j (Bj) : Bj is a basis element of Xj

}
.

Lemma 2.2 (see [19, Exercise 6, subchapter 19]). Let (x(k))k∈N be a sequence of
elements of the product space X =

∏
i∈I Xi and let x ∈ X. Then x(k) → x (in the

product topology) if and only if πj(x(k)) → πj(x) for each j ∈ I.

Proof. Suppose that x(k) → x. For j ∈ I take Uj to be an open set of Xj containing

πj(x). Then x ∈ π−1
j (Uj). By definition, there is p ∈ N such that

∀k ≥ p x(k) ∈ π−1
j (Uj)

which is equivalent to

∀k ≥ p πj(x
(k)) = x

(k)
j ∈ Uj .

Now, suppose that πj(x(k)) → πj(x) for each j ∈ I. Let B be an element basis

of the product topology containing x. Then, B =
∏

i∈I Ui where Ui is an open

set of Xi and, Ui ̸= Xi for finitely many i, say, for i ∈ J ⊂ I. Then, for j ∈ I,

πj(x) = xj ∈ πj(B) = Uj. By hypothesis, there is pj ∈ N satisfying:

∀k ≥ pj x
(k)
j ∈ Uj .

Since J is finite, we can take p = maxj∈J pj and claim that, for any j ∈ I,

∀k ≥ p x
(k)
j ∈ Uj .

Indeed, it is true, since for j /∈ J , Uj = Xj. Thus

∀k ≥ p x(k) ∈
∏
i∈I

Ui = B,

as desired.

The following result is at the core of our original problem.

Theorem 2.3 (see [7, Theorem 4.2.2] and [7, Theorem 4.3.12]). For each n ∈ N,
let (Xn, ρn) be a metric space, with ρn bounded by 1 and, on X =

∏
n∈NXn, let us

define the metric

ρ(x, y) =
∑
n∈N

ρn(xn, yn)

2n
,

for every x = (xn)n∈N, y = (yn)n∈N ∈ X.

(1) Then the product topology coincides with the topology induced by the metric ρ.

(2) If (Xn, ρn) is complete, for each n ∈ N, then (X, ρ) is complete.

6



2 .1 . COUNTABLE PRODUCT OF METRIC SPACES

Proof. (1) To show that an open set of the product topology is a ρ-open, we fix

B =
∏

n∈N Bεn(yn, Xn) where Bεn(yn, Xn) is the open ball of Xn with radius εn > 0,

finite for finitely many n, centered at yn. Without loss of generality, we suppose

that ε1, ..., εt are finite. Our goal is to find a finite ε > 0, such that Bε(y,X) ⊂ B,

where Bε(y,X) is the open ball of X centered at y = (yn)n∈N with radius ε. Firstly,

note that, for each n ∈ N, and for any x ∈ Bε(y,X),

ρn(xn, yn)

2n
≤ ρ(x, y) < ε.

So, fix ε = 2−tmin {ε1, ..., εt} and choose an x ∈ Bε(y,X). Obviously, the choice of

ε does not depend on x. Then, for each j ∈ N,

2−jρj(xj , yj) < ε.

In particular, for j = 1, ..., t,

ρj(xj , yj) < 2j−t︸︷︷︸
≤1

min {ε1, ..., εt} ≤ εj .

Thus, for each y = (yn)n∈N ∈ X and for each B =
∏

n∈N Bεn(yn, Xn) a basis element

of the product topology, there is ε > 0 satisfying Bε(y,X) ⊂ B.

Of course, we would like to have Bδx(x,X) ⊂ B for each x ∈ B. Let x ∈ B, and

choose δ = min {ε1 − ρ1(x1, y1), ..., εt − ρt(xt, yt)}. Then for j = 1, ..., t and for each

z ∈ C =
∏t

n=1 Bδ(xn, Xn)×
∏

n≥t+1Xn,

ρj(zj , yj) ≤ ρj(zj , xj) + ρj(xj , yj) < δ + ρj(xj , yj) ≤ εj .

Hence C ⊂ B. If we apply the last proved result to C, we obtain Br(x,X) ⊂ C, for

some r > 0. Therefore Br(x,X) ⊂ B which means that every basis element of the

product topology is ρ-open.

For the other part, pick Bε(x,X) for some x ∈ X and ε > 0. Let N ∈ N be such

that
1

2N
<
ε

2
.

Then, if we choose B =
∏N

n=1 B ε
2N

(xn, Xn) ×
∏

n≥N+1Xn, we have B ⊂ Bε(x,X).

Indeed, if y ∈ B, then

ρ(x, y) =

N∑
n=1

ρn(xn, yn)

2n
+

∑
n≥N+1

ρn(xn, yn)

2n

≤
N∑

n=1

ρn(xn, yn) +
∑

n≥N+1

1

2n

<
N∑

n=1

ε

2N
+

1

2N

<
ε

2
+
ε

2
= ε.

7
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We would like to have By ⊂ Bε(x,X) where By is a basis element of the product

topology "centered" at y, for an arbitrary y ∈ X. But, since Bε(x,X) is ρ-open

itself, for each y ∈ Bε(x,X) there is δy > 0 satisfying Bδy(y,X) ⊂ Bε(x,X). Applying

the last result, we can guarantee the existence of a basis element of the product

topology By such that By ⊂ Bδy(y,X). Consequently By ⊂ Bε(x,X), as desired.

(2) Suppose that
(
x(k)

)
k∈N is a Cauchy sequence of X. Then a similar reason-

ing as the proof of Lemma 2.2 can lead us to the conclusion that
(
x
(k)
n

)
k∈N

is a

Cauchy sequence in Xn, for every n ∈ N. Hence, for each n ∈ N, there is xn in

Xn satisfying x(k)n → xn as k → ∞. Applying again Lemma 2.2, we conclude that

x(k) → x in the product topology thus, in ρ, where x = (xn)n∈N ∈ X.

2.2 Borel-Cantelli lemma

Let us now introduce some notations and well-known results of the measure the-

ory that will allow us to construct a metric on the space of measurable functions

that are finite a.e. (almost everywhere).

Definition 2.4. Let (R,Σ, µ) be a measure space and E ∈ Σ.

• We say that E is of finite measure if µ(E) <∞.

• We say that E is σ-finite if there exists a sequence of µ-measurable sets

(En)n∈N of finite measure verifying E =
⋃

n∈NEn.

Of course, if R is of finite measure or σ-finite measure, the given measure space

is said to be of finite measure or σ-finite measure, respectively.

Definition 2.5. Let (R,Σ, µ) be a measure space and B ∈ Σ a non-empty set. We

define the restriction measure space (B,ΣB, µB), calling it measure subspace of

(R,Σ, µ), where the collection of measurable sets is

ΣB := {A ∩B : A ∈ Σ}

and µB is µ restricted to the domain ΣB.

In real analysis lim sup of a sequence of real numbers is defined as being the

biggest sublimit of the sequence. The set of sublimits is always a non-empty

set. In fact, if a sequence is bounded then, by the Bolzano-Weierstrass theorem,

there is a convergent subsequence. If a sequence is not bounded, for instance, if

it is not upper bounded, then clearly there is a subsequence converging to +∞.

Now, consider an arbitrary sequence of real numbers (an)n∈N and for each

n ∈ N,

An = {ak : k ≥ n} ⊂ R.

8



2 .2 . BOREL-CANTELL I LEMMA

Clearly, (An)n∈N is a descending chain of sets, that is

∀n ∈ N An+1 ⊂ An.

Thus, by real analysis once again, the real-valued sequence defined by bn = supAn

is decreasing. Consequently (bn)n∈N admits a limit (finite or not) and it is equal

to infn∈N bn. In fact,

lim sup
n→∞

an = inf
n∈N

sup
k≥n

ak.

Analogously,

lim inf
n→∞

an = sup
n∈N

inf
k≥n

ak.

Now, consider a sequence of sets (An)n∈N. Then,

Bn =
⋃
k≥n

Ak, (n ∈ N), (2.1)

is a descending chain. If we think about infimum as intersection and supremum

as union in terms of sets, then it motivates the following definition.

Definition 2.6. Let (An)n∈N be a sequence of sets. Then the upper limit of the

sequence is defined by

lim sup
n→∞

An :=
⋂
n∈N

⋃
k≥n

Ak.

Similarly, the lower limit of the sequence (An)n∈N is defined by

lim inf
n→∞

An :=
⋃
n∈N

⋂
k≥n

Ak.

Lemma 2.7 (Borel-Cantelli, see [8, Corollary 28.4.3]). Suppose that (R,Σ, µ) is
a measure space and consider a sequence of measurable sets (An)∈N such that∑

n∈N µ(An) <∞. Then

µ

(
lim sup
n→∞

An

)
= 0.

Proof. Let sn =
∑n

j=1 µ(Aj) for n ∈ N. By the hypotesis, sn → s =
∑

n∈N µ(An).

Clearly, the sequence rn = s− sn =
∑

j≥n+1 µ(Aj) tends to zero. Set (Bn)n∈N to be

defined as in (2.1). Since (Bn)n∈N is a descending chain and

µ(B1) = µ

(⋃
n∈N

An

)
≤
∑
n∈N

µ(An) <∞,

we therefore have

µ

(
lim sup
n→∞

An

)
= µ

(⋂
n∈N

Bn

)
= lim

n→∞
µ(Bn) = lim

n→∞
µ

⋃
k≥n

Ak

 ≤ lim
n→∞

∑
k≥n

µ(Ak)︸ ︷︷ ︸
rn−1

= 0,

hence the conclusion.

9
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2.3 Convergence in measure

Let (R,Σ, µ) be a measure space. We denote by M(R,Σ, µ) the set of all µ-

measurable functions, or simply, the set of all measurable functions (if there

is no danger of ambiguity), with the domain R and codomain R := R∪ {−∞,+∞},
Ṙ := R ∪ {∞} or Ċ := C ∪ {∞}. The set of all µ-measurable functions with domain

R and codomain [0,∞] will be denoted by M+(R,Σ, µ), and M0(R,Σ, µ) will be the

set of all µ-measurable functions that are finite µ-a.e. As usual, two functions

coinciding µ-a.e. will be identified. Instead, if there is no danger of ambiguity,

we can write just M, M+ or M0.

Definition 2.8. Let (R,Σ, µ) be a measure space, (fn)n∈N a sequence of µ-measu-

rable functions and f ∈ M.

• We say that (fn)n∈N converges to f a.e. (almost everywhere) and write fn → f

a.e., if

lim
n→∞

fn(x) = f(x),

for almost every x ∈ R.

• We say that (fn)n∈N converges in measure to f , and write fn → f in measure,

if for every ε > 0, we have µ(|fn − f | > ε) → 0, which denotes the following

limit

lim
n→∞

µ{x ∈ R : |fn(x)− f(x)| > ε} = 0.

• The sequence (fn)n∈N is said to converge a.u. (almost uniformly) to f , and

write fn → f a.u., if, for every fixed ε > 0 we can guarantee the existence of

a measurable set A satisfying µ(A) < ε and fn → f uniformly in R \A, i.e.,

lim
n→∞

sup
x∈R\A

|fn(x)− f(x)| = 0.

Remark. Notice that the definition of (fn)n∈N converging uniformly almost every-

where to f is ∥fn − f∥∞ → 0, i.e.,

lim
n→∞

ess sup
x∈R

|fn(x)− f(x)| = 0.

So, if a sequence of functions converges uniformly almost everywhere then it

converges almost uniformly.

Theorem 2.9 (Egorov’s Theorem, see [8, Theorem 28.6.2]). Suppose that (R,Σ, µ)
is a finite measure space, (fn) a sequence of measurable functions and f ∈ M.
Then fn → f a.e. if and only if fn → f a.u.

Proof. Suppose that fn → f a.e. and consider, for each n, k ∈ N, the following

sets:

10



2 .3 . CONVERGENCE IN MEASURE

• Bn,k = {x ∈ R : |fn(x)− f(x)| > 1/k};

• An,k =
⋃

m≥nBm,k;

• N = {x ∈ R : fn(x) ↛ f(x)}.

For the beggining, fix k ∈ N. Then we have⋂
n∈N

An,k = lim sup
n→∞

Bn,k ⊂ N.

Indeed, if x /∈ N then, for some nk ∈ N,

∀n ≥ nk |fn(x)− f(x)| ≤ 1/k.

This is

x /∈
⋃

n≥nk

Bn,k = Ank,k

which proves the above inclusion. Hence
⋂

n∈NAn,k is a null set. Since the

measure space is finite and (An,k)n∈N is a descending chain, we can guarantee

that µ(An,k) → 0 as n→ ∞. So, for an arbitrary ε > 0, there is nk satisfying

n ≥ nk =⇒ µ(An,k) < ε/2k.

Consequently, if we take A =
⋃

k∈NAnk,k, then

µ(A) ≤
∑
k∈N

µ(Ank,k) < ε
∑
k∈N

1

2k︸ ︷︷ ︸
=1

.

To conclude the proof, we claim that (fn)n∈N converges uniformly to f in R \ A.

In fact, it is equivalent to, for any k ∈ N, there is nk ∈ N such that

∀x ∈ R \A n ≥ nk =⇒ |fn(x)− f(x)| ≤ 1/k.

In terms of sets, this is

R \A ⊂ {x ∈ R : |fn(x)− f(x)| ≤ 1/k (∀n ≥ nk)} =
⋂

n≥nk

{x ∈ R : |fn(x)− f(x)| ≤ 1/k}

which is equivalent to, for any k ∈ N,

A ⊃
⋃

n≥nk

{x ∈ R : |fn(x)− f(x)| > 1/k}︸ ︷︷ ︸
Bn,k

= Ank,k,

which is true, by construction.

Conversely, suppose that fn → f a.u. By definition, for each k ∈ N we can

guarantee the existence of Ak ∈ Σ satisfying µ(Ak) < 1/k and (fn)n∈N converges

uniformly to f in R \ Ak. Set A =
⋂

k∈NAk. Then µ(A) ≤ infk∈N µ(Ak) = 0 and

(fn)n∈N converges pointwise to f in R \A.

11
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Remark. The above statement is not true in the case of infinite measure spaces.

As a counterexample, consider the Lebesgue measure on R and (fn)n∈N to be

fn = χ[n,n+1], where χE is the indicator function of E ⊂ R. For x ∈ R there is p ∈ N
greater than x. Since χ[n,n+1](x) = 0 for any n ≥ p, it follows that fn(x) → 0 as

n→ ∞. Therefore fn → 0 a.e.

In fact (fn)n∈N does not converge almost uniformly to 0. Suppose the contrary.

Then, there is a finite measure set A satisfying

lim
n→∞

sup
x∈R\A

χ[n,n+1](x) = 0,

which means that

∀x ∈ R \A χ[n,n+1](x) = 0,

for sufficiently big n, say, for n ≥ p, for some p ∈ N. It implies that

∀n ≥ p R \A ∩ [n, n+ 1] = ∅

or alternatively

R \A ∩ [p,+∞[ = ∅.

It follows that [p,+∞[ ⊂ A, which contradicts the fact that m(A) <∞.

Corollary 2.10 (see [8, Proposition 29.4.1]). Suppose that (R,Σ, µ) is a finite
measure space. If a sequence of measurable functions (fn)n∈N converges a.e. to a
measurable function f , then fn → f in measure.

Proof. By the previous theorem, fn → f a.u. Fix ε > 0. Then there is A ∈ Σ such

that µ(A) < ε and fn → f uniformly in R \ A. Thus, for each δ > 0 there is p ∈ N
such that

∀n ≥ p sup
x∈R\A

|fn(x)− f(x)| ≤ δ

which, in terms of sets, means that

R \A ⊂
⋂
n≥p

{x ∈ R : |fn(x)− f(x)| ≤ δ}.

Hence, for each n ≥ p, µ(|fn − f | > δ) ≤ µ(A) < ε and the conclusion follows.

Theorem 2.11 (see [8, Theorem 29.4.2]). Let (R,Σ, µ) be a finite measure space
and let (fn) be a sequence of elements of M0 such that fn → f in measure. Then
there exists (fnk

)k∈N a subsequence of (fn) converging to f a.e.

Proof. For each k ∈ N there is nk ∈ N satisfying

n ≥ nk =⇒ µ {x ∈ R : |fn(x)− f(x)| > 1/k} < 1/2k.

12
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Assume, without loss of generality, that the natural valued sequence (nk)k∈N is

strictly increasing. Let Bk = {x ∈ R : |fnk
(x)− f(x)| > 1/k} for every k ∈ N. Since∑

k∈N
µ(Bk) ≤

∑
k∈N

1/2k = 1,

the Borel-Cantelli lemma provides us the equality µ (lim supBk) = 0. So, by

definition, if x /∈ lim supBk, then there is k ∈ N satisfying

m ≥ k =⇒ |fnm(x)− f(x)| ≤ 1/m.

Whence, fnk
(x) → f(x) as k → ∞.

2.4 Metric associated to convergence in measure

A metric can characterize the convergence in measure. Take the function

φ0 : [0,+∞[ → R defined by

φ0(t) =

t if t ≤ 1,

1 otherwise.
(2.2)

Theorem 2.12 (see [8, Theorem 29.4.3]). Let (R,Σ, µ) be a finite measure space.
Consider the mapping d0 : M0 ×M0 → [0,+∞[ defined by

d0(f, g) =

∫
R
φ0(|f − g|)dµ.

Then d0 is a metric. Furthermore, for any sequence (fn)n∈N in M0 and for some
f ∈ M0, d0(fn, f) → 0 if and only if fn → f in measure.

Proof. Fix f, g, h ∈ M0. Since φ0 is increasing and subadditive,

φ0(|f − h|) ≤ φ0(|f − g|+ |g − h|) ≤ φ0(|f − g|) + φ0(|g − h|).

Hence the triangle inequality of d0 is satisfied, by monotonicity of integral. Also

d0(f, g) = 0 is equivalent to φ0(|f − g|) = 0 a.e., which happens if and only if

µ(f ̸= g) = 0. Thus (M0, d0) is a metric space.

Now suppose that fn → f in measure and fix ε > 0. Then, there is p ∈ N such

that,

∀n ≥ p µ

(
|fn − f | > ε

2µ(R)

)
< ε/2.

So, for any n ≥ p,

d0(fn, f) =

∫
|fn−f |> ε

2µ(R)

φ0(|fn − f |)dµ+

∫
|fn−f |≤ ε

2µ(R)

φ0(|fn − f |)dµ

≤
∫
|fn−f |> ε

2µ(R)

dµ+

∫
|fn−f |≤ ε

2µ(R)

ε

2µ(R)
dµ

≤ µ

(
|fn − f | > ε

2µ(R)

)
+

ε

2µ(R)
µ(R)

< ε.

13
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Conversely, suppose d0(fn, f) → 0. Note that for c, t ≥ 0,

t > c =⇒ φ0(t) ≥ φ0(c) = c,

whenever c ≤ 1. Then, if we fix c ∈ ]0, 1], by monotonicity of µ and by Markov’s

inequality, we get

µ(|fn − f | > c) ≤ µ (φ0(|fn − f |) ≥ c) ≤ 1

c

∫
R
φ0(|fn − f |)dµ = d0(fn, f)/c→ 0,

as n→ ∞.

Theorem 2.13 (see [8, Theorem 29.4.6]). Let (R,Σ, µ) be a finite measure space.
Then the metric space (M0, d0) is complete, where d0 is the metric from Theorem
2.12.

Proof. Let (fn)n∈N be a d0-Cauchy sequence of M0. By the previous theorem,

(fn)n∈N is a Cauchy sequence in measure. So, for each k ∈ N there exists nk ∈ N
satisfying

m,n ≥ nk =⇒ µ
(
|fn − fm| > 1/2k

)
< 1/2k.

Without loss of generality, suppose that (nk)k∈N is a strictly increasing sequence.

Put Bk =
(∣∣fnk

− fnk+1

∣∣ > 1/2k
)

and let C = lim supn→∞Bk. Since
∑

k∈N µ(Bk) ≤ 1,

by the Borel-Cantelli lemma, µ(C) = 0. For x /∈ C there is k0 ∈ N such that

∀k ≥ k0
∣∣fnk

(x)− fnk+1
(x)
∣∣ ≤ 1/2k.

In particular, if s > r ≥ k, for k ≥ k0,

|fnr(x)− fns(x)| ≤
s−1∑
l=r

∣∣fnl
(x)− fnl+1

(x)
∣∣ ≤∑

l≥k

1/2l = 2/2k.

Hence (fnk
(x))k∈N is a K-Cauchy sequence. Thus, fnk

(x) → f(x) as k → ∞. Since

it happens for x /∈ C, we can assume that f |C = 0, and deduce that fnk
→ f a.e.

for some f ∈ M0 as k increases, by nullity of C. By Corollary 2.10, fnk
→ f in

measure. Applying Theorem 2.12, d0(fnk
, f) → 0. Therefore d0(fn, f) → 0.

In order to extend the previous results to σ-finite measure spaces, we will

study the convergence in M0(R,Σ, µ) indirectly.

Consider a σ-finite measure space (R,Σ, µ). Suppose that (Rm)m∈N is a pair-

wise disjoint sequence of measurable sets such that 0 < µ(Rm) < ∞ for any

m ∈ N, and R =
⋃

m∈NRm. For A ∈ Σ such that µ(A) < ∞ set πA : M0(R,Σ, µ) →
M0(A,ΣA, µA) to be the restriction mapping with respect to A, that is, πA(f) = f |A,

for f ∈ M0(R,Σ, µ). Denote (Rm,Σm, µm) instead of (Rm,ΣRm , µRm). Consider on

M0(Rm,Σm, µm), the metric

dm(f, g) =

∫
Rm

φ0(|f − g|)dµm,

14
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with the function φ0 defined in (2.2). One can easily check that the metric spaces(∏
m∈NM0(Rm,Σm, µm), ϱ

)
and (M0(R,Σ, µ), d) are isometric, where

ϱ((fm)m∈N, (gm)m∈N) =
∑
m∈N

1

2m
dm(fm, gm)

µ(Rm)
,

for (fm)m∈N, (gm)m∈N ∈
∏

m∈NM0(Rm,Σm, µm), and

d(f, g) =
∑
m∈N

dm(πRm(f), πRm(g))

2mµ(Rm)
,

where f, g ∈ M0(R,Σ, µ). For f ∈ M0(R,Σ, µ), the correspondent element in the

product space is (πRm(f))m∈N and, for (fm)m∈N, the correspondent element in

M0(R,Σ, µ) is f such that f(x) = fm(x), if x ∈ Rm. Since each of M0(Rm,Σm, µm)

has a complete metric

ϱm(fm, gm) =
dm(fm, gm)

µ(Rm)
≤ 1, (m = 1, 2, ...),

by Theorem 2.3, ϱ is a complete metric which is equivalent to product topology

(and so d is). Furthermore, Lemma 2.2 says that convergence in the total space

is equivalent to convergence componentwise, that is, a sequence of elements of

M0(R,Σ, µ) converges to f ∈ M0(R,Σ, µ) if and only if fnχRm converges to fχRm,

for each m ∈ N.

Consider now the following lemma to finalize this topic.

Lemma 2.14. Let (R,Σ, µ) be a σ-finite measure space and let (Rm)m∈N be a
sequence of pairwise disjoint elements of Σ of finite measure that covers all the R.
Then, the following statements are equivalent:

(1) for each m ∈ N, fn → f in measure on Rm;

(2) fn → f in measure, on finite measure sets.

Proof. (2) =⇒ (1) is immediate. Suppose then (1), take A to be a finite measure

set and put Sm = A ∩Rm, for any m ∈ N. Notice that µ(A) =
∑

m∈N µ(Sm) <∞. So

if we fix δ > 0, there must be p ∈ N such that

∑
m≥p+1

µ(Sm) <
δ

2
.

By hypotesis, there is Nm ∈ N such that

∀n ≥ Nm µ (Rm ∩ {|fn − f | > ε}) < δ

2p
,

15
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for each m ∈ N and ε > 0. Set N = max {N1, ..., Np}. Then, for n ≥ N we have

µ (A ∩ {|fn − f | > ε}) =
p∑

m=1

µ (Sm ∩ {|fn − f | > ε}) +
∑

m≥p+1

µ (Sm ∩ {|fn − f | > ε})

≤
p∑

m=1

µ (Rm ∩ {|fn − f | > ε}) +
∑

m≥p+1

µ(Sm)

<

p∑
m=1

δ

2p
+
δ

2
= δ.

The following result will summarise what was discussed in this chapter.

Theorem 2.15. Let (R,Σ, µ) be a σ-finite measure space, (fn) a sequence of
M0(R,Σ, µ) and f ∈ M0(R,Σ, µ), with usual notations. The following statements
are equivalent:

(I) fn → f in the metric space M0(R,Σ, µ);

(II) (πRm(fn))m∈N → (πRm(f))m∈N in the metric space
∏

m∈NM0(Rm,Σm, µm);

(III) πRm(fn) → πRm(f) in M0(Rm,Σm, µm), for any m ∈ N;

(IV) πRm(fn) → πRm(f) in measure, for any m ∈ N;

(V) fnχRm → fχRm in measure, for any m ∈ N;

(VI) fn → f in measure on finite measure sets.

Furthermore, M0(R,Σ, µ) is a complete metric space.

Proof. (I) ⇔ (II) holds true, by isometry, (II) ⇔ (III) holds true, by Lemma 2.2,

(III) ⇔ (IV ) holds true by Theorem 2.12, (IV ) ⇔ (V ) holds true by definition

and (V ) ⇔ (V I) holds true by Lemma 2.14.

Finally, since each M0(Rm,Σm, µm) is complete, by Theorem 2.13, the com-

pleteness of M0(R,Σ, µ) follows by Theorem 2.3 (2).

With that in mind, we conclude that M0(R,Σ, µ) is a complete metric space,

where (R,Σ, µ) is a σ-finite measure space, and we can study the convergence

in measure on finite measure sets instead of the convergence in metric on

M0(R,Σ, µ).
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Chapter 3

Banach function spaces

3.1 Structure and properties

From this chapter on, we shall assume once for all that (R,Σ, µ) is a σ-finite

measure space and that there is a sequence of pairwise disjoint sets (Rm)m∈N

such that 0 < µ(Rm) < ∞ for any m ∈ N and R =
⋃

m∈NRm. From now on, for

brevity, we write (R,µ) instead of (R,Σ, µ).

Definition 3.1. Let (R,µ) be a measure space. A mapping ρ : M+ → [0,∞] is

called a Banach function norm (or simply, function norm) if, for any f, g, fn ∈ M+

(n = 1, 2, ...) and a > 0, it satisfies the following proprieties:

(P1) ρ(f) = 0 ⇐⇒ f = 0 a.e.;

(P2) ρ(af) = aρ(f);

(P3) ρ(f + g) ≤ ρ(f) + ρ(g) [triangle inequality];

(P4) g ≤ f a.e. =⇒ ρ(g) ≤ ρ(f) [lattice propriety];

(P5) fn ↑ f a.e. =⇒ ρ(fn) ↑ ρ(f) [Fatou’s propriety];

(P6) µ(E) <∞ =⇒ ρ(χE) <∞;

(P7) µ(E) <∞ =⇒
∫
E fdµ ≤ CEρ(f),

for some positive real number CE independent of f .

Theorem 3.2 (see [2, Chapter 1, Theorem 1.2]). The Lebesgue functional ρp : M+ →
[0,∞] defined as

ρp(f) :=


(∫

R f
pdµ
)1/p if 1 ≤ p <∞,

ess supR f if p = ∞,

is a function norm.

17
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Proof. The proprieties (P1), (P2), (P4) and (P6) are immediate. (P3) and (P5) hold

by Minkowski’s inequality and monotone convergence, respectively. For (P7)

choose a set of finite measure E and f ∈ M+. If 1 < p <∞, by Holder’s inequality

with q such that 1/p+ 1/q = 1, we get∫
E
fdµ =

∫
R
fχEdµ ≤

(∫
R
fpdµ

)1/p

︸ ︷︷ ︸
ρp(f)

(∫
R
χq
Edµ

)1/q

︸ ︷︷ ︸
CE

.

For p = ∞ we have: ∫
E
fdµ ≤

∫
E
ess sup

R
fdµ = ρp(f)

∫
R
χEdµ︸ ︷︷ ︸
CE

.

The case when p = 1 is obvious.

Definition 3.3. Let ρ be a Banach function norm. The collection X = X(ρ) of

all functions f in M for which ρ(|f |) <∞ is called a Banach function space. For

each f ∈ X we define

∥f∥X := ρ(|f |).

Definition 3.4. Let X,Y be two metric spaces such that X ⊂ Y . Then we say

that the space X is embedded into the space Y if the inclusion operator i : X → Y ,

x 7→ x is continuous. To refer to that we will write X ↪→ Y .

Recall that a simple function is a linear combination of indicator functions,

that is, f is a simple function if

f =

n∑
k=1

akχEk
,

for n ∈ N, a1, ..., an scalars and E1, ..., En measurable sets.

Theorem 3.5 (see [2, Chapter 1, Theorem 1.4]). Let (R,µ) be a measure space
and ρ : M+ → [0,∞] a Banach function norm. Then (X, ∥·∥X) is a normed space,
where X = X(ρ) and, for each f ∈ X,

∥f∥X := ρ(|f |).

Additionally the inclusions

S ⊂ X ↪→ M0

hold, where S is the set of simple functions with domain on R. In particular, if
fn → f in X, then fn → f in measure on finite measure sets, and hence some
subsequence converges to f a.e.
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Proof. Of course ∥·∥X is a norm on X, by (P1), (P2) and (P3). A simple function

f with domain on R is, by definition, f =
∑k

i=1 aiχEi for k ∈ N, ai ∈ K and finite

measure sets Ei. Using the proprieties of modulus and Banach function norm,

we get

ρ(|f |) = ρ

(∣∣∣∣∣
k∑

i=1

aiχEi

∣∣∣∣∣
)

≤ ρ

(
k∑

i=1

|ai| |χEi |

)
≤

k∑
i=1

|ai| ρ (|χEi |).

Thus S ⊂ X. If there is f ∈ X with E = |f |−1 [{∞}] whose measure is different

from 0 then
∫
E |f | dµ is not finite, which contradicts (P7). So it must be that

X ⊂ M0 remaining for us to prove that i : X → M0 is continuous. Choose fn → f

on X, a set E of finite measure and ε > 0. Then, applying Markov’s inequality

and (P7) we get

µ{x ∈ E : |fn(x)− f(x)| > ε} ≤ 1

ε

∫
E
|fn − f | dµ ≤ 1

ε
CE ρ(|fn − f |)︸ ︷︷ ︸

∥fn−f∥X

.

Hence fn → f in measure on E. Since E is an arbitrary finite measure set, by

Theorem 2.15, fn → f in the metric space M0. Thus i is sequentially continuous.

Since X and M0 are metric spaces, we conclude that X ↪→ M0.

Since fn → f in measure on finite measure sets, fnχRm → fχRm in measure,

for every m ∈ N. Using Theorem 2.15 with Theorem 2.11, for each m ∈ N,

we guarantee
(
α
(m)
n

)
an increasing sequence such that f

α
(m)
n
χRm → fχRm a.e.

Since every subsequence
(
f
α
(m)
n
χRm

)
n∈N

of (fnχRm)n∈N (m = 1, 2, ...) converges in

measure to fχRm, without a loss of generality we can suppose that if m1 ≤ m2,

then
(
α
(m2)
n

)
is a subsequence of

(
α
(m1)
n

)
. Then

(
α
(n)
n

)
is a sequence such that

f
α
(n)
n
χRm → fχRm a.e., for all the m ∈ N. In other words, f

α
(n)
n

→ f a.e.

Lemma 3.6 (see [2, Chapter 1, Lemma 1.5]). Let X = X(ρ) be a Banach function
space and suppose that (fn) is a sequence of elements of X.

(i) If 0 ≤ fn ↑ f a.e., then either f /∈ X and ∥fn∥X ↑ ∞ or f ∈ X and ∥fn∥X ↑ ∥f∥X ;

(ii) (Fatou’s lemma) If fn → f a.e. and lim infn→∞ ∥fn∥X <∞, then f ∈ X and

∥f∥X ≤ lim inf
n→∞

∥fn∥X <∞.

Proof. The first assertion is immediate, by (P5) from the definition of Banach

function norm. For the second part, we cannot use (P5) yet. Instead, we set

hn(x) = infm≥n |fn(x)|. By construction, hn ≤ hn+1 a.e., for every n ∈ N and

lim
n→∞

hn(x) = sup
n∈N

hn(x) = lim inf
n→∞

|fn(x)| = |f(x)|

for almost every x ∈ R. Hence hn ↑ |f | a.e. Now, since by definition, hn ≤ |fm| a.e.

for each m ≥ n, applying (P2), we can see that

∀m ≥ n ρ(hn) ≤ ∥fm∥X .
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Hence

ρ(hn) ≤ inf
m≥n

∥fm∥X .

Using this and using the fact that hn ↑ |f | a.e. with (P5) we have

∥f∥X = sup
n∈N

ρ(hn) ≤ sup
n∈N

inf
m≥n

∥fm∥X = lim inf
n→∞

∥fn∥X .

Consequently f ∈ X, since the right-hand side expression is finite and f is the

pointwise limit of a sequence of measurable functions.

Theorem 3.7 (Riesz-Fischer property; see [2, Chapter 1, Theorem 1.6]). Let X be
a Banach function space. Suppose that (fn) is a sequence of elements of X such
that ∑

n∈N
∥fn∥X <∞.

Then
∑

n∈N fn converges in X and∥∥∥∥∥∑
n∈N

fn

∥∥∥∥∥
X

≤
∑
n∈N

∥fn∥X .

In particular, X is complete.

Proof. Let tN =
∑

n≤N |fn| so that 0 ≤ tN ↑ t :=
∑

n∈N |fn|. Notice that

∥tN∥X ≤
∑
n≤N

∥fn∥X ≤
∑
n∈N

∥fn∥X <∞.

Applying (i) from the previous lemma, we get t ∈ X. Since X ⊂ M0, for almost

every x ∈ R,
∑

n∈N |fn(x)| converges and so does
∑

n∈N fn(x), by completness of

K. Thus if sN =
∑

n≤N fn then sN → f :=
∑

n∈N fn a.e. and, for fixed M ∈ N,

sN − sM → f − sM a.e., as well. Furthermore,

lim inf
N→∞

∥sN − sM∥X ≤ lim inf
N→∞

N∑
n=M+1

∥fn∥X =
∑

n≥M+1

∥fn∥X → 0,

as M → ∞, since the right-hand side sum is the rest sum of a convergent series.

By Fatou’s lemma, it follows that f − sM ∈ X (hence f ∈ X) and sM → f in X. But

then, for every M ∈ N,

∥f∥X ≤ ∥f − sM∥X + ∥sM∥X ≤ ∥f − sM∥X +
∑
n≤M

∥fn∥X ,

hence, the desired inequality follows, when we take the limit as M → ∞. Since

every absolutely convergent series is convergent, the completeness follows by a

well-known result of the introductory functional analysis (see, e.g., [25, Chapter

IV, Theorem 1.4]).
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3 .1 . STRUCTURE AND PROPER TIES

The next theorem summarizes for future reference the basic proprieties of

Banach function spaces established so far.

Theorem 3.8 (see [2, Chapter 1, Theorem 1.7]). Suppose that ρ is a function norm
and let

X = {f ∈ M : ρ(|f |) <∞} .

For each f ∈ X let ∥f∥X = ρ(|f |). Then (X, ∥·∥X) is a Banach space and the
following proprieties hold for all f, g, f1, f2, ... ∈ M and all measurable sets E of R:

(i) If |g| ≤ |f | a.e. and f ∈ X, then g ∈ X and ∥g∥X ≤ ∥f∥X . In particular, f ∈ X if
and only if |f | ∈ X and in that case f and |f | have the same norm in X.

(ii) (The Fatou property) Suppose that fn ∈ X, for any n ∈ N and 0 ≤ fn ↑ f a.e. If
f ∈ X, then ∥fn∥X ↑ ∥f∥X , whereas if f /∈ X, then ∥fn∥X ↑ ∞.

(iii) (Fatou’s lemma) If fn ∈ X for any n ∈ N, fn → f a.e. and lim infn→∞ ∥fn∥X <∞,
then f ∈ X and

∥f∥X ≤ lim inf
n→∞

∥fn∥X .

(iv) Every simple function belongs to X.

(v) To each set E of finite measure there corresponds a constant CE <∞ satisfy-
ing ∫

E
|f | dµ ≤ CE ∥f∥X

for all f ∈ X.

(vi) If fn → f in X, then fn → f in measure on every set of finite measure. In
particular, some subsequence of (fn) converges to f a.e.

Theorem 3.9 (see [2, Chapter 1, Theorem 1.8]). Let X and Y be Banach function
spaces over the same measure space. If X ⊂ Y , then X ↪→ Y .

Proof. Suppose that the linear operator i : X → Y is not bounded. Then there

exists a sequence (fn) in X such that ∥fn∥X = 1 and ∥fn∥Y > n3 for each n ∈ N.

By replacing fn with its absolute value, the norm does not change. So we may

suppose, without loss of generality, that fn ≥ 0 for any n ∈ N. By the Riesz-

Fischer property, it follows that
∑

n∈N n
−2fn converges, say, to f ∈ X. Hence

f ∈ Y which is impossible, since

0 ≤ n−2fn ≤
∑
n∈N

n−2fn = f

and

∥f∥Y ≥ n−2 ∥fn∥Y > n,

for any n ∈ N. Therefore, i must be a bounded linear operator.
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Corollary 3.10 (see [2, Chapter 1, Corollary 1.9]). If two Banach function spaces
consist of the same set of functions, then their norms are equivalent.

Proof. By the previous theorem, X ↪→ X, that is, the inclusion map i : X → X is

a bounded linear operator. Since i is the identity map on the Banach space X,

the Banach isomorphism theorem implies that i must be invertible.

3.2 The associate space

Definition 3.11. If ρ is a function norm, its associate norm ρ′ is defined on M+

by

ρ′(g) := sup

{∫
R
fgdµ : f ∈ M+, ρ(f) ≤ 1

}
.

Theorem 3.12 (see [2, Chapter 1, Theorem 2.2]). The associate norm ρ′ of ρ is
itself a function norm.

Proof. If ρ(f) ≤ 1, then by Theorem 3.5 f is finite a.e. Hence, if g = 0 a.e., then∫
R fgdµ = 0, for all f ∈ M+ and so ρ′(g) = 0. Conversely, if ρ′(g) = 0, then by

definition,
∫
R fgdµ = 0 for any f ∈ M+ satisfying ρ(f) ≤ 1. If E is a set such that

0 < µ(E) < ∞, then (P1) and (P6) from the definition of the function norm gives

us the inequality 0 < ρ(χE) <∞. Taking f = χE

ρ(χE) so that ρ(f) = 1, we obtain∫
R
fgdµ = (ρ(χE))

−1

∫
E
gdµ = 0,

which implies that g = 0 a.e. on E. Since we are working on σ-finite measure

space, it follows that g = 0 a.e. The properties (P2)-(P4) are immediate.

Now suppose that (gn) is a sequence in M+ such that gn ↑ g a.e. for some

g ∈ M+. So, by the lattice property ρ′(gn) ≤ ρ′(g) for any n ∈ N. If ρ(gn) = 0 for

some n ∈ N, then there is nothing to prove. We therefore suppose that ρ′(g) <∞
for every n ∈ N. Let ξ be a real number such that ρ′(g) > ξ. By definition of

supremum, there is f ∈ M+ such that ρ(f) ≤ 1 and
∫
R fgdµ > ξ. Now fgn ↑ fg

implies that
∫
R fgndµ ↑

∫
R fgdµ by the monotone convergence theorem. Hence

there is N ∈ N such that
∫
R fgndµ > ξ for n ≥ N . Therefore ρ′(gn) ↑ ρ′(g).

If E is a set satisfying µ(E) <∞, then for any f ∈ M+ with ρ(f) ≤ 1,∫
R
fgdµ =

∫
E
fdµ ≤ CEρ(f) ≤ CE .

Hence ρ′(χE) ≤ CE <∞.

For the remaining property, we suppose that µ(E) > 0 since µ(E) = 0 is a

trivial case. Set f = χE

ρ(χE) so that ρ(f) = 1. By definition,

ρ′(g) ≥
∫
R
fgdµ = (ρ(χE))

−1

∫
E
gdµ.

Therefore we conclude that ρ′ satisfies the property (P7) by setting C ′
E = ρ(χE).
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Definition 3.13. Let ρ be a function norm and let X = X(ρ) be the Banach

function space. Let ρ′ be the associate norm of ρ. The Banach function space

X(ρ′) determined by ρ′ is called the associate space of X and is denoted by X ′.

Hence its norm is defined by

∥g∥X′ :=

{∫
R
|fg| dµ : f ∈ X, ∥f∥X ≤ 1

}
.

Theorem 3.14 (Hölder’s inequality; see [2, Chapter 1, Theorem 2.4]). Let X be a
Banach function space and X ′ be its associate space. If f ∈ X and g ∈ X ′ then fg

is integrable. Furthermore, ∫
R
|fg| dµ ≤ ∥f∥X ∥g∥X′ .

Proof. If ∥f∥X = 0 then f = 0 a.e. and there is nothing left to prove. Otherwise,

we choose f̃ = f
∥f∥X

so that
∥∥∥f̃∥∥∥

X
= 1 and

∥g∥X′ ≥
∫
R

∣∣∣f̃g∣∣∣ dµ = (∥f∥X)−1

∫
R
|fg| dµ,

which implies the required inequality.

Theorem 3.15 (see [6, Theorem 3.39]). If p, p′ ∈ [1,+∞] are such that 1/p+1/p′ = 1

then Lp′ is the associate space of Lp.

Proof. The classical Hölder’s inequality says that we have∫
R
|fg| dµ ≤ ∥f∥p ∥g∥p′ ,

for every f ∈ Lp and g ∈ Lp′. So, it remains to prove that

sup

{∫
R
|fg| dµ : ∥f∥p ≤ 1

}
≥ ∥g∥p′ ,

for every g ∈ Lp′.

For the case when 1 < p < ∞, if we take g ∈ Lp′ , such that g ̸= 0, and

f = c |g|p
′−1 for some constant c, then |fg| = c |g|p

′
. Thus

∥fg∥1 = c ∥g∥p
′

p′ .

So, if we take c = ∥g∥1−p′

p′ then

∥fg∥1 = ∥g∥p′ ,

lasting us to prove that ∥f∥p ≤ 1. Indeed

∥f∥p = ∥g∥1−p′

p′

(∫
R
|g|p(p

′−1) dµ

)1/p

= ∥g∥1−p′

p′ ∥g∥
p′
p

p′ = ∥g∥
1+p′

(
1
p
−1

)
p′ = 1.
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For p = ∞, if g ∈ L1, then, by setting f = sgn(g), we get∫
R
|fg| dµ =

∫
R
|g| dµ = ∥g∥1 ,

and since ∥f∥∞ = 1, the conclusion follows.

Finally, for p = 1, we will instead show that

sup

{∫
R |fg| dµ
∥f∥1

: f ̸= 0

}
≥ ∥g∥∞ .

For each ε > 0 such that ε < ∥g∥∞, consider

E = {x ∈ R : |g(x)| > ∥g∥∞ − ε/2} .

Since R is σ-finite, there is a finite measure set F ⊂ E such that µ(F ) > 0. If we

put f = χF , we therefore obtain∫
R
|fg| dµ =

∫
F
|g| dµ ≥ (∥g∥∞ − ε/2)

∫
F
dµ > (∥g∥∞ − ε) ∥f∥1 ,

which is ∫
R |fg| dµ
∥f∥1

> ∥g∥∞ − ε.

By the definition of supremum, we achieve the desired inequality.

From the Hölder inequality we know that g ∈ X ′ implies that fg ∈ L1, for all

f ∈ X. We shall now show that, in fact, the converse also holds true.

Theorem 3.16 (Landau’s resonance theorem; see [2, Chapter 1, Lemma 2.6]).
Let X be Banach function space and let X ′ be its associate space. Then g ∈ X ′ if
and only if fg ∈ L1 for every f ∈ X.

Proof. If g ∈ X ′, then by Hölder’s inequality fg ∈ L1 for every f ∈ X.

Now, suppose that fg ∈ L1, for any f ∈ X and suppose that ∥g∥X′ = ∞. Then,

by definition of the norm function, there are fn ∈ X such that ∥fn∥ = 1 and∫
R |fng| dµ > n3 for all the n ∈ N. But then f =

∑
n∈N n

−2fn ∈ X by the Riesz-

Fischer property. Without loss of generality, suppose that fn ≥ 0. Consequently∫
R
|fg| dµ ≥ n−2

∫
R
|fng| dµ > n,

which is a contradiction.

Definition 3.17. Let X be a Banach function space and let X ′ be its associate

space. Then the associate space (X ′)′ of X is called second associate space and

it is denoted by X ′′.

Theorem 3.18 (Lorentz-Luxemburg theorem; see [2, Chapter 1, Theorem 2.7]).
Let X be a Banach function space. Then X = X ′′ (in sense of set theory) and, for
any f ∈ M+,

∥f∥X = ∥f∥X′′ .
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Proof. If f ∈ X, by the Hölder’s inequality fg ∈ L1 for every g ∈ X ′. Hence, by the

Landau resonance theorem f ∈ X ′′, and

∥f∥X′′ = sup

{∫
R
|fg| dµ : g ∈ X ′, ∥g∥X′ ≤ 1

}
≤ ∥f∥X .

Conversely, let f ∈ X ′′. For every n ∈ N, we set

fn(x) = min {|f(x)| , n}χRn(x),

where the sequence (Rn) is defined in the convention made on the beggining of

this chapter. Now

∀n ∈ N 0 ≤ fn ≤ nχRn .

Applying Theorem 3.8 (i) and (iv), it follows that fn ∈ X. Furthermore, by Fatou’s

property,

0 ≤ fn ↑ |f |

in both X and X ′′. So, to verify ∥f∥X ≤ ∥f∥X′′ it is sufficient to prove that

∀n ∈ N ∥fn∥X ≤ ∥fn∥X′′ .

We shall now suppose that f and n ∈ N are fixed and assume, without loss of

generality, that ∥fn∥X > 0. Consider the space

Mn = {g ∈ M : supp g ⊂ Rn} ,

equipped with the norm

∥g∥Mn
:=

∫
Rn

|gn| dµ.

Since L1 is complete,
(
Mn, ∥·∥Mn

)
is a Banach space. Let SX be the closed unit

ball on X. Then the set

U = SX ∩Mn

is a convex subset of Mn. If (hk)k∈N ⊂ U is such that hk → h in Mn, then hk → h

in measure on finie measure sets, hence some subsequence converges a.e. to h,

say (hαk
)k∈N. Since hαk

∈ SX , by Fatou’s lemma h ∈ SX . But supp hαk
⊂ Rn for all

the k ∈ N, whence supp h ⊂ Rn, thus h ∈ U . Therefore U is a closed subset of Mn.

Let now λ > 1. Then

g = λ
fn

∥fn∥X
∈Mn \ U.

By the second geometric version of Hahn-Banach theorem (see [23, Theorem 3.4]),

there is a closed hyperplane that separates strictly {g} and U . In other words, by

the Riesz Representation theorem (see [6, Theorem 3.43]), there is some non-zero

function φ ∈ L∞ such that supp φ ⊂Mn and

ℜ
(∫

Rn

hφdµ

)
< γ < ℜ

(∫
Rn

gφdµ

)
,
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for some real number γ and for every h ∈ U . By writing φ in the polar form,

φ = |φ|ψ and observing that ψ |h| ∈ U if and only if h does, we obtain

sup
h∈U

∫
Rn

|φh| dµ ≤ γ < ℜ
(∫

Rn

φgdµ

)
≤
∫
Rn

|φg| dµ.

For every h ∈ SX , we have

h(x) = lim
k→∞

hk(x) = lim
k→∞

min {h(x), k}χRn(x),

for x ∈ Rn. Obviously, hk ∈ Mn, so hk ∈ U , since |hk| ≤ |h| in R, whence ∥hk∥X ≤
∥h∥X ≤ 1. A function h ∈ SX thus can be approximated by the sequence of

functions (hk) in U . Since U ⊂ SX , by the monotone convergence theorem,

sup
h∈U

∫
Rn

|φh| dµ = sup
h∈SX

∫
Rn

|φh| dµ.

Hence

∥φ∥X′ = sup
h∈SX

∫
Rn

|φh| dµ ≤ γ <

∫
Rn

|φg| dµ =
λ

∥fn∥X

∫
Rn

|φfn| dµ,

or, equivalently

∥fn∥X < λ

∫
Rn

∣∣∣∣ φ

∥φ∥X′
fn

∣∣∣∣ dµ ≤ λ sup
ϕ∈SX′

∫
Rn

|ϕfn| dµ = λ ∥fn∥X′′ ,

where SX′ is the unit ball in X ′. Letting λ ↓ 1, we get the desired inequality.

Lemma 3.19 (see [2, Chapter 1, Lemma 2.8]). The norm of a function g in the
associate space X ′ can be given by

∥g∥X′ = sup

{∣∣∣∣∫
R
fgdµ

∣∣∣∣ : f ∈ X, ∥f∥X ≤ 1

}
.

Proof. Since
∣∣∫ fg∣∣ ≤ ∫ |fg|, clearly the left-hand-side integral does not exceed the

value of |g∥X′. In order to prove the reverse inequality, denote the unit ball of X

as SX . Let

E = {x ∈ R : g(x) ̸= 0} .

The polar form of g is given by, g = |g|ψ with |ψ| = 1, and so |g| = gψ on E. Thus,

for any f ∈ SX , ∫
R
|fg| dµ =

∫
R
|f | gψdµ.

Define

h(x) =

|f(x)|ψ(x) if x ∈ E

0 otherwise
.

Then |h| ≤ |f | on R, whence ∥h∥X ≤ ∥f∥X ≤ 1, and so h ∈ SX . Hence∫
R
|fg| dµ =

∫
R
hgdµ ≤

∣∣∣∣∫
R
hgdµ

∣∣∣∣ ≤ sup
f∈SX

∣∣∣∣∫
R
fgdµ

∣∣∣∣ .
26



3 .2 . THE ASSOCIATE SPACE

Therefore

∥g∥X′ = sup
f∈SX

∫
R
|fg| dµ ≤ sup

f∈SX

∣∣∣∣∫
R
fgdµ

∣∣∣∣ ,
which finishes the proof.

Recall that, for each X Banach space, the dual space of X is the set of all

bounded linear functionals that will be denoted by X∗.

Definition 3.20. A closed linear subspace B of the dual space X∗ of a Banach

space X is said to be norm-fundamental if

∥f∥X = sup {|L(f)| : L ∈ B, ∥L∥X∗ ≤ 1} ,

for every f ∈ X. In other words, a norm-fundamental subspace contains enough

elements of X∗ to reproduce the norm of every element of X.

Theorem 3.21 (see [2, Chapter 1, Theorem 2.9]). Let X be a Banach function
space and let X ′ be its associate space. Then X ′ is canonically isometrically
isomorphic to a norm-fundamental subspace of X∗.

Proof. For each g ∈ X ′ consider the bounded linear functional Lg ∈ X∗ defined by

Lg(f) =

∫
R
fgdµ, ∀f ∈ X.

Indeed, Lg is linear, by linearity of the integral and it is bounded, by the Hölder

inequality. Furthermore, if g ∈ X ′ is such that Lg = 0, then Lg(f) = 0 for every

f ∈ X. But then, by the previous lemma, ∥g∥X′ = 0, hence g = 0 a.e. Therefore

the kernel of the mapping g 7→ Lg is the null space of X∗. Thus X ′ is isomorphic

to some linear subspace of X∗, which is the image of that mapping. Once again,

by the previous lemma, the map is isometric, since

∥Lg∥X∗ = sup {|Lg(f)| : ∥f∥X ≤ 1} = sup

{∣∣∣∣∫
R
fgdµ

∣∣∣∣ : ∥f∥X ≤ 1

}
= ∥g∥X′ .

Since X ′ is complete, the image is also complete. Since X∗ is complete, the image

is closed. Finally,

∥f∥X = ∥f∥X′′

= sup

{∣∣∣∣∫
R
fgdµ

∣∣∣∣ : ∥g∥X′ ≤ 1

}
= sup {|Lg(f)| : ∥g∥X′ ≤ 1} ,

which leads us to the conclusion that the image of X ′ is norm-fundamental in

X∗.

Theorem 3.22 (see [2, Chapter 1, Proposition 2.10]). If X and Y are Banach
function spaces and X ↪→ Y , then Y ′ ↪→ X ′.

27



CHAPTER 3 . BANACH FUNCTION SPACES

Proof. Since X is embedded into Y there is c > 0 such that, for every f ∈ X,

∥f∥Y ≤ c ∥f∥X .

It is easy to check that, for any g ∈ Y ′,{∫
R
|fg| dµ : ∥f∥X ≤ 1

}
⊂
{∫

R
|fg| dµ :

1

c
∥f∥Y ≤ 1

}
.

But then

∥g∥X′ = sup

{∫
R
|fg| dµ : ∥f∥X ≤ 1

}
≤ sup

{∫
R
|fg| dµ :

1

c
∥f∥Y ≤ 1

}
= sup

{
c

∫
R

∣∣∣∣(1

c
f

)
g

∣∣∣∣ dµ :

∥∥∥∥1c f
∥∥∥∥
Y

≤ 1

}
= c sup

{∫
R
|fg| dµ : ∥f∥Y ≤ 1

}
︸ ︷︷ ︸

∥g∥Y ′

.

Hence the assertion follows.

3.3 Absolute continuity of the norm

Throughout this section we shall use (En)n∈N to denote an arbitrary sequence of

measurable subsets of R. We shall write En → ∅ to denote that χEn → 0 a.e. In

addition if (En)n∈N is a decreasing chain, we then write En ↓ ∅ a.e. instead. It is

not hard to prove that En → ∅ if and only if lim supn→∞En is a zero measure set.

Definition 3.23. A function f in a Banach function space X is said to have

absolutely continuous norm in X if ∥fχEn∥X → 0 for every sequence (En)n∈N

satisfying En → ∅ a.e. The set of all functions in X of absolutely continuous

norm is denoted by Xa. If Xa = X, then the space X itself is said to have

absolutely continuous norm.

The next result shows that in the preceding definition we could have restricted

our attention to decreasing sequences (En)n∈N.

Theorem 3.24 (see [2, Chapter 1, Proposition 3.2]). A function f in a Banach
function space X has absolutely continuous norm if and only if ∥fχEn∥X ↓ 0 for
any En ↓ ∅ a.e.

Remark. If 1 ≤ p <∞ then the Lebesgue space Lp(R,µ) has absolutely continuous

norm, provided by the dominated convergence theorem and using Theorem 3.24.

But that may not be the case when L∞(R,µ). It does not hold for non-atomic µ,

i.e., the measure µ is non-atomic if, for each E measurable set with µ(E) > 0,
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there is a measurable set F ⊂ E such that 0 < µ(F ) < µ(E). For instance, if we

take R = R, m to be the Lebesgue measure in R, f = 1 and En = [0, 1/n], clearly

χEn → 0 m-a.e. but ∥fχEn∥∞ = ess supEn
|f | = 1, for all the n ∈ N.

Lemma 3.25 (see [2, Chapter 1, Lemma 3.4]). If f has absolutely continuous norm
then to each ε > 0 there corresponds δ > 0 such that µ(E) < δ implies ∥fχE∥X < ε.

Proof. Suppose the contrary. Then, for some ε > 0, there is a sequence (En) of

measurable sets, satisfying

µ(En) < 2−n and ∥fχEn∥ ≥ ε,

for all n ∈ N. Since
∑

n∈N µ(En) ≤ 1 < ∞, by the Borel-Cantelli lemma, En → ∅
a.e., and so the norm-estimate above contradicts the fact that f has absolutely

continuous norm.

Theorem 3.26 (see [2, Chapter 1, Proposition 3.5]). A function f in a Banach
function space X has absolutely continuous norm if and only if ∥fn∥X ↓ 0 for every
sequence (fn)n∈N of measurable functions satisfying |f | ≥ fn ↓ 0 a.e.

Proof. The sufficiency is immediate by Theorem 3.24 and by taking fn = fχEn.

For the necessity, suppose f has absolutely continuous norm and |f | ≥ fn ↓ 0 a.e.

Take ε > 0 and let (RN )N∈N be an increasing sequence of nonzero finite measure

sets whose union is R. Since the complements QN = R \ RN ↓ ∅ a.e., Theorem

3.24 guarantees the existence of N ∈ N such that ∥fχQN
∥ < ε/2. If

α =
ε

4 ∥χRN
∥X

,

for each n ∈ N, let

En = {x ∈ RN : fn(x) > α} .

Since fn ↓ 0 a.e., and RN has finite measure, we see that µ(En) ↓ 0, by Corollary

2.10. Hence, Lemma 3.25 gives ∥fχEn∥X < ε/4 for sufficiently large n. For these

values of n we have

∥fn∥X ≤ ∥fnχQN
∥X + ∥fnχRN

∥X
≤ ∥fnχQN

∥X + ∥fnχEn∥X +
∥∥fnχRN\En

∥∥
X

≤ ∥fχQN
∥X + ∥fχEn∥X + α ∥χRN

∥X
<
ε

2
+
ε

4
+
ε

4
= ε.

Hence ∥fn∥X ↓ 0 as required.

The monotone convergence is at our disposal in every Banach function space

X in form of the Fatou property. The next result exihibits Xa as the largest

subspace of X for which a suitable dominated convergence theorem holds.
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Theorem 3.27 (see [2, Chapter 1, Proposition 3.6]). A function f in a Banach func-
tion space X has absolutely continuous norm if and only if the following property
holds: whenever fn (with n = 1, 2, ...) and g are measurable functions satisfying
|fn| ≤ |f | for all the n and fn → g a.e., then ∥fn − g∥X → 0.

Definition 3.28. A closed linear subspace Y of a Banach function space X is

called an order ideal of X if it has the property:

f ∈ Y and |g| ≤ |f | a.e. =⇒ g ∈ Y.

Clearly the trivial subspaces of X are itself order ideals of X.

Theorem 3.29 (see [2, Chapter 1, Theorem 3.8]). The subspace Xa of functions
of absolutely continuous norm is an order ideal a Banach function space X. Fur-
thermore, if 0 ≤ fn ↑ f a.e. and f ∈ Xa then ∥fn − f∥X ↓ 0.

Proof. We note that if f and g are measurable functions such that |g| ≤ |f | a.e.,

then |gχEn | ≤ |fχEn | a.e. following the inequality ∥gχEn∥X ≤ ∥fχEn∥X , for every

En → ∅. Hence g ∈ Xa, whenever f ∈ Xa, which is left us to show that the

subspace Xa is closed. Pick a sequence (fn) of elements of Xa which converges

to some function f in X. Then, given ε > 0, we shall have ∥fN − f∥X < ε/2

for suitably large N . Let (Em) be a sequence satisfying Em ↓ ∅. Since fN has

absolutely continuous norm, there exists M such that

∀m ≥M ∥fNχEm∥X <
ε

2
.

Hence, for every m ≥M ,

∥fχEm∥X ≤ ∥(f − fN )χEm∥X + ∥fNχEm∥X
≤ ∥f − fN∥X + ∥fNχEm∥X
<
ε

2
+
ε

2
= ε,

and the conclusion follows.

Definition 3.30. Let X be a Banach function space. The closure in X of the set

of simple functions is denoted by Xb.

Theorem 3.31 (see [2, Chapter 1, Proposition 3.10]). The subspace Xb is the
closure in X of the set of bounded functions supported in sets of finite measure.

Proof. We only need to show that every bounded function supported on a set

with finite measure belongs to Xb. Suppose therefore that f is bounded and

E = {x ∈ R : f(x) ̸= 0} has finite measure. Since f is bounded, there is (fn) a

sequence of simple functions that converges uniformly to f . But then,

∥f − fnχE∥X = ∥(f − fn)χE∥X ≤ ∥f − fn∥∞ ∥χE∥X︸ ︷︷ ︸
<∞

→ 0,

as n→ ∞.
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Theorem 3.32 (see [2, Chapter 1, Theorem 3.11]). The subspace Xb is an order
ideal of X and Xa ⊂ Xb ⊂ X.

Proof. Suppose that f ∈ Xb and |g| ≤ |f | a.e. By definition, there is (fn) a sequence

of simple functions converging to f in X. Then each of the functions

gn(x) = sgn(g(x))min {|fn(x)|, |g(x)|} , (n = 1, 2, ...)

is bounded and has support in a set of finite measure. Furthermore

|g − gn| = | sgn(g)| ||g| −min {|fn|, |g|}|

= ||g| −min {|fn|, |g|}|

= max {|g| − |fn|, 0}

≤ max {|f | − |fn|, 0}

≤ ||f | − |fn||

≤ |f − fn|

so

∥g − gn∥X ≤ ∥f − fn∥X → 0.

Hence g ∈ Xb is provided by the previous theorem.

Suppose now that f has absolute continuous norm. If (Rn) is an increasing

sequence of sets of finite measure whose union is R, then by the previous theorem

once more, each of the functions

fn(x) = sgn(f(x))min {|f(x)|, nχRn(x)} , (n = 1, 2, ...)

belongs to Xb. Since, for every n, |fn| ≤ |f | and fn → f a.e., it follows from Theorem

3.27 that fn → f in X. But Xb is closed, so we have f ∈ Xb. Consequently

Xa ⊂ Xb.

The subspace Xb is always relatively large in the sense that it is a norm-

fundamental subspace of (X ′)∗ (next theorem). By contrast, the subspace Xa

may contain only the zero-function and so the inclusion Xa ⊂ Xb is proper. We

shall be interested in the opposite extreme when Xa and Xb coincide.

Theorem 3.33 (see [2, Chapter 1, Theorem 3.12]). The subspace Xb of X is
isometrically isomorphic to a norm-fundamental subspace of (X ′)∗.

Proof. Since X = X ′′ and using Theorem 3.21, we may identify X, and hence Xb

to a closed subspace (X ′)∗. We proceed to prove that Xb is norm-fundamental,

by choosing an arbitrary g ∈ Xb and by fixing an ε > 0. By the definition of the

norm in X ′, there is f in the unit ball of X such that

∥g∥X′ − ε <

∫
R
|fg|dµ. (3.1)
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Let (RN ) be any increasing sequence of sets of finite measure whose union is R,

and let

fN = min {|f |, N}χRN
, (N = 1, 2, ...).

For all the N , it is not hard to see that fN is a bounded function, supported

on a set of finite measure and that |fN | ≤ |f | a.e., hence ∥fN∥X ≤ ∥f∥X ≤ 1.

Consequently {fN : N = 1, 2, ...} ⊂ B = {h ∈ Xb : ∥h∥X ≤ 1} . Since 0 ≤ fN ↑ |f |, the

monotone convergence theorem and (3.1) provide us the inequalities

∥g∥X′ ≤ sup
N

∫
R
|fNg|dµ+ ε ≤ sup

h∈B

∫
R
|hg|dµ+ ε,

taking ε → 0, and observing that the reverse inequality is an immediate conse-

quence of Hölder’s inequality, we thus obtain

∥g∥X′ = sup
h∈B

∫
R
|hg|dµ.

It is not hard to prove that the equality holds even if we pull the absolute value

outside the integral, in virtue of Lemma 3.19 and using the fact that Xb is an

order ideal.

3.4 Duality and reflexivity

Let Y be a closed subspace of a Banach function space X which contains S, the

set of simple functions. Each g in X ′ induces Lg a bounded linear functional

on X, f 7→
∫
fgdµ, and hence on Y . The map g 7→ Lg is isometric (by Theorem

3.33, using the fact that Xb ⊂ Y ). Hence X ′ may be identified with some closed

subspace of Y ∗. The following theorem gives us the necessary and sufficent

conditions on Y to satisfy Y ∗ = X ′.

Theorem 3.34 (see [2, Chapter 1, Theorem 4.1]). Let Y be an order ideal of a
Banach function space X and suppose that Y contains S. Then Y ∗ = X ′ if and
only if Y ⊂ Xa. In this case,

Y = Xa = Xb.

Proof. First, suppose that Y ⊂ Xa. As discussed above, it remains for us to show

that X ′ ⊃ Y ∗. Let L ∈ Y ∗. We shall exhibit a function g ∈ X ′, such that, for every

f ∈ Y , we have

L(f) =

∫
R
fgdµ.

Since R is σ-finite, there is pairwise disjoint subsets (SN )N∈N, each with finite

measure, and whose union is all of R. For each N = 1, 2, ..., let AN denote the

σ-algebra of all µ-measurable subsets of SN , and define a set-function λN on AN

by,

λN (A) = L(χA), (A ∈ AN ) .
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Note that λN (A) is well-defined for all A ∈ AN , because χA ∈ Xb = Y . We claim

that λN is countably additive on AN . To see this, let (An)n∈N be a sequence of

disjoint sets from AN and let

Bn =
n⋃

j=1

Aj , (n = 1, 2, ...), A =
⋃
n∈N

An =
⋃
n∈N

Bn.

Since A ∈ AN , we have χA ∈ Xb = Xa. Furthermore, it is clear that χA ≥ χA\Bn
↓ 0,

so, by the dominated convergence theorem, ∥χA − χBn∥X ↓ 0, as n → ∞. The

continuity and the linearity of L on Y therefore give

λN (A) = L(χA) = lim
n→∞

L(χBn) = lim
n→∞

n∑
j=1

L(χAj ) =
∑
n∈N

λN (An),

and this establishes the σ-additivity of λN .

It is easy to obtain a bound for the measure by estimating

|λN (A)| = |L(χA)| ≤ ∥L∥Y ∗ ∥χA∥X ≤ ∥L∥Y ∗ ∥χSN
∥X <∞.

The estimate

|λN (A)| ≤ ∥L∥Y ∗ ∥χSN
∥X ,

shows also that λN is absolutely continuous with respect to µ, on AN . Hence,

by the Radon-Nikodym theorem (see [1, Theorem 9.36]), there is a µ-a.e. unique

function gN defined on SN such that

λN (A) =

∫
A
gNdµ.

Since SN are disjoint, we may define a function g on all of R by setting g = gN on

each SN . Clearly

L(χA) =

∫
R
χAgdµ,

for any µ-measurable set A ⊂ R. Before passing to the general case we first

show that g ∈ X ′. Let h be nonnegative simple function with support in some set

Rn =
⋃n

m=1 Sm. If we suppose for the moment that g is real-valued, then clearly

h · sgn(g) is also a simple function with support in Rn. In particular, this function

is a finite linear combination of characteristic functions of µ-measurable sets.

Hence, ∫
R
|hg|dµ =

∫
R
h · sgn(g)gdµ = L(h · sgn(g)).

But L is bounded on Y , so∫
R
|hg|dµ ≤ ∥L∥Y ∗ ∥h · sgn(g)∥Y ≤ ∥L∥Y ∗ ∥h∥X .

If now f is an arbitrary function in X, then we may construct a sequence (hn)n∈N

of simple functions, each having support in Rn, such that 0 ≤ hn ↑ |f | µ-a.e.
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Applying the above inequality to each hn in turn, we see from monotone conver-

gence theorem that the left-hand sides converge to
∫
|fg|dµ, and from the Fatou

property that the right-hand sides converge to ∥L∥Y ∗ ∥f∥X . Hence,∫
R
|fg| dµ ≤ ∥L∥Y ∗ ∥f∥X , (f ∈ X).

This, together with the Landau’s resonance theorem shows that g ∈ X ′. If g is

complex-valued, then the same argument is applied separately to the real and

imaginary parts of g. As in the remarks preceding the statement of the theorem,

we may thus regard the linear functional Lg induced by g as a member of Y ∗. In

this way, we can see that L and Lg coincide on all simple functions with support

on some Rn. It is now fairly easy to show that L and Lg coincide on all of Y .

If f is any real-valued function in Y , then, as above, there exists a sequence

of simple functions hn, (n = 1, 2, ...), with the support hn contained in Rn, such

that 0 ≤ hn ↑ |f |, µ-a.e. The functions fn = hn · sgn(f) are also simple and have

supports in the sets Rn, and fn → f µ-a.e. in Y . Since L(fn) = Lg(fn), and both

functionals are continuous on Y , we conclude that L(f) = Lg(f). Finally, if f is

complex-valued, then both its real and imaginary parts belong to Y (because Y

is an order ideal). The obvious argument therefore shows that L and Lg coincide

on all of Y . As remarked previously, this establishes that X ′ = Y ∗.

Conversely, assuming X ′ = Y ∗, we have to show that Y ⊂ Xa. Suppose the

contrary. Then there is f ∈ Y that does not have absolutely continuous norm.

Since Y is an order ideal we may suppose that f ≥ 0. In that case, there is a

sequence En ↓ ∅ and ε > 0 such that

∥fχEn∥X ≥ ε, (n = 1, 2, ...).

It is an immediate consequence of the dominated convergence theorem that the

sets

Gn =

{
g ∈ X ′ :

∫
R
|fχEng| dµ <

ε

2

}
, (n = 1, 2, ...)

cover X ′. In fact, if g ∈ X ′, fχEng → 0, µ-a.e. and

|fχEng| ≤ |fg| ∈ L1(R,µ).

This implies that
∫
R fχEngdµ→ 0, as n→ ∞. Here, we used the fact that L1(R,µ)

has absolute continuous norm. Back to our problem, since X ′ = Y ∗ and since

Y is an order ideal, fχEn ∈ Y . We therefore may regard (Gn)n∈N as a weak* open

cover of Y ∗. By the Banach-Alaoglu theorem (see [5, Theorem 3.16]), there is

(Gn(i))
k
i=1 a finite subcover of the unit ball of Y ∗. Every g ∈ X ′, with ∥g∥X′ ≤ 1

therefore lies in some Gn(i), so since f ≥ 0, and En ↓ ∅ we have∫
R
|fχEng| dµ ≤

∫
R

∣∣∣fχEn(i)
g
∣∣∣ dµ < ε

2
,
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for all the n ≥ N = max {n(1), ..., n(k)}. Whence, for n ≥ N ,

∥fχEn∥X = sup
∥g∥X′≤1

∫
R
|fχEng| dµ ≤ ε

2
,

thus a contradiction.

Corollary 3.35 (see [2, Chapter 1, Corollary 4.2]). If X is a Banach function space
and if Xa ⊃ S, then (Xa)

∗ = X ′.

Proof. By Theorem 3.29, Xa is an order ideal. Then, by the previous theorem,

putting Y = Xa, we arrive at the conclusion.

Corollary 3.36 (see [2, Chapter 1, Corollary 4.3]). Let X be a Banach function
space. Then X∗ = X ′ if and only if X has absolutely continuous norm.

Corollary 3.37 (see [2, Chapter 1, Corollary 4.4]). A Banach function space is
reflexive if and only if both X and X ′ have absolutely continuous norm.

Proof. First, suppose that X and X ′ have absolutely continuous norm. The

previous corollary and Theorem 3.18 yield

X∗∗ = (X∗)∗ = (X ′)∗ = X ′′ = X,

which says that X has to be reflexive.

Conversely, suppose that X is reflexive. Recall that X ′ is a norm-fundamental

subspace of X∗, by Theorem 3.21. If X ′ is a proper subspace of X∗, then the

Hahn-Banach theorem provides a nonzero functional F ∈ X∗∗ that anihilates X ′.

The reflexivity of X allows us to represent F by evaluation at some f ∈ X, in

which case ∫
R
fgdµ = F (g) = 0,

for all the g ∈ X ′. Since X ′ is norm-fundamental in X∗, this implies that f = 0

a.e., and hence F is identically zero. From this contradiction, we conclude that

X ′ = X∗, and hence X has absolutely continuous norm. From this fact, yields

the equality

(X ′)∗ = (X∗)∗ = X∗∗ = X = X ′′,

and so, by the previous corollary, X ′ has absolutely continous norm.

Our goal now is to define the adjoint operator acting on certain Banach spaces.

To define it consistently, we will consider the adjoint operator acting on Hilbert

spaces H1 and H2. Let T : H1 → H2 be a bounded linear operator. Then, there

corresponds a unique bounded linear operator T ∗ : H2 → H1, satisfying

⟨Tu, v⟩ = ⟨u, T ∗v⟩ ,

for any u ∈ H1 and for any v ∈ H2, where ⟨·, ·⟩ represents the inner product on its

respective space. The operator T ∗ is said to be the adjoint operator of T .
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Definition 3.38. Let X,Y be Banach spaces and A : X → Y a bounded linear

space. Then there exists a linear operator A′ : Y ∗ → X∗ called dual operator, that

yields

(Ax,ψ) = (x,A′ψ),

for all the x ∈ X and ψ ∈ Y ∗, where (·, ·) is the usual composition of functions.

It is easy to prove that ∥A∥ = ∥A′∥ is verified and the uniqueness of the

operator A′ is also straightforward. Hence A′ is bounded. Also, it is obvious that

(λA)′ = λA′, for any scalar λ, in constrast with (λT )∗ = λT ∗, for T bounded linear

operator of a Hilbert spaces.

Now, consider that X and Y are Banach function spaces with absolutely

continuous norm, that is, X ′ = X∗ and Y ′ = Y ∗. Further, suppose, for simplicity,

that the underlying measure space of both X and Y is the same (R,µ). Consider

JX : X ′ → X∗ and JY : Y ′ → Y ∗ to be the isometric isomorphism, both with the

following law:

g 7→ G(f) =

∫
R
fgdµ.

Henceforth, set ⟨f, g⟩ :=
∫
R fgdµ. If X and Y were Hilbert spaces, say L2, then, for

each f ∈ X and G ∈ Y ∗, since A′G ∈ X∗ and G ∈ Y ∗, by the Riesz representation

theorem, we would have

(Af,G) = (f,A′G) =
〈
f, J−1

X A′G
〉
, and (Af,G) = ⟨Af, g⟩ .

Therefore,

⟨Af, g⟩ =
〈
f, J−1

X A′JY g
〉
,

from which, we recover A∗ = J−1
X A′JY , by uniqueness of the adjoint operator.

Returning to our case, the Riesz representation theorem is replaced by the hy-

pothesis that the Banach function spaces are absolutely continuous, so that JX
and JY are invertible.

Definition 3.39. Let X,Y be Banach function spaces with absolutely continuous

norm and let A : X → Y be a bounded linear operator. Then, the adjoint operator
A∗ : Y ′ → X ′ is the unique linear operator satisfying

⟨Af, g⟩ = ⟨f,A∗g⟩ ,

for every f ∈ X ′ and g ∈ Y ′.

As A∗ = J−1
X A′JY , we have

∥A∗∥ =
∥∥A′∥∥ = ∥A∥ <∞.

At this point, it is routine to show that:
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1. (αA + βB)∗ = αA∗ + βB∗, for α, β ∈ C and A,B : X → Y bounded linear

operators.

2. (AB)∗ = B∗A∗, for A : X → Y and B : Y → Z bounded linear operators.

3. I∗X = IX′, if IX : X → X represents the identity map.

3.5 Separability

A vector space X endowed with a topology is said to be a topological vector space
(sometimes referred as TVS) if every singleton of X is closed and if vector space

operations are continuous under the endowed topology. As a consequence of that

definition, the space X is Hausdorff space. Also, the translation and dilatation

operators are both homeomorphism from X onto itself. A set C ⊂ X is said to be

convex if

∀t ∈ [0, 1] tC + (1− t)C ⊂ C.

A locally convex topological vector space is a topological vector space such that

the origin admits a basis neighbourhood consisting of convex sets, that is, every

open neighbourhood of the origin contains a convex open neighbourhood of the

origin. As a direct consequence of the "well-behavior" of translations and dilata-

tions, every element of X admits a basis neighbourhood consisting of convex sets.

(For more details check [23], pp. 6-9.)

A family F of seminorms of X is said to be separating if, for any non-zero

element f of X, there is ρ ∈ F such that ρ(f) ̸= 0.

Let X be a Banach function space and suppose Z is an order ideal of X ′

containing the simple functions. Then Z contains (X ′)b and, by Theorem 3.33, Z

is a norm-fundamental subspace of X∗. The collection of seminorms

f 7→
∣∣∣∣∫

R
fgdµ

∣∣∣∣ , (g ∈ Z)

on X is therefore a separating family which endows X with the structure of

locally convex topological space. The topology in question is called the weak
topology on X generated by Z and is denoted by σ(X,Z). Note that fn → f in the

σ(X,Z)-topology if and only if, for all the g ∈ Z,∫
R
fngdµ→

∫
R
fgdµ.

We say that A ⊂ X is σ(X,Z)-bounded if it is bounded in each of the seminorms

referred above, i.e., if

sup
f∈A

∣∣∣∣∫
R
fgdµ

∣∣∣∣ <∞,

for all the g ∈ Z.
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Lemma 3.40 (see [2, Chapter 1, Lemma 5.1]). Let X be a Banach function space
and suppose Z is an order ideal of X ′ containing the simple functions. Then A ⊂ X

is σ(X,Z)-bounded if and only if it is norm-bounded in X.

Proof. Hölder’s inequality shows that norm-boundedness implies σ(X,Z)-boun-

dedness. Conversely, suppose that A is σ(X,Z)-bounded. Then, for each g ∈ Z,

sup

{∣∣∣∣∫
R
fgdµ

∣∣∣∣ : f ∈ A

}
<∞.

For each f ∈ A, associate the functional F ∈ Z∗ defined by

F (g) =

∫
R
fgdµ, (g ∈ Z).

As already referred in the remarks preceding the lemma, Z is a norm-fundamental

subspace of X∗ and thus ∥F∥Z∗ = ∥f∥X . So, by hypothesis

sup
f∈A

|F (g)| ≤ Cg <∞,

for all the g ∈ Z. Hence, by the uniform boundedness principle (see [5, Theo-

rem 2.2]),

sup
f∈A

∥f∥ = sup
f∈A

∥F∥Z∗ <∞,

which shows that A is norm-bounded.

Before we proceed to the proof of σ(X,Z)-completeness of X, we shall quote a

classical result from measure theory that can be further generalized to complex-

valued measures.

Lemma 3.41 (Hahn-Saks theorem; see [11, Exercise 19.68, p. 339]). Let (R,Σ, µ)
be a measure space and let (νn) be a sequence of finite measures on Σ. Assume
that for every n ∈ N the measure νn is absolutely continuous with respect to µ. Let
ν be a functional on Σ. Assume further that for every E ∈ Σ such that µ(E) < ∞,
one has

lim
n→∞

νn(E) = ν(E).

Then

1. The measures (νn) are uniformly absolutely continuous with respect to µ, i.e.,

∀ε > 0 ∃δ > 0 : ∀n ∈ N, ∀E ∈ Σ, µ(E) < δ =⇒ νn(E) < ε;

2. ν is a measure, which is absolutely continuous with respect to µ.

Theorem 3.42 (see [2, Chapter 1, Theorem 5.2]). Let X be a Banach function
space and let Z be an order ideal containing the simple functions. Then X is
σ(X,Z)-complete.

38



3 .5 . SEPARABIL ITY

Proof. Let (fn) be a σ(X,Z)-Cauchy sequence in X. This means that, for each

g ∈ Z,
(∫

R fngdµ
)

is a Cauchy sequence. Whence, for each g ∈ Z,

sup
n∈N

∣∣∣∣∫
R
fngdµ

∣∣∣∣ <∞,

from which me can conclude that (fn) is σ(X,Z)-bounded. Hence, by the previous

lemma, there is M > 0 such that

sup
n∈N

∥fn∥X ≤M.

For each n = 1, 2, ..., the measure νn defined by

νn(E) =

∫
E
fndµ

is absolutely continuous with respect to µ (that is, νn ≪ µ). Let (Rn) be an

ascending chain of sets of finite µ-measure whose union is all of R, and fix N ∈ N.

By hypothesis, (νn(E)) is Cauchy and so

ν(E) := lim
n→∞

νn(E)

exists and is finite for every µ-measurable subset E of RN . By the Hahn-Saks

theorem, the sequence (νn), restricted to RN , is uniformly absolutely continuous

with respect to µ, and, on RN , the set function ν is a measure which is absolutely

continuous with respect to µ. It follows, by letting N → ∞, that there exists

f0 ∈ L1
loc(R,µ) such that

lim
n→∞

νn(E) = ν(E) =

∫
R
f0χEdµ,

whenever µ(E) <∞.

If g is a simple function with support of finite measure, we therefore have

lim
n→∞

∫
R
fngdµ =

∫
R
f0gdµ.

If g also satisfies ∥g∥X′ ≤ 1, then∣∣∣∣∫
R
f0gdµ

∣∣∣∣ ≤ lim sup
n→∞

∥fn∥X ∥g∥X′ ≤M.

But if g ∈ X ′ is an arbitrary element of the unit ball, then, there is a sequence of

simple functions (gm) with support in Rm such that ∥gm∥X′ ≤ 1 and 0 ≤ gm ↑ |g|.
Using the monotone convergence,∫

R
|f0| gmdµ ↑

∫
R
|f0g| dµ,

as m → ∞. But once again, the right-hand side limit is controlled by M . So

we must have ∥f0∥X ≤ M . If now g is a bounded function with support of finite
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measure, then it can be approximated by a sequence of simple functions that

converges uniformly to g and hence holds the equality

lim
n→∞

∫
R
fngdµ =

∫
R
f0gdµ.

We need to show that the above equality is valid for any g ∈ Z. Fix such a function

and set

ωn(E) :=

∫
E
fngdµ, (n = 1, 2, ...).

The set functions ωn are finite measures satisfying ωn ≪ µ. Since gχE belongs to

Z for each measurable set E, the hypothesis implies that the sequence (ωn(E))

converges. Again, by the Hahn-Saks theorem, the sequence (ωn) is uniformly

absolutely continuous with respect to µ, that is, ωn(E) → 0 uniformly in n as

µ(E) → 0. The measure ω0(E) :=
∫
E f0gdµ also satisfies ω0 ≪ µ. Thus, if we define

a descending chain of µ-measurable sets (Em) by

{x ∈ R : |g(x)| > m} ∪Rc
m, (m = 1, 2, ...).

We may notice that

lim
m→∞

µ(Em) = 0.

Let us prove that
⋂

m∈NEm is a null set. Fix m ∈ N and suppose, with view

to a contradiction that there is x ∈
⋂

m∈NEm such that it does not belong to

{x ∈ R : |g(x)| = ∞} which is known to be a null set, provided that g ∈ Z ↪→ M0.

Then, there is M > 0 such that |g(x)| ≤ M1. Also, there is M2 such that x ∈ RM2.

Taking M = max {M1,M2} we see that |g(x)| ≤M and x ∈ RM , equivalently x /∈ Rc
M ,

that is, x /∈ EM , as desired. Back to our main argument, given ε > 0, we may

choose N ∈ N such that

|ωn(EN )| < ε

3
, (n = 0, 1, 2, ...).

If FN denotes the complement of EN , that is,

FN = Ec
N = {x ∈ RN : |g(x)| ≤ N} ,

then gχFn is bounded and has support of finite measure. Since

lim
n→∞

∫
R
fnχFN

dµ =

∫
R
f0gχFN

dµ,

there is an order n0 ∈ N such that, for all the n ≥ n0,∣∣∣∣∫
FN

fngdµ−
∫
FN

f0gdµ

∣∣∣∣ < ε

3
.

By splitting the range of integration R into FN and EN we therefore obtain∣∣∣∣∫
R
fngdµ−

∫
R
f0gdµ

∣∣∣∣ < ε

3
+ |ω0(EN )|+ |ωn(EN )| < ε,

whenever n ≥ n0. Hence fn → f0 in the σ(X,Z) topology, and so X is σ(X,Z)-

complete.
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Corollary 3.43 (see [2, Chapter 1, Corollary 5.3]). Every Banach function space
X is σ(X,X ′)-complete.

Let A denote the collection of all subsets of R of finite measure, where any

two such sets differ by a set of µ-measure zero are identified. For instance, for

Lebesgue measure on R, the sets N and Q are two identical elements of A . Notice

that two sets, E,F ∈ A , differ on a zero µ-measure set if and only if χE = χF

µ-a.e.

It can be shown that

dµ(E,F ) =

∫
R
|χE − χF |dµ, (E,F ∈ A )

defines a complete metric space. This function dµ is also known as Frechét-

Nikodym metric. Note that∫
R
|χE − χF |dµ =

∫
R
χE∆Fdµ = µ(E∆F ),

where E∆F = (E∪F )\ (E∩F ). (For more details check [3], section 1.12(iii) Metric

Boolean algebra, pp. 53, 54.)

A measure µ is said to be separable if the corresponding metric (A , d) is

separable. For instance, µ is separable if and only if the Banach space L1(R,µ) is

separable. (For the proof, check [20] Proposition 2.3.24, p. 119.) The Lebesgue

measure on Rn makes L1 to be separable, so the Lebesgue measure is separable.

Theorem 3.44 (see [2, Chapter 1, Theorem 5.5]). Let X be a Banach function
space and suppose that Y is an order ideal of X containing the simple functions.
Then Y is separable if and only if Y has absolutely continuous norm and µ is a
separable measure.

Proof. Suppose that Y is separable and that it contains an f0 that does not have

absolute continuous norm. Then, by Theorem 3.29 there are ε > 0 and En ↓ ∅
such that, for any n ∈ N,

∥f0χEn∥X ≥ ε.

Since X ′ is norm-fundamental of X∗, there are functions gn, (n = 1, 2, ...), in the

unit ball of X ′ such that∫
R
|f0gnχEn |dµ ≥ ε/2, (n = 1, 2, ...).

The functions

hn = sgn
(
f0
)
|gn|χEn , (n = 1, 2...)

are also elements of the unit ball of X ′. So Hölder’s inequaliy, for Banach function

spaces, gives ∣∣∣∣∫
R
fmhndµ

∣∣∣∣ ≤ ∥fm∥X , (m,n = 1, 2, ...).
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Particularly, for each m = 1, 2, ..., the sequence
(∫

R fmhndµ
)
n∈N is bounded. Hence,

by the Bolzano-Weierstrass theorem, along with diagonalization argument, we

thus obtain a strictly increasing sequence (αn)n∈N, taking values on N, such that

the sequence
(∫

R fmhαndµ
)
n∈N is convergent, for any m = 1, 2, .... Since (fm)m∈N is

dense in Y it can be proved that

lim
n→∞

∫
R
fhαndµ

exists, for every f ∈ Y . When Y regarded as a subspace of X ′′ = X, this merely

asserts that the sequence (hαn)n∈N is σ(X ′, Y )-Cauchy in X ′. The completeness

of σ(X ′, Y ) is provided by Theorem 3.42. So, there is h ∈ X ′ such that∫
R
fhαndµ→

∫
R
fhdµ,

for every f ∈ Y . Recall that hαn are supported on a decreasing chain of sets Eαn.

Fix E ⊂ R a finite measure set. If E does not intersect some of Eαn then, by

taking f = χE (which belongs to Y by definition), we attain∫
E
hdµ = 0.

In fact, h = 0 µ-a.e. on R\Eαn. Take n→ ∞ and we obtain that h = 0 µ-a.e., since

Eαn ↓ ∅. Overall, we have ∫
R
fhαndµ→ 0,

for every f ∈ Y . In particular,

0 = lim
n→∞

∫
R
f0hαndµ = lim

n→∞

∫
R

∣∣f0gnχEαn

∣∣ dµ ≥ ε/2,

a contradiction. So Y has absolutely continuous norm.

Next, we show that µ is separable. Let (RN )N∈N be an ascending chain of

sets of finite µ-measure, such that their union is entirely R, and let AN denote

the σ-algebra of all measurable subsets of RN , (N = 1, 2, ...). By hypothesis, the

characteristic function of a set belonging to any of AN belongs to Y . Since Y is

separable, each of its subsets is also separable (see [22, Proposition 1.6.3]). So,

for everyN ∈ N, there is a sequence (χEN,m
)m∈N which is dense in {χE : E ∈ AN} ⊂

Y . We claim that

F = {EN,m : N,m ∈ N}

is a dense set of (A , dµ), the Frechét-Nikodym metric space. This will establish

the separability of µ. Let F ∈ A . Then µ(F ) < ∞ and F ∩RN ↑ F , as N → ∞. So

F \ RN ↓ ∅, which is, by definition, χF\RN
→ 0 µ-a.e. Hence, by the dominated

convergence theorem, µ(F \ RN ) → 0, as N → ∞. For a fixed ε > 0, pick N ∈ N
such that

µ(F \RN ) <
ε

2
.
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We already know that there is a positive CN , satisfying∫
RN

|f |dµ ≤ CN ||f ||X ,

for any chosen f ∈ X. The definition of F gives us an E ∈ AN such that

∥χE − χF∩RN
∥X <

ε

2CN
.

Finally, altogether,

dµ(E,F ) =

∫
RN

|χE − χF | dµ+

∫
R\RN

|χE − χF | dµ

=

∫
RN

|χE − χF∩RN
|dµ+

∫
R\RN

|0− χF |dµ

≤ CN ∥χE − χF∩RN
∥X + µ(F \RN )

< ε.

Hence F is dense in (A , dµ), and so µ is a separable measure.

Conversely, we suppose that µ is separable and Y ⊂ Xa. Then, by Theorem

3.34, Y = Xa = Xb. Let F1 = {E1, E2, ...} be a countable dense subset of (A , dµ).

Next, we define

F = {Ej ∩RN : j,N = 1, 2, ...} ,

where the elements R1, R2, ... satisfy the same conditions as in the previous

implication, and also define

D =

{
f ∈ S : f =

K∑
k=1

rkχFk
, rk ∈ Q+ iQ, Fk ∈ F , K ∈ N

}
.

Obviously D is countable. We aim to show that Y is separable. Since Y = Xb, it

is sufficient to prove that D = Xb. Now Xb is the closure of S the set of simple

functions

g =

m∑
n=1

cnχGn ,

where cn are arbitrary scalars and Gn are arbitrary sets of finite measure. Since

each cn may be approximated arbitrarily closely by rationals, it is clear that in

order to show that D is dense in Xb it will suffice to show that the characteristic

function of an arbitrary set of finite measure can be approximated in the norm

of X to any required degree of accuracy by characteristic functions of sets from

F . Suppose then that G ∈ A and fix ε > 0. Now χG belongs to Xa = Xb and

χRN∩G ↑ χG, so by Theorem 3.29,

∥χRN∩G − χG∥X <
ε

2
,
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for suitable N ∈ N. Hence, it suffices to approximate χG∩RN
by characteristic

functions of sets from F . For each n ∈ N, choose Fn ∈ F , such that Fn ⊂ RN and

lim
n→∞

dµ(G ∩RN , Fn) = 0.

This merely asserts that χFn → χG∩RN
in L1(R,µ), so we may select a subsequence

χFαn
→ χG∩RN

µ-a.e. as n → ∞. But all those functions are dominated by

χRN
∈ Xa. Hence, the dominated convergence theorem shows that∥∥χFαn

− χG∩RN

∥∥
X

→ 0,

as n→ ∞. As it was remarked above, this establishes the separability of Y .

Corollary 3.45 (see [2, Chapter 1, Corollary 5.6]). A Banach function space X

is separable if and only if it has absolutely continuous norm and its underlying
measure µ is separable.

Corollary 3.46 (see [2, Chapter 1, Corollary 5.7]). Suppose Xa = Xb. Then Xa is
separable if and only if µ is separable.

Corollary 3.47 (see [2, Chapter 1, Corollary 5.8]). If the dual space X∗ of a
Banach function space is separable, then X is reflexive.

Proof. Since X∗ is separable, then X is so (see [16, Theorem 4.6-8]). Thus X

has absolutely continuous norm. Moreover, since X∗ is separable and contains

X ′, X ′ is also separable (see [22, Proposition 1.6.3]), and thus has absolutely

continuous norm. Then, by Corollary 3.37, X must be reflexive.
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Chapter 4

Hilbert transform on
rearrangement-invariant spaces

In 1928, Marcel Riesz proved that the Hilbert transform, defined by H : f(x) 7→
p.v. 1π

∫
R

f(t)
x−tdt, is bounded on Lp(R) for 1 < p < ∞. The aim of this chapter is to

present a generalization of this result to the setting of rearrangement-invariant

Banach function spaces, obtained by David Boyd in 1966.

4.1 Distribution functions and decreasing
rearrangements

As in the previous chapter, (R,µ) denotes a σ-finite measure space.

Definition 4.1. The distribution function µf of a function f in M0 = M0(R,µ) is

given by

µf (λ) := µ {x ∈ R : |f(x)| > λ} , (λ ≥ 0).

We may notice that µf depends only on the absolute value of f , at each point,

and µf may assume the value +∞.

Definition 4.2. Two functions f ∈ M0(R,µ) and g ∈ M0(S, ν) are said to be

equimeasurable if if they have the same distribution function, that is, if for all

the λ ≥ 0, one has µf (λ) = νg(λ).

Theorem 4.3 (see [2, Chapter 2, Proposition 1.3]). Suppose f, g, fn (n = 1, 2, ...),
belong to M0 = M0(R,µ) and let α ̸= 0. The distribution function µf is non-negative,
decreasing, and right-continuous on [0,∞[. Furthermore,

(I) |g| ≤ |f | a.e. =⇒ µg ≤ µf ;

(II) µαf (λ) = µf (λ/|α|), (λ ≥ 0);
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(III) µf+g(λ1 + λ2) ≤ µf (λ1) + µg(λ2), (λ1, λ2 ≥ 0);

(IV) µfg(λ1λ2) ≤ µf (λ1) + µg(λ2), (λ1, λ2 ≥ 0);

(V) |f | ≤ lim infn→∞ |fn| a.e. =⇒ µf ≤ lim infn→∞ µfn ,

particularly, if |fn| ↑ |f | a.e., then µfn ↑ µf .

Proof. It is clear that µf is nonnegative decreasing, in the sense that, if 0 ≤ λ1 < λ2,

then µf (λ1) ≥ µf (λ2). To establish the right-continuity, let

E(λ) = {x ∈ R : |f(x)| > λ} , (λ ≥ 0),

and fix λ0 ≥ 0. The sets E(λ) increase, as λ decreases, and

E(λ0) =
⋃

λ>λ0

E(λ) =
⋃
n∈N

E

(
λ0 +

1

n

)
.

It follows that

µf

(
λ0 +

1

n

)
= µ

[
E

(
λ0 +

1

n

)]
↑ µ(E(λ0)) = µf (λ0),

which estabilishes the right-continuity.

The first properties (I) and (II) can be obtained by straightforth computations.

For (III), take λ1, λ2 ≥ 0 and x ∈ R such that |f(x) + g(x)| > λ1 + λ2. Then, at least,

one of the following inequalities holds true: |f(x)| > λ1 or |g(x)| > λ2. Suppose

the contrary. Then we have

λ1 + λ2 < |f(x) + g(x)| ≤ |f(x)|+ |g(x)| ≤ λ1 + λ2,

an absurd. Putting in terms of sets, one gets

{x ∈ R : |f(x) + g(x)| > λ1 + λ2} ⊂ {x ∈ R : |f(x)| > λ1} ∪ {x ∈ R : |g(x)| > λ2} ,

and the desired inequality follows. The fourth property a is consequence of the

following inclusion

{x ∈ R : |f(x)||g(x)| > λ1λ2} ⊂ {x ∈ R : |f(x)| > λ1} ∪ {x ∈ R : |g(x)| > λ2} .

To establish the last implication, fix λ ≥ 0 and let

E = {x ∈ R : |f(x)| > λ} , En = {x ∈ R : |fn(x)| > λ} , (n = 1, 2, ...).

Clearly, E ⊂
⋃

n∈N
⋂

m≥nEm. Hence,

µ

 ⋂
m≥n

Em

 ≤ inf
m≥n

µ(Em) ≤ sup
n∈N

inf
m≥n

µ(Em) = lim inf
n→∞

µ(En),
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for each natural n. But
(⋂

m≥nEm

)
n∈N

gives us an ascending chain, from which

one concludes that

µ(E) ≤ µ

⋃
n∈N

⋂
m≥n

Em

 = lim
n→∞

µ

 ⋂
m≥n

Em

 ≤ lim inf
n→∞

µ(En).

Remark. It is a worthwhile to formally compute the distribution function of a

nonnegative simple function f . Suppose that

f =

n∑
j=1

ajχEj , (4.1)

for Ej pairwise disjoint subsets of R with finite measure and a1 > a2 > ... > an > 0.

If λ ≥ a1, then clearly µf (λ) = 0. If a1 > λ ≥ a2, then the function f takes values

on ]0,∞[ greater than λ exactly on the set E1. Hence µf (λ) = µ(E1). Similarly, if

a2 > λ ≥ a3, then f exceeds λ exactly on E1 ∪ E2. Hence µf (λ) = µ(E1 ∪ E2). In

general, we have

µf (λ) =

n∑
j=1

mjχ[aj+1,aj [(λ),

where mj =
∑j

i=1 µ(Ei), and put an+1 = 0.

Definition 4.4. Suppose f belongs to M0(R,µ). The decreasing rearrangement
of f is the function f∗ defined on [0,∞[ by

f∗(t) := inf {λ ≥ 0 : µf (λ) ≤ t} , (t ≥ 0).

We use the convention that inf ∅ := ∞. Thus, if µf (λ) > t for every λ ≥ 0, then

f∗(t) = ∞. Also, if (R,µ) is a finite measure space, then the distribution function

µf is bounded by µ(R) and so f∗(t) = 0 for all the t ≥ µ(R). In this case, we may

regard f∗ as a function defined on the interval [0, µ(R)[. Notice also that if µf
happens to be strictly decreasing, then

f∗(µf (λ)) = inf
{
λ′ ≥ 0 : µf (λ

′) ≤ µf (λ)
}
= λ,

so f∗ is the left inverse of the distribution function µf .

Generally, the two following properties hold:

f∗(µf (λ)) ≤ λ, (λ ≥ 0);

µf (f
∗(t)) ≤ t, (0 ≤ t < µ(R)),

for every f ∈ M0. The first one is obvious. For the second one, since

f∗(t) = inf {λ ≥ 0 : µf (λ) ≤ t} ,

47



CHAPTER 4 . H ILBER T TRANSFORM ON
REARRANGEMENT - INVARIANT SPACES

there is a decreasing sequence λn ↓ f∗(t) such that µf (λn) ≤ t. So, by right-

continuity of the distribution function, we arrive at

µf (f
∗(t)) = lim

n→∞
µf (λn) ≤ t.

Remark. Now we compute the decreasing rearrangement of the simple function

f given by (4.1). We see that if t ≥ mn, then f∗(t) = 0. If mn > t ≥ mn−1, then

x ∈ E1 ∪ ... ∪ En, thus f∗(t) = an. Generally, we have

f∗(t) =
n∑

j=1

ajχ[mj−1,mj [(t), (t ≥ 0), (4.2)

where we have taken m0 = 0.

Furthermore, it is worthwhile to mention that f and f∗ are equimeasurable.

Indeed, for every j = 1, ..., n, if aj+1 ≤ λ < aj, then s ≥ 0 can only take values such

that

f∗(s) = a1 ∨ f∗(s) = a2 ∨ ... ∨ f∗(s) = aj ,

that is,

s ∈
j⋃

i=1

[mi−1,mi[ = [0,mj [ .

Therefore,

mf∗(λ) = m {s ≥ 0 : f∗(s) > λ} = mj = µf (λ).

In case that λ ≥ a1, since f∗ cannot take values greater than a1, we get

mf∗(λ) = 0 = µf (λ).

Hence f and f∗ are equimeasurable. This fact remains true for an arbitrary

measurable function f , which will be proved in Theorem 4.5 below.

Geometrically, in (4.2), we merely rearranged the vertical blocks in the graph

of f in the decreasing order to obtain the decreasing rearrangement f∗. The

values of f∗ at the jumps are determined by the right continuity.

Although, sometimes it is more useful to section the functions into horizontal
blocks rather than vertical ones. Let us rewrite f considering

Fj =

j⋃
i=1

Ei, (j = 1, ..., n),
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so that Ej = Fj \ Fj−1, with F0 = ∅. Since an+1 = 0 and F0 = ∅, we have

f =

n∑
j=1

ajχEj

=

n∑
j=1

(aj − aj+1︸ ︷︷ ︸
bj

+aj+1)(χFj − χFj−1)

=
n∑

j=1

bjχFj +
n∑

j=1

aj+1χFj − ajχFj−1

=
n∑

j=1

bjχFj + an+1χFn − a1χF0

=
n∑

j=1

bjχFj .

Since aj =
∑n

i=j bi, by (4.2),

f∗ =
n∑

j=1

n∑
i=j

biχ[mj−1,mj [ =
n∑

i=1

bi

i∑
j=1

χ[mj−1,mj [ =
n∑

i=1

biχ[0,mi[ =
n∑

j=1

bjχ[0,µ(Fj)[.

In this case, the decreasing rearrangement is viewed as being formed by sliding

blocks in each horizontal layer to form a single larger block positioned with its

left-hand end against the vertical axis. We therefore conclude that if we have a

simple function

f =
n∑

j=1

bjχFj , (4.3)

with positive coefficients and F1 ⊂ F2 ⊂ ... ⊂ Fn, then

f∗ =

n∑
j=1

bjχ[0,µ(Fj)[. (4.4)

It also establishes that, if f ∈ M+
0 (R+,m) is a decreasing simple function, then

f∗ = f . In fact, this equality holds for any decreasing function f ∈ M+
0 (R+,m).

The next theorem establishes some basic properties of the decreasing rear-

rangement.

Theorem 4.5 (see [10, Proposition 1.4.5]). Suppose f, g, fn, (n = 1, 2, ...), belong to
M0(R,µ), α is any scalar and E is a µ-measurable set. Then:

(a) f∗ is decreasing;

(b) f∗(t) > λ if and only if µf (λ) > t (λ, t ≥ 0);

(c) f∗(t) = mµf
(t), for all the t ≥ 0, where m denotes the Lebesgue measure on

[0,∞[. (This result tells us that f∗ is right-continuous);
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(d) (αf)∗ = |α|f∗;

(e) (f + g)∗(t1 + t2) ≤ f∗(t1) + g∗(t2), (t1, t2 ≥ 0);

(f) (fg)∗(t1 + t2) ≤ f∗(t1)g
∗(t2), (t1, t2 ≥ 0);

(g) If |g| ≤ |f | µ-a.e., then g∗(t) ≤ f∗(t), for any non-negative real number t;

(h) If |f | ≤ lim infn→∞ |fn| µ-a.e., then f∗ ≤ lim infn→∞ f∗n. In particular f∗n ↑ f∗,
whenever |fn| ↑ |f | µ-a.e.;

(i) (χE)
∗(t) = χ[0,µ(E)[(t), (t ≥ 0);

(j) f and f∗ are equimeasurable;

(k) For 0 < p <∞, (|f |p)∗(t) = [f∗(t)]p;

(l) (fχE)
∗(t) ≤ f∗(t)χ[0,µ(E)[(t), (t ≥ 0);

(m) If 0 < p <∞, then
∫
R |f |pdµ = p

∫∞
0 λp−1µf (λ)dλ =

∫∞
0 [f∗(t)]pdt;

(n) ess supx∈R |f(x)| = inf {λ ≥ 0 : µf (λ) = 0} = f∗(0);

(o) If E ⊂ R is a measurable set and g ≥ 0 a.e., then∫
E
gdµ ≤

∫ µ(E)

0
g∗(t)dt.

Proof. (a) If 0 ≤ t1 < t2, then

{λ ≥ 0 : µf (λ) ≤ t1} ⊂ {λ ≥ 0 : µf (λ) ≤ t2} ,

from which yields f∗(t1) ≥ f∗(t2).

(b) Notice that

µf (λ) ≤ t ⇐⇒ λ ∈ {s ≥ 0 : µf (s) ≤ t} ,

and so, if µf (λ) ≤ t, then f∗(t) ≤ λ. Conversely, if f∗(t) ≤ λ, then by the mono-

tonicity of µf and by the discussion made above, we acquire

µf (λ) ≤ µf (f
∗(t)) ≤ t.

(c) Let t > 0. Then, by (b), we have

mµf
(t) = m {λ ≥ 0 : µf (λ) > t} = m {λ ≥ 0 : f∗(t) > λ} = m ([0, f∗(t)[) = f∗(t).

(d) Let α be any scalar and f ∈ M0. Then, for every t ≥ 0,

(αf)∗(t) = inf {λ ≥ 0 : µαf (λ) ≤ t} = inf {λ ≥ 0 : µf (λ/ |α|) ≤ t} = |α| f∗(t).

(e) We notice that

{λ ≥ 0 : µf (λ) ≤ t1}+ {λ ≥ 0 : µg(λ) ≤ t2} ⊂ {λ ≥ 0 : µf+g(λ) ≤ t1 + t2} .
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This assertion is attained from applying Theorem 4.3 (III). Therefore, taking the

infimum from the both sides, we get the desired inequality.

(f) Notice that, from Theorem 4.3 (IV), we obtain

{λ ≥ 0 : µf (λ) ≤ t1} · {λ ≥ 0 : µg(λ) ≤ t2} ⊂ {λ ≥ 0 : µfg(λ) ≤ t1 + t2} ,

and the conclusion follows by an argument analogous to that of (e).

(g) Suppose that |g| ≤ |f | a.e. Then, by Theorem 4.3 (I), µg ≤ µf . Applying one

more time the same result, we get mµg ≤ mµf
, which is g∗ ≤ f∗, by (c).

(h) As in (g), we apply two times the property (V) from Theorem 4.3, followed

by (c), to achieve the desired conclusions.

(i) Let E be a measurable set. Then, for λ ≥ 0, we have

µχE (λ) = µ {x ∈ R : χE(x) > λ} =

µ(E) if λ < 1

0 otherwise
= µ(E)χ[0,1[(λ).

Therefore, for t ≥ 0, we have

χ∗
E(t) = inf {λ ≥ 0 : µχE (λ) ≤ t} =

1 if t < µ(E)

0 otherwise
= χ[0,µ(E)[(t).

(j) We are supposed to prove that

µf (λ) = mf∗(λ), (λ ≥ 0).

Let (fn) be a sequence of simple functions such that 0 ≤ fn ↑ |f |. Based on the

discussion preceding the theorem, we can state that

µfn(λ) = mf∗
n
(λ), (λ ≥ 0).

By virtue of (h), f∗n ↑ f∗. But then, by Theorem 4.3 (V), the left-hand side member

tends to µf (λ) and the right-hand side member tends to mf∗(λ). Hence f and f∗

are equimeasurable.

(k) It follows from

µ|f |p(λ) = µ {x ∈ R : |f(x)|p > λ} = µ
{
x ∈ R : |f(x)| > λ1/p

}
= µ|f |

(
λ1/p

)
,

that

[(|f |p)∗(t)]1/p = inf
{
λ1/p ≥ 0 : µ|f |p(λ) ≤ t

}
= inf

{
λ1/p ≥ 0 : µ|f |

(
λ1/p

)
≤ t
}
= f∗(t).

(l) From (g), we have (fχE)
∗ ≤ f∗. Hence, it is enough to show that (fχE)

∗(t) =

0, for t ≥ µ(E). In fact, if t ≥ µ(E), then

µfχE
(λ) = µ {x ∈ E : |f(x)| > λ} ≤ t,

51



CHAPTER 4 . H ILBER T TRANSFORM ON
REARRANGEMENT - INVARIANT SPACES

for any λ ≥ 0. Hence, taking the infimum over all the λ, we arrive at the desired

equality.

(m) Suppose that f is a non-negative, simple function written as in the re-

marks made above (4.1) and (4.2). Regarding that µ(Ej) = mj−mj−1, (j = 1, , ..., n),

we have ∫
R
|f |p dµ =

n∑
j=1

apjµ(Ej) =
n∑

j=1

apjm ([mj−1,mj [) =

∫ ∞

0
(f∗)p(t)dt.

Similarly,

p

∫ ∞

0
λp−1µf (λ)dλ = p

n∑
j=1

mj

∫ aj

aj+1

λp−1dλ =
n∑

j=1

mj(a
p
j − apj+1)

=
n∑

j=1

(mj −mj−1︸ ︷︷ ︸
µ(Ej)

+mj−1)(a
p
j − apj+1)

=
n∑

j=1

apjµ(Ej) +
n∑

j=1

mj−1a
p
j −mja

p
j+1

=

∫
R
|f |p dµ+ m0︸︷︷︸

=0

ap1 −mn
p

an+1︸︷︷︸
=0

.

The general case is done regarding (h), (V) from Theorem 4.3 and the monotone

convergence.

(n) Immediate, by the definition of essential supremum.

(o) By (l) and (m), taking p = 1, we have∫
R
gχEdµ =

∫ ∞

0
(gχE)

∗(t)dt ≤
∫ ∞

0
g∗(t)χ[0,µ(E)[dt.

Theorem 4.6 (Hardy-Littlewood inequality; see [2, Chapter 2, Theorem 2.2]). If
f, g ∈ M0(R,µ), then ∫

R
|fg|dµ ≤

∫ ∞

0
f∗(s)g∗(s)ds.

Proof. Let f be a simple function as in (4.3), so f∗ is written as in (4.4). Hence,

for any g ∈ M+, if we apply Theorem 4.5 (o), we attain∫
R
fgdµ =

n∑
j=1

bj

∫
Fj

gdµ ≤
n∑

j=1

bj

∫ µ(Fj)

0
g∗(t)dt

=

∫ ∞

0

n∑
j=1

bjχ[0,µ(Fj)[(t)g
∗(t)dt

=

∫ ∞

0
f∗(t)g∗(t)dt.

Since f∗ and g∗ depend only on their respective absolute value, the general case

is established by the monotone convergence.
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As a consequence of the above inequality, for every g̃ ∈ M0(R,µ) equimeasur-

able with g, one has ∫
R
|fg̃|dµ ≤

∫ ∞

0
f∗(s)g∗(s)ds.

4.2 Rearrangement-invariant spaces

Definition 4.7. A σ-finite measure space (R,µ) is said to be resonant if∫ ∞

0
f∗(s)g∗(s)ds = sup

{∫
R
|fg̃|dµ : g̃ equimeasurable to g

}
,

for every given f, g ∈ M0(R,µ). The measure space is said to be strongly resonant
if the supremmum is achieved.

Definition 4.8. A function norm ρ is said to be rearrangement-invariant if ρ(f) =

ρ(g), for every pair of equimeasurable functions f, g ∈ M+
0 (R,µ). In that case, we

say that the Banach function space X = X(ρ) is a rearrangement-invariant space.

Observe that a Banach function space X is rearrangement-invariant if and

only if, whenever f belongs to X and g is equimeasurable with f , then also g

belongs to X and their norm agree.

Notice that, if f ∈ Lp(R,µ) and g is equimeasurable with f , then by Theorem

4.5(d),

f∗(t) = mµf
(t) = mµg(t) = g∗(t), (t ≥ 0),

and Theorem 4.5(m) [or (n), if p = ∞] gives ∥f∥Lp(R,µ) = ∥g∥Lp(R,µ), which proves

that the Lebesgue space Lp(R,µ) is rearrangement-invariant.

Theorem 4.9 (Luxemburg representation theorem; see [2, Chapter 2, Theo-

rem 4.10]). Let ρ be a rearrangement-invariant function norm over a resonant
measure space (R,µ). Then, there is a rearrangement-invariant function norm ρ

over (R+,m) such that, for every f ∈ M+
0 (R,µ) one has

ρ(f) = ρ(f∗).

Furthermore, if σ is any rearrangement-invariant function norm over (R+,m) which
represents ρ, in the sense that, for any f ∈ M+

0 (R,µ),

ρ(f) = σ(f∗),

then the associate norm ρ′ of ρ is represented in the same way by the associate
norm σ′ of σ, that is, for each f ∈ M+

0 (R,µ),

ρ′(f) = σ′(f∗).
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The Luxemburg representation theorem shows in particular that the rearran-

gement-invariant spaces over a resonant measures space (R,µ) are completely

determined by the rearrangement-invariant spaces over (R+,m). The representa-

tion ρ→ ρ is in fact unique if (R,µ) is non-atomic and if it has infinite measure.

In that case, the function norm ρ is defined by

ρ(h) = sup

{∫ ∞

0
g∗(s)h∗(s)ds : ρ′(g) ≤ 1

}
,

and satisfies the equality

ρ(f) = ρ(f∗),

for every f ∈ M+
0 (R,µ). The rearrangement-invariant Banach function space

generated by ρ is denoted by X.

4.3 Dilation operator and Boyd indices

Definition 4.10. For each t > 0, let Et denote the dilation operator defined on

M0(R+,m) by

(Etf)(s) = f(st), (0 < s <∞).

With X and X as above, let hX(t) denote the operator norm of E1/t as an operator

from X to itself. Thus,

hX(t) :=
∥∥E1/t

∥∥
B(X)

.

It is not immediately clear that Et is bounded on X. The next result estabil-

ishes this fact and provides an estimate for the operator norm. But before that,

we shall recall some well-known notions in functional analysis.

Definition 4.11. Let X ⊂ R and let f : X → R be a function. Then, the function

f is said to be:

• subadditive if X is an additive semigroup and, for every x, y ∈ X, one has

f(x+ y) ≤ f(x) + f(y);

• submultiplicative if X is a multiplicative semigroup and, for every x, y ∈ X,

one has

f(xy) ≤ f(x)f(y).

Theorem 4.12 (see [2, Chapter 3, Proposition 5.11]). For each t > 0, Et ∈ B(X).
The function hX is increasing and submultiplicative on R+, satisfies hX(1) = 1, and

hX(t) ≤ max {1, t} .

Moreover, if X ′ denotes the associate space of X, then

hX(t) = thX′

(
1

t

)
.
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Lemma 4.13 (see [2, Chapter 3, Lemma 5.8]). Let ω be an increasing subadditive
function on R for which ω(0) = 0. Then

−ω(−s) ≤ ω(s), (s ∈ R).

Furthermore, there is α ≥ 0 such that

α = lim
s→∞

ω(s)

s
= inf

s>0

ω(s)

s
.

Proof. For any s ∈ R,

0 = ω(0) = ω(s+ (−s)) ≤ ω(s) + ω(−s),

from which the required estimate follows. Put α = infs>0
ω(s)
s . Since ω is an

increasing function, ω(s) ≥ ω(0) = 0, for each s > 0, so α must be finite. Fix ε > 0

and choose t > 0 satisfying
ω(t)

t
< α+ ε,

and select an N ∈ N big enough such that

(1 + 1/N)
ω(t)

t
< α+ ε.

So, for each s ≥ Nt, there corresponds an integer n ≥ N such that nt ≤ s < (n+1)t.

Using the latter inequality and the fact that ω is increasing and subadditive, we

obtain ω(s) ≤ (n+ 1)ω(t), and so

α ≤ ω(s)

s
≤ (n+ 1)ω(t)

nt
≤ (1 + 1/N)

ω(t)

t
< α+ ε.

Hence ω(s)/s→ α, as s→ ∞.

Remark. To a submultiplicative function ψ on R+, we can associate ω on R
defined by

ω(s) = logψ(es), (s ∈ R).

Clearly ω is a subadditive function. Thus, if ψ is increasing and ψ(1) = 1, then

it satisfies the hypotheses of the previous lemma. Then, using the substitution

t = es, yields

α(ψ) := inf
t>1

logψ(t)

log t
= lim

t→∞

logψ(t)

log t
, (4.5)

for some 0 ≤ α(ψ) <∞.

Lemma 4.14 (see [2, Chapter 3, Lemma 5.9]). Let ψ be an increasing submulti-
plicative function on R+ for which ψ(1) = 1, and let a ∈ R+. Then α(ψ) < a if and
only if ∫ ∞

1
t−aψ(t)

dt

t
<∞.
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Proof. If α(ψ) < a, then there exists ε > 0 such that α(ψ) < a − ε. By (4.5) there

exists T > 1 such that, for all the t ≥ T , we have

logψ(t)

log t
< a− ε.

Then, ψ(t) < ta−ε, for t ≥ T , so∫ ∞

1
t−aψ(t)

dt

t
≤ ψ(T )

∫ T

1
t−1−adt+

∫ ∞

T
t−1−εdt <∞.

Conversely, if
∫∞
1 t−aψ(t)dtt <∞, then s−aψ(s) < 1 for some s > 1. Thus

α(ψ) ≤ logψ(s)

log s
<

log sa

log s
= a,

as desired.

Definition 4.15. Let X be a rearrangement-invariant function space over an

infinite, nonatomic, σ-finite measure space. The Boyd indices of X are the

numbers αX and αX defined by

αX := sup
0<t<1

log hX(t)

log t
, αX := inf

1<t<∞

log hX(t)

log t
.

Theorem 4.16 (see [2, Chapter 3, Proposition 5.13]). The indices α = αX and
α = αX of X are given by the limits

αX = lim
t↓0

log hX(t)

log t
, αX = lim

t→∞

log hX(t)

log t
,

and they satisfy
0 ≤ α ≤ α ≤ 1.

Furthermore, the indices α′ = αX′ and α′ = αX′ of the associate space X ′ are given
by

α′ = 1− α, α′ = 1− α. (4.6)

Proof. The identity

log hX(t)

log t
= 1− log hX′(1/t)

log(1/t)
(4.7)

is an immediate consequence of Theorem 4.12. The relations (4.6) follow from

this and from the definitions of the Boyd indices. From (4.5) it follows that

αX = α(hX). In (4.7), if we take t ↓ 0, the right-hand side becomes 1 − α(hX′)

which is 1− α′ = α.

Now, that α ≤ 1, follows from Theorem 4.12. Applying (4.6) to X ′, it follows

that α = 1 − α′ ≥ 0. Thus, it remains only to show that α ≤ α. Since h is

submultiplicative, we have 1 = hX(1) ≤ hX(t)hX(1/t). Hence, for all t > 1,

log hX(1/t)

log(1/t)
=

log
(

1
hX(1/t)

)
log t

≤ log hX(t)

log t
.

Taking t→ ∞, the conclusion arises.
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Remark. We note that if X = Lp(R,µ), then hX(t) = t1/p, from which it follows that

α = α = 1/p.

Indeed, for every f ∈ X, we have

∥f∥X = sup

{∫ ∞

0
f∗(s)g∗(s)ds : ∥g∥Lp′ (R,µ) ≤ 1

}
= sup

{∫ ∞

0
f∗(s)g∗(s)ds : ∥g∗∥Lp′ (R+,m) ≤ 1

}
= ∥f∗∥Lp(R+,m) ,

and so, for p ̸= ∞, ∥∥E1/tf
∥∥
X

=
∥∥(E1/tf)

∗∥∥
Lp(R+,m)

=

(∫ ∞

0
|f∗(s/t)|pds

)1/p

=

(∫ ∞

0
|f∗(τ)|ptdτ

)1/p

= t1/p
(∫ ∞

0
|f∗(τ)|pdτ

)1/p

︸ ︷︷ ︸
∥f∗∥Lp(R+,m)

= t1/p ∥f∥X ,

and for p = ∞, ∥∥E1/tf
∥∥
X

=
∥∥(E1/tf)

∗∥∥
Lp(R+,m)

= ess sup
s>0

f∗(s/t)

= f∗(0)

= ∥f∥X .

The conclusion follows.

4.4 Hilbert transform

Definition 4.17. For each f Lebesgue measurable function on R+, we define the

linear operator

(Sf)(t) :=

∫ ∞

0
min

{
1,
s

t

}
f(s)

ds

s
=

1

t

∫ t

0
f(s)ds+

∫ ∞

t
f(s)

ds

s
.

Notice that, for 0 < t < t′,

min
{
1,
s

t′

}
≤ min

{
1,
s

t

}
≤ t′

t
min

{
1,
s

t′

}
.

57



CHAPTER 4 . H ILBER T TRANSFORM ON
REARRANGEMENT - INVARIANT SPACES

So, if f is non-negative, it follows from the first of these inequalities that

(Sf)(t) is a decreasing function of t, and the two inequalities taken together show

that (Sf)(t) is finite for any chosen value t > 0 if and only if it is finite for every

t > 0. Moreover, the monotonicity os Sf yields

(Sf)∗ = Sf.

Definition 4.18. Let f ∈ L1
loc(R). The Hilbert transform Hf of f is defined by the

principal-value integral

(Hf)(x) = p.v.
1

π

∫
R
f(t)

dt

x− t
= lim

ε→0

1

π

∫
|x−t|≥ε

f(t)
dt

x− t
,

provided that the limit exists a.e.

Theorem 4.19 (see [2, Chapter 3, Theorem 4.8]). If f ∈ L1
loc(R) satisfies (Sf∗)(1) <

∞, then the Hilbert trasnform of f , Hf , exists a.e. Furthermore,

(Hf)∗(t) ≤ c(Sf∗)(t), (t > 0),

for some constant c independent of f and t.

Theorem 4.20 (see [2, Chapter 3, Proposition 4.10]). If (Sf∗)(1) <∞, then there
is a function g equimeasurable to f such that, for any t > 0,

(Sf∗)(t) ≤ 2π(Hg)∗(t).

Proof. If g(x) = f∗(−x)χ]−∞,0[(x), (x ∈ R), then clearly g is equimeasurable to f .

In particular (Sg∗)(1) = (Sf∗)(1) < ∞, so (Hg)(x) exists a.e. by Theorem 4.19. If

x > 0, then

(Hg)(x) =
1

π

∫ ∞

0
f∗(u)

du

x+ u
≥ 1

2π

∫ ∞

0
f∗(u)min

{
1

x
,
1

u

}
du =

1

2π
(Sf∗)(x).

Hence,

|(Hg)(x)| ≥

 1
2π (Sf

∗)(x), x > 0,

0, x < 0,

so, taking decreasing rearrangements, we obtain the desired inequality.

Definition 4.21. Let Pa, (0 < a ≤ 1), be the integral operator defined on M0(R+,m)

by

(Paf)(t) = t−a

∫ t

0
saf(s)

ds

s
, (0 < t <∞).

Similarly, let Qa, (0 ≤ a < 1), be the integral operator defined on M0(R+,m) by

(Qaf)(t) = t−a

∫ ∞

t
saf(s)

ds

s
, (0 < t <∞).
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Note that Qa is the formal adjoint of Pa when a+ b = 1. In other words, as an

interchange in the order of integration shows that∫ ∞

0
(Paf)(t)g(t)dt =

∫ ∞

0
f(t)(Qbg)(t)dt, (4.8)

for all f and g for which the integrals exist.

Theorem 4.22 (see [2, Chapter 3, Theorem 5.15]). The operator Pa is bounded
on X if and only if a > αX , and Qa is bounded on X, if and only if a < αX .

Proof. Suppose first that Pa is bounded in X. Let f ∈ X and g ∈ X
′ be such that

∥f∥X ≤ 1, ∥g∥
X

′ ≤ 1. (4.9)

Then
∫∞
0 f∗(s/t)g∗(s)ds decreases with t and so, for each fixed t > 0, we have∫ ∞

0
f∗(s/t)g∗(s)ds = ata

∫ ∞

0
f∗(s/t)g∗(s)ds

∫ 1/t

0
ua−1du

≤ ata
∫ 1/t

0

∫ ∞

0
f∗(su)g∗(s)dsua−1du

= ata
∫ ∞

0
g∗(s)

(∫ 1/t

0
f∗(su)ua

du

u

)
ds.

If t > 1, we may extend the range of integration in the inner integral to 0 ≤ u ≤ 1.

Then, by exchange of variables, putting v = su, we obtain,∫ ∞

0
f∗(s/t)g∗(s)ds ≤ ata

∫ ∞

0
g∗(s)

(
s−a

∫ s

0
f∗(v)va

dv

v

)
ds

= ata
∫ ∞

0
g∗(s)(Paf

∗)(s)ds

≤ ata ∥Pa∥B(X) .

Taking the supremum over all the f and g satisfying (4.9), we therefore have

hX(t) =
∥∥E1/t

∥∥
B(X)

≤ ata ∥Pa∥B(X) , (t > 1).

Hence,

log hX(t)

log t
≤ a+

log
(
a ∥Pa∥B(X)

)
log t

→ a,

as t → ∞ and so it follows, from Theorem 4.16, that αX ≤ a. Thus, we have

shown that

∥Pa∥ := ∥Pa∥B(X) <∞ =⇒ a ≥ αX . (4.10)

We still need to obtain the strict inequality a > αX . Choose ε > 0 sufficiently

small so that ε ∥Pa∥ < 1. Then, the operator I − εPa is invertible in B(X), and

(I − εPa)
−1 =

∞∑
n=0

εnPn
a ,

59



CHAPTER 4 . H ILBER T TRANSFORM ON
REARRANGEMENT - INVARIANT SPACES

where the convergence is in the norm of B(X) (see, e.g., [24, Theorem 4.40]). The

operator

T = Pa(I − εPa)
−1 =

∞∑
n=0

εnPn+1
a

is therefore also in B(X). We claim that

(Pn+1
a f)(t) =

∫ 1

0
f(st)

(log 1/s)n

n!
sa−1ds, (n = 0, 1, ...). (4.11)

The proof proceeds by strong induction on n. The case that n = 0 holds immedi-

ately from the definition of Pa, so suppose that (4.11) holds for n = 0, 1, ..., N − 1,

for some natural N ≥ 1. Then

(PN+1
a f)(t) = Pa(P

N
a f)(t) =

∫ 1

0
(PN

a f)(rt)r
a−1dr

=

∫ 1

0

(∫ 1

0
f(rst)

(log 1/s)N

N !
sa−1ds

)
ra−1dr,

so, making the change of variable of u = rs, we have

(PN+1
a f)(t) =

∫ 1

0

(∫ r

0
f(ut)

(log r/u)N

N !
ua−1du

)
dr

r
.

Interchanging the order of integration and making the change of variable v = r/u,

we obtain

(PN+1
a f)(t) =

∫ 1

0

(∫ 1

u

(log r/u)N

N !

dr

r

)
f(ut)ua−1du

=

∫ 1

0

(∫ 1/u

1

(log v)N

N !

dv

v

)
f(ut)ua−1du

=

∫ 1

0

(log 1/u)N+1

(N + 1)!
f(ut)ua−1du.

This completes the induction and hence establishes (4.11). By the monotone

convergence theorem, we obtain, for nonnegative functions f ∈ X,

(Tf)(t) =

∫ 1

0

( ∞∑
n=0

(ε log 1/s)n

n!

)
f(st)sa−1ds =

∫ 1

0
f(st)sa−ε−1ds.

By the usual device splitting a function into its positive and negative parts, we

obtain this identity for all the f ∈ X. Hence, T = Pa−ε. Since T ∈ B(X), we may

therefore apply (4.10) to obtain a− ε ≥ αX .

Conversely, suppose that a > αX . Then Lemma 4.14 shows that∫ 1

0
∥Es∥B(X) s

a−1ds =

∫ ∞

1
t−ahX(t)

dt

t
<∞. (4.12)
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Hence, if f and g satisfy (4.9),∣∣∣∣∫ ∞

0
(Paf)(t)g(t)dt

∣∣∣∣ ≤ ∫ ∞

0

(∫ 1

0
|f(st)| sa−1ds

)
|g(t)| dt

=

∫ 1

0

(∫ ∞

0
|f(st)g(t)| dt

)
sa−1ds

≤
∫ 1

0
∥Es∥B(X) s

a−1ds.

Using (4.12) and taking the supremum over all the f and g satisfying (4.9), we

find that Pa ∈ B(X). Thus we have shown that Pa is bounded on X if and only if

a > αX .

If now 0 < a ≤ 1, it follows from (4.8) that Qa is bounded on X if and only if

P1−a is bounded on X
′. By the result we have just proved, this occurs if and only

if 1− a > αX′. But αX′ = 1− αX . Hence, Qa is bounded if and only if a < αX .

Theorem 4.23 (see [2, Chapter 3, Theorem 5.18]). Let X = X(R) be a rearran-
gement-invariant Banach function space on R. Then the Hilbert transform H is
bounded on X if and only if the indices of X satisfy

0 < αX ≤ αX < 1.

Proof. If 0 < αX ≤ αX < 1, then, by Theorem 4.22, the operators P1 and Q0 are

bounded on X, meaning that the operator S = P1 +Q0 is bounded on X. Notice

that, for a fixed f ∈ X, (Sf)(1) <∞. Indeed, since

∥f∥X = ρ(f∗) = ∥f∥X <∞,

by the boundedness of S on X, Sf ∈ X. So Sf must be finite at some point.

Therefore, Sf is finite at every point. Hence, by Theorem 4.19 for every f ∈ X,

∥Hf∥X = ρ(|Hf |) = ρ ((Hf)∗) ≤ cρ(Sf∗) ≤ cKρ(f∗) = cKρ(|f |) = cK ∥f∥X ,

for some c > 0 independent of f and K = ∥S∥B(X).

Conversely, if H is bounded on X, then Theorem 4.20 says that for each f ∈ X,

there corresponds a function g equimeasurable with f such that S(f∗) ≤ 2π(Hg)∗.

Then

ρ(Sf∗) ≤ 2πρ(Hg)∗ = 2π ∥Hg∥X ≤ 2πC ∥g∥X = 2πC ∥f∥X = 2πCρ(f∗),

for all the f ∈ X. This is enough to show that S is a bounded operator on X, and

hence that P1 and Q0 are bounded on X. Again, by Theorem 4.22 we conclude

that 1 > αX and that 0 < αX .

This theorem is consistent with the conclusion that Marcel Riesz had arrived

at, which is the following.
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Corollary 4.24 (see [2, Chapter 3, Theorem 4.9 (a)]). If 1 < p <∞ and if f ∈ Lp(R),
then Hf ∈ Lp(R) and

∥Hf∥p ≤ cp ∥f∥p ,

where cp depends only on p.
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Chapter 5

Fredholmness and invertibility on a
Banach function space

5.1 C*-algebras

Definition 5.1. An algebra A over a field K ∈ {R,C} is a vector space over K,

equipped with an additional binary operation (which we will denote by juxtaposi-

tion), satisfying the following properties:

1. (ab)c = a(bc);

2. (a+ b)c = ac+ bc, a(b+ c) = ab+ ac;

3. (λa)b = a(λb) = λ(ab)

for all a, b, c ∈ A, λ ∈ K. If K = R, then A is said to be a real algebra. If K = C,

then A is said to be a complex algebra. An algebra is said to be commutative if,

for every a, b ∈ A,

ab = ba.

If e ∈ A is an element satisfying

ae = ea = a,

for any a ∈ A, then the algebra is unital and e is called to be the unit element,
alternatively denoted by I or 1.

It is a routine to show that there are at most one unit element of an algebra.

Note that if A ̸= {0} is a unital algebra, then e ̸= 0.

Definition 5.2. Let A be an algebra over K and B ⊂ A. Then B is said to be a

subalgebra of A if, for every a, b ∈ B and λ ∈ K, we have

(i) 0 ∈ B;
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(ii) λa+ b ∈ B;

(iii) ab ∈ B.

Definition 5.3. Let A be a unital algebra. An element a ∈ A is said to be invertible
if there is b ∈ A satisfying

ab = ba = e.

We call b the inverse of a and denote by a−1, since when exists, it is uniquely

determined.

Definition 5.4. A subalgebra J of an algebra A is said to be an ideal, if for every

a ∈ A and j ∈ J , one has

aj, ja ∈ J.

Definition 5.5. An algebra A is called normed algebra if there is a norm ∥·∥ : A→
R satisfying, for every a, b ∈ A, the following property:

∥ab∥ ≤ ∥a∥ ∥b∥ .

If A is unital, we usually set ∥e∥ := 1, that is, the norm of the unit element of A

is 1. If E ⊂ A, then closE stands for the closure of E in A. We say that A is a

Banach algebra if the normed algebra A is a complete for the fixed norm.

Definition 5.6. Let A be a Banach algebra over K and E ⊂ A. We denote by

algAE or simply algE to be the smallest closed subalgebra of A which contains

E.

It is not hard to prove that, if E ̸= ∅,

algE = clos

∑
j

γj
∏
k

ajk : γj ∈ K, ajk ∈ E

 ,

for finite sums and ordered products.

Definition 5.7. Let A be an algebra and ∗ be a unary operation on A, a 7→ a∗,

called involution, which satisfies the next properties:

1. (a∗)∗ = a,

2. (λa+ b)∗ = λa∗ + b∗,

3. (ab)∗ = b∗a∗,

for each a, b ∈ A and λ ∈ C.

In this conformity, A is said to be an algebra with involution. The set A is

said to be a *-algebra if it is an algebra with involution and the involution is an

isometry.

We say that a∗ is the adjoint element of a.

A Banach *-algebra is a complete *-algebra.
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Definition 5.8. A C∗-algebra is a unital complex Banach algebra with involution,

A, which satisfies

∥a∗a∥ = ∥a∥2 ,

for every a ∈ A.

In particular, A is a *-algebra. Indeed,

∥a∥2 = ∥a∗a∥ ≤ ∥a∗∥ ∥a∥ ,

hence ∥a∥ ≤ ∥a∗∥. If we replace a by a∗, we obtain the inverse inequality.

Definition 5.9. Let A and B be C∗-algebras. A function Φ: A→ B is said to be a

homomorphism of C∗-algebras if, for all the a, b ∈ A and λ ∈ C,

1. Φ(a+ λb) = Φ(a) + λΦ(b);

2. Φ(ab) = Φ(a)Φ(b);

3. Φ(a∗) = Φ(a)∗;

4. Φ(1A) = 1B.

5.2 Semi-almost periodic functions

Definition 5.10. The algebra of (uniformly) almost periodic functions is defined

by

AP := algL∞(R) {eλ : λ ∈ R} ,

where eλ(x) := eiλx. In other words, it is the smallest closed subalgebra of L∞(R)
generated by all the functions eλ : R → C with λ ∈ R.

The set of all finite linear combination of the functions eλ, with λ ∈ R, is

denoted by AP 0 and each element is said to be an almost periodic polynomial.
Obviously, AP is the closure of AP 0 in L∞(R). Also, it is clear that AP is a

C∗-subalgebra of L∞(R).

Definition 5.11. We denote by C(R) the class of all continuous (complex-valued)

functions on R and BC(R) := C(R) ∩ L∞(R) stands for the bounded continuous

functions on R. We denote by C(Ṙ) the collection of functions a ∈ BC(R) for

which the limits

a(−∞) := lim
x→−∞

a(x) and a(+∞) := lim
x→+∞

a(x)

exist and coincide, denoting the common value of these two limits by a(∞). Let

C0(Ṙ) be the collection of all a ∈ C(Ṙ) such that a(∞) = 0. Clearly, BC(R), C(Ṙ)
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and C0(Ṙ) are C∗-subalgebras of L∞(R). A function a ∈ L∞(R) such that the

one-sided limits

a(x0 − 0) := lim
x→x0−0

a(x), a(x0 + 0) := lim
x→x0+0

a(x)

exist, for each x0 ∈ Ṙ, is said to be a bounded piecewise continuous function, and

we denote the collection of all such elements by PC := PC(Ṙ). By convention,

a(∞− 0) := a(+∞) and a(∞+ 0) := a(−∞).

Finally, we denote C(R) := C(R) ∩ PC and PC0 := {a ∈ PC : a(+∞) = a(−∞) = 0}.
Clearly, PC is a C∗-algebra. Further, C(R) and PC0 are C∗-subalgebras of PC.

Definition 5.12. We define SAP to be the smallest closed C∗-subalgebra of L∞(R)
generated by AP and C(R), i.e.,

SAP := algL∞(R)
(
AP,C(R)

)
.

The set SAP is composed by elements called semi-almost periodic functions.

Definition 5.13. Let a ∈ L∞(R). The set R(a) will denote the spectrum of a and

we call it the essential range of a. We note that, if µ ∈ R(a), then

ess inf
x∈R

|a(x)− µ| = 0.

Lemma 5.14 (see [4, Theorem 1.15.]). Let a ∈ AP and µ ∈ R(a). If ε > 0, then each
set ]T,∞[ (and also each set ]−∞, T [) contains a point x such that |a(x)− µ| < ε. In
particular,

∥a∥∞ = lim sup
x→+∞

|a(x)| = lim sup
x→−∞

|a(x)|.

Theorem 5.15 (Sarason; see [4, Theorem 1.21]). Let u ∈ C(R) be any function
for which u(−∞) = 0 and u(+∞) = 1. If a ∈ SAP , then there exist al, ar ∈ AP and
a0 ∈ C0(Ṙ) such that

a = (1− u)al + uar + a0. (5.1)

The functions al, ar are uniquely determined by a and independent of the particular
choice of u. The maps

a 7→ al, a 7→ ar

are C∗-algebra homomorphisms of SAP onto AP .

Proof. If a ∈ AP then a = (1 − u)a + ua + 0 is the desired representation. For

f ∈ C(R), the function f0 = f − (1− u)f(−∞)− uf(+∞) belongs to C0(Ṙ). Thus,

f = (1− u)f(−∞) + uf(+∞) + f0
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is the seeked representation. Let al, bl, ar, br ∈ AP and a0, b0 ∈ C0(Ṙ). We have

((1− u)al + uar + a0) ((1− u)bl + ubr + b0) = (1− u)2albl + u2arbr + c0,

where

c0 = (1− u)u(albr + arbl) + a0 ((1− u)bl + ubr + b0) + b0 ((1− u)al + uar) .

In fact c0 ∈ C0(Ṙ), and as (1− u)2 − (1− u) and u2 − u belong to C0(Ṙ), the product

above is equal to

(1− u)albl + uarbr + d0,

where the terms ((1 − u)2 − (1 − u))albl, (u2 − u)arbr and c0 collapse into d0 ∈
C0(Ṙ). Since the functions of AP and C(R) can be written in the form (5.1),

linear combinations and finite products are invariant under the representation,

it follows that SAP is the closure of

S =
{
(1− u)al + uar + a0 : al, ar ∈ AP, a0 ∈ C0(Ṙ)

}
.

For any al, ar ∈ AP and a0 ∈ C0(Ṙ) are such that a = (1−u)al+uar+a0, by Lemma

5.14, we deduce that

∥al∥∞ = lim sup
x→−∞

|al(x)|

= lim sup
x→−∞

|(1− u(x))al(x) + u(x)ar(x) + a0(x)|

≤ ∥a∥∞ ,

and, analogously, ∥ar∥∞ ≤ ∥a∥∞ . So, if (a(n)) is a Cauchy sequence of S, then

(a
(n)
l ) and (a

(n)
r ) are Cauchy sequences in AP , consequently (a

(n)
0 ) is also a Cauchy

sequence of C0(Ṙ), with the norm of L∞(R). Since AP and C0(Ṙ) are complete,

we conclude that S is a closed set.

Note that, if a = (1−u)al+uar+a0 = (1−u)a′l+ua′r+a′0, then by similar methods

shown above, ∥al − a′l∥∞ ≤ ∥a− a′∥∞ = 0 or, al = a′l. Hence the map a 7→ al is well

defined. It is easy to show that it is a homomorphism of C∗-algebras. Analogously,

the map a 7→ ar is a well defined homomorphism of C∗-algebras.

Definition 5.16. Given a set E, we denote by EN and EN×N the columns of

length N and the N ×N matrices with entries in E, respectively. If E is a Banach

or a Hilbert space, then so is EN with the natural algebraic operations and the

norm ∥∥(f1, ..., fN )T
∥∥ :=

(
∥f1∥2 + ...+ ∥fN∥2

)1/2
.

In case E is a Banach algebra and a ∈ EN×N , we denote by aI the operator of

multiplication by a on EN . On providing EN×N with natural algebraic operations

and the norm

∥a∥EN×N
:= ∥aI∥B(EN ) ,
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where B(EN ) is the set of all bounded operators from EN to itself, we make EN×N

a Banach algebra. If E is a C∗-algebra, then EN×N is also a C∗-algebra. To avoid

additional parantheses or brackets, we make use of the notation

L∞
N×N (R) := [L∞(R)]N×N , L2

N (R) :=
[
L2(R)

]
N
,

and similar modifications. Also we denote CN , CN×N instead of CN , CN×N , re-

spectively.

5.3 Quotient and complementary spaces

We start with introducing brief definitions regarding linear algebra.

It is well-known that a subspace lying in a finite-dimensional normed space

is closed. The maximal number of linearly independent vectors in a subspace

M is called the dimension of M and is denoted by dimM . If there are infinitely

many independent vectors in M , then we set dimM = ∞.

Now, let us recall some properties of topological complements discussed in

introductory functional analysis lectures.

Definition 5.17. Let M and N be subspaces of a normed space X. The subspace

M is called an algebraic complement of N in X, and we write X = M ⊕ N , if

X =M +N and if their intersection is the null space. Furthermore, we say that

M is a topological complement of N if it is algebraic complement of M and if they

are both closed.

Definition 5.18. A projection on X is a linear operator p : X → X that is idempo-

tent, i.e., p2 = p.

Lemma 5.19 (see [24, Lemma 5.63]). Let M and N be subspaces of a Banach
space X. Suppose that X =M ⊕N . Then the following statements are equivalent:

1. The subspace M is a topological complement of N .

2. The subspaces M and N are closed.

3. The projections pM : X → M , with the law m + n 7→ m and pN : X → N , with
the law m+ n 7→ n are continuous.

In a Hilbert space, every closed subspace has a topological complement (its

orthogonal complement). But, in a Banach space, not every closed subspace has

a topological complement. Meanwhile, in a linear space, every subspace has an

algebraic complement.

Definition 5.20. Let X be a linear space and M a subspace of X. We introduce

the equivalence relation on X as follows:

x ∼ u ⇐⇒ x− u ∈M.
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The equivalence classes

[x] = {u ∈ X : x− u ∈M} = x+M

are elements of X/M . These elements are also known as hyperplanes. So X/M

defines a linear space.

If X is normed space, then we can define a semi-norm on the space X/M as

follows:

∥x+M∥X/M := d(x,M) = inf
m∈M

∥x−m∥ .

Indeed, the function ∥·∥X/M is a norm if, and only if M is closed. Furthermore,

if X is a Banach space and M is a closed subspace of X, then X/M is a Banach

space (see, e.g., [25, Chapter IV, Theorem 2.5]).

Theorem 5.21 (see [25, Chapter IV, Corollary 2.3]). Let X and Y be linear spaces
and let A : X → Y be a linear operator. Then imA is algebraically isomorphic to
X/ kerA.

Proof. Let us show that A : X/ kerA→ imA, x+kerA 7→ Ax is an algebraic isomor-

phism. It is easy to show that A is a well-defined surjective linear operator. For

injectivity, we notice that

kerA = {x+ kerA ∈ X/ kerA : Ax = 0}

= {x+ kerA ∈ X/ kerA : x ∈ kerA}

= {x+ kerA ∈ X/ kerA : x+ kerA = kerA}

= {kerA} .

Whence A is an isomorphism.

Corollary 5.22 (see [25, Chapter IV, Proposition 2.2]). Let X be a linear space
and let M be a subspace of X. Suppose that N is an algebraic complement of M .
Then X/M is algebraically isomorphic to N .

Proof. Take A = pN : X → N , m + n 7→ n. Then, by the previous result, X/ ker pN
and im pN are isomorphic. But im pN = N and

ker pN = {m+ n ∈M ⊕N : n = 0} =M.

Therefore X/M and N are isomorphic.

The next two results are known to be the isomorphism theorems, from the

basic algebra course. These properties carry over the linear spaces, since the

linear spaces are modules over a field (see [12, p. 168]).

Corollary 5.23 (see [12, Theorem 1.9]). Let X be a linear space and let M and N

be subspaces. Then M+N
M is algebraically isomorphic to N

M∩N .
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Proof. Consider the linear operator A : N → X/M , such that n 7→ n+M . Then

imA = {n+M : n ∈ N} =
M +N

M
,

and

kerA = {n ∈ N : n+M =M} = {n ∈ N : n ∈M} =M ∩N.

Hence, by Theorem 5.21 yields the desired isomorphism.

Corollary 5.24 (see [12, Theorem 1.8]). Let X be a linear space and let M and
Z be subspaces of X satisfying Z ⊂ M . Then X/M is algebraically isomorphic to
X/Z
M/Z .

Proof. Consider the linear operator A : X/Z → X/M , with the law x+ Z 7→ x+M .

It is surjective, by construction, and,

kerA = {x+ Z ∈ X/Z : x+M =M} = {x+ Z ∈ X/Z : x ∈M} =M/Z.

Thus, by Theorem 5.21, yields the desired isomorphism.

Corollary 5.25 (see [18, Corollary 7-4.9]). Let X be a Banach space and let M
and N be subspaces such that M ∩N = {0} and dimN < ∞. If M is closed, then
M +N is also closed.

Proof. Consider the quotient map QM : X → X/M , defined by the law x 7→ x+M .

Notice that, for every x ∈ X,

∥x+M∥ = inf
m∈M

∥x−m∥ ≤ ∥x∥ ,

hence ∥QM∥ ≤ 1. Whence QM is continuous. By Corollary 5.23, dim M+N
M =

dimN < ∞, so M+N
M is closed. By continuity of QM , (QM )−1

(
M+N
M

)
= M + N is

closed.

We remark that ∥QM∥ = 1. In fact, for every ε > 0, the Riesz lemma (see, e.g.,

[24, Theorem 2.25]) provides us a x ∈ X such that ∥x∥ = 1 and

1− ε < d(x,M) ≤ 1.

Therefore

∥QM∥ = sup
∥x∥=1

∥x+M∥ = 1.

Definition 5.26. Let M be a subspace of a Banach space X. The dimension of

the quotient space X/M is called codimension of the subspace M , that is

codimM := dimX/M.
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It is worthwile to notice that, if N is an algebraic complement of M , then

codimM = dimN , by Corollary 5.22.

In a Hilbert space H, every closed subspace M has a topological complement

M⊥, the orthogonal complement ofM . Moreover, H/M is isometrically isomorphic

to M⊥. In fact, for every x ∈ H there are, y ∈M and z ∈M⊥ uniquely determined,

such that x = y + z (see, e.g., [24, Theorem 3.34]). Thus, Lemma 3.30 from [24]

yields

∥x+M∥ = ∥z +M∥ = ∥z∥ .

Now, generally for Banach spaces, not every closed subspace might be topologi-

cally complemented. The following theorems give us some conditions for which

a closed subspace is topologically complemented.

Theorem 5.27 (see [9, Chapter 2, Theorem 2.1]). Every finite-dimensional sub-
space M of a Banach space X is topologically complemented.

Proof. Suppose that (x1, ..., xn) is a basis of M and consider φi ∈ X∗ such that

φi(xj) = δij, (i, j = 1, ..., n). We show that N =
⋂n

i=1 kerφi is a complement of M .

For every fixed x ∈ X, it is clear that x−
∑n

j=1 φj(x)xj ∈ N . Whence, M +N = X.

The subspace N is closed, since it is a finite intersection of kernels of continuous

linear functionals. Now, suppose that there is x ∈ M ∩ N . Then x =
∑n

j=1 αjxj

and φi(x) = 0, for some scalars α1, ..., αn and for every i = 1, ..., n. But then, for all

the i = 1, ..., n, since x ∈ kerφi,

αi =
n∑

j=1

αjδij =
n∑

j=1

αjφi(xj) = φi(x) = 0.

Hence x = 0. Therefore N is a topological complement of M .

Theorem 5.28 (see [9, Chapter 2, Theorem 2.2]). Let X be a Banach space. Then
every closed subspace M that has a finite codimension is topologically comple-
mented.

Proof. Let N be an algebraic complement of M . Then, by Corollary 5.22 dimN =

codimM <∞. Therefore N is closed, and the proof is complete.

Theorem 5.29 (see [9, Chapter 2, Theorem 2.3]). If a subspace M of a Banach
space X contains a closed subspace of finite codimension, then M is closed.

Proof. Let N be an finite-codimensional subspace of M and let L be its topological

complement of N . So X = L⊕N . We show that M = (M ∩ L) +N . It is clear that

(M ∩ L) + N ⊂ M . Now, for every x ∈ M , there are y ∈ L and z ∈ N such that

x = y+ z. But y = x− z ∈ L and, since z ∈ N ⊂M , y ∈M . Whence, y ∈M ∩L from

which follows the other inclusion. Now, since N is closed, M ∩ L ∩N = {0} and

dim(M ∩ L) ≤ dimL = codimN <∞,
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by Corollary 5.25, M must be closed.

Definition 5.30. Let X and Y be Banach spaces. By B(X,Y ) we denote the

Banach space of all linear bounded operators mapping from X into Y , and B(X)

denotes simply B(X,X). It is a Banach algebra with the usual pointwise sum and

composition of functions. Let A ∈ B(X,Y ). The subspace Y/imA is referred to as

the cokernel of the operator A. Every topological complement of imA (provided

that it exists) will also be called a cokernel of the operator A and denoted by

cokerA. In fact, this definition is consistent since, ifN is a topological complement

of imA, then Y/imA is topologically isomorphic to N .

By the rank of the operator A we understand the dimension of its image, i.e.,

rankA := dim imA.

Notice that, given A ∈ B(X,Y ), by Theorem 5.21, we thus have

rankA = dim imA = dimX/ kerA = codimkerA.

Also, if A has closed image in Y , then

dim cokerA = dimY/imA = codim imA.

Theorem 5.31 (see [9, Chapter 4, Theorem 1.2]). LetA ∈ B(X,Y ) and let A : X/ kerA→
imA, with x+kerA 7→ Ax. Then ∥A∥ = ∥A∥ and the linear operator A is a topological
isomorphism if and only if imA is closed.

Proof. For every x ∈ X,

∥x+ kerA∥ = inf
y∈kerA

∥x− y∥ ≤ ∥x∥ ,

from which holds the inclusion

{x ∈ X : ∥x∥ ≤ 1} ⊂ {x ∈ X : ∥x+ kerA∥ ≤ 1} .

From here, we attain the first inequality

∥A∥ = sup
∥x∥≤1

∥Ax∥ = sup
∥x∥≤1

∥A(x+ kerA)∥ ≤ sup
∥x+kerA∥≤1

∥A(x+ kerA)∥ = ∥A∥ .

For the second inequality, fix x ∈ X and notice that

∥A(x+ kerA)∥ = ∥Ax∥ = inf
y∈kerA

∥Ax−Ay∥ ≤ ∥A∥ inf
y∈kerA

∥x− y∥ = ∥A∥ ∥x+ kerA∥ .

Whence ∥A∥ ≤ ∥A∥.

Corollary 5.32. Let M and N be topological complements of each other in a Ba-
nach space X. Then X/M is topologically isomorphic to N .
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Proof. Consider pN : X → X the projection map defined by x = m+ n 7→ n, which

is continuous, by hypothesis. It is now straightforward that ker pN = M and

im pN = N and the desired conclusion arises.

Definition 5.33. An operator A ∈ B(X,Y ) is said to be generalized invertible if

one can find an operator B ∈ B(Y,X) such that

ABA = A.

The operator B is referred to as a generalized inverse operator to A and denoted

by B = A(−1).

Clearly, a linear bounded one-sided invertible operator is also generalized

invertible. Let V be a left invertible operator from B(X). Obviously, the operator

A from B(X +̇X) defined by

A :=

[
V 0

0 V −1

]
,

with V −1 being a left-inverse operator of V , is generalized invertible.

Lemma 5.34 (see [9, Chapter 4, Lemma 5.1]). Let A ∈ B(X,Y ) be generalized
invertible. Then the operators P1 = AA(−1) and P2 = A(−1)A are projections, where

imA = imP1 and kerA = kerP2.

Proof. We first remark that, since P1 and P2 are compositions of bounded linear

operators, P1 ∈ B(Y ), P2 ∈ B(X), and

P 2
1 =

(
AA(−1)A

)
A(−1) = AA(−1) = P1,

P 2
2 = A(−1)

(
AA(−1)A

)
= A(−1)A = P2.

Now, notice that y ∈ imP1 if, and only if y = P1y = A
(
A(−1)y

)
∈ imA. Whence

imP2 = imA. For the second equality, if x ∈ kerP2 then A(−1)Ax = 0, so composing

both sides by A, we get Ax = 0, which is x ∈ kerA. The other inclusion is

immediate, since kerA ⊂ kerA(−1)A = kerP2.

Theorem 5.35 (see [9, Chapter 4, Theorem 5.1]). Necessary and sufficient con-
ditions for the operator A ∈ B(X,Y ) to be generalized invertible is that it has the
following three properties:

1. imA is closed in Y ;

2. the subspace kerA has a topological complement in X;

3. the subspace imA has a topological complement in Y ;
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Proof. The necessity of the conditions of the theorem results from the previous

lemma and from the fact that the image of a projection is topological complement

of its kernel. We prove their sufficiency. Let M be a topological complement of

kerA in X and N a topological complement to imA in Y . The operator A|M : M →
imA is invertible. By B ∈ B(imA,M) we denote the inverse operator of A|M .

Consider the projection P = pimA : Y → Y defined by the law x = xN+ximA 7→ ximA.

Therefore, for each x = xM + xkerA ∈ X, we have

ABPAx = ABAx = ABAxM = ABA|MxM = AxM = Ax,

which shows that A(−1) = BP ∈ B(Y,X).

Corollary 5.36 (see [9, Chapter 4, Corollary 5.1]). If H1 and H2 are Hilbert spaces,
then the operator A ∈ B(H1, H2) is generalized invertible iff imA is closed in H2.

Corollary 5.37 (see [9, Chapter 4, Corollary 5.2]). Every finite-rank operator from
B(X,Y ) is generalized invertible.

Proof. Let A ∈ B(X,Y ) be a finite-rank operator. Since dim imA = rankA < ∞,

imA is closed. Thus it has a topological complement. Furthermore, since

codimkerA = rankA <∞,

by Theorem 5.28, kerA has a topological complement.

5.4 Compact operators

Definition 5.38. Let X be a topological space and let S ⊂ X. We say that S

is a precompact set or a relatively compact set if S is compact. We say that S

is sequentially relatively compact set if every sequence in S has a convergent

subsequence in X.

On the metric spaces, compactness and sequential compactness are equiv-

alent. We will show that those two definitions above are also equivalent on a

metric space.

Lemma 5.39 (see [13, Chapter I, § 5, Corollary 2]). Let X be a metric space and
let S ⊂ X. Then S is precompact if, and only if S is sequentially relatively compact.

Proof. For necessity, if (sn) is a sequence of S, it is a sequence of the compact S,

from which we can extract a convergent subsequence.

For sufficiency, suppose that S is sequentially relatively compact and let (xn)

be a sequence in S. Then, for every n ∈ N, there is sn ∈ S, such that d(xn, sn) < 1/n.

By hypothesis, there is (sαn) a subsequence of (sn) converging to some x ∈ X. By

triangle inequality, we guarantee that xαn → x, as n→ ∞.
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Definition 5.40. A linear operator A ∈ B(X,Y ) is said to be compact if the image

of the unit ball is precompact.

Lemma 5.41 (see [25, Chapter II, Theorem 6.2]). Let X and Y be normed spaces
and let A ∈ B(X,Y ). The following statements are equivalent:

1. A is compact.

2. The image of every bounded subset of X under A is precompact.

3. If (xn) is a bounded sequence of X, then (Axn) has a convergent subsequence
in Y .

Proof. [1.⇒ 2.] Suppose that A is a compact operator, and put

B = {x ∈ X : ∥x∥ ≤ 1} .

Let B ⊂ X be a bounded subset of X. Then, there exists M > 0 such that

∀x ∈ B ∥x∥ ≤M.

Hence

B̃ =
1

M
B ⊂ B.

But then, it follows that the image of B̃ is contained in a compact space, so it is

a precompact set. Since the compactness is invariant under finite dilatation, we

conclude that the image of B is precompact.

[2.⇒ 3.] Suppose that the image of any bounded subset of X under A is

precompact and let B = {xn ∈ X : n ∈ N} be a bounded sequence. Then, by

hypothesis, the image of B is a precompact set of Y , that is, from

{Axn ∈ Y : n ∈ N}

we can extract a convergent subsequence.

[3.⇒ 1.] Suppose that, for every (xn) bounded sequence of X, there is a con-

vergent subsequence of (Axn). We will prove that

AB = {Ax : x ∈ B} ,

is a precompact set. Let (yn) be a sequence of the later set. Then yn = Axn for

some xn ∈ B. Since ∥xn∥ ≤ 1, for all the n ∈ N, by hypothesis, there is (Axαn) a

subsequence of (Axn) that converges in Y . Thus (yαn) converges in Y .

It is worthwhile to notice that if A ∈ B(X,Y ) with dimX < ∞, since B =

{x ∈ X : ∥x∥ ≤ 1} is compact, its image under A is compact, which allows us to

conclude that A is compact. On the other hand, every finite-rank operator is

compact. This fact can easily be checked by applying the last criteria from the

previous lemma alongside with the Bolzano-Weierstrass theorem.
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Theorem 5.42 (see [5, Theorem 6.1]). Let X and Y be Banach spaces. Then, the
set K(X,Y ) is a closed linear space of B(X,Y ).

Theorem 5.43 (see [5, Proposition 6.3]). Let X,Y and Z be Banach spaces. If at
least one of A ∈ B(X,Y ) and B ∈ B(Y, Z) is compact, then BA ∈ B(X,Z) is so.

Proof. Let (xn) be a bounded sequence of X. If A is compact, then there is (xαn) a

subsequence of (xn) such that (Axαn) converges in Y . By continuity of B, (BAxαn)

converges in Z.

If B is compact, then, from (Axn) a bounded sequence of Y , we can extract a

subsequence (Axβn) such that (BAxβn) converges in Z.

Theorem 5.44 (see [5, Theorem 6.4]). Let X and Y be Banach spaces. Then,
A ∈ B(X,Y ) is compact if and only if the dual operator A′ ∈ B(Y ∗, X∗) is compact.

5.5 Riesz-Schauder theory

In this section, we will study a result concerning operators of the form

Aλ = A− λI ∈ B(X)

where λ is a nonzero scalar and A is a compact operator on a Banach space X.

It is worthwhile to remind, from linear algebra, that

dimX = dimkerA+ dim imA,

for any A ∈ B(X), whenever dimX <∞. This implies that

dim cokerA = dimX/ imA = dimZ = dimX − dim imA = dimkerA.

Indeed, from the fact that imA has an algebraic complement Z, in X, and from

the above equality alongside with Corollary 5.22, we arrive at the desired equality.

Definition 5.45. Let X and Y be Banach spaces. By K(X,Y ) we denote the

subspace of all the compact operators. If X = Y , we instead write K(X).

Lemma 5.46 (see [25, Chapter VI, Lemma 3.1]). Let X be a Banach space and
A ∈ K(X) an operator with rankA < ∞. Then, there are M a finite-dimensional
subspace and N a closed subspace of X, such that

X =M ⊕N, A(M) ⊂M, N ⊂ kerA.

Proof. Since A has finite rank, then there are x1, ..., xn ∈ X such that (Ax1, ..., Axn)

constitutes a basis of imA. It is straightforward, by construction that

M = span {xi, Axi : i = 1, ..., n}
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is A-invariant. On the other hand, there are linear functionals φ1, ..., φn ∈ (imA)∗

such that

φj(Axi) = δij , (i, j = 1, ..., n).

It is clear that, for each x ∈ X,

x−
n∑

j=1

φj(Ax)xj ∈ kerA,

from which yields

X =M + kerA.

Furthermore, since M is finite-dimensional, then there is a closed subspace N

of kerA, such that

kerA = (M ∩ kerA)⊕N.

Therefore, the two above equalities tell us that X = M ⊕ N , which finishes the

proof.

Theorem 5.47 (see [25, Chapter VI, Theorem 2.1]). Let X be a normed space and
Y be a Banach space with the approximation property, i.e., there is a sequence
(Pn) of elements of B(Y ) with finite rank, such that, for every y ∈ Y ,

lim
n→∞

∥Pny − y∥Y = 0.

Then any compact operator A ∈ K(X,Y ) is the limit in B(X,Y ) of operators of finite
rank.

Proof. Let A ∈ K(X,Y ) and let (Pn) be a sequence of finite rank operators in B(Y )

such that, for every y ∈ Y , ∥Pny − y∥Y → 0. We will show that PnA→ A in B(X,Y ).

For the sake of contradiction, suppose that does not happen. Then, there exists

an increasing sequence of natural numbers (αn) such that, for any n ∈ N,

∥PαnA−A∥ ≥ ε,

for some ε > 0. By definitions of norm operator and supremum, there is a

sequence (xn) of elements of the unit ball of X such that

∥PαnAxn −Axn∥Y > ε/2, (n ∈ N).

Being A a compact operator, there is an increasing sequence of natural numbers

(βn) such that (Axβn) converges to some y ∈ Y . Also, being (Pny) a bounded in

Y , by the uniform boundedness principle, (Pn) is bounded, say, by some c > 0.

Hence, we have∥∥Pαβn
Axβn −Axβn

∥∥
Y
≤
∥∥Pαβn

Axβn − Pαβn
y
∥∥
Y
+
∥∥Pαβn

y − y
∥∥
Y
+ ∥y −Axβn∥Y

≤ (c+ 1) ∥Axβn − y∥Y +
∥∥Pαβn

y − y
∥∥
Y
→ 0,
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which contradicts the fact that, for all the n ∈ N, we have∥∥Pαβn
Axβn −Axβn

∥∥
Y
> ε/2,

and this finishes the proof.

Theorem 5.48 (see [25, Chapter VI, Theorem 3.2]). Let X be a Banach space
with the approximation property, A ∈ K(X) and λ a nonzero scalar. Then, for the
operator Aλ = A− λI, we have:

(i) The image of Aλ is closed in X;

(ii) dimkerAλ <∞;

(iii) dimkerAλ = dim cokerAλ.

Proof. Firstly, suppose that A has finite rank. Then, by Lemma 5.46, there are

M,N closed subspaces of X, with dimM <∞, such that

X =M ⊕N, A(M) ⊂M, N ⊂ kerA.

Then

kerAλ = kerAλ|M

and

imAλ = imAλ|M ⊕N.

Indeed, if x ∈ kerAλ, then Ax = λx and we can write x = m + n, with m ∈ M

and n ∈ N . Thus

x = λ−1Ax = λ−1Am ∈M,

whence yields the first equality, since the other inclusion is immediate.

For the second one, if y ∈ imAλ, then y = Aλx, for some x ∈ X. But we can

write x as m+ n with m ∈M and n ∈ N . Thus

y = Aλx = Aλm+Aλn = Aλm− λn ∈ imAλ|M ⊕N.

On the other hand, if y ∈ imAλ|M + N , then y = Aλm + n for some m ∈ M and

n ∈ N . Since n = −λ−1Aλn, we get

y = Aλ(m− λ−1n) ∈ imAλ,

from which we obtain the second inequality.

Since imAλ|M is finite-dimensional and N is closed, by Corollary 5.25, imAλ

is closed. It is also clear that kerAλ is finite-dimensional. Moreover, since Aλ|M ∈
B(M) and dimM <∞, this yields

dimkerAλ|M = dim cokerAλ|M ,

78



5 .6 . FREDHOLM OPERATORS

from which it follows that

dimkerAλ = dim cokerAλ.

In fact, it is enough to show that

dim cokerAλ = dim cokerAλ|M .

So, applying Corollary 5.24 alongside with the facts that M is isomorphic to

X/N and imAλ|M is isomorphic to imAλ/N under the same law, one has

dim cokerAλ = dim
X/N

imAλ/N
= dim

M

imAλ|M
= dim cokerAλ|M .

Now, suppose that A ∈ K(X) has non-finite rank and that X has the approx-

imation property. Then by Theorem 5.47, there is A0 ∈ K(X) an operator with

finite rank such that

∥A−A0∥ < |λ| .

Then, the operator B = I − λ−1(A−A0) is invertible in B(X) and

Aλ = A− λI = A0 − λB = (A0B
−1 − λI)B = (A0B

−1)λS.

From the last equality, it is not hard to show that

imAλ = im(A0B
−1)λ and B(kerAλ) = ker(A0B

−1)λ.

Since rankA0 < ∞, we can say that imAλ is closed, kerAλ is finite-dimensional

and,

dimkerAλ = dimker(A0B
−1)λ = dim coker(A0B

−1)λ = dim cokerAλ,

as desired.

In fact, this property remains true for a general Banach space (see, e.g., [5,

Theorem 6.6]).

5.6 Fredholm operators

Definition 5.49. An operator A ∈ B(X,Y ) is called a Fredholm operator if it has

a closed image and the numbers dimkerA and dim cokerA are finite. The number

IndA := dimkerA− dim cokerA

is referred to as the index of the operator A ∈ B(X,Y ).

By virtue of Theorem 5.35, every Fredholm operator is generalized invertible.

So, the Fredholmness would be a generalization of the notion of invertibility,

as expected. In fact, if A ∈ B(X,Y ) is an operator acting on finite-dimensional
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spaces, then it is straightforward that A is a Fredholm operator. It is worthwhile

to remark that generally an invertible operator A ∈ B(X,Y ) acting on Banach

spaces has index equal to zero. Moreover, the last theorem, with its own nota-

tions, says that Aλ is a Fredholm operator with IndA = 0.

Let us next provide a characterisation for the Fredholm operator.

Definition 5.50. We shall say that an operator A ∈ B(X,Y ) admits a regulariza-
tion if there exists an operator F ∈ B(Y,X) such that any of the operators FA− I

and AF − I is compact.

The operator F is said to be a regularizer of A.

Theorem 5.51 (see [9, Chapter 4, Theorem 7.1]). For an operator A ∈ B(X,Y ) to
be Fredholm it is necessary and sufficient that it admits a regularization.

Proof. Let F ∈ B(Y,X) be a regularizer of A, i.e., FA = I + T1 and AF = I + T2,

where T1 and T2 are compact operators. Since

imA ⊃ imAF = im(I + T2),

by Theorem 5.48 and by Theorem 5.29, the image of A is closed. From the same

relations, it follows that

kerA ⊂ kerFA = ker(I + T1),

hence

dimkerA ≤ dimker(I + T1) <∞,

and

dim cokerA ≤ dim coker(I + T2) <∞.

To see the validity of the later, we fix (y1+imAF, ..., yn+imAF ) a basis of cokerAF

and choose an arbitrary y ∈ Y , so y + imA is an element of cokerA. So, there are

λ1, ..., λn scalars such that

y + imAF =

n∑
i=1

λi(yi + imAF )

=

(
n∑

i=1

λiyi

)
+ imAF,

from which

y −
n∑

i=1

λiyi ∈ imAF ⊂ imA.

Therefore

y + imA =

(
n∑

i=1

λiyi

)
+ imA =

n∑
i=1

λi(yi + imA) ∈ cokerA.
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This concludes the Fredholmness of A.

Conversely, suppose that A is a Fredholm operator. Then, as it was noted

before, it has a generalized inverse. Regarding to Lemma 5.34, altogether with

its notations,

P1 = AA(−1) and P2 = A(−1)A,

we have

rank(I −AA(−1)) = dim im(I − P1)︸ ︷︷ ︸
kerP1

= dimB2/ imP1 = dimB2/ imA = dim cokerA,

and

rank(I −A(−1)A) = dim im(I − P2) = dimkerP2 = dimkerA.

From this we conclude that A(−1) is regularizer of A.

It can be easily seen that two regularizers F1 and F2 of an operator differ from

each other only by a compact summand.

Note that, together with the last theorem, in principle the following statement

has been proved.

Corollary 5.52 (see [9, Chapter 4, Theorem 7.1’]). The following assertions con-
cerning an opeartor A ∈ B(X,Y ) are equivalent:

1. The operator A is Fredholm.

2. There exist operators F1, F2 ∈ B(Y,X) such that the operators F1A − I and
AF2 − I have finite rank.

3. There exist operators F1, F2 ∈ B(Y,X) such that the operators F1A − I and
AF2 − I are compact.

4. There exists an operator F ∈ B(Y,X) such that the operators AF − I and
FA− I have finite rank.

Let X be a Banach space. It has already been shown that K(X) is a closed

subspace of B(X) (Theorem 5.42), and thus B(X)/K(X) is a Banach space. Fur-

thermore, by Theorem 5.43, we can say that K(X) is an ideal of K(X), and thus

B(X)/K(X) is a Banach algebra.

Definition 5.53. In above configurations, the Banach algebra B(X)/K(X) is

called the Calkin algebra. Its elements are of the form A+K(X), with A ∈ B(X).

Corollary 5.54 (see [9, Chapter 4, Theorem 7.2]). Let X be a Banach space. Then
A ∈ B(X) is a Fredholm operator if and only if A+K(X) is invertible in the Calkin
algebra.
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5.7 Towards the main problem

Definition 5.55. Let X be a Banach space and let (An)n∈N a sequence in B(X)

and A ∈ B(X). Then we say that (An)n∈N converges to A, as n→ ∞:

• in the norm if ∥An −A∥B(X) → 0;

• strongly if ∥(An −A)f∥X → 0 for every f ∈ X;

• weakly if (ψ, (An −A)f) → 0 for every pair f ∈ X and ψ ∈ X∗.

Lemma 5.56 (see [21, Lemma 1.4.1]). Suppose that X is a Banach space. Further,
let (An)n∈N be a bounded sequence of elements in B(X).

1. If (ψ,Anf) → 0 for all f and ψ belonging to a dense subset of X and X∗,
respectively, then the sequence (An) converges weakly to 0.

2. If ∥Anf∥ → 0 for each f belonging to a dense subset of X, then the sequence
(An) converges strongly to 0.

Proof. Let us prove the first statement, as the second one follows analogously.

Put M := sup ∥An∥ and fix ε > 0. For f ∈ X and ψ ∈ X∗ choose f ε in the

dense subset of X and ψε in the dense subset of X∗ such that ∥f − f ε∥ < ε and

∥ψ − ψε∥ < ε. Then, for any n ∈ N,

|(ψ,Anf)| ≤ |(ψ − ψε, Anf)|+ |(ψε, Anf)|

≤ ∥ψ − ψε∥ ∥Anf∥+ |(ψε, An(f − f ε))|+ |(ψε, Anf
ε)|

≤ εM ∥f∥+ (∥ψ∥+ ε)Mε+ |(ψε, Anf
ε)| .

By hypothesis, there is N ∈ N such that |(ψε, Anf
ε)| < ε for n ≥ N . So, if n ≥ N ,

we have

|(ψ,Anf)| ≤ εM (∥f∥+ ∥ψ∥+ ε) + ε,

whence, the weak convergence of (An)n∈N to zero.

Lemma 5.57 (see [21, Lemma 1.4.6]). If (An)n∈N a sequence of elements of B(X)

that converges weakly to A ∈ B(X), and K ∈ K(X), then (KAn)n∈N converges
strongly to KA.

Proof. For simplicity, suppose that (An) converges weakly to the zero operator.

Let f ∈ X and put fn = Anf . Then (fn) converges weakly to the zero operator. By

the uniform boundedness principle, the sequence (fn) is bounded. Withought

loss of generality, we assume that ∥fn∥ ≤ 1, for all the n ∈ N. Since K is compact,

there is (fαn) a subsequence of (fn) such that (Kfαn) converges to some f0 ∈ X.

Since K is continuous, (Kfαn) converges weakly to K0 = 0. So f0 = 0, as the

weak topology is Hausdorff. Since 0 is the only cluster point of the sequence

(Kfn) and this sequence is contained in a compact set, ∥Kfn∥ → 0.
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Definition 5.58. For each h ∈ R consider the linear operator Uh defined on a

Banach function space X, by the law f(x) 7→ f(x − h). This operator is called a

translation operator or, also known as a shift operator.

Remark. Some of the properties of this operator are straightforth in specific

spaces. Let us consider X = X(R) to be a rearrangement-invariant Banach

function space with the Lebesgue measure and let h ∈ R. Then, yields:

(a) The shift operator is an isometry.

(b) (Uh)
−1 = U−h, for h ∈ R.

(c) Additionally, if X = Xa, then (Uh)
∗ = U−h, (h ∈ R).

Proof. (a) Indeed, since the Lebesgue measure is translation-invariant, we have

mUhf (λ) = m {x ∈ R : |f(x− h)| > λ} = m (h+ {|f | > λ}) = m {|f | > λ} = mf (λ),

for any h, λ ∈ R and any f ∈ X. Therefore ∥Uhf∥ = ∥f∥, by the invariance of the

rearrangement.

(b) Obvious.

(c) By the uniqueness of (Uh)
∗, it is sufficient to prove that

⟨Uhf, g⟩ = ⟨f, U−hg⟩

holds true, for each f ∈ X and g ∈ X ′. Indeed, by the change of variable t = x− h,

we get

⟨Uhf, g⟩ =
∫
R
f(x− h)g(x)dx =

∫
R
f(t)g(t+ h)dt = ⟨f, U−hg⟩ .

Next, we will introduce the notion of the limit operator on Banach function

spaces with absolutely continuous norm. Of course, it can be defined on arbitrary

Banach spaces, but, for our purposes, it is not necessary.

Definition 5.59. Let X be a Banach function space with X = Xa, A ∈ B(X) and

U = (Un)n∈N a sequence of isometries. If the strong limits

AU := s-lim
n→∞

(
U−1
n AUn

)
in B(X), AU∗ := s-lim

n→∞

(
U−1
n AUn

)∗ in B(X ′)

exist, then always (AU )
∗ = AU∗, and we will refer to AU as the limit operator for

the operator A with respect to the sequence U . Note that usually the strong limit

AU is defined independently of the existence of the strong limit AU∗, while we

need the existence of both limits for our purposes. If the limit AU exists, then it

is uniquely determined by A and U , which justifies the notation AU .
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Theorem 5.60 (see [15, Corollary 2]). Let U = (Uhn)n∈N with |hn| → ∞ and let
X = X(R) be a reflexive rearrangement-invariant Banach function space with
Lebesgue measure. Then (Uhn)n∈N converges weakly to the zero operator.

As a consequence of the latter theorem is that, in the same conditions, we

can say that, if K ∈ B(X) is a compact operator, then KU = 0, by Lemma 5.57.

Furthermore, Theorem 5.44 assures that K∗ is compact, and hence

KU∗ = s-lim
n→∞

(U−hnKUhn)
∗

= s-lim
n→∞

(Uhn)
∗K∗ (Uhn)

∗

= s-lim
n→∞

U−hnK
∗Uhn

= 0.

Therefore, the limit operator of K with respect to U is the zero operator.

Lemma 5.61 (see [14, Lemma 4.1]). Let X be a Banach space and let U = (Un)n∈N

be a sequence of isometries of X.

(a) If A ∈ B(X) and AU exists, then ∥AU∥B(X) ≤ ∥A∥B(X).

(b) If A,B ∈ B(X), α ∈ C, and if the strong limits AU and BU exist, then the strong
limits (αA)U , (A+B)U (AB)U also exist and

(αA)U = αAU , (A+B)U = AU +BU , (AB)U = AUBU .

(c) If A ∈ B(X) and if (Am)m∈N is a sequence on B(X) such that (Am)U exists for
every m ∈ N and ∥Am −A∥B(X) → 0, as m→ ∞, then the strong limit AU exists
and ∥AU − (Am)U∥B(X) → 0, as m→ ∞.

Remark. It is worthwhile to recall that, if a Banach function space X with abso-

lutely continuous norm and the limit operator AU exists, then

AU∗ = (AU )
∗.

So, Lemma 5.61 (b) yields

(αA)U∗ = αAU∗ , (A+B)U∗ = AU∗ +BU∗ , (AB)U∗ = BU∗AU∗ ,

as long as the limit operators AU∗ and BU∗ exist.

Theorem 5.62 (see [14, Theorem 4.2]). Let X be a Banach space, let A be a closed
subalgebra of B(X), and let J be a closed two-sided ideal of A. Suppose A ∈ A

and U = (Un)n∈N ⊂ B(X) is a sequence of isometries such that the limit operator
AU exists and the limit operators JU exist and are equal to zero for all J ∈ J. If the
coset A + J is invertible in the quotient algebra A/J, then the limit operator AU is
invertible.
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Corollary 5.63. Let X be a reflexive rearrangement-invariant Banach function
space. Suppose that A ∈ B(X) and U = (Un)n∈N ⊂ B(X) is a sequence of isometries.
If both of the strong limits AU and AU∗ exist and if A is a Fredholm operator, then
the limit operator AU is invertible.

Proof. By putting A = B(X), J = K(X) and using Theorem 5.60, the desired

conclusion arises.

Definition 5.64. For a ∈ L∞
N×N (R) and h ∈ R, we define ah ∈ L∞

N×N (R) by ah(x) :=

a(x+ h), x ∈ R.

Before proving the required result, we establish a property.

Lemma 5.65 (see [4, Lemma 10.2]). If a1, ..., aM ∈ AP 0
N×N , then there exists a

real-valued sequence hn → +∞ such that, for each m ∈ {1, ...,M},

lim
n→∞

∥(am)hn − am∥∞ = 0.

The consequence of the last lemma will be useful in the proof of the main

result, which is the following:

Theorem 5.66. For every a ∈ APN×N , there exists a real valued sequence hn →
+∞ such that

lim
n→∞

∥(a)hn − a∥∞ = 0.

Proof. It is sufficient to prove this fact for N = 1. For every k ∈ N and a ∈ AP ,

there is a(k) ∈ AP 0 such that
∥∥a(k) − a

∥∥
∞ < 1/k. According to the latter lemma,

there is a sequence of real numbers
(
h
(k)
n

)
n∈N

that converges to +∞ and, for

some Nk ∈ N, yields ∥∥∥∥(a(k))h(k)
n

− a(k)
∥∥∥∥
∞
< 1/k,

for every n ≥ Nk. On the other hand, for each k ∈ N, there is Mk ∈ N satisfying

h(k)n > k,

for every n ≥ Mk. So if we consider (αk)k∈N to be strictly increasing sequence in

N such that, for every k ∈ N, αk ≥ max {Nk,Mk}, then the real-valued sequence

tk := h
(k)
αk is such that tk → +∞, as k → ∞, and∥∥∥∥(a(k))tk − a(k)

∥∥∥∥
∞
<

1

k
, (k = 1, 2, ...).

Thus, for every k ∈ N, we have

∥(a)tk − a∥∞ =

∥∥∥∥(a− a(k)
)
tk
+
(
a(k)

)
tk
− a(k) + a(k) − a

∥∥∥∥
∞

≤
∥∥∥∥(a− a(k)

)
tk

∥∥∥∥
∞

+

∥∥∥∥(a(k))tk − a(k)
∥∥∥∥
∞

+
∥∥∥a(k) − a

∥∥∥
∞

< 3k−1.
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Therefore,

lim
k→∞

∥(a)tk − a∥∞ = 0.

Let X = X(R) be a rearrangement-invariant Banach function space on R.

Consider the Cauchy singular integral operator

(Sf)(x) :=
1

πi
p.v.

∫
R

f(y)

y − x
dy,

acting on f ∈ L1
loc(R). We may notice that S = iH where H denotes the Hilbert

transform. Hence, by Theorem 4.23, the operator S belongs to B(X) if and only

if the Boyd indices of X satisfy

0 < αX ≤ αX < 1.

Consider the operators P := 1
2(I + S) and Q := 1

2(I − S).

We finally arrive at the main results.

Theorem 5.67. Let X = X(R) be a reflexive rearrangement-invariant Banach
function space with Boyd indices 0 < αX ≤ αX < 1. If a ∈ SAPN×N and the
operator aP +Q is Fredholm, then alP +Q and arP +Q are invertible on the space
XN (R).

Proof. We prove for N = 1. We notice that S is a bounded operator and, for any

h ∈ R, U−hSUh = S. Indeed, for every f ∈ X and every x ∈ R,

(U−hSUhf)(x) = U−h
1

πi
p.v.

∫
R

(Uhf)(y)

y − x
dy

=
1

πi
p.v.

∫
R

f(y − h)

y − (x+ h)
dy

=
1

πi
p.v.

∫
R

f(y − h)

(y − h)− x
d(y − h)

= (Sf)(x).

Furthermore, we get

(U−hSUh)
∗ = S∗.

Therefore, for every sequence of isometries U = (Uhn)n∈N, where (hn) is an arbi-

trary real-valued sequence, the limit operator of SU exists and is equal to S. The

same is true for the operators P and Q.

Now, let u ∈ C(R) be such that u(−∞) = 0 and u(+∞) = 1. Fix a ∈ SAP . Then,

by the Sarason theorem, there are al, ar ∈ AP and a0 ∈ C0(Ṙ) such that

a = (1− u)al + uar + a0.
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We want to prove that, for some real-valued sequence hn → +∞, (aI)U = arI,

where U = (Uhn)n∈N. Since ar ∈ AP , by Theorem 5.66, there is a sequence

hn → +∞ such that

∥(ar)hn − ar∥∞ → 0.

Therefore, for all the f ∈ X,

U−hnaUhnf − arf = ((a)hn − ar)f

= ((1− (u)hn)(al)hn + (u)hn(ar)hn + (a0)hn − ar)f

= (u)hn((ar)hn − ar)f + ((1− (u)hn)(al)hn + (a0)hn + ar((u)hn − 1))︸ ︷︷ ︸
gn

f.

We now notice that, by monotonicity of the norm of X,

∥(u)hn((ar)hn − ar)f∥X ≤ ∥u∥∞ ∥(ar)hn − ar∥∞ ∥f∥X → 0,

as n→ ∞, and since |gnf | ≤M |f | ∈ X, for some M > 0, and gnf → 0 a.e., Theorem

3.27 yields ∥gnf∥X → 0, by the fact that the norm of X is absolutely continuous,

which is guaranteed by Corollary 3.37. Therefore,

∥(U−hnaUhn − arI)f∥X → 0,

as n→ ∞. From Lemma 5.61, we therefore arrive at the conclusion that

(aP +Q)U = arP +Q.

On the other hand, we have

U−hnaUhnf − arf = (a)hn − arf,

for every f ∈ X ′, and since the usual conjugate is norm-perserving and, by

Corollary 3.37, X ′ has absolutely continuous norm, this yields the following:

(aI)U∗ = s-lim
n→∞

(U−hn(aI)Uhn)
∗

= s-lim
n→∞

U−hn(aI)
∗Uhn

= s-lim
n→∞

U−hn(aI)Uhn

= arI.

Therefore, we have

(aP +Q)U∗ = PU∗(aI)U∗ +QU∗

= P ∗arI +Q∗.

This proves that the limit operator of aP + Q with respect to the sequence U =

(Uhn)n∈N exists and is equal to arP + Q. According to Corollary 5.63, arP + Q is

invertible, as long as aP +Q is a Fredholm operator.
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For the invertibility of the left represenative alP + Q, the proof is analogous.

Indeed, it is sufficient to choose a sequence hn → −∞ such that

∥(al)hn − al∥∞ → 0.

This ends our proof.

Corollary 5.68. Let X = X(R) be a reflexive rearrangement-invariant Banach
function space with Boyd indices 0 < αX ≤ αX < 1 and let a ∈ APN×N . Then, on
XN (R), the operator aP +Q is invertible if and only if aP +Q is Fredholm.

Proof. Since a = (1 − u)a + ua, we have al = ar = a. The conclusion follows from

the previous theorem.

These last two conclusions are new, compared to the existing literature (cf.

[4, Corollary 18.11]).
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