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Abstract

Geometric Semantic Genetic Programming (GSGP) represents one of the most
promising developments in the area of Evolutionary Computation (EC) in the last
decade. The results achieved by incorporating semantic awareness in the evolu-
tionary process demonstrate the impact that geometric semantic operators have
brought to the field of EC. An improvement to the geometric semantic mutation
(GSM) operator is proposed, inspired by the results achieved by batch normal-
ization in deep learning. While, in one of its most used versions, GSM relies on
the use of the sigmoid function to constrain the semantics of two random pro-
grams responsible for perturbing the parent’s semantics, here a different approach
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is followed, which allows reducing the size of the resulting programs and over-
coming the issues associated with the use of the sigmoid function, as commonly
done in deep learning. The idea is to consider a single random program and use
it to perturb the parent’s semantics only after standardization or normalization.
The experimental results demonstrate the suitability of the proposed approach:
despite its simplicity, the presented GSM variants outperform standard GSGP
on the studied benchmarks, with a difference in terms of performance that is
statistically significant. Furthermore, the individuals generated by the new GSM
variants are easier to simplify, allowing us to create accurate but significantly
smaller solutions.

Keywords: Geometric Semantic Mutation, Internal Covariate Shift, Sigmoid
Distribution Bias, Model Simplification.

1 Introduction

Genetic Programming (GP) is an evolutionary method introduced by Koza [23], based
on the principles of Darwinian evolution. Since its inception, GP attracted the interest
of researchers due to its capability to produce human-readable models and outperform
human-designed solutions [24]. Despite the achievements of GP in several domains,
researchers identified a limitation concerning the definition of the genetic operators
(crossover and mutation) used to produce new individuals starting from a popula-
tion of parent individuals. The standard genetic operators introduced by Koza rely
on syntactic transformations of the parents to obtain new solutions, without consid-
ering how these syntactic transformations affect the output of the offspring. In other
words, standard genetic operators execute transformations of the structure of the par-
ent solutions without any known effect on the behaviour of the offspring. In particular,
standard crossover creates two children by swapping two subprograms identified in
the parents, while mutation, in its common implementation, replaces a subprogram
with a randomly generated program. In fact, a minor modification in the parent struc-
ture might result in a large perturbation of its behaviour, or vice-versa. To overcome
this limitation, GP researchers started to investigate the possibility of incorporat-
ing semantic awareness in the search process [38]. In the context of GP, the term
semantics refers to the output vector of a given GP program when evaluated over a
set of fitness cases [38]. Initial contributions attempting to exploit semantic aware-
ness were based on the definition of indirect semantics-based methods [7, 28, 37]. In
other words, standard syntax-based genetic operators were used, and, subsequently,
semantic criteria were employed to determine whether to accept or reject the newly
created solutions. Typical examples include the rejection of a solution if its fitness is
worse than the fitness of the parent (for mutation) or worse than the fitness of both
parents (for crossover) [6, 8, 28]. While these methods produced good results, they
presented a limitation due to the high number of rejected individuals and the com-
putational effort necessary to evaluate the semantic criteria. A milestone in this line
of research was presented by Moraglio et al. [29] in 2012, when they defined genetic
operators that allow direct semantic awareness in the search process, thus avoiding
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the unnecessary creation and evaluation of individuals that may be rejected upon
the assessment of the semantic criteria. Moraglio et al. proposed a novel variant of
GP called Geometric Semantic Genetic Programming (GSGP), where the standard
syntax-based genetic operators are replaced with the so-called Geometric Semantic
Operators (GSOs). In particular, GSOs perform syntactic transformations on the par-
ent solutions that have a known effect on the semantics of the offspring. Moreover,
GSOs induce an unimodal fitness landscape for any supervised machine learning prob-
lem. These properties rapidly caught the interest of many researchers in the field and
motivated several notable works [2–5, 9, 10, 14, 16, 26, 35, 39, 40]. Some of these works
consisted on improving the novel genetic operators [1, 14, 27, 32]. For example, McDer-
mot et al. proposed a variation of the Geometric Semantic Mutation (GSM) operator
that reduces the amount of genetic material that is added at each mutation event,
helping to keep trees small while retaining the geometric properties. Several works
proposed to improve GSM by including an adaptive mechanism to optimally adjust
the degree of the semantic perturbation, such that the error on the training data is
minimized [14, 27]. Vanneschi et al. demonstrated that using a sigmoid function for
bounding the semantics of the random programs used by the GSOs, applying it as an
additional operator on the output of the programs, allowed a significant improvement
in the generalization ability of the algorithm, evaluated on several real-world prob-
lems [9, 14, 39]. Using sigmoid as a bounding mechanism is motivated by the fact that
random programs tend to produce arbitrary large semantics, thus making it difficult
to incorporate these semantics into the parent programs through GSOs; bounding the
random programs’ semantics in [0, 1] translated into a more controlled learning.

Nevertheless, the sigmoid function has a short linear regime and gets rapidly
saturated for both large and small values of the corresponding input. Niolau & McDer-
mott [31] empirically studied the distribution of the offspring in the semantic space
resulting from unbounded GSM and empirically showed that: (i) the distributions are
long-tailed in each dimension, thus can easily fall on the saturated regime of the sig-
moid function; (ii) there is no radius within which all the outputs are contained for
each dimension of the semantic space; and (iii) the variance in each dimension can
differ due to disparate distributions of the training cases. Therefore, blindly using the
sigmoid function to bound the output of random trees might result in poor semantics
(i.e., without the necessary amount of entropy), which might decrease the capabilities
of GSOs, and GSM in particular. At the same time, the evidence resulting from this
study highlights the need to apply some form of transformation to mitigate the effects
of unbounded GSM.

A similar problem associated with the use of the sigmoid function emerged in work
done on deep artificial neural networks (DANNs) training [18]. Several techniques were
presented to overcome this issue, like the use of rectified linear units (ReLUs) [30] and
the so-called batch normalisation (BN) transformation [22], the latter being directly
related to the work presented in this paper. In simple terms, BN consists of a nor-
malization step that fixes the mean and variance of the distribution of the outputs of
intermediate layers (activations or features) throughout the network.

To some extent, both an individual (program) generated through the generational
application of GSM and a DANN can be seen as systems made of sequentially stacked
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subsystems, such that each successive subsystem receives as input the output of the
precedent one; this is illustrated in Figure 1 (Section 3.1 provides a detailed expla-
nation). The present work is not the first to identify the parallels between GSM and
DANNs. Gonçalves et al. proposed a novel neuroevolution algorithm that capitalizes
upon the mechanics of GSM [15, 17] where artificial neural networks (ANNs) are used
instead of syntax trees (a more common representation of GP programs). Motivated
by the aforementioned similarity and inspired by the functioning of the BN transfor-
mation and its encouraging results, in this work the goal was to adapt this technique
and incorporate it into GSGP.

The remainder of the paper is organized as follows. Section 2 recalls the defini-
tion of GSOs for regression problems and concepts from the field of DANNs that will
be used throughout the paper. Section 3 presents the modification used in this study
concerning the use of the sigmoid function in GSOs. Section 4 discusses the bench-
marks considered in the experimental phase and the experimental settings. Section 5
discusses the achieved experimental results. Finally, Section 6 concludes the paper by
summarizing the main findings and suggesting future research directions.

2 Background

2.1 Geometric Semantic Genetic Programming

Consider a symbolic regression problem with a set of input data X represented
by x1,x2, ...,xn (training instances, observations or fitness cases). Let the vector
t = [t1, t2, ..., tn] represent their respective expected outputs (target values). In sim-
pler terms, for each i = 1, 2, ..., n the expected output for the input xi is ti. It
is possible to view a GP individual (or program) P as a function that takes as
input vector xi and returns a scalar value P (xi). According to [29], the vector
sP = [P (x1), P (x2), ..., P (xn)] can be referred to as the semantics of P . This vector
can be represented by a point in an n-dimensional space, which is called the seman-
tic space. It is worth noting that the target vector t also represents a point in the
semantic space.

As previously stated, GSGP is a modified version of GP that uses GSOs in place
of the traditional crossover and mutation. The main goal of GSOs is to introduce
modifications to the syntax of GP individuals that have a controlled and predictable
impact on their semantics. As defined in [29], the GSOs1 are:

Geometric Semantic Crossover (GSC)

Given two parent functions T1, T2 : Rn → R, GSC returns the function
GSC (T ) = (T1 · TR) + ((1− TR) · T2), where TR is a random function whose codomain
values range in the interval [0, 1].

Given two programs, representing the selected parent individuals, GSC’s application
produces another program (the offspring) whose semantics lie on the segment joining
the two parents in the semantic space. The proof can be found in [29], but suffice

1Only the definitions of GSOs for symbolic regression problems are presented in this paper as they are
the only ones used. For the definitions of GSOs in other domains, the reader is referred to [29].
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is to say that the reasoning stems from the fact that the semantics of the offspring
program is constructed as a linear combination of the semantics of the parents. The
codomain of TR is guaranteed to be in [0, 1] using the aforementioned sigmoid function.
In this sense, GSC is limited to finding a globally optimal solution only if this solution
is inside the hypercube delimited in the semantic space by the individuals in the
population [4, 11, 29].

Geometric Semantic Mutation (GSM)

Given a parent function T : Rn → R, GSM with mutation stepms returns the function
GSM (T ) = T +ms · (TR1 − TR2), where TR1 and TR2 are random functions.

The motivation for considering the difference between two random functions, TR1 and
TR2, is that in GSM it is essential to introduce a perturbation centered at zero. In
fact, if TR1 and TR2 are random functions, TR1 − TR2 is a random expression with an
equal probability of being positive or negative. While this was not originally defined
in GSM, later studies [14, 39] have demonstrated that limiting the codomain of TR1

and TR2 to a predefined interval such as [0, 1], by imposing a sigmoid function as their
root node, can enhance algorithm’s generalization ability. This implies that TR1−TR2

ranges in the interval [-1, 1], and that multiplying it by a user-specified ms allows
bounding this range in [−ms,ms]. It is worth highlighting that these studies used a
standard modifying constant α = 1 for the sigmoid function, i.e. f(x) = 1

1+e−αx , where
α is a modifying constant and x is the respective input; as such, in the present study,
α = 1 is being used.

A consequence of applying GSOs is the growth of the evolved programs. In the
case of GSM, as defined in [29], a single application of the operator increments the
size by 4 + |TR1| + |TR2| operators, where |.| indicates the number of operators in
the programs. In the long term, as the evolution proceeds, the resulting programs
might become excessively large for mathematical analysis and practical applications.
In this regard, McDermott et al. [27] proposed to simplify the operator while retaining
the geometric properties. In particular, the authors suggested using only one ran-
dom program instead of subtracting two random programs: GSM (T ) = T +ms · TR1.
Moreover, to enforce the expected value of the semantic distribution of ms ·TR1 being
centered around zero, ms is being drawn from a normal distribution with µ = 0. In
such a manner, GSM increments the program size by 3 + |TR1| nodes per step; note
that the authors did not apply any bounding on the random trees. However, the exper-
imental evidence from three uni-variate time series datasets showed that the proposed
approach numerically outperforms standard GP in only one problem while standard
GSGP was outperformed in two problems. However, no statistical test was performed
to validate the significance of the results.

On the other hand, several authors have proposed improvements over GSM by
deterministically and optimally adapting the mutation step [14, 27]. The first work
in this direction was done by McDermott et al. [27], entitled hereafter GSGP-D,
which is based on the aforementioned one-program GSM and determines an opti-
mal ms by differentiating the fitness function (MSE or RMSE) with respect to ms.
The authors point out that this forces the TR1 to always step in the direction of
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the semantics vector and at the right length to optimize the fitness function. Later,
Gonçalves et al. [14] proposed to rewrite the GSM as a general linear system of the
form P + RI × ms = t ⇔ RI × ms = (t − P ), where RI results from subtract-
ing the two random programs. Subsequently, the Moore-Penrose pseudo-inverse is
used to compute the mutation step (ms) that minimizes the error on the training
data. The results of this adaptive method, entitled hereafter GSGP-O, demonstrated
that an adaptive mutation step applied over on the difference between two random
programs can achieve competitive generalization in only a single application of the
mutation operator, while standard GSGP would require hundreds of generations to
reach the same result. These modifications will also be included in the experimen-
tal work. Although the two aforementioned methods share the same idea, there are
fundamental differences that determined the choice of using GSGP-O in the present
study. Given that GSGP-D relies upon a single random program and does not use
any transformation for bounding its output, there are two fundamental implications:
(i) the optimally computed ms no longer ensures that the distribution of ms · TR1

is zero-centered, making the operator deviate from the geometric properties defined
in [29]; and (ii) the absence of bounds for the output of ms · TR1 makes the mutation
less stable, which was found to negatively affect its generalization ability [39]. In fact,
the experimental evidence shows that GSGP-D outperforms standard GP and GSGP
in only one out of three problems [27]. Contrarily, GSGP-O retains geometric prop-
erties and consistently exhibits better performance when compared to both standard
GP and GSGP [14]; note that in this study, the empirical evidence was statistically
validated. It is worth noting that Gonçalves et al. experimented using both bounded
and unbounded random programs, and the experimental evidence suggests that the
former outperforms the latter.

Existing research is focused on GSM because empirical evidence demonstrated
that, unlike in standard GP, a high mutation rate is fundamental for GSGP achieving
good-quality solutions [11]. The reason is that GSC reduces, at every generation, the
convex hull formed by the current population. Thus, if a good-quality solution is not
enclosed in such a convex hull, GSC is not useful for substantially improving the
quality of the best individual found. Given that GSM does not have this limitation of
GSC, it is common to run GSGP using only the GSM operator. For this reason, the
present work only uses the mutation operator for the GSGP algorithm.

2.2 Deep artificial neural networks

A DANN is a hierarchical sequence of layers, each comprising simple computational
units called “neurons” [18]. The term “hierarchical” reflects the capability of DANNs
to learn complicated concepts by constructing them from simpler ones. The term
“sequence” implies that the neural architecture is a stack of layers connected sequen-
tially such that each successive layer takes as input the output of the precedent layer
(exceptions to this generalization can be found, for example, in residual learning frame-
work [19] and its variants like in [20]). Under this perspective, one can think of a
DANN as a network comprising several subnetworks, each aimed to minimize the loss
function by manipulating the respective parameters [22] while producing outputs that
constitute inputs for the proceeding subnetworks.
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2.2.1 Training a DANN

Gradient descent is an optimization algorithm commonly used to train DANNs and
relies upon the vector of partial derivatives of the loss function with respect to the
network’s parameters (i.e., the weights). The gradient is used for updating the value
of each parameter [18]. In practice, however, this update is performed simultaneously
for all parameters and across all the layers, despite the fact that the magnitude and
direction of the updates are computed under the assumption that the other parameters
remain constant. This might result in unexpected outcomes that make the learning
process less stable, which translates into the impracticability of using a larger learning
rate and converging faster.

Consider a neural network comprised of 2 layers of parameters LΘ1
and LΘ2

, respec-
tively. In simple terms, the prediction of the network (ŷ) is given by two consecutive
steps: (i) feeding the input X to the first parameterized layer LΘ1

and (ii) feeding the
respective output to the second parameterized layer LΘ2

. Formally, ŷ = LΘ2
(LΘ1

(X)).
During the update of parameters, which occurs simultaneously for all the parameters,
the inputs to LΘ2

are affected by the parameters’ change in LΘ1
while the change in

LΘ2
was performed under the assumption that those in LΘ1

remain unchanged. Such
an unexpected change in the distribution of layers’ inputs may constitute a problem,
as the layers might need to continuously adapt to a new distribution. As the network
becomes deeper, this problem amplifies because small changes at the beginning of the
network might translate into large changes for the input distributions of deeper layers.
Such a phenomenon was called internal covariate shift (ICS) [22].

2.2.2 DANNs and the vanishing gradient

ICS can be particularly harmful to DANNs if a sigmoid activation function is used (or
some other function with a saturated regime of non-linearity). Consider a layer l with
a sigmoid activation function whose output is given by al =

1
1+e−Wlxl+b , where Wl, bl

and xl represent the weight matrix, the bias term and the input at layer l. It is worth
noting that the output of al depends not only on the weights and the bias term but
also on the value of xl which, by itself, is a function of the parameters of the previous
layer. As |xl| increases, al tends towards the saturated regime (where the derivative
tends to zero). Given the fact that DANNs learn using gradient descent with back-
propagation, the presence of very small values in the long chain of multiplications to
compute partial derivatives results in the so-called vanishing gradient problem - when
the partial derivative becomes so small that it barely has any impact on the parameter
update - which results in significantly longer training times or even stagnation of the
learning process. In this context, “fixing”, to some extent, the distribution of the input
throughout the learning process can, at least, help the DANNs to converge faster. To
better understand the further complications that ICS brings if a sigmoid activation
function is used, consider a simple multi-layer perceptron made of one hidden layer
with one neuron per layer. The activation function (a) is applied over the output of
both hidden and output neurons. The gradient-based learning algorithm will perform
parameter updates that are proportional to the partial derivative of the loss function
(L) with respect to the current set of parameters (Θ). This update is controlled by
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the learning rate (α), which tends to assume small values (a default learning rate of
0.001 is used in both Keras and PyTorch [12, 33]). To calculate the partial derivative
for the first parameter in the network (Θ1), one needs to make use of the chain rule:
∂L(Θ)
∂Θ1

=
(

∂L(Θ)
∂a(2)

)(
∂a(2)

∂z(2)

)(
∂z(2)

∂a(1)

)(
∂a(1)

∂z(1)

)(
∂z(1)

∂Θ1

)
, where (z1, a1) and (z2, a2) repre-

sent the sum of the weighted inputs and the application of the subsequent activation
functions in the hidden and output neurons, respectively. Although the underlying
network is small, one can find quite a few multiplicative terms. In practice, however,
DANNs tend to be composed of many stacked layers, thus leading to many more mul-
tiplications in the calculation of the partial derivatives. Under this perspective, when
updating DANNs, the parameters that are located at deeper layers might fail to update
if the terms in this chain are small: with each successive layer, the partial derivative
involves the multiplication of small numbers over and over, resulting in such a small
value that it has no impact.

2.2.3 Batch Normalization Transformation

To overcome the aforementioned problems, Ioffe and Szegedy [22] proposed a nor-
malization step that fixes the means and variances of the layers’ input activations
throughout the network, therefore preventing small changes in the parameters of a
layer from amplifying as the data propagates through the DANN; the approach was
called batch normalization (BN). Typically, DANNs tend to learn in batches (i.e., on
random disjoint sets of data), hence the term “batch”. BN consists of normalizing
the activation vectors from hidden layers using the mean and variance of the current
batch, aiming at speeding up the convergence of the backpropagation learning process
in a DANN [25]. Specifically, any D-dimensional input xl to layer l is normalized in

each dimension d as follows: nd
l =

xd
l −E[xd

l ]√
V ar[xd

l ]+ϵ
, such that the expected value and the

variance are computed on the batch of training data and ϵ serves as a stabilization
constant. To restore the representation power of the network, the authors introduced
two learnable parameters to ensure that the transformation introduced by BN at a
given layer can represent the identity transformation (if it is necessary for a better
convergence). In particular, the parameters γd

l and βd
l allow scaling and shifting the

normalized inputs for each dimension d of layer l as n̂d
l = γd

l n̂
d
l + βd

l . The authors
proposed to apply the BN transformation before the activation function to reduce the
saturation problem. At inference time, the BN transformation normalizes the unseen
batch using a moving average of the mean and variance calculated from the batches
during training.
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3 Standardization and Normalization of Random
Programs

3.1 Motivation

Consider that Figure 1(a) represents a parent program2 (in black) that was subject to
GSM in two consecutive iterations (red and blue, respectively). The overall program
can be seen as a stack of three subprograms connected sequentially via summation,
such that each successive subprogram takes as input the output of the precedent
subprogram (in this sense, each subprogram is represented with a different color). At
this point, it becomes clear that programs built using GSM share similarities with
DANNs (where layers can be seen as subprograms). To better perceive this, consider
that Figure 1(b) represents a DANN made of three hidden layers: black, red, and
blue, respectively. The overall network can be seen as a stack of three subnetworks
connected sequentially, and one output neuron, such that each successive subnetwork
takes as input the output of the precedent subnetworks, similarly to the program
in Figure 1(a). If one pays attention to Figure 1, it becomes clear that the random
composition of terminals before applying the sigmoid function is likely to produce
outputs that fall on the saturated regime, where the co-domain approaches either zero
or one (recall that the standard definition of the sigmoid function is being used, with
the modifying constant set to 1). This makes part of the semantics of the random
subprograms converge to single numbers, hindering GSM from exploring a broader
semantic space.

The work of Nicolau & McDermott [31] is an important motivation for the present
proposals, who empirically studied the bias of the Ramped Half & Half initialization
method for random trees, particularly the effect on the output distribution, and con-
cluded that: (i) a significant amount of outliers is being produced during the random
composition of trees; (ii) the amount and their range depends on the function set; and
(iii) the use of protected GP operators biases the semantics of random trees towards
positive numbers. Thus, blindly applying sigmoid to the output of random trees in
GSM can have negative effects. Moreover, it is important to note that, to support
their conclusions, Nicolau & McDermott [31] used three synthesized datasets that
used input features that were always generated under a zero-centered normal distri-
bution: (i) one input feature and 500 observations N(0, 1); (ii) ten input features and
500 observations N(0, 1); and (iii) ten input features and 500 observations N(0, 50).
Although this allowed the authors to obtain convincing empirical evidence, data com-
ing from real-world applications usually do not exhibit such a simple structure. For
example, in the present study, six real-world problems are used, each with a varying
number of observations and features (the latter exhibiting different scales and dis-
tributions). Such a degree of added complexity enhances the necessity to provide a
method for limiting the output of the random programs used with GSM, allowing it
to retain its geometric properties and competence when solving real-world problems.

2Given the nature of GSM and GSC, the ideas discussed here generalize to any type of program rep-
resentation (trees, linear representations, graphs, etc.). The experimental work will use a linear genome
representation for programs.
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(a) Individual after two successive GSMs (b) DANN with three
hidden layers

Fig. 1 Visual assessment of similarities between an individual obtained using two successive appli-
cations of GSM (in red and blue, respectively) on a given parent program (in black), and a DANN
with three hidden layers. Notice that nodes in gray represent functions, whereas those in white rep-
resent constant terms and terminals (the latter are also known as input features).

To address the aforementioned problem, this work proposes to incorporate the
knowledge and best practices from deep learning into GSGP. Specifically, adapting
the concept of BN, this work proposes standardization and normalization of the ran-
domly generated programs used in conjunction with the GSM operator. The proposed
standardization and normalization also avoids the use of two random programs (one
random program will be enough) and does not require the sigmoid functions. Both
of these contribute to the generation of much simpler individuals compared to the
existing versions of GSGP.

3.2 Proposed semantic operators

Following the terminology of Section 2.1, let H = {(x1, t1), (x2, t2), ..., (xn, tn)} be
a regression dataset where, for each i = 1, 2, ..., n, xi represents an input observa-
tion and ti the corresponding expected output (target value). Let TR be a random
program that is needed for applying a geometric semantic operator. Let S(TR) =
[TR(x1), TR(x2), ..., TR(xn)] be the semantics of TR and let m be the average of the
values of vector S(TR) and δ their standard deviation. Then, the standardization SR

of TR is:

SR =
TR −m

δ
(1)

It is clear that SR is a random expression centered in zero (in fact, the median of
the normalized program is equal to zero). So, it is straightforward that SR has all the
needed characteristics to be used in GSM, replacing the difference between the two
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random programs TR1 and TR2. This idea will be at the basis of the novel GSGP-N1
method proposed in the continuation.

Let us now consider again the semantics of a random program TR: S(TR) =
[TR(x1), TR(x2), ..., TR(xn)] and let min be the minimum of the values in S(TR) and
max their maximum. Then, the normalization in [0, 1] of TR is:

NR =
TR −min

max −min
(2)

If we now want a normalization in [−1, 1] we can simply multiply NR by 2 and
subtract 1, obtaining:

MR = 2 · TR −min

max −min
− 1 (3)

It is also clear that a program like MR is appropriate for being used by GSM, and
can potentially replace the difference between the two random programs TR1 and TR2.
This idea is at the basis of the method called GSGP-N2 studied in the continuation.

Compared to the traditionally used difference between two random programs,
SR (Equation (1)) and MR (Equation (3)) are smaller, since they use only one ran-
dom program. In this work, given a random program TR, the GSM operator used by
GSGP-N1 generates an individual Tmut defined as:

TN1
mut = T +ms · SR (4)

where SR is defined in Equation (1). Analogously, the GSM operator used by GSGP-N2
generates an individual Tmut defined as:

TN2
mut = T +ms ·MR (5)

where MR is defined in Equation (3).

Both these methods will be employed by using a random value forms at each mutation
event (methods GSGP-N1 and GSGP-N2) and the optimal mutation step (methods
GSGP-N1-O and GSGP-N2-O).

It is worth noting that once a random program TR is generated, and its semantics is
calculated, m, δ, max and min in Equations (1) and (3) are numeric constants. Finally,
by not using a sigmoid function to wrap the output of the random programs, the
proposed mutation operators generate individuals without exponential functions, thus
facilitating their simplification, and potentially producing more interpretable models.

4 Experimental Setup

4.1 Implementation details

The experimental work is carried out using GSGP-CUDA, a CUDA-based implementa-
tion that runs on graphical processing units (GPUs) [35]. The implementation extends
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the most efficient CPU-based implementation [9], where the evaluation of program
syntax is only carried out at the beginning of a run, exploiting the fact that GSOs
allow calculating fitness of the offspring by only considering the semantic vectors of
the parent programs. Experimental evaluations of the CUDA-based implementation
showed orders of magnitude improvements in terms of run time compared to the CPU
version [35]. The CUDA implementation runs entirely on the GPU and uses a linear
genome representation and stack-based processing. The original version was extended
by integrating the proposed mutation operators with the computation of the optimal
mutation step. Moreover, a scikitlearn interface was implemented to simplify the use
and evaluation of the method. All experiments reported here were carried out on a
desktop machine with an Intel(R) Xeon(R) CPU E3−1270 v3 @ 3.50GHz and 32 GB
of RAM, an NVIDIA GeForce 2060 RTX GPU with 1920 CUDA cores and a base
frequency of 1365 MHz, which also has a boost frequency of 1680 MHz, 12 GB of
GDDR6 memory and a 192-bit memory interface with a bandwidth of 336 GB/s. The
source code for GSGP-CUDA and the normalized GSM operators can be found in
https://gitlab.com/Jmmc9122/gsgpcuda.

4.2 Test problems and experimental evaluation

Experiments were carried out employing the six real-world symbolic regression prob-
lems used in [35] and summarized in Table 1. All problems include one target variable
and the number of features ranges from 6 to 25, while the number of samples goes
from 2208 to 5000. Data partitioning was done using 30 difference random splits (one
for each run), with 70% of the observations (selected randomly with uniform prob-
ability) used for training and the rest for testing. Performance was measured using
several criteria, namely:

• Convergence during training. Convergence plots of the median training fitness over
the 30 independent runs are presented, considering a fixed number of generations.

• Testing performance. Performance on the test set is evaluated using three measures:
the root mean squared error (RMSE), the coefficient of determination R2, and the
mean absolute percentage error (MAPE).

• Model size. The model size is computed as the number of nodes of the best program
in the population at the end of the evolution.

The model size is measured at two moments: before and after mathematical simplifi-
cation. The non-simplified model is the program generated by GSGP (the raw model).
The simplified one is obtained by applying the simpify function (from the Sympy
library3) to the raw model. For better performance, simpify is applied to each linear
term of the final expression, since applying it to the complete raw model sometimes
produces errors or sub-optimal results. Once the model size is reduced in this way,
simpify is applied once again to the complete model.

It is important to mention that simpify only performs a symbolic evaluation of
the model. Basically, it removes introns from the expression but does not apply a
more comprehensive simplification procedure. While this does not produce the best
possible reduction in size, it is more stable since simplification can sometimes produce

3Version 1.10.1: https://github.com/sympy/sympy
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Table 1 Real-world symbolic regression problems, as used in [35].

Problems Instances Features Description
Concrete [42] 1030 8 Concrete compressive strength dataset

based on building parameters.
Energy Cooling [36] 768 8 Cooling requirements of buildings

as a function of building parameters.
Energy Heating [36] 768 8 Heating requirements of buildings

as a function of building parameters.
Housing [34] 506 13 Housing values in suburbs of Boston.
Tower [41] 5000 25 Industrial dataset of chromatography

measurements of a distillation tower.
Yacht [21] 308 6 Dataset regarding the hydrodynamic

performance of sailing.

Table 2 Experimental parameters used for GSGP.

Parameter Values
Genes 1024
Population Size 1024
Number of generations 200
Mutation rate 1
Terminal set Features and random constants
Function set +,−,×, pd
Survival Keep-best elitism

very long run times, especially when the raw model is extremely large. It is assumed
that models using standardized and normalized programs will be simpler and easier to
reduce in size than those that employ a sigmoid function because they do not include
exponential terms.

4.3 Variants and parameters

For the set of problems summarized in Table 1, six variants of GSGP are evaluated:

• GSGP: Baseline GSGP with standard GSM; random mutation step.
• GSGP-O: Baseline GSGP with standard GSM; optimal mutation step.
• GSGP-N1: standardization of random programs employed by GSM, as in
Equation (1); random mutation step.

• GSGP-N1-O: standardization of random programs employed by GSM, as in
Equation (1); optimal mutation step.

• GSGP-N2: min-max normalization of random programs employed by GSM, as in
Equation (3); random mutation step.

• GSGP-N2-O: min-max normalization of random programs employed by GSM, as in
Equation (3); optimal mutation step.

Standard GP is not included in the comparisons since previous works have con-
clusively shown that GSGP outperforms it in terms of efficiency and accuracy [39].
All these GSGP variants adopt the parameters summarized in Table 2. As previ-
ously discussed, none of them uses crossover. The GSGP implementation uses a linear
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representation, so the genes parameter specifies the total number of elements in an indi-
vidual. However, the size of the program and the specific expression that produces the
semantics of a program might be substantially smaller since individuals are randomly
generated without imposing restrictions. The interpreter uses a stack to compute the
output of a program and non-valid operations are skipped. Random constants are
generated in the range [−10, 10] and the protected division pd returns the numerator
when the denominator is zero. For the standard GSM, a sigmoid function limits the
output of the random programs. Finally, the computation of the optimal mutation
step can sometimes become numerically unstable, producing very large ms values and
making the models unstable. A simple heuristic was used by limiting ms values to
the range [−5000, 5000] as a form of regularization. While better approaches might be
devised, this heuristic was sufficient to generate robust models in these experiments.

5 Results and Discussion

Figure 2 shows the convergence of all the studied variants on the training set. From
these results, it is clear that all variants that use an optimal mutation step converge
faster on all the studied problems, as expected. Moreover, the normalized versions (N1
and N2) achieve the fastest convergence on all the problems, with GSGP-N2-O
performing slightly better. Focusing on the methods that use a random mutation,
GSGP-N1 exhibits the fastest convergence while GSGP exhibits the slowest.

Table 3 summarizes the results of the best model found when evaluated on the
test set, showing the median and IQR of the five performance measures: RMSE, R2,
MAPE, size of the raw model, and size of the simplified model. These same results
are presented graphically using violin plots with: RMSE reported in Figure 3, R2 in
Figure 4, MAPE in Figure 5, raw model size in Figure 6, and simplified model size
in Figure 7. GSGP-N1-O overfits during training and produces testing scores that fall
outside the range of values produced by the other methods, thus skewing the plots.
For this reason, this variant is excluded from the figures for RMSE, R2, and MAPE.

Overall, the best performance is obtained with a normalization approach and a
method that uses an optimal mutation step. In particular, GSGP-N2-O achieves the
best performance in terms of accuracy, both in median performance and in robust-
ness (based on the IQR), with a few exceptions. When it did not achieve the best
performance, it produced the second-best result. GSGP-O also achieves good accu-
racy, particularly on the Yacht problem. GSGP-N1 was by far the most competitive
method of those that used a random mutation step. On the other hand, GSGP-N1-O
exhibited the worst accuracy on the testing data, clearly overfitting the training set,
as shown in Figure 2. The reason may be the numerical instabilities induced by the
standardization, which produces many values close to zero. On the other hand, the
min-max normalization produces more values closer to 1 and -1, which probably limits
overfitting.

Regarding model size, it is clear that the normalized methods produce smaller
models, which was expected since the GSM only requires one random program instead
of two. Moreover, methods that employ an optimal mutation step also tend to produce
smaller models, although there is a large overlap between the distributions produced
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Fig. 2 Convergence plots showing the mean best fitness value per generation during training for all
the GSGP variations evaluated.

with and without this computation. However, the maximum peeks in program size
are produced by the variants that use an optimal mutation step in most problems.
Finally, the size of the models after simplification is where an order of magnitude
improvement is achieved. Both GSGP-N1-O and GSGP-N2-O produce the smallest
models. As hypothesized, since these methods do not use a sigmoid function in the
GSM, they are more amenable to automatic simplification.
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Fig. 3 Violin plots of RMSE scores obtained on the test set for all GSGP variants evaluated.
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Fig. 4 Violin plots of R2 scores obtained on the test set for all GSGP variants evaluated.
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Fig. 5 Violin plots of MAPE scores obtained on the test set for all GSGP variants evaluated.
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Fig. 6 Violin plots of model sizes before simplification, for all GSGP variants evaluated.
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Fig. 7 Violin plots of model sizes after simplification, for all GSGP variants evaluated.
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Table 3 Comparison of GSGP variants showing median and IQR (median/IQR) on the test set,
with bold indicating the best results.

RMSE
Problem GSGP GSGP-O GSGP-N1 GSGP-N1-O GSGP-N2 GSGP-N2-O
Concrete 13.1/2.27 8.12/0.54 8.92/1.12 17.03/14.69 12.30/1.06 7.57/0.43
ECooling 3.83/0.32 3.32/0.36 3.40/0.57 7.21/7.90 3.20/0.23 2.96/0.14
EHeating 3.85/0.62 3.07/0.20 3.07/0.92 8.91/11.63 2.90/0.20 2.66/0.24
Housing 5.96/1.17 4.57/0.51 5.52/1.54 12.01/17.35 5.44/1.14 4.24/0.73
Tower 73.02/10.30 48.70/2.06 65.81/4.19 36.80/10.35 68.31/7.12 33.65/0.88
Yacht 11.63/2.33 5.24/1.94 8.22/0.95 9.14/12.06 9.14/1.09 6.11/0.98

R2

Concrete 0.36/0.19 0.75/0.04 0.69/0.09 -0.05/1.60 0.44/0.09 0.78/0.02
ECooling 0.83/0.03 0.88/0.02 0.90/0.06 0.40/1.56 0.88/0.01 0.89/0.02
EHeating 0.85/0.02 0.90/0.01 0.87/0.04 0.21/2.55 0.91/0.01 0.93/0.01
Housing 0.53/0.14 0.75/0.07 0.63/0.19 -0.6/6.52 0.65/0.11 0.78/0.07
Tower 0.28/0.21 0.68/0.02 0.43/0.06 0.82/0.11 0.37/0.13 0.85/0.01
Yacht 0.42/0.18 0.86/0.07 0.70/0.04 0.66/1.4 0.62/0.08 0.84/0.03

MAPE
Concrete 0.41/0.12 0.21/0.03 0.23/0.04 0.53/0.56 0.39/0.08 0.21/0.02
ECooling 0.11/0.01 0.09/0.00 0.11/0.04 0.33/0.42 0.09/0.01 0.08/0.00
EHeating 0.13/0.01 0.10/0.01 0.10/0.02 0.48/0.67 0.10/0.01 0.08/0.01
Housing 0.21/0.04 0.16/0.01 0.18/0.06 0.53/0.93 0.17/0.02 0.15/0.2
Tower 0.20/0.05 0.12/0.01 0.19/0.02 0.09/0.02 0.20/0.03 0.08/0.00
Yacht 4.85/2.90 3.27/2.79 9.13/6.69 10.6/16.3 13.3/7.58 4.80/5.3

Raw Model Size
Concrete 12297/4559 7410/5598 9403/3506 4404/1836 10854/3949 5552/2617
ECooling 10857/3220 9839/10276 7998/3207 5453/6745 7643/2851 5917/4434
EHeating 10921/5810 8508/5074 7810/3525 4887/3180 8454/3449 5858/3029
Housing 11228/3577 7062/4315 8542/1490 4544/1191 8293/4091 5605/1376
Tower 11861/4141 8582/5994 10273/4545 5854/4739 9916/4386 5327/1566
Yacht 10533/3741 9068/16945 8565/2104 4746/5322 9600/3947 5789/6320

Simplified Model Size
Concrete 2316/433 1608/150 1193/423 283/105 1384/714 300/111
ECooling 2236/507 1632/172 1506/571 316/168 1566/512 296/127
EHeating 2350/384 1645/281 1437/671 274/71 1618/690 305/153
Housing 2377/496 1803/236 1620/446 281/89 1335/467, 310/115
Tower 2466/385 1729/248 1161/404 341/94 1040/374 347/101
Yacht 2222/421 1731/288 1175/509 258/223 1258/698 312/121

Table 4 presents the average rank of the algorithms based on median performance
across all problems and for each of the performance metrics. Statistical significance
was tested using the Friedman multigroup test for the ranking of each method based
on median performance on each problem. This is a non-parametric test where the null
hypothesis is that all the columns (GSGP variants) effects are the same. Performing
the test for all five measures, the p-values were all below 4e−04, allowing us to reject
the null hypothesis with high confidence. For the pairwise test, post-hoc analysis of the
Friedman test is carried out using the Tukey-Kramer method to account for multiple
comparisons. The resulting p-values are shown in Table 5 for each pairwise compari-
son. In general, these results confirm that GSGP-N2-O achieves the best performance
since it is the only one that achieves statistically significant results when compared
with other methods. It is important to note, moreover, that when the number of com-
pared methods is small relative to the number of problems, the Friedman test can
underestimate the difference between methods [13].

Another aspect that is analyzed is the composition of the best model found in
each run. All of the GSGP variants use ”keep best” elitism, where the best parent
replaces the worst of the offspring when it is also better than the best of the offspring.
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Table 4 Average rank based on median performance considering all problems and each
performance measure; bold indicates top rank.

Measure GSGP GSGP-O GSGP-N1 GSGP-N1-O GSGP-N2 GSGP-N2-O
RMSE 5.3 2.3 3.6 5.1 3.3 1.1
R2 5,3 2.5 3.1 5 3.6 1.3
MAPE 4.5 2 4.1 5.1 4 1.1
Raw Size 6 3.8 4 1.1 4.1 1.8
Simplified Size 6 5 3.3 1.1 3.6 1.8

Table 5 Pairwise Friedman post-hoc analysis of algorithm ranks using the Tukey-Kramer
to account for multiple comparisons. Bold values are below the α = 0.05 confidence level.

RMSE
GSGP GSGP-O GSGP-N1 GSGP-N1-O GSGP-N2 GSGP-N2-O

GSGP - 0.061 0.636 1.00 0.432 0.001
GSGP-O - - 0.820 0.091 0.940 0.889
GSGP-N1 - - - 0.733 0.999 0.188
GSGP-N1-O - - - - 0.533 0.002
GSGP-N2 - - - - - 0.338
GSGP-N2-O - - - - - -

4R2

GSGP - 0.091 0.338 0.999 0.636 0.002
GSGP-O - - 0.989 0.188 0.889 0.889
GSGP-N1 - - - 0.533 0.997 0.533
GSGP-N1-O - - - - 0.820 0.009
GSGP-N2 - - - - - 0.256
GSGP-N2-O - - - - - -

MAPE
GSGP - 0.188 0.999 0.989 0.997 0.024
GSGP-O - - 0.338 0.039 0.432 0.972
GSGP-N1 - - - 0.940 1.00 0.061
GSGP-N1-O - - - - 0.889 0.002
GSGP-N2 - - - - - 0.091
GSGP-N2-O - - - - - -

Raw Model Size
GSGP - 0.338 0.432 0.000 0.533 0.001
GSGP-O - - 1.00 0.133 0.999 0.432
GSGP-N1 - - - 0.091 1.00 0.0338
GSGP-N1-O - - - - 0.061 0.989
GSGP-N2 - - - - - 0.256
GSGP-N2-O - - - - - -

Simplified Model Size
GSGP - 0.94 0.133 0.000 0.256 0.001
GSGP-O - - 0.636 0.005 0.820 0.039
GSGP-N1 - - - 0.338 0.999 0.733
GSGP-N1-O - - - - 0.188 0.989
GSGP-N2 - - - - - 0.533
GSGP-N2-O - - - - - -

In particular, Table 6 presents the median and IQR of the number of times a survival
event due to elitism is present in the lineage of the best solution found. High median
values indicate that elitism played a big role in the construction of a model, while the
opposite is true for low median values. In general, results show that elitism is more
important when using a random mutation step, while it has little or no influence when
an optimal mutation step is used. Moreover, elitism is slightly more important when a
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Table 6 Comparison of GSGP variants showing median and IQR (median/IQR) of the number of
elitism survival events present in the evolutionary lineage of the best solution found.

Problem GSGP GSGP-O GSGP-N1 GSGP-N1-O GSGP-N2 GSGP-N2-O
Concrete 38.5/9.50 1.0/2.0 45.5/5.75 0.5/1.0 55.5/11.0 1.0/1.0
ECooling 44.0/15.75 2.0/3.0 103/36.75 1.0/1.0 99.5/31.5 1.0/2.0
EHeating 42.0/14.25 2.0/1.0 90/22.0 0.0/1.0 91.5/20.75 1.0/1.0
Housing 45.0/8.50 1.0/1.75 74.5/13.0 0.0/1.0 69.5/15.0 0.0/1.0
Tower 32.0/6.00 3.5/3.0 35.0/10.75 0.0/1.0 39.5/19.25 0.0/1.0
Yacht 40.00/10.5 1.0/1.75 54.5/19.0 1.0/1.0 64.5/12.0 1.0/1.0

random mutation step is used along with a normalized GSM compared to the standard
GSM. It seems that when an optimal mutation step is used, the best individual can
be improved upon at almost every generation, while random mutations are far less
likely to do so. Normalized versions of GSM reduce the likelihood of improving the
best model found so far during a run when combined with a random mutation step.

5.1 Comparison with rescaled input data

To determine the impact of the normalized semantics on GSGP, one additional analysis
is performed. The experiments described above are repeated, but min-max normaliza-
tion is first applied to rescale the data to the range [−1, 1]. In these tests, GSGP and
GSGP-O are used as baselines, GSGP-N1 since it was the best-performing method
with a random mutation step, and GSGP-N2-O since it achieved the best performance
overall. Moreover, performance is measured using R2 on the test set to account for the
differences in scale. The methods trained and tested on the normalized datasets have a
D appended to their acronym: GSGP-D, GSGP-O-D, GSGP-N1-D, and GSGP-N2-O-
D. Table 7 shows all the results, including the ones achieved with these methods with
the raw and the min-max normalized data. A more detailed comparison is presented
in Figure 8 using boxplots to compare the methods4. In almost all cases, perfor-
mance improved when using the normalized datasets, with GSGP-N1 being the only
exception. However, the best results were once again obtained when GSM uses nor-
malized random programs using min-max normalization; on three of the six problems,
GSGP-N2-O performed better than GSGP-N2-O-D.

A similar analysis is presented in Table 8, but in this case, problem data are stan-
dardized to mean zero and standard deviation 1. For this analysis, the methods have an
S appended to their acronym: GSGP-S, GSGP-O-S, GSGP-N1-S, and GSGP-N2-O-S.
A similar trend can be seen, to the one observed before for the baseline methods, with
GSGP-S and GSGP-O-S outperforming GSGP and GSGP-O. However, the GSGP
variants using normalized semantics did not perform as well, with performance drop-
ping in most cases. Nonetheless, comparing Table 7 and Table 8, the best performance
is still achieved when using a normalized approach.

6 Conclusions and Future Work

Inspired by a common practice in deep learning to stabilize the distribution of inputs to
a subnetwork called batch normalization (BN), this work proposes two novel variants

4Boxplots are used instead of violin plots for easier depiction.
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Table 7 Comparison of GSGP variants using min-max normalized

datasets, showing median and IQR (median/IQR) R2 scores on the test
set. Bold indicates the best results for each problem.

Problem GSGP GSGP-D GSGP-O GSGP-O-D
Concrete 0.36/0.19 0.39/0.05 0.75/0.04 0.65/0.06
ECooling 0.83/0.03 0.85/0.04 0.88/0.02 0.94/0.01
EHeating 0.85/0.02 0.85/0.06 0.90/0.01 0.97/0.00
Housing 0.53/0.14 0.54/0.14 0.75/0.07 0.75/0.05
Tower 0.28/0.21 0.55/0.08 0.68/0.02 0.80/0.02
Yacht 0.42/0.18 0.54/0.18 0.86/0.07 0.85/0.10

Problem GSGP-N1 GSGP-N1-D GSGP-N2-O GSGP-N2-O-D
Concrete 0.69/0.09 0.42/0.15 0.78/0.02 0.64/0.14
ECooling 0.90/0.06 0.77/0.13 0.89/0.02 0.95/0.00
EHeating 0.87/0.04 0.84/0.08 0.93/0.01 0.98/0.00
Housing 0.63/0.19 0.40/0.28 0.78/0.07 0.74/0.15
Tower 0.43/0.06 0.46/0.13 0.85/0.01 0.80/1.9
Yacht 0.70/0.04 0.47/0.36 0.84/0.03 0.89/0.14

Table 8 Comparison of GSGP variants using standardized data datasets,

showing median and IQR (median/IQR) R2 scores on the test set. Bold
indicates the best results for each problem.

Problem GSGP GSGP-S GSGP-O GSGP-O-S
Concrete 0.36/0.19 0.52/0.12 0.75/0.04 0.72/0.06
ECooling 0.83/0.03 0.87/0.03 0.88/0.02 0.93/0.00
EHeating 0.85/0.02 0.88/0.02 0.90/0.01 0.96/0.00
Housing 0.53/0.14 0.60/0.12 0.75/0.07 0.75/0.04
Tower 0.28/0.21 0.62/0.06 0.68/0.02 0.82/0.02
Yacht 0.42/0.18 0.70/0.09 0.86/0.07 0.85/0.08

Problem GSGP-N1 GSGP-N1-S GSGP-N2-O GSGP-N2-O-S
Concrete 0.69/0.09 0.49/0.12 0.78/0.02 0.53/0.14
ECooling 0.90/0.06 0.87/0.02 0.89/0.02 0.86/0.02
EHeating 0.87/0.04 0.88/0.02 0.93/0.01 0.88/0.02
Housing 0.63/0.19 0.62/0.12 0.78/0.07 0.52/0.34
Tower 0.43/0.06 0.61/0.14 0.85/0.01 0.65/0.49
Yacht 0.70/0.04 0.65/0.14 0.84/0.03 0.64/0.09

of Geometric Semantic Genetic Programming (GSGP) that decrease the complexity of
the Geometric Semantic Mutation (GSM) operator and remove the need for a sigmoid
bounding function. In traditional GSGP, GSM uses the difference between two random
programs, each of which is often wrapped with a sigmoid function since experimen-
tal evidence has indicated that this practice limits overfitting. Both of the proposed
GSGP variants use GSM with different genetic material compared to standard GSGP.
In particular, both variants use only one random program instead of two, generating
smaller offspring compared to traditional GSM. Moreover, the proposed variants aim
at stabilizing the output distribution of random programs without requiring a sig-
moid function. Using the sigmoid function produces complex and difficult to interpret
solutions, while the proposed GSM variants only introduce numeric constants into the
programs (the constants used to standardize and normalize the random programs),
which leads to models that are more easily simplified. Both of the proposed variants
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Fig. 8 Boxplot comparison of R2 scores on the test data using both raw and min-max normalized
data.

have been studied using a random mutation step or an optimal mutation step at each
mutation event. The experimental results, obtained on six real-life symbolic regression
problems, showed the advantage of the proposed variants. In particular, besides the
expected advantages in terms of model size, the proposed variants outperform stan-
dard GSGP on most of the studied problems in terms of predictive accuracy. While
the variant that uses standardized random programs with an optimal mutation step is
the one that obtained the best training performance, the variant that uses normalized
random programs with an optimal mutation step is the one that outperformed all the
other studied methods on unseen data.
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In future work, one goal is to use more efficient techniques to simplify the programs
produced by the new operators. Also, a hybrid approach that combines the standard-
ization and normalization techniques deserves to be investigated. Last but not least,
future work will focus on the study of these new operators on more test problems and
real-life applications, and the possible extension of the approach to other forms of GP
and other learning domains.
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Leonardo Trujillo, Leonardo Vanneschi; Formal analysis and investigation: Illya
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[13] Derrac J, Garćıa S, Molina D, et al (2011) A practical tutorial on the use of
nonparametric statistical tests as a methodology for comparing evolutionary and

27

https://doi.org/10.3390/app11114774
https://doi.org/https://doi.org/10.1016/j.swevo.2021.100913
https://doi.org/https://doi.org/10.1016/j.swevo.2021.100913
https://doi.org/https://doi.org/10.1016/j.swevo.2021.101028
https://doi.org/https://doi.org/10.1016/j.swevo.2021.101028
https://doi.org/10.1145/2739480.2754795
https://doi.org/10.1145/2739480.2754795
https://keras.io


swarm intelligence algorithms. Swarm and Evolutionary Computation 1(1):3–
18. https://doi.org/10.1016/j.swevo.2011.02.002, URL https://doi.org/10.1016/j.
swevo.2011.02.002

[14] Gonçalves I, Silva S, Fonseca CM (2015) On the generalization ability of geometric
semantic genetic programming. In: Machado P, Heywood MI, McDermott J, et al
(eds) Genetic Programming. Springer International Publishing, Cham, pp 41–52
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