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ABSTRACT
High-accuracy molecular force field models suited for hot gases and plasmas are not as abundant as those geared toward ambient pressure and
temperature conditions. Here, we present an improved version of our previous electron-density based force field model that can now account
for polarization effects by adjusting the atomic valence electron contributions to match ab initio calculated Mulliken partial charges. Using a
slightly modified version of the Hohenberg–Kohn theorem, we also include an improved theoretical formulation of our model when applied
to systems with degenerate ground states. We present two variants of our polarizable model, fitted from ab initio reference data calculated at
CCSD(T)/cc-pVTZ and CCSD(T)/CEP-31G levels of theory, that both accurately model water dimer interaction energies. Further improve-
ments include the additional interaction components with fictitious non-spherically symmetric, yet atom-centered, electron densities and
fitting the exchange and correlation coefficients against analytical expressions. The latter removes all unphysical oscillations that are observed
in the previous non-polarizable variant of our force field.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0210949

I. INTRODUCTION

In computational chemistry and physics, the rationale behind
employing force fields stems from the ability to “integrate out” the
electronic degrees of freedom. One can thereby avoid solving the
high-dimensional partial differential Schrödinger equation in favor
of a tractable many-body problem of coupled second-order ordi-
nary differential equations (ODEs) embodied in Newton’s laws of
motion.

Force fields are typically formulated as sums of inverse power
laws, with the Lennard-Jones 12-6 potential form standing out as
a prominent example. Some examples of force field models that
are often used in Molecular Dynamics (MD) simulations and that
rely on such inverse power laws include Jorgensen’s Transfer-
able Intermolecular Potential (TIP) family of water models (e.g.,
TIP3P and TIP4P),1–4 Optimized Potential for Liquid Simulations
(OPLS),5–7 and Assisted Model Building and Energy Refinement
(AMBER)8,9 family of force field models. Many other examples of
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different empirical formulas can be found in the literature, such as
Halgren’s 14-7 buffered potential,10 featured in the Merck Molecu-
lar Force Field (MMFF).11–15 A standard issue associated with force
fields is the lack of transferability of optimized parameters between
models. In contrast to ab initio calculations, where the option
exists to combine different levels of theory for different molecules
and/or for parts of a same molecule(s) of a quantum mechanical
setup,16–22 such flexibility is not always feasible for force fields. Fur-
thermore, unless readily available, the force field parameterization
for a set of molecules must be fitted against reliable experimental
data and/or accurate ab initio calculations. This task is often very
time-consuming and can be discouraging for scientists with limited
experience in parameterizing molecular force field models.

Efforts have been made in the literature to connect quantum
chemical calculations and force field expressions on a more fun-
damental level. For example, Bond Order Potentials (BOPs) can
be viewed as expressions closely related to the realm of density
functional (or wave function based) calculations.23,24 In addition
to providing physical clarity, these approaches avoid a prolifera-
tion of fitting parameters. However, despite their appealing nature,
these approaches are not widely used, except for the Tight Bind-
ing (TB) method, which essentially also falls in this category. Much
more widely used at present are machine learning approaches. These
methods typically assume that the total energy of a system is the
sum of the energy of all atoms in their respective environments. As
a first step, the Cartesian coordinates of this environment are con-
verted into symmetry-adapted descriptors. In the two most popular
approaches, these descriptors are inputs to a neural network25 or to a
Gaussian approximation potential.26 The parameters of these mod-
els are obtained by fitting to the results of Density Functional Theory
(DFT) calculations. The main advantage of the machine-learning
approach is the flexibility of the potential energy expression and its
learning-on-the-fly potential.

Another strategy for constructing force fields that has gained
popularity involves approximating electronic densities inside inte-
gral expressions that resemble Coulomb interaction integrals. Such
an approach offers several advantages. It overcomes the problems
arising from interaction energy formulas directly based on inter-
nuclear distances by instead using electron density distributions,
which are more physical in nature. Such an approach also exploits
the experience gained from density functional calculations over the
years, and, consequently, requires fewer fitting parameters. This
kind of approach often relies on Gaussian and/or Slater types of
basis-functions to approximate the electron clouds. Exact expres-
sions for these integrals exist when such basis functions are used.
Furthermore, compared to machine learned potentials, empirical
intuition can be built in more easily since their resulting expressions
strongly resemble the solution(s) of simple classical and/or quantum
mechanical problems. Notable examples include the Gaussian Elec-
trostatic Model (GEM),27–29 the Monomer Electron Density Force
Field (MEDFF),30 and our own force field model,31 which we intend
to improve here.

One unique aspect of our model is how it calculates inter-
action energies within a system. We achieve this by repeatedly
applying the Laplace operator to the non-interacting electron den-
sities of the system’s molecules. This process results in a finite
sum of fictitious non-interacting electron densities, for which exact
expressions can be derived. In the same fashion as the orbitals

calculated with Kohn-Sham DFT (KS-DFT), these electron densities
are described as fictitious as they solely are convenient mathemat-
ical abstractions that lack a rigorous physical interpretation. Using
Hohenberg and Kohn’s theorem,32 it is demonstrated that for non-
degenerate cases, mapping the non-interacting electron densities of
the molecules to the energy of the interacting system is possible. This
argument extends to systems with degenerate ground states in their
non-interacting components through Levy’s constrained search for-
mulation.33 The main advantage of this approach is that besides
requiring the usual molecular specification needed by any, full atom,
force field model, e.g., the Z-matrix, it only needs partial atomic
charges, e.g., Mulliken or Löwdin charges, of every molecule in the
system (when isolated) once a set of exchange and correlation coef-
ficients are fitted against experimental or accurate ab initio reference
data. However, in our previous paper, these partial charges were
treated as constants, which, therefore, made the previous version of
our model non-polarizable, and potentially too inaccurate for some
systems.

In Sec. II, we highlight three main limitations in our previous
model. Those limitations are mostly a consequence of the non-
polarizability of the model, and we provide theoretical means to
overcome them. In particular, as a theoretical foundation in this
improved version of our model, we use a slightly modified, yet
equivalent, version of a proof that deals with quantum mechanical
systems with degenerate ground states34 and was previously derived
by Katriel et al. We favor our version of this proof as it is consistent
with the style of notation adopted in the theoretical derivation of our
previous model. Here in Sec. II, we also provide a detailed descrip-
tion of a minimization problem that allows us to calculate atomic
contributions of the atomic electron density contributions that take
their surroundings into account. This minimization problem, like
similar others found in the literature,35,36 is interpreted as a self-
energy minimization of the electron clouds. Moreover, like many of
those other methods, the minimization problem we propose simply
involves a quadratic function, which translates to having to solve a
system of linear equations, therefore eliminating any convergence
related issues. Conservation of charge is guaranteed with a Lagrange
multiplier.

In Sec. III describes the systems used as reference and validation
datasets and the software used to calculate both datasets. We also
describe all the other well-established methods and the respective
software that we use to benchmark the accuracy of our model.

In Sec. IV presents preliminary findings for both calibra-
tion and validation datasets, employing our model with an order
ten approximation alongside several other established force field
models.

Finally, in Sec. V, we summarize our work, add final remarks,
and mention potential avenues for future developments of our
model.

II. THEORY AND PROBLEM FORMULATION
This section is divided into three parts. Each of these parts

focuses on improving different limitations of our previous force
field model, limitations that, despite the model’s merits, remained
either unresolved or incompletely answered. In summary, in the
present work, we target the following weaknesses of our previous
model:
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1. Its theoretical foundation could only establish unique maps
between non-interacting and interacting electron densi-
ties if all systems (interacting and non-interacting) are
non-degenerate.

2. All the contributions for the fictitious electron density inside
the integrals of the exchange and correlation functionals
were limited to atom-centered functions that have spherical
symmetry.

3. The net atomic contributions to the electron densities
were scaled to match the Mulliken charges of the isolated
monomers regardless of their surroundings in the system
(hence non-polarizable).

In the continuation of this section, we will address, point-by-point,
each of those weaknesses by providing explicit formulae and/or
proofs wherever needed and/or applicable. Thus, subsection A below
refers to point 1 above, B to point 2, and C to point 3.

A. Hohenberg–Kohn theorem and degenerate
ground states

Using the Hohenberg–Kohn theorem, one can prove that there
exists a map between the non-interacting electron densities of two
molecules to the energy of the interacting system. With this knowl-
edge, in our prior model, we aimed to, empirically, find an expres-
sion for this map in the form of a sum of fictitious Coulomb-like
integral expressions. However, this argument fails in justifying the
existence of a map between the non-interacting electron densities
and the interacting electron density due to ambiguity issues should
the interacting system allow degenerate ground states. Such kind of
map is useful to serve as a theoretical foundation of a polarizable
model, that is, a model whose interacting electron density, fictitious
or not, depends on the surroundings of the molecules of a system.
In this subsection, we provide theoretical means to overcome this
issue.

Let us begin by considering a molecule with N electrons in its
neutral state. The Hamiltonian operator governing this molecular
is denoted as Ĥ : L2

(R3N
)→ L2

(R3N
), which we assume to be self-

adjoint. The ground state energy, represented by the smallest eigen-
value of Ĥ, is denoted as ε0 ∈ R. The degeneracy of the ground state
is denoted as K, and let the wavefunctionsψ1, . . . ,ψK ∈ L2

(R3N
) col-

lectively form an orthonormal basis for the lowest energy eigenspace
of Ĥ. We define the eigendensity, denoted as ρε0 ∈ L1

(R3
), for this

eigenspace as the following integral:

ρε0(r) = ∫
R3
⋅ ⋅ ⋅∫

R3

K

∑

k=1

∣ψk(r, r2, . . . , rN)∣
2

K/N
dr2 ⋅ ⋅ ⋅drN. (1)

From Lemma 1, we establish that for every eigenspace of any
Hamiltonian operator, there is a unique eigendensity associated with
it. This eigendensity can be easily computed when an orthonormal
basis of the corresponding eigenspace is known. Consequently, the
existence of the map f ∶= Ĥ ↦ ρε0 is affirmed. In addition, the recip-
rocal mappings of any Hamiltonian operator to its external potential
and vice versa are facilitated by the following functions:

g(Ĥ) = Ĥ − T̂ − ÛEE, (2a)

h(ÛExt) = T̂ + ÛEE + ÛExt, (2b)

FIG. 1. Commutative diagram depicting the maps we have shown to exist of any
molecular system between its Hamiltonian, its external potential, and its ground
state eigendensity.

and finally, from Theorem 1, we know that the map v ∶= ρε0 ↦ ÛExt
exists. All maps just described are summarized in the diagram shown
in Fig. 1.

We assume a pair of molecules A and B, with respective ground
state energies εA

0 and εB
0 and respective non-interacting ground

state eigendensities ρεA
0

and ρεB
0
. Each eigendensity can be mapped

to its respective non-interacting Hamiltonian (ĤA and ĤB), and,
therefore, the map

ρεA
0
⊗ ρεB

0
↦ ĤA ⊗ ĤB (3)

must also exist. Since the Hamiltonian of each molecule can be
mapped to the position and atomic number of all atoms, the non-
interacting Hamiltonians can be mapped to the corresponding
interacting Hamiltonian, that is, the map

ρεA
0
⊗ ρεB

0
↦ ĤAB (4)

must exist; therefore, the non-interacting ground state eigendensi-
ties of molecules A and B can be mapped to the eigendensity of the
interacting system; in other words, the map

ρεA
0
⊗ ρεB

0
↦ ρεAB

0
(5)

must also exist. This argument can be used on a per atom basis,
which serves to justify separating the entire interaction energy on a
per atom pair sum of contributions. Mapping the non-interacting
ground state eigendensities of each atom in our system to the
ground state eigendensity of the whole is advantageous since it
allows us to exploit the spherical symmetry of their ground state
eigendensities. However, just like when Hohenberg and Kohn’s orig-
inal proof is used instead, this generalization only holds for the
ground state eigendensities of both interacting and non-interacting
systems.

B. Atom-centered non-spherical electron
density contributions

Going back to our prior study, we introduced a straightforward
model that, through the adjustment of a finite set of parameters,
aspired to serve as a universal model for the interaction energies
between two interacting molecules. Although those aspirations were
not exactly realized, our previous model exhibited promising results,
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particularly for neutral systems.31 However, it lacks any atom-wise
contributions in the fictitious electron densities, refer to Eqs. (8a)
and (8b), with no spherical symmetry, e.g., dipole-like contributions.
The interaction energy between two molecules, A and B, as defined
by our simple model, is given by

ΔEAB = ΔEEE
AB + ΔEEN

AB + ΔENN
AB

+

K

∑

k=0
(akXCEE(k)

AB + bkXCEN(k)
AB ), (6)

in which the naïve model contributions are

ΔEEE
AB = ∫

R3 ∫R3

ρεA
0
(r)ρεB

0
(r′)

∥r − r′∥
dr′dr, (7a)

ΔEEN
AB = −∫

R3

⎛

⎝

MA

∑

m=1

ZA
mρεB

0
(r)

∥r − RA
m∥
+

MB

∑

m=1

ZB
mρεA

0
(r)

∥r − RB
m∥

⎞

⎠

dr, (7b)

ΔENN
AB =

MA

∑

m=1

MB

∑

m′=1

ZA
mZB

m′

∥RA
m − RB

m′∥
, (7c)

and the exchange and correlation contributions are

XCEE(k)
AB =

1
2∫R3 ∫R3

⎛

⎝

ρεA
0
(r)∇2k

r′ ρεB
0
(r′)

∥r − r′∥

+

ρεB
0
(r)∇2k

r′ ρεA
0
(r′)

∥r − r′∥
⎞

⎠

dr′dr, (8a)

XCEN(k)
AB = ∫

R3

⎛

⎝

MA

∑

m=1

ZA
m∇

2kρεB
0
(r)

∥r − RA
m∥

+

MB

∑

m=1

ZB
m∇

2kρεA
0
(r)

∥r − RB
m∥

⎞

⎠

dr, (8b)

where RA
m and ZA

m label the coordinates and atomic number of the
mth atom of A, RB

m and ZB
m label the mth atom of B, and the oper-

ator ∇2k is shorthand notation for k consecutive applications of the
Laplace operator. Despite its simplicity, in our previous study, we
found this model to reproduce water dimer interactions to a fair
degree of accuracy, albeit with a rather high approximation order
(six or higher).

One can easily see from the exchange and correlation func-
tionals above that the heuristic philosophy driving this model is
the introduction of fictitious electron clouds by means of consec-
utive applications of the Laplace operator on the non-interacting
atomic density contributions, thus making each of these contribu-
tions spherically symmetric by construction. This is likely a limiting
factor in our model, since capturing asymmetries in the interacting
densities is likely to be more successfully achieved by the inclusion of
atom-centered contributions that have no spherical symmetry in the
fictitious interacting densities. An example where this plays a signif-
icant role is a water molecule with its lone electron pair, which can
clearly not be described by spherical densities residing on the oxygen
atom. This may also have contributed to the requirement of hav-
ing to use rather high order expansions (six or higher) to accurately
model water dimer interactions in our previous model.

To address this, we add to our model the following pair of fam-
ily of functionals of the non-interacting ground state eigendensities
of A and B:

XCED(k)
AB : W2k+1,1

(R3
) ×W2k+1,1

(R3
)→ R, (9a)

XCND(k)
AB : W2k+1,1

(R3
) ×W2k+1,1

(R3
)→ R, (9b)

wherein the electron clouds and nuclei are made to interact with fic-
titious atom-centered electron density contributions with cylindrical
symmetry, which are also conveniently parameterized by the ground
state eigendensities of A and B, whose exact expressions we assume
to be

XCED(k)
AB =

1
2∫R3 ∫R3

⎛

⎝

ρεA
0
(r)rAB

∥rAB∥
⋅

∇
2k+1
r′ ρεB

0
(r′)

∥r − r′∥

+

ρεB
0
(r)rBA

∥rBA∥
⋅

∇
2k+1
r′ ρεA

0
(r′)

∥r − r′∥
⎞

⎠

dr′dr, (10a)

XCND(k)
AB = ∫

R3

⎛

⎝

MA

∑

m=1

ZA
mrAB

∥rAB∥
⋅

∇
2k+1ρεB

0
(r)

∥r − RA
m∥

+

MB

∑

m=1

ZB
mrBA

∥rBA∥
⋅

∇
2k+1ρεA

0
(r)

∥r − RB
m∥

⎞

⎠

dr, (10b)

in which ∇2k+1 is shorthand notation for one and k consecutive
applications of the gradient and Laplacian operators, respectively,
and the distance vectors rBA, rAB ∈ R3 are

rAB = ∫
R3

rρεB
0
(r)

NB
dr − ∫

R3

rρεA
0
(r)

NA
dr, (11a)

rBA = ∫
R3

rρεA
0
(r)

NA
dr − ∫

R3

rρεB
0
(r)

NB
dr = −rAB. (11b)

One can, therefore, see that for the zeroth-order contributions
of Eqs. (10a) and (10b), that is, when k = 0, the fictitious elec-
tron densities obtained through differentiation are atom-centered
dipoles, which resemble p-type atomic orbitals, oriented along the
distance vectors between molecules A and B. Finally, the interaction
energy between A and B in our improved model is

ΔEAB = ΔEEE
AB + ΔEEN

AB + ΔENN
AB +

K

∑

k=0
(akXC EE(k)

AB

+ bkXCEN(k)
AB + ckXCED(k)

AB + dkXCND(k)
AB ), (12)

where ak, bk, ck, and dk denote the multiplying coefficients, 4(K + 1)
in total, which need to be fitted against reliable ab initio and/or
experimental data.
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C. Modeling Mulliken partial charges
The final limitation in our previous model that we intend to

correct is its inability to polarize the molecules in a form that allows
for charge redistribution. With this, we mean that the atomic con-
tributions to the total electron density can shift depending on the
environment of the atoms. It is noted that our previous model
accounts for dipole moments of the molecules to an extent, since
the atomic density contributions are multiplied by scaling a scaling
factor that ensures that these contributions agree with the Mulliken
partial charges obtained from high accuracy ab initio calculations.
This has the disadvantage of requiring ab initio calculations on every
molecular species in the system that one aims to model.

In this subsection, we improve our model by lifting this require-
ment by not only modeling interaction energies, but also the Mul-
liken charges. Even though Eqs. (10a) and (10b) can account for
asymmetries in the interacting ground state eigendensities, they do
not allow the net atomic contributions to the density to change, akin
to how in our previous version of our model the atomic density con-
tributions are simply scaling factors that match the Mulliken charges
of an isolated monomer ab initio calculation.

Let us begin by considering a simple system with two molecules
A and B. We approximate the interacting ground state eigendensities
of these molecules as

ρ̃εA
0
(r) =

MA

∑

m=1
∑

n

χA
mcA

m,n

exp (λA
m,n∥r − RA

m∥
2
)

(
λA

m,n

π
)

3/2

, (13a)

ρ̃εB
0
(r) =

MB

∑

m=1
∑

n

χB
mcB

m,n

exp (λB
m,n∥r − RB

m∥
2
)

(
λB

m,n

π
)

3/2

, (13b)

where χA
m, χB

m ∈ R serve as labels for unknown scalar variables
that allow the net atomic contributions to the eigendensity of the
molecules to match the ideal ab initio calculated Mulliken partial
charges, whereas the constants labeled by cA

m,n, cB
m,n, λA

m,n, and λB
m,n are

taken from our previously tabulated atom-specific values.31 A new
set of atom-specific coefficients, for the full electron variant of our
model, is calculated and presented in Table S1 of the supplementary
material, for all elements in the first three rows of the Periodic Table.
This new set of coefficients are optimized so that the last three
Gaussian contributions are the same as their Effective Core Poten-
tial (ECP) counterparts, thus allowing us to separate between core
and valence electrons. We obtain the polarization variables from the
following minimization problem:

⎧
⎪⎪⎪⎪
⎨
⎪⎪⎪⎪
⎩

minimize UPol
AB (χ

A
1 , . . . , χA

MA , χB
1 , . . . , χB

MB)

subject to
MA

∑

m=1
∑

n
χA

mcA
m,n +

MB

∑

m=1
∑

n
χA

mcB
m,n = NA +NB,

(14)

where NA and NB are the number of electrons of molecules A and
B and UPol

AB : RMA+MB
→ R is a function, that is yet to be defined, of

the polarization scalars associated with every atom in the system,
which we treat as optimization variables. Naturally, the equality con-
straint in Eq. (14) is imposed by using a Lagrange multiplier. For
anionic systems, NA +NB, in the equality constraint of Eq. (14), is
replaced with NA +NB + 1. In addition, for the full electron variant
of our model, only the valence electron contributions are allowed to

change, that is, the inner core shell electron density contributions
of the atoms of each molecule are treated as frozen electron shells.
Mathematically, this translates to their, the core shell contributions,
associated polarization scalars being constrained to always being
equal to one regardless of what surrounds them; hence, we do not
treat these as optimization variables but rather as mere constants.

Contrary to our previous model, where computing all
intramolecular interactions can be avoided since they cancel out
when calculating interaction energies, this is no longer the case if
we allow the molecules in our system to become polarized. This
is a direct consequence of the intramolecular interaction energy
components being dependent on what surrounds every molecule in
our system. Therefore, the energies of each molecule when isolated
need to be calculated, only once, and then subtracted from the total
energy, that is, intra- and intermolecular interaction energies where
the latter is disregarded in our previous model due to it canceling as
a consequence of its, inaccurate, non-polarizability.

While it can be proved that there exists a functional that
maps the non-interacting neutral ground state eigendensity of all
the atoms in a polyatomic system to its interacting, not necessar-
ily neutral, ground state eigendensity, which can be done using the
modified Hohenberg–Kohn theorem, it does not provide an explicit
formula for the map. As an ansatz, we model UPol

AB as being a func-
tional whose mathematical expression is identical to our exchange
and correlation corrected interaction energy [Eq. (12)], and whose
polarization coefficients minimize it, akin to a self-energy mini-
mization. However, the physical interpretation of this functional
is dubious; thus, a set of different exchange and correlation coeffi-
cients are used to model the Mulliken charges. This separate set of
exchange and correlation coefficients are obtained from least squares
minimization against the Mulliken charges of the same dataset used
to calibrate the interaction energy model.

This method extends beyond simply modeling the Mulliken
charges of diatomic systems (Fig. 2), which is the typical focus in
studies using molecular dynamics simulations. These simulations
often involve thousands of molecules.

III. METHODS
The current, improved version of our model is calibrated with

the same reference data that were used to calibrate the previous non-
polarizable version.31 In our previous study, the valence electron
densities of all the atoms, in the first three rows of the Periodic Table,
are fitted, and tabulated, via least-squares minimization against the
electronic density obtained from Density Functional Theory (DFT)
calculations using the B3LYP37 hybrid functional with Grimme’s
empirical dispersion formula GD3.38 The Effective Core Potential
(ECP) basis-set CEP-31G39–41 were used for all atoms except hydro-
gen and helium where the full-electron basis-set cc-pVDZ42–45 is
used instead. The water dimer interaction calculations used as ref-
erence data consist of a 25 × 200 uniform grid of calculations in
the O⋅ ⋅ ⋅O distance coordinate and a 25 × 200 uniform grid of cal-
culations in the H⋅ ⋅ ⋅O distance coordinate. This means that the
interatomic distances are sampled with 200 points, whereas the
angular component at which one of the molecules of water is rotated
in an axis perpendicular to the plane of the molecule is sampled
with 25 points, using CCSD(T)46–50 level of theory with the basis-set
cc-pVTZ.51
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FIG. 2. Diagram illustrating the energy calculation of a hypothetical system comprising three atoms, denoted as a, b, and c, whose respective non-interacting neutral atomic
ground state eigendensities are ρa, ρb, and ρc . Contrasting these, the atomic contributions to the modeled interacting eigendensity for the system are represented as ρ̃a, ρ̃b,
and ρ̃c . The overall charge of the system is denoted by Q, where for a neutral system, Q = 0. See text for explanation of the labels.

To validate our model, comparisons between different energies
predicted by our model and accurate ab initio calculations are made
on a set of different complexes with small molecules, namely H2,
N2, O2, and CO2. These comparisons include the binding energies
between two atoms, for the diatomic molecules mentioned above.
To determine its ability to predict covalent bonds. Comparisons
between Vertical Electron Affinities (VEAs) of four small molecules
and interaction energies between dimer complexes of two identical
molecules in their neutral and anion states are also provided. The
comparisons of the dimer complexes consist in displacing one of the
molecules by a distance ΔL ∈ [1, 5], in Å, and rotating it by an angle
θ ∈ {0,π/4,π/2}.

The bond lengths and angles used for all the small molecules
considered for this study, for both the calibration and validation, are
summarized in Table I.

All the calculations used to validate our model are obtained
from ROCCSD(T) and CCSD(T) calculations (for non-singlet and
singlet states, respectively), which use the basis-set cc-pVTZ. More-
over, we also compare the results in the validation dataset with
the predicted values from the already established force field mod-
els: General AMBER Force Field (GAFF),52 Merck Molecular Force
Field (MMFF94S),11–15 both of them using the open-source soft-
ware Open Babel,53 Effective Fragment Potential (EFP)54–56 method
using the open-source software LIBEFP,57 and MB-nrg58,59 using
the open-source software MBX.60 All ab initio calculations that are
used and presented for this study are obtained from the Gaussian

TABLE I. Bond lengths and angles used for all the small molecules studied in this
article. This list of molecules includes all the molecules in the calibration and validation
datasets.

Molecule Type Length (Å) Angle (○)

H2O O–H 0.983
H–O–H 108.9

CO2
C–O 1.163

O–C–O 180.0
H2 H–H 0.74
N2 N–N 1.09
O2 O–O 1.16

16 software61 using the LEO High Performance Computing (HPC)
facilities in the University of Innsbruck.

The fitting of the exchange and correlation coefficients used
to polarize the molecules as described in Eq. (14) is performed
with the following combination of methods: An initial optimiza-
tion using the Nelder–Mead simplex algorithm62–64 using only
220 randomly picked water dimer configurations of our calibra-
tion dataset, followed by another minimization using a low memory
Broyden–Fletcher–Goldfarb–Shanno (LBFGS)65–71 algorithm, fol-
lowed by a final minimization using the same LBFGS algorithm
against all water dimer configurations in our calibration dataset.
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Exact values for the gradients for the minimization problem to
calibrate, and just the calibration, the XC coefficients for the polar-
ization model are obtained using automatic (forward mode) differ-
entiation in Julia using the open-source package ForwardDiff.72 For
the full electron variant of our method, only the Nelder–Mead algo-
rithm is employed for the fitting of its parameters, due to numerical
noise issues stemming from huge numbers that arise when using this
variant of our molecular force field model.

Unlike our non-polarizable model, where the XC coefficients
are obtained through an unconstrained least squares minimization
problem, in this study, we constrain them to follow exact alternat-
ing expressions to avoid both overfitting and unphysical oscillations
when extrapolating to shorter interatomic distances than those exist-
ing in our calibration dataset. The exact expressions used for every
XC coefficient, that is not zeroth order, are

ak = (−1)k A
(2k)!

, (15a)

bk = (−1)k B
(2k)!

, (15b)

ck = (−1)k C
(1 + 2k)!

, (15c)

dk = (−1)k D
(1 + 2k)!

, (15d)

where A, B, C, D ∈ R are optimized parameters (distinct for the
polarization and interaction energy models, and, hence, a total
of eight fitting parameters are used regardless of the order of
the model) ∀n ∈ N+/{0}. All zeroth-order coefficients are set to
zero. Equations (15a)–(15d) are chosen due to these bearing a

strong resemblance the coefficients previously obtained in a numer-
ical experiment, whose values are not presented in this study, in
which we perform least squares minimization against our calibra-
tion dataset with every coefficient being treated as an unconstrained
optimization variable.

IV. RESULTS AND DISCUSSION
Allowing any of the zeroth-order XC coefficients a0, b0, c0, and

d0 [refer to Eq. (12)] to be different than zero significantly compro-
mises the accuracy of our model, especially for low-energy interac-
tion configurations. However, setting these zeroth-order coefficients
to zero ensures that our model closely resembles the naïve model for
large interatomic distances. This is a desirable feature since, at con-
siderable distances between interacting molecules, the naïve model
approximates the exact answer due to the negligible correlation
between the electrons of each molecule. Moreover, by constraining
the other XC coefficients to exact expression as shown in Eq. (15a)
through Eq. (15d), and then minimizing the coefficients of these
expressions with respect to our reference data, rather than hav-
ing each XC coefficients as a minimization variable, eliminates
undesired oscillations at short interatomic distances.

Despite this, the ECP variant of our model noticeably under-
estimates the interaction energies, compared to accurate ab initio
calculations of a water dimer in the H⋅ ⋅ ⋅O distance coordinate
shown in the left panels of Fig. 3. This is likely due to the core elec-
tron contributions of the oxygen atom to the electron density not
being modeled. In contrast, the full electron variant of our model
accurately predicts these interaction energies; however, it displays
discernible numerical noise, despite 64-bit floating-point precision
being used throughout our entire code. Similar numerical instability

FIG. 3. Comparison between the interaction energies of full electron and ECP-fitted models, both at order ten, and the reference ab initio energies for a water dimer in
hydrogen bonding (H⋅ ⋅ ⋅O; left panels) and oxygen facing (O⋅ ⋅ ⋅O; right panel) conformations. In the left panels, ΔL is the distance between O and H atoms, and in the right
panel, ΔL is the distance between the O atoms.
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issues have also been reported in other studies that use compara-
ble polarizable force field models.36 This numerical noise is due to
the high-order powers of the extinction/decay coefficients of the
Gaussian s-type functions, which are up to 20 for an order ten
approximation.

A close inspection of the water dimer displaced along the
O⋅ ⋅ ⋅O distance coordinate shown in the right panel of Fig. 3 shows
that both the full electron and ECP variants of our model repro-
duce its respective interaction energies with a fair degree of accuracy.
Neither of the two variants of our model display unphysical oscil-
lations through this distance coordinate. Like the H⋅ ⋅ ⋅O distance
coordinate, the full electron variant of our model displays the same
numerical noise in the O⋅ ⋅ ⋅O distance coordinate. Interestingly, for
interatomic distances between 1.5 and 2.0 Å, compared to the refer-
ence ab initio reference data, our full electron fitted model under-
estimates energies. Nonetheless, for interatomic distances shorter
than those illustrated in Fig. 3, the accuracy of our ECP fitted model
may diminish. This discrepancy arises from its inaccurate depic-
tion of inner shell electrons, rendering it unsuited for extremely
high-energy molecular dynamics simulations where such configu-
rations might be more prevalent. To enhance the accuracy of the
full electron variant of our model, for high-energy interactions, the
incorporation of similar polarization coefficients into the core shell
contributions is needed, that is, no longer treating the inner shell
contributions as frozen electron clouds. Incorporating these inner
shell coefficients would require significant changes to the fitting of
the parameters used to model partial charges since relying solely
on Mulliken charges as reference would be insufficient. Instead,
this would require the consideration of shell-specific contributions
to the electron density for each configuration within our calibra-
tion dataset. This more nuanced approach is beyond the scope

of this study. Moreover, the inclusion of post-Born–Oppenheimer
corrections for high-energy configurations is another factor to
consider.

We analyzed the atomic partial charges by comparing the ones
obtained from our model and the reference ab initio dataset. Look-
ing at the hydrogen bonded dimer configuration (left panels of
Fig. 4), a noticeable decline in accuracy is always observed when the
H⋅ ⋅ ⋅O distances become shorter. All errors of the partial charges
in the all-electron variant are smaller than 0.15 e and only the
error of hydrogen bond acceptor oxygen number 4 is larger than
0.1 e, where e is the elementary charge. The partial charge errors
for the ECP variant are even much smaller, for every atom less than
0.07 e. The right panels of Fig. 4 provide an identical examination
for the “repulsive” water dimer conformation. Notwithstanding the
completely different water–water orientation with the oxygen atoms
facing each other, the same conclusion concerning the superiority of
the ECP basis set variant and the overall accuracy is drawn.

In a broader analysis of the predicted partial charges from both
our ECP and full electron fitted variants of our model, compared
to their respective Mulliken charges from the SCF electron densities
computed at CCSD(T)/CEP-31G and CCSD(T)/cc-pVTZ levels of
theory, a consistent trend emerges. Both versions of our fitted model
showcase acceptable accuracy in estimating Mulliken charges, par-
ticularly for configurations with lower energy (see Fig. 5). Notably,
the ECP variant slightly outperforms in terms of accuracy, boast-
ing a slightly larger coefficient of determination against its reference
ab initio data. This marginal improvement in accuracy is likely also
influenced by the inherent numerical error noise introduced due to
the use of limited floating-point precision representation and the
necessity to handle exponentiation of relatively large numbers, as
evident in the decaying coefficients of the Gaussian basis functions

FIG. 4. Comparison of the errors in the partial charges from the two variants of our model (full-electron and ECP) for different water dimer geometries. The bars indicate the
absolute value of the differences with respect to Mulliken charges from ab initio calculations on the CCSD(T)/cc-pVTZ and CCSD(T)/CEP-31G levels of theory, respectively.
The two water dimer configurations used and the numbering of the atoms are shown in the sketches on top of the error bar plots.
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FIG. 5. Modeled atomic partial charges plotted against reference Mulliken charges, distinguished by the interaction energy of the respective geometry. Left panel: All-electron
variant; right panel: ECP variant. The orange and green data points refer to charges from configurations with interaction energies above or below +50 kJ/mol, respectively.
For clarity, the distribution of the data points along each axis is plotted above and to the right of the 2D plot panels.

used to approximate atomic electron contributions (refer to Table S1
of the supplementary material), namely for fitted full electron fitted
densities.

While the accuracy of our results is qualitatively comparable
to findings reported using other similar and well-established meth-
ods found in the literature, such as Atom-Bond Electronegativity
Equalization Method (ABEEM)73 and Electronegativity Equaliza-
tion Method (EEM),74 it is noted that these results are confined to
our calibration dataset. As such, validation against configurations
outside this dataset is crucial to affirm the broader applicability of
our model. Given the numerical instabilities inherent in our full
electron model, arising from the challenges of handling exponen-
tiation of large numbers, our validation is solely directed toward the
ECP variant of our model. Specifically, we validate both the interac-
tion energy and polarization models against dimer configurations of
molecules that are small enough to allow CCSD(T)/CEP-31G level
of theory to be used.

A. Limit toward an infinite order expansion
Expressing our exchange and correlation contributions with

coefficients following the exact expressions in Eq. (15a) through
Eq. (15d) establishes the legitimacy of treating this expansion as
a series. This is evident in Fig. 6, where a normalized sum of
electron–nuclei contributions is expanded up to orders 10 and
100 for a hypothetical system comprising an atom with an atomic
number of one.

FIG. 6. Comparison between normalized sums of electron–nuclei exchange and
correlation functionals with 10 and 100 contributions of a fictitious system of
just one atom and an electron cloud modeled by a single s-type Gaussian
basis-function with unit amplitude and decay coefficient λ = 3.

In this fictitious scenario, a single electron cloud, characterized
by an amplitude equal to one and with decay coefficient λ = 3, its
center is separated from the atom by a distance d. Figure 6 illus-
trates the convergence of the series, demonstrating that as the order
increases, the sum converges to a defined limit. While we do not pro-
vide exact, nor approximate, expressions for the limit when K →∞
in this study, this topic still warrants to be mentioned given that
obtaining such an expression would contribute not only to reduce
the overall computational cost, but also to alleviate numerical noise,
like it is observed in Fig. 3. Floating-point precision errors are pre-
vented in Fig. 6 by obtaining exact values using the open-source
software Maxima,75 using its default arbitrary-precision arithmetic,
and only casting the result of each sum to a floating-point precision
representation after a factorization of the exact result.

B. Validation against neutral complexes
To validate the order ten ECP variant of our model, for high

interaction energies, a set of different dimer complexes of two iden-
tical molecules, none of them being part of the calibration dataset,
is analyzed (Fig. 7). Specifically, the complexes H2 +H2, N2 +N2,
O2 +O2, and CO2 + CO2 are considered, due to these being small
enough to allow high accuracy ab initio calculations to be made,
and since the molecules that are part of these complexes are of con-
siderable interest in various other scientific fields, such as biology,
atmospheric sciences, and materials science. Refer to Fig. S2 through
Fig. S5 of the supplementary material for diagrams illustrating the
geometric configuration of the dimer complexes used in Fig. 7. For
the ab initio calculations of the interacting dimer complexes, all the
systems are assumed to be in their singlet states, except for all the
O2 +O2 complexes where the systems are assumed to be quintets.
While these results are not shown in this article, identical results
are obtained for the same geometric configurations of O2 +O2 com-
plexes in their triplet states if the interatomic separation between the
dimers is kept at not too long distances. For larger separations, the
ab initio calculations fail to converge with equal or less than 200 SCF
iterations, possibly due to basis-set limitations.

The ECP order ten variant of our model replicated the ab initio
calculated energies with a fair degree of accuracy, except for the
N2 +N2 complexes. For the H2 +H2 complexes, the EFP results
displayed higher accuracy compared to our model, even at higher
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FIG. 7. Comparison between the interaction energies of various neutral complexes obtained with an order ten ECP variant of our model against its ideal ab initio results. For
reference, comparisons with other established molecule force field models often found in the literature are also included. None of the dimer configurations shown in these
comparisons are part of the calibration dataset.

energy regimes. Nevertheless, the ECP variant of our model dis-
plays a fair degree of accuracy for this complex for energies roughly
up to 50 kJ/mol. For the N2 +N2 complexes, both our model and
MMFF94S displayed similar levels of accuracy, both differing to the
ideal ab initio result by a factor of ∼3.0 (Fig. 7). For the O2 +O2
and CO2 + CO2 complexes, our model displayed high level accu-
racy outperforming all the other molecular force fields considered
in the high energy regions. Notably, for the CO2 + CO2 complexes,
MB-nrg displayed a very close to linear relation against the ab initio
calculated data; however, a constant multiplicative factor of roughly
6.3 between the ab initio and MB-nrg calculated results is observed
as shown in the bottom right panel of Fig. 7. This factor is in
agreement with the scaling factor of 0.15 for the two-body ener-
gies reported to be necessary for accurately simulating liquid and
vapor phases.59 All the comparisons considered against other estab-
lished force field models are constrained to instances wherein the
molecules of the dimer complexes are encompassed within their
default fragment libraries, and/or those cases where the models do
not fail to run.

While our model demonstrates commendable accuracy in esti-
mating interaction energies for high-energy neutral dimer systems,
its performance diminishes notably for lower energies (2 kJ/mol or
less), as illustrated in Fig. S2 through Fig. S5 of the supplementary
material. In these instances, our model struggles to predict the for-
mation of any weak bonds among neutral gases. Consequently, for
simulations involving low-energy scenarios, such as liquid-phase
simulations of H2, N2, O2, and/or CO2, this version of our force field
model still proves to be inadequate and is likely to yield inaccurate
predictions for such systems.

Despite these improvements, our model, as depicted in Fig. S5
of the supplementary material, still struggles to predict any cova-
lent bonds, similar to its shortcomings in low energy interaction

configurations. Consequently, it proves inadequate for intramolecu-
lar geometry optimization. Therefore, to ensure accurate molecular
geometries, reliance on either a dependable database or theoreti-
cal calculations capable of optimizing molecular geometry is still
needed.

Nonetheless, for systems comprising multiple molecules that
are treated as rigid objects, conducting geometry optimizations
remains feasible. Although explicit calculation or comparison of
forces is lacking, in the dimer complexes, our data align with a
unit slope in most cases. Thus, no scaling factor for the ener-
gies is required and it seems likely that also the forces derived
from our model are in good agreement with those obtained at the
CCSD(T)/cc-pVTZ level theory, provided that the molecules are
treated as rigid objects.

C. Validation against anionic complexes
For the same dimer complexes in their anion states, we find

results that somewhat resemble a linear trend between the interac-
tion energies calculated with our order ten ECP variant of our model
and the equivalent total energies obtained from ROCCSD(T)/cc-
pVTZ level of theory as shown in Fig. 8. However, unlike the interac-
tion energies of Fig. 7, the linear regressions obtained for all systems
show large intersects. No clear trend is observed between molecular
size nor atomic numbers, and the numerical value of these intersects.
Furthermore, the slope of these linear regressions varied roughly
between 0.4 and up to 2.0 depending on the system of dimers. As it
has already been mentioned, two likely reasons for the discrepancies
between our polarizable model and their ideal ab initio calcula-
tion counterparts are the narrowness of our calibration dataset,
and our model’s inability to discern between atomic-shell specific
contributions to the electron density.
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FIG. 8. Comparison between the total energies of various anion complexes obtained with an order ten ECP variant of our model against its ideal ab initio results. None of the
dimer configurations shown in these comparisons are part of the calibration dataset.

All the anion dimer complexes used in Fig. 8 are assumed
to be in their doublet states (one unpaired electron), except for
the (O2 +O2)

− complexes that are assumed to be in their quartet
states (three unpaired electrons). This makes sense as one of the
two interacting O2 monomers will be in its triplet state for very
large interatomic separations, while the other monomer is, in its
ground state, a doublet. While not presented, doublet state calcula-
tions for the (O2 +O2)

− complexes yield similar results, albeit with
results deviating slightly more from a linear regression. The geo-
metric configurations used for the anion complexes are the same as
the ones used for the neutral complexes. For every panel of Fig. 8,
the respective collinear arrangement (θ = 0 for the dimer config-
urations shown in Fig. S2 through Fig. S5 of the supplementary
material) where the interatomic separation is at its maximum (5 Å)
is used as the zeroth energy reference point for the interaction energy
calculations.

V. CONCLUSIONS
We present an upgraded version of our electron density-based

molecular force field, designed to replicate electrostatic polarization
effects. This improvement hinges on minimizing an energy func-
tional derived from the non-interacting ground state eigendensities
of all atoms within the system. Notably, this energy functional mir-
rors the proposed interaction energy, employing distinct optimized
parameters fitted to predict the Mulliken charges of a given system.
To validate the existence of such a functional, we furnish a proof
using a modified version of the Hohenberg–Kohn theorem, estab-
lishing a robust theoretical foundation for our polarizable molecular
force field.

In this enhanced version, we have implemented several refine-
ments. These include incorporating electron density contributions

devoid of spherical symmetry, acquired from directional deriva-
tives concerning the distance vector between pairs of atoms. In
addition, we have allowed the net atomic contributions to electron
density to vary based on the molecular surroundings. Analogous
to electron–electron and electron–nuclei exchange and correlation
contributions, these non-spherical contributions can be analytically
resolved. Crucially, by constraining the fitted exchange and correla-
tion coefficients to exact expressions instead of treating them as free
parameters, we have effectively eliminated unphysical oscillations in
predicted interaction energies in our numerical experiments. This
enhancement is evident across both our full electron and ECP cases,
particularly when extrapolating to exceedingly small interatomic
distances.

Our upgraded model exhibits heightened flexibility and versa-
tility since it can capture polarization effects. The flow of electron
density allows us to model atomic partial charges. Parameters for the
elements from the first three rows of the Periodic Table are supplied.
This already allows for application to a wide range of molecular
systems. Furthermore, adapting the model for different ionic states
is straightforward, simply involving the adjustment of the equality
constraint of a Lagrange multiplier.

Notwithstanding the convenience and broad applicability, we
found that the accuracy of the presented model may occasion-
ally deviate from ideal standards. This arises from various factors,
including the inherent complexities of molecular interactions and
the specificity of the calibration dataset.

Despite significant progress, certain aspects warrant further
investigation. For instance, exploring the incorporation of polariza-
tion effects to inner core electronic shells could be pivotal, particu-
larly in high-energy molecular dynamics simulations. In addition,
efforts could be directed toward deriving exact or approximate
expressions when employing infinite expansions to mitigate numer-
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ical noise associated with low-energy interactions. Nonetheless, our
ECP calibrated variant demonstrates negligible numerical noise
for up to a tenth-order truncated series expansion across various
dimer systems explored, yielding reasonably accurate predictions for
both interaction energies and partial charges in neutral low-energy
configurations.

SUPPLEMENTARY MATERIAL

In the supplementary material, a table with fitting parameters
for atomic electron densities in the full-electron variant of our model
can be found. The valence electron contribution is represented by
the last three Gaussian contributions for each element. The mathe-
matical expressions for exchange and correlation functionals are also
given, together with the fitted coefficients. In addition, comparisons
of the energies predicted by our model with various small molecules
are provided.
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manuscript are freely available under a GPL-3.0 license and
can be accessed from the GitHub repository: https://github.com/
JoseRodriguezRomero/PolElectronDensityForceModel.

A software implementation intended for general used in the
C++ programming language of this model for calculating point
energies and performing geometry optimization of molecular sys-
tems is also freely available under the GPL-3.0 license on GitHub
and Zenodo,76 along with documentation. The software relies on the
following C/C++ libraries: Eigen77 for efficient linear algebra opera-
tions, libLBFGS78 an implementation of J. Nocedal’s low-memory
BFGS algorithm69–71 in the C programming language, used in all
geometry optimizations, and autodiff79 for forward mode automatic
differentiation, guaranteeing the calculation of accurate gradients of
the energy.

APPENDIX A: HOHENBERG–KOHN THEOREM
AND GROUND STATE ELECTRON EIGENDENSITIES

Lemma 1. The eigendensity of any eigenspace associated with a
Hamiltonian operator remains invariant under any rotations applied
to the orthonormal basis being used.

Proof. Let the wavefunctions ψ1, . . . ,ψK form an orthonormal
basis of the eigenspace of Ĥ with eigenvalue ε, and let the wave-
functions ψ′1, . . . ,ψ′K be a distinct orthonormal basis of the same
eigenspace. Since both sets of functions serve as a basis for the same
functional space, there exists an irreducible unitary representation
(norm-preserving map) ℛ : Gε → U(K) that maps any element in
the group Gε composed of all wavefunctions that are eigenfunctions
of Ĥ, with eigenvalue ε, to a K × K unitary matrix that operates on
a K-dimensional Hilbert space V(K), due to Ĥ being self-adjoint,
such that

ℛ

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ψ1

⋮

ψK

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ψ′1
⋮

ψ′K

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (A1)

in which taking the norm of both sides of the equation concludes the
proof. ◻

Lemma 2. An eigenspace of a Hamiltonian operator cannot be
a smaller subset of an eigenspace of another distinct (more than just a
constant) Hamiltonian.

Proof. Let ψ1, . . . ,ψK ∈ L2
(R3N

) be an orthonormal basis of
the eigenspace of a N electron Hamiltonian Ĥ = T̂ + ÛEE + ÛExt of
eigenvalue ε and ψ1, . . . ,ψK′ ∈ L2

(R3N
) an orthonormal basis of the

eigenspace of a distinct Hamiltonian Ĥ ′ = T̂ + ÛEE + Û′Ext, in which
K′ ≤ K. It follows from integration over any Ω ⊆ R3N that it must be
true that
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⎧
⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪
⎩

ε
K′

∑

n=1
⟨ψn⟩Ω =

K′

∑

n=1
⟨ψn∣T̂ + ÛEE + ÛExt∣ψn⟩Ω,

ε′
K′

∑

n=1
⟨ψn⟩Ω =

K′

∑

n=1
⟨ψn∣T̂ + ÛEE + Û′Ext∣ψn⟩Ω,

(A2a)

⇒ (ε − ε′)
K′

∑

n=1
⟨ψn⟩Ω =

K′

∑

n=1
⟨ψn∣ÛExt − Û′Ext∣ψn⟩Ω,

(A2b)

and therefore, ÛExt − Û′Ext must be simply a constant, implying that
K′ = K. Furthermore, if we assume the vacuum level to be the zeroth
energy level, then ÛExt = Û′Ext. ◻

Theorem 1. There is a unique functional of the ground state
eigendensity of a Hamiltonian that maps it to its external potential.

Proof. Let Ĥ and Ĥ ′ be two distinct N electron Hamilto-
nian operators whose respective lowest eigenvalues are ε0 and
ε′0. Furthermore, let the degeneracies of their respective ground
state eigenspaces be K and K′; then, their respective ground state
eigendensities are

ρε0(r) = ∫
R3
⋅ ⋅ ⋅∫

R3

K

∑

k=1

∣ψk(r, r2, . . . , rN)∣
2

K/N
dr2 ⋅ ⋅ ⋅drN , (A3a)

ρε′0(r) = ∫R3
⋅ ⋅ ⋅∫

R3

K′

∑

k=1

∣ψ′k(r, r2, . . . , rN)∣
2

K′/N
dr2 ⋅ ⋅ ⋅drN , (A3b)

and thus, by hypothesis,

ρε0(r) = ρε′0(r) = ρ0(r) ∀r ∈ R3. (A4)

Without loss of generality, we get from Lemma 2 and by integrating
that

⎧
⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪
⎩

ε0 =
K

∑

n=1

K′

∑

n′=1

⟨ψn∣T̂ + ÛEE + ÛExt∣ψn⟩

KK′
,

ε′0 =
K

∑

n=1

K′

∑

n′=1

⟨ψ′n′ ∣T̂ + ÛEE + Û′Ext∣ψ′n′⟩
KK′

,
(A5a)

⇒

⎧
⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪
⎩

ε′0 <
K

∑

n=1

K′

∑

n′=1

⟨ψn∣T̂ + ÛEE + Û′Ext∣ψn⟩

KK′
,

ε0 <
K

∑

n=1

K′

∑

n′=1

⟨ψ′n′ ∣T̂ + ÛEE + ÛExt∣ψ′n′⟩
KK′

,
(A5b)

⇒

⎧
⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪
⎩

ε′0 < ε0 +
K

∑

n=1

K′

∑

n′=1

⟨ψn∣Û′Ext − ÛExt∣ψn⟩

KK′
,

ε0 < ε′0 +
K

∑

n=1

K′

∑

n′=1

⟨ψ′n′ ∣ÛExt − Û′Ext∣ψ′n′⟩
KK′

,
(A5c)

⇒

⎧
⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪
⎩

ε′0 < ε0 +
K′

∑

n′=1
∫

R3

ρ0(r)(u′(r) − u(r))
NK′

dr,

ε0 < ε′0 +
K

∑

n=1
∫

R3

ρ0(r)(u(r) − u′(r))
NK

dr,
(A5d)

which is a contradiction identical to the one found in Hohenberg
and Kohn’s original proof.32

◻

TABLE II. Comparison of the Vertical Electron Affinity (VEA) values of several few
small molecules obtained from high accuracy ab initio calculations, CCSD(T)/cc-pVTZ
level of theory, and our order ten full electron and ECP variants of our model. All the
values reported are expressed in eV.

CCSD(T) ECP variant Full elec. variant

H2 −4.217 −3.676 3.878 × 101

N2 −3.444 2.966 4.772 × 103

O2 −1.433 −52.189 6.828 × 104

CO2 −4.489 43.980 3.304 × 101

APPENDIX B: COMPARING VEA
OF SMALL MOLECULES

As one would expect, neither the full electron nor ECP order
ten variants of our model provide accurate estimations of the verti-
cal electron affinities of the various small molecules as summarized
in Table II. Specifically, the full electron variant shows a much lesser
accuracy, in terms of magnitude, of the two when compared to the
equivalent ab initio calculated result with discrepancies with two or
more orders of magnitude higher. These results come to no surprise
given that our model is unable to model chemical bonds (refer to
Fig. S6 of the supplementary material). Nevertheless, a detailed
exploration and reporting of the strengths and weaknesses of
our model is essential for those aiming to conduct accurate MD
simulations.
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