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Abstract— Mixed integer set representations, and specif-
ically hybrid zonotopes, have enabled new techniques for
reachability and verification of nonlinear and hybrid sys-
tems. Mixed-integer sets which have the property that their
convex relaxation is equal to their convex hull are said to be
sharp. This property allows the convex hull to be computed
with minimal overhead, and is known to be important for
improving the convergence rates of mixed-integer optimiza-
tion algorithms that rely on convex relaxations. This paper
examines methods for formulating sharp hybrid zonotopes
and provides sharpness-preserving methods for perform-
ing several key set operations. The paper then shows how
the reformulation-linearization technique can be applied to
create a sharp realization of a hybrid zonotope that is ini-
tially not sharp. A numerical example applies this technique
to find the convex hull of a level set of a feedforward ReLU
neural network.

Index Terms—Hybrid systems, optimization, algebraic
geometric methods

[. INTRODUCTION

YBRID zonotopes have been applied for reachability
analysis, verification, and planning in a variety of ap-
plications, including hybrid systems [1], [2], model predic-
tive control [3], neural networks [4]-[7], and autonomous
vehicles [8], [9]. However, the computational cost of solving
mixed-integer problems can be untenable in some cases.
Mitigating strategies include the use of convex relaxations, as
in the context of spacecraft with thruster deadbands [10], or
an iterative procedure combining convex relations and variable
instantiation [11].
The convex relaxation (or simply relaxation, for brevity) of
a mixed-integer set is the set obtained by replacing integrality
constraints with their interval hulls. A set is said to be sharp
if its convex relaxation is its convex hull. To the best of the
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authors’ knowledge, the first formal definition of a set repre-
sentation being sharp comes from [12], which based the idea
on the linear relaxation optimal mixed-integer programming
models from [13]. Ref. [14] is another fundamental work
which examines the relaxations of disjunctive programs and
can, for example, be used to construct sharp representations
of the union of polyhedra.

Formulating mixed-integer optimization programs whose
constraints define sharp sets has been shown to reduce the
number of branch-and-bound iterations, as less conservative
objective function bounds reduce the number of branches
that need to be checked [15]-[19]. Solution strategies for
mixed-integer optimal and model predictive control have found
reduced computational burden by utilizing formulations that
exploit sharp relaxations [18], [20]. Specific mixed-integer
problems that have benefited from tighter (if not sharp)
relaxations include optimal planning and scheduling of a
batch processing plant [21], optimal control of pulse width
modulation inputs [22], gas pipeline network control [23],
verification of image classification networks [24], reachability
of neural feedback systems [25], robot manipulation [26], and
motion planning [9], [27]. While this paper focuses on mixed-
integer representations, the same ideas of sharpness hold for
purely integer programs and sets [28].

Techniques have been proposed for reformulating a given set
representation into a sharp one without any specific knowledge
of how the set was obtained [29]-[31]. This paper is concerned
with the reformulation-linearization technique (RLT) of [29]
and its application to hybrid zonotopes. All these methods
experience worst-case exponential growth in the complexity of
the sharp representations, although they do have approximate
forms or order reduction methods to mitigate the growth of
the set description.

Alongside reformulation approaches, one can also utilize set
constructions and operations that inherently induce or preserve
sharpness. For mixed-integer sets (of which hybrid zonotopes
are a subset), [32] examines the relaxations of various set
operations, and demonstrates that Cartesian products and affine
transformations preserve sharpness. Ref. [32] also provides a
formulation for the union of mixed-integer sets that preserves
sharpness, which we not only specify to hybrid zonotopes,
but also expand upon by providing geometric intuition for
performing unions with hybrid zonotopes.

Contributions: This paper studies the formulation of sharp
hybrid zonotopes and preservation of sharpness through key
hybrid zonotope set operations. Specifically, the paper con-
tributes a novel identity for the union of hybrid zonotopes



that preserves sharpness and proves that affine mappings and
Cartesian products also preserve sharpness of hybrid zono-
topes. Additionally, this is the first paper to apply the RLT to
hybrid zonotopes, and we demonstrate its utility in producing
sharp versions as well as convex hulls of hybrid zonotopes.

Il. PRELIMINARIES
A. Notation

Matrices are denoted by uppercase letters, e.g., G € R"*"s,
and sets by uppercase calligraphic letters, e.g., Z2 C R"™.
Vectors and scalars are denoted by lowercase letters. The
i column of a matrix G is denoted G;. Matrices of all
0 and 1 elements are denoted by O and 1 (respectively)
and I denotes the identity matrix, with dimension noted in
subscript when not clear from context. The closed interval
{z € R" | a < x < b} is notated [a, b]. The cardinality of a
set J is denoted |7|. The convex hull of a set X" is denoted
conv(X), and the conic hull by cone(X’). The n-dimensional
unit hypercube is B, = {z € R" | ||z|| < 1}.

B. Set Representations and Operations

Definition 1: [33, Defn. 3] The set Z. C R™ is a
constrained zonotope if there exist G € R"*"s, ¢ € R",
A € R"*"s and b € R™ such that

Zc:{G§+C|A€:b7£Eng} (D

Z. is denoted in shorthand by (G, ¢, A,b), and its complex-
ity is denoted by the tuple (ng,n.). Constrained zonotopes
represent convex polytopes.

Definition 2: [34, Defn. 3] The set Z;, C R” is a hybrid
zonotope if there exist G, € R"*™s, G, € R™"*™ ¢ € R",
A, € RXng Ay € R"*™ and b € R™ such that

Z ={Gele+ Golp +c | Acle + A&y = b,
fe€Bl, &e{-1,11"}. (2

Z}, is denoted in shorthand by (G., Gy, c, A., Ap, b), and its
complexity is denoted by the tuple (ng,np,n.). A hybrid
zonotope is the union of 2™ constrained zonotopes corre-
sponding to the possible combinations of binary factors, &.

Definition 3: The factor space of a hybrid zonotope is the
set of all continuous and binary factors (., &) that satisfy the
constraints in ().

Remark 1: Ref. [9, Prop. 1] proved that hybrid zonotopes
can be equivalently defined with factors &, € [0,1]™ and
& € {0,1}™ which we refer to as a 0I-hybrid zonotope.
This form will be used occasionally throughout this paper,
as it sometimes leads to simpler proofs. This will be clearly
specified in the text, and denoted in shorthand by Z =
<GC, Gb, C, Ac7 Ab, b>01.

Identities for common set operations applied to hybrid
zonotopes (along with the corresponding complexity analysis)
can be found in [34], [35] and are assumed to be used except
when otherwise stated. Hybrid zonotopes are implemented in
the MATLAB toolbox zonoLABF_] [36] along with tools for
analysis of various linear, nonlinear, and hybrid systems.

Code for the operations and example presented in this paper is also in
zonoLAB; see https://github.com/ESCL-at-UTD/zonoLAB|

Definition 4: Given a  hybrid zonotope Z =
(Ge, Gy, e, Aey Ap, ), the convex relaxation (or simply
relaxation) relax(Z) is the constrained zonotope
([Ge Gy, ¢, [Ae Apl,b). Tt is always true that Z C conv(Z) C
relax(2).

Definition 5: A hybrid zonotope Z is said to be sharp if it
has the property that relax(Z) = conv(Z).

Remark 2: While the convex hull operator acts on sets,
the convex relaxation is an operator on a set representation.
Different representations of the same set can have different
convex relaxations.

C. The Reformulation-linearization Technique

The purpose of the reformulation-linearization technique
(RLT) is to reformulate the constraints of a mixed-integer set
(without any special knowledge of its structure) to yield a
sharp representation. The RLT was first presented in [37] for
optimization problems and then later modified in [29] for sets.

Given the set X C R™™ represented as

X ={(z,y)| Az + By = 8,2 €{0,1}",y € [0,1]™}, (3)

where § € R”, the RLT constructs a hierarchy of sets X for
de{1,...,n} =N, which we review in this subsection.

The auxiliary variables w are indexed using sets J C N
(instead of usual whole numbers), and the variables v are in-
dexed with both a set 7 C A and an integer k € {1,...,m}.
For a given J C {l,...,n} and k € {1,...,m}, then
wg,v7k € R. Define wy = 1, wg;y = ; fori € {1,...,n},
and vy, = yi, for k€ {1,...,m}.

Then, define the functions

fa(Jn ) = > waur(-DF, )
0CICT>

R = > vapurk(-D)H. )
0CICT>

Given sets of indices J1, J> C N, we say that (J1, J2) is of
order d if

JiNT=0and |J1UJ|=d. (6)
Selecting d € N, then X is defined as

A =B lws+ D Ajwgog

JET JEN\T

Xd = {(xvyavaw)

+> Brgr=0YJCN st |J|<d,
k=1
fo(J, J) > 0V(N,T2) of order D = min{d + 1,n},

fa(T, Jo) = [T, J2) > 0Vk € {1,...,m}
and V(J1, J2) of order d} .
(N

The projection of X, onto the (z,y) space is

Xpa={(z,y) | I(w,v) st. (z,y,w,v) € Xg}. (8


https://github.com/ESCL-at-UTD/zonoLAB

Theorem |1 establishes a set containment hierarchy for the
previously defined relaxations and, importantly, proves that
each of the relaxations exactly represents the original set X if
binary restrictions on variables x are reintroduced.

Theorem 1: [29, Thm. 3.2] Letting Xp 4 denote the pro-
jected relaxation of X as defined by and (8) for each
d=1,...,n, then

conv(X) C Xp,, C Xpp—1 C---C Xp; Crelax(X), (9)

Xpan{(z,y) |z {0,1}"}=XVde{1,...,n}. (10)

Theorem 2: [29, Thm. 3.5] Letting X'p,, denote the pro-
jected relaxation of X’ as defined by (7)) and (§) with d = n,
then Xp,, = conv(X).

Theorem [2] proves that the nth relaxation is equivalent to the
convex hull of the set (the tightest possible convex relaxation).
Defining X’ = Xp,, N {(z,y) | = € {0,1}"}, then it is true
that X’ = X and relax(X”) = conv(X’), hence X’ is a sharp
representation of the original set X

I1l. HYBRID ZONOTOPE OPERATIONS THAT PRESERVE
SHARPNESS

Here we provide methods for constructing sharp hybrid
zonotopes. We review simple theoretical results for Minkowski
sum, affine mapping, and Cartesian product, then use those
results to present a novel identity for the sharpness-preserving
union of hybrid zonotopes. These operations can be used to
manipulate hybrid zonotopes while preserving sharpness, or
to construct sharp hybrid zonotopes via set operations on con-
strained zonotopes (treated as hybrid zonotopes with no binary
generators). Previous work provided a sharp hybrid zonotope
identity for the union of vertex-representation polytopes [7,
Thm. 5], [9, Thm. 3.3], which is another useful construction
for sharp hybrid zonotopes.

A. Operations on Hybrid Zonotopes

Theorem 3: [9, Lemma 2] Given sharp hybrid zonotopes
Z; and Z,, the Minkowski sum Z; @ Z5 is sharp.

Theorem 4: Given a sharp hybrid zonotope
Z = (G, Gy, ¢, Ae, Ap,b)  and  affine mapping
T(z) = Rz + s for z € Z, then the image

T(Z) = (RG., RGy, Rc+ s, A, Ap, b) is sharp.

Proof: Hybrid zonotopes are a subset of bounded-
mixed-integer representable sets as defined in [32]. For a
bounded-mixed-integer representable set S, the affine map
T(S) preserves sharpness [32, Lemma 3.4]. [ |

Theorem 5: Given sharp hybrid zonotopes
zZ = (Ger,Gpa,c1, A0, A, b)) and 2y =
(Ge2,Gp2,c2,Ac2, Apa,ba),  the  Cartesian  product

Z = Z1 X Z5, defined as
z_ Ge1 O Gpy O c1
o 0 Gea|’| 0 Ghal|’ |c2|’

Ac,l 0 AbJ 0 b1
5 L ) o
is sharp.

Proof: Taking the convex hull conv(Z) and using the fact
that the convex hull and Cartesian product commute yields

conv(Z) = conv(Z;) x conv(Z;). Because Z; and Z are
sharp, conv(Z) = relax(Z;) x relax(Z2;), and

_[|Geqx Goa 0 0 c1
conv(Z) = <[ 0 0 Ges Gb,2:| , [CJ
Aci App O 0 b1
|: 0 0 ACaQ Ab72:| ’ |:b2:|> 7 (12)
which is equivalent to relax(Z). ]

B. Union of Hybrid Zonotopes

We first review a result regarding the relaxation of intersec-
tions that will be used in later theorems. Proposition[I|provides
an identity for the union of a hybrid zonotope with a single
point, which is then shown to be sharp. Proposition 2] uses that
result to produce a general union of hybrid zonotopes, which
is also shown to be sharp.

Lemma 1: [32, Lemma 3.2 (unproved)] Given hybrid
zonotopes X, Z C R”, relax(X' N Z) = relax(X) Nrelax(Z).

Proof: Writing the matrices to represent the sets on both
sides of the equality yields the same set representation. [ ]

Proposition 1: Given Z = (G, Gy, c, Ac, Ap,b)q; C
R™ and z € R", then Z U {z} is given by Z' =
(G, Gy, c AL, ALY, » where

GL=[Ge Ouxiuyen] - Go=[Ch c—a] . =2,

Ac Oncx(ng+7zb)
A/c == Ing I )
L Oan’I’LQ "g+nb
[ A —b
Ay = [ [On,xn, ~Ling4ny)x1 | b =0 1)<, (13)
L, gt

and (ng, np, ne) is the complexity of Z. Further, if Z is sharp,
then Z’ is sharp.

Proof: Let & = (£.,&) € R"™™™ be the factors
associated with Z, and s € [0,1]"s*™, o € {0,1} the
additional factors with Z’. Let G = [G. Gp] and A = [A, Ay].
Then, expanding (I3) yields that z € Z’ if and only if
2=G{+ (c—x)o+x, AE = ob,and & + s, = 0 Vi €
{1,...,n4 + np}. Equivalently, one could define \; = o,
Ay = 1— o0, and then z € Z’ if and only if z = 21 + 2o,
zZ1 = G£+ )\16, Af = )\1(), Z9 = )\Qx, 0 S f S 1)\1,
A1 + A2 = 1, which by [32, Thm. 3.1] defines a sharp
representation of the union Z U {z}. |

Corollary 1: The complexity of the hybrid zonotope result-
ing from Proposition [I|is (2ng + ny, np + 1,14 + 1 + 1),
where (ng,ny,n.) is the complexity of Z.

Proposition 2: Given the hybrid zonotopes Z; C R" for
i€{l,...,N} and letting U; = (Z; x {1}) U {0}, then

N N
U Zz = [In Onxl} ((@Mz> m[01><n 1] {1}> . (14)
=1 =1

Proof: Expanding the definition of U; yields

b; € {0,1},
U = |:bi:| 2 € z, ifb=1, (15)
{0},

else .
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Fig. 1. Applying Proposition to four polytopes yields the resulting set
Ug, plotted in blue, which contains (1) combinations at ¢z = k in the
lifted space. Intersecting this set with the hyperplane 3 = 1 yields the
union of the four polytopes. As demonstrated in the proof of Theorem|g}
Ug C cone(Ug N H), which is plotted in black wireframe.

Thus, the right side of (T4) gives
b €{0,1} Yie {1,...,N},

N N oo

Sal oz

=1 |z e " ‘T vie{l,...,N}
{0}, else.

(16)
The constraint ) b; = 1 ensures that if b; = 1, then b, =
0Vi# j.Thus, > z; = 2, and therefore a point z is contained
in the representation (I4) of |J Z; if and only if z = z; € Z;
for some j € {1,...,N}. [

Figure |1| depicts the intermediate set Ug = @le U; of
Proposition [2| applied to four polytopes Z;. This set represents
the (é), (‘11), e (i) combinations for the Minkowski sum of
Z;, and intersecting it with the hyperplane 3 = 1 yields points
which are in exactly one of the sets Z;.

Theorem 6: When the union (Z; x {1})U{0} is performed
via Proposition [I] (or other sharpness-preserving identity for
the union of a hybrid zonotope and a point), then Proposition 2]
preserves sharpness.

Proof: Suppose that all Z; fori € {1,..., N} are sharp,
and by way of contradiction, suppose the set resulting from
Proposition [2| is not sharp. Let Uy = @filui and £ =
Ug Mo 11{1} = UgNH, where the hyperplane H = R™ x {1}.
Then, Us C @, (Uszluk> C P, cone(Ule uk) =
cone (UpL, Ui ). Since Ut = (Uil 26 x {1}) U
{0} and cone (ngl Uy ) already includes the origin,
then c0ne<Uf€V:1 L{k) = cone(UfCV:1 Zje X {1}) Because
UY,Z = [1 0]L by (T4), and [0 1]£ = {1}, then £ =

Z\Ll Z; x {1}. Therefore, Ug, C cone(L).

Ug 1s sharp, as all operations in its construction have
sharpness-preserving identities. Since it is assumed L is not
sharp, there exists £ € relax(L£) such that ¢ ¢ conv(L) =

conv(£)NH. By Lemmal[l] ¢ € relax(Ug ) NH = conv(Ug )N
H = cone(L) NH. Because £ = LNH, then cone(L)NH =

conv(L), hence ¢ € conv(L). [ |

Corollary 2: The union identity in Proposition [2| (using
Proposition |1| for union with a vector) generates hybrid zono-
topes with complexity

N N
Ng = Z (2ng: +mnpi) , mp =N + an,i )
=1 i=1
N
ne =14 (ngi+mpi+ne) (17)
=1

where (ng i, mp,i, M) i the complexity of Z;.

Proof: From Corollary [I] the complexity of each U; is
(2ng: + Ny, + 1,ng; + npi + ne ;). Upon taking the
Minkowski sum in , those complexities are summed, and
the generalized intersection adds a single constraint. [ ]

IV. APPLICATION OF THE RLT TO HYBRID ZONOTOPES

The methods presented in Section can be used to
construct sharp hybrid zonotopes by applying sharpness-
preserving set operations to zonotopes, constrained zonotopes,
or other sharp hybrid zonotopes. However when this is not
possible, it is beneficial to have a method to produce a sharp
representation of any hybrid zonotope. To that end, this section
examines the application of the RLT to hybrid zonotopes.

Comparing the definition of a hybrid zonotope (@) to the
set definition , the right hand sides are equivalent after
mapping the hybrid zonotope to a 01-hybrid zonotope. Then,
the RLT can be carried out to write all of the constraints for
the respective Xy in (7).

Theorem 7: Applying the RLT to a Ol-hybrid zonotope
results in a set X'p4 that can also be represented by a 01-
hybrid zonotope.

Proof: If the RLT can be applied to make a sharp
representation of the factor space of a hybrid zonotope, then
by Theorem [} the hybrid zonotope itself will be sharp. The
affine equality constraints can be written in a hybrid zonotope
format, and we now discuss how to add the appropriate slack
variables for the inequalities.

The constraints involving f4(J1, J2) and f¥(J1, J2) in
arise in the RLT by substituting

wJ:ijaUJ,k:kaxj, (18)
JjeT JET
into the product
Fa(, )= | [T ) | [T —=) (19)

JjETL

Because 0 < z; < 1, then Fy(1,J2) > 0 by definition (I9).
However, the linearization expression fq(J1,J2) is affine in
w with coefficients from {—1,1}, which is not inherently
positive, hence the inclusion of this inequality in (7). Similarly,
Fy(Th,J2) < 1, so while the constraint fq(J1, 7o) < 1
is not necessary, it is always valid. Therefore the inequality
constraint f4(J1,J2) > 0 can be replaced with the equality
constraint f4(J1,J2) = s;, where s; € [0,1]. The same
process can be carried out for the double inequalities of the

JET2



form fq(J1,J2) > fX¥(J1, J2) > 0. Therefore, all of the con-
straints for Xy can be written as affine equalities with variables
from either {0,1} or [0,1], so X4 is a hybrid zonotope. As
projections are affine mappings, and affine mappings preserve
sharpness of hybrid zonotopes (Thm. , then Xp 4 can also
be written as a hybrid zonotope. ]

Thus we have shown that the RLT can be applied to the
factor space of a hybrid zonotope, and after performing the
affine mapping of the factor space (where all new factors added
during the RLT have generator vectors 0,,x1), we obtain a
sharp representation of the original hybrid zonotope. At the
expense of adding exponentially many new constraints and
variables, the RLT can be used with hybrid zonotopes to 1)
construct a sharp hybrid zonotope equivalent to a given hybrid
zonotope, 2) improve the tightness of the relaxation of a given
hybrid zonotope, and 3) construct the convex hull of a hybrid
zonotope as a constrained zonotope.

The parameter d € {1,2,...,n;} can be used to tune the
tradeoff between having a tight relaxation and set represen-
tation complexity. When d is small, the relaxation is a larger
set with fewer constraints and variables. When d = ny, the
relaxation is the convex hull and requires the most complexity.

Corollary 3: Given a hybrid zonotope with complexity
(ng,np, nc), then the hybrid zonotope output of the RLT with

d € {1,...,ny} has complexity (nj,nj,n,), where
ng = 2" (ng + 1) + 2d+1 <T;b>ng —ny—1, ny=ny,
4 /n n
r_ b d+1 b
nc_ncg(i>+2 (d)ng. (20)

Proof: There are 2""* — ngy — 1 continuous variables w7
where ) £ J C N (the n, subtracted is for the original
variables), 2"*n, continuous variables vy j (this is including
the original variables y), and od+1 (Zb)ng continuous slack
variables arising from the inequality constraints. There are
Ne ("Zb) affine equality constraints for sets 7 of order 7, and we
must consider all orders from {0, ..., d}. Further, there are the
same 2471 (") n, inequalities that were counted for the slack
variables. The number of binary variables is unchanged. H

When d = ny, the RLT yields a sharp hybrid zonotope with

21

V. NUMERICAL EXAMPLE

Consider a neural network trained to learn some cost metric
over the state space; for example, this could be the probability
of a location on a map being occupied by an obstacle or
pedestrian. One approach for making occupancy decisions
is to take level sets of the neural network function, thereby
identifying all locations with a cost higher than some threshold
to be flagged as potential “obstacles.” As the neural network
output function is likely nonconvex, one may be interested in
representing the convex hull of the obstacles to have a single
polytope that needs to be avoided (instead of an implicitly
defined mixed-integer set).

1Y
Bz -Gn{y>05)
. Y - L 02,
|: :Irela'x(Xb)
0.8 4 l:lCOIlV(X))

Fig. 2. The set X, (plotted in magenta) is a projection of a halfspace
intersection of G. A% is not sharp, as its relaxation (plotted with the
dashed line) can visually be seen to be much larger than conv(A&%).
Applying the RLT, we obtain a sharp representation, and plot its convex
hull in cyan.

For this example, let us consider a feedforward ReLU neural
network trained to learn the MATLAB function peaks over
the domain [—4, 4]2, where the function has been normalized
to the output domain [0,1]. The network has two hidden
layers with ten nodes each and was trained for 1000 epochs on
10,000 uniformly distributed points. The graph of the neural
network output function G = {(z, N(z)) | = € [—4,4]?},
where N (z) is the neural network evaluated at input x, can
be represented exactly as a hybrid zonotope [6], and is plotted
in blue in Figure 2}

To find the unsafe states, we intersect the graph of the neural
network with the halfspace {y > 0.5} to obtain the set Z;, =
{(z,N(x)) | z € [-4,4]% N(z) > 0.5}, plotted in red in
Figure [2| Z;, can be projected down onto the state space to
obtain the set X}, = [Iz 0]Z, which represents all of the states
which are unsafe. X is plotted in Figure 2]in magenta. The set
X, has complexity (83,20, 61), which is reduced to (21, 5, 14)
by the redundancy removal technique in [35].

As is often the case after performing intersection operations,
A, is not sharp. This can be seen in Figure [2] by the fact
that relax(X}) (dashed line) is the entire domain. A sharp
version of X}, with complexity (2042,5,1792) is obtained
via the RLT. Because A} is sharp, its convex relaxation, a
constrained zonotope with complexity (2047,1792), will be
exactly its convex hull. Obtaining the exact convex hull of a
hybrid zonotope was a previously unsolved problem without
the RLT.

If instead of the exact convex hull, we wanted an outer
approximation (but with less complexity than running the full
RLT), we could also perform the RLT with d = 1,2,3,4
to obtain sets whose relaxations are somewhere between the
whole state space and the convex hull. Computing the result
for d =1 and calling it X}}, we find the complexity of X} is
(1118,5,504), and it is plotted in red in Figure 3] We see
that for less complexity, relax()c'bl) is a rather tight over-
approximation of conv(X;); specifically, relax(X;') yields
only a 3.2% larger area than conv(X}).
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Performing the RLT with d = 1 instead of d = 5, we obtain

the representation Xbl, whose relaxation is only slightly larger than the
convex hull (but with a fraction of the complexity).

VI. CONCLUSION

This paper presents a novel sharpness-preserving identity
for the union of hybrid zonotopes, and proves that existing
identities for affine mapping and Cartesian product preserve
sharpness. Additionally, this paper applies the RLT to hybrid
zonotopes, which has a parameter to tune the tradeoff between
complexity and tightness of the relaxation. Future work will
develop identities preserving sharpness for other set operations
with hybrid zonotopes, as well as explore the use of sharp
hybrid zonotopes within systems and controls optimization
problems, such as model predictive control.

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

REFERENCES

J. A. Siefert, T. J. Bird, J. P. Koeln, N. Jain, and H. C. Pangborn, “Robust
successor and precursor sets of hybrid systems using hybrid zonotopes,”
IEEE Control Systems Letters, vol. 7, pp. 355-360, 2023.

L. Hadjiloizou, F. J. Jiang, A. Alanwar, and K. H. Johansson, “For-
mal verification of linear temporal logic specifications using hybrid
zonotope-based reachability analysis.” European Control Conference,
2024.

T. Bird, N. Jain, H. Pangborn, and J. Koeln, “Set-based reachability and
the explicit solution of linear MPC using hybrid zonotopes.” American
Control Conference, 2022.

Y. Zhang, H. Zhang, and X. Xu, “Backward reachability analysis of
neural feedback systems using hybrid zonotopes,” IEEE Control Systems
Letters, vol. 7, pp. 2779-2784, 2023.

Y. Zhang, H. Zhang, and X. Xu, “Reachability analysis of neural network
control systems with tunable accuracy and efficiency,” IEEE Control
Systems Letters, vol. 8, pp. 1697-1702, 2024.

J. Ortiz, A. Vellucci, J. Koeln, and J. Ruths, “Hybrid zonotopes exactly
represent ReLU neural networks.” IEEE Conference on Decision and
Control, 2023.

J. A. Siefert, T. J. Bird, A. F. Thompson, J. J. Glunt, J. P. Koeln, N. Jain,
and H. C. Pangborn, “Reachability analysis using hybrid zonotopes and
functional decomposition,” Transactions on Automatic Control, 2025.
J. A. Robbins, A. F. Thompson, S. Brennan, and H. C. Pangborn,
“Energy-aware predictive motion planning for autonomous vehicles
using a hybrid zonotope constraint representation.” American Control
Conference, 2025.

J. A. Robbins, J. A. Siefert, S. Brennan, and H. C. Pangborn, “Mixed-
integer MPC-based motion planning using hybrid zonotopes with tight
relaxations.” arXiv 2411.01286, 2024.

B. Acikmese and L. Blackmore, “Lossless convexification of a class of
optimal control problems with non-convex control constraints,” Auto-
matica, vol. 47, no. 2, pp. 341-347, 2011.

(11]

[12]

[13]

[14]

[15]

[16]

(17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

(271

(28]

[29]

(30]

(31]
[32]

[33]

[34]

[35]

[36]

[37]

P. Taborda, H. Matias, D. Silvestre, and P. Lourenco, “Convex MPC
and thrust allocation with deadband for spacecraft rendezvous,” IEEE
Control Systems Letters, vol. 8, pp. 1132—-1137, 2024.

R. Jeroslow and J. Lowe, “Modeling with integer variables,” Mathemat-
ical Programming at Oberwolfach I1, vol. 22, pp. 167-184, 1984.

R. R. Meyer, “A theoretical and computational comparison of “equiva-
lent” mixed-integer formulations,” Naval Research Logistics Quarterly,
vol. 28, pp. 115-131, 1981.

E. Balas, “Disjunctive programming and a hierarchy of relaxations for
discrete optimization problems,” SIAM Journal on Algebraic Discrete
Methods, vol. 6, 1985.

A. Frangioni and C. Gentile, “Perspective cuts for a class of convex
0-1 mixed integer programs,” Mathematical Programming, vol. 106,
pp. 225-236, 2006.

O. Giinlikk and J. Linderoth, “Perspective relaxation of mixed integer
nonlinear programs with indicator variables.” Integer Programming and
Combinatorial Optimization, 2008.

P. Belotti, P. Bonami, M. Fischetti, A. Lodi, M. Monaci, A. Nogales-
Goémez, and D. Salvagnin, “On handling indicator constraints in mixed
integer programming,” Computational Optimization and Applications,
vol. 65, pp. 545-566, 2016.

T. Marcucci, J. Umenberger, P. Parrilo, and R. Tedrake, “Shortest paths
in graphs of convex sets,” SIAM Journal on Optimization, vol. 34,
pp. 507-532, 2024.

O. Wu, P. Muts, I. Nowak, and E. M. T. Hendrix, “On the use
of overlapping convex hull relaxations to solve nonconvex MINLPs,”
Journal of Global Optimization, vol. 91, no. 2, pp. 415-436, 2025.

D. Axehill, L. Vandenberghe, and A. Hansson, “Convex relaxations for
mixed integer predictive control,” Automatica, vol. 46, no. 9, pp. 1540-
1545, 2010.

S. Orgun, 1. Altinel, and O. Hortagsu, “Reducing the integrality gap
with a modified re-formulation linearization approach,” Computers and
Chemical Engineering, vol. 23, pp. 539-542, 1999.

M. Schmitt, R. Vujanic, J. Warrington, and M. Morari, “An approach for
model predictive control of mixed integer-input linear systems based on
convex relaxations.” IEEE Conference on Decision and Control, 2013.
F. Wu, H. Nagarajan, A. Zlotnik, R. Sioshansi, and A. M. Rudkevich,
“Adaptive convex relaxations for gas pipeline network optimization.”
American Control Conference, 2017.

R. Anderson, J. Huchette, W. Ma, C. Tjandraatmadja, and J. P. Vielma,
“Strong mixed-integer programming formulations for trained neural
networks,” Mathematical Programming, vol. 183, no. 1, pp. 3-39, 2020.
Y. Zhang and X. Xu, “Reachability analysis and safety verification
of neural feedback systems via hybrid zonotopes.” American Control
Conference, 2023.

B. P. Graesdal, S. Y. C. Chia, T. Marcucci, S. Morozov, A. Amice, P. A.
Parrilo, and R. Tedrake, “Towards tight convex relaxations for contact-
rich manipulation.” Robotics: Science and Systems, 2024.

T. Marcucci, “Graphs of convex sets with applications to optimal control
and motion planning.” Massachusetts Institute of Technology, 2024.

S. Fiorini, T. Huynh, and S. Weltge, “Strengthening convex relax-
ations of 0/1-sets using Boolean formulas,” Mathematical Programming,
vol. 190, pp. 467-482, 2021.

H. D. Sherali and W. P. Adams, “A hierarchy of relaxations and
convex hull characterizations for mixed-integer zero-one programming
problems,” Discrete Applied Mathematics, vol. 52, pp. 83-106, 1994.
L. Lovédsz and A. Schrijver, “Cones of matrices and set-functions and
0-1 optimization,” SIAM Journal on Optimization, vol. 1, pp. 166—-190,
1991.

J. B. Lasserre, “An explicit exact SDP relaxation for nonlinear 0-1
programs.” Integer Programming and Combinatorial Optimization, 2001.
R. G. Jeroslow, “Alternative formulations of mixed integer programs,”
Annals of Operations Research, vol. 12, pp. 241-276, 1988.

J. K. Scott, D. M. Raimondo, G. R. Marseglia, and R. D. Braatz,
“Constrained zonotopes: A new tool for set-based estimation and fault
detection,” Automatica, vol. 69, pp. 126-136, 2016.

T. J. Bird, H. C. Pangborn, N. Jain, and J. P. Koeln, “Hybrid zonotopes:
A new set representation for reachability analysis of mixed logical
dynamical systems,” Automatica, vol. 154, p. 111107, 2023.

T. Bird, “Hybrid zonotopes: A mixed-integer set representation for the
analysis of hybrid systems.” Purdue University Graduate School, 2022.
J. Koeln, T. J. Bird, J. Siefert, J. Ruths, H. C. Pangborn, and N. Jain,
“zonoLAB: A MATLAB toolbox for set-based control systems analysis
using hybrid zonotopes.” American Control Conference, 2024.

H. D. Sherali and C. H. Tuncbilek, “A global optimization algorithm for
polynomial programming problems using a reformulation-linearization
technique,” Journal of Global Optimization, vol. 2, pp. 101-112, 1992.



	Introduction
	Preliminaries
	Notation
	Set Representations and Operations
	The Reformulation-linearization Technique

	Hybrid Zonotope Operations That Preserve Sharpness
	Operations on Hybrid Zonotopes
	Union of Hybrid Zonotopes

	Application of the RLT to Hybrid Zonotopes
	Numerical Example
	Conclusion
	References

