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ABSTRACT

Multivariate Markov Chains (MMCs) are increasingly explored as tools for modeling
and forecasting categorical time series. However, their application to real-world data
typically requires an initial discretization step, as most available data is continuous in
nature. This transformation raises an essential trade-off: while discretization allows
the use of MMCs and offers potential advantages in terms of model interpretability and
robustness, it can also degrade performance by discarding relevant information from
the original signal. This thesis investigates the consequences of discretizing continuous
variables for the purpose of applying MMCs to forecasting tasks. Through a compre-
hensive Monte Carlo simulation framework, we assess how different discretization
strategies — including Equal Width, Equal Frequency, and K-means — affect both in-
formation retention and forecast accuracy. Comparisons are made between discretized
traditional linear models (AR and VAR) and their Markov-based counterparts (MC and
MTD-Probit MMC), across varying levels of autocorrelation, bin number, and forecast
horizons. Forecast performance is evaluated using RMSE, while information loss is
quantified through entropy-based metrics including Mutual Information, Information
Loss Ratio (ILR), and Information Change Ratio (ICR). The results highlight that while
more refined discretizations can reduce information loss, they do not necessarily trans-
late into improved forecasting accuracy. The findings reveal a fundamental limitation:
even under optimized discretization conditions, MMCs rarely outperform continuous
models in terms of predictive accuracy. Nonetheless, the framework developed here
provides a valuable basis for future research on discretization-aware model design
and multivariate time series analysis. These insights are particularly relevant for re-
searchers considering MMCs in real-world forecasting applications, as they underscore
the importance of carefully balancing model interpretability with the potential loss of

predictive performance due to discretization.

Keywords: Multivariate Markov Chains, Time Series Forecasting, Discretization, In-

formation Loss
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Resumo

As Cadeias de Markov Multivariadas (CMMs) tém sido cada vez mais exploradas
como ferramentas para modelar e prever séries temporais discretas. No entanto, a sua
aplicacdo a dados do mundo real geralmente exige uma etapa inicial de discretizagéo,
dado que a maioria dos dados disponiveis sdo de natureza continua. Essa transformacao
levanta um trade-off essencial: embora a discretizagdo permita o uso de CMMs e ofereca
potenciais vantagens em termos de interpretabilidade e robustez do modelo, esta pode
também degradar o desempenho ao descartar informagdes relevantes do sinal original.
Esta dissertacdo investiga as consequéncias da discretizagao de varidveis continuas com
o0 objetivo de aplicar CMMs em tarefas de previsdo. Por meio de um abrangente quadro
de simulacdo de Monte Carlo, avaliamos como diferentes estratégias de discretizagdo —
incluindo Intervalos de Largura Igual (Equal Width), Frequéncia Igual (Equal Frequency) e
K-means — afetam tanto a reten¢do de informacédo quanto a precisao preditiva. Sdo feitas
comparagdes entre modelos lineares tradicionais (AR e VAR) discretizados e os seus
equivalentes baseados em Cadeias de Markov (CM e CMM MTD-Probit), sob diferentes
niveis de autocorrelagdo, nimero de intervalos e horizontes de previsdo. O desempenho
preditivo é avaliado com base no RMSE, enquanto a perda de informacao é quantificada
por meio de métricas baseadas em entropia, incluindo Informagao Mttua, Taxa de Perda
de Informacao e Taxa de Alteracdo de Informacao. Os resultados mostram que, embora
discretizagdes mais refinadas possam reduzir a perda de informagao, isso nao se traduz
necessariamente em maior precisdo preditiva. Os resultados revelam uma limitagdo
fundamental: mesmo sob condi¢des de discretizacdao otimizadas, as CMMs raramente
superam modelos continuos em termos de desempenho preditivo. Ainda assim, a
estrutura desenvolvida nesta dissertacdo oferece uma base importante para futuras
investigagdes sobre modelos sensiveis a discretizacdo e andlise de séries temporais
multivariadas. Estes resultados sdo particularmente relevantes para investigadores e
profissionais envolvidos em tarefas de previsdo, pois evidenciam a importancia de
equilibrar cuidadosamente a interpretabilidade do modelo com a possivel perda de
desempenho preditivo proveniente da discretizagao.
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1

INTRODUCTION

The discretization of continuous data is a fundamental yet often overlooked challenge
in time series forecasting. While countless forecasting models have been developed
across disciplines, from neural networks in finance to autoregressive processes in
econometrics, many assume direct access to continuous, well-behaved inputs. However,
some modeling frameworks, such as Markov Chains, require categorical inputs, making
discretization an essential preprocessing step. Forecasting remains a cornerstone of
data-driven decision-making, supporting activities in Finance and Economics (Elliott
& Timmermann, 2016), Meteorology (Ramage, 1993), Public Health (Soyiri & Reidpath,
2013), and beyond. Accurate prediction of future events or values enables organizations
to anticipate risk, allocate resources, and adapt to dynamic environments. Each
modeling approach comes with its own strengths and limitations, often trading off
complexity, interpretability, and data requirements.

Markov Chains (MCs) and Multivariate Markov Chains (MMCs) are particularly
well suited for problems where the system evolves through a finite number of states.
However, this discrete nature imposes a significant modeling constraint: when working
with continuous data, the first step must be discretization. This transformation, while
necessary for applying MMCs, raises an important trade-off between simplifying model

structure and losing valuable information from the original signal.

Several discretization methods have been developed across fields such as pattern
recognition (Baek & Young, 2017), noise reduction (Pal et al., 2022), and time series
analysis (Moskovitch & Shahar, 2015). However, the majority of these techniques have
been designed with supervised classification tasks in mind, where discretization is
guided by the goal of improving predictive accuracy, with respect to a known target
variable, and reducing computacional cost. As a result, their effectiveness in unsuper-
vised or forecasting contexts (where no target variable is available) remains less well
understood and often underexplored. This is partly because discretization is generally
less suitable in regression settings, where the response variable is continuous, and be-
cause many discretization techniques assume smooth, well-behaved data distributions

— an assumption that often fails in real-world time series, which can be noisy, irregular,
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CHAPTER 1. INTRODUCTION

and exhibit abrupt changes. However, regardless of method, converting continuous
variables into categorical ones inevitably implies some degree of information loss. This
is especially problematic when the objective is forecasting, as reduced signal fidelity
can degrade model performance.

Although MMC models have been explored in areas ranging from economics to
finance (D’Amico & de Blasis, 2019), relatively few works have systematically addressed
the consequences of discretization in these settings. In particular, the trade-off between
forecast accuracy and information retention has not been thoroughly quantified. This
thesis seeks to fill that gap by directly addressing the research question: “When
categorizing costs you accuracy, to what extent do the benefits of applying Multivariate
Markov Chains outweigh the information loss introduced by discretization?” Through
this lens, we evaluate the practical viability of MMCs in forecasting tasks, balancing
their interpretability and robustness against potential decline in predictive performance.

To achieve this, we conduct a series of controlled Monte Carlo simulations. In the
univariate setting, we compare traditional autoregressive (AR) models with first-order
Markov Chains. In the multivariate case, we assess the performance of Vector Autore-
gressive (VAR) models and MTD-Probit MMCs. Forecasting accuracy is measured
using RMSE across multiple horizons, while information retention is evaluated using
entropy, mutual information, and derived metrics like the Information Loss Ratio (ILR)
and Information Change Ratio (ICR).

The remainder of this thesis is structured as follows. Chapter 2 provides the the-
oretical foundation, introducing key concepts in time series modeling, discretization,
and information theory, as well as a review of relevant literature on MMCs and its com-
parison with AR/VAR models. Chapter 3 outlines the simulation design, detailing the
methodology used to assess the impact of discretization on forecast performance and
information loss in both univariate and multivariate settings. Chapter 4 presents and
discusses the empirical results, comparing different models and discretization meth-
ods under various configurations. Finally, Chapter 5 summarizes the main findings,
discusses their limitations, and suggests potential directions for future research.

The key contribution of this thesis lies in providing an empirical framework to
study under what conditions, MMCs offer a viable alternative to continuous models,

given the unavoidable cost of discretization.



2

THEORETICAL FRAMEWORK

2.1 Preliminary Concepts

In order to understand the models used throughout this thesis, we begin by present-
ing foundational stochastic modeling tools. First, we introduce Markov processes,
which provide the theoretical basis for both Markov Chains (MCs) and Autoregressive
(AR) models. We then extend the discussion to multivariate formulations: Vector
Autoregressive (VAR) models and Multivariate Markov Chains (MMCs), which serve
as competing frameworks for multivariate time series forecasting.

A Markov process is a stochastic process that satisfies the Markov property, meaning
that the future evolution of the process depends only on its present state, and not on
the sequence of states that preceed it.

Formally, a stochastic process { X¢}+0 is a Markov process if:
P(Xpm1 € Al Xy = x4, Xic1 = x4-1,..., Xo = x0) = P(Xps1 € A | Xp = xy) (2.1)

for all measurable sets A, times ¢ > 0, and all states xg, x1, ..., X;.

Depending on the context, Markov processes can be either:

¢ Discrete-time or continuous-time, depending on whether the index t takes values

in N or R} respectively,
¢ Discrete-state or continuous-state, depending on the nature of the state space.

Markov chains (MC) are a particular case of Markov processes in which time is
discrete and the state space is finite or countable.
A discrete-time Markov chain is a sequence of random variables {X;}>0 defined

on a state space S such that:
P(Xps1=58"| Xe =5, Xi-1 =84-1,..., X0 = 50) = P(Xps1 = 8" | Xi = 5)

for all states sg, s1,...,5,s” € S and all times t > 0. This is known as the Markov
property.
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If S is finite or countable, the transition probabilities can be represented by a

transition probability matrix P, where each element is given by:
Pij=P(Xps1=j| Xy =i), Vi,je€Ss

In other words, P;; represents the probability of transitioning from state i to state j
in one time step.
Assuming a finite-state Markov chain with n possible states labeled from 1 to 7, the

transition probability matrix can be written as:

Pun P -+ Py

Pyy Py -+ Py
P=1 . )

Pnl PnZ v Pnn

A Markov chain is fully specified by the transition probability matrix P and its
initial distribution 7(©, where 7150) = P(Xg =i).

The use of Markov Chain models has been studied in many areas such as Biology
(Berchtold, 2001; Gottschau, 1992; Raftery & Tavaré, 1994), Economics (Mehran, 1989),
Finance (Fung & Siu, 2012; Siu et al., 2005), Physics (Boccaletti et al., 2014; Gomez et al.,
2010), Sports (Bukiet et al., 1997) and others (Asadabadi, 2017; Horvath et al., 2005;
Maskawa, 2003; Sahin & Sen, 2001; Sericola, 2013; Tsiliyannis, 2018; Turchin, 1986).

As researchers explored more complex dependencies, higher-order Markov chains
were presented. A Higher-Order Markov Chain (HOMC) is a generalization of a first-
order Markov chain, in which the future state depends on multiple previous states,
rather than just the immediate past state.

A discrete-time m-th order Markov chain is a sequence of random variables { X; }+>¢

defined on a state space S such that:

P(Xpy1=5"| Xy =5, Xp-1 =5¢-1,..., X0 = S0)

’
=P(Xis1=5"| Xe =5, Xic1 =81, , Xi—ms1 = St—m+1)

for all states sg,81,...,5,8" € Sand forall £ > 0.
The transition probability for an m-th order Markov chain is given by:

PXimi =] X =i, X1 =01, oo, Xeema1 = mma1) = Piyst it

.....

(Tt—m+1, it—m+2, - - - , i) to state j.
Finally, suppose we have s > 1 interrelated categorical time series, where each

where Pi,_, .1 i .a,...,i,j T€PTESENtS the probability of transitioning from the sequence

series represents a discrete stochastic process. When the future state of a given series
depends not only on its own past states (intra-transitions) but also on the past states of
other series (inter-transitions), we obtain a Multivariate Markov Chain (MMC).

4



2.1. PRELIMINARY CONCEPTS

Formally, let us consider a multivariate discrete-time Markov process {(S1¢, ..., S St)}thy
where each Sj; takes values in a countable set E = {1,...,m}forj=1,...,s. Without

loss of generality, we assume a first-order MMC, meaning that:
P(Sjt =k | Ft-1) = P(Sjt = k| S1,0-1 =1i1,...,Ss,t-1 = is)

where #;_; denotes the information set generated by all past values up to time t — 1.

This assumption implies that, in order to predict or explain Sj;,1, past values of
the process Sj;—; for i > 0 are unnecessary, as the current values of all series provide
sufficient information for modeling the next state.

In contrast, autoregressive time series models typically assume that the current
value of a variable depends on several of its past values. An Autoregressive model of
order p, denoted as AR(p), is a univariate model in which the current observation is
expressed as a linear combination of its p most recent past values, a constant term, and

a stochastic error term:
Yi=c+Pryi1+ Qayr2 -+ PpYrp + U (22)
where:
¢ 1y, is the value of the time series at time ¢,
* ¢ is a constant (intercept),
* ¢1,...,¢p are the autoregressive coefficients,
® 1; is a white noise error term.

A special case of this model is the AR(1), where the current value depends only on

its immediately preceding value. The AR(1) model is given by:
Y =c+ QY1+ uy (2.3)
In this case:
* ¢ captures the influence of the past value ;1 on the current value y;.

If |¢| < 1, the process is stationary, meaning that shocks dissipate over time and
the process has a constant long-term variance.

AR(1) models satisfy the Markov property under the assumption that the state
space is continuous and that the conditional distribution of y; depends only on y;_1.

A Vector Autoregressive model of order p, denoted as VAR(p), is a multivariate
time series model used to capture the linear interdependencies among multiple time
series. In a VAR(p) model, each variable is expressed as a linear function of its own
past values and the past values of all other variables in the system, up to p lags.

Lety; € R¥ be a k X 1 vector of variables at time . A VAR(p) model is defined as:

yi =c+ D1y + Doy o+ + Py +wy (2.4)

where:
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* cisa k X1 vector of intercepts,
e O;fori=1,...,p are k X k coefficient matrices,

® u; is a k X 1 vector of white noise error terms, possibly contemporaneously

correlated.

A special case is the VAR(1) model with k = 2 variables, say y1; and yy. It can be
written in matrix form as:

yu| _ferl P11 Q12| | Y1641 L |m 2.5)
Yor 2 ¢21 P | |Y2,t-1 Uy
This corresponds to the following system of equations:
yit = 1+ Priyie—1 + Pr2y2,i—1 + Ui (2.6)
Yor = Co + P11 i—1 + PooYo,i—1 + Uy (2.7)
where:
® (1, (o are constants (intercepts),
* ¢;; are the autoregressive coefficients,

* uy, Uy are white noise error terms, potentially contemporaneously correlated but

serially uncorrelated.
In this setting:

* ¢11 and ¢y, capture the influence of each variable’s own past value on its current

value,

* @12 and ¢y represent the effect of one variable’s past on the other variable’s

current value.

If the eigenvalues of the coefficient matrix have absolute value less than 1, the VAR(1)
process is stationary. This means that shocks dissipate over time and the process has a
constant long-term variance and covariance.

VAR(1) models also satisfy the Markov property under the assumption of a con-
tinuous state space, since the current vector y; depends only on the previous value

yi-1-

2.2 Related Studies

This section presents MMCs and related models. It outlines the main developments
in the field, including extensions of the Mixed Transition Distribution (MTD) model,
the use of MMCs as stochastic covariates, and recent approaches for forecasting and

6



2.2. RELATED STUDIES

handling structural breaks. The aim is to give an overview of how MMCs have evolved
and how they are used in time series modeling and prediction tasks.

First introduced in 1985 by Raftery, the Mixed Transition Distribution (MTD) model
was developed to attempt to estimate transition probabilities in high-order Markov
Chains. It is defined as:

{ 4
P(Xt = ip | Xi-1 =101, , Xpp = ié’) = ZVg P(Xt =g | Xt—g = ig) = Z Vs qgfi)o (2.8)
g=1 g=1 ‘

where:
e iy,...,ipe{l,...,m};

e Q= [qg}g)] is an m X m row-stochastic transition matrix (or ¢ such matrices if

generalized);
* y=(1,...,)¢) is a vector of lag weights;

Subject to the following constraints:

M~

yg=1

ki
1,

° yg>0 forallg=1,---,€

Since then, multiple authors contributed to the extension of the MTD model: the
Multimatrix MTD in Berchtold (1996) and Berchtold (1995), the Infinite-Lag MTD in
Le et al. (1996) and Mehran (1989) and the General State Spaces MTD in Adke and
Deshmukh (2018), Martin and Raftery (1987), and Wong and Li (2001). These models
managed to surpass some limitations of the original MTD model: allowing a different
mm transition matrix for each lag, assuming a infinite lag order (I = c0) and allowing
more general processes with an arbitrary space state, respectively.

In Ching et al. (2008), the authors addressed the difficulties faced by previous
models: in cases involving multiple data sequences, the state space is expanded,
treating the MMC as a HOMC. They proposed a model with less parameters, using a
distinct mxm transition matrix for each lag, which is capable of handling more than
one data sequence.

Siu et al. (2005) proposed a model that, despite its limitation in terms of the
number of parameters, was straightforward to implement. Lastly, (Zhu & Ching, 2010)
introduced an estimation approach based on minimizing the prediction error under a
set of equality and inequality restrictions.

In Nicolau (2014), a new model for multivariate Markov chains was developed,
MTD-Probit, a generalization of Raftery’s MTD on the MMC model. The model yields
more precise transition probability estimates than the standard MTD, and does so

7
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without imposing any parameter constraints. Taking inspiration from the MTD model,

the author proposes modelling P;(ig | i1, ..., i) as follows:

_ ©(njo+npuPplio | i)+ +njsPjs(io | is))
Sia @ (njo + njpPin(k | i) + -+ - +njsPjs(k | is))

where @(+) is the cumulative distribution function (CDF) of the standard normal

Piio | i1,..., is) = PP(io | i1, ..., is)

distribution, 170, 1j1, - - -, 1js € R are parameters estimated by maximum likelihood and
the parameters Pj(io | i1), for k = 1,..., s, can be estimated in advance through the

consistent estimators:
Nijiy

n o .
Zio:l nl]lo

where 7;,j, is the number of transitions from Sy ;1 = i1 to Sj; = ip.

Pix(i | i1) = (2.9)

The model comes with several other remarks, in which the following stand out:

1. The numerator utilizes the same logic as the original MTD model, where ®(-) is
a linear combination of probabilities.

2. As mentioned before, the model is free from constraints since P]‘.D(io | i1,...,15)

lies within the interval (0, 1).

3. The likelihood function for the MTD-Probit model is given by:

logL= Y. niliz.__isiolog(Pf’(mil,...,is)) (2.10)

i1iz...isio
and the maximum likelihood estimator is defined by

A

f]; = argmaxlog L.
Njts---Mjs

4. A constant term 7, was introduced in this model and it generally allows for
P;D(io | i1,...,1s) to be closer to P;(ig | i1,...,1s), when comparing to the MTD
case. However, it can be set to zero.

A new concept was introduced in Damasio and Nicolau (2014): the use of MMCs
as stochastic covariates. This approach leverages the structure of MMCs to improve
forecasts of a target variable by modeling its categorical (or discrete) regressors. By
capturing the historical interactions between the states of these regressors through an
MMC, it can better predict their future states and improve the forecast of the actual
dependent variable.

In order to incorporate the multivariate Markov chain (MMC) structure into a
regression framework, each possible state of the MMC must be represented numerically.
Since the regressors involved in the model are categorical or have been discretized, the
set of all possible states of the multivariate process forms a finite state space, which can
be mapped into dummy variables suitable for regression analysis.

8



2.2. RELATED STUDIES

To form a regression model relating a dependent variable y; to the categorical (or
discretized) variables that form the multivariate Markov chain (MMC), we begin by
converting each regressor Sj; into a set of dummy variables, as follows:

Z]'kt = ]I{S]t = k} (211)

where [{-} is the indicator function: I{S;; = k} = 1if S;; = k, and 0 otherwise. Here,
Zjkt is a binary variable that indicates whether the j-th regressor is in state k at time ¢.

The methodology also supports the case where S; is already a discrete variable
with a natural numeric interpretation and state space {1,2, ..., m}, in which case no
dummy variables are needed.

Specifically, the model assumes a linear relationship of the form:
yr=x/B+z/0+u (2.12)

where x; is a vector of deterministic or stochastic covariates (e.g. AR(1)), z; is a
vector of dummy variables representing the categorical or discretized states of the
MMC at time ¢,  and 6 are vectors of unknown parameters, and u; is a mean-zero
error term assumed to be uncorrelated with the regressors.

To forecast the future value y;,,, one must account for the fact that the future states
Sjt+n are unknown at time . Therefore, the forecast is formed by taking the conditional
expectation:

E(yren | 1) = B8 | F2) + Bz, 0 | F7) (2.13)

where x;., is a vector of known regressors, z;, is the vector of dummy variables
associated with the MMC states at time ¢ + i and where ¥; represents the sigma-algebra
generated by all observed data up to time f. Since the error term u; is assumed to
be white noise and mean-independent of the regressors, the forecast simplifies to the
expected value of the linear predictor.

The crucial step in evaluating E(z:+; | %) lies in computing the probabilities:
E(zjkt+n | Fe) = P(Sjten = k | Ft) (2.14)

which represent the /i-step-ahead predictive probabilities of the MMC components.

In time series analysis, an h-step-ahead forecast refers to the prediction of the value
of a variable at time t + &, based on information available up to time t. The objective
is to estimate the conditional expectation E(y;+y | ;). For h = 1, the forecast relies
solely on the most recent observation and the model’s one-step-ahead dynamics. As h
increases, the forecast becomes multi-step, requiring either iterative methods (where
one-step-ahead forecasts are used recursively) or direct multi-step prediction models.
The complexity and uncertainty of the forecast typically grow with /1, as errors can
accumulate across iterations and the influence of initial conditions tends to decay over

time. In iterative forecasting approaches, the model relies on its own previous forecasts
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as inputs for future predictions, meaning that each additional step ahead compounds

the potential for error.

To this end, Damasio and Nicolau (2014) propose a recursive approach based on the
MTD-Probit formulation. The h-step-ahead predictive probability is then computed
as:

| | (o mppplio | i) + -+ yepjslio | i)
P(S]‘t+h210|Slt:11/~--zsst=1s)= P (] = == S)

Z (ot nupnlk | i)+ -+ mjspjs(k | i)

where ®(-) denotes the standard normal cumulative distribution function, njo, . . ., 7js
are the estimated parameters of the MTD-Probit model for component j, and pj(io | i)
are the one-step transition probabilities from state i; to ig. This formulation allows the
h-step-ahead forecast to be computed recursively by propagating the state probabilities
forward.

In Damasio and Nicolau (2024), the authors develop a framework for detecting mul-
tiple structural breaks in time-inhomogeneous MMCs, particularly when the change
points are unknown. The authors model the evolution of categorical multivariate
time series using MMCs where the transition probability matrix is allowed to vary
over time, thus accommodating structural instability in the underlying process. A key
contribution of the paper is a formal testing procedure designed to detect the presence
and number of structural breaks in the transition dynamics. The test does not require
prior knowledge of the break dates and is consistent against multiple structural changes.
This makes it particularly valuable in real world scenarios such as economic regime
shifts, political transitions, or market disruptions where breakpoints are not directly

observable.

In Vasconcelos and Damasio (2025), the authors propose a novel generalization of
Multivariate Markov Chains (MMCs) that extends the traditional autoregressive struc-
ture by incorporating exogenous covariates—either deterministic or stochastic—into
the modeling framework. While standard MMCs determine future states solely from
the past of the multivariate system, this approach allows transition probabilities to
depend also on external variables, resulting in a non-homogeneous Markov process.
The transition matrix becomes conditional on the covariates and varies over time. The
model is formulated using a mixture-style structure and estimated via maximum likeli-
hood with a multinomial logit formulation. A Monte Carlo simulation study confirms
its effectiveness in detecting non-homogeneous structures. Additionally, the paper
introduces an R package that enables simulation, estimation, and forecasting under
this generalized MMC setting, as well as the MTD and MTD-Probit model, which will
be used in this study.
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2.3 Literature Review

This section reviews key studies that compare the forecasting capabilities and modeling
assumptions of AR and VAR models with those of Markov Chain-based approaches.
While AR and VAR models are widely used for modeling linear dependencies in
continuous time series, they can fall short in capturing regime-switching dynamics.
In contrast, MC and MMC frameworks provide a flexible structure for modeling
categorical dynamics and symbolic state transitions, often proving more suitable in
contexts where the process evolves in a non-linear or qualitative manner. However,
most of the literature has focused on integrating autoregressive components into
Markov-based models, such as in regime-switching AR or mixture models, rather
than directly comparing the standalone forecasting performance of AR/VAR versus
MC/MMC approaches. As a result, the comparative evaluation of these model classes
remains relatively underexplored. This work aims to address that gap by systematically
assessing their respective performance under various data generating conditions.

Nonetheless, some studies have conducted partial comparisons between AR/VAR
and MC/MMC models, offering valuable insights into their relative strengths. Berch-
told and Raftery (2002) provide a thorough evaluation of the MTD model’s effectiveness
in modeling high-order dependencies compared to traditional Markov chains and au-
toregressive frameworks. Through empirical examples such as wind direction data and
epileptic seizure counts, they show that MTD models consistently achieve better BIC
values than first- and higher-order Markov chains, while requiring fewer parameters.

In Damasio and Mendonga (2019), the authors present a novel framework that
integrates both MMC and VAR to model the evolution of strategic competition between
technological systems, such as insurgent versus incumbent paradigms. The authors
argue that while VAR models are effective at capturing short run interdependencies
and lagged effects among continuous variables (e.g., economic or technological indica-
tors), they fall short in representing qualitative, regime switching behavior that often
characterizes real world strategic dynamics. To address this, the paper proposes using
an MMC to model transitions between latent strategic states, such as dominance or
competition, allowing for the modeling of symbolic and state dependent dynamics.
The MMC captures the discrete and qualitative shifts in system behavior, while VAR
accounts for continuous, quantitative dependencies within regimes.

Eberle et al. (2022) investigate the effectiveness of multivariate simulation techniques
for offshore weather time series. The authors evaluate several modeling approaches
including first and second-order MC, VAR models, and LSTM neural networks on their
ability to replicate wind and wave conditions. Their results show that second-order MC
and VAR models both achieve strong performance in capturing the distributional and
temporal structure of the original time series, while first-order MC are less effective.
Notably, the study highlights the complementary strengths of MC and AR models:
while MC excel in preserving the transition dynamics and symbolic structure of the
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data, VAR models better reproduce smooth linear dependencies.

Wiecek and Kubek (2024) examine the impact of time series characteristics on the
forecasting performance of different models in the context of fuel demand prediction.
The authors compare ARIMA and SARIMA (AR-based models) and MC models using
real-world data from 85 gas stations, assessing their accuracy across a wide range of
demand profiles. Their empirical results indicate that while ARIMA and SARIMA
models can achieve low forecast errors in specific cases, they are more sensitive to
nonstationary behaviors and outliers. In contrast, MC models demonstrate greater
robustness across varying series and more consistent error distributions. The study
emphasizes the unique strengths of each modeling approach: while autoregressive
models are well-suited for capturing smooth and continuous variations in the data, MC
are more effective at representing discrete transitions and shifts in demand, particularly
in time series that exhibit high volatility or irregular behavior.

Despite the contributions of prior studies, the role of discretization is often treated as
a technical pre-processing step rather than a core modeling decision. Most comparisons
between Markov-based models and AR/VAR approaches do not explicitly quantify
how the choice of discretization method impacts information retention or forecast
performance. This leaves a significant gap, especially in contexts where models like
MMCs require categorical inputs derived from inherently continuous data.

Rather than treating discretization as a routine step, this study takes a principled
approach to evaluate how the choice of unsupervised discretization strategy influences
both information retention and predictive performance. Entropy-based metrics are
used to quantify information loss, while RMSE is employed to assess forecast accuracy
across multiple horizons. Together, these measures offer a dual perspective on the
theoretical and practical impact of discretization on model performance.

To contextualize, Garcia et al. (2013) present a detailed taxonomy of discretization
techniques and highlight the diversity and complexity involved in choosing an appro-
priate method. They point out that the effectiveness of any subsequent modeling task
can be heavily shaped by characteristics of the discretization process—such as whether
it is supervised or unsupervised, global or local, or whether it follows a splitting or
merging approach. Crucially, they argue that discretization should not be treated
as a simple data transformation, as it involves important trade-offs between interval
granularity, data consistency, information retention, and interpretability. However,
much of their analysis is restricted to supervised classification tasks. Building on this
foundation, this work shifts the focus toward unsupervised discretization methods
and their role in time series modeling, a setting that remains relatively overlooked in
existing studies. Rather than limiting the scope to classification tasks, it investigates
how discretization choices affect both information retention and predictive accuracy
in sequential models.

The central contribution of this work is not merely to compare AR/VAR with
MC /MMC models, but to demonstrate that the effectiveness of Markov-based models
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is heavily dependent on the discretization method used. In particular, some methods
lead to significantly lower information loss but do not necessarily translate to better
forecasts. This finding suggests that when applying MMCs, discretization is not just a

preprocessing step, but a modeling choice with critical implications.

2.4 Discretization

All of what was discussed in the previous sections is only possible given that the
variables used are discrete or categorical. If one wanted to apply MC or MMC on
continuous variables, they would need to transform them into discrete variables.

Discretization or binning is a process in which continuous variables are divided
or binned into measurable sections. The role of discretization is one of reducing the
computational processing and also of simplifying the values obtained in a way that
is easier to apply algorithms or machine learning models. It is used in areas such as
Health (Acosta-Mesa et al., 2014; dos Santos Passos et al., 2017), Finance (Lkhagva et al.,
2006a), Anomaly and Fraud Detection (Foorthuis, 2020), Pattern extraction (Baek &
Kim, 2017; Morchen et al., 2005), among others (Hranisavljevic et al., 2020; Overloper
et al., 2024).

2.4.1 Simple Discretization Methods

The most basic discretization method is Equal Width Discretization (EWD) which
divides the variable’s range into k equal sized intervals, where k is a parameter input
by the user. Another similar method that intended to surpass the previous method’s
sensitivity to outliers is Equal Frequency Discretization (EFD). It divides a ordered
feature into k bins where each bin contains § samples (where m is the total number
of values). While it solved the outlier problem, it is likely that values with the same
label will be put into different bins in order to meet the % restriction. It is also known
as quantile discretization.

Some other methods, like K-Means, are also used for temporal data discretization,
as mentioned in M. Dash et al. (2014). K-Means clustering is an unsupervised machine
learning algorithm used to partition a dataset into k distinct clusters based on feature
similarity. It starts by randomly initializing k cluster centroids, then iteratively assigns
each data point to the nearest centroid and updates the centroids as the mean of the
assigned points. This process repeats until centroids no longer change significantly or
a maximum number of iterations is reached. The resulting clusters or centroids are
used as the states of the discretization process. Although, K-means assigns points to
clusters based on feature similarity without considering order, thus losing preservation
of temporal order.

Discretization is not without its drawbacks. A significant downside is the loss
of information that occurs when continuous values are replaced by a limited set of
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categories. This simplification can hide meaningful patterns or subtle distinctions
in the data, potentially leading to biased estimates or reduced forecasting accuracy.
Additionally, the choice of discretization method and the number of intervals/bins can
heavily influence model outcomes. Nonetheless, discretization models are still actively
developed to this day, due to their valuable use in dimensionality reduction and simple

compatibility with models that use categorical or ordinal variables.

2.4.2 Symbolic Aggregate Approximation

Symbolic Aggregate approXimation (SAX) is a symbolic representation of time series
that can reduce a time series length to a symbolic string of lower length composed of at
least 2 different symbols. The data is firstly transformed into the Piecewise Aggregate
Approximation (PAA) representation and then the PAA representation is made into
a symbolic discrete string. Piecewise Aggregate Approximation is a dimensionality
reduction technique used to convert a time series into a lower dimensional representa-
tion while retaining its overall pattern. It works by dividing a time series of length n
into w equal sized segments, where each segment represents a portion of the original
data. Within each segment, the average value of the data points is calculated, reducing
the series to w representative values. The final output is a compressed version of the
time series, where the sequence of segment means captures the general trend. After
applying PAA to obtain a lower dimensional sequence, SAX discretizes these values
using Gaussian breakpoints, which divide the data into bins of equal probability under
a normal distribution. Each bin is assigned a unique symbol (‘a’, ‘b’, ’c’, etc.), transform-
ing the numerical time series into a sequence of discrete symbols. In SAX, the window
refers to the number of data points considered in each segment before applying PAA
and the alphabet defines the number of symbols used for discretization. Each symbol
represents a bin formed by the Gaussian breakpoints, and the alphabet size dictates

how many different levels of discretization are available.
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Figure 2.1: A time series is discretized by first obtaining a PAA approximation and
then using predetermined breakpoints to map the PAA coefficients into SAX symbols.
In the example above, with n = 128, w = 8 and a = 3, the time series is mapped to the
word baabccbce (Lin et al., 2007)

14



2.4. DISCRETIZATION

This method presents two main benefits:

1. dimensionality reduction - by using PAA, SAX leverages the fact that most data
mining and machine learning algorithms scale poorly with dimensionality;

2. creation of lower bounding distance measures - this guarantees that the distance
computed after compression will not be smaller than the true distance between

the original time series.

Since then, many other SAX-based methods have been developed using the same
techniques as the original algorithm but with improved features and with a different

scope in mind. Some honorable mentions are:

1. ESAX, Lkhagva et al. (2006b), introduces min and max points, besides the
mean value for the data inside a the window, to reduce information loss and

computational cost without losing the symbolic nature of the original SAX;

2. GASAX, Muhammad Fuad (2012), uses a genetic algorithm to optimize the
breakpoints placement, leading to improved representation quality compared to

fixed or equal probability breakpoints;

3. 1dSAX, Malinowski et al. (2013), a well known limitation of SAX is that trends are
not taken into account in the symbolization, which this method manages to do by
containing information about the average and trend of the series on a segment.
The main advantage is the quantity of information needed to represent a time

series is the same as the one needed by SAX, for a same number of symbols;

4. MSAX, Anacleto et al. (2020), extends SAX to multivariate time series and takes
into account the covariance structure of the data. Overall the method does not
surpass the original SAX applied independently to each attribute but is able to

be better than some other techniques.

Despite the many advantages of SAX-based algorithms, they are not ideally suited
for applications involving Markov Chains and time series forecasting. This is because
SAX relies on the assumption that the underlying data follows a normal distribution,
whereas the distributions generated by a Markov process typically do not exhibit
normality. Moreover, the key strengths of the SAX algorithm can actually work
against its effectiveness in the context of Markov Chains. PAA performs best when the
underlying data distribution is smooth, as it summarizes each window by averaging
its values. However, when the data points are highly dispersed, the average fails to
accurately represent the true variability within the window. In Markov processes,
such as those generated by AR or VAR models, high variance is common, leading
to frequent transitions between distant states, after discretization. When these wide
transitions are averaged during the PAA step, they are effectively concealed, giving

15



CHAPTER 2. THEORETICAL FRAMEWORK

the misleading impression that most transitions occur between the middle regions
(bins) of the distribution, rather than reflecting the true dynamic range of the process.
Furthermore, the primary application of SAX is in time series classification, as its
dimensionality reduction process aggregates multiple data points, leading to the loss
of specific observations that one might want to predict. For instance, if the goal
is to forecast the next 1000 values, using a window size of 4 would yield only 250
predictions, making it difficult to compare with methods that preserve the original
resolution. Nevertheless, SAX is regarded as a state-of-the-art technique and is included
here due to its relevance, having been considered up to the final stages of this work.

It is also important to note that all discretization methods applied in this study are
unsupervised, given the absence of a target variable against which accuracy or precision
could be evaluated. In contrast, supervised discretization methods — such as decision
tree-based binning, entropy-based discretization or ChiSquare-based discretization (R.
Dash et al., 2011) — rely on class labels or a target variable to optimize the discretization
process. These approaches are therefore not applicable in the current context.

2.5 Information Loss

One cannot talk about discretization without mentioning information loss. As men-
tioned before, discretizing a variable means grouping unique observations together
based on certain rules, which can sometimes miss important patterns, trends, or data
points. Even with a high number of bins, turning a continuous variable into an ordinal
categorical one, as done in this work, most certainly comes with some loss of detail.
For that, some information loss metrics were developed in order to measure and study

the trade-off between efficiency and how well the original data is preserved.

2,51 Shannon Entropy

The concept of entropy was first introduced by Claude Shannon in his seminal 1948
paper (Shannon, 1948). Shannon entropy quantifies the uncertainty or information

content of a discrete random variable. It is defined as:
H(Xa) == ) pilog, pi
i

where X is the discretized version of a continuous variable, and p; is the probability
that X; takes on the value x;. The sum is taken over all possible values that X; can
assume. The base 2 logarithm expresses the result in bits.

In this study, Shannon entropy is used to quantify the information content of the
discretized signal. While Shannon entropy and differential entropy are not directly
comparable in a strict mathematical sense due to differences in scale and interpreta-
tion, they can be used together to approximate relative information loss caused by

discretization.
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2.5.2 Kozachenko-Leonenko Estimator

Estimating the entropy of a continuous variable requires a different approach than for
discrete data. The Kozachenko-Leonenko estimator in Kozachenko and Leonenko (1987)
provides a non-parametric method to estimate the differential entropy of a continuous
random variable using k-nearest neighbor (k-NN) distances. This method does not
require any assumptions about the underlying distribution and is particularly effective
for univariate time series data, such as AR(1) processes.

In this work, the Kozachenko-Leonenko estimator is applied to the original contin-
uous variables X, providing an estimate of its entropy H(X). This value serves as a

baseline for evaluating how much information is lost when the signal is discretized.

2.5.3 Mutual Information Estimation

Mutual information is a fundamental concept in information theory that quantifies
the amount of information shared between two random variables. It measures the
reduction in uncertainty about one variable given knowledge of the other. For two
discrete random variables A and B, mutual information is defined as:

,b
I(A;B) = Z Z p(a,b)log, (;%p(l)?))

aeA beB

where A and B denote the sets of possible values taken by A and B, respectively.
The term p(a, b) represents the joint probability mass function of A and B, while p(a)
and p(b) are their respective marginal distributions. The logarithm base 2 expresses
the result in bits.

In this work, mutual information is applied to evaluate how much information is
preserved when a continuous variable X is discretized into X;. However, since mutual
information is traditionally defined for pairs of discrete variables, applying it to the
continuous—discrete pair (X, X;) requires specialized estimation techniques. Three

different estimation methods are employed:

® Mesner and Shalizi (2020): A k-nearest neighbor-based estimator designed to
handle mixed type variable pairs (continuous—discrete). It generalizes the Kraskov
estimator, which is a widely used non-parametric method for estimating mutual
information between continuous variables based on k-nearest neighbor statistics,
as in Kraskov et al. (2004). While the original Kraskov method is limited to fully
continuous data, the Mesner-Shalizi extension adapts it to the mixed variable
setting. The estimator computes:

n

(X X) = Y(8) + ) = = 3" [l + 1)+ Pl + 1)

i=1
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where ¢(*) is the digamma function, 1, and n,, ; denote the number of neighbors
within a certain distance in the marginal spaces of X and X;, and 7 is the sample

size.

* Huo et al. (2011): A kernel density estimation approach based on Gaussian
mixture models. This method assumes that the conditional distribution p(x | x4)
follows a Gaussian distribution within each discrete category of X;. The mutual
information is computed via:

I(X; Xa) = H(X) = ) piH(X | Xq = j)
j=1

where p; is the empirical probability of each discrete level j, and H(X | X = j)
is the differential entropy of the Gaussian component associated with that bin.
This formulation enables an analytical solution using known expressions for the
entropy of Gaussian distributions.

¢ Binned Approximation: The continuous variable X is first discretized into a high
number n of bins using either EWD or EFI (usually over 100). This transforms both
X and Xj into discrete variables, allowing mutual information to be computed
using the standard discrete Shannon formula:

Pi,j
I(X,‘ Xd) = i/'lO (—)
;,j pi,j 108, pipj

where p; ; is the joint empirical probability of the i-th bin of X and the j-th bin of
X4, and p;, p; are the marginal probabilities. Although this approach introduces
additional discretization error, it provides a baseline that is computationally
simple and interpretable.

2.5.4 Information Loss Rate

In Liu et al. (2002), the authors propose the Information Loss Rate (ILR) as a criterion
for evaluating discretization quality. It is defined as:

I(X; Xq)

ILR:l_W

where I(X; X;) is the mutual information between the original continuous variable and
its discretized version. ILR reflects the proportion of the original signal’s entropy that is
not captured by the discretization. As such, it provides a normalized and interpretable
measure of the information degradation caused by binning or quantization.

In this study, ILR is computed separately for all mutual information estimators,
in order to understand how estimation assumptions influence the interpretation of

information loss.
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2.5.5 Information Change Rate

To address known limitations in ILR, particularly its tendency to underestimate in-
formation loss due to compensatory binning effects Tang et al. (2021) introduces the
Information Change Rate (ICR):

(X Xy)
ICR = —H(Xd)

Rather than measuring information lost from the original signal, ICR quantifies the
proportion of the discretized signal’s entropy that is actually explained by the original
variable. This metric is discretization centric and complements ILR by focusing on the
effectiveness of the symbolic representation produced.

As with ILR, this thesis reports ICR values computed using three mutual informa-
tion estimators for a complete picture of discretization quality under different modeling
assumptions.
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3

DATA AND METHODS

3.1 Methodology

In this section, the main objective of this thesis will be tested by evaluating the effec-
tiveness of the proposed methodology: are the benefits of the utilization of the MMC
larger or lower than the loss of information caused by the discretization of continuous
variables. To investigate this, a simulation framework is developed, beginning with
a univariate analysis that compares MCs to traditional AR models. This comparison
provides a foundation for later extending the approach to the multivariate setting. To
provide statistically reliable results and account for variability, the analysis is conducted

through a Monte Carlo simulation framework.

3.2 Univariate Monte Carlo Simulation Setup

To evaluate and compare forecasting performance under different discretization strate-
gies, we design a univariate Monte Carlo simulation that contrasts traditional continu-
ous AR models with their discretized and Markov-based counterparts. The procedure
assesses both prediction accuracy and information loss, and is repeated under multiple
configurations to ensure robustness.

Firstly, we simulate a univariate AR(1) process defined by X; = ¢ X;_1 + ¢, where
et ~ N(0,1), using two values for ¢: 0.3 and 0.7. This allows us to mimic both low and
high autocorrelation scenarios, providing a broader assessment of model performance
under different time series dynamics.

Each time series is generated with a total length of either 5,000 or 10,000 observations
and is split into a training set (90%) and a test set (10%).

An AR(1) model is then fitted to the continuous training data, and h-step-ahead
forecasts are computed for h € {1,2, 3,5, 10}.

The training set is subsequently discretized into n € {3,...,10} bins using one
of three unsupervised methods: Equal Width Intervalling (EWI), Equal Frequency
Intervalling (EFI), or K-means Clustering. The same bin edges are applied to the test
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set and to the continuous AR forecasts to ensure consistent comparison.

Forecast performance is measured using the Root Mean Squared Error (RMSE). For
the AR(1) model, RMSE is calculated by comparing the discretized forecasts against
the discretized test values using bin indices.

In parallel, a first-order Markov Chain is fitted to the discretized training sequence
using empirical transition frequencies. Forecasts are generated recursively by selecting
the most probable state at each horizon /1, based on the fitted transition matrix and the
most recent observed state. These predicted states are likewise evaluated against the
discretized test set using RMSE.

To assess the information loss due to discretization, we compute the entropy of
the original series using the Kozachenko-Leonenko estimator and the entropy of the
discretized series using Shannon’s formula. Mutual Information is estimated using
three different methods: (i) Mesner-Shalizi’s k-nearest neighbor estimator, (ii) Huo et
al’s Gaussian mixture model, and (iii) a binned approximation using fine discretization.
Each mutual information estimate is then used to compute the Information Loss Ratio
(ILR) and the Information Compression Ratio (ICR), resulting in three variants of each
metric.

The entire simulation process is repeated across 100 Monte Carlo replications, with
results averaged across runs to ensure statistical reliability.

In summary, for each 100 replicate of the simulation procedure:
1. Simulate an AR(1) process defined by X; = ¢ X;—1 + &, with & ~ N(0, 1)
2. Split the time series into training and test sets

3. Fit an AR(1) model on the continuous training data and generate h-step-ahead
forecasts

4. Discretize the training set using one of the binning methods (EWI, EFI, or K-
means), and apply the same bins to the test set and AR forecasts

5. Fit a first-order Markov Chain to the discretized training data

6. Generate forecasts from both the Markov Chain and discretized AR model for
he{1,2,3,5,10}

7. Calculate RMSE and information loss metrics (Entropy, MI, ILR, ICR)

3.3 Multivariate Monte Carlo Simulation Setup

To evaluate forecasting performance in a multivariate setting, we implement a Monte
Carlo simulation based on a bivariate VAR(1) process, following a structure that
mirrors the univariate testing framework. The objective is to compare continuous VAR

forecasts against their discretized counterparts and predictions from a Multivariate
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Markov Chain (MMC) model, specifically the MTD-Probit formulation. As in the
univariate case, forecast accuracy and information loss are assessed across different
discretization methods, bin sizes, and levels of autocorrelation.

The time series data are generated from a bivariate VAR(1) process of the form

Y, Yii-
Y e it &, &~NX),
Yo Y211
1 05 ) . .
where p =(1,1) and £ = 05 1| Two versions of the autoregressive matrix A are

considered to simulate different levels of autocorrelation:

07 02 03 02
Apion = A = .
high [0.2 0.7] lo [0.2 0.3]

Each simulated series contains either 5,000 or 10,000 observations and is divided into
a training set (90%) and a test set (10%). A VAR(1) model is fitted on the continuous train-
ing data, and h-step-ahead forecasts are generated recursively for 1 € {1,2,3,5,10}.

Afterward, each variable in the training set is discretized independently into n €
{3,...,10} bins using Equal Width Intervalling (EWI), Equal Frequency Intervalling
(EFI), or K-means clustering. The same bin edges are applied to the test set and the
continuous VAR forecasts to ensure consistency across evaluations.

To assess performance, VAR forecasts are discretized using the corresponding
binning scheme and compared to the discretized test series using RMSE. In parallel,
a multivariate MTD-Probit model is estimated using the discretized training data.
Forecasts from the MTD-Probit are generated recursively by selecting the most probable
state at each horizon /i, and compared against the discretized test data using RMSE.

To quantify information loss, we compute the entropy of the original continuous
series using the Kozachenko-Leonenko estimator and estimate the entropy of the
discretized variables using Shannon’s formula. Mutual information between the con-
tinuous and discretized series is calculated using three methods: (i) the Mesner-Shalizi
k-nearest neighbor estimator, (ii) Huo et al.’s Gaussian mixture approach, and (iii) a fine-
grid binned approximation. From these, ILR and ICR metrics are derived separately
for each variable.

The entire simulation process is repeated across 100 Monte Carlo replications.
All forecast errors and information-theoretic metrics are averaged to ensure robust

conclusions.

In summary, for each 100 replicate of the simulation procedure:
1. Simulate a bivariate VAR(1) process with A = Ajw Or Apigh
2. Split the time series into training and test sets

3. Fit a continuous VAR(1) model and generate h-step-ahead forecasts
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4. Discretize each variable in the training set using EWI, EFI, or K-means; apply
same bins to test set and VAR forecasts

5. Fit an MTD-Probit model to the discretized training data
6. Forecast both the MTD-Probit and discretized VAR models for 1 € {1,2,3,5,10}

7. Calculate RMSE and information loss metrics (Entropy, MI, ILR, ICR) for each

variable

3.4 Tools and Implementation Environment

This subsection provides an overview of the software tools and specific functions used
in the implementation of the proposed methodology.

The implementation of both the discretization methods and the MMC models was
carried out in R, using RStudio as the integrated development environment (IDE).
This choice was made due to the availability of specialized packages with functions
well-suited to the needs of this thesis, despite some limitations, which will be discussed
later.

Regarding discretization, most of the simpler methods are readily available through
core R packages. SAX has also been implemented in R. The TSclust package, as de-
scribed in Montero and Vilar (2014), is designed to provide a comprehensive suite
of well-established, peer-reviewed time series dissimilarity measures. These include
methods based on raw data, extracted features, underlying parametric models, com-
plexity measures, and forecast behavior, making it a valuable resource for time series
analysis and comparison.

As for the MMC models, Vasconcelos and Damasio (2025) provides implementations
of both the MTD and MTD-Probit models through the GenMarkov package. This
package was developed in response to the limited availability of tools that support the
estimation and application of such models. Indeed, most existing approaches rely on
algorithms and software that are either not widely accessible or are applied to very
specific use cases.

The main function used, multi.mtd_probit(), implements the MTD-Probit model
introduced in Nicolau (2014). It returns the estimated parameters, their standard
errors, z-statistics, p-values, and the log-likelihood values for each equation. The
main inputs include the matrix y of categorical data sequences, a numerical vector
initial containing the starting values for the optimization, and nummethod, which
specifies the numerical maximization technique to be used. Supported methods include
"NR" (Newton-Raphson), "BFGS" (Broyden-Fletcher-Goldfarb-Shanno), "BFGSR" (R’s
implementation of BFGS), "BHHH" (Berndt-Hall-Hall-Hausman), "SANN" (Simulated
Annealing), "CG" (Conjugate Gradients), and "NM" (Nelder-Mead). In this thesis, only
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the "BFGS" method was used, as it provided the most valid and stable results across
all simulations.
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4

Resurts AND DiscussioN

4.1 Monte Carlo Simulation Results

This section presents the results of the Monte Carlo experiments described previously,
which evaluate the forecasting performance of discretized models, namely, first-order
Markov Chains and Multivariate Markov Chains, in comparison to standard autore-
gressive and vector autoregressive models. To enable a fair comparison, the continuous
forecasts produced by the continuous models were discretized using the same bin-
ning schemes applied to the original data. The analysis explores a range of bin sizes,
discretization methods, and horizons, and includes information metrics to assess the
extent of information loss due to discretization, and, of course, the forecast error itself.
The plots shown in the main body are based on simulations with 10,000 observations

and were obtained from a Monte Carlo experiment with 100 replications.

4.1.1 Forecast Accuracy

To better understand the cost of discretization in forecasting tasks, we report the
RMSE of each model directly, instead of using performance ratios. For each simulation
setting, we present the RMSE of the continuous baseline model (AR or VAR), and
compare it with the RMSE of its discretized counterpart as well as with the RMSE of
the corresponding Markov-based model (MC or MMC).

In the univariate setting, we show:
¢ The RMSE of the continuous AR(1) model in a table.
¢ The RMSE of the AR(1) model fitted on discretized input.

¢ The RMSE of the first-order Markov Chain (MC) model fitted on the same dis-

cretized data.

In the multivariate setting, we evaluate performance using a single variable (e.g.,
Z1) for consistency. This is justified by the fact that both Z; and Z, were generated
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using the same VAR(1) process structure with symmetric parameters. Therefore, their
behavior and discretization patterns are statistically equivalent.

We report:

¢ The RMSE of the continuous VAR(1) model on Z; in a table.

¢ The RMSE of the VAR(1) model fitted to discretized data (on Z1).

¢ The RMSE of the MTD-Probit model fitted on the discretized series.

These RMSE comparisons enable a direct assessment of how predictive performance

changes under discretization and alternative modeling frameworks.

4.1.1.1 Univariate Results

This subsection presents the forecasting results for univariate simulations under dif-
ferent levels of autocorrelation. Specifically, AR(1) processes and their corresponding
Markov chain representations are simulated using two autoregressive coefficients: low
(¢ = 0.3) and high (¢ = 0.7). Forecast accuracy is evaluated using the Root Mean
Squared Error (RMSE) across various forecast horizons and discretization methods:
Equal Frequency Intervalling (EFI), Equal Width Intervalling (EWI), and K-means
clustering.

Table 4.1 provides a summary of RMSE values for the continuous AR(1) process
across forecast horizons and correlation levels. In Figure 4.1, the green-shaded areas
depict the RMSE values of the discretized AR model across different numbers of
bins (ranging from 3 to 10) and forecast horizons (1, 2, 3, 5, and 10), under three
discretization methods: EWI, EFI, and K-means. Results are shown for both low and
high autocorrelation scenarios. Figure 4.2 presents a similar analysis for the Markov
Chain model, with the results highlighted in shades of blue.

Horizon | RMSE Low Correlation | RMSE High Correlation
1 0.739571 0.424894
2 1.029175 1.049484
3 1.050768 1.243650
5 1.052951 1.366312
10 1.052877 1.403574

Table 4.1: RMSE h-step Ahead Forecast Comparison Between AR(1) Processes with
Low and High Autocorrelation Levels
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4.1.1.2 Multivariate Results

This subsection presents the forecasting results for multivariate simulations based on
VAR(1) and MMC models. Two autoregressive matrix specifications are used to reflect
weaker and stronger dependence regimes:

03 02 07 02
A w — ’ Ai = .
o [0.2 0.3] high [0.2 0.7]

As in the univariate case, forecast performance is evaluated using RMSE across several
horizons and discretization methods (EFI, EWI, and K-means).

Table 4.2 summarizes the RMSE values for the continuous VAR(1) process (using
the first variable Z1). Figures 4.3 and 4.4 show the RMSE performance of the discretized
VAR model and its corresponding MMC-based forecasts, respectively. As before, the
analysis spans bin sizes from 3 to 10 and forecast horizons of 1, 2, 3, 5, and 10, using
the same three discretization methods—EWI, EFI, and K-means—under both low and

high autocorrelation scenarios.

Horizon | RMSE Low Correlation | RMSE High Correlation
1 0.673654 0.351068
2 1.030374 1.025149
3 1.095888 1.301911
5 1.115780 1.610722
10 1.117169 1.924371

Table 4.2: RMSE (z1) h-step Ahead Forecast Comparison Between VAR(1) Processes
with Low and High Autocorrelation Scenarios
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Figure 4.3: RMSE Comparison of VAR for Low Cor and High Cor Scenarios.
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Figure 4.4: RMSE Comparison of MMC for Low Cor and High Cor Scenarios.
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4.1.2 Effect of Discretization and Information Loss

To evaluate how discretization impacts the preservation of information in time series
data, we analyze several information-theoretic metrics. These include the entropy of
the discretized signal, mutual information (MI) between the original and discretized
series, and derived ratios such as Mutual Information, ILR and ICR.

We perform this analysis under different discretization strategies: EFI (quantile
discretization), EWI and K-means clustering and compare results across low and high
correlation regimes. Like mentioned before, in the multivariate scenario, all metrics
are evaluated for the first variable (Z;) of the VAR(1) system, as both Z; and Z; are
symmetrically generated and thus present equal statistical behavior.

The visualizations in this section serve to scope out issues related to information
loss, which cannot be fully captured by forecasting RMSE alone. While some discretiza-
tion algorithms may yield lower prediction errors, they may also discard a substantial
amount of information from the original signal. By analyzing entropy, mutual informa-
tion, and related ratios, we gain a deeper understanding of the trade-offs each method

imposes, helping to contextualize forecasting results beyond accuracy.

4.1.2.1 Univariate Results

In the univariate setting, we analyze information retention in AR(1) processes simulated
under two autocorrelation levels: ¢ = 0.3 (low) and ¢ = 0.7 (high). The evaluation is
conducted using three discretization strategies—Equal Frequency Intervalling (EFI),
Equal Width Intervalling (EWI), and K-means clustering—across multiple estimators
of mutual information. Each plot displays the metric values (e.g., MI, ILR, ICR) as a
function of the number of bins, ranging from 3 to 10. The lines in each figure represent
the different discretization methods, allowing for a direct comparison of how each
strategy preserves information across levels of resolution and correlation strength.
Negative values are omitted due to numerical instability in the estimation of mutual

information and entropies, which resulted in negative or invalid ILR values.
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Figure 4.6: ILR across discretization methods for low (left) and high (right) correlation
settings
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4.1.2.2 Multivariate Results

In the multivariate setting, we assess the same information-theoretic metrics on bi-
variate VAR(1) processes under two dependence regimes, defined by the following

autoregressive matrices:

low =

03 02|, _fo7 02
02 03|” “M"T oo 07|

Asin the univariate case, we report metrics for the first component (Z1) only. The figures
plot each metric against the number of bins (3-10), with separate lines corresponding to
each discretization method. Like before, negative values are omitted due to numerical
instability in the estimation of mutual information and entropies, which resulted in

negative or invalid ILR values.
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Figure 4.9: Multivariate Z1: ILR values across discretization methods under low (left)

and high (right) correlation
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Figure 4.10: Multivariate Z1: ICR values across discretization methods under low (left)
and high (right) correlation.
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4.2 Key Findings

4.2.1 Univariate Results

The RMSE plots in Figures 4.1 and 4.2 reveal a clear distinction between low and high
autocorrelation scenarios. When the autoregressive coefficientis high (¢ = 0.7), both the
discretized AR(1) model and the first-order Markov Chain (MC) exhibit significantly
better predictive performance compared to the low-correlation case. Among the
discretization methods, EWI consistently achieves the lowest RMSE across all bin
settings, especially for one-step-ahead forecasts. This result may be partially explained
by the distribution of values: most observations lie near the center of the support, so
even as the number of bins increases, the predictions tend to fall into the central bins

where the model is most accurate.

When compared to the continuous AR(1) model (see Table 4.1), the discretized
versions sometimes show lower RMSE values, especially for short horizons and under
high autocorrelation. However, this does not necessarily indicate better predictive
performance. The RMSE is computed on different scales: the continuous model
forecasts values typically ranging from around -6 to 6, while the discretized models
predict bin indices (e.g., from 1 to 3 or 1 to 7). Because these values are on a smaller
numeric scale, the resulting RMSE can appear artificially lower. Therefore, direct RMSE
comparisons between continuous and discretized models should be interpreted with
caution. Table 4.1 was included primarily to give a sense of how RMSE progresses

across increasing forecast horizons.

When comparing the overall performance of discretized AR versus MC, the dis-
cretized AR model generally outperforms the Markov Chain approach. This is particu-
larly evident under the EFI method, where MC yields relatively poor results. The likely
cause is the non-uniformity of bin widths in EFI: bins near the center of the distribution
are very narrow, while bins at the tails are considerably wider. This non-uniformity
creates problems for the Markov model because it relies on transitions between bins
to make predictions. In EFI, the bins near the center are very narrow, so even small
changes in the data can cause the model to jump between states, leading to noisy tran-
sitions. On the other hand, the bins at the edges are much wider and may aggregate
together very different values, which can hide important patterns. As a result, the
transition matrix becomes harder to estimate accurately, and the MC model struggles
to capture the true behavior of the process. In contrast, the discretized AR model still
keeps some of the structure of the original process and is less affected by uneven bin
sizes.

The information-theoretic metrics confirm several expected patterns. As the number
of bins increases, the mutual information between the continuous and discretized
variable also increases (see Figure 4.5), reflecting improved resolution of the original
signal. Atthe same time, ILR, which measures the proportion of entropy not captured by
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the discretized variable, decreases (see Figure 4.6). This inverse relationship highlights
the trade-off between granularity and information retention. Across discretization
methods, EWI consistently results in greater information loss compared to EFI and
K-means. This is evident from ILR curves, where EWI shows higher ILR values across
all bin sizes, for all methods. This suggests that EWI is less efficient in preserving the
information structure of the original continuous variable, especially when the data is
unevenly distributed. EFI and K-means, which adapt more closely to the distribution
of the data, retain more information overall.

Interestingly, the ICR remains relatively stable across bin sizes, hovering around a
value of 0.70 (see Figure 4.7). This indicates that approximately 70% of the entropy in the
discretized signal H(Xj) is actually informative about the original continuous variable
X, with the remaining 30% representing noise or redundant structure introduced by the
discretization. The stability of ICR suggests that, while mutual information and entropy
both grow with the number of bins, they do so proportionally—implying a consistent
signal-to-noise ratio in the discretized representation across different granularities.

While the overall trends are consistent across correlation settings, some differences
do emerge. In the low correlation scenario, a few ILR values become negative or
undefined. This is likely due to numerical instability in the mutual information and
entropy estimators, which can occasionally produce invalid results, particularly when
the discretized variable captures little structure from a weakly autocorrelated series.

These cases were omitted from the plots to maintain interpretability.

4.2.2 Multivariate Results

The multivariate results follow a similar pattern to the univariate setting. Forecast
errors were generally lower across all models, likely due to the inclusion of a second
variable, which provides additional insights for the model to learn. The VAR model,
even when applied to discretized data, consistently outperformed the MTD-Probit
(MMC) model across horizons and discretization methods (see Figures 4.3 and 4.4).
This suggests that the linear dependency structure in the continuous data is better
preserved through the VAR framework than through the first-order MMC dynamics.

Among discretization methods, EWI once again emerged as the most reliable option,
particularly for short-term forecasts. Its performance remained stable across different
numbers of bins, likely benefiting from the concentration of data near the center of the
distribution. As with the univariate case, the MMC model struggled the most with EFL
Overall, the findings reinforce that while discretization can yield competitive results
under favorable conditions, traditional models like VAR tend to be more robust.

In the multivariate setting, the behavior of the information-theoretic metrics closely
mirrors the univariate case. Mutual information increases with the number of bins,
while ILR decreases (see Figures 4.8 and 4.9). EWI continues to show the highest ILR
values across methods, confirming that it retains less information compared to EFI and
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K-means. As before, the correlation structure has minimal impact on the overall trends.
However, under low correlation, some ILR values become negative or undefined due
to numerical issues in the entropy and mutual information estimators. These instances
were excluded from the plots for clarity. ICR remains stable across bin sizes, with
approximately 70% of the entropy in the discretized variables being informative about
the original continuous series (see Figure 4.10).
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5

CONCLUSION

5.1 Overview

This work set out to evaluate the viability of using Multivariate Markov Chain models
on continuous time series data through discretization, with a particular focus on their
forecasting performance compared to autoregressive models. Beyond this central
question, the study has also made significant contributions to the understanding of
discretization as a modeling tool. Through a simulation framework, we assessed
various discretization algorithms including Equal Frequency Intervalling, Equal Width
Intervalling, and K-means clustering across multiple bin sizes and autocorrelation
settings.

The results revealed important insights about the trade-offs between information
retention and predictive performance, and shed light on which discretization strategies
are best suited for MC/MMC applications. Specifically, we demonstrated that while
increasing the number of bins tends to reduce information loss, it can also introduce
numerical instability in probabilistic models. Furthermore, we identified consistent
performance patterns across methods, with EFI and K-means typically outperforming
EWI in mutual information retention.

5.2 Key Findings and Limitations

The results of this thesis show a clear pattern: both univariate Markov Chains and
multivariate variants (MMC via the MTD-Probit model) consistently underperform
when compared to their discretized autoregressive counterparts (AR/VAR) across all
evaluated horizons, bin sizes, and discretization strategies. While it was hypothesized
that MMCs might capture dependencies across variables more effectively, the empirical
evidence suggests that their forecasting power remains limited when compared to
simpler AR-based approaches, even after controlling for discretization losses.
Moreover, these performance limitations are compounded by significant computa-

tional drawbacks. In particular, the estimation procedure for the MMC model, based
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on the MTD-Probit formulation in R, is highly sensitive to initialization and prone to
non-convergence. To mitigate this, a robust estimation pipeline had to be implemented,
involving multiple initializations within a for-loop, ultimately selecting the specifi-
cation with the highest log-likelihood. Despite this workaround, the computational
cost remained substantial: running 100 Monte Carlo replications for a single MMC
configuration took on average 48 hours, making large-scale experimentation much
slower than a VAR simulation pipeline (with a average runtime of 2 hours for 100
replications). This makes MMC models harder to use in practice, especially when faster
and more accurate alternatives are available.

One limitation of this study stems from the reliance on R, primarily due to the
availability of the MTD-Probit model implementation. However, the optimization
routines in R are not particularly efficient for large-scale simulations. The MTD-Probit
model, in particular, suffers from long run times and unstable convergence, which
significantly slows down the process. A second and more fundamental drawback lies
in the discretization itself. Once a continuous variable is discretized, the original value
is lost — all future operations rely only on the bin assignment. This makes it difficult to
interpret or reuse the data in later stages of analysis. Additionally, when using methods
like quantile-based or k-means discretization, the bin widths can vary considerably,
which further complicates the interpretation and mapping back to real-world values.

Another limitation lies in the restricted class of data-generating processes consid-
ered in the simulation framework. All synthetic time series were generated from
linear AR models. While this choice provides a controlled environment for evaluating
discretization and forecasting, it may have inadvertently favored the performance of
AR-based models over Markov-based approaches. As a result, the findings may not
fully capture the comparative strengths of MC or MMC models in more complex,

nonlinear settings.

5.3 Future Work

There are several directions for future work that could build upon this study. The
Monte Carlo simulation framework can be further expanded to explore a wider range of
configurations. This includes testing additional levels of autocorrelation, incorporating
smaller sample sizes to assess robustness in limited data settings, and evaluating
a broader range of bin sizes beyond those considered here. Moreover, additional
error metrics could provide a more nuanced view of forecasting performance, while
alternative information-theoretic measures could enrich the analysis of discretization
quality.

A natural next step would be to apply the methodology to real-world time series
data, to test its practical applicability and limitations. On the discretization side, future
work should consider methods that explicitly aim to preserve the correlation structure

between variables, as the current approach discretized each series independently.
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Investigating multivariate discretization techniques could be particularly important
in this context. Additionally, extending the analysis to multivariate settings with
more than two variables would provide a more realistic and challenging test of the
MTD-Probit model’s scalability and forecasting capabilities.

Another important direction for future work involves exploring a more diverse set
of data-generating processes. In particular, incorporating nonlinear time series models
such as GARCH (Generalized Autoregressive Conditional Heteroskedasticity), thresh-
old autoregressive (TAR), or regime-switching models. These models exhibit features
like conditional heteroskedasticity, nonlinearity, or abrupt state transitions—dynamics
that linear AR models fail to capture, but which may be better suited to the strengths
of Markov and multivariate Markov chain frameworks.
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ADDITIONAL RESULTS

A.1 Forecast RMSE

A.1.1 Univariate Results

Table A.1: Mean RMSE of AR(1) forecasts under high correlation (¢ = 0.7). Results are
shown side-by-side across discretization methods (EFI, EWI, K-means) and bins.

Bins Horizon EFI(quantile) EWI K-means

3 1 0.36 0.36 0.40
3 2 0.70 0.46 0.65
3 3 0.79 047 0.72
3 5 0.82 047 0.74
3 10 0.82 047 0.74
4 1 041 0.28 0.42
4 2 090 0.56 0.78
4 3 1.04 0.64 0.89
4 5 115 071 0.99
4 10 122 0.74 1.07
5 1 050 043 0.51
5 2 1.10 0.64 0.92
5 3 1.29 0.70 1.07
5 5 141 0.73 1.16
5 10 142 0.73 1.16
6 1 055 042 0.53
6 2 1.30 0.72 1.06
6 3 154 0.81 1.24
6 5 1.70 0.90 1.37
6 10 1.79 0.94 1.46
7 1 0.61 048 0.59

Continued on next page
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A.l. FORECAST RMSE

Table A.1 - continued from previous page

Bins Horizon EFI(quantile) EWI K-means
7 2 1.51 0.81 1.21
7 3 1.79 0.92 1.42
7 5 1.98 0.98 1.55
7 10 2.00 0.98 1.57
8 1 0.66 0.50 0.62
8 2 1.72 0.90 1.35
8 3 2.06 1.03 1.60
8 5 227 113 1.76
8 10 236 1.17 1.84
9 1 0.70 0.55 0.66
9 2 1.93 0.99 1.48
9 3 230 1.14 1.76
9 5 255 1.24 1.93
9 10 2.60 1.25 1.96

10 1 0.74 0.57 0.69
10 2 2.14 1.08 1.64
10 3 256 1.25 1.94
10 5 2.83 137 2.14
10 10 293 142 2.22

Table A.2: Mean RMSE of AR(1) forecasts under low correlation (¢ = 0.3). Results are

shown side-by-side across discretization methods (EFI, EWI, K-means) and bins.

Bins Horizon EFI(quantile) EWI K-means
3 1 0.72 046 0.70
3 2 0.82 0.46 0.73
3 3 0.82 0.46 0.73
3 5 0.82 0.46 0.73
3 10 0.82 0.46 0.73
4 1 0.70 0.42 0.59
4 2 1.12 0.70 0.97
4 3 1.20 0.73 1.05
4 5 1.23 0.73 1.06
4 10 1.23 0.73 1.07
5 1 090 0.68 0.86
5 2 141 0.73 1.16
5 3 141 0.73 1.16
5 5 141 0.73 1.16
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Table A.2 — continued from previous page

Bins Horizon EFI(quantile) EWI K-means

5 10 141 0.73 1.16
6 1 111 0.62 0.95
6 2 1.67 0.89 1.35
6 3 1.75 0.92 1.43
6 5 1.79 0.93 1.44
6 10 1.79 093 1.44
7 1 1.27  0.82 1.09
7 2 1.98 0.99 1.57
7 3 2.00 0.99 1.57
7 5 2.00 099 1.57
7 10 2.00 0.99 1.57
8 1 1.45 081 1.22
8 2 223 111 1.73
8 3 232 115 1.81
8 5 236 116 1.82
8 10 236 1.16 1.82
9 1 1.62 094 1.35
9 2 254 123 1.95
9 3 259 125 1.97
9 5 259 1.25 1.97
9 10 259 125 1.97
10 1 1.79  1.00 1.48
10 2 280 1.34 2.13
10 3 289 1.38 2.20
10 5 292 1.38 2.21
10 10 293 1.38 221

Table A.3: Mean RMSE of MC forecasts under high correlation (¢p = 0.7). Results are
shown side-by-side across discretization methods (EFI, EWI, K-means) and bins.

Bins Horizon EFI(quantile) EWI K-means

3 1 074 046 0.67
3 2 090 0.49 0.80
3 3 098 0.51 0.88
3 5 1.07  0.53 0.97
3 10 1.14 0.54 1.03
4 1 097 0.56 0.82
4 2 1.19 0.64 1.00

Continued on next page
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Table A.3 — continued from previous page

Bins Horizon EFI(quantile) EWI K-means
4 3 1.32 0.68 1.12
4 5 146 0.74 1.24
4 10 1.55 0.77 1.33
5 1 1.19 0.64 0.97
5 2 149 0.75 1.21
5 3 1.66 0.81 1.36
5 5 1.84 0.89 1.51
5 10 1.98 0.94 1.62
6 1 144 0.72 1.11
6 2 1.83 0.82 1.41
6 3 2.04 0.88 1.58
6 5 227 095 1.77
6 10 243 1.00 1.91
7 1 1.75 0.80 1.26
7 2 221 095 1.60
7 3 246 1.05 1.79
7 5 272 1.14 2.00
7 10 290 1.21 2.16
8 1 2.04 0.89 1.40
8 2 2.64 1.06 1.77
8 3 295 1.15 1.99
8 5 326 1.25 2.21
8 10 347 131 2.40
9 1 230 097 1.54
9 2 299 1.16 1.94
9 3 335 1.27 2.17
9 5 371 1.39 2.40
9 10 396 1.48 2.58

10 1 3.01 1.29 2.05
10 2 3.68 1.44 2.35
10 3 398 1.50 2.54
10 5 423 1.58 2.76
10 10 439 1.65 2.92

55



APPENDIX A. ADDITIONAL RESULTS

Table A.4: Mean RMSE of MC forecasts under low correlation (¢ = 0.3). Results are
shown side-by-side across discretization methods (EFI, EWI, K-means) and bins.

Bins Horizon EFI(quantile) EWI K-means

3 1 1.02 046 0.74
3 2 112 0.46 0.74
3 3 1.15 046 0.74
3 5 1.16 0.46 0.74
3 10 1.16 046 0.74
4 1 1.57 0.69 0.97
4 2 1.72  0.74 1.04
4 3 1.77  0.75 1.06
4 5 1.79 0.76 1.07
4 10 1.78 0.76 1.08
5 1 196 0.72 1.18
5 2 223 073 1.24
5 3 229 073 1.25
5 5 230 0.73 1.26
5 10 231 0.73 1.26
6 1 240 0.88 1.38
6 2 277 093 1.44
6 3 2.84 094 1.47
6 5 2.88 095 1.48
6 10 2.88 0.95 1.48
7 1 2.84 098 1.58
7 2 329 099 1.65
7 3 3.39 099 1.66
7 5 342 099 1.67
7 10 342 099 1.67
8 1 324 110 1.78
8 2 378 1.16 1.87
8 3 393 117 1.88
8 5 398 1.18 1.89
8 10 397 1.18 1.90
9 1 363 121 2.00
9 2 426 125 2.09
9 3 444 1.26 2.12
9 5 451 1.26 2.12
9 10 452 1.26 2.12
10 1 427 154 2.54

Continued on next page
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Table A.4 — continued from previous page

Bins Horizon EFI(quantile) EWI K-means
10 2 466 1.63 2.51
10 3 475 1.64 2.51
10 5 477 1.64 2.52
10 10 478 1.64 2.52

A.1.2 Multivariate Results

Table A.5: Mean RMSE of discretized VAR forecasts under low correlation. Results are
reported across discretization methods (EFI, EWI, K-means) and bin sizes.

Bins Horizon EFI(quantile) EWI K-means
3 1 059 045 0.61
3 2 0.81 0.46 0.73
3 3 0.82 0.46 0.73
3 5 0.82 0.46 0.73
3 10 0.82 0.46 0.73
4 1 0.70 043 0.64
4 2 1.06 0.65 091
4 3 1.15 0.71 1.00
4 5 1.21 0.73 1.05
4 10 1.22 0.73 1.06
5 1 0.83 0.60 0.75
5 2 1.33 0.72 1.12
5 3 141 0.73 1.16
5 5 141 0.73 1.16
5 10 141 0.73 1.16
6 1 097 0.60 0.85
6 2 1.59 0.83 1.27
6 3 1.70  0.90 1.36
6 5 1.76  0.92 1.43
6 10 1.78 0.92 1.44
7 1 112  0.70 0.96
7 2 1.85 0.95 1.47
7 3 1.99 098 1.56
7 5 2.00 0.98 1.57
7 10 2.00 0.98 1.57
8 1 1.26 0.75 1.07
8 2 211 1.04 1.65
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Table A.5 — continued from previous page

Bins Horizon EFI(quantile) EWI K-means

8 3 226 112 1.76
8 5 233 114 1.81
8 10 235 114 1.82
9 1 141 0.82 1.18
9 2 238 117 1.83
9 3 255 122 1.96
9 5 258 1.23 1.98
9 10 259 1.23 1.98
10 1 1.56 0.89 1.29
10 2 263 127 2.02
10 3 283 1.35 2.16
10 5 2.89 1.38 2.21
10 10 292 1.38 222

Table A.6: Mean RMSE of VAR discretized forecasts under high correlation. Results

are shown side-by-side across discretization methods (EFI, EWI, K-means) and bins.

Bins Horizon EFI(quantile) EWI K-means

3 1 028 0.24 0.28
3 2 0.55 0.38 0.51
3 3 0.64 042 0.59
3 5 0.74 046 0.67
3 10 0.82 047 0.73
4 1 035 0.27 0.33
4 2 0.68 0.47 0.61
4 3 0.81 0.53 0.71
4 5 096 0.59 0.82
4 10 1.09 0.68 0.94
5 1 039 0.30 0.37
5 2 0.81 0.52 0.69
5 3 098 0.59 0.82
5 5 1.18 0.66 0.97
5 10 136 0.74 1.12
6 1 044 033 0.41
6 2 094 0.57 0.77
6 3 1.16 0.65 0.93
6 5 140 0.75 1.12
6 10 1.63 0.86 1.30

Continued on next page
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Table A.6 — continued from previous page

Bins Horizon EFI(quantile) EWI K-means
7 1 0.48 0.36 0.44
7 2 1.08 0.62 0.86
7 3 1.34 0.72 1.05
7 5 1.62 0.84 1.27
7 10 1.90 0.97 1.49
8 1 051 0.38 0.47
8 2 122 0.68 0.96
8 3 1.52  0.79 1.18
8 5 1.85 094 1.43
8 10 216 1.08 1.68
9 1 055 0.40 0.50
9 2 136 0.73 1.05
9 3 1.70 0.87 1.30
9 5 2.07 1.03 1.58
9 10 243 1.20 1.87

10 1 058 043 0.53
10 2 1.50 0.78 1.14
10 3 1.88 0.94 1.42
10 5 230 1.13 1.74
10 10 270 1.32 2.05

Table A.7: Mean RMSE of MMC (MTD-Probit) forecasts under low correlation. Results

are grouped by discretization method and bin size.

Bins

Horizon EFI (quantile)

EWI K-means

Qr U1 Ol = = B b B W W W W W

1
2
3
5
10

1.01
1.13
1.19
1.22
1.24
1.40
1.62
1.72
1.78
1.81
1.80
2.16
2.29

0.46
0.46
0.46
0.46
0.46
0.67
0.73
0.75
0.77
0.78
0.72
0.73
0.73

0.75
0.80
0.82
0.85
0.85
0.92
1.00
1.04
1.07
1.08
1.11
1.21
1.24
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Table A.7 — continued from previous page

Bins Horizon EFI(quantile) EWI K-means

5 5 237 073 1.27
5 10 241 0.73 1.28
6 1 221 0.85 1.28
6 2 266 092 1.38
6 3 2.84 095 1.42
6 5 294 097 1.45
6 10 298 0.98 1.46
7 1 259 095 1.48
7 2 3.13 0.98 1.59
7 3 3.36 098 1.63
7 5 349 098 1.65
7 10 3.55 0.98 1.66
8 1 298 1.06 1.67
8 2 363 1.14 1.80
8 3 393 1.16 1.84
8 5 410 1.18 1.86
8 10 416 1.19 1.87
9 1 335 1.17 1.86
9 2 411 1.23 2.00
9 3 443 124 2.04
9 5 464 125 2.07
9 10 473 125 2.08
10 1 374 1.28 2.05
10 2 461 137 2.22
10 3 499 1.40 2.27
10 5 522 141 2.30
10 10 531 142 2.31

Table A.8: Mean RMSE of MTD-Probit (MMC) forecasts under high correlation. Results
are shown side-by-side across discretization methods (EFI, EWI, K-means) and bins.

Bins Horizon EFI(quantile) EWI K-means

3 1 0.62 0.40 0.54
3 2 072 043 0.63
3 3 0.80 0.46 0.69
3 5 090 0.49 0.77
3 10 1.05 0.54 0.90
4 1 0.78 0.50 0.66

Continued on next page
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Table A.8 — continued from previous page

Bins Horizon EFI(quantile) EWI K-means
4 2 093 0.55 0.77
4 3 1.04 0.58 0.84
4 5 1.20 0.63 0.97
4 10 142 0.71 1.14
5 1 094 0.56 0.75
5 2 1.14 0.62 0.89
5 3 1.29 0.66 0.99
5 5 149 0.73 1.15
5 10 1.79 0.83 1.37
6 1 1.10 0.63 0.85
6 2 1.36  0.69 1.02
6 3 1.54 0.75 1.15
6 5 1.79 0.83 1.33
6 10 2.16 0.96 1.60
7 1 1.26 0.68 0.94
7 2 1.57 0.77 1.14
7 3 1.79 0.83 1.29
7 5 2.09 093 1.51
7 10 253  1.09 1.83
8 1 142 0.73 1.03
8 2 1.78 0.85 1.28
8 3 2.03 093 1.45
8 5 2.39 1.04 1.71
8 10 2.89 122 2.07
9 1 1.58 0.81 1.12
9 2 2.00 0.93 1.40
9 3 230 1.02 1.60
9 5 270 1.16 1.90
9 10 327 1.35 2.31

10 1 1.74 0.86 1.21
10 2 224 1.01 1.53
10 3 258 1.12 1.75
10 5 3.06 1.26 2.07
10 10 3.68 148 2.53
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A.2 Information Loss Results

Entropy of Discretized Variable H(X_d) - Low Correlation
Dashed line = Entropy of original signal (H(X) = 2.16 )

== EFI (quantii)
-

= Kemeans

6 7
Number of Bins

(a) Univariate - Low Correlation

Entropy of Discretized Z1 - Low Correlation
Dashed line = Entropy of original Z1 (H(Z1) = 2.835 )
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- Ew

Eniropy (bits)
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6 7
Number of Bins

(c) Multivariate - Low Correlation
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Entropy of Discretized Variable H(X_d) - High Correlation
Dashed line = Entropy of original signal (H(X) = 2.16 )

EFI (quantie)
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Entropy of Discretized Variable Z1 - High Correlation
Dashed line = Entropy of original signal (H(X) = 2835 )

EFI (quanile)
== Ew

Kemeans

Mumber ofBins

(d) Multivariate - High Correlation

Figure A.1: Entropy of Discretized Variable H(X,) under Different Correlation Scenarios
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A.3. OTHER PLOTS

A.3 Other Plots
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Figure A.2: AR(1) distributions with 9-bin discretizations using EFI, EWI, and K-means

methods.
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MTD-Probit: P(z1_t=1|z1_t-1, z2_t-1) - 7 states example MTD-Probit: P(z1_t = 2| z1_t-1, z2_t-1) - 7 states example
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Figure A.3: MTD-Probit conditional probabilities for each state z1; (7 state example).
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