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1 | INTRODUCTION

Summary

For @ € (0, 1) and variable exponents p(-), go(+) and p;(-), g; (-) with valuesin [1, co],
let the variable exponents py(-), g5(+) be defined by

1/pg() := (A =0)/py(-)+6/p (), 1/ge(-) := (1 =8)/qo(-) +6/q,(").

The Riesz-Thorin type interpolation theorem for variable Lebesgue spaces says that
if a linear operator T acts boundedly from the variable Lebesgue space L”/ O to the
variable Lebesgue space LY for j = 0,1, then

1-6 4
”T”Lllg(‘)_,lﬂg(') < C”T”LI’O(')—>L‘IO(') ||T||LP1(')—>L‘11(‘)’

where C is an interpolation constant independent of 7. We consider two different
modulars ¢™**(-) and ¢*"™(-) generating variable Lebesgue spaces and give upper

estimates for the corresponding interpolation constants C,,, and Cg,.,

which imply
=1

and Cg,,, = 1. We also construct an example showing that, in many cases, our upper

that Cp,, < 2 and C,,, < 4, as well as, lead to sufficient conditions for C,,,
estimates are sharp and the interpolation constant is greater than one, even if one
requires that p;(-) = ¢;(-), j = 0, 1 are Lipschitz continuous and bounded away from

one and infinity (in this case ™#*(-) = 0*"™(-)).
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Let (€, u) be a complete o-finite measure space. The space of all equivalence classes of complex-valued measurable almost
everywhere finite functions will be denoted by LO(Q, u). By P(Q, 1) denote the set of all measurable functions

() 1 Q= [1,00],

which will be called variable exponents. For p(:) € P(L, u), let

and

p_ :=essinf p(x), p, :=esssupp(x),
xeQ xEQ

Q1= {x€Q: p(x) = oo}.
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Since we allow variable exponents to take infinite values, some care is needed when we manipulate with them. We use the
following conventions:
0©0-:-0=0, t+00=o00, L:O,
o)
where t € (0, 00).
For f € L%Q, p) and p(-) € P(Q, u), consider

gy i=maxd [P g o G = [ IO+ U
Q\) o
One can show that both oma"( -) and qum( -) are convex modulars (in the sense of [8, Definition 2.1.1]).
The variable Lebesgue space L’r'rfa)x(Q u) (resp. L? ) (Q, u)) is the set of all functions f € LO(Q, p) such that pmax( f/A) <o

sum
(resp. 05“‘“( f/A) < o) for some 4 = A(f) > 0. It is well known that both Lﬁfa)x(Q u) and Lfl(n;(Q u) are Banach spaces with
respect to the Luxemburg-Nakano norms
AT c=inf{A>0 : M/ <1}, /1N c=inf{A>0 1 ¢™7(f/2) <1},
respectively. It is not difficult to check that L? ¢) (Q, u) and L? ¢) (Q, u) coincide as sets and

max sum
I < A1 < 20710, f € Lo .

Ifu (Qﬁ?) = 0, then o;‘}f‘)"(f) = OZ?T(f) for f € LO(Q, u). Hence ||f||max = ||f||;‘(‘f;‘ for f € LY, u). In this case and in

the case p(-) = oo, we omit max /sum and write simply 0,y ()5 1 f 1l 5y and LP( (R, p).
We will frequently use the following consequence of 8, Lemma 2.1.14]:

NN = NI <l SN = NI <1 (1.1)

The modular p;‘(‘f;’(-) and the corresponding norm || - | Sp‘(“;‘ were introduced by Kovacik and Rékosnik [[14] and used in the
monograph [3]], while the modular p;;a)"( ) and the corresponding norm || - | ;z“‘)" were considered by Edmunds and Rékosnik [9].
We will show in Lemmanthat the norm || - ||m‘”‘ coincides with the norm || - ||5m considered in the monograph [8} Section 3].

Note also that yet another equivalent norm || - ||~p_ was studied systematically in [8, Section 3] (see also [5, Section 2.10.4]).
We believe that the norm || - ||max is more natural than || - ||;‘(‘f;‘. One of the reasons for that is the following result.

Theorem 1.1. Let (L, ) be a complete finite measure space. If p,(-) : Q — [1, o0) is a non-decreasing sequence of measurable
(a.e. finite) functions converging to p(-) : Q — [1,0] a.e. and f € Lﬁfa)x(Q u), then

Tim (111, = /I (1.2)
Suppose that py(-), p;(+), go(-), q,(-) € P(L, u). For 6 € (0, 1), consider the variable exponents
1 1-0 0 1 1-0 0 ceQ. (1.3)

Po(x)  Po(x) ()7 gp(x)  g(x)  q(x)’
A widely used version of the Riesz-Thorin type interpolation theorem for variable Lebesgue spaces is contained in [8|
Corollary 7.1.4] (see also [19} 20} 121} 23] for related results). It says that if a linear operator T" acts boundedly on the variable
Lebesgue space L”(Q, ) equipped with the norm || - ||— g then

UT W oo < ANTHEE L ITHE e (1.4)
Its proof is based on [8, Theorem 7.1.2], which says that the variable Lebesgue space LP“)(Q, ) equipped with the norm || - ”%m
is isomorphic to the space
Xigy(Q ) := [LPOQ, ), L"OQ )],

given by the lower (first) Calderén complex interpolation method (see [3] and [2| Chap. 4]). Unfortunately, one needs to place
additional restrictions on p;(-) for this isomorphism to hold (see, e.g., [7, Corollary A.2] where the condition 1 < (p;)_ < (p;); <
o0, j =0, 1 is used). This was mentioned by Karol Le$nik in his MathSciNet review MR3931352 in the more general setting of
Musielak-Orlicz spaces. For the reader’s convenience, we provide some details here in the case of variable Lebesgue spaces.

Lemma 1.2. Let p,(:) : (0,1) = [1, 00) be an unbounded measurable function and let p, (x) = oo for all x € (0, 1). Then
X120, 1), m) # L7290, 1), m). (1.5)
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Here p; »(-) is given by (IL.3) with 6 = 1/2 and m is the standard Lebesgue measure on (0, 1).

Proof. Ttis clear that LP©((0, 1), m) n L1O((0, 1), m) = L*®((0, 1), m). Then, by [2, Theorem 4.2.2(a)], L®((0, 1), m) is dense
in X[l/z]((O, 1), m). On the other hand, in view of [5, Theorem 2.75], since P1/z(') = 2p,(+) is unbounded, L*((0, 1), m) is not
dense in L”29((0, 1), m). Thus (T.5) holds. O

In spite of the above complication, [8, Corollary 7.1.4] holds in full generality. One can bypass using the lower (first) Calderén
complex interpolation method by using the well-known fact that variable Lebesgue spaces are Banach lattices with the Fatou
property and by employing the Riesz-Thorin type interpolation theorem for Calderén products of Banach lattices with the Fatou
property (see [18, Theorem 3.11]). We identify the Calderén products of L@, u), L@, u) and L0, ), L2O(Q, p)
with the variable Lebesgue spaces L’,;";()(Q, u) and Lfﬂr(l;)(g, u) for arbitrary variable exponents py(-), p;(-) € P(L, u). Note
that since py(-) and p,(-) may have infinite values, our results do not follow from the results in [10, Theorem 6] and [17,
Proposition 6.1] for Musielak-Orlicz spaces generated by finite-valued g-functions with parameters. Moreover, we pay spe-
cial attention to the values of interpolation constants, which are best possible in some cases. In particular, we prove that [8|

Corollary 7.1.4] holds with the interpolation constant C,,, (6, py, p;) < 2 in place of 4.

Theorem 1.3 (Main result 1). Suppose that (€2, u) is a complete o-finite measure space. For & € (0, 1) and p;(-), ¢;(-) € P(Q, u),
Jj =0,1,let py(-) and g,(-) be defined by (I.3).

(a) If alinear mapping
. ) ) O )
Tt Logad (1) + Lo (Qu 1) = L (Qu ) + Lty (Q, )

Pj(') Qj(')

is such that the restriction of T' is bounded from L, (€, ) to L}, (€, u) for j = 0, 1, then the restriction of T is bounded

from L”(Q, u) to L“(Q, u) and

1-6 0
1700 00 < o @ 000 aDITISE, L IT

L0, o L0 pn0?
where
l/(‘la),

. qy de
Conen(60: 60,41 *= <(1—9) 9o +9H— > . (L6)

9l q

(b) We have

1 < Copox (6, 4, 4)) < 2/~ <2, (1.7)

Moreover, C,,,,

(0,49, q,) = 1if and only if g,(-)/qy(+) is constant a.e.

(c) If a linear mapping
T 0 LU )+ L (@) — LEQ ) + L@ )

is such that the restriction of T is bounded from Lflﬂf];)(Q, u) to LZ{];) (Q, p) for j = 0, 1, then the restriction of T is bounded

from L”(Q, u) to L“(Q, ) and

1-6 (4
“T”Lf\ig)_)ngr(n.) S Csum(gvp()’plvq()v QI)“Tl Lgo(.)_)LqU(-)“T”

L’.’l(‘)—>qu(.) ?
where
Coum (@, Po, 1. o q1) 2= C (8, py, p)CE (8, 40, q1) (1.8)
and
) 1-6 0
Csum(g,Po,Pl) = (1 + “}(Qig(.)\gg(»”m) (1 + “){QQ(')\Q‘;{}“ |m) , (1.9)
q q
C2 (0.40.9,) :=(1-0) 2 o2 (1.10)
qO 00 ql 00
(d) We have

1 < Cyum(0, Pos P 40> 41) < max{2C$) (6, py, p1), 2C5) (0, o, 4)} < 4.
(0, q9,q,) = 1 if and only if q,(-)/g,(-) is constant a.e., and csﬂl,)n(e, Py 1) = 1 if and only if

u(287 o)+ (@20 \227) =0

2
Moreover, Csur)n
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Inequality (T-4)) is stated in several works (see [12, Theorem 2.1], [11l formula (3.11)], [25] Proposition 2.1]) with the inter-
polation constant 1 in place of 4 and with references to [7] and [22, Theorem 14.16], although (T.4) is proved there with the
interpolation constant 4. Our next result shows that, in general, the interpolation constant is greater than 1, even if one requires
that p;(-) = ¢;(-), j = 0,1, are Lipschitz continuous and bounded away from one and infinity (these regularity assumptions
are stronger than the log-Holder continuity common in the study of variable Lebesgue spaces, see [5, Definition 2.2] and [8|
Definition 4.1.1]). On the other hand, it follows from Theorem [I.3|a),(b) that [11], formula (3.11)] is correct as stated.

Theorem 1.4 (Main result 2). Let the underlying measure space be the interval (—1, 1) with the standard Lebesgue measure.
For every 8 € (0, 1), € > 0, and every constant

erax{m,%}, (1.11)
there exist Lipschitz continuous variable exponents
and a rank-one linear operator B such that
1< (). <), <00, j=0,1, (1.12)
1 _1-6 0
= +

r @ p)

x e (=1,1), (1.13)

and
Bl oo <1, j=0,1, [IBllpop >2 —& (1.14)

It follows from (I.14) that constant (I.6) is optimal for the spaces in Theorem [I.4] (see (I.7)). Inequality (I.TT) implies that
r > 2, and hence 21/7 < \/E Unfortunately, we do not know whether C,,, (0, q,, q,) remains optimal in the cases where it is
greater than \/5

The paper is organized as follows. In Section , we prove that || f ||1’J“("_")X =|f ”5,,(.) for all f € LY, u), which allows us to
compare our results with results in [8]], where the norm || - ”E,,(.) is studied in detail. Further, we prove Theorem Section
is central in the paper. Here we show that the spaces me”zf;()(ﬂ, u) and Lfgfl;)(ﬂ, u) are isomorphic to the Caderén products of the
spaces L’;;’;;() Q, p), Lﬁ{;;? (€, p) and ngf;f(sz, W, LfL‘,I(I;)(Q, u), respectively. We pay special attention to the embedding constants
C...x (0. py, py) and Csf;?n(ﬁ, Po>P1)s j = 1,2. Theorem is then an easy consequence of the above results and the interpola-
tion theorem for Calderén products [18, Theorem 3.11]. In Section [ we show by constructing an example that the constant
C...x(0. gy, q,) in Theorem a) can be attained if p;(-) = ¢;(-) for j = 0, 1. Further, we modify that example in order to prove
Theorem|[I.4] In Section[5] by using results of Section[3] we show that the set of variable exponents 1/p(-), such that the Hardy-
Littlewood maximal operator is bounded on the variable Lebesgue space LP") over a quasimetric measure space (Q, d, u), is
convex. This results extends a result by Cruz-Uribe [4, Corollary 3] from the Euclidean setting to the setting of quasimetric

measure spaces.

2 | ON THE NORM || - ||[MAX

P()
2.1 | Another point of view on the norm || - | 1‘:1’*“)"
Following [8| Definition 3.1.2], for# > 0 and 1 < p < o0, let @,(r) := ¥, and

0 if r €[0,1],

Poo (1) 1= 0011 00) (1) = { o0 if t € (1, o).

Further, for p(:) € P(Q, u) and f € L%, u), consider the semimodular

0,0 (f) = / B (17D d ()
Q
(see [8, Definition 2.1.1]) and the corresponding norm

If1lg,, :=inf{i>0 : /ap(x) <|f;x)|>dy(x)§1
Q
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(see [8, Theorems 2.1.7 and 3.2.13]).
It seems that the following equality has not been noticed before.

Lemma 2.1. If p(-) € P(Q, u), then
A = 1 fllp,, forall f & L. p).
Proof. Suppose that ||f| max <o0.IfA> ||f||;‘(f‘)", then ||f/}»||max < 1. It follows from (I.I) that oma"(f/i) < 1. Then
||f/j'”L00(Qp()) < Omdx(f/ﬁ) <L

— (V@I _— (IfoN _,
Pp(x) 2 =P\ T )=
— (If&I fx) P
[T (52 )= [ |1
Q

du(x) < 0N (f/H) < 1.
Q\Q»

It follows from the above inequality and [8, Lemma 3.2.4] that || f/ Allap(_) < 1. Hence || f ”6,,( < Aforevery 4 > || f ||m“X In
particular,

Hence, for x € Qf;(,'),

Therefore

1fllg,, < IF I @.1)
If0 < A < || f]I™*, then by [8, Corollary 2.1.15],

()’
< ILf /A < o™(f /4).

/12

Q\QI’(-)

Hence, if 0 < 4 < ||f||;:“)", then

p(x)
du(x)>1

or
u () >0 and /Al ez, > 1

In the former case, we have

Ep(.)(f//l) = /Q_DP(X) <|fix)| > du(x) > / ‘%
Q

Q\QF(')

p(x)

du(x) > 1,

while in the latter one, | f(x)| > A on a subset of Qf;(,') of positive measure. Then

5p(.)(f//l) = /Ep(x) <|f(—;)|> du(x) > /aw <|fSIX)| ) du(x) =
Q

Q0
In both cases, we get 0,,(f/4) > 1. Then, by [8, Lemma 3.2.4], || f/4ll; "
holds for every 0 < 4 < [| f1| .., we see that
1fll5,, = (1 =lFIm, 0<e<l,

Passing to the limit as € — 0%, we conclude that

> 1, whence || f ”Ep(,) > A. Since this inequality

1715, > 11T, 2.2)
Combining (2.1)) and (2.2), we see that
_ max
1/l = /1
for every f € L%(Q, u) such that IFIE < oo.
Suppose now || f ||;1"‘)" = oo. The same argument as the one used in the case 0 < 4 < || f ||max above shows that || /|5 - A

for every 0 < A < oo, that is, ||f||q,() = 00.
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2.2 | Proof of Theorem [I.1]

Equality (I.2) trivially holds if f = 0. So we can assume that f # 0. Take an arbitrary # > 0 and set
Q, i={xeQ\QV : |f@)|<n}, Q:={xeQ\QV: |fx)|>n}.

Since ,u(Qn) < u(Q) < oo and

&)

n
one gets using the dominated convergence theorem

Pu(x)
< lpn(x) = 1, X E Qr]’

p(x)

/ '& e du(x) — / ‘@ du(x) as n— co. 2.3)
Q, 1 Q, 1
We have
‘& e J/ ’& e as n— oo, xe€Q.
n n
Hence, by the monotone convergence theorem,
/ Lx) i du(x) — / ‘M o du(x) as n-— oo. 24
Q 1 Q 1
Combining (2.3) and Z.4), we get
im [ 22 " duo = = " duto @5)
o\ o\

Ify > ||f||Lm(Qp<.)), then | f(x)|/n < 1 fora.e. x € Q’;E‘). Since p,(x) T o0 as x € Q’;i') and n — co, we have

200
n

Pa(x)
10 as n-— oo, xEQ‘;g‘).

Hence it follows from u(2) < oo and the dominated convergence theorem that

()
n

Pu(x)

N> 1fll oy =  lim du(x) = 0. (2.6)

n—oo

%
Q%

Ify < ||f||Lm(Qp<.)), then there exist 6 > 0 and a measurable set E C Qﬂf,') such that y(E) > 0and | f(x)|/n > 1+ 6 forx € E.
Hence

Py(X)
S >(1+6"Y /o as n—o, x€E.
n
Then it follows from the monotone convergence theorem that
Pu(x) Pu(x)
lim ‘@ du(x) > lim ’& du(x) = oo.
n—00 ]’I h—00 ]’I
Q/;(;) E
Thus ()
: S o) [
n< ||f”Lm(Qﬁ§)')) = V}LI?O ’T du(x) = oo. (2.7)
oy
Take an arbitrary € > 0 and set 4 := || f1l (), 4. := (1 +€)A. In view (L.I), we have
f max
= < <.
H Alro@ry — O (f/H <1

Hence 4, > 4 2 || f |l (g0 Then it follows from (2.5) and that

Py(X)
tim 0, (/40 =fim | [ |52 aueo+ [ |52

o\ o ey’

p(x)

du(x)+0

Pp(x)
du | = / ]fjx)
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< 1 /‘f(x) <0;1(fi)x(f/ﬂ)< 1
1+e¢ A

Q\QP(')

p(x)
d u(x)

l+e ~ l+e¢

So, there exists n, € N such that
0, (f/4) <1 forall n2n,.

Then, by (L)),
11,0 < 4= A+ IS forall n>n,.
Hence
imsup |71, < 1+l /% forall >0,
ie. "
li;ri sup 1AW, < P (2.8)
Let

;= liminf
Mo miin ||f||pn(~)

and , =, + €. There exists a strictly increasing sequence {n, },y of natural numbers such that

I, ) <ne forall keN.

Hence, by (L),

P (X)

du(x) =0, (f/n) <1 forall keN, 2.9)

/ S
Ne
Q
Then it follows from 2.3)) and (2.9) that

(x) ,,k(X)
/ ‘f;x) ! du(x) = klim / ‘f(x) ! du(x) <lim sup/

n k—o00
\Q%) Q%) Q

If ||f||Lm(Q,;g>) > 1,, then 2.7) with n = 5, contradicts (2.9). So, ||f||Lw(g§§>) <n,ie. ”f/’k”Lm(ggg)) < 1. This inequality and
(2.10) imply that o7%*(f /) < 1. Then, by (L1),

max — 13 s
I <ne = llrrlllygf IA1l, . +e forall &>0,

Py (%)

du(x) < 1. (2.10)

f(x)
e

ie.

1 I < tim inf |1 1],
This and (2.8) imply (T.2). O
Remark 2.2. Tt is well known that might not hold even for the standard Lebesgue spaces if u(QQ) = oo (see, e.g., [24}
Sect. 1.1]). Indeed, if p, < o0, p = o, and f = 1, then the right-hand side of (I.2) is equal to 1, while the left-hand side is
infinite. It is clear that (T.Z)) remains true in the case u(€) = oo if the support of f has finite measure. On the other hand, (T.2)
may fail even for a function belonging to the closure in LPO(Q, i) of the set of essentially bounded measurable functions with

supports of finite measure. Indeed, let Q = R, y be the standard Lebesgue measure, p, < o0, p = o0, and f(x) = m.
Then again the right-hand side of (T.2) equals 1, while the left-hand side is infinite.

3 | CALDERON PRODUCTS OF VARIABLE LEBESGUE SPACES

3.1 | Definitions of Calderon products of variable Lebesgue spaces

Suppose that (€2, ) be a complete o-finite measure space. Let p j(-) e P(Q,u)forj =0,1.Fix0 < 8 < 1. The Calderén product
(see, e.g., [3, Section 13.5])

0 (7200 0o o
X0 (@) = (LA w) (LA 3.1)
of the variable Lebesgue spaces Lﬁ;’;}") (Q, n) and Lﬁ{g (, p) is the set of all functions f € L°(Q, u) such that
If1 < 215l 1A1° (32)
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for some 4 > 0 and f; € Lﬁ{x(g, w) with || f;|I™% < 1, j = 0, 1. The norm in X% (Q, ) is the infimum over all 4 > 0 such

p;() — max
that (3.2)) holds.
The Calderén product

X, @p = (@) (L) (33)
of the variable Lebesgue space Ly, (Q, ) and LI (Q, ) is defined similarly, replacing the norms |- ™, j = 0, 1, by |- |5,
Jj =0, 1, respectively. Then leax(Q, ) and Xfum(Q, 1) are Banach lattices. ' '

Kopaliani and Chelidze [13], Proposition 3.1] computed the Calderén product of two variable Lebesgue spaces under the
assumptions that both variable exponents p;(-), j = 0,1, are bounded. Below we remove this assumption and show that
X? (Q, p) coincides with L” 00) (Q, u) (up to the equivalence of the norms) and X? (Q, u) coincides with Lfﬁf;l)(ﬂ, u) (up to

max max sum

the equivalence of the norms), where p,(-) is given by (I.3). Our proofs are similar to that of [I5] pp. 179-180, Example 3].

3.2 | An auxiliary result leading to the proof of Theorem [1.3(b),(d)

We start calculating the Calderdn products X glax (Q, p) and X fum(Q, 1) by proving the following lemma, which plays an important
role in the study of optimality of our results.

Lemma 3.1. Let (Q, u) be a complete o-finite measure space. For 6§ € (0, 1) and pj(-) € P(Q,u), j = 0,1, let the variable
exponent p,(-) € P(Q, ) be defined by (I.3). Set

Py Py

M,:=(1-0) , M, :=0 (3.4
pO ) pl )
and ) )
X X
a .= essinf d , P :i=esssup b . 3.5
x€Q Po(x) XEQ Po(x)
Then
@) 1< My+M, <2.
(b) My =1if and only if § = oo;
(c) M, =11ifandonly if a = 0;
(d My+ M, =2ifand only if « = 0 and f = oo;
() My+ M, =1if and only if p;(-)/p,y(-) is constant a.e.
Proof. (a) It follows immediately from the definition of p,(-) given by (I.3) that
d—pPe® g™ o 3.6)
Po(x) p1(x)
Hence ) )
X X
-0 <1 o2 o1 xeq,
po(x) pi(x)

whence M, < 1, M| < 1,and M, + M, < 2. On the other hand, (3.4) and (3.6) imply that M, + M, > 1, which completes the
proof of part (a).

(b) It follows from (1.3) that
Po(x)

po(x) _
P1(x),

=1-6+6
Po(x)

Then

pe)\ ! P\
M0=(1—9)<esxs€1§121fiz(z)> =(1—0)<1—9+Gesxs61§121f§?(;>

-1\ ! -1
=(1—9)<1—0+9<esss§121p§0g§> ) =(1—9)<1—0+%) . 3.7)
xXe 1

This identity immediately implies the statement of part (b).
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(c) Similarly, by (L.3),

p(x) p1(x)
— =(1-0)—+90, Q.
Po(x) ( )Po(x) * *€

Therefore,

Ml=0<essinfp'(x)>_l=0<(1—9)essinfpl(x)+9>_l=9((1—0)a+9)_1:Q<1—6+Q>_1. (3.8)
(x) x€Q  po(x) a a

xeQ Dy(X
This yields the statement of part (c).
Part (d) is an immediate consequence of parts (b) and (c).
(e) If p,(-)/py(-) is constant a.e., then f = a, and it follows from (3.7)—(3-8) that
o\ 0 0\~
M, + M, =(1—9)<1—0+—> +—(1—0+—) -1
a a a
If p,(-)/po(-) is not constant, then f > «, and it follows from (3.7)-(3-8) that

-1 -
M0+M1>(1—9)<1—H+Q> +Q(1—9+9) -1,
a a a

which completes the proof of part (e). O

Theorem @Kb),(d) is an easy consequence of parts (a) and (e) of the above result.

3.3 | Continuous embedding L) (Q, u) & X° (Q, u)

max
Lemma 3.2. Let (Q, 1) be a complete o-finite measure space. For 8 € (0, 1) and pj(-) € P(Q,u), j = 0,1, let the variable
exponent p,(-) € P(Q, p) be defined by (T.3)) and the Calderén product Xg]aX(Q, u) be defined by (B.1). If f € Lﬁfa(,'()(Q, 1), then
fex? (Q u)and
1l < IAITS. (3.9)

Proof. 1t is easy to see that

( -1
<1—9+ 0 > er\(QPU(')UQM('))
po(x¥)  py(x) ® a
pi(x) PO\ QPO
, e QY7 \ QL
Pe(x)=1 "8 X \ (3.10)
Po(x) PO\ Q)
—_—, e Q7 \ Qg
-6 x \
o0, X € Qﬁg(') N Q‘;‘,(').
Suppose that f € Lf,fa(x)(Q, u). Without loss of generality, we can assume that f # 0. Then, by (I.1)),
f
max
0""(')<||f|m‘2x) <l1. (3.1D
P
Define the functions
e Pp(x) c Pp(x)
lFol \™ PO | PO lfeol \" 200 | PO
<”f|max cxea\ (eauen”), T xeq\ (eauen?),
) )
Do N Po |
lfl V"™ PO\ P lfl \* 2000\ oPi()
ho(x) :=1 <||f||m“ ¥R\ e e = | e ) - XS0\ (3.12)
Pe(') Pa(')
1 xegpo()\gﬁl() 1 XEQPI()\QPO()
|||1{ l(fn)al , x e nqht, |||; I(:‘)al , xe QY nht.
L Pe(') L Pa(')

Then, for x € Q,
LGl = I (o) = (hy ()’ (3.13)
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It follows from (3.10), (3:11)) and the first inequality in (3:12) that

() Po(X) o)
X lFel \"™ lfl N7
/ (ho(x)"Yd p(x) = / (||f| ax du(x) + L/ du(x)
Q\on(') Q\(Qm(-)ugpl(-)) Po(*) Q"l(')\g"O(') Po(*)
e\ et ) s
/( LJ dW%‘/< L» d(wa< m)a (3.14)
O 150 e~ 150 A5
and
S [
”h()”Lm(on()) < max ”1”Lm(gp()<)\gl’l())’ ”f”mdx < max 1’ 02;?() ”f”mdx < 1. (315)
Po ) LM(QPU() Qpl()) Do )
Combining (3.14) and (3.13)), we see that
oI (o) < 1. (3.16)
Similarly, (3:10), (3:T1)) and the second inequality in (3.12) yield
X X f
/ (h, (x))P¢ du(x) < Opmi‘) < 7 <1 (3.17)
po()

©
o\l

ax f
[T/ e <max{l,ol‘j;,)<”f”max <l (3.18)
Po()

Combining (3.17) and (3.18), we immediately get

and

o (hy) < 1. (3.19)

It follows from (3.16)), (3:19), and (I.1) that

max

<1, j=0,1. (3.20)

|7
p;()
Equality (3:13), inequalities (3:20) and the definition of the space X (Q, u) imply that f € X? (Q,u) and (3:9) holds. [

3.4 | Continuous embedding L (Q, u) & X° (Q, p)

sum
Lemma 3.3. Let (€2, ) be a complete o-finite measure space. For § € (0,1) and p;(-) € P(Q, p), j = 0,1, let the variable
exponent py(-) € P(Q, u) be defined by (I.3) and the Calderdn product X, fum(Q, u) be defined by 33). If f € Lfgf;f(sz, 1), then
feXx? (Q,u) and

sum

1flxo < Con( po, POISIE, (3.21)
where C{) (6, Po» P1) is defined by (T.9).

Proof. The proof is similar to that of Lemma Suppose that f € L’S’fj,(n)(Q, ). Without loss of generality, we can assume that
f # 0. Then, by (T.I),

S
o™m — <1 (3.22)
%OQVW%)
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Define the functions
' Py (x) ( P (x)
LFGol " 200y o0 lfeol \" 200) ) o0
) oxee\(erualt), ) reo\(Qkual?),
<||f||p5(,) 17150
i 1
lfl \"™ Pi)\ oPo() IR po) \ P
ho(x) =4 <”f|sum 4 ‘xEQOCIJ \Qog ’ hl(x) =X ”flsum 4 xegog \S2oé ’ (323)
po() Po()
1 x € on(') \QP]() 1 x € QP[(') QP()(‘)
|f(x)| c QP()(‘) N QP](') |f(x)| c on(‘) n Qpl(-)'
LI 150) LI 10
Then, for x € Q,
lf ol = ||f||;j?)(ho(x))l_9(h1(x))a- (3.24)
Similarly to (3:14) and (3:17), we obtain from (3:10) and (3:23) that for j = 0, I,
el )"
/ () du(x) < / ( ” f”fum > du(x). (3.25)
e \Q" P
Let
Ao = |gmongno]| s Bro = || gnongno | (3.26)
Then it follows from (3.10) and (3:23) that
Mgl gy, < max 1 - < By + | (3.27)
0 LW(QPO()) < max Lm(gpo()\gﬂl() ”fl sum = A “fl Sum .
pﬂ( ) Lm(gﬂo()ngm()) pG( ) Lm(gllg())
and
o .
A1l o grio) < max [T o grioy groo)s o <A+ — (3.28)
||f||Pg() L@ g0 e 20() Lm(Qp,,u)
Combining (3:22)), (3.25) and (327)—(3-28)), we see that
‘ h oo™ (hO)
gom (o N 00 1 (S YA <) (3.29)
PO\ 1+ A, L+ Ao — 1+, \ 70 ||f||;"?x) ’
h, 0,0, 1 .
sutl < < sum +A <l 3.30
Ono (1 + A1,0) Tl+Ay T 1+4A Onut ||f||;n‘zx) Lo = (3-30)
It follows from (T.1)) and (3:29)-(3-30) that
h sum h sum
- Z - ‘A <1 (3.31)
* B0 0 R0 l0
On the other hand, taking into account (3.26)), we see that (3.24) can be rewritten as
ho) \'7' () '
=(1+A 1-6 1+A (4 sum 0
[ ()] = ( 0,1) ( 1,0) ||f||p9(,) 1+A031 1+A1,O
ho) \'7' () '
—cM sum 0 1
- Csum(07p0’p1)||f| pH(A) <1 + A ) ] + Alo s X € Qa (332)
where C, (8, py, py) is defined by (T.9). Inequalities (3:31)), equality (3:32) and the definition of the norm in the space X?, (Q, )
imply that f € X? (Q, ) and (3:21)) holds. O
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3.5 | Continuous embedding X’ (Q,u) = L7YQ, p)

Lemma 3.4. Let (Q, u) be a complete o-finite measure space. For § € (0, 1) and pj(-) € P(Q,u), j = 0,1, let the variable
exponent p,(-) € P(L, u) be defined by @) and the Calderdén product X g}ax(ﬁ, u) be defined by @ Iffe Xf’nax(Q, 1), then
f € LI, p) and

IFIE2 < Con(: P IS s (3.33)
where C,,, (0, py, p;) is defined by (T.6).

Proof. Let the constants M, and M be defined by (3.4). Suppose that A > 0 is such that || f||x» < A. Then

Lf1 < Alfl" 01 A11° (3.34)

,,/(4)(9’ w) satisfying || f; ||;“1<‘f‘) < 1 with j = 0, 1. Combining these inequalities with (I.I]), we see that for j = 0, 1,

max

forsome f; € L

maxd [P o g, = ) < 1. (3.35)
Q"
Letx € Q\ <Qﬁg(') U Qﬂc‘,(')) It follows from (3:34), (3-4), (3:6) and Young’s inequality
ab<a /r+b’/s (3.36)
with ) 0
_ Do X DX
a=|fo(0)|I7PP0 = fi(x), = —— 5=
0 ! (1 = 6)py(x) Opy(x)
that
10l )"“’” o o\ Po() Po(x) po(x)
< (1A f1(0)] <(1-9 [ £o(O)P™) + 0 —— | f, ()|
< A (/o 101%) po(x) ° p(x) !
< Mo| £ + M| (o). (3.37)

It Qﬁg(') \QI;L(') has positive measure, then « defined by (3.3) is equal to zero. Hence, by Lemma c), M, = 1. So, taking into
account (3.10) and (3-34)—(333), one has for x € QP \ QA0

Po(x) o
<|f(AX)|> < (1A = (1A 1AL

p1(x)

< <||f0|'—" ) 9 £GP ® < £, = My |01 ™. (3.38)

L=@2")

Similarly, if Q’;‘,(‘) \ 9’;2(') has positive measure, then f defined by (3:3) is equal to infinity. Hence, by Lemma b), M, =1.
So, taking into account (3:10) and (3:34)~(3-33), one has for x € Q21 \ Q70

po(x)

Po(x)
<Ifix)|> < (£ 1 £,6019)" = (1ol 1A, (1)

po(x)

< |fo(x)|Po(X) <”f1“i°°(gm<-))> 1-6 < |f0(x)|p0(x) — ]\40 |f0(x)|Po(x)' (3.39)
Combining (3.37)-(3-39), we see that
Py(x) Po(x) Po(x)
J e R B L T R B TP A

Q\ng(') Q\(QQ(')UQQ(')) Qig(-)\gp;l ) Qg(v)\gzg(»)

Po(x)
du(x)

< / (Mo foGOIP™ + M| £1()7™) du(x)

9\(9@")@’;}('))

+ / M| 10017 Yd u(x) + / Mol fo()IPYd u(x)

) ) ) )
P\l QI \Ql
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=M, / | £o(0)[PPd u(x) + M, / | £10)17d p(x). (3.40)
o\ o\l

Finally, by (3:10), Q"0 = 9" 1Y I this set has positive measure, then it follows from (3:34) and Young’s inequality
(3:36) with

a= /ol

=Al° r=1/1-6), s=1/0

Lm(glie( )) LW(QPG( ))

that

|5

”f0| Lw(QPQ() ||fl “Lw(gpg() —= (1 - o)llfO“Loo(ng(')) + ellfl ||L°°(Q£g(->)

< (1 - e)llfO”Loo(Q‘;g(')) + ellfl ”Loo(gg('))‘ (341)
Combining (3.33)) with (3.40)—([3.41), we see that

Lw(gﬂg()

feo " /
/ ‘T du(x) < My + My, |1~ LS (3.42)
o Le@g™)
Q\Q%"
It follows from the definitions in (3.4) and (I.6) that
Crnax := Crnax (0. pg. 1) = (M) + M)/ P, (3.43)
Then (3:42) and (3:43) yield
Pg(X)
T Cmrormrnrd RS I A | RTON o
bo Cmax(ea Po> pl)}' o Cmax)’ Leo(Q00)y
\Qg”
1 [P S
<max4 —— / ’— du(x), H— 1.
M, + M, | A Al e (gro®y
Q\Q"

\

This inequality shows that f € Lt )(Q u) and for every A > ”f”xg . we have ||f||mdx < Chax(0, pg, p;)A. Passing to the limit

max () —_

as A = || fllxo +0, we arrive at (3.33). 0

sum

3.6 | Continuous embedding X° (Q,u) & LI Q. u)

Lemma 3.5. Let (Q, 1) be a complete o-finite measure space. For 6 € (0 1) and pj( ) € P(Q, u), j = 0,1, let the variable
exponent py(-) € P(, u) be defined by (I-3) and the Calderén product X? (€, u) be defined by 33). If f € X’ (L, ), then
/€ L@, p) and

sum

17150 < Cs(ﬁr)n(g’l’071’1)||f||xgum’ (3.44)
where C).(0, py» py) is defined by (T.T0).

Proof. The proof is similar to that of Lemma. Let the constants M,, and M, be defined by (3:4). Suppose 4 > 0 is such that
lfllxe < A.Then (3:34) holds for some f; ;€ Lf{lf:)(ﬂ, ) satistying || f; ||;“?_‘) < 1 with j = 0, 1. Combining these inequalities

with (L.I), we see that for j =0, 1,

| £GP d pu(x) + il ey = 05,05 (F) < 1. (3.45)
e’
It follows from (3.10) that Q%" = Q% n Q% 1If this set has positive measure, then 1 — 8 < M, and 6 < M. In this case,

(3:47) implies that
A

L@ < MOllfO”L""(Q‘;Q"’) + M, f, ||LW(QQ<-)). (3.46)
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It follows from (3.40), (3.43)), and (3.46) that

om (L) = / iG] dueo + || L
P\ 4 A AlLe@i®
a\ei®
<M, / | fo()IP Y d u(x) + M, / /1GNP d () + Mol foll oo, + Mill AN g,

o\ o\

=M,0,"\(fo) + M0,'"\(/1) < My + M. (3.47)
The definitions in (T.T0) and (3:4) imply that

Cir (0, po, p1) = My + M. (3.48)

Lemma a) yields C).(6. py. p;) > 1. Hence, taking into account (3.47) and (3.48), we get

sum 1 Sum
"}w( @ 4 >5 M+ M. 0 <§> =1
Coum(€, Py, P 0 1

sum

This inequality shows that f € Lf{jt(r'l)(Q, w) and for every A > || f||yo , we have || f ||:“?_1) < cs(ﬁr)n(e, Do» P1)A. Passing to the limit
sum (4
as A — || fllye +0,we arrive at (3.44). O

3.7 | Proof of Theorem [1.3(a),(c)

Let the variable exponents p,(-) and g,(-) be defined by (T-3)). Consider the Calderén products

0 1-6 0
X @ = (Li@w) (L)

vo @ = (L0@w)  (Ld@w) . Y@= () (Len)
max max > max ’ sum \= = sum > sum >

Let f € Lﬁf;() Q,u) = ngf,‘f(sz, #) (we understand the latter equality as equality of sets). By Lemmas and

0 (PO 0o
Xmax(Q’ M) L Lmax (Qs l’l) Lmax (Q’ M)

4 4
9 .

1f e < AT, (3.49)
I llxo < Clon(@. pos POILIE (3.50)
It is well known that L”\(Q, u), L, ), LY@, 1), and L") (©, 1) have the Fatou property for j = 0, 1. Then it follows
from [[18, Theorem 3.11] that
1T llyg, < WT Mg, v I Wxg,, S NTW G o IT 00 oo T, s (3.51)
I llvg, < 0T e Il SITIE o ITHS ol e (3.52)
In view of Lemmas [3.4]and [3.3] we have |
IT £ < Cooa @, o> a)IT f N1y (3.53)
IT LI < C2, 0. 4o apIT Sy - (3.54)

Combining (3.49), (3:51), and (3.33)), we get

1-6 4
TSI < Conan @y a) IS, T,

max > Lmax max L

which completes the proof of part (a). Similarly, gathering (3:30), (3:32)), and (3.54)), we obtain

1 2 1-6 (4 S
”Tf”sum < Cs(m)n(67p0’p])cs(m)n(67 410, ql)“T”Lpo(.) qO(.)“T”Lpl(»)_)qu(-)”f”;zr(r,‘)’

(Ol
%() sum > Lsam sum

ao SIS

‘max

which completes the proof of part (c). O



Oleksiy Karlovych AND Eugene Shargorodsky

15

4 | THE INTERPOLATION CONSTANT IN THEOREM 1.3 IS OPTIMAL IN SOME CASES

4.1 | Sharpness of the constant C_ (6, q,, q,) in Theorem[1.3(a)

The following result implies that the constant C,,,,, (6, gy, ¢,) in Theorem a) can be attained even if p;(-) = ¢;(-) for j =0, 1.

Theorem 4.1. Let the underlying measure space be the interval (—1, 1) with the standard Lebesgue measure. Forevery 6 € (0, 1)

and every constant

1 1
> - =
p—max{l—e’e}’
there exist variable exponents
p;() 1 (=1,1) > [l,00], j=0,1,

such that

PR CR)

1_1-60,_ 60 x e (=1,1),

and the rank-one linear operator

1
(Kf)(x):z/f(t)dt, x€e(-1,1)
0

satisfies the following conditions

; 1
||K||L:;/;;>—>Lfn’;x') =1, j=01 |Kllp_p=2 /P,

( ) . (l_e)pv xe(_l’o]v ( ) . 0, xe(_lso]’
X) .= X) .=
Po 00, x €(0,1), P 0p, x€(0,1).

Proof. Let

Then @.I)) holds.
Suppose f € L'(~1,1) and

1
A :=/|f(t)|dt.
0

‘ (K f)(x)
A

Then
<1

, xe(=1L1).

If f € L7%Y(=1,1), then

max

0

AP =inf S pu >0 : max</’&
u

<1

(1-6)p
dx, £
po() H

. L>(0,1)

L

. f
Zlnf{ﬂ>0 . H_ S 1 = ”f”Loo(O’]) Z ”f”Ll(()’]):/l-
HllL=©,1)

Taking into account (4.3), we get
0 i) 0
K I K
o (K f /4) = max / (K/)x) dx, H—f < max /l(l‘e)pdx, Il ooy ¢ < 1
0 i i L(0,1)

-1 -1

©)
It follows from (@3)-@.3) that for f € L{%/(~1,1),

KT < 2 < LA

.. . )
Similarly, if f € L?,’(~1,1), then

1

[1
L°°(—l,0)’ J H

op

A 1™ =inf < g >0 : max dx ¢y <1

1210)

‘ !
7

4.1)

4.2)

4.3)

4.4)

4.5)

(4.6)
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I
. [
2infqpu >0 : /’— dx < 1e=|fllgwony Z 1/ Iy = A 4.7)
0
It follows from (4.3) that
1 . 1
max Kf (KH)|*
p‘z)(Kf//l) max ‘— / . <max < [l Lo-1.0)s 1%dx s = 1. 4.8)
L=(-1,0)
0 0
Combining @3) and @7)—@3), we get for f € L (=1,1),
max max
KA < A < 1A 4.9)
It follows from (@.6) and (#.9) that
KN oo < 1,0 j = 0,1 (4.10)
On the other hand, for f = X(0.1)> One has
1A 150 = inf{u>0 : Hl < 1} =1, (4.11)
HllL=,1)

dx <lg=1. 4.12)

1 L
/P = inf >0 : /‘—
) H

Further, K f =1 and for u > 0,

(1-6)p
(ks i =max [ |2} = max {00771},
P U HllLe,1)
1
1 1%
m?")(Kf/,u) max 3 H— ,/'— dx =max{,u_l,y_‘9”}.
P Ml Lo (=1,0) H
0
Therefore
IK SIS = inf{u>0 1 o (Kf/u)< 1) =inf{u>0 : w0 <1y =1, (4.13)
||Kf|;’zf‘) =inf{u >0 : E‘i")(Kf/y) <l}=inf{u>0 : y<1}=1. (4.14)
It follows from @11)—@-14) that
”K”LP/‘(')_)LP/H =21, j=0L (4.15)
Combining (.10) and @.13)), we see that
KN, o mo =1, j=0,1. (4.16)
It is easy to see that if f € LP(—1, 1), then
1 1 p 1/p 1 1 1/p 1 1/p

IK £, = / / Fydi| dax| =2 / Fydi| <21 / o] <2 / F@Pd| =277,
0 0 0 -1

-1

whence
WK o < 277 (4.17)

On other hand, we have for f = X0.1)
171, =1, (KA =1, xe(-11, [Kf],=2""

So,
WKl oo > 2177, (4.18)
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Thus
WKW oo =277, (4.19)

which completes the proof of [@2). O

It follows from Lemmaand Theoremthat for p;(),j =0, 1, and p as in Theorem one has C(6, py,p;) =27 > 1
and

— 1-6 [
||K||LP—>LP - C(avpo’pl)”K”Lpo(-) Lpo(») ”K”L,;‘l(»)_)Lpl(.)’

that is, the interpolation inequality in Theorem[I.3a) becomes an equality.

‘max max

Remark 4.2. The direct elementary proofs of (#.13)) and (#.17) given above can be substituted with the following shorter but
indirect argument. It follows from @18}, Theorem [I.3[a),(b), and (@.10) that

1 1 1-6 (4 1 1-616 1
217 <Kl orp < 2VKIES, KN, <2710 =210

max > Hmax max ‘max

Hence all the above non-strict inequalities are in fact equalities, and @.16)), @.19) hold.

4.2 | Proof of Theorem 1.4

We can assume without loss of generality that € < 2. Choose 6 € (0, 1) such that

£ f3 €
1——)1+5 <1, (1——)1—51—‘/'21——, 420
(1-5)a+s S)a-s : (4.20)
and then choose
q>r 4.21)
such that g # 2r and
€ € gmin{1-6,6}
(1—5)(1+5)+<1—§) <1 (4.22)
Let
. qr
pi= .
q-r
Then
1 1 1
rp g
Define the variable exponents
(1 - 9)]’9 X € (_15 _5]7 9q, X € (_1’ _5]’
-1 -1
Po(x) 1=13(1-0) <ux+ M) . x€(=8,8), p(x):=30 <ux+ M) , x€(=6,8), (424
26pq 2pq 26pq 2pq
(1-06)q, x €[s,1), Op, x €[s, ).

Taking into account the equality in (£.23), an easy calculation shows that the variable exponents defined by [@:24) satisfy (T.13).
It is easy to see that there exists ¢ € (0, o) such that
dp;(x) dp;(x)
dx dx

<c¢ forall xe€(-6,6), j=0,1,

)

Hence p,(-) and p, (-) are Lipschitz continuous on (—1, 1) and monotone on [—6, 6]. Taking into account the latter observation,

we easily get from (T.11), (#.21) and @23)—(@#24)) that for all x € (-1, 1),

1 <(1-=60)min{p,q} < py(x) £ (1 —O)max{p,q} < oo, 1<Omin{p,q} < p;(x)<Omax{p,q} < .

These inequalities immediately imply (T:12).
Let A be the rank-one operator defined for f € L'(~1, 1) by

1
(Af)(x) 1=/f(t)dt, xe (=L,
o
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and let .
1 _ e\
,1._(1 3) /|f(t)|a’t.
)

Then 4
‘L/l)(x) sl—%, x € (=1,1). (4.25)

Taking into account (#.24), @23), @#22) and (T.12), we get for all f € L7V (-1, 1),

) 1 5 1
A X Po(x) A x (1-0)q po(x) (1 0)q
gp(A)(Af//l)=/ (47)C0) dx+/ (47)0) dxg/<1—— dx+/ dx
(i A A

- -1 )

) 1

qmin{l—G,@} £ gmin{1-6,6}
< 1—— dx + dx<<1——)(1+5)+( 3) <1

-1 1)

Hence, for all f € L0 (-1, 1),

_1_ 1——1
(1-0)q 1 (1-0)q

1 1
—1 -1
14flo <4=(1-5)" [1reax<(1-5) /If(x)l““”qu [
3

1)

1 1
. (- 9>q - o)

5(1_5) inf{z>0 / ) x<1 5(1_£> inf T>o:/f(x) x<1

3 3 T

5 4

el

=(1-%) 1fl,0r (4.26)
Similarly, taking into account (#.24), @#.23)), (#-22)), and (T:12), we deduce for f € L")(~1, 1) that

-6 1

pl(x}dxﬁ/(l—%)equ+/(1—§>p](X)dx

-1 -6

_6 1
A bq A
raArti= [ |50 axs [ 4500
_1 _5

-5 1

£ \ amin{1-0.0) £\ amin{1-6.0)
s/(1—§> dx+/<l—§>dx<<l—§) (1——)(1+5)<1

—1 -6
Therefore, for all f € LP)(—1, 1),

1
o 1 op

IIAfII,,()</1— /If(X)Idx< /If(x)lg”dx /dx

)
1 p 1
e\ L. f(x)|7" e\ L.
<(1-% : Ela) <1y<(1-% :
_(1 3) infdz>0 /‘ dx <1 _(1 3) infdz>0
1)
-1
E
s(1-§> 11 (4.27)

It follows (@.26)—@.27) that

py(x)

f(x)

T

x<1

-1
WAl Ljor prier < (1 - %) , Jj=0,1 (4.28)
On the other hand, we have for f = 15,11
I, =0 =8, AN =1-6 xe (=11, [Af],=(1-382"".

So,
NAll oy > (1 =812l (4.29)
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Finally, let
B:=(1-5)a
Then it follows from (@.28)-@.29) and the second inequality in (#.20) that

||B”LP/(')_>LP/(') < 1, J = 0’ 1,

and
1Bl prpr = <1 - %) (1 =)' "Vrl/r > <1 _ %) 2/r s ollr g,
which completes the proof of (I1.14). -

S | INTERPOLATION ESTIMATES FOR THE HARDY-LITTLEWOOD MAXIMAL
OPERATOR ON VARIABLE LEBESGUE SPACES

One says that that (€2, d) is a quasimetric space if d : Q X Q — [0, o) satisfies the following axioms:
(1) d(x,y) =0if and only if x = y;
) d(x,y)=d(y,x) forall x,y € Q;
3) d(x,y) < A(d(x,z) + d(y, z)) for all x, y, z € Q and some constant A > 1.

For x € Q and r > 0, consider the ball B(x,r) := {y € Q : d(x,y) < r}. Let Q be a quasimetric space with a distance function
d and a measure u such that 0 < u(B) < oo for any ball B C Q. In this case, the triple (€2, d, u) will be called a quasimetric
measure space.

For f € LIIOC(Q, u), the Hardy-Littlewood maximal operator is defined by

. 1
(M)C0 = sup

/ [f D] du(y),
B

where the supremum is taken over all balls B containing x.

By B,,(£2) we denote the set of all variable exponents p(:) € P(L2, i) such that the Hardy-Littlewood maximal operator M is
bounded on the variable Lebesgue space LPO(Q, p). In view of [l Theorem 1.7], the set B () 1s nontrivial, that is, it contains
nonconstant elements. It was shown by Diening, Histo, and Nekvinda [[7, Corollary 2.5] that the set

RoR?) 1= {1/p() : p() € By(RY), 1 <p_ < p, < oo}

is convex. Further, Cruz-Uribe [4} Corollary 3] (see also [Sl Theorems 3.36 and 3.38]) proved that if Q is an open set in R4,
then the set

R(Q) :={1/p() : p() € By (Q)}
is convex. More precisely, his result reads as follows.

Theorem 5.1. Let Q be an open set in R?. If p ;(+) € By (Q) for j =0, 1, then for every 6 € (0, 1) the variable exponent py(-)
defined by (I.3) belongs to BB,,(£2) and
Moo s < O6IMITSE o IM° (5.1)

L =L L L

Note that inequality (5.1 is stated in [4] with the constant 48, which seems to be a typo. This result was obtained as a
consequence of the pointwise inequality

T, fl <Mf <2T/|f], (5.2)

where each T/ is a linear integral operator with a positive kernel (see [6]). On the other hand, it was shown in [4, Theorem 1]

that if T is a linear integral operator with a positive kernel that satisfies ||T f ||;t‘?_‘) <B|lf ||;E‘E‘f) forj=0,1andall f € Lf{,ﬁ;f(g)

with B; independent of f, then

ITFI50 < 488y BYILS I

It seems that it might not be entirely trivial to extend the proof of [4] from the Euclidean setting to the setting of quasimetric

measure spaces as one would need an analogue of (5.2) for the latter. Nevertheless, the following extension and refinement of

Theorem [3.1lis true.
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Theorem 5.2. Let (€, d, ) be a quasimetric measure space. If p;(-) € B),(€) for j = 0, 1, then for every 6 € (0, 1) the variable
exponent p,(-) defined by (T.3) belongs to 3,,(€2) and

1-6 0
”M”Lﬁﬁ&)_’qﬁy < Cmax(e’ Po» p])”Ml Li&();)_)Lﬁ)a();) ”M“LQ;;)_)LQA(;)’ (53)
1-60 0
”M”ng];)_)ng[:) < Csum(a’pO’pl’pO?I’l)llM”Lm(»)_)Lpg(d ”M”LPI(')_)LPI(‘)’ (5.4)

sum sum sum sum

where the constants C,,,,, (0, py. p;) and Cg,,(0, po, Py Py, p;) are defined by (I.6) and (I.8)-(T.10), respectively.
Proof. The idea of the proof is borrowed from [15, Theorem 15.13]. Consider the Calderén products
0 ) 0o e n0) 0o
X0 @ = (L) (ten), x@un:=(tew) (thhen)

Suppose that f € Lﬁf;()(Q, u) = L ”(')(Q, u#) (we understand the latter equality as equality of sets). By Lemmas and

sum

fext Qu=Xx% (Q,u),and

[4

max sum
I lxe, < I (5.5)
1fllxe < C:Ll,;,(H,Po,P1)||f||;:?.])- (5.6)

Then (5.3) implies that
|F1 < ALfol 01 A11° (5.7)

p;0)
for some 4 > 0 and f; € Ly,

@(s,1) = s'7%% and inequality (5.7) that
Mf < AM(fol"01£11%) < AM f)' (M £))°. (5.8)

(Q, ) with || ;1 gj“(“‘) < land j = 0,1. It follows from [16, Lemma 1 and Remark 2] with

For j =0, 1, we denote

max .__ sum . __ . maxy—1
L7 = llM”Lﬂ{;:—»Lgﬁ:’ L = ”M”Lf.f,(,;)—’Lf.fr(r;)’ g =WUM™) T Mf;.

Then (3.8) implies that
Mf < A(LG™go) O (LT™g))" = (Lg™)' (L7 Agy sy (5.9

Since ||gj||;;“(‘f‘) < ||fj||;‘;“(‘?‘) < 1for j =0, 1, inequality (5.9) implies that M f € Xgm(ﬂ, 1) and

1M fllxg, < LSS g, (510
Similarly to (3.10), we get

1M Fllxs,, < (L™ @™ N, .11)
In view if Lemmas 3.4]and[3.3] we have

IM NG < Crnax 6 por POIM flixo (5.12)

IMAIES < €20, poe pIIM Fll s - (5.13)

Combining (3.3)), (5.10), and (5.12), we obtain
M IR < Cruax (8. Pos O™ (LTSN F IS
which immediately implies (3.3). Similarly, gathering (3.6)), (5.11)), and (5.13), we get
1M A1 < CG (@ po- POCn (8- o POLG™ (LTI L 1T

which yields (5-4). O

We emphasize that Theorems [5.2] and [T.3[d) imply that one can substitute the constant 96 in (3.I) by the constant
Com(@, py, P1» Py, Py) bounded by 4.
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