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„ “
‘The single biggest problem in communication is the illusion that

it has taken place.’ (George Bernard Shaw)
”
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Abstract

Wireless networks have become so intrinsically linked with our daily lives to the point
it is expected to be always available at any time and place, with high data rates. Due to
services such as two factor authentication and remote working, a connectivity problem can
severely impact individual productivity, not to mention the potential industrial impacts.

To achieve this level of connectivity and speed, many manufacturers compromise on
the efficiency and cost of the hardware. In fact, Wi-Fi devices have been known to consume
significant power due to the transmission scheme chosen in the protocol, which precludes
the usage of saturated power amplifiers. Another challenge lies in the non-ideal nature of
the hardware. Manufacturing hardware that operates closer to an ideal transceiver can
be significantly more expensive or even impossible. Therefore, there is a large research
interest into Digital Signal Processing (DSP) techniques that can provide benefits while
still using cheap and efficient hardware.

In this thesis the author proposes nonlinear detection techniques that can cope with
hardware impairments in the transmitter, or, in the limit, use these effects to achieve a better
communication. Since in the current age it is impossible to ignore the security aspects of
communication systems, this thesis also presents a study on how these techniques behave
in the presence of malicious eavesdroppers.

Keywords: Nonlinear effects, Physical Layer Security, Hybrid Automatic Repeat Request
(HARQ)
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Resumo

As redes sem fios tornaram-se tão intrinsecamente ligadas às nossas vidas diárias ao ponto
de se esperar que estejam sempre disponíveis em qualquer momento e lugar, com elevadas
velocidades. Devido a serviços como autenticação de dois fatores e trabalho remoto, um
problema de conectividade pode afetar severamente a produtividade individual, sem
considerar os impactos industriais.

Para alcançar este nível de conectividade e velocidade, muitos fabricantes compro-
metem a eficiência e custo do hardware. De facto, dispositivos Wi-Fi são conhecidos por
consumir uma quantidade significativa de energia devido ao esquema de transmissão
escolhido no protocolo, o que impede o uso de amplificadores de potência saturados.
Outro desafio reside na natureza não ideal do hardware. Fabricar hardware que opere
mais próximo de um transceptor ideal pode ser significativamente mais caro ou até mesmo
impossível. Portanto, existe um grande interesse de pesquisa em técnicas de Processa-
mento Digital de Sinais (DSP) que possam fornecer benefícios enquanto utilizam hardware
barato e eficiente.

Nesta tese, o autor propõe técnicas de detecção não lineares que podem lidar com
imperfeições no hardware do transmissor ou, no limite, utilizar esses efeitos para alcançar
uma comunicação melhor. Uma vez que na era atual é impossível ignorar o aspecto
de segurança de um sistema de comunicação, o autor analisa como estas técnicas se
comportam na presença de ouvintes maliciosos.

Palavras-chave: Efeitos não-lineares, Segurança no nível físico, Hybrid Automatic Repeat
Request (HARQ)
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1

Introduction

Wireless communications devices have created a lasting impact in our society and daily
lives. As the world enter the third decade of the 21st century, the numberof Internet capable
devices owned per household continues to steadily increase in developed countries, as
new wearable devices and smart home appliances are launched. It is through wireless
communications that connecting these devices to the Internet becomes practical, or even
feasible for small form factor devices. The wide diversity of applications for these wireless
devices and fierce competition between manufacturers have increased the demand for
better optimised wireless protocols and hardware. These demands have lead to the
development of several wireless standards, such as 5th Generation (5G) [2] and 802.11ax
[3], and continue to be a driving force for innovation in wireless communications.

Although different standards are suited for different scenarios, and are therefore
designed to maximise different parameters, the power consumption of the hardware has
always been a concern. This is particularly important for mobile devices due to their
limited battery capacity. In devices that are not practical to be charged every day, such
as long distance sensors, the battery drain must be kept to an absolute minimum, which
as lead to the development of very low power wireless communication standards such
as LoRaWan and Zigbee [4]. This power efficiency generally comes at the cost of a much
lower maximum data throughput, which limits the amount of data these devices can
transmit reliably.

The inverse of this trade-off is present in 5G and Wi-Fi systems, where the high data
rates are obtained by sacrificing power efficiency. The impact on the battery duration
is reduced by employing bigger batteries, and fast charging schemes to make charging
the device more practical. However, the sheer number of these devices, as well as the
infrastructure supporting it in the case of 5G, result in a very large energy footprint. These
factors have become the main driving force behind research into power efficient wireless
communication technology.

Hardware cost is another large concern when designing wireless systems. The Radio
Frequency (RF) chain is comprised of several individual components which have non
ideal behaviour. In general, less ideal hardware is cheaper and more power efficient,
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though they introduce undesirable effects in the communication. For this reason, there is
significant research being done to design wireless systems that can function with cheap
and efficient components.

Security has always been a concern in the telecommunications sector, due to the sensi-
tive information that is often transmitted, whether in wired or wireless communications.
In the case of wireless communications, however, there is an additional security concern
of eavesdropping, where a malicious user tries to decode a transmission meant for another
user. In such a scenario there is an inherent security flaw that is usually compensated
with upper layer security schemes such as cryptographic encoding. However, this security
may fail if the eavesdropper has access to private keys or very powerful computation
capabilities.

For this reason, techniques that resist eavesdropping at the physical level, so called
Physical Layer Security (PLS) schemes, are being extensively investigated. With an ideal
technique, an eavesdropper would not be able to obtain any part of the transmitted signal,
rendering it impossible to obtain the information being sent. There are several different
approaches to PLS techniques, with a common approach being minimising the power
that is received by the eavesdropper through beamforming [5].

A user access scheme that has gained traction is Non-Orthogonal Multiple Access
(NOMA), which combines different user signals in a non-orthogonal fashion, such as in
the time-domain [6]. In this type of scheme, security is a concern since an eavesdropper
might have natural access to the signals transmitted over the air.

1.1 Motivation

The products and services made possible by digital communication have become insepa-
rable from our current society. Such as the convenience offered by wireless mobile devices
that provide an accessible method to access all the benefits of an Internet connection, in
addition to the standard voice call and text messaging features. The reliability and data
rates of modern wireless system have led to the development of innovative solutions in
industrial, medical and even emergency applications.

This fact means that service failures and security breaches are more damaging than ever.
In fact, mobile phone numbers are widely used as a part of Multi-Factor Authentication
(MFA) in government and banking systems. An exploitable security flaw that permits a
malicious user to impersonate someone else in the mobile network could lead to serious
and irreversible damage to the affected users. Ensuring the maximum level of security is
therefore desirable, which is particularly difficult to achieve in wireless systems due to
the broadcast nature of the communication. Any wireless malicious user can receive and
transmit signals to a legitimate system, opening up the possibility for a security failure at
the Physical (PHY) layer.

As wireless systems become faster and more complex, the necessary power to operate
the system also increases. In fact, the power consumed by the radio infrastructure can

2



1.2. RESEARCH QUESTION AND HYPOTHESIS

represent up to 80% of the total network operation cost [7]. This has lead to power efficiency
becoming a crucial concern of 5G and 6G systems [8]. One of the key aspects that greatly
increase power consumption is the Power Amplifier (PA) backoff, which is when a PA
is set to operate below saturation to ensure linearity. The amount of backoff is usually
expressed as dBs below the saturation input power. If the backoff is not sufficient then
the amplified signal will be nonlinearly distorted, resulting in in-band interference and
Out-of-Band (OOB) emissions. To avoid this effect, the PA’s backoff must be enough to
accommodate the input signal’s PAPR, which for high data rate systems is typically large.

There are also other sources of nonlinearities in wireless transceivers, such as low
resolution Digital-to-Analog Converters (DACs)/Analog-to-Digital Converter (ADC) and
Phase Noise (PN), which although may not have such a big impact on the power consumed,
can lead to a significant degradation of the signal quality. These effects can be extremely
detrimental for very high data rate systems.

The problem considered for this thesis is therefore divided into two parts, security
and efficiency in wireless communication systems.

1.2 Research Question and Hypothesis

The challenges identified in the previous section have many proposed solutions, involving
techniques at various points of the radio chains. In this thesis the author will look into
making use of the physical characteristics of the RF chain to increase the security and
efficiency of the system. For the security aspect this is commonly known as PLS, and is
essential to solve the problems associated with malicious users in the wireless channel.

Instead of decreasing the impact of the nonlinear effects that arise from the radio chain,
the author will seek to use these effects to improve system performance.

This PhD thesis therefore addressed the following research question: "Can the non-
ideal physical characteristics associated with a wireless communication be used to improve
the efficiency and security of the communication?".

The hypothesis that will be investigated by this thesis will be whether the hardware
and channel characteristics can be used to improve security and performance. The channel
propagation characteristics in Multiple Input, Multiple Output (MIMO) systems can be
leveraged to achieve PLS, even for NOMA schemes that require transmitting partial keys.
Although these schemes require low correlation between MIMO streams, it was shown
that even in scenarios with non-ideal propagation conditions, the PLS aspect of Singular
Value Decomposition (SVD) schemes is still sufficient to ensure confidentiality.

The reliability of wireless communication is heavily dependent on the quality of the
wireless link. If this quality is degraded, then retransmission schemes such as Automatic
Repeat Request (ARQ) are employed to salvage the communication. Although in an
ideal system, there would be no need for retransmissions, this could come at a significant
hardware and energy cost. Therefore, retransmission schemes should be improved to
better perform in non-ideal scenarios. The use of concatenated Low-Density Parity-Check
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(LDPC) codes was proposed as an alternative to code puncturing that can be scaled up
using large parity matrices.

The nonlinear behaviour of RF hardware can be accurately modelled using appropriate
definitions. These models were used to develop and test different algorithms that can cope
with the distortion in the signal. The use of Bussgang Noise Cancelling (BNC) to reduce
nonlinear distortion for Single Carrier (SC) and Multi Carrier (MC) systems was shown
to be effective, at a relatively low complexity. For stronger nonlinear effects, Generalized
Approximate Message Passing (GAMP) and GTurbo were found to be better options over
BNC, though at a cost of higher complexity. A novel use case of nonlinear GAMP was
proposed for scenarios with low-resolution ADCs, to achieve excellent performance over
conventional receivers. Also, a novel ARQ scheme was developed that makes use of
nonlinear clipping operations to improve retransmission reliability and efficiency.

1.3 Contributions

The main contributions of this thesis are the receiver algorithms developed for wireless
systems with nonideal physical characteristics. Additionally, multiple applications were
developed that benefit from the enhanced wireless reception algorithms. The work in this
thesis was published in the following research papers.

• "On the physical layer security characteristics for MIMO-SVD techniques for SC-FDE
schemes", published in MDPI Sensors, 2019 [9];

• "Iterative frequency-domain detection and compensation of nonlinear distortion
effects for MIMO systems", published in Elsevier Physical Communication, 2019
[10];

• "A physical layer security technique for NOMA systems with MIMO SC-FDE
schemes", published in MDPI Electronics, 2020 [11];

• "Physical Layer Security for High Data Rate Communications in the CathLab Envi-
ronment", presented in IEEE VTC2021-Fall, 2021 [12];

• "A Scalable LDPC Coding Scheme for Adaptive HARQ Techniques", presented in
IEEE VTC2022-Spring, 2022 [13];

• "A Software Defined Radio Implementation of Physical Layer Security Using MIMO-
SVD", presented in YEF-ECE, 2022 [14];

• "LDPC assisted GAMP for PAPR reduction in Super-QAM OFDM", presented in
ICFSP, 2023 [15];

• "Receiver Design for OFDM Schemes With Low-Resolution ADCs", published in
IEEE Open Journal of Vehicular Technology, 2024 [16];
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• "Nonlinearity-Aided Hybrid ARQ for Satellite Communications", presented in
VTC2024-Fall, 2024 [17].

Additionally, a papers was submitted to IEEE Transactions on Communication, which is
still awaiting decision. A patent entitled "A method and an apparatus for physical layer
in NOMA based wireless communication systems" was registered and published with
number WO2021154106A1.

The author of this thesis also collaborated in other research work that was not included
in this thesis. The following publications were the result of this collaboration.

• "Increasing reliability on UAV fading scenarios", published in IEEE Access, 2022
[18];

• "A Least Squares Approach for Estimating Non-linearity Parameters for OFDM
Signals with Bussgang Receivers", presented in VTC2023-Spring, 2023 [19];

• "Quasi-Optimum Detection of Nonlinear OFDM: Performance Bounds and Receiver
Design", published in IEEE Transactions on Communications, 2024 [20].

1.4 Outline

This thesis is organized into five chapters. Chapter 2 contains an extensive literature review
of wireless transmission systems. It includes the system characterization that serves as a
basis for the proposed systems. The impact of non-ideal hardware is characterized, and
several solutions already present in the literature are reviewed. The chapter also defines
PLS, and how it can be quantified for comparison between different systems. It ends with
a brief introduction to Software Defined Radio (SDR) prototyping based on GNURadio.

Chapter 3 provides a basis for the proposed wireless communication systems. It begins
by defining novel BNC and power-domain NOMA schemes for SC systems. For MC, the
novel nonlinear GAMP and GTurbo receivers that can handle severe nonlinear distortion
are characterized. This characterization is further extended for scenarios using Forward
Error Correction (FEC), such as LDPC coding.

Chapter 4 presents several applications where the algorithms from Chapter 3 are shown
to exhibit performance improvements relatively to existing approaches. The performance
of these applications is measured in terms of Bit Error Rate (BER)/Packet Error Rate (PER),
and Secrecy Rate (SR) for PLS scenarios.

Chapter 5 concludes the thesis, summarizes the main findings, and discloses future
work prospects.
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2

Literature Review

2.1 Introduction

This chapter presents a comprehensive review on the state-of-art of wireless communica-
tions research and identify the knowledge gaps that currently exist in this field.

2.2 Digital Communication

In information theory, any digital communication system can be characterised by the
following block elements:

• Information Source - The physical element that is producing the information to be
transmitted

• Source Encoder - Encodes the information source into a digital word.

• Channel Encoder - Converts the digital word into a signal that can be sent over the
channel.

• Channel - The physical element that connects the transmitter and the receiver, which
can be wired or wireless.

• Channel Decoder - Decodes the received signal back into information bits.

• Source Decoder - Decodes the information bits back into the original information.

• Receiver - The intended target for the information.

If the channel is noiseless and the source encoding is lossless, then the information that
was sent from the information source will arrive without errors at the receiver. However,
since there are no noiseless electronic circuits, the channel will contain a certain level of
noise, which will create errors in the information. This analysis considers lossless source
coding and will therefore focus only on channel coding.
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Let us define the digital output of the source encoder, which is a stream of information
bits, as 𝑝(𝑡), for a particular time 𝑡. The channel encoder will then encode this word into a
stream of symbols, 𝑠(𝑡), defined as

𝑠(𝑡) = Enc
(
𝑝(𝑡)

)
. (2.1)

For simplicity, it is assumed that an encoded symbol represents only one information bit,
although, it can represent several information bits, depending on the choice of encoding.
The encoder can also be thought of as a codebook that maps all 𝑀 possible values of 𝑝(𝑡)
into a unique 𝑠(𝑡). The resulting symbols are then sent through the physical channel, F(·),
defined as

𝑥(𝑡) = F(𝑠(𝑡)), (2.2)

where 𝑥(𝑡) is the signal arriving at the channel decoder. The decoding of the incoming
signal is defined as

𝑝(𝑡) = Dec (𝑥(𝑡)) . (2.3)

It can be concluded that the channel decoder must be adapted to take into account how the
physical channel affects the transmitted symbols. How the channel affects the symbols will
depend on the physical medium used in the communication, and can be approximated
using appropriate channel models. Let us consider a channel function that simply adds a
noise 𝑛(𝑡) to the incoming symbols. The expression in (2.2) can be rewritten as

𝑥(𝑡) = 𝑠(𝑡) + 𝑛(𝑡). (2.4)

If the noise is independent of the input symbols, and is characterized by a Gaussian
distribution with variance 𝜎2

𝑁
, then this channel model is known as Additive White

Gaussian Noise (AWGN). Under this model, the received symbol 𝑥(𝑡) can assume any
value with a certain probability, including other possible values of 𝑠(𝑡). The difference
between the received and transmitted symbols can be seen as the distance between the
two symbols, which will be equal to the noise at time 𝑡, and is written as

𝑛(𝑡) = 𝑥(𝑡) − 𝑠(𝑡). (2.5)

Since 𝑥(𝑡)may not be equal to any of the possible transmitted symbols, the channel decoder
must decide which symbol was most likely transmitted, from the set of𝑀 possible symbols
s𝑠𝑦𝑚 . For the AWGN channel model, it follows that the most likely transmitted symbol is
the symbol that is closest to the received symbol. The estimated symbol 𝑠(𝑡) is the symbol
that is closest to 𝑥(𝑡), which satisfies

𝑠(𝑡) = min
(
s𝑠𝑦𝑚 − 𝑥(𝑡)

)
, (2.6)

where 𝑠(𝑡) is the decoded symbol estimate, which is the symbol in s𝑠𝑦𝑚 that minimises
the equation. This leads to a decoded information word defined as

𝑝̃(𝑡) = Dec (𝑠(𝑡)) . (2.7)
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In this channel decoder it is plain to see that there is a probability that 𝑠(𝑡)will be incorrectly
decoded, resulting in 𝑝̃(𝑡) ≠ 𝑝(𝑡). It is easy to deduce that 𝑠(𝑡) will be incorrectly decided
when

𝑛(𝑡) >
min

(
s𝑠𝑦𝑚 − 𝑠(𝑡)

)
2 , ∀𝑠(𝑡). (2.8)

Such an error can be said to occur with a probability 𝑝𝑒(𝑚), for the symbol 𝑠𝑠𝑦𝑚(𝑚), which
depends on the characteristics of the chosen channel coder. The system’s error rate, 𝑃𝑒 ,
can be obtained by taking the average of all the individual 𝑝𝑒 , weighted by the probability
of each symbol being transmitted, 𝑝𝑠(𝑚), defined as

𝑃𝑒 =
1
𝑀

𝑀∑
𝑚=1

𝑝𝑒(𝑚)𝑝𝑠(𝑚). (2.9)

Therefore, the distribution of 𝑠(𝑡) will also condition the average error probability.

2.2.1 Entropy and Channel Capacity

The information rate that can be achieved for a noisy channel is, according to Shannon’s
limit [21], equal to the mutual information between 𝑠(𝑡) and 𝑥(𝑡), defined as

𝐼(𝑠, 𝑥) = 𝐻(𝑠) − 𝐻(𝑠|𝑥), (2.10)

where 𝐻(𝑠) denotes the entropy of the random variable 𝑠(𝑡), and 𝐻(𝑠|𝑥) is the conditional
entropy. This entropy is a measure of the uncertainty of a certain random variable. Let us
consider a binary encoding scheme where s𝑠𝑦𝑚 ∈ {0, 1}. The amount of information that
can be encoded using this scheme is defined as the entropy of 𝑠(𝑡) and is given by

𝐻(𝑠) = −𝑝 log2 𝑝 − (1 − 𝑝) log2(1 − 𝑝), (2.11)

where 𝑝 is the probability of 𝑠 = 1. By deriving 𝐻(𝑠), it can be deduced that the
maximum occurs for 𝑝 = 0.5, and therefore, for maximum entropy of a binary symbol
alphabet, 𝑝𝑠 = 0.5. It follows that the information rate is inversely proportional to the
conditional entropy 𝐻(𝑠|𝑥), which intuitively means that the more information about
𝑠(𝑡) is contained in 𝑥(𝑡), the more information is transmitted. At the limit it becomes
𝐻(𝑠) = 𝐻(𝑥), 𝐻(𝑠|𝑥) = 0.

Let us consider a set of symbols s𝑠𝑦𝑚 where each s is a binary valued vector, referred to
as a codeword. Shannon showed that for a noisy channel there exists a s𝑠𝑦𝑚 that maximises
(2.10), which is the maximum rate of information that can be transmitted, also referred to
as the channel capacity. Despite being proven to exist, so far there are no transmission
techniques that achieve capacity.

For an AWGN channel, the capacity can be defined analytically as

𝐶𝑐𝑎𝑝 = 𝐵 log2

(
1 + 𝜎2

𝑠

𝜎2
𝑁

)
, (2.12)
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where 𝐵 is the bandwidth and 𝜎2
𝑠 is the transmission power.

In the case of wireless channels, signal reflections can also arrive at the receiver,
sometimes at a different time instant from the main signal. This multipath propagation
might lead to fading, and is a significant challenge for any wireless application. The
capacity of the fading channel is given by

𝐶𝑐𝑎𝑝 =

∫
𝛾
𝐵 log2

(
1 + 𝛾

𝜎2
𝑁

)
𝑝(𝛾)𝑑𝛾, (2.13)

where 𝑝(𝛾) is the distribution of the channel fading effects. It is proven that this capacity
is always lower than the AWGN channel capacity [22].

In practice, it is nearly impossible to know the exact channel distribution, and as such
approximations are often used. One such approximation is to consider that the channel
follows a Rayleigh distribution, with several uncorrelated rays arriving with different
delays at the receiver. This model is often used due to its simplicity and acceptable accuracy.
Another often used model considers that the channel follows a Rician distribution, which
consists in a single highly correlated component due to Line-of-Sight (LoS) with power 𝐾,
plus a Rayleigh distributed component that models the remaining rays with power 1 − 𝐾.

2.3 Transmission Techniques

Telecommunication systems can be classified as either SC, wherein the information is sent
over a limited bandwidth at a given carrier frequency, or MC, where the bandwidth is
split into several narrowband signals, centred at the carrier frequency. In this section, a
brief characterization of both systems is presented.

2.3.1 Modulation

In order to transmit the digital bits over a physical medium, such as a wire or the vacuum,
the bits must be converted into an electromagnetic wave. This conversion is performed by
using a DAC to convert the digital bits to a baseband analogue signal, in conjunction with
an RF mixer to upconvert the signal to a carrier frequency 𝑓𝑐 . The resulting signal 𝑠(𝑡) can
be defined generically as

𝑠(𝑡) = 𝑠𝑚 cos(2𝜋 𝑓𝑐𝑡 + 𝜙𝑚), (2.14)

where 𝑠𝑚 and 𝜙𝑚 are the amplitude and phase modulation coefficients, respectively, for
the 𝑚th symbol that is mapped to a set of digital bits. The data transmission rate for this
system is given by 𝐵 log2(𝑀), where 𝐵 is the bandwidth of the baseband signal, which is
the inverse of the symbol time 𝑇𝑠 .

For 𝑀 = 2, there are mapping techniques such as Amplitude Shift Keying (ASK),
where max(𝑠(𝑡)) is either 0 or 1, 𝜙𝑚 = 0, and 𝑠𝑚 is defined as

𝑠𝑚 =

{
1, 𝑏𝑚 = 1
0, 𝑏𝑚 = 0

, (2.15)
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where 𝑏𝑚 is the 𝑚th digital bit. Alternatively, only the phase of 𝑠(𝑡) may be shifted
according to the input bits, referred to as Phase Shift Keying (PSK). In the case of 𝑀 = 2
distinct phases, this technique is known as Binary Phase Shift Keying (BPSK), 𝑠𝑚 = 1, and
𝜙𝑚 is defined as

𝜙𝑚 =

{
𝜋, 𝑏𝑚 = 1
−𝜋, 𝑏𝑚 = 0

. (2.16)

Another approach is Frequency Shift Keying (FSK), where the frequency of 𝑠(𝑡) can assume
two different values, 𝑓1 and 𝑓2, according to the value of the input bit. This relationship
can be expressed by setting 𝑠𝑚 = 1, and 𝜙𝑚 as

𝑠(𝑡) = cos(2𝜋( 𝑓𝑚)𝑡), (2.17)

where 𝑓𝑚 is the variable frequency that is mapped from the input bits, according to

𝑓𝑚 =

{
𝑓1 , 𝑏𝑚 = 1
𝑓2 , 𝑏𝑚 = 0

(2.18)

Each of these techniques can be extended for larger values of 𝑀 by simply increasing
the number of possible amplitudes, frequencies or phases for each technique, and adding
the suffix "M-ary" to the name of the technique. They can also be combined in order to
increase the number of possible symbols.

2.3.1.1 Quadrature Modulation

The data rate of a wireless system can be increased by employing a second carrier wave
that is orthogonal to the original carrier, referred to as a quadrature modulation. The
resulting signal is defined as

𝑠(𝑡) = 𝑠𝐼 cos(2𝜋 𝑓𝑐𝑡) − 𝑠𝑄 sin(2𝜋 𝑓𝑐𝑡), (2.19)

where 𝑠𝐼 , 𝑠𝑄 , are the in-phase and quadrature amplitudes, respectively. Using phasors,
the equation is rewritten as

𝑠 = 𝑠𝐼 + 𝑗𝑠𝑄 . (2.20)

Each of these symbols can be mapped independently using the techniques discussed
previously. The data rate for this type of modulation is given by 2𝐵 log2(𝑀), which is
double the data rate of non-quadrature systems.

If PSK is combined with quadrature modulation it is known as Quadrature Phase Shift
Keying (QPSK), where both the in-phase, 𝑠𝐼 , and quadrature, 𝑠𝑄 , components implement
a BPSK technique, as in (2.16).

It is also possible to combine both ASK and PSK techniques with quadrature modu-
lation into a technique known as M-ary Quadrature Amplitude Modulation (M-QAM),
where 𝑀 is the constellation’s order. As an example, the combination of a BPSK and ASK
for each of the two components results in a modulation that has 𝑀 = 16 possible symbols,
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distributed over a complex-valued constellation, otherwise known as 16-Quadrature Am-
plitude Modulation (QAM). Each increase in the size of the constellation increases the
BER at the same Signal-to-Noise-Ratio (SNR), due to a decrease in the symbol distance. It
is possible to use Monte Carlo simulations to measure the impact of the reduced symbol
distance on the BER of the system. Fig. 2.1 shows the simulated BER for various QAM
orders.
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Figure 2.1: BER as a function of the 𝐸𝑏/𝑁0 for various orders of M-QAM.

For this result, the average bit energy ratio 𝐸𝑏/𝑁0 is used as an SNR metric, where 𝐸𝑏
is the power associated to a single bit, and 𝑁0 represents the noise Power Spectral Density
(PSD). When the constellation size quadruples, the necessary 𝐸𝑏/𝑁0 also quadruples.
Therefore, higher order constellations require additional power to function properly, which
must be factored in during system design.

2.3.2 Single-Carrier

In an SC system, the complex envelope can be defined as

𝑠𝑠𝑐(𝑡) =
𝑁−1∑
𝑛=0

𝑠𝑛𝑟(𝑡 − 𝑛𝑇𝑢), (2.21)
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where 𝑠𝑛 is the 𝑛th transmitted symbol and 𝑟(𝑡) denotes the support impulse, which is
defined as

𝑟(𝑡) = 1
𝑇𝑢

sinc
(
𝑡

𝑇𝑢

)
. (2.22)

This sinc-like pulse is chosen for two reasons. The first is that it guarantees no Inter-Symbol
Interference (ISI) if it is sampled perfectly at every 𝑇𝑢 instant. The second is due to its
frequency response being

𝑅( 𝑓 ) = rect( 𝑓 𝑇𝑢), (2.23)

which maximises the occupied bandwidth.
The signal is then transmitted over a noisy channel before arriving at a receiver. The

received signal is therefore defined as

𝑦̄𝑠𝑐 = ℎ̄ ∗ 𝑠𝑠𝑐 + 𝑛̄ , (2.24)

where ∗ represents the convolution operation, ℎ̄ is the Channel Impulse Response (CIR)
and 𝑛̄ is a random noise term that follows a Gaussian distribution with variance 𝜎2

𝑁
.

The number of taps in ℎ̄ will depend on the physical characteristics of the channel. For
wireless environments, the propagation characteristics lead to a large amount of paths
with varying length between transmitter and receiver. In such an environment a single
transmitted signal may be received multiple times at different time instants, with varying
power and phase, which can in the worst scenario cancel each other out. This effect is
referred to as multipath fading. The received multipath signal with 𝐿 paths is defined as

𝑦̄𝑠𝑐(𝑡) =
𝐿∑
𝑖=0

(𝐴𝑖𝑠𝑠𝑐(𝑡 − 𝑡𝑖)) + 𝑛̄(𝑡), (2.25)

where 𝐴𝑖 and 𝑡𝑖 are amplitude and delay coefficients associated with the 𝑖th path, respec-
tively.

The original signal can be recovered by equalizing the received signal, which requires
inverting the effect of ℎ by using a filter with the inverse impulse response. The equalized
signal is defined as

𝑧̄𝑠𝑐 = 𝑓𝑠𝑐 ∗ 𝑦̄𝑠𝑐 , (2.26)

where 𝑓𝑠𝑐 is an equalization filter chosen to cancel the channel effects. This signal is then
demodulated to recover the underlying bits with a certain error rate. The conditioning
factors of the error rate are the noise power 𝜎2

𝑁
and the choice of filter 𝑓𝑠𝑐 .

2.3.2.1 Frequency Domain Equalization

The time-domain equalization presented in the previous subsection is difficult to imple-
ment, particularly for wireless channels that have long impulse responses. However, let us
consider the frequency domain counterpart of the received signal which can be obtained
using the Discrete Fourier Transform (DFT) and is written as

13
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𝑌̄𝑠𝑐 = 𝐻̄𝑆𝑠𝑐 + 𝑁̄ , (2.27)

where the upper-case letters denote the frequency domain counterparts of the correspond-
ing time domain variables. In this case, the equalization could be realised without the
need for a high complexity filter. Unfortunately, this would only be accurate for an infinite
number of samples, leading to an error proportional to the number of samples.

Alternatively, one can consider a block-based transmission scheme, where each block
contains 𝑁 time domain symbols and has a length 𝑇𝑏 , defined as

s𝑠𝑐 = [𝑠𝑠𝑐(0), 𝑠𝑠𝑐(1), ..., 𝑠𝑠𝑐(𝑁 − 1)]. (2.28)

The symbol at the 𝑛th instant within the block is referred to as 𝑠𝑠𝑐(𝑛). In this configuration,
each block will be affected by the previous blocks, according to the length of the CIR. If
a guard period of duration 𝑇𝑔 , that is larger than the CIR, is considered between block
transmissions, then each block would only be affected by replicas of itself, allowing us to
simplify the received signal as

y𝑠𝑐 = h ∗ s𝑠𝑐 + n. (2.29)

Although this simplification allows for less strict filters, it still filters with long taps.
Instead of not transmitting any signal during 𝑇𝑔 , one can transmit the last samples of the
next block, resulting in a window of 𝑇𝑔 + 𝑇𝑏 where the block is cyclical, corresponding to
𝑁𝑔 + 𝑁 samples, with 𝑁𝑔 being the number of samples in 𝑇𝑔 . The prepended sub block
is known as a Cyclic Prefix (CP). Each transmitted sample 𝑥𝑠𝑐(𝑛) can be expressed as the
branch function

𝑥𝑠𝑐(𝑛) =
{
𝑠𝑠𝑐(𝑛 + 𝑁 − 𝑁𝑔) 𝑛 < 𝑁𝑔

𝑠𝑠𝑐(𝑛) 𝑛 ≥ 𝑁𝑔

. (2.30)

If the length of the CIR is smaller than 𝑇𝑔 , then (2.29) becomes a circular convolution,
given by

y𝑠𝑐 = ℎ ⊛ s𝑠𝑐 + 𝑛. (2.31)

By taking advantage of the circular convolution, then it becomes possible to write 𝑌𝑠𝑐
for the 𝑘th normalized frequency sample, or 𝑘th subcarrier, as

𝑌𝑠𝑐(𝑘) = 𝐻(𝑘)𝑆𝑠𝑐(𝑘) + 𝑁(𝑘). (2.32)

Under these conditions, the equalization of 𝑦𝑠𝑐 can be performed in the frequency domain
by a single tap multiplication, which is significantly less complex than using a time domain
filter with several taps. The frequency domain signal can be computed efficiently by using
a Fast Fourier Transform (FFT).

The simplest equalization is defined as

𝑆̃𝑠𝑐(𝑘) =
𝑌𝑠𝑐(𝑘)
𝐻(𝑘) , (2.33)

14



2.3. TRANSMISSION TECHNIQUES

which is known as the Zero Forcing (ZF) criterion. Another equalizer that minimises
Mean Squared Error (MSE) using the Minimum Mean Square Error (MMSE) criterion is
defined as

𝑆̃𝑠𝑐(𝑘) =
𝐻∗(𝑘)𝑌𝑠𝑐(𝑘)

|𝐻(𝑘)|2 + NSR
, (2.34)

where NSR is the Noise-to-Signal-Ratio (NSR), which is the inverse of the SNR. The time
domain symbols are then obtained from 𝑆̃𝑠𝑐(𝑘) using an Inverse Fast Fourier Transform
(IFFT).

2.3.2.2 Iterative Equalization

In addition to the previously discussed advantages of Frequency Domain Equalization
(FDE), it also enables a more robust iterative equalization technique known as Iterative
Block - Decision Feedback Equalizer (IB-DFE) [23]. The equalized signal in this technique
is defined as

𝑆̃
(𝑙)
𝑠𝑐 (𝑘) = 𝐹(𝑙)(𝑘)𝑌𝑠𝑐(𝑘) − 𝐵(𝑙)(𝑘)𝑆̂(𝑙−1)

𝑠𝑐 (𝑘), (2.35)

where 𝑆̂𝑠𝑐(𝑘) is a detected symbol of the previous iteration, and 𝐹(𝑙)(𝑘) and 𝐵(𝑙)(𝑘) are the
feedforward and feedback equalization factors for the 𝑘th subcarrier and 𝑙th iteration,
respectively. The feedforward factor is defined as

𝐹(𝑙)(𝑘) = 𝐻∗(𝑘)
|𝐻(𝑘)|2 + NSR

. (2.36)

On the other hand, the feedback equalization factor is defined as

𝐵(𝑙)(𝑘) = 𝐹(𝑙)(𝑘)𝐻(𝑘) − 1. (2.37)

This technique enables significant performance gains even for a low number of equal-
ization iterations. It is even possible to improve it by utilising soft decisions in the feedback
loop. In this case, 𝑆̂𝑠𝑐(𝑘) is substituted by 𝑆̄𝑠𝑐(𝑘) in (2.35). Instead of outputting bits, the
demodulator will output reliability of each bit, expressed as a Log-likelihood Ratio (LLR).
The reliability of the 𝑚th bit at the 𝑛th symbol is given as

𝐿
(𝑖)
𝑚 ≈ 1

𝜎2
𝑖

(Re(𝑠(𝑙)𝑛 − 𝑠1
𝑛) + Im(𝑠(𝑙)𝑛 − 𝑠1

𝑛)

− Re(𝑠(𝑙)𝑛 − 𝑠0
𝑛) + Im(𝑠(𝑙)𝑛 − 𝑠0

𝑛)),
(2.38)

where 𝑠1
𝑛 and 𝑠0

𝑛 are the closest symbols to the received symbol with the bit in the 𝑚th
position set to 1 and 0, respectively, and 𝜎2

𝑖
is computed as

𝜎2
𝑖 =

1
2E

[���𝑠𝑛 − 𝑠(𝑙)𝑛 ���2] ≈ 1
2𝑁

𝑁−1∑
𝑛=0

���𝑠𝑛 − 𝑠(𝑙)𝑛 ���2 . (2.39)
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The LLRs then undergo a soft modulation that is defined according to the original
modulation. For M-QAM the soft-modulated symbols can be obtained as

Re(𝑠(𝑙)𝑛 ) =
𝜇/2∑
𝑚=1

2𝜇/2−𝑚
𝑚−1∏
𝑚′=0

tanh ©­«
𝐿
(𝑙)
(𝑛+𝑚′)

2
ª®¬ , (2.40)

and

Im(𝑠(𝑙)𝑛 ) =
𝜇/2∑
𝑚=1

2𝜇/2−𝑚
𝑚−1∏
𝑚′=0

tanh ©­«
𝐿
(𝑙)
(𝑛+𝑚′+𝜇/2)

2
ª®¬ , (2.41)

where 𝜇 = log2 𝑀. The feedforward factor 𝐹(𝑘) can also be modified to take into account
the reliability of the soft decisions as

𝐹
(𝑙)
𝑘

=
𝐻∗(𝑘)(

1 −
��𝜌(𝑙−1)

��2) |𝐻(𝑘)|2 + NSR
, (2.42)

where 𝜌(𝑙) is the reliability factor of the 𝑙th iteration, associated with the soft decisions. It
can be divided into in-phase and quadrature reliabilities, which for M-QAM are calculated
as

𝜌(𝑙)
𝑛,𝐼

=

𝜇/2∑
𝑚=1

2𝜇−2𝑚
𝑚−1∏
𝑚′=0

tanh ©­«
|𝐿(𝑙)(𝑛+𝑚′)|

2
ª®¬ , (2.43)

and

𝜌(𝑙)
𝑛,𝑄

=

𝜇/2∑
𝑚=1

2𝜇−2𝑚
𝑚−1∏
𝑚′=0

tanh ©­«
|𝐿(𝑙)(𝑛+𝑚′+𝜇/2)|

2
ª®¬ . (2.44)

The combined reliability is then given by

𝜌(𝑖) =
𝜌(𝑙)
𝑛,𝐼

+ 𝜌(𝑙)
𝑛,𝑄

4𝑁𝜎2
𝑠

, (2.45)

where 𝜎2
𝑠 is the soft decided symbol variance given by

2𝜎2
𝑠 = E[|𝑠2

𝑛|]. (2.46)

2.3.3 Multi-Carrier

In MC systems the bandwidth is divided into 𝑁 narrower signals called subcarriers,
spaced by Δ 𝑓 . The complex envelope is defined as

𝑠𝑚𝑐(𝑡) =
𝑁−1∑
𝑚=0

𝑠𝑚𝑟(𝑡) exp
(
𝑗2𝜋𝑚𝑡
𝑝𝑇𝑠

)
, (2.47)

where 𝑇𝑠 is the symbol length, and 𝑝 ≥ 1. The optimum support impulse 𝑟(𝑡) is chosen to
maximise 𝑁

𝐵 , which is equivalent to minimising Δ 𝑓 , without ISI. Therefore, the optimum
support impulse is defined as

𝑟(𝑡) = rect
(
𝑡

𝑇𝑠

)
, (2.48)
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which, in the frequency domain, is defined as

𝑅( 𝑓 ) = 1
𝑇𝑠

sinc
(
𝑓 𝑇𝑠

)
. (2.49)

The frequency domain version of the signal is expressed as

𝑆𝑚𝑐( 𝑓 ) =
𝑁
2 −1∑

𝑚=−𝑁
2

𝑆𝑚
1
𝑇𝑠

sinc
(
𝑓 𝑇𝑠 − 𝑚𝑝

)
. (2.50)

From the equation, it can be deduced that the spacing between subcarriers is defined as

Δ 𝑓 =
1
𝑝𝑇𝑠

, (2.51)

which is minimised when 𝑝 = 1. This particular case is referred to as Orthogonal Frequen-
cy-Division Multiplexing (OFDM), and is the most common MC transmission technique.

2.3.3.1 Orthogonal Frequency Division Multiplexing

An OFDM system is a block-based MC scheme where there are 𝑁 subcarriers that are
spaced the minimum distance that ensures no ISI. Each subcarrier carries a modulated
symbol, 𝑆𝑚𝑐 , of a specific modulation, such as M-QAM. The set of 𝑁 symbols forms a
vector defined as

S𝑚𝑐 = [𝑆𝑚𝑐(0), 𝑆𝑚𝑐(1), ..., 𝑆𝑚𝑐(𝑁 − 1)] . (2.52)

Before transmission, however, this vector must be converted into the time domain by
computing the Inverse Discrete Fourier Transform (IDFT), which can be achieved efficiently
by using an IFFT.

Considering noisy channel transmission, and a proper CP length, the received fre-
quency domain signal, obtained via FFT, at the 𝑘th subcarrier is given by

𝑌𝑚𝑐(𝑘) = 𝐻(𝑘)𝑆𝑚𝑐(𝑘) + 𝑁(𝑘). (2.53)

The equalization of the OFDM block can be performed using the equalizer as Single
Carrier with Frequency Domain Equalization (SC-FDE), with ZF defined as

𝑆̃𝑚𝑐(𝑘) =
𝑌𝑚𝑐(𝑘)
𝐻(𝑘) , (2.54)

and MMSE as

𝑆̃𝑚𝑐(𝑘) =
𝐻∗(𝑘)𝑌𝑚𝑐(𝑘)

|𝐻(𝑘)|2 + NSR
. (2.55)

Since in conventional OFDM there is a high correlation between the equalized signal and
the decided symbols, there is no added benefit from an iterative equalization scheme.
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2.3.4 Automatic Repeat Request

In wireless communications there is a chance that the propagation conditions change
abruptly, disrupting the communication and resulting in a failed transmission. When
this occurs, mechanisms at the PHY layer might try to retransmit the signal. This type of
retransmission scheme is referred to as ARQ, and is a widely adopted solution for many
wireless standards [24]. For simplicity, the SC and MC notation is omitted, as it can be
applied to either transmission technique. In ARQ, the 𝑟th received signal is denoted as

𝑌(𝑘, 𝑟) = 𝐻(𝑘, 𝑟)𝑆(𝑘) + 𝑁(𝑘, 𝑟), (2.56)

where 𝑆(𝑘) denotes the frequency-domain symbol or sample at the 𝑘th subcarrier, 𝑁(𝑘, 𝑟)
is an independent noise term that follows a Gaussian distribution with variance 2𝜎2

𝑁,𝑟
, and

𝐻(𝑘, 𝑟) is the CIR for the 𝑟th transmission attempt. The initial transmission is treated as
𝑟 = 0, and the maximum number of attempts is written as 𝑅𝑇 . As long as there is a chance
of successful transmission, then the transmitter can continue to retransmit until it succeeds,
or the delay exceeds what is allowed by the standard. This approach is considered less
efficient, as it discards the previously received signals. On the receiver side, it is possible
to optimize the chance of a successful reception by combining the information of all
retransmitted symbols. The combination is expressed as

𝑆̂(𝑘, 𝑟) = 𝐻(𝑘)𝐻𝑌(𝑘, 𝑟)
|𝐻(𝑘, 𝑟)|2 + NSR

+ 𝑆̃(𝑘, 𝑟 − 1), (2.57)

where 𝑆̂(𝑘, 𝑟) is the combined estimate that will be used in the decision process, for the
𝑟th retransmission attempt. If 𝑟 = 0, then 𝑆̂(𝑘, 0) = 𝑆̃(𝑘, 0), the initial received symbol. Fig.
2.2 shows the BER of an OFDM system employing ARQ in an AWGN channel. It is clear
that the performance improvement between retransmission attempts corresponds to the
energy gain, as it decreases with each successive attempt due to all transmissions having
the same power. From these results it is possible to determine how many retransmissions
are necessary to achieve a certain BER, if the 𝐸𝑏/𝑁0 suddenly worsens.

Instead of retransmitting the same information, it is also possible to adjust transmission
parameters based on the receiver’s feedback as part of a process referred to as Adaptive
ARQ [25].

2.4 Forward Error Correction

In the previous section it was shown that for a communication system with capacity 𝐶𝑐𝑎𝑝
and data rate 𝑅𝑏 such that 𝑅𝑏 < 𝐶𝑐𝑎𝑝 , there exists a block code with a set of codewords
C, with codeword length 𝑛, dimension 𝑘, and rate 𝑅𝑐𝑜𝑑𝑒 , that can achieve an arbitrarily
low bit error rate. However, although a coding scheme may exist, it may not be feasible to
implement if the complexity or memory requirements are very high. In practical terms, a
code can be characterised by its description, encoding and decoding complexities [26]. It
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Figure 2.2: BER of QPSK employing ARQ.

is for this reason that most systems employ linear codes, which are codes that satisfy

𝑐 + 𝑐′ ∈ C, ∀ 𝑐, 𝑐′ ∈ C, (2.58)

that is, any linear combination of codewords is also a codeword, including the all-zero
codeword. The minimum distance, 𝑑𝑚𝑖𝑛 , of a linear code is simply the minimum of the
weight of all non-zero codewords. This type of code can be described by using a generator
matrix, G, which defines a codeword 𝑐𝑤𝑜𝑟𝑑 as

𝑐𝑤𝑜𝑟𝑑 = 𝑏G, (2.59)

where 𝑏 is a vector of 𝑛/𝑅𝑐𝑜𝑑𝑒 bits. The generator matrix is said to be in the systematic form
when it is represented by G = [I𝑘 P], where I𝑘 is the 𝑘th order identity matrix. If the
generator matrix is systematic, then the codeword will be in the form [b bP], where the
first part is the digital word containing the information bits, and the second part contains
the parity bits.

In addition to the generator matrix, a second useful matrix can be defined called the
parity check matrix, Hp, which is a matrix that satisfies

H𝑝𝑐
𝑇
𝑤𝑜𝑟𝑑

= 0𝑇 . (2.60)

The parity check matrix can also assume the systematic form H𝑝 = [P I𝑛−𝑘]. These
matrices will be essential for defining the coding and decoding operations for linear block
codes.
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2.4.1 Encoding and Decoding

The encoding of a linear code is defined according to (2.59), and has a complexity of𝑂(𝑛2).
This complexity can be lowered by using preprocessing techniques, which will be covered
in the next sections.

For decoding a linear code, a Maximum Likelihood (ML) decision is used to find the
most likely vector 𝑐𝑀𝐿

𝑤𝑜𝑟𝑑
that solves (2.60), and is closest to the received signal vector 𝑦. The

relationship between the two vectors can be expressed by an error vector 𝑒𝑐 = 𝑦 + 𝑐𝑤𝑜𝑟𝑑,
which in F2, can be rearranged as

𝑐𝑤𝑜𝑟𝑑 = 𝑒𝑐 + 𝑦. (2.61)

It can then be substituted in (2.60) resulting in

H𝑝𝑒
𝑇
𝑐 = H𝑝𝑦

𝑇 . (2.62)

Let us define a syndrome vector 𝑠𝑠𝑦𝑛 that can be calculated at the receiver by

𝑠𝑇𝑠𝑦𝑛 = H𝑝𝑦
𝑇 . (2.63)

The syndrome can be substituted in (2.62) which leaves

𝑠𝑇𝑠𝑦𝑛 = H𝑝𝑒
𝑇 , (2.64)

in which a vector 𝑒 that satisfies this equality is also the solution to the decoding process.
Therefore, a ML decoding technique that finds 𝑒 will also solve 𝑐𝑀𝐿

𝑤𝑜𝑟𝑑
. However, this

problem is known to be NP complete [27], which means that there is no known optimum
and efficient algorithm to decode all linear codes. However, there may be efficient
algorithms for specific subsets of all linear codes. The choice of which code to employ in
a physical system will depend on whether the decoding of that particular code can be
achieved efficiently with sufficient performance.

Conventional decoders use estimated received bits to compute ML estimation of the
transmitted data. However, it is widely known that the optimum approach is to calculate
the estimation based on the LLRs of the received bits using the so-called Soft-input, Soft-
output (SiSi) decoders. This process can be understood as weighing each bit estimate by
their reliability, in the updating phase of an iterative decoder. This approach is particularly
effective when there are fading effects in the wireless channel.

2.4.2 Convolutional Codes

Convolutional codes are a widely used subclass of linear codes that can be efficiently
decoded using the Viterbi algorithm [28], which exploits the structure of the code for high
efficiency decoding. In a convolution encoder, 𝑘0 information bits are coded into 𝑛0 coded
bits, for a rate of 𝑅𝑐𝑜𝑛𝑣 = 𝑘0

𝑛0
. In the previous analysed block codes, the coding efficiency is

higher for larger block lengths, however, for convolutional codes 𝑘0 and 𝑛0 will assume
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relatively low values, such as 𝑘0 = 1 and 𝑛0 = 3. The output bits are calculated through
the convolution of the information bits with up to 𝑘0 polynomial functions, hence the
name of these codes.

A convolutional encoder consists of a series of shift registers that are fed with the
information bits, with some of the registers’ output being connected to a maximum of 𝑛0

F2 adders. The adders are responsible for implementing the polynomial functions and are
each connected to a different output, and if the code is systematic the latest information
bit is connected directly to one of the outputs. The number of shift registers is defined as
the constraint length, 𝑐𝐿, of the code. For example, a code with rate 1/2 can be defined by
the following equation

𝑏0(𝑛) = 𝑢(𝑛) + 𝑢(𝑛 − 1) + 𝑢(𝑛 − 3)
𝑏1(𝑛) = 𝑢(𝑛 − 1) + 𝑢(𝑛 − 2),

(2.65)

where 𝑢(𝑛) is the 𝑛th uncoded bit, 𝑢(𝑛 − 𝑘) is the bit stored in the 𝑘th SR, and 𝑏0(𝑛), 𝑏1(𝑛)
are the first and second bits, respectively, associated with the 𝑛th uncoded bit. This code
would have 𝑐𝐿 = 3, requiring a total of 3 SR to implement, and for each uncoded bit there
are two output bits, corresponding to the 1/2 rate.

Although the encoding process is straightforward, decoding a convolutional code
requires more complexity. In fact, these codes only surged in popularity with the de-
velopment of the Viterbi decoder [28], named after its inventor. The BCJR decoder[29],
named after its creators (Bahl, Cocke, Jelinek and Raviv), is another decoder that performs
A Posteriori Probability (APP) decoding, which is also used for Turbo codes, which are
convolutional codes with feedback bits.

2.4.3 Low-Density Parity Check Codes

An interesting set of block codes that have recently gained renewed interest are LDPC
codes [30, 31]. The most important feature of this code family is the sparse parity and
generator matrices used in the decoding and encoding [32]. These matrices must be sparse
in order to take advantage of significantly large block lengths. The complexity of encoding
and decoding grows exponentially with block length, unless, these processes can exploit
the structure of the code to achieve lower complexities. In the case of LDPC codes, the
encoding is simplified through pre-processing G into Upper Triangular (UT) or Lower
Triangular (LT) form [26, 33], while the decoding is performed with Belief Propagation
(BP).

The parity matrix represents a graph with 𝑁𝑐𝑏𝑖𝑡𝑠 variable nodes, loosely connected to
𝑉𝑐ℎ𝑘𝑠 parity check nodes. Each variable node sends a message to the connected check
nodes, and vice-versa for each check node. Foroptimum performance in MMSE, each check
node sums the product of all received messages, known as the sum-product algorithm.
In the first iteration (𝑖 = 1), the decoder computes the parity check operation for the 𝑞th
connected check node, which is in turn connected to the 𝑑th variable node, defined for
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the 𝑖th iteration as

𝑅
(𝑖)
𝑗
(𝑑) = 2 atanh

(∏
𝑑′≠𝑑

tanh(𝑉 (𝑖−1)
𝑑′ )

2

)
, (2.66)

where 𝑉 ′
𝑑

is the variable node operation of the 𝑑′th node, which must be computed for all
variable nodes connected to the 𝑞th check node, except for the 𝑑th node. This operation is
defined as

𝑉
(𝑖)
𝑑
(𝑞) = 𝐿𝑑 +

∑
𝑞′≠𝑞

𝑅
(𝑖)
𝑞′ , (2.67)

where 𝐿𝑑 is the LLR of the 𝑑th coded bit, and 𝑅(𝑖)
𝑗′ are the parity checks of the connected

check nodes, other than the 𝑗th one. In the first iteration 𝑉 (0)
𝑙

= 𝐿𝑑. The final step in the
algorithm is to compute the output LLR values for the current iteration as

𝐿𝑈
(𝑖)
𝑏

= 𝐿𝑈𝑑 +
∑
𝑞∈𝐽𝑑

𝑅
(𝑖)
𝑞 (𝑑), (2.68)

where 𝐿𝑈 (𝑖)
𝑏

is the LLR of the 𝑏 uncoded bit at the 𝑖th iteration, and 𝐽𝑑 contains the indices
of the check nodes that are connected to the 𝑑th variable node. This process is repeated 𝐼
times before a hard decision is performed on the decoded bits.

2.4.4 Hybrid ARQ

Although FEC can significantly increase the probability of a successful transmission, the
high volatility of the wireless channel is still a problem. Abrupt changes in propagation
conditions may still result in bit errors that exceed the code’s error correcting ability.
In such a situation, retransmitting the original data increases the odds of a successful
transmission, as was the case for ARQ. When FEC is used in the original transmission,
this scheme is referred to as Hybrid Automatic Repeat Request (HARQ).

During detection, the decoder attempts to decode the received codeword L. If it suc-
ceeds, then the receiver uses a wireless feedback channel to transmit an Acknowledgement
(ACK) [31]. On the other hand, if the transmission is deemed as failed, a retransmission is
scheduled. If the retransmission contains the same bit data as the original transmission,
then it is referred to as HARQ Type I. For each received retransmission, the receiver com-
putes L, which is then combined with the L from previous attempts to increase reliability.
This process can be written as

L =

𝑁𝑡∑
𝑟=0

L(𝑟) , (2.69)

where L(𝑟) refers to the soft decided bits of the 𝑟th transmission attempt, and 𝑁𝑡 is the
maximum number of possible retransmissions. The process of combining the energy of
previous transmissions is also referred to as HARQ - Chase Combining (HARQ-CC).

Fig. 2.3 shows the BER of an OFDM system employing QPSK and LDPC coding,
considering a Rayleigh fading channel. In the figure there is a noticeable difference
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Figure 2.3: BER of an OFDM system using QPSK constellations and HARQ.

between first and second transmissions, as the code gain benefits from frequency diversity
due to the varying channel between transmissions. Additional attempts achieve smaller
gains, since the total energy is increased by the same amount each time.

2.4.5 HARQ Type II

In HARQ Type II, or HARQ - Incremental Redundancy (HARQ-IR), instead of transmitting
the same data, additional parity bits are sent to the receiver to aid in decoding . This is the
standard scheme for New Radio (NR) Release 17 [31], which consists in transmitting the
parity bits that were punctured from the original codeword. For a certain transmission
attempt, bits are selected to fill the OFDM symbol based on 4 different starting points
in the codeword, named 𝑟𝑣0 − 𝑟𝑣3. 𝑟𝑣0 is the starting point for the initial transmission,
and retransmissions follow a repeating pattern 𝑟𝑣0 , 𝑟𝑣2 , 𝑟𝑣3, 𝑟𝑣1 (including the initial
transmission). Depending on bit space available in an OFDM symbol, there may be
overlap between transmitted bits, with 𝑟𝑣0 and 𝑟𝑣2 contain the least possible overlap. The
less overlap there is, the lower the code rate at the receiver, which is why 𝑟𝑣2 is a good
choice for the first retransmission. In current applications, HARQ Type II significantly
outperforms HARQ Type I.

Fig. 2.4 shows the BER of an OFDM system employing QPSK and NR LDPC coding,
considering a Rayleigh fading channel. Compared to HARQ, there is a much larger
performance gain with the first transmission attempt, which is consistent with the 𝑟𝑣 used
in the NR standard. Successive transmissions do not have such a large gain, as this scheme
was optimized for a low number of retransmissions. Although it would be possible to
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Figure 2.4: BER of an OFDM system using QPSK constellations and HARQ Type II.

have very large codewords that could be split into 4 or more chunks, it would be inefficient
to encode such large blocks with each transmission.

2.5 Multi-Input Multi-Output

Increasing the data rates of a single antenna wireless system can be achieved with several
different methods, such as larger bandwidths and modulations, each with an associated
cost, such as larger spectral masks and transmissions power. An alternative method
is to increase the number of available wireless channels by utilizing more antennas at
the transmitter and receiver, known as MIMO [34]. Using 𝑇 and 𝑅 transmitting and
receiving antennas, respectively, it can be shown that the system capacity can increase up
to min(𝑇, 𝑅) times, as it allows for independent data streams to be transmitted at the same
time [35, 36]. The number of different data streams is referred to as 𝐶, and in the limit
𝐶 = min(𝑇, 𝑅). For notation simplicity, from this point on vector indices will be denoted
as subscript, i.e. 𝑆(𝑘) = 𝑆𝑘 .

In a MIMO system, the channel at the 𝑘th subcarrier is given by

H𝑘 =


𝐻

(1,1)
𝑘

𝐻
(1,2)
𝑘

· · · 𝐻
(1,𝑇)
𝑘

𝐻
(2,1)
𝑘

𝐻
(2,2)
𝑘

· · · 𝐻
(2,𝑇)
𝑘

...
...

. . .
...

𝐻
(𝑅,1)
𝑘

𝐻
(𝑅,2)
𝑘

· · · 𝐻
(𝑅,𝑇)
𝑘


. (2.70)
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Similarly, the time domain SC symbol vector at the 𝑛 timeslot is defined as

s𝑛 =

[
𝑠
(0)
𝑛 , 𝑠

(1)
𝑛 , ..., 𝑠

(𝐶−1)
𝑛

]
, (2.71)

while in the case of MC transmission, the frequency domain symbol vector at the 𝑘th
subcarrier is defined as

S𝑘 =
[
𝑆
(0)
𝑘
, 𝑆

(1)
𝑘
, ..., 𝑆

(𝐶−1)
𝑘

]
. (2.72)

The received signal at the 𝑘th subcarrier is therefore defined as

Y𝑘 = H𝑘S𝑘 + N𝑘 , (2.73)

where N𝑘 is a matrix composed by the noise values at each channel.
Although MIMO can provide significant benefits, there are some drawbacks that

should be mentioned. In fact, the maximum capacity gains are only achieved if the
wireless channels are uncorrelated, which requires that the antennas be spaced by at
least half the carrier wavelength, 𝜆𝑐

2 . This restricts the number of antennas that can be
implemented in a mobile device. Another downside lies in the increased complexity of
channel estimation and equalization. In both processes, the channel information at a
certain subcarrier is now a matrix of size 𝑇 × 𝑅. As a result, inverting the channel now
requires inverting a matrix, which is computationally more expensive.

2.5.1 Precoding and Decoding

Precoding and Decoding techniques consist in multiplying the outgoing or received signals
by a precomputed matrix, respectively. In many applications, these techniques are utilized
to reduce the computational complexity of the channel equalization process, or to perform
the computation at the transmitter, instead of the receiver.

2.5.1.1 Maximum and Equal Gain Combining

The complexity of the equalization process can be significantly reduced on the condition
that the receiver has many more antennas than the transmitter, 𝑅 ≫ 𝑇. In such a
scenario, the equalization may not require the inversion of a 𝑅 × 𝑇 matrix, resulting in
less computationally heavy equalization.

With 𝑅 >> 𝑇 and low correlation between channels, a different equalization criterion
must be used, such as Maximal-Ratio Combining (MRC). In MRC the received signals
associated to a single stream are combined according to their channel power, which allows
for the simplification

H𝐻
𝑘

H𝑘 ≈ 𝑅I. (2.74)

The equalization factor F𝑘 for this criterion is simply

F𝑘 = 𝚿H𝐻
𝑘
, (2.75)
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where Ψ is a matrix containing the appropriate normalization factors. This equalizer
criterion requires no matrix inversion, when compared to MMSE and ZF. Another
possible criterion is Equal-Gain Combining (EGC), wherein all signals associated to a
certain stream are combined equally at the receiver, which results in

A𝐻
𝑘

H𝑘 (2.76)

being approximated as a diagonal matrix, where A𝑘 is defined as

A𝑘 = exp(𝑗2(H𝑘)). (2.77)

The equalization factor of this criterion is defined as

F𝑘 = ΨA𝐻
𝑘
, (2.78)

where Ψ is the same normalization factor matrix as the one in MRC.

2.5.1.2 Singular Value Decomposition

This technique consists in combining precoding and decoding, and is commonly used in
single point-to-point MIMO systems, where the channel interference cancellation is split
between the transmitter and receiver [37]. The channel matrix H𝑘 can be decomposed into
three different matrices using SVD, which is defined as

H𝑘 = U𝑘𝚲𝑘V𝐻
𝑘
, (2.79)

where V𝑘 is the precoding matrix, U𝐻
𝑘

is the decoding matrix, and 𝚲𝑘 is a diagonal matrix
containing 𝐶 singular values, provided that rank(H𝑘) = 𝐶, which can be achieved by
ensuring low correlation between antennas.

The precoded signal is obtained as

X𝑘 = V𝑘S𝑘 , (2.80)

which leads to the received signal

Y𝑘 = H𝑘X𝑘 + N𝑘 . (2.81)

The decoding is performed on the received signal as

W𝑘 = U𝐻
𝑘

Y𝑘 , (2.82)

where W𝑘 is expanded as

W𝑘 = U𝐻
𝑘

H𝑘X𝑘 + U𝐻
𝑘

N𝑘

= U𝐻
𝑘

H𝑘V𝑘S𝑘 + U𝐻
𝑘

N𝑘

= U𝐻
𝑘

U𝑘Λ𝑘V𝐻
𝑘

V𝑘S𝑘 + U𝐻
𝑘

N𝑘

= Λ𝑘S𝑘 + U𝐻
𝑘

N𝑘 .

(2.83)

26



2.5. MULTI-INPUT MULTI-OUTPUT

The equalization is then simplified to inverting a diagonal matrix, which has trivial
complexity. The ZF equalizer for this system is defined as

F𝑘 =
1
𝝀𝑘
, (2.84)

and the MMSE equalizer is defined as

F𝑘 =
𝝀𝑘

𝝀2
𝑘 + 𝑁𝑆𝑅

. (2.85)

Although it is assumed in these definitions that all singular values exist, the generalization
to other scenarios is straightforward.

The absolute value of the singular values may differ significantly, which will condition
the performance of each stream. Fig. 2.5 shows the Probability Density Function (PDF) of
each singular value in an 8 × 8 MIMO system. In this case, the strongest singular value
can be more than 20 times greater than the weakest one.
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Figure 2.5: PDF of the singular values in an 8 × 8 MIMO system.

There are several compensation approaches such as water-filling power algorithms and
adaptive modulations. An alternative low complexity solution is to interleave all streams
in such a way that all streams are affected by all singular values, in equal proportions. An
illustrative representation of this scheme is shown in Fig. 2.6.

In the case of SC-FDE, this interleaving is performed by the transmitter with the symbol
blocks, and later the process is reversed by the receiver, before equalization, resulting
in a significant improvement on the average performance over the conventional scheme.
For OFDM, the interleaving is performed earlier at the bit blocks before modulation,
and is deinterleaved after the equalization and demodulation. In this case the average
performance does not show an improvement over the conventional scheme, however,
if using a FEC scheme where the coded bits are interleaved, then there is a significant
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Figure 2.6: Example of the interleaving between 𝐶 streams with 𝑁 subcarriers.

improvement over the conventional scheme, with the added benefit that large codewords
may be split among the different streams.

2.6 Non-Ideal Transceivers

Up to this point, only ideal systems have been considered, with perfect synchronization
and hardware. Of course, in practice, this is not the case, and specific techniques may
be required to cope with imperfect hardware. This section will outline several effects
that arise due to non-ideal hardware and characterize their impact on the received signal.
Since most of these effects are applied in the time domain, the impact on OFDM signals
will be more complex and is therefore given further detail.

2.6.1 System Characterization

The linear requirements imposed on RF hardware have increased in step with higher
system specifications. Particularly, the use of Super Quadrature Amplitude Modulation
(Super-QAM) has been a significant motivator, as it allows higher data rates due to the
increased spectral efficiency, compared to using larger bandwidths which may require
purchasing spectrum. There are limits to the available bandwidth, and which carrier
frequencies can be used, while modulation order largely depends on the available SNR at
the receiver. However, the error threshold for Super-QAM detection is very low, due to the
higher constellation density. In 3rd Generation Partnership Project (3GPP) documentation,
this threshold is expressed as a limit to the transmitted symbols’ Error Vector Magnitude
(EVM), which, for simplicity, is defined as

EVM =

√√√
1
𝑁

𝑁−1∑
𝑘=0

|𝑋𝑘 − 𝑆𝑘|2
2𝜎2

𝑠

, (2.86)

where 𝑋𝑘 is the 𝑘th subcarrier of the transmitted signal, and 2𝜎2
𝑠 = E[|𝑆𝑘|2]. In the

standard, the EVM is measured at the receiver with specific setup conditions, which
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Modulation Scheme EVM Requirement
QPSK 17.5%

16-QAM 12.5%
64-QAM 8%
256-QAM 3.5%

1024-QAM ( 𝑓𝑐 ≤ 4.2GHz) 2.5%
1024-QAM ( 𝑓𝑐 > 4.2GHz) 2.8%

Table 2.1: EVM limits for different modulations in release 17 of 5G.

makes it difficult to characterize. The definition in (2.86) characterizes the minimum EVM
that will be observed by a real system, and is therefore a useful metric for system design.
Table 2.1 shows the EVM limits for different orders of QAM available in release 17 for 5G
NR [38].

In the standard, the EVM is measured at each NR subcarrier averaged over a period of
10 ms, using all resource blocks. As will be shown in this section, hardware impairments
contribute significantly to the resulting EVM.

2.6.2 Carrier Frequency Offset

A very common impairment in wireless systems occurs when the carrier frequency
oscillator is not exactly tuned to the desired frequency, being off by an error, 𝛿 𝑓 , normalized
to the subcarrier spacing Δ 𝑓 . Under those conditions, the sampled distorted signal can be
characterized in the time domain as [39]

𝑠cfo
𝑛 = 𝑠𝑛 exp

(
𝑗2𝜋𝛿 𝑓 𝑛/𝑁

)
. (2.87)

For SC systems, the phase shift distorts the constellation and impairs the demodulator,
though can be compensated fully by inverting the effect of (2.87). On the other hand, the
Carrier Frequency Offset (CFO) effects in OFDM systems are not as simple, as one can
define the impaired signal as [40]

𝑆cfo
𝑘

=

𝑁−1∑
𝑙=0

𝐶𝑙−𝑘𝑆𝑙 , (2.88)

where
𝐶𝑙−𝑘 =

1
𝑁

sin𝜋(𝑙 − 𝑘 + 𝛿 𝑓 )

sin𝜋
(𝑙−𝑘+𝛿 𝑓 )

𝑁

exp 𝑗𝜋
(𝑁 − 1)(𝑙 − 𝑘 + 𝛿 𝑓 )

𝑁
. (2.89)

It is clear that in this situation the frequency-domain signal suffers from Intercarrier
Interference (ICI) due to the CFO, which cannot be compensated fully in the frequency
domain. In practice the CFO can be greater than the subcarrier spacing Δ 𝑓 , such as in high
mobility scenarios due to Doppler spread. Therefore, it can be normalized to Δ 𝑓 , and split
into two parts: integer; and fractional. If a normalized offset of 𝛿 𝑓 = 1 is considered, then
according to (2.89) it becomes 𝐶−1 = 1 and 𝐶𝑙−𝑘≠−1 = 0, which corresponds to shifting all
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subcarriers by 1. In the literature, it is considered simple to estimate and compensate an
integer offset [41], leaving only a remaining fractional offset. This leads to rewriting (2.89)
into a simpler form as

𝐶𝑙−𝑘 =
1
𝑁

𝑁−1∑
𝑚=0

exp
(
𝑗2𝜋𝑚(𝑙 − 𝑘 + 𝛿 𝑓 )

𝑁

)
. (2.90)

For 𝑙 − 𝑘 = 0, which corresponds to the desired subcarrier, it becomes

𝐶0 =
1
𝑁

𝑁−1∑
𝑚=0

exp
(
𝑗2𝜋𝑚𝛿 𝑓

𝑁

)
, (2.91)

which is a phase shift of the wanted subcarrier that does not depend on the subcarrier
index, i.e., it is constant for all subcarriers, referred to as the Common Phase Error (CPE).
For 𝑙 ≠ 𝑘, the sum terms of (2.90) corresponds to the ICI due to all other subcarriers, which
will depend on the subcarrier index and power. Therefore, rewriting 𝑆cfo

𝑘
as

𝑆cfo
𝑘

= 𝐶0𝑆𝑘 +
𝑁−1∑
𝑚≠𝑘

𝐶𝑚−𝑘𝑆𝑚 , (2.92)

where the second term’s power will define the system’s Signal-to-Interference Ratio (SIR).

2.6.2.1 Simulation Results

The impact of CFO on the BER is shown in Fig. 2.7 for an OFDM system with 𝑁 = 512
and 256-QAM. From the figure, it can be noted that for relatively low values of CFO, the
average BER increases significantly compared to a linearsystem withoutCFO. Althoughfor
𝛿 𝑓 = 0.009 the system does not exceed the standard’s maximum EVM for this constellation
size, it already requires 6 dB more power to achieve the same performance as the linear
receiver, for a target BER of 10−4.

Fig. 2.8 presents the EVM as a function of 𝛿 𝑓 . This figure shows us a clear linear
relationship between EVM and CFO, which is to be expected as the interference power is
linearly proportional to the CFO.

2.6.3 Phase Noise

Ideally, the oscillator responsible for generating the carrier wave will output a perfect
sine wave. In practice, however, the period of the sine wave may vary slightly from the
intended period. This fluctuation, referred to as jitter, creates phase noise around the
carrier, which can be interpreted as a phase modulation of the carrier frequency [42]. The
time-domain signal distorted by phase noise is defined as

𝑠
pn
𝑛 = 𝑠𝑛 exp(𝑗𝜙𝑛), (2.93)

where 𝜙𝑛 is the phase noise at the 𝑛th instant. The presence of this impairment can
significantly degrade the system performance [43]. For SC systems, this effect cannot be
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Figure 2.7: BER for an OFDM system with 𝑁 = 512 and 256-QAM, with various levels of
𝛿 𝑓 .

compensated fully without knowledge of 𝜙𝑛 , though it can be approximated to partially
cancel out the phase noise [44].

For OFDM systems, the analysis must be done in the frequency domain. Note that for
very low values of 𝜙𝑛 , the approximation exp(𝑗𝜙𝑛) ≈ 1 + 𝑗𝜙𝑛 is tight. In the frequency
domain, this becomes

𝑆
pn
𝑘

= 𝑆𝑘 +
𝑗

𝑁

𝑁−1∑
𝑟=0

𝑆𝑟

𝑁−1∑
𝑛=0

𝜙𝑛 exp
(
𝑗
2𝜋
𝑁

(𝑟 − 𝑘)𝑛
)
, (2.94)

which can be interpreted as the signal plus an error term. The error term is divided in
two parts, the first being for 𝑟 = 𝑘, defined as

𝑆𝑘
𝑗

𝑁

𝑁−1∑
𝑛=0

𝜙𝑛 , (2.95)

which, similarly to a CFO, referred to as the CPE. This part is simply the symbol at the
𝑘th subcarrier multiplied by the average of the phase noise, which can compensated at
the receiver. The second part part of the error term, associated with subcarriers 𝑟 ≠ 𝑘, is
given by

𝑗

𝑁

𝑁−1∑
𝑟=0
𝑟≠𝑘

𝑆𝑟

𝑁−1∑
𝑛=0

𝜙𝑛 exp
(
𝑗2𝜋(𝑟 − 𝑘)𝑛

𝑁

)
, (2.96)

31



CHAPTER 2. LITERATURE REVIEW

Figure 2.8: EVM as a function of 𝛿 𝑓 , normalized to the subcarrier spacing.

which corresponds to interference from the other subcarriers, multiplied by the average
phase noise shifted by a certain amount. Therefore, this is the factor that introduces ICI
and, due to the random nature of the subcarriers, cannot be fully compensated.

It should also be noted that the characteristics of the phase modulation 𝜙𝑛 will depend
on the underlying technology of the RF oscillator. Below, two types of phase modulation
are described.

2.6.3.1 Free-Running Oscillator

The simplest RF oscillator is known as a Free-Running Oscillator, which is basically a
circuit that outputs the desired RF carrier without needing an input clock. It has be shown
in literature that the phase noise of this particular architecture can be modelled by a
Wiener process [45] with E(𝜙𝑛) = 0 and

𝜙𝑛+1 = 𝜙𝑛 + 𝑞pn , (2.97)

where 𝑞𝑝𝑛 is a Gaussian distributed random phase, with variance 𝜎𝑝(𝑡) = 2𝜋𝛽𝐿𝑊 𝑡, and
𝜙0 = 0. In this model, 𝛽𝐿𝑊 represents the linewidth between the two 3 dB points of the
Lorentzian power spectrum of the phase noise, 𝛽𝐿𝑊 = 2 𝑓3𝑑𝐵, where 𝑓3𝑑𝐵 is the phase noise
3 dB bandwidth. The quality of the oscillator is described by the parameter 𝑐𝑜𝑠𝑐 = 𝑓3𝑑𝐵𝜋 𝑓 2

𝑐 ,
where 𝑓𝑐 is the carrier frequency, and it should be as low as possible. It is clear that for
a carrier of 2 𝑓𝑐 the 3 dB bandwidth must be 𝑓3𝑑𝐵

4 , to maintain the same quality factor,
requiring a better oscillator.

32



2.6. NON-IDEAL TRANSCEIVERS

The Single-Sideband (SSB) PSD of the phase noise around the first harmonic, ℒ( 𝑓𝑚),
is very useful in terms of describing the oscillator performance [46, 47]. For frequency
offsets much lower than 𝑓𝑐 , the SSB noise power spectrum can be approximated as

ℒ( 𝑓𝑚) ≈ 10 log10

(
𝑐 𝑓 2
𝑐

𝜋2 𝑓 4
𝑐 𝑐

2 + 𝑓 2
𝑚

)
. (2.98)

The SSB for different subcarrier spacings, Δ𝐵, and 𝑓3𝑑𝐵 is shown in Fig. 2.9. As can

Figure 2.9: PSD of the SSB spectrum associated with the phase noise of a free running
oscillator, with 𝑐 designed for a bandwidth 𝑓3𝑑𝐵 of 1 and 4 Hz, respectively, for a carrier of
2.4 GHz (band n43 of 5G FR1), and 28GHz (band n257 of 5G FR2).

be observed, there are two regions, an initial constant region which will be centered on
𝑓𝑐 , and a -20 dB/dec slope for frequencies beyond 𝑓3𝑑𝐵. The second region is generally
more important in OFDM due to subcarrier interference. Here, it can be noted that by
halving 𝑓3𝑑𝐵, the resulting phase noise power at each subcarrier is also halved, assuming
that Δ𝐵 < 𝑓3𝑑𝐵.

The Leeson model is a more accurate model for characterizing the phase noise spectrum
of free running oscillators [48]. This model characterizes the spectrum near 𝑓𝑚 = 0 with a
decay of 1/ 𝑓 3

𝑚 , as opposed to the previous model’s 1/ 𝑓 2
𝑚 , which transitions to a decay of

1/ 𝑓 2
𝑚 for 𝑓𝑚 > 𝑓1/ 𝑓 3

𝑚
. The SSB noise power spectrum is defined as

ℒ( 𝑓𝑚) = 10 log10

[
2𝐹𝑘𝑇
𝑃carr

(
1 +

(
𝑓𝑐

2𝑄 𝑓𝑚

)2
) (

1 +
𝑓1/ 𝑓 3

𝑚

| 𝑓𝑚|

)]
, (2.99)

where 𝑘𝑇 is the thermal noise, 𝑃carr is the carrier power and 𝑄 is the resonator quality
factor. In this model, both 𝐹 and 𝑓1/ 𝑓 3

𝑚
are obtained empirically by measuring a specific

oscillator.
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2.6.3.2 Phase-Locked Loop Synthesizer

Another common RF oscillator architecture involves the use of a Phase-Locked Loop (PLL)
to synthesize the RF frequency from an input reference signal, which can be provided by
a free running oscillator [47]. This architecture is very appealing for systems that support
multiple standards with different carriers. If it is considered that the reference signal is
not ideal, and instead will drift with some time deviation 𝛼in(𝑡), which can be modelled by
a Wiener process, then there will also be a time deviation at the output of the PLL, given
by 𝛼VCO

𝑛 . Therefore, the time deviation of the error signal at the input of the Low-Pass
Filter (LPF) will be defined as

𝛽LPF
𝑛 = 𝛼VCO

𝑛 − 𝛼in
𝑛 . (2.100)

Under these conditions 𝛼VCO
𝑛 can be modelled by an Ornstein–Uhlenbeck process. The

phase noise for this architecture is defined as

𝜙𝑛 = 2𝜋 𝑓𝑐𝛼VCO
𝑛 . (2.101)

2.6.3.3 Simulation Results

In the following simulations, the free running oscillator model is used due to its simplicity,
although the analysis and simulation can also be extended for PLL oscillators. Fig. 2.10
presents the simulated BER of an OFDM system with𝑁 = 512 and 256-QAM constellations,
considering different levels of phase noise. From the figure, it can be noted that this system
is particularly sensitive to phase noise, since the BER is severely degraded even when
the considered value of 𝑓3𝑑𝐵 yields an EVM of 2.1%. In part, this can be explained by the
constellation phase rotation from the CPE, which has a higher variance than a constant
CFO. Moreover, the larger the constellation, the more important it is to compensate this
phase shift. In Fig. 2.11 the EVM as a function of 𝑓3𝑑𝐵 is shown.

Naturally, the EVM does not scale linearly with 𝑓3𝑑𝐵, since it is a factor that determines
the variance of the Wiener process. Also, it can be noted that the required EVM threshold
for 256-QAM constellations with unmitigated phase noise requires 𝑓3𝑑𝐵 > 8 Hz.

2.6.4 IQ Imbalance

In an In-Phase and Quadrature (IQ) architecture, there should be a 90 degree phase
difference between the equal power in-phase and quadrature components. However,
in practical systems it is difficult to ensure that phase difference and an exact equal
distribution of the power among the two branches. This effect is known as IQ imbalance
[49], and can be modelled in the time-domain as

𝑠
IQ
𝑛 = 𝛼𝑠𝑛 + 𝛽𝑠∗𝑛 , (2.102)

with
𝛼 = (cos(Δ𝜙) − 𝑗𝜖𝑔 sin(Δ𝜙)), (2.103)
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Figure 2.10: BER for a 256-QAM OFDM system with 𝑁 = 512, considering different phase
noise bandwidths 𝑓3𝑑𝐵 and subcarrier spacings Δ 𝑓 .

and
𝛽 = (𝜖𝑔 cosΔ𝜙 − 𝑗 sin(Δ𝜙)), (2.104)

where 𝜖𝑔 is the amplitude imbalance and Δ𝜙 is the phase imbalance. In an SC system,
this corresponds to a phase shift on the received symbols, which can be estimated and
compensated. For OFDM systems, the effect must be analysed in the frequency domain,
which becomes

𝑆
IQ
𝑘

= 𝛼𝑆𝑘 + 𝛽𝑆∗(𝑁−𝑘−1) , (2.105)

which is simply the original signal scaled by a complex factor 𝛼, plus the interference
of the mirrored subcarrier scaled by 𝛽. In the literature, it is sometimes considered that
𝑘 = 0, 1, ..., 𝑁/2 − 2, because in direct conversion architectures the Direct Current (DC)
subcarrier, 𝑁/2, does not carry data, which results in the 𝑁/2 − 1 subcarrier not suffering
interference due to IQ imbalance.

2.6.4.1 Simulation Results

The IQ imbalanced system was tested under the same conditions as the previous simula-
tions. Fig. 2.12 presents the BER for different levels of IQ imbalance. Since this impairment
has two parameters, for this comparison they were varied in tandem. It can be observed
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Figure 2.11: EVM as a function of 𝑓3𝑑𝐵, with Δ𝐵 = 60 KHz.

that the BER is degraded by about 10 dB even for an imbalance of 𝜖𝑔 = 3% and Δ𝜙 = 1.5◦,
considering a target BER of 10−4.

In Figs. 2.13 and 2.14 the EVM is shown as a function of each of the parameters.
For each varying parameter the other was fixed at a nonzero value. If the impact on the
EVM of each parameter is similar in magnitude, increasing only one parameter does not
result in a linear increase of the EVM. If one parameter is much larger than the other,
then increasing this parameter does result in a linear increase of the EVM. Therefore, it is
important to reduce both amplitude and phase imbalance to minimise EVM.

2.6.5 Analog-to-Digital Converter

An essential component of any digital communication system is the ADC present at the
receiver. This element is responsible for converting the arriving analog signal, into a set of
digital samples. Ideally, the relationship would be perfectly linear, however, that would
require an ADC with infinite resolution. A non-ideal ADC can be represented by the
branch function

𝑓 (𝑥) = lfloor
(
0.5 + 𝑥

2𝑅bit−1

)
𝐴bit , (2.106)

where the function lfloor(·) discards the fractional part of the argument, 𝑅bit is the ADC
bit resolution, and 𝐴bit is the Least Significant Bit (LSB) amplitude, which depends on the
ADC saturation range 𝐴adc, and is defined as

𝐴bit =
𝐴adc

2𝑅bit−1 . (2.107)
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Figure 2.12: BER for an OFDM system with 𝑁 = 512 and 256-QAM, with various levels of
𝜖𝑔 and Δ𝜙.

The ADC is applied independently to the in-phase and quadrature components, using the
same 𝑅bit and 𝐴bit for both. The distortion associated with the ADC can be divided into
two parts: a uniformly distributed quantization error with power inversely proportional
to 𝑅bit; and a nonlinear distortion term due to clipping that occurs if 𝑠𝑛 > 𝐴adc. Note
that, if 𝐴adc is set too high, then the effective resolution of the ADC is lower, since not all
thresholds are used.

2.6.5.1 Simulation Results

Fig. 2.15 presents the simulated BER of an OFDM system with 𝑁 = 512, and 256-QAM
constellations, considering a non ideal ADC with 𝐴adc = 4𝜎𝑠 and different resolutions.
From the figure, it is clearhow a low resolution can have a significant impact in performance.
For 256-QAM, an ADC resolution of 𝑅bit = 6 is the minimum to ensure compliance with
EVM standards. It should also be noted how each bit decrease of the resolution doubles
the EVM, which is expected since the quantization noise is also doubling in power.

2.6.6 Nonlinear Amplification

In a wireless application, the RF signal must be amplified to reach the desired distance.
Ideally, amplifying an RF signal would be the same as scaling it by a large factor. However,
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Figure 2.13: EVM as a function of 𝜖𝑔 , with Δ𝜙 = 0.5◦.

Figure 2.14: EVM as a function of Δ𝜙, with 𝜖𝑔 = 0.5%.
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Figure 2.15: BER for an OFDM system with 𝑁 = 512 and 256-QAM, with various ADC
resolutions and 𝐴adc = 4𝜎𝑠 .

physical PAs do not have perfectly linear transfer functions, as they depend on the hardware
architecture.

Let us consider a Single Input, Single Output (SISO) OFDM signal S, with a time
domain counterpart s. Before each 𝑛th sample reaches the channel, ℎ𝑛 , it is affected by
a nonlinear function, 𝑓 (·), which represents the imperfections in the transmission chain.
This is expressed in the time domain as

𝑥𝑛 = 𝑓 (𝑠𝑛), (2.108)

where 𝑥𝑛 is the distorted sample at the 𝑛th instant. In this case, the received frequency
domain signal, 𝑌𝑘 , is defined as

𝑌𝑘 = 𝐻𝑘𝑋𝑘 + 𝑁𝑘 , (2.109)

where 𝑋𝐾 is the distorted symbol at the 𝑘th subcarrier and 𝐻𝑘 is the 𝑘th subcarrier’s CIR.
The nonlinear distortion introduces an additional error source, besides the noise, which
can significantly degrade the performance of the receiver.

Most RF PAs can be modelled as bandpass memoryless nonlinearities [50]. In gen-
eral, a signal that has been nonlinearly distorted by a bandpass memoryless nonlinear
characteristic is defined as

𝑓 (𝑠𝑛) = 𝑓𝐴 (|𝑠𝑛|) exp
(
𝑗
(
𝑓𝜃 (|𝑠𝑛|) + arg(𝑠𝑛)

) )
, (2.110)

where 𝑓𝐴(·) and 𝑓𝜃(·) are the Amplitude-to-Amplitude Modulation (AM/AM) and Ampli-
tude-to-Phase Modulation (AM/PM) characteristics of the nonlinearity, respectively. This
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type of nonlinearity can be expanded by the power series

𝑓 (𝑠𝑛) =
∞∑
𝑚=0

𝛽𝑚𝑠
𝑚+1
𝑛 (𝑠∗𝑛)𝑚 , (2.111)

where each term of the series, aside from the first, will be associated to an Inter-Modulation
Product (IMP) of the nonlinear distortion [51].

Characterizing the impact of these nonlinearities can be computationally complex,
since it is usually done utilizing Monte Carlo simulations. However, in the case of OFDM
with a high number of subcarriers, the time domain signal can be approximated by a
Gaussian distribution with variance 𝜎𝑠 . In fact, Fig. 2.16 shows that even for 𝑁 = 256
subcarriers, this Gaussian approximation is very tight. This allows us to analytically
characterize an OFDM signal submitted to a nonlinear function [52–54].

Figure 2.16: Histogram of the real part of 𝑠𝑛 with normal distribution curve fit considering
OFDM signals with 𝑁 = 256 subcarriers and 256-QAM constellations.

In that context, an important analytical tool is the Bussgang’s theorem [55], which
states that the cross-correlation between two Gaussian signals, where one was submitted
to a nonlinear distortion, is equal to the cross-correlation before distortion, scaled by a
factor 𝛼bg. Considering a single Gaussian signal that is submitted to a nonlinearity, by
Bussgang’s theorem it can be written as

R𝑠 𝑓 (𝑠)(𝜏) = 𝛼bgR𝑠𝑠(𝜏), (2.112)

where R𝑠 𝑓 (𝑠)(𝜏) is the cross-correlation between 𝑠𝑛 and 𝑓 (𝑠𝑛) and R𝑠𝑠(𝜏) is the auto-correla-
tion of 𝑠𝑛 . Additionally, the Bussgang’s theorem allows us to define the signal at the
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output of the nonlinearity as [56, 57]

𝑓 (𝑠𝑛) = 𝛼bg𝑠𝑛 + 𝑑𝑛 , (2.113)

where 𝑑𝑛 is an uncorrelated self interference term that arises due to the distortion. The
attenuation factor can be calculated a priori by

𝛼bg =
E[𝑠∗𝑛 𝑓 (𝑠𝑛)]
E[|𝑠2

𝑛|]
, (2.114)

which for a Gaussian input signal becomes

𝛼bg =
1√

2𝜋𝜎3
𝑠

∫ +∞

0
𝑥 𝑓 (𝑥) exp

(
− 𝑥2

2𝜎2
𝑠

)
𝑑𝑥, (2.115)

where 𝑥 is a complex integration variable. The average power of the nonlinearly distorted
signal is characterized by

𝑃𝑥 = E[ 𝑓 2(𝑠𝑛)] =
1√

2𝜋𝜎𝑠

∫
C
𝑓 2(𝑥) exp

(
− 𝑥2

2𝜎2
𝑠

)
𝑑𝑥, (2.116)

which allows us to determine the effective output power. In the case of a nonlinearity that
only affects the amplitude of the signal then (2.116) is rewritten as [58]

𝑃𝑥 = E[ 𝑓 2(𝑠𝑛)] =
1

2𝜎4
𝑠

∫ +∞

0
𝑓 2
𝐴(𝑟)𝑟

− 𝑟2
2𝜎2
𝑠 𝑑𝑟, (2.117)

where 𝑟 is a real integration variable that models the absolute value of the OFDM time
domain signal. The portion of power that is used for the useful component is given by

𝑃𝛼 = |𝛼bg|2𝜎2
𝑠 , (2.118)

while the self interference power is given by

𝑃𝐷 = 𝑃𝑥 − 𝑃𝛼 . (2.119)

The PSD of the nonlinearly distorted signal is given by [53]

𝐺 𝑓 (𝑠)( 𝑓 ) =2
+∞∑
𝛾=0

𝑃2𝛾+1

𝜎
2𝛾+1
𝑠

. [𝐺𝑠(− 𝑓 ) ∗ 𝐺𝑠(− 𝑓 ) ∗ 𝐺𝑠(− 𝑓 )... ∗ 𝐺𝑠(− 𝑓 )]︸                                             ︷︷                                             ︸
𝛾

.

. [𝐺𝑠( 𝑓 ) ∗ 𝐺𝑠( 𝑓 ) ∗ 𝐺𝑠( 𝑓 )... ∗ 𝐺𝑠( 𝑓 )︸                                   ︷︷                                   ︸
𝛾+1

],
(2.120)

where 𝑃2𝛾+1 is the PSD of the IMP of order 2𝛾 + 1. For 𝛾 = 1, it is simply the PSD of
original signal 𝑠𝑛 attenuated by 𝛼bg, while the remaining terms (𝛾 > 1) characterize the
self interference from the distortion. It can be clearly seen that the nonlinear distortion is
not limited to the original bandwidth 𝐵, which explains the OOB radiation in the distorted
signal.
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2.6.6.1 Solid State Power Amplifier

The transfer function of an amplifier can be characterized by its AM/AM and AM/PM
conversion characteristics. There is a widely accepted model for characterizing an SSPA
[59, 60], which is one of the most common type of PAs.

For a complex signal 𝑠𝑛 , the AM/AM characteristic is given by

𝑓𝐴(|𝑠𝑛|) =
|𝑠𝑛|

2𝑞sspa

√
1 +

��� 𝑠𝑛𝑠sat

���2𝑞sspa
, (2.121)

where 𝑠sat is the saturation level, usually expressed as a multiple of the signal variance 𝜎𝑠 ,
and 𝑞sspa defines the sharpness of the transition between linear and nonlinear saturated
characteristic. The AM/PM characteristic of an SSPA is considered negligible [61], i.e.
𝑓𝜃(|𝑠𝑛|) ≈ 0. A plot of this model is shown in Fig. 2.17, where one can identify three distinct
regions: an initial linear region; a second nonlinear transition region; and a nonlinear
saturated region. The level at which the input enters the second region is defined by 𝑠sat.

Figure 2.17: Plot of the AM/AM curve for an SSPA.

It is clear from this model that if an input signal has constant amplitude, then the
output will simply be the scaled signal. However, the signal may have amplitude swings,
which is the case for SC with M-QAM and MC modulations. These swings may be
characterized by the signal’s PAPR. In the SSPA model, a signal with high PAPR will
be affected by a large stretch of the AM/AM characteristic, resulting in distortion. If
the signal’s amplitude could be made to fit in the linear region by adjusting 𝑠sat, then
there would be no distortion. The drawback is that the SSPA operates most efficiently
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energetically at the saturation region, and increasing 𝑠sat places the input farther away
from saturation, reducing output power while maintaining the same consumed power.

In Fig. 2.18 the average PSD of an OFDM signal with 𝑁 = 512 and 256-QAM is shown.
In this case, the impairment function 𝑓 (·) was set to be the SSPA model with 𝑠sat = 5𝜎𝑠

Figure 2.18: Average PSD of an OFDM signal with 𝑁 = 512 and 256-QAM and nonlinear
distortion factor.

and 𝑞 = 1. From the figure, the OOB radiation of the nonlinear signal is clearly visible,
and it can also be observed that the inband interference power 𝑃𝐷 is only uncorrelated
with |𝑠𝑛|2 if the attenuation factor 𝛼bg is taken into account.

2.6.6.2 Travelling Wave Tube

Another common RF amplifier circuit is the Travelling Wave Tube (TWT). It is mainly
used for high power applications such as satellite communications. It is not used in low
power applications due to its large size compared with an SSPA. This amplifier can also
be characterized by AM/AM and AM/PM characteristic that model the transfer function.
In [62] a model for these characteristics is proposed, where the AM/AM and AM/PM are
defined as

𝑓𝐴(|𝑠𝑛|) = 2𝑠2
sat

|𝑠𝑛|
|𝑠𝑛|2 + 𝑠2

sat
, (2.122)

and
𝑓𝜃(|𝑠𝑛|) =

𝜋
3

|𝑠𝑛|2
|𝑠𝑛|2 + 𝑠2

sat
, (2.123)

respectively. In these models 𝑠sat is the saturation power level, which for maximum
efficiency should be equal to the input amplitude. Fig. 2.19 shows the curves for both
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characteristics with 𝑠sat = 1. Similarly to the SSPA, a signal with non constant amplitude
and average equal to 𝑠sat will be significantly distorted. In those conditions 𝑠sat must be
significantly larger than the average signal amplitude, to accommodate the PAPR.

Figure 2.19: Plot of the AM/AM and AM/PM curves for a TWT amplifier.

2.6.6.3 Soft Clipping

In order to reduce the distortion that arises from nonlinear amplification it is possible
to decrease the input signal’s PAPR. There are many approaches, one such method is
by "clipping" the maximum signal level to a certain threshold value 𝑠clip, known as Soft
Clipping. This is expressed as

𝑓 (𝑠𝑛) =


−𝑠clip , 𝑥 < −𝑠clip

𝑠𝑛 , − 𝑠clip < 𝑥 ≤ 𝑠clip

𝑠clip , 𝑥 > 𝑠clip

, (2.124)

where 𝑠clip is an appropriately selected threshold. Naturally, this operation introduces
nonlinear distortion in the signal, though it can be easier to handle since the distortion is
independent between I and Q components.

2.6.6.4 Simulation Results

Let us consider that 𝑁 = 512 and a modulation order of 256-QAM for an AWGN channel.
Fig. 2.20 shows the BER for various clipping levels of an SSPA model. From the figure, it
can be observed that the BER is significantly dependent on the clipping level, which will
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Figure 2.20: BER for an OFDM system using SSPA with 𝑁 = 512 and 256-QAM, with
various levels of 𝑠sat.

define the SSPA operating point and efficiency. Even for large saturation levels such as
𝑠sat/𝜎𝑠 = 7, there is still a degradation of about 2 dB for a target performance of 10−4. The
EVM as a function of 𝑠𝑚/𝜎𝑠 is plotted in Fig. 2.21.

From the figure, it is clear that there is a nonlinear relationship between the EVM and
𝑠sat, which is due to the nonlinear characteristic of the AM/AM conversion for 𝑞 = 1. As
such, the EVM will be particularly sensitive for low levels of 𝑠sat, at the cost of higher
efficiency. Fig. 2.22 shows the BER for a system employing TWT amplifiers.

As was the case for SSPA, using a low saturation value 𝑠sat results in worse performance,
compared to using an SSPA. Fig. 2.23 shows the EVM as a function of the TWT saturation.
From the figure, it can be seen how the EVM curve is similar to the one in Fig. 2.21. As
was the case for SSPA, the TWT requires a large saturation 𝑠sat in order to minimise the
EVM. Fig. 2.24 shows the BER of a system employing clipping.

Since clipping is not an amplification operation, the results are significantly different.
From the figure it can be observed that performance is highly sensitive to the clipping
threshold 𝑠clip. Fig. 2.25 shows the EVM as a function of the clipping threshold. Unlike
the previous scenarios, the EVM curve for the clipping nonlinearity reaches 0 for a high
enough 𝑠clip, due to the nature of the branch function. For small variations of 𝑠clip, there
can be a large EVM variation.
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Figure 2.21: EVM as a function of SSPA 𝑠sat.

2.7 State-of-the-Art Solutions to Cope with Hardware
Impairments

This section presents several techniques available in the literature that aim to mitigate the
impact of different sources of impairments.

2.7.1 Carrier Frequency Offset

In general, it can be assumed that any wireless telecommunication system will have
CFO impairments, which will negatively impact performance [63]. That is why industry
standards include specifications on how to achieve frequency synchronization between
users. A very well known algorithm for frequency and timing synchronization in OFDM
systems is the Schmidl and Cox algorithm [41]. This technique allows for synchronicity
at the receiver if the transmitter considers a prefix of two OFDM symbols as preambles to
each block transmission. The first preamble carries no data on the odd subcarriers, while
the even subcarriers are modulated according to a pseudorandom sequence. This results
in a preamble with two equal halves, in the time domain, and is used both for timing and
frequency synchronization. Under these conditions, the frequency offset is estimated by

𝛿̂ 𝑓 =
1
𝜋𝑇

arg ©­«
𝑁
2 −1∑
𝑚=0

𝑥∗𝑛+𝑚𝑥𝑛+𝑚+𝑁
2

ª®¬ , (2.125)

where 𝑇 = 𝑁𝑇𝑠 , for a given time index 𝑛 that must be found by the timing synchronization.
Each time domain sample, including the preamble, is then phase adjusted by 𝛿̂ 𝑓 . There is

46



2.7. STATE-OF-THE-ART SOLUTIONS TO COPE WITH HARDWARE
IMPAIRMENTS

Figure 2.22: BER for an OFDM system with 𝑁𝑢 = 512 and 256-QAM, with various levels
of 𝑠sat.

actually a phase ambiguity of 2𝑙
𝑇 , for a certain integer 𝑙, due to the integer part of the CFO.

This ambiguity is resolved by estimating the integer 𝛿in
𝑓

in the frequency domain, using
the second preamble symbol.

In [64], a joint time and frequency synchronization algorithm is proposed for full
duplex OFDM systems. The CFO is split into an integer part 𝛿in

𝑓
, that is a multiple of the

subcarrier spacing, and a fractional part 𝛿fr
𝑓
, which is the remainder, defined as

𝛿 𝑓 = 𝛿in
𝑓
+ 𝛿fr

𝑓
. (2.126)

The integer CFO is estimated by correlating the received signal with the training sequence,
similarly to the Schmidl and Cox algorithm, referred to as coarse frequency estimation.
The fractional remainder is estimated using a repetitive time-domain preamble, and is
referred to as fine frequency estimation. The authors of [65] analysed the performance
and complexity of OFDM time and frequency synchronization for Long Term Evolution
(LTE) and NR, and proposed a novel synchronization sequence with lower complexity
and inter-cell interference.

In [66], a blind CFO estimation scheme for OFDM is proposed. In this technique each
OFDM symbol reserves a certain number of null subcarriers at the start and end of the
OFDM signal bandwidth. Each of these segments is split into a set of Guard Subcarriers
(GS), adjacent to the symbol edges, and the Remaining Null Subcarriers (RNS). Since
these subcarriers do not carry data, their energy will come only from the noise and the ICI,
whereas if there is no CFO then it will only be noise. Therefore, the estimation consists
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Figure 2.23: EVM as a function of TWT 𝑠sat.

in finding an estimate 𝛿̂ 𝑓 that minimises the energy in the RNS, represented by the cost
function

𝐶{𝛿̂ 𝑓 } =

𝐿−1∑
𝑏=0

∑
𝑘∈𝑁𝑛𝑠

||𝑦𝑘,𝑏{𝛿̂ 𝑓 }||2 , (2.127)

where 𝐿 and 𝑁𝑛𝑠 are the number of available OFDM symbols and set of null subcarrier
indices, respectively. The factor 𝑦𝑘,𝑏{𝛿̂ 𝑓 } is the received signal with compensated CFO
using the estimate 𝛿̂ 𝑓 . The authors proposed a Cost Function Approximation (CFA)
scheme that estimates 𝛿̂ 𝑓 with lower complexity. An additional more complex scheme
that makes use of the GS was also proposed and achieved a higher accuracy.

Compensation schemes that require training sequences decrease the spectral efficiency
of the system. Contrarily, blind CFO estimation techniques do not have this drawback
[67].

In Fig. 2.26 the BER curves of an OFDM 256-QAM system employing CPE correction
are shown. The CPE is considered to be perfectly estimated, which can be achieved by
averaging out the received pilot or data symbols. This compensation has low implemen-
tation complexity and withstands larger CFO levels. For more sophisticated schemes that
compensate the ICI portion of the CFO, one can simply reduce the effective 𝛿 𝑓 . In that
scenario, 𝛿 𝑓 becomes the remaining CFO that was not cancelled out.

2.7.2 Phase noise

A general phase noise mitigation technique is proposed in [68]. The authors used a MMSE
equalizer that takes into account the ICI power and cancels out the CPE due to phase
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Figure 2.24: BER for an OFDM system with 𝑁𝑢 = 512 and 256-QAM, with various levels
of 𝑠clip.

noise. The equalizer is defined as

𝐹𝑘 =
𝐼∗0𝐻

∗
𝑘
𝜎2
𝑠

𝜎2
𝑠 |𝐼0𝐻𝑘|2 + 𝜎2

𝑠

∑𝑁−1
𝑝=1 E

[
|𝐼𝑝|2

]
+ 𝜎2

𝑁

, (2.128)

where 𝐼0 corresponds to the CPE defined in (2.95), and 𝐼𝑝 is the 𝑝th ICI term. This equalizer
requires an estimate of 𝐼0, which is computed as

𝐼0 =
𝑌𝑘𝐻

∗
𝑘
𝑆∗
𝑘∑

𝑘∈S𝑝 |𝐻𝑘𝑆𝑘|2
, (2.129)

where S𝑝 is the set of pilot subcarriers.
In [69], a joint channel and phase noise estimation is proposed. This scheme considers

the received signal as
Y = Adiag(H)X + N, (2.130)

where diag(H) is a diagonal matrix composed by the elements of H, while A is a matrix that
characterizes the interference due to phase noise. In the first step, the receiver estimates
the time domain versions of H, defined as h. This is because h has a length 𝐿 (i.e., its
length is equal to the length of the CIR, and can be assumed that 𝑁 > 𝐿. In the time
domain 𝜙𝑛 can be estimated directly, however, in order to keep complexity low, the phase
noise 𝝓′ is only calculated for 𝑁𝑖𝑛𝑡 points, with 𝑁𝑖𝑛𝑡 < 𝑁 , and is later interpolated for the
remaining time domain samples. The problem is defined by the following minimization
procedure

min
h,𝝓′

||Y − AHX||2. (2.131)
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Figure 2.25: EVM as a function of clipping 𝑠clip.

The authors make use of the short vector sizes to propose an iterative algorithm for
suboptimal estimation of (2.131). The scheme begins by receiving an OFDM symbol
containing only pilots, which is used for computing ĥ, given the shortened 𝝓̂ of the
previous iteration. The initial 𝝓̂ is set to a random guess, like a ones vector. In the next
step the optimal 𝝓̂′ given ĥ is calculated. This process repeats until there is little change
in the objective function.

After this initial estimation, the authors assume that the channel will vary slowly
between symbols, while 𝝓 may change drastically and must be estimated at each symbol.
Therefore, it is assume that the next OFDM symbols contain data and pilots, modifying
the estimation problem to

min
Xdata ,𝝓

′
||Y − AdataHdataXdata − ApilotHpilotXpilot||2 , (2.132)

which can be solved using a similar solution to the previous problem. Before the iterative
algorithm begins, the CPE of the signal is calculated and used as the initial estimate
of 𝝓̂. The estimate obtained using the pilot symbols must be interpolated for the data
subcarriers. If the PSD of the phase noise is unknown, then can be a simple linear
interpolation, otherwise the interpolation matrix can be obtained a priori. In [70] this
scheme is extended for IQ imbalance.

In [44], the authors combine FDE with phase noise mitigation for a SC system. The
phase noise is modelled using a Wiener–Lévy model with AWGN affected observations,
which poses a nonlinear filtering problem. The sequential Bayesian filtering distribution
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Figure 2.26: BER for a CFO impaired OFDM system with 𝑁𝑢 = 512 and 256-QAM, using
CPE compensation at the receiver.

is defined as
𝑝(𝜙𝑛|𝑠0:𝑛) =

𝑝(𝜙𝑛|𝑠0:𝑛−1)𝑝(𝑠𝑛|𝜙𝑛)∫
𝑝(𝜙𝑛|𝑠0:𝑛−1)𝑝(𝑠𝑛|𝜙𝑛)𝑑𝜙𝑛

, (2.133)

where 𝑠𝑛 is an equalized SC symbol, and 𝑝(𝜙𝑛|𝑠0:𝑛) is the filtering distribution at 𝑛 of 𝜙𝑛
given 𝑛 previous observations. The prediction distribution is given by

𝑝(𝜙𝑛+1|𝑠0:𝑛) =
∫

𝑝(𝜙𝑛+1|𝜙𝑛)𝑝(𝜙𝑛|𝑠𝑛)𝑑𝜙𝑛 (2.134)

where 𝑝(𝜙𝑛+1|𝑠0:𝑛) is the prediction distribution at 𝑛 of 𝜙𝑁 given the previous 𝑛 − 1
observations. Since these distributions are nonlinear, the authors propose recursive
filtering as approximate solutions. The proposed techniques achieve a performance close
to the posterior Cramér–Rao bound for the considered estimator.

In [71], the authors propose a time domain technique for handling phase noise at
the receiver in OFDM systems. The phase noise is modelled using a filtered Gaussian
distribution and estimated using a data-aided Least Squares (LS) estimator. In [72] the
authors take into account the noise in the received signal and instead use a Total Least
Squares (TLS) estimator, as well as extended the scheme for MIMO systems using a set of
basis vectors based on the covariance of the phase noise.

In [73], the authors propose an OFDM pilot allocation scheme with low overhead
that allows for non-iterative, low complexity phase noise compensation in the frequency
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domain. The pilots are clustered into blocks inside the OFDM block and are used in the
LS estimation of the complex phase noise exponential. The estimate is then applied in
a deconvolution of the received signal to cancel out the phase noise effect. The authors
of [74] consider a similar scheme for mmWave communications, and extend the analysis
for a scenario with Linear Minimum Mean Square Error (LMMSE) estimation. A pilot
allocation scheme for channel and phase noise estimation that takes into account the
coherence bandwidth and time is proposed.

A phase noise and channel estimation scheme usingVariational Expectation Maximiza-
tion (VEM) for MIMO systems was proposed by [75]. The system employs initial training
OFDM symbols to estimate the channel and phase noise using an iterative algorithm. The
resulting channel estimate is improved by the phase noise cancellation, and is used for
detecting the OFDM data symbols. Since the phase noise varies significantly between
successive OFDM symbols, it will have to be estimated for each data block as well. There-
fore, the authors use a modified iterative algorithm to jointly estimate the data 𝑆𝑘 and the
phase noise interference, which is then compensated in the data detection.

Another interesting approach utilising GAMP for joint phase noise and symbol detec-
tion in OFDM with OFDM - Index Modulation (OFDM-IM) was proposed by the authors
of [76]. They considered an LDPC coded system and combined BP decoding with GAMP
symbol equalization and Mean-Field approximation for phase noise estimation in the
same factor graph. An iterative decoder that implements this factor graph was simulated
and compared with another factor graph implementation that does not consider GAMP.
It was also shown that even for imperfect Channel State Information (CSI) and residual
CFO the receiver still achieves a high performance. Fig. 2.27 shows the BER for an OFDM
with 256-QAM system using two different phase noise compensation schemes.

The first scheme, shown in red as CPE, relies on compensating the known CPE in
the distorted signal. Generally this factor is considered easy to estimate and offers a
significant performance boost. The second scheme, portrayed by the green curves, not
only compensates the CPE, but also estimates 𝜙𝑛 using a first order LS approximation.
The resulting 𝜙̂𝑛 is then used to compensate the phase noise in the time domain. As
was discussed previously, this estimate can be obtained by interpolating between pilot
symbols, and can reduce the phase noise distortion impact by about 5 dB.

2.7.3 IQ Imbalance

The presence of IQ imbalance can severely hamper the performance of modern systems [63,
77]. The authors of [78] define the effect of IQ imbalance and propose several compensation
schemes, which are extended to MIMO in [79]. The authors define the received distorted
signal Y as a set of equation pairs represented in matrix form by[

𝑌𝑘

𝑌∗
𝑁−𝑘+2

]
= Γ𝑘

[
𝑋𝑘

𝑋∗
𝑁−𝑘+2

]
+ N𝑘 (2.135)
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Figure 2.27: BER for a phase noise impaired OFDM system with 𝑁𝑢 = 512 and 256-QAM,
using CPE and CFO compensation at the receiver.

where 𝑘 = {1, ..., 𝑁/2−1} to simplify the analysis by discarding two indices, N𝑘 is a matrix
containing the noise terms defined similarly to the other matrices, and Γ𝑘 is given by

Γ𝑘 =

[
𝛼𝐻𝑘 𝛽𝐻∗

𝑁−𝑘+2
𝛽∗𝐻𝑘 𝛼∗𝐻∗

𝑁−𝑘+2

]
. (2.136)

The authors propose LS and adaptive estimators for Γ𝑘 based on observations from training
symbols. The distorted signal in the time domain can be rearranged, based on (2.102),
into the following format

𝑥′𝑛 ≜ 𝑥𝑛 −
𝛽

𝛼∗ 𝑥
∗
𝑛 =

(
𝛼 − |𝛽|2

𝛼∗

)
𝑠𝑛 , (2.137)

which is particularly useful for the receiver to develop a compensation scheme that only
requires information on 𝛽

𝛼∗ , instead of each parameter individually. If the receiver has
perfect knowledge of 𝛽

𝛼∗ , then the IQ imbalance interference can be cancelled out completely,
leaving only a scale factor. In practice, however, the presence of noise after the distortion
will lead to an amplification of the noise in the signal, reducing the available SNR.

In [70], a phase noise and channel equalization scheme was extended to include IQ
imbalance. A full duplex OFDM system with IQ imbalance compensation was proposed
in [80]. The authors developed a frequency domain LS estimator that combines channel
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equalization and IQ imbalance mitigation, which is then improved by using the time
domain CIR to improve the quality of the channel estimation.

A wideband application with IQ imbalance compensation was proposed in [81]. For
large bandwidths, the IQ imbalance distortion becomes frequency dependent. This fact
greatly increases the complexity of estimating and compensation the distortion. A MIMO
system with CFO and IQ imbalance at the transmitter and receiver is considered, and an
appropriate training symbol scheme is designed. The IQ imbalance at the transmitter
is compensated via predistortion according to (2.137) by using a feedback link from the
receiver to obtain information on 𝛽

𝛼∗ . The receiver IQ imbalance is also compensated by
(2.137), using an estimation from the training symbol. Each training symbol contains
information only on half the subcarriers, which allows for simple measurement of the
interference, and sent over alternating channels, i.e. for two channels a total of four training
symbols are sent. The estimates for 𝛼 and 𝛽 are then found via two different LS estimators.
In [82] a similar pilot design was proposed for compensating IQ imbalance without CSI.

In [77], the impact of IQ imbalance and phase noise in 802.11ax uplink Multi-User
MIMO (MU-MIMO) was studied. Although phase noise did not result in a significant
performance loss, IQ imbalance results in a severe degradation of system performance.
The authors proposed an interesting compensation scheme that estimates the amplitude
imbalance 𝜖𝑔 by computing the ratio between the average power of the I and Q compo-
nents, and the phase imbalance Δ𝜙 is estimated by the cross-correlation between the I
and Q components of the received signal. The receiver requires no additional training
symbols, using only frames that are already present in the standard, and achieves excellent
performance.

In [83], it is shown that IQ imbalance can destroy the channel reciprocity of Time
Division Duplexing (TDD) systems. A TDD MIMO system is consideredwith IQ imbalance
at both TX and RX chains for both uplink and downlink communications. It is shown
that if the IQ imbalance parameters are known, then the reciprocity can be recovered by
computing the appropriate inverse compensation matrices, which can be done with linear
complexity scaling with the number of antennas.

A Massive Multiple Input, Multiple Output (mMIMO) scheme with IQ imbalance is
considered in [84]. A scheduled adaptive pilot scheme is proposed that achieves a lower
overhead than previous schemes, which is used to obtain an estimate of the equivalent
channel, that combines CIR and IQ imbalance. A detector that takes into account the error
in the channel estimation is shown and the sum rate is demonstrated.

The BER of the considered OFDM system with 256-QAM constellations using time
domain compensation as described in [78] and (2.137) is shown in Fig. 2.28.

For this figure the EVM measurements have been omitted, since the drawback to this
technique is the noise amplification, which would not be visible if 𝑥𝑛 was compensated
directly. If the ratio 𝛽/𝛼∗ is known, then this compensation does support much higher IQ
imbalances than before. However, this technique is entirely reliant on the quality of ratio
𝛽
𝛼∗ estimation, and degrades the SNR due to the noise amplification.
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Figure 2.28: BER for an IQ imbalanced OFDM system with 𝑁𝑢 = 512 and 256-QAM, using
time domain compensation according to (2.137).

2.7.4 Nonlinear Amplification

The presence of distortion due to nonlinear amplification in the received signal can
significantly limit the achievable performance of a system [58]. If the PAPR of the OFDM
signal can be reduced, then the nonlinear distortion will also be lowered, or, alternatively,
the PA can operate closer to saturation. The simplest technique is to simply reduce the
average power of the signal, referred to as backoff. The energy efficiency of the system
will suffer, at the benefit of less nonlinear distortion.

Other techniques attempt to reduce the PAPR with minimum impact on the average
signal power [85]. Instead of reducing the entire signal power, one can simply limit the
amplitude of the signal peak using soft clipping. Since this is a nonlinear process, there is
both in-band and OOB radiation which degrade signal quality. The OOB emissions can
be filtered out, however, the filter may also regrow the clipped signal peaks. A similar
technique known as Peak Reduction (PR), is to fold the amplitude over the threshold limit,
which can be represented by

|𝑥𝑛| =
{

|𝑠𝑛| |𝑠𝑛| ≤ 𝑠𝑐𝑙𝑖𝑝

2𝑠𝑐𝑙𝑖𝑝 − |𝑠𝑛| |𝑠𝑛| > 𝑠𝑐𝑙𝑖𝑝
. (2.138)

The clipped time sample indices may be transmitted to the receiver, which given the
nature of the folding, can revert the clipping. In practice, the received signal is noisy, so
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the receiver will struggle to reconstruct the original unclipped version without additional
information. Another approach is called Selective Mapping (SLM). This technique
consists in multiplying each subcarrier by a specific phase in order to decrease the PAPR
of the OFDM block. Generally, this is achieved using only 90◦ phase shifts, to lower
implementation complexity, and requires the transmission of the phase vector to the
receiver as side information. A similar technique is known as a Partial Transmit Sequence
(PTS), which instead of using a per subcarrier phase shift, it considers several sub-blocks
within an OFDM block. Each sub-block is transformed by an IDFT and multiplied by a
phase factor such that the combined signal has the lowest possible PAPR. A review on
different PTS approaches was presented in [86]. The phase shifts are found by exhaustive
search and must also be transmitted to the receiver for successful detection. Another
technique is known as Linear Block Coding (LBC) which consists in adding bits to a
codeword in order to reduce the PAPR of the symbol. This is particularly useful for
codewords that have all odd and even bits equal to each other. Lastly, a technique known
as Peak Insertion (PI) reduces PAPR by adding a peak in the frequency domain, which
brings the mean energy of the signal up, thereby decreasing the PAPR in the time domain.
All these techniques reduce the PAPR of the signal, but also negatively impact the BER, in
addition to other complexity and implementation drawbacks.

In [87], a deep learning based scheme for PAPR reducing was developed. An autoen-
coder network that is capable of encoding and decoding OFDM signals was developed
with a loss function designed to minimize the PAPR with minimum impact to the BER.
The scheme was shown to achieve very large PAPR reductions while still maintaining an
acceptable BER performance.

Another approach to avoid nonlinear amplification is to predistort the OFDM signal
before the nonlinearity. This is generally referred to as Digital Pre-Distortion (DPD),
and is widely used in power efficient amplification schemes [88]. The main objective of
these techniques is to approximate the nonlinearity by a polynomial, such as a Taylor or
Volterra series expansion for memoryless and memory nonlinearities, respectively. The
DPD process consists on a multiplication of the input signal by the inverse polynomial of
the approximation of the nonlinearity. Higher order approximations perform better, at the
cost of more parameters to estimate via feedback loop. Another approach is to construct
a Look-Up Table (LUT) with nonlinear observations, which can be used as a mapper and
reverse mapper to reconstruct the original signal. In [89], a digitally intensive PA combined
with adaptive DPD is proposed. The authors of [90] considered a combination of DPD
and PAPR reduction to improve amplifier efficiency. The PAPR reduction was achieved
using Tone Reservation (TR) that consists in reserving a certain number of subcarriers to
carry specific signals to reduce the combined signal PAPR. The selection is optimized to
reduce the size of the peaks in the time domain signal. For the DPD, the authors used an
artificial neural network to find an additive signal cdpd that satisfies

c𝑑𝑝𝑑 = 𝑓 −1(𝐺amp)s − s, (2.139)
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where 𝐺amp is the intended amplifier gain. The two techniques are combined in a “Ping-
Pong” manner into an iterative process to find a signal with the intended performance.

In [91], it is shown that increasing the number of transmit antennas can reduce the
power of the distortion component in MIMO systems. This analysis was extended to
several precoding schemes and an analytical expression for the BER performance was
derived in [92].

2.7.4.1 Bussgang Noise Cancelling

Consider the time domain OFDM signal s which has been distorted by an SSPA nonlinearity
x = 𝑓 (s). The received frequency domain signal at the 𝑘th subcarrier can be expressed as

𝑌𝑘 = 𝑋𝑘𝐻𝑘 + 𝑁𝑘 . (2.140)

As shown previously, the time-domain OFDM signal is Gaussian in nature, and thus
Bussgang’s theorem can be applied to rewrite the received signal as

𝑌𝑘 = (𝛼bg𝑆𝑘 + 𝐷𝑘)𝐻𝑘 + 𝑁𝑘 . (2.141)

From the definition, it is clear that the received signal is simply an attenuated version
of the original signal, plus noise and an additional distortion term that is affected by
the channel 𝐻𝑘 . This distortion does not depend on the SNR, and therefore cannot be
mitigated by increasing transmit power. For an SSPA, it can be reduced by increasing the
Output backoff (OBO), which consists in shifting the operating point of the amplifier gain
below saturation. Since the SSPA gain is more linear the further away from saturation
it is, the nonlinearity will be much less severe. The cost of this design choice is that the
SSPA will consume a lot more DC power since the optimum amplification efficiency point
occurs at saturation.

In this case, the OBO selection will impact the EVM of the transmitted signal. For
instance, for a 256-QAM OFDM system with 𝑁 = 512 subcarriers, a clipping level of
𝑠sat/𝜎𝑠 = 7, and 𝑝 = 1, the average EVM over 1000 blocks is approximately 2.7%. This
ensures that the system meets the EVM of 3.5% of 5G-NR Release 17 for this constellation
size, leaving a 0.8% margin for other hardware impairments. Fig. 2.29 shows the simulated
BER considering both linear and nonlinear OFDM systems with 𝑁 = 512 subcarriers,
highlighting the impact of the SSPA.

From the figure, one can note that an OFDM system distorted by an SSPA with
𝑠sat/𝜎𝑠 = 7, and 𝑝 = 1 requires around 7 dB of extra transmit power to achieve a BER
of 10−4 when compared with linear OFDM transmissions. This result can be drastically
improved if the receiver takes advantage of Bussgang’s theorem to estimate and cancel
the nonlinear distortion 𝐷𝑘 . Rewriting the Bussgang decomposition as

𝐷𝑘 = 𝑋𝑘 − 𝛼bg𝑆𝑘 , (2.142)

shows that this estimation requires knowing 𝛼bg, which can be computed a priori, 𝑆𝑘 ,
which is obviously not available at the receiver, and𝑋𝑘 , that can be estimated at the receiver
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Figure 2.29: BER for linear and nonlinear OFDM systems.

if 𝑓 (·) is known, either a priori or by pilot estimation [19]. The only unknown variable,
𝑆𝑘 , can be estimated by an initial detection at the receiver, hence the algorithm can use an
estimate of the transmitted data 𝑆̂𝑘 . Afterward, it is possible to perform a second detection
while cancelling out the distortion factor 𝐷𝑘 using an estimate 𝐷̂𝑘 . This process can be
repeated up to 𝐼max iterations to improve the estimation quality. This iterative process is
referred to as BNC. At the 𝑖th iteration the signal for detection purposes is defined as

𝑆̃
(𝑖)
𝑘

=


𝑌𝑘+𝑁𝑘

𝛼bg𝐻𝑘
, 𝑖 = 0

𝑌𝑘+𝑁𝑘−𝐷̂(𝑖)
𝑘

𝛼bg𝐻𝑘
, 𝑖 > 0,

(2.143)

where 𝐷(𝑖)
𝑘

is estimated as
𝐷

(𝑖+1)
𝑘

= 𝑓 (𝑆̂(𝑖)
𝑘
) − 𝛼bg𝑆̂

(𝑖)
𝑘
. (2.144)

In (2.143), dividing by 𝛼bg is crucial for larger constellations so that the static shift in the
constellation can be corrected. Fig. 2.30 shows the BER of a BNC receiver with the same
SSPA as the one used for the results of Fig. 2.29. It is considered an OFDM signal with
𝑁 = 512 with different M-QAM constellations. The BNC receiver is parametrized with
𝐼max = 4.

From the figure, it is clear that the BNC technique can drastically improve performance
when using a clipping level that meets the EVM requirements for 256-QAM. In fact, for
this case, 𝛼𝑏𝑔 ≈ 0.978, which means that more than 90% of the signal power is used to
transmit the useful component. Since 𝛼𝑏𝑔 is relatively high, it would be interesting to
observe the impact of lower clipping levels on the achievable BER. For that purpose,
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Figure 2.30: BER using the BNC receiver with 𝐼max = 4, considering different constellations.

a target BER of 10−4 was chosen, and the necessary 𝐸𝑏/𝑁0 to achieve it was simulated,
considering various OBO levels. The OBO is defined as

𝑂𝐵𝑂 = 20 log 10 𝑠sat
E[|𝑠𝑛|2]

. (2.145)

Fig. 2.31 shows the results of these simulations.
From the figure, it is clear that there is an optimum OBO level that minimizes the

transmitted power. For 1024-QAM, this occurs at an OBO of around 12.5 dB, while for
4096-QAMQAM it is approximately 14.5 dB.

2.8 Physical Layer Security

The confidentiality of information has always been a key concern in telecommunication
systems. It is even more crucial in wireless systems, due to the broadcast nature of the
wireless channel. Although historically this aspect was seen as a military concern, in
modern times it has become a demand for commercially oriented telecommunication
systems.

The general problem consists in how to ensure that data originating from a user Alice,
or A for short, and intended for a recipient Bob, or B, does not fall into the hands of a
malicious third user Eve, or E. Note that the main concern is the information itself, since
Eve may be able to eavesdrop a signal without obtaining any information from it.

In most applications this security is achieved through cryptography and authentication
techniques above the PHY layer of the OSI model, where the hardware is mostly abstracted.
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Figure 2.31: Required 𝐸𝑏/𝑁0+OBO using a BNC receiver with 𝐼max = 4 for a target BER of
10−4 considering different values of OBO and constellation orders.

This is important, since most eavesdropping attempts happen at higher layers as well.
On the other hand, wireless systems are vulnerable to eavesdropping at the PHY layer,
which generally has few or no security schemes. In fact, due to the development of more
sophisticated SDR devices, eavesdroppers have increasingly more options at their disposal
[93].

In this context, an area of research dedicated to the development of security schemes
at the PHY layer has developed over the years, and is referred to as PLS [94].

2.8.1 Passive Eavesdropping

The simplest form of attack in a wireless communication consists in exploiting the broad-
cast signal to eavesdrop on information being transmitted. A malicious third party is
considered a passive eavesdropper, if it only listens to the communication, without trans-
mitting any signal. This makes the eavesdropper nearly undetectable, requiring the use
of schemes that assume the presence of an eavesdropper. These schemes may not even
require additional processing or power, such as the case of a MIMO beamforming system.
The MIMO transmitter directs the power to the receiver, which has the added benefit of
reducing power at other locations. An eavesdropper outside of the beam direction, would
receive less power when compared to a SISO transmitter, resulting in better security. A
survey detailing several beamforming based PLS techniques is available in [95].

Another example is the SVD scheme described in section 2.5.1.2. If an Eve with the
same number of antennas, and knowledge of the modulation and interleaving is used,
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then the eavesdropping capacity can be characterized using the channel definition. This
eavesdropped channel can be viewed as the average between two physical channels, from
Alice to Eve, and Bob to Eve, as

H𝑘𝐸 =
H𝑘𝐴𝐸 + H𝑘𝐵𝐸

2 . (2.146)

The real channel is then defined as

H𝑘 = 𝜌𝐸H𝑘𝐸 + 𝝐𝑘 . (2.147)

where 𝜌𝐸 is a correlation factor with the true channel, and 𝝐𝑘 is an appropriate Gaussian
distributed error with variance 𝜎2

𝑁

𝛽 , where 𝛽𝐸 is a scaling factor. The channels are equal
when 𝜌𝐸 = 1 and 𝛽𝐸 = ∞. The SVD of the eavesdropper channel is defined as

H𝑘𝐸 = U𝑘𝐸𝚲𝑘𝐸V𝐻
𝑘𝐸
, (2.148)

where U𝐻
𝑘𝐸

is the decoding matrix that will be used by the eavesdropper. This system is
summarized in Fig. 2.32.
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ŝ
2

n

ŝ
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Figure 2.32: Diagram of the three user scenario for SVD MIMO.

At the eavesdropper, the received signal is defined as

Y𝑘𝐸 = H𝑘𝐸X𝑘 + N𝑘𝐸 , (2.149)

where N𝑘𝐸 has the same variance as N𝑘 .
The decoding operation at the eavesdropper can be expressed as

W𝑘𝐸 = U𝐻
𝑘𝐸

Y𝑘𝐸 , (2.150)
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which can be expanded as

W𝑘𝐸 = 𝚲𝑘𝐸V𝐻
𝑘𝐸

V𝑘X𝑘 + U𝐻
𝑘𝐸

N𝑘𝐸 . (2.151)

Another technique is to add an artificial noise sequence to the transmitted signal [96,
97]. An example is shown in [96], where a transmitter employing 𝑇 transmit antennas to
a receiver with 𝑅 = 1 receive antennas is being eavesdropped by multiple eavesdroppers
with 𝑅𝐸 = 1 antennas. The authors propose a precoding operation using the eigenvectors
vectors of the matrix H𝐻

𝑘
H𝑘 , defining the transmitted signal as

X𝑘 =
√
𝑎tS𝑘 +

√
𝑏𝜈, (2.152)

where t is the eigenvector of H𝐻
𝑘

H𝑘 corresponding to the largest eigenvalue, and 𝜈 is an
artificial noise vector constructed using the remaining eigenvectors, defined as

𝜈 =
1√
𝑇 − 1

𝑇−1∑
𝑖=1

t𝑖𝜇𝑖 , (2.153)

where t𝑖 is the 𝑖th eigenvector of H𝐻
𝑘

H𝑘 , and 𝜇𝑖 is a unitary complex scalar with random
uniformly distributed phase. This results in a noise vector that is orthogonal to the
equalization matrix, which can be cancelled out at the receiver. Since the eavesdropper
does not have access to the exact same channel as the receiver, the orthogonality will
be lost, and the signal will suffer from interference due to the noise vector, drastically
lowering performance.

2.8.2 Active Attacker

Active PLS scenarios consider that the eavesdropper also participates in the communica-
tion, such as by impersonating another user or disrupting communication.

A common method of attack is described in [98]. The eavesdropper intervenes during
the training phase by transmitting an identical pilot sequence at the same time as the
intended receiver. This results in an incorrect channel estimate at the transmitter, which
will reduce the transmitter’s ability to allocate power to the receiver by precoding, thereby
increasing the power available at the eavesdropper. During data transmission, the eaves-
dropper can also transmit a jamming signal to reduce the SNR available at the intended
receiver, which the transmitter might try to compensate by increasing transmission power,
inadvertently improving the SNR at the eavesdropper.

In order to counteract this type of attacks, additional measures must be adopted.
One possibility is to increase the amount of information that is dependent on intrinsic
characteristics of the intended transmitter or receiver, such as their location and paths [99].
Another approach relies on obfuscating the communication from the eavesdropper [100].

This problem has recently become an important focus in the field of Unmanned
Aerial Vehicle (UAV) communication. In [101], the authors proposed an unsupervised
Support Vector Machine (SVM) to detect when an eavesdropper was attempting to interfere
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during the authentication phase of a UAV. In [102], the transmitter sends artificial noise
sequences at the same time as data, which can be cancelled out by the receiver, to confuse
the eavesdropper. An interesting approach that relies on knowing the trajectory of the
UAV was proposed in [103]. Since it is difficult for the eavesdropper to mimic the trajectory
of the UAV, this technique adds an appropriate security level.

2.8.3 Secrecy Rate

There are many methods to measure the security potential of a communication system,
which makes it difficult to compare between different techniques. A commonly accepted
metric is to compute the SR, which is the difference between the capacities of the intended
and eavesdropped channels [104]. The capacity of the intended user can be calculated as

𝐶𝑘 =

𝐶∑
𝑐=1

log2

(
1 + |𝜆𝑘,𝑐|2

𝜎2
𝑋

𝜎2
𝑁

)
, (2.154)

where 𝜎2
𝑋

is the variance of X𝑘 , and 𝜆𝑘,𝑐 is the singular value of the 𝑐th branch. The
capacity of the eavesdropped channel is defined as

𝐶𝐸
𝑘
=

𝐶∑
𝑐=1

log2

(
1 + |𝜌𝐸𝜆𝑘,𝑐|2

𝜎2
𝑋

𝜎2
𝑁
+ 𝜎2

𝑀

)
, (2.155)

where 𝜎𝑀 is the interference power given by

2𝜎2
𝑀 = E

(
𝚲̂𝑘𝐸𝚲̂

𝐻

𝑘𝐸

)
, (2.156)

and Λ̂𝑘𝐸 is the interference matrix defined as

𝚲̂𝑘𝐸 = U𝐻
𝑘𝐸

H𝑘V𝑘 − diag(U𝐻
𝑘𝐸

H𝑘V𝑘 ). (2.157)

The sum-capacity of the proper MIMO channel, 𝐶𝐴𝐵, can be computed as

𝐶𝐴𝐵 =

𝑁∑
𝑘=1

𝐶𝑘 . (2.158)

Likewise, the capacity of the eavesdropped channel is computed as

𝐶𝐸 =

𝑁∑
𝑘=1

𝐶𝐸
𝑘
. (2.159)

The secrecy rate 𝑆𝑅 is defined as

𝑆𝑅 = 𝐶𝐴𝐵 − 𝐶𝐸 . (2.160)
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2.9 Software Defined Radio

Developing prototypes to test new transceivers for wireless communications has always
been expensive and time consuming, generally falling outside of the field of expertise of
information theory researchers. Modern transceivers require custom made amplifiers,
DACs/ADCs, filters, antennas, and low-level implementations of Digital Signal Processing
(DSP), which may not be reusable for different prototypes due to varying carrier frequen-
cies, bandwidths, transmission power, and others. An alternative that has been gaining
traction in commercial solutions is to use SDRs, which are programmable RF devices that
are designed to support several possible hardware configurations.

Currently, there are several different manufacturers of SDRs designed for different
price points and use cases. One such manufacturer is Ettus Research1, whom in addition
to developing SDR platforms called Universal Software Radio Peripherals (USRPs), have
also developed an open source Application Programming Interface (API) for interacting
with USRPs via Python and C++, called USRP Hardware Driver (UHD).

2.9.1 GNURadio

GNURadio is a widely used open-source framework for developing signal processing
applications [105]. It differs from Matlab’s Simulink in that it utilizes a scheduling based
approach that allows each block to process generic logical items independently, resulting
in a large performance increase, particularly for multi-threaded systems.

Each application is structured in a flowgraph, which is a graphical representation
of the connections between processing blocks that can be edited using the GNURadio
Companion application. Each block can produce and consume samples at a certain ratio
between input and output. If the ratio is 1, then they are called Synchronous blocks, while
for ratios of 1/𝑁 and 𝑁/1 they are Interpolating and Decimation blocks, respectively. If a
block only produces samples (i.e. no input) it is called a Source block. Inversely, if a block
only consumes samples (i.e. no output) it is called a Sink block.

Each block can be implemented either as a combination of other blocks, or written
directly in C++ or Python, with the former being more efficient in performance. GNURadio
already includes a large set of blocks that implement commonly used functions such as
the FFT, and even includes blocks that integrate the UHD API. Sending signals to a
USRP is done using the USRP Sink block, while receiving uses the USRP Source block.
Configuring the settings of each block allows changing the RF characteristics of the USRP
(carrier frequency, amplifier gain, bandwidth filtering, etc.).

In the literature, SDR platforms are becoming common as a solution to evaluate the
performance of new transceivers. An SDR implementation of a NOMA scheme was
proposed by [43]. In [106], the author uses SDRs to implement two PLS schemes, verifying

1https://www.ettus.com/
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their potential in a practical scenario. An SDR implementation of carrier and timing
synchronization was shown in [107].
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3

Nonlinear Receivers

3.1 Introduction

This chapter presents the proposed highly efficient receivers for nonlinear communications.
It begins by characterizing distortion cancelling receivers for SC systems that use SVD for
MIMO separation. For MC systems, distortion cancelling receivers based on Bussgang’s
theorem are analysed, and novel nonlinear distortion aided receivers based on GAMP and
GTurbo are presented. The performance of all receivers is measured via simulation.

3.2 Nonlinear Receivers for Single-Carrier

This section shall cover advanced nonlinear receivers designed for SC systems. Although
NR and 802.11 standards have moved away from SC, it is still an important research
area for applications where MC schemes cannot perform adequately due to hardware
constraints. The novel receiving schemes described in this section were published in [10,
108].

3.2.1 Bussgang SVD

As shown in subsection 2.7.4.1, Bussgang’s theorem can be used to develop a receiver
capable of mitigating nonlinear distortion present in the signal. The application of the
theorem requires that the input signal follow a Gaussian distribution, as is the case for
OFDM. However, for SC modulations, the time-domain signal distribution will depend
on the constellation, and in most cases is not Gaussian.

An alternative scheme that makes use of SVD precoding to obtain a Gaussian dis-
tributed transmitted signal in the time-domain was developed for IB-DFE coded systems
that achieved promising performance even for strong nonlinear effects.

As mentioned before, after the precoding operation, the signal associated to each trans-
mit antenna will have substantial envelope fluctuations. This phenomena can be observed
in Fig. 3.1, which shows the instantaneous power associated to a given precoded sig-
nal. Clearly, after the precoding operation, the time-domain signals present considerable
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Figure 3.1: Instantaneous power associated with a time-domain precoded and interleaved
signal.

PAPR. Under these conditions, it is very prone that the transmitted signal have nonlinear
distortion effects, since the power amplifier characteristic cannot linearly accommodate
signals with large envelope fluctuations. In fact, a nonlinear power amplification is almost
unavoidable if an efficient power amplification is desired (since working in the linear
region of the power amplifiers requires large backoffs, which substantially reduces the
amplification efficiency).

3.2.1.1 Transmission

This wireless system employs SC-FDE transmission with M-QAM, transmitting up to 𝐶
data streams using 𝑇 transmit and 𝑅 receive antennas. The time-domain symbols are
aggregated by blocks, with the receiver employing IB-DFE to improve detection. The
symbols at time instant 𝑛 are represented by the 𝐶 × 1 vector s𝑛 , with the frequency-
domain counterpart at the 𝑘th subcarrier, obtained via DFT, denoted by S𝑘 . To separate
the different MIMO streams, the SVD scheme from sec. 2.5.1.2 is used, with the precoded
symbols denoted as x𝑛 .

Consider that the precoded signal, which is obtained as in (3.17), is nonlinearly am-
plified by an SSPA, modelled by (2.121). The performance of this system will depend
heavily on the normalized saturation level 𝑠sat/𝜎𝑥 , where 𝜎𝑥 is the variance of the real and
imaginary parts of the precoded signal.

Although the data symbols s𝑛 are not Gaussian, the precoded symbols x𝑛 are approxi-
mately Gaussian, provided that the dimensions of the precoding matrix V𝑘 are large and
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the elements of the channel matrix have small correlation. Under these conditions, the
precoded signal can be modelled by 𝑥 ∼ 𝒩(0, 𝜎2

𝑥), where 𝜎2
𝑥 is the variance of the real and

imaginary parts of the precoded symbols x𝑛 , assumed to be the same for all streams. The
tightness of this Gaussian approximation can be observed in Fig. 3.2, where the PDF of the
real-part of the precoded symbols is shown. Thanks to this Gaussian approximation, it is

Figure 3.2: Distribution of the real part of the precoded interleaved signal when 𝐶 = 𝑇 =

𝑅 = 8.

possible to take advantage of Bussgang’s theorem to decompose the nonlinearly distorted
Gaussian signal into two uncorrelated terms: a useful component that is a scaled replica of
the input signal and a noisy term associated to the nonlinear distortion. For this scenario,
the nonlinearly distorted signal at the output of the 𝑡th PA is written as

y(𝑡) = 𝛼(𝑡)
bgx(𝑡) + d(𝑡) , (3.1)

where d(𝑡) = [𝑑(𝑡)1 𝑑
(𝑡)
2 · · · 𝑑(𝑡)

𝑁
] is the set of nonlinear distortion terms of the 𝑡th branch and

𝛼(𝑡)
bg is the scale factor associated to the 𝑡th branch that can be obtained as

𝛼(𝑡) =
E

[
𝑥
(𝑡)
𝑛 𝑦

∗(𝑡)
𝑛

]
E

[���𝑥(𝑡)𝑛 ���2] =

E
[
𝑥
(𝑡)
𝑛 𝑓 ∗

(
𝑥
(𝑡)
𝑛

)]
2𝜎2

𝑥

. (3.2)

If it is assumed that the nonlinear characteristics of the PAs are equal and the power of
precoded signals is the same for all the 𝑇 transmit branches (the generalization to other
cases is straightforward), the scale factor 𝛼 is equal for all streams.
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The DFT of (3.1) yields the frequency-domain version of the signal to be transmitted
Y(𝑡) = DFT([𝑦(𝑡)1 𝑦

(𝑡)
2 · · · 𝑦(𝑡)

𝑁
]). Once again, from Bussgang’s theorem, Y(𝑡) can be separated

into two uncorrelated components, leading to

Y(𝑡) = 𝛼bgX(𝑡) + D(𝑡) , (3.3)

where D(𝑡) = DFT([𝑑(𝑡)1 𝑑
(𝑡)
2 · · · 𝑑(𝑡)

𝑁
]) represents the nonlinear distortion terms along the

𝑡th branch. Under these conditions, the nonlinearly distorted signal for the 𝑘th subcarrier
is

Y𝑘 = 𝛼X𝑘 + D𝑘 . (3.4)

3.2.1.2 Reception

When there are nonlinear distortion effects, the received signal can be expressed as

Z𝑘 = H𝑘Y𝑘 + N𝑘 . (3.5)

After the decoding operation, it becomes

W′
𝑘 = U𝐻

𝑘
H𝑘Y𝑘 + U𝐻

𝑘
N𝑘

= U𝐻
𝑘

H𝑘(𝛼bgX𝑘 + D′
𝑘) + U𝐻

𝑘
N𝑘

= 𝛼bgU𝐻
𝑘

H𝑘V𝑘S′
𝑘 + U𝐻

𝑘
H𝑘D′

𝑘 + U𝐻
𝑘

N𝑘

= 𝛼bgU𝐻
𝑘

U𝑘Λ𝑘V𝐻
𝑘

V𝑘S′
𝑘 + U𝐻

𝑘
H𝑘D′

𝑘 + U𝐻
𝑘

N𝑘

= 𝛼bgΛ𝑘S′
𝑘 + U𝐻

𝑘
H𝑘D′

𝑘 + U𝐻
𝑘

N𝑘 .

(3.6)

Under these conditions, after applying the de-interleaving, it develops as

W𝑘 = 𝚲′
𝑘S𝑘𝛼bg + U𝐻′

𝑘
H′
𝑘D𝑘 + U′𝐻

𝑘
N′
𝑘 . (3.7)

If conventional IB-DFE concept, as described in sec. 2.3.2.2, was applied directly to
the decoded signal, the nonlinear distortion component would be regarded as a simple
additional noise component that will degrade the system’s performance, imposing a BER
floor that is higher for more severe nonlinear characteristics. In this work, however, a
modified version of the conventional IB-DFE that includes a BNC technique was proposed.
This technique requires an estimate of the transmitted signal x𝑛 , which for IB-DFE, can be
obtained by applying the same transmission chain used by the receiver, to the estimated
data symbols associated with the 𝑙th equalization iteration, Ŝ(𝑙)

𝑘
. Therefore, Ŝ(𝑙)

𝑘
should

be submitted to the interleaving, precoding, SSPA model, and de-interleaving operations.
The estimate of the nonlinear distortion component associated to a given iteration is
obtained by computing

d̂(𝑙)
𝑛 = 𝑓 (x̂𝑛) − 𝛼bgx̂𝑛 , (3.8)

with D̂(𝑙)
𝑘

being the frequency domain counterpart of the distortion term estimates. The
equalized symbols are, therefore, computed by

S̃(𝑙)
𝑘

= F(𝑙)
𝑘
(W𝑘 − U′𝐻

𝑘
H′
𝑘D̂

′(𝑙−1)
𝑘

) − B(𝑙)
𝑘

S̄(𝑙−1)
𝑘

, (3.9)
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Figure 3.3: Block diagram of the proposed receiver. For simplicity’s sake, the DFT operation
is implied in the PreCod block, and the IDFT and subsequent DFT operations are implied
by the Amplify block.

with D̂
′(0)
𝑘

= 0. A block diagram of the proposed receiver is shown in Fig. 3.3.
It should be noted that, in the first iteration (𝑙 = 1), there are no symbol estimates,

and, therefore, the receiver is not able to compute an estimate of the nonlinear distortion
component and perform its cancellation. However, it is possible to modify the feedforward
equalization matrix to account for the nonlinear distortion component, which can be seen
as an additional noise component [58]. This modification passes through change the
effective SNR to account for the power of the nonlinear distortion noise, which gives rise
to a “robust receiver”. The Signal-to-Noise plus Distortion Ratio (SNDR) is defined as

SNDR =
𝑃𝑥

𝜎2
𝑁
+ 𝑃𝐷

, (3.10)

where 𝑃𝑥 is the signal power and 𝑃𝐷 is the power associated with the distortion term.
Under these conditions, the feedforward coefficient becomes

F̃(𝑙)
𝑘

=
Λ′
𝑘

Λ′2
𝑘
+ 1

𝛼2
bgSNDR

. (3.11)

By taking into account the power degradation due to the nonlinearity, performance
can be improved for higher SNR. The same reasoning is applied to the calculation of the
soft decisions in both coded and uncoded receivers, where an equivalent noise is defined
as

𝜎2
𝑀 = 𝜎2

𝑁 + 𝑃𝐷 . (3.12)

3.2.1.3 Simulation Results

This section presents a set of BER curves for the proposed reception scheme. Unless
otherwise stated, each block contains 𝑁 = 512 symbols. The channels between each
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transmit and receive antenna are uncorrelated, (i.e., 𝜌 = 0), and have 16 symbol-spaced
multipath components with equal average power and uncorrelated Rayleigh fading.

Fig. 3.4 presents the impact of two levels of nonlinearity on the BER of a 16-QAM
system with 𝑅 = 𝑇 = 32, at both the first and fourth iterations. When 𝑠sat/𝜎𝑥 = 4.0, there

Figure 3.4: BER for a 𝑅 = 𝑇 = 32 SVD system employing 16-QAM, with various clipping
levels.

is a degradation of about 7 dB for a target BER of 10−4, compared to the linear case in
the figure, while the gain from the IB-DFE iterations is the same even with the added
distortion. However, for 𝑠sat/𝜎𝑥 = 2.0, the receiver’s performance is significantly worse,
and the BER floor is substantially higher in this case.

Fig. 3.5 compares the BER using BNC receivers. As can be observed in the figure, the
addition of BNC provides a considerable improvement in the performance for systems
with this type of distortion. The boost in performance of the BNC receiver for the first
iteration is small, however, the iterative gain of this receiver is far larger. By comparing
with the linear receiver, there is a gain of 6 dB when the BER is 10−4 and the clipping level
is 𝑠sat/𝜎𝑥 = 4.0, and a lowered BER floor for a clipping level of 𝑠sat/𝜎𝑥 = 2.0. Since the
back-off will be lower in the later case by 6 dB, this means a considerable performance
gain.

Consider now a 64-QAM scheme. Fig. 3.6 concerns the linear case and Fig. 3.7 concerns
the BNC receiver. Due to the larger constellation, the linearity requirements of the
amplification process are much higher. This reflects in a severe performance degradation
even for higher clipping levels than the ones considered with 16-QAM constellations. As
such, the performance improvement of the BNC receiver is much higher. Particularly, for
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Figure 3.5: BER for a 𝑅 = 𝑇 = 32 SVD system with BNC, employing 16-QAM, for various
clipping levels.

Figure 3.6: BER for a 𝑅 = 𝑇 = 32 SVD system employing 64-QAM, with various clipping
levels.
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Figure 3.7: BER for a 𝑅 = 𝑇 = 32 SVD system with BNC, employing 64-QAM, for various
clipping levels.

𝑠sat/𝜎𝑥 = 4.0, the Bussgang-based receiver significantly outperforms the linear receiver,
achieving only a 6.5 dB degradation over the ideal non-distorted receiver, for a target BER
of 10−4.

Under the same simulation conditions as before, a 64-state convolutional code was
introduced. Due to the APP decoding making this receiver more robust, it is possible to
employ lower clipping levels. Fig. 3.8 shows the BER considering 16-QAM. As can be seen
in the figure, the addition of the APP decoder makes performance much better than the
one associated with the non-coded receiver. Even with a clipping level of 𝑠sat/𝜎𝑥 = 2.0, the
coded receiver outperforms the non-coded linear receiver. As is expected, a sudden drop
in the BER is observed, as opposed to the smoother transition of the non-coded receiver,
and the iterative gain is smaller as the decoder improves the results of the first iteration.
In Fig. 3.10, a scenario with a 64-QAM constellation is considered. As can be observed,
the performance increase is even larger, which can be explained by the larger noise and
nonlinear sensitivity of this receiver. The same sharp drop and smaller iterative gain from
the lower order system are also observed in this figure, though happening at higher

Fig. 3.9 shows the BER for the coded BNC receiver. With the same clipping levels as
before, it can be observed that the distortion cancelling receiver outperforms the linear
receiver by about 4 dBs, for a BER target of 10−4, resulting in a performance that is much
closer to a non-distorted receiver, while employing more energy efficient amplifiers. The
change in the LLR calculation of this receiver results in a better performing first iteration,
even though it does not perform any nonlinearity cancellation yet, and, for these clipping
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Figure 3.8: BER for a 𝑅 = 𝑇 = 32 coded SVD system employing 16-QAM, with various
clipping levels.

Figure 3.9: BER for a 𝑅 = 𝑇 = 32 coded SVD system with BNC, employing 16-QAM, with
various clipping levels.
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levels, removes the iteration degradation at low SNR that was present in the linear receivers.
The iterative gain in this receiver is also larger than the linear receiver, as expected due to
the nonlinear distortion cancelling of subsequent iterations.

Fig. 3.10 compares the BER for 64-QAM In this case, there is a larger performance

Figure 3.10: BER for a 𝑅 = 𝑇 = 32 coded SVD system employing 64-QAM, with various
clipping levels.

degradation due to the nonlinear distortion, when compared to 16-QAM. Despite the
use of FEC, it is still not sufficient to support more efficient amplification. Fig. 3.11
compares the BER for BNC receivers. In can be seen in the figure that there is a substantial
performance gain of about 8 dB for a BER target of 10−4. There is a much more noticeable
performance difference in using larger constellations due to the higher sensitivity to
nonlinear distortion effects, which allows for a much higher boost when the distortion is
cancelled iteratively. This is visible in the large performance difference between iterations
when compared to the 16-QAM case. Likewise, for these clipping levels, there is no
performance degradation with the iterations for low SNR when the receiver design takes
into account the power of nonlinear distortion.

3.2.2 NOMA SC-FDE

There is a growing demand for increasing user capacity in wireless systems. In conven-
tional techniques, user communications are designed to be completely orthogonal, either
in the time or frequency domains, or by using spread spectrum techniques. A novel
alternative that has gained traction in the literature is to forgo this orthogonality entirely,
and attempt to increase capacity by having superimposed user signals - so called NOMA
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Figure 3.11: BER for a 𝑅 = 𝑇 = 32 coded SVD system with BNC, employing 64-QAM, with
various clipping levels.

schemes. In this form, users can share the same resources which increases overall system
capacity.

Naturally, there is a significant downside that warrants the use of orthogonal access
schemes, and that is the difficulty in separating the different signals after being super-
imposed. In most NOMA applications, each user must detect and remove the signals
belonging to other users from the received signal through an process of Successive Inter-
ference Cancellation (SIC), with the number of iterations depending on how many signals
were combined. This has a negative impact on the system delay by increasing the time
it takes to successfully receive data. Another concern, is that malicious eavesdroppers
could also perform SIC to try and recover the data meant for legitimate users. As such, it
is highly important to analyse the PLS of these schemes.

There are many methods to superimpose these signals. One such method is to simply
transmit multiple user signals at the same time, with different transmission powers -
power-domain NOMA. This type of scheme is particularly useful for scenarios where
the distance to the transmitter is very different between receivers. This thesis considered
a downlink power-domain NOMA system with two receivers, though the analysis can
easily be extended for cases with more receivers.

3.2.2.1 Transmission

In a power-domain NOMA scheme, the data meant for each user is sent at the same time,
and over the same channel, with differing transmitting power. For a scenario with one
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transmitter, A, and two receivers, B and C, the power ratio between the two intended
signals S𝑘𝐵 and S𝑘𝐶 is defined as 𝛼.

An interleaving scheme is used to average the power of all singular values, as shown
in 2.5.1.2. The interleaving scheme can be different for each user, as it only affects the data
symbols. Therefore, the interleaved symbols for users B and C are denoted as S′

𝑘𝐵
and

S′
𝑘𝐶

, respectively. Before transmitting data, there is an initial training sequence exchange
between all users, so as to obtain the channel matrices with which to compute the SVD.
The exchange begins with the farthest user, C, sending a training sequence meant for the
transmitter, which is ignored by B. In the next step, B sends a training sequence meant for
the transmitter as well. Lastly, the transmitter sends a training sequence, followed by the
precoded data to all users. In all steps, there is an eavesdropper that listens to all of the
exchanged sequences, and computes its own channel estimates.

The channel matrices associated to the 𝑘th subcarrier can be defined as

H𝑘𝐴𝐵 = 𝜌𝐴1Ĥ𝑘𝐴1 + 𝝐𝑘 , (3.13)

and

H𝑘𝐴𝐶 = 𝜌𝐴2Ĥ𝑘𝐴2 + 𝝐𝑘 , (3.14)

where Ĥ𝑘𝐴1 and Ĥ𝑘𝐴2 are the channel estimates used by the transmitter, 𝜌𝐴1 and 𝜌𝐴2 are
correlation factors with the true channels, and 𝝐𝑘 is the error associated to the channel
estimation process. This error 𝝐𝑘 is characterized as a complex variable with Gaussian
distribution and variance 2𝜎2

𝑁
/𝛽, where 𝜎2

𝑁
is the noise variance for a specific SNR value

and 𝛽 is a scaling factor. For 𝛽 → ∞ and 𝜌𝐴1 = 𝜌𝐴2 = 1, there is a perfect channel
estimation, i.e., Ĥ𝑘𝐴𝐵 = H𝑘𝐴1 and Ĥ𝑘𝐴𝐶 = H𝑘𝐴2 . The SVD of the channel estimates is
defined as

Ĥ𝑘𝐴1 = Û𝑘𝐴1𝚲̂𝑘𝐴1V𝐻
𝑘𝐴1
, (3.15)

and
Ĥ𝑘𝐴2 = Û𝑘𝐴2𝚲̂𝑘𝐴2V̂𝐻

𝑘𝐴2
. (3.16)

Using the result of SVD, the transmitter performs the precoding operation defined as

X𝑘 = V̂𝑘𝐴1S′
𝑘𝐵

+
√
𝛼V̂𝑘𝐴1S′

𝑘𝐶
, (3.17)

where X𝑘 is the signal to be transmitted, and 𝛼 is the ratio between the power transmitted
meant for user C, and the power transmitted meant for user B. Since the precoding
operation only utilises the channel estimate of the close user, additional information must
be sent to allow the far user to complete the SVD process. The transmitter sends a partial
key Q𝑘 which is defined as

Q𝑘 = V𝐻
𝑘𝐴1V𝑘𝐴2. (3.18)
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Since Q𝑘 is a unitary matrix, then for the case of a system with 𝑇 = 𝑅 = 2, this matrix can
be written as

Q𝑘 =

[
𝑎 𝑏

−𝑏∗ exp (𝑗𝜙) 𝑎∗ exp (𝑗𝜙)

]
, (3.19)

where 𝑎 and 𝑏 are complex coefficients such that |𝑎|2 + |𝑏|2 = 1, and the determinant of
this matrix is given by

det(Q𝑘) = exp (𝑗𝜙). (3.20)

Under this decomposition, the transmitter must send four parameters that allow for the
reconstruction of the original matrix. These parameters are |𝑎|, 2(𝑎), 2(𝑏) and det(Q𝑘),
which are all real-valued quantities that can be quantized with a low resolution, so as to
reduce the overhead associated to the transmission of the partial key.

3.2.2.2 Reception

The received signal at user B is

Z𝑘𝐵 = H𝑘𝐴𝐵X𝑘 + N𝑘 , (3.21)

while the received signal at user C is given by

Z𝑘𝐶 = H𝑘𝐴𝐶X𝑘 + N𝑘 . (3.22)

Before decoding the symbols, both receivers employ IB-DFE with soft decisions. However,
it should be noted that this scheme must be slightly changed for the power-domain NOMA
scenario, mainly due to the SIC and partial key requirements at each receiver.

3.2.2.3 Receiver B

As described earlier, user B also computes a channel estimation, with the training sequence
transmitted by A. The channel can be expressed as

H𝑘𝐴𝐵 = 𝜌𝐵Ĥ𝑘𝐵 + 𝝐𝑘 , (3.23)

where 𝜌𝐵 is a correlation factor with the true channel. It is not unreasonable to assume
that there is a high correlation between the estimate of the receiver B and the transmitter,
therefore, it can be considered that 𝜌𝐴1 = 𝜌𝐵 ≈ 1. For simplicity, it is also assumed that
the error distribution of the channel estimate is the same for both A and B, though the
generalization to other cases is straightforward. The SVD of the channel estimate at user
B is written as

Ĥ𝑘𝐵 = Û𝑘𝐵𝚲̂𝑘𝐵V̂𝐻
𝑘𝐵
, (3.24)

79



CHAPTER 3. NONLINEAR RECEIVERS

with Û𝑘𝐵 , 𝚲̂𝑘𝐵 and V𝐻
𝑘𝐵

being the corresponding estimates of the matrices defined in (2.79).
As in conventional SVD techniques, the decoding is performed by multiplying the signal
by the decoding matrix U𝑘𝐵 , which is computed as

W′
𝑘𝐵

= Û𝐻
𝑘𝐵

Z𝑘𝐵 , (3.25)

where W′
𝑘𝐵

is a 𝐶×1 column vector with the interleaved, decoded symbols. This operation
can be expanded as

W′
𝑘𝐵

= Û𝐻
𝑘𝐵

H𝑘𝐴𝐵X𝑘 + Û𝐻
𝑘𝐵

N𝑘

= Û𝐻
𝑘𝐵

H𝑘𝐴𝐵V𝑘𝐴1(S′
𝑘𝐵

+
√
𝛼S′

𝑘𝐶
) + Û𝐻

𝑘𝐵
N𝑘

= Λ̂𝑘𝐴𝐵(S′
𝑘𝐵

+
√
𝛼S′

𝑘𝐶
) + Û𝐻

𝑘𝐵
N𝑘 ,

(3.26)

with Λ̂𝑘𝐴𝐵 corresponding to an estimate of the diagonal matrix composed by the singular
values of the channel. Before performing equalization, however, the receiver must perform
deinterleaving, to restore the original symbol order, yielding

W𝑘𝐵 = Λ̂′
𝑘𝐴𝐵

(S𝑘𝐵 +
√
𝛼S𝑘𝐶 ) + Û′𝐻

𝑘𝐵
N′
𝑘 . (3.27)

Before user B can detect its intended symbols, it must perform the SIC reception on the
symbols intended for user C. In order to do so, it first performs detection on the stronger
signal, which has a much higher SNR) than the wanted signal, making the detection
simple. The equalized signal is obtained by computing

S̃𝑘𝐶 = F𝑘𝐵1W𝑘𝐵 , (3.28)

where the equalization factor F𝑘𝐵1 is defined according to MMSE criterion as

F𝑘𝐵1 =
𝚲̂

′

𝑘𝐵

𝚲̂
′2
𝑘𝐵

+ 1√
𝛼SNR

. (3.29)

Subsequently, the receiver computes the hard decisions Ŝ𝑘𝐶 of the symbols meant for
user C, which consists in determining the closest constellation points to the received
sample.Using this estimate, the receiver can perform detection on the intended symbols.

3.2.2.4 Iterative Equalization

To minimise the ISI, the receiver employs an iterative frequency domain equalization
scheme based on the IB-DFE and MMSE criterion, which performs both feedforward and
feedback equalization at a subcarrier level. This equalization process can be repeated up
to 𝐿 times, which was fixed at 𝐿 = 4 for this scenario. The equalized symbols at the 𝑘th
subcarrier and 𝑙th iteration are computed by
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S̃(𝑙)
𝑘𝐵

= F(𝑙)
𝑘𝐵2

(
W𝑘𝐵 −

√
𝛼𝚲̂

′

𝑘𝐵
Ŝ𝑘𝐶

)
− B(𝑙)

𝑘𝐵2
S̄(𝑙−1)
𝑘𝐵

, (3.30)

where F(𝑙)
𝑘𝐵2

is the feedforward factor, B(𝑙)
𝑘𝐵2

is the feedback factor, and S̄(𝑙−1)
𝑘𝐵

are the soft-
decided symbols of the previous iteration (for 𝑙 = 1 this is simply a null vector). The
feedforward factor matrix is defined as

F(𝑙)
𝑘𝐵2

=
𝚲̂

′

𝑘𝐵(
1 −

��𝜌(𝑙−1)
��2) 𝚲̂′2

𝑘𝐵
+ 1

SNR

, (3.31)

where 𝜌(𝑙−1) denotes the block-wise reliability associated to the data estimated in the
(𝑙 − 1)th iteration (for 𝑙 = 1, 𝜌(0) = 0). The feedback factor matrix, on the other hand, is
defined as

B(𝑙)
𝑘𝐵

= F(𝑙)
𝑘𝐵2

𝚲̂
′

𝑘𝐵
− I. (3.32)

3.2.2.5 Receiver C

The detection at user C is significantly different from the detection scheme employed in
[9]. This is explained by the modifications required for the interleaving scheme and by
the use of a partial key. As described earlier, user C also computes a channel estimation,
with the training sequence transmitted by A. The frequency-domain channel response is
expressed as

H𝑘𝐴𝐶 = 𝜌𝐶Ĥ𝑘𝐶 + 𝝐𝑘 . (3.33)

where 𝜌𝐶 is a correlation factor with the true channel. It is not unreasonable to assume
that there is a high correlation between the estimate of the receiver C and the transmitter,
therefore, it is considered that 𝜌𝐴2 = 𝜌𝐶 ≈ 1. For simplicity, it is assumed that the error
distribution of the channel estimate is the same for both A and C, though the generalization
to other cases is straightforward. The SVD of the channel estimate at user C is written as

Ĥ𝑘𝐶 = Û𝑘𝐶 𝚲̂𝑘𝐶 V̂𝐻
𝑘𝐶
, (3.34)

with Û𝑘𝐶 , 𝚲̂𝑘𝐶 and V̂𝐻
𝑘𝐶

being the corresponding estimates of the matrices defined in (4.6).
As in conventional SVD techniques, the decoding is performed by multiplying the signal
by the decoding matrix Û𝑘𝐶 , which is computed as

W′
𝑘𝐶

= Û𝐻
𝑘𝐶

Z𝑘𝐶 , (3.35)

where W′
𝑘𝐶

is a 𝐶×1 column vector with the interleaved, decoded symbols. This operation
can be expanded as
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W′
𝑘𝐶

= Û𝐻
𝑘𝐵

H𝑘𝐴𝐶X𝑘 + Û𝐻
𝑘𝐶

N𝑘

= Û𝐻
𝑘𝐶

H𝑘𝐴𝐶V𝑘𝐴1(S′
𝑘𝐵

+
√
𝛼S′

𝑘𝐶
) + Û𝐻

𝑘𝐶
N𝑘

= Λ̂𝑘𝐴𝐶V𝐻
𝑘𝐶

V𝑘𝐴1(S′
𝑘𝐵

+
√
𝛼S′

𝑘𝐶
) + Û𝐻

𝑘𝐶
N𝑘 ,

(3.36)

with Λ̂𝑘𝐴𝐶 corresponding to an estimate of the diagonal matrix composed by the singular
values of the channel. The received signal is then deinterleaved, so as to split the singular
values amongst the streams, yielding

W𝑘𝐶 = Λ̂′
𝑘𝐴𝐶

V′𝐻
𝑘𝐶

V′
𝑘𝐴1

(S𝑘𝐵 +
√
𝛼S𝑘𝐶 ) + Û′𝐻

𝑘𝐶
N′
𝑘 . (3.37)

As was the case with receiver B, this receiver performs the same iterative equalization, with
the exception that it does not need to perform an initial first detection. The equalization is
defined as

Y(𝑙)
𝑘𝐶

= F(𝑙)
𝑘𝐶

W𝑘𝐶 − B(𝑙)
𝑘𝐶

Ȳ(𝑙−1)
𝑘𝐶

, (3.38)

where Y(𝑙)
𝑘𝐶

is the equalized received signal at the 𝑘th subcarrier and 𝑙th iteration, and Ȳ(𝑙−1)
𝑘𝐶

is the equalized signal estimate of the previous iteration (for 𝑙 = 1 it is set to 0). However,
unlike receiver B, this receiver cannot complete the SVD on its own. Therefore, it makes
use of the partial key Q̂𝑘 , which is computed from the received parameters as

Q𝑘 =

[
𝑎̃ exp 𝑗𝜙̃𝑎 𝑏 exp 𝑗𝜙̃𝑏

−𝑏 exp 𝑗(𝜙̃ − 𝜙̃𝑏) 𝑎̃ exp 𝑗(𝜙̃ − 𝜙̃𝑎)

]
, (3.39)

where 𝑎̃,𝜙̃𝑎 , 𝜙̃𝑏 and 𝜙̃ are the finite resolution quantized values transmitted by A, and 𝑏
is obtained from 𝑏 =

√
1 − 𝑎̃2. Prior to applying the partial key, the equalized signal is

interleaved, in order to match the SVD matrices. The equalized symbols estimates are
expressed as

S̃′(𝑙)
𝑘𝐶

= Q𝑘Y′(𝑙)
𝑘𝐶
, (3.40)

which are then deinterleaved into the equalized symbol estimates S̃(𝑙)
𝑘𝐶

.

3.2.2.6 Simulation Results

For these result, the frequency-selective channel is characterized by 16 multipath rays
with uncorrelated Rayleigh fading. This analysis focuses on the achievable secrecy rate
for various levels and sources of channel errors and different system considerations as
well as on the BER of users B and C. Unless otherwise mentioned, the power ratio 𝛼 is set
to 18 dB. Fig. 3.12 shows the BER of the proposed NOMA scheme considering an 8 × 8
MIMO system with perfect CSI.

From the figure, it can be seen that user C requires an 𝐸𝑏/𝑁0 about 18 dB lower than
user B in order to achieve the same BER in the first iteration, which corresponds to the
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Figure 3.12: BER of both legitimate users for an 8 × 8 system.

gain due to the higher transmit power. As mentioned before, the partial key Q𝑘 must
be quantized using a finite resolution, before being transmitted. Fig. 3.13 shows the
achievable BER results for a 2 × 2 system at user C for different quantization resolutions.

From the figure, it can be seen that this system requires at least 5 bits of quantization to
reach a target BER of 10−4. Since the matrix Q𝑘 can be reconstructed based on 4 parameters,
then the total overhead associated to the transmission of the partial key has a length of 20
bits.

3.3 Nonlinear Receivers for Multi-Carrier Schemes

As was discussed in the previous chapter, certain hardware impairments such as the
amplifiers can introduce nonlinear effects in the transmitted signal. This leads to a
degradation of the communication, and in the limit can make it impossible to use large
constellations. In this section it is shown that it is possible to construct receivers that are
aware of these nonlinear effects, and use that information to cope with the distortion and
improve performance.

3.3.1 Generalized Approximate Message Passing

GAMP is a well known algorithm for estimating linearly transformed vectors from random
observations [109], in a scenario referred to as the Generalized Linear Model (GLM). In
this model, an input vector q is submitted through a Gaussian input channel, resulting in
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Figure 3.13: BER of a 2 × 2 system at user C, considering 4 IB-DFE iterations and different
resolutions for quantization of the partial key Q𝑘 .

an output vector x. This vector is then linearly transformed into z by

z = Ax, (3.41)

where A is a known linear transform matrix. Lastly, z is submitted through a Gaussian
output channel, resulting in the observation vector y. Fig. 3.14 shows a block diagram
that represents the GLM.

Figure 3.14: Block diagram of the GLM.

The goal of GAMP is to estimate the vectors x and z, given the input and output vectors
q and y. If all elements of x follow the same distribution, then q can be replaced by a
constant distribution in the algorithm.

The author of [110] proposed an adapted version of this algorithm for decoding a
nonlinearly distorted signal, i.e., a nonlinear output channel. In the proposed system, a
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frequency-domain signal is converted to the time-domain and nonlinearly distorted. It
is then sent through a noisy channel to a receiver that knows the nonlinear function and
CIR. In this particular case, the signal is considered to be real-valued in order to simplify
calculations, and is characterized by 𝑁𝑂𝑠 samples, where 𝑂𝑠 is an oversampling factor.
Fig. 3.15 shows a block diagram of the nonlinearly distorted GLM.

Figure 3.15: Block diagram of the nonlinearly distorted GLM.

In [111], a complex signal is considered, which significantly increases the complexity
of the GAMP decoder. The decoder takes in the equalized time-domain signal y𝑛𝑙 and
requires that the receiver knows the nonlinear function 𝑓 , as well as the noise variance
2𝜎2

𝑁
. Since this is an iterative process, the output of the 𝑖th iteration shall be the symbol

estimates 𝑋̂𝑘(𝑖). The steps of each iteration are described in Algorithm 1. In step 1), the
vectors requiring information from the previous iteration are initialized. Step 2) computes
the matrix transform of the previous iteration’s input signal estimate, which in this case
can be implemented using the IFFT. Next, step 3) estimates the output signal using the
nonlinear output function 𝑔𝑜𝑢𝑡 . At step 4), the output signal estimate is matrix transformed,
which once again may be implemented using the FFT. Lastly, step 5) estimates the input
signal of the system using the nonlinear function 𝑔𝑖𝑛 .

From this point on, the iteration indices from GAMP variables are omitted to simplify
the notation. For MMSE estimation, the input nonlinear function 𝑔𝑖𝑛 and its derivative
𝑔′
𝑖𝑛

are defined as [112]
𝑔𝑖𝑛(𝑉̂𝑘 , 𝜇𝑉 ) := E[𝑋𝑘|𝑉̂𝑘], (3.42)

and
−𝜇𝑉 𝜕

𝜕𝑉̂𝑘
𝑔𝑖𝑛 := var[𝑋𝑘|𝑉̂𝑘]. (3.43)

The expectation for the M-QAM can be calculated by

E[𝑋𝑘|𝑉̂𝑘] =
𝑀−1∑
𝑖=0

𝐷𝑖𝑃(𝐷𝑖|𝑉̂𝑘 , 𝜇𝑉 ), (3.44)

where 𝐷𝑖 is the 𝑖th symbol of the constellation, and 𝑃(𝐷𝑖|𝑉̂𝑘𝜇𝑉 ) is the likelihood of that
symbol, defined as

𝑃(𝐷𝑖|𝑉̂𝑘 , 𝜇𝑉 ) =
exp

(
− |𝐷𝑖−𝑉̂𝑘 |2

2𝜇𝑉

)
∑𝑀−1
𝑗=0 exp

(
− |𝐷𝑗−𝑉̂𝑘 |2

2𝜇𝑉

) . (3.45)
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Algorithm 1 GAMP Decoder
Given a nonlinearly distorted received signal in the time domain, y, estimate the input
vector x.

1) Initialization

𝑖 = 1, x̂(1) = 0𝑁𝑂𝑠 ,1 , ŝ(0) = 0𝑁𝑂𝑠 ,1 , 𝜇
𝑋(1) = 1𝑁𝑂𝑠 ,1

2) Output linear step

𝜇𝑝(𝑖) = 1
𝑁𝑂𝑠

𝑁𝑂𝑠−1∑
𝑘=0

𝜇𝑋
𝑘
(𝑖), ∀𝑛

𝑝̂𝑛(𝑖) =
𝑁𝑂𝑠−1∑
𝑘=0

(
𝐹𝐻
𝑛,𝑘
𝑋̂𝑘(𝑖)

)
− 𝜇𝑝(𝑖)𝑠𝑛(𝑖 − 1), ∀𝑛

3) Output nonlinear step

𝑠𝑛(𝑖) =
(
1 − 𝛽

)
𝑠𝑛(𝑖 − 1) + 𝛽𝑔𝑜𝑢𝑡(𝑝̂𝑛(𝑖), 𝜇𝑝(𝑖), 𝑦𝑛), ∀𝑛

𝜇𝑠𝑛(𝑖) =
(
1 − 𝛽

)
𝜇𝑠𝑛(𝑖 − 1) − 𝛽

𝜕

𝜕𝑝̂𝑛
𝑔𝑜𝑢𝑡(𝑝̂𝑛(𝑖), 𝜇𝑝(𝑖), 𝑦𝑛), ∀𝑛

4) Input linear step

𝑋̃𝑘(𝑖) = (1 − 𝛽)𝑋̃𝑘(𝑖 − 1) + 𝛽𝑋̂𝑘(𝑖), ∀𝑘

𝜇𝑉 (𝑖) =
(

1
𝑁𝑂𝑠

𝑁𝑂𝑠−1∑
𝑘=0

𝜇𝑠𝑛(𝑖)
)−1

, ∀𝑘

𝑉𝑘(𝑖) = 𝑋̃𝑘(𝑖) + 𝜇𝑣(𝑖)
𝑁𝑂𝑠−1∑
𝑘=0

𝐹𝑛,𝑘𝑠𝑘(𝑖), ∀𝑘

5) Input nonlinear step

𝑋̂𝑘(𝑖 + 1) = 𝑔𝑖𝑛(𝑉̂𝑘(𝑖), 𝜇𝑉 (𝑖)), ∀𝑘

𝜇𝑋
𝑘
(𝑖 + 1) = −𝜇𝑉 (𝑖) 𝜕

𝜕𝑉𝑘
𝑔𝑖𝑛(𝑉̂𝑘(𝑖), 𝜇𝑉 (𝑖)), ∀𝑘
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The variance of the distribution is calculated as

var[𝑋𝑘|𝑉̂𝑘] =
𝑀−1∑
𝑖=0

(𝐷𝑖 − E[𝑋𝑘|𝑉̂𝑘])2𝑃(𝐷𝑖|𝑉̂𝑘 , 𝜇𝑉 ). (3.46)

For 𝑂𝑠 > 1, the unused subcarriers are set as 𝑋̂𝑘 = 0 and 𝜇𝑋
𝑘
= 1, for 𝑂𝑠𝑁 > 𝑘 > 𝑁 . The

output nonlinear function 𝑔𝑜𝑢𝑡 can be defined as

𝑔𝑜𝑢𝑡(𝑝̂ , 𝜇𝑝𝑛 , 𝑦𝑛) =
𝑧̂0 − 𝑝̂𝑛
𝜇𝑝

, 𝑧0 := E[𝑧𝑛|𝑝̂𝑛 , 𝑦𝑛 , 𝜇𝑝]. (3.47)

For a generic nonlinear function, the expectation can only be computed through complex
numerical integration. The expectation is calculated as

E[𝑧𝑛|𝑝̂ , 𝑦, 𝜇𝑝] =
1
𝐶𝑛

∫ ∞

−∞
𝑥 exp

(
−|𝑦𝑛 − 𝑓 (𝑥)|2

2𝜎2
𝑁

− |𝑝̂𝑛 − 𝑥|2
2𝜇𝑝

)
d𝑥, (3.48)

where 𝐶𝑛 is the normalizing factor defined as

𝐶𝑛 =

∫ ∞

−∞
exp

(
−|𝑦𝑛 − 𝑓 (𝑥)|2

2𝜎2
𝑁

− |𝑝̂𝑛 − 𝑥|2
2𝜇𝑝

)
d𝑥. (3.49)

The partial derivative of 𝑔𝑜𝑢𝑡 is defined as

− 𝜕

𝜕𝑝̂𝑛
𝑔𝑜𝑢𝑡(𝑝̂𝑛 , 𝜇𝑝 , 𝑦𝑛) =

1
𝜇𝑝

(
1 − var[𝑧|𝑝̂ , 𝑦𝑛 , 𝜇𝑝]

𝜇𝑝

)
, (3.50)

where the var[𝑧|𝑝̂ , 𝑦𝑛 , 𝜇𝑝] variance is defined as

var[𝑧𝑛|𝑝̂𝑛 , 𝑦𝑛 , 𝜇𝑝] =
1
𝐶𝑛

∫ ∞

−∞
|𝑥|2 exp

(
−|𝑦𝑛 − 𝑓 (𝑥)|2

2𝜎2
𝑁

− |𝑝̂ − 𝑥|2
2𝜇𝑝

)
d𝑥

− |E[𝑧𝑛|𝑝̂𝑛 , 𝑦𝑛 , 𝜇𝑝]|2.
(3.51)

However, if the nonlinearity is applied separately to the in-phase and quadrature
components, then it is possible to divide the complex-valued double integral into two
real-valued, single integrals. Under these conditions, the real component is calculated as

Re (E[𝑧𝑛|𝑝̂𝑛 , 𝑦𝑛 , 𝜇𝑝]) =
1
𝐶𝑅𝑛

∫ ∞

−∞
𝑥 exp

(
−|Re (𝑦) − 𝑓 (𝑥)|2

2𝜎2
𝑁

− |Re (𝑝̂𝑛) − 𝑥|2
2𝜇𝑝

)
d𝑥, (3.52)

and the imaginary component as

Im (E[𝑧𝑛|𝑝̂𝑛 , 𝑦𝑛 , 𝜇𝑝]) =
1
𝐶 𝐼𝑛

∫ ∞

−∞
𝑥 𝑗 exp

(
−|Im (𝑦𝑛) − 𝑓 (𝑥)|2

2𝜎2
𝑁

− |Im (𝑝̂𝑛) − 𝑥|2
2𝜇𝑝

)
d𝑥, (3.53)

where 𝐶𝑅 and 𝐶 𝐼 are normalization constants defined as

𝐶𝑅𝑛 =

∫ ∞

−∞
exp

(
−|Re (𝑦𝑛) − 𝑓 (𝑥)|2

2𝜎2
𝑁

− |Re (𝑝̂𝑛) − 𝑥|2
2𝜇𝑝

)
d𝑥, (3.54)
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and

𝐶 𝐼𝑛 =

∫ ∞

−∞
exp

(
−|Im (𝑦𝑛) − 𝑓 (𝑥)|2

2𝜎2
𝑁

− |Im (𝑝̂𝑛) − 𝑥|2
2𝜇𝑝

)
d𝑥. (3.55)

The variance is calculated as

var[𝑧|𝑝̂ , 𝑦𝑛 , 𝜇𝑝] =
1
𝐶𝑅𝑛

∫ ∞

−∞
|𝑥|2 exp

(
−|Re (𝑦𝑛) − 𝑓 (𝑥)|2

2𝜎2
𝑁

− |Re (𝑝̂) − 𝑥|2
2𝜇𝑝

)
d𝑥

+ 1
𝐶 𝐼𝑛

∫ ∞

−∞
|𝑥|2 exp

(
−|Im (𝑦𝑛) − 𝑓 (𝑥)|2

2𝜎2
𝑁

− |Im (𝑝̂) − 𝑥|2
2𝜇𝑝

)
d𝑥

− |E[𝑧|𝑝̂ , 𝑦𝑛 , 𝜇𝑝]|2.

(3.56)

The integration variable lies in the range [−𝐴𝑥 , 𝐴𝑥], with 𝑁𝑥 points in between, for a total
𝑁2
𝑥 operations for polar nonlinearities, and a significantly lower value of 2𝑁𝑥 operations

for nonlinearities that are independent between I and Q branches.
The algorithm will run 𝐼max iterations, as it has no stopping condition. It is possible

to include a Cyclic Redundancy Check (CRC) code in the OFDM symbol to function as
a stopping condition, as well as correct leftover 1 bit errors. Another metric is to use the
distance between the received signal and the estimation, expressed as

𝐸(𝑖) =
𝑁𝑂𝑠−1∑
𝑛=0

𝑦𝑛𝑙𝑛 − 𝑓

(
𝑁𝑂𝑠−1∑
𝑘=0

𝐹𝐻
𝑛,𝑘
𝑋̂𝑘(𝑖)

)
. (3.57)

The X(𝑖) with the lowest 𝐸(𝑖), or that passes the CRC check, is chosen as the best vector.
This algorithm can achieve promising performance, even exceeding the performance

of ideal receivers [110]. Fig. 3.16 shows a BER comparison of the GAMP receiver with
𝑁 = 1024 subcarriers averaged over 100 blocks. From the figure, it is clear that the GAMP
receiver can achieve a target BER of 10−4 at an 𝐸𝑏/𝑁0 that is 3 dB lower than the linear
transmitter system. This comes at a much higher complexity cost and requires a higher
sampling rate (𝑂𝑠 = 4) at the receiver, not to mention the out-of-band radiation associated
with the transmitted nonlinearly distorted signal. By comparing different integration
resolutions, it is clear that increasing 𝑁𝑥 brings an improvement to performance. In fact,
for 𝑁𝑥 = 64, the BER curve suffers a change in slope at 6 dB of 𝐸𝑏/𝑁0, which is resolved
by increasing 𝑁𝑥 .

Fig. 3.17 shows the BER results for 256-QAM. For larger constellations, higher
values of 𝑁𝑥 are required. As can be seen in the figure, the performance gain over
the linear transmitter is much lower than the QPSK system. This can be attributed in
part to a comparatively low value of 𝑁𝑥 , which has a more noticeable impact on higher
constellations. It also depends on the selected saturation level, which was not chosen
as the optimum value. As previously mentioned, increasing 𝑁𝑥 lowers the BER slope
transition that occurs at 20 dB of 𝐸𝑏/𝑁0.

Fig. 3.18 shows the BER for a system using an IQ clipping nonlinearity at the transmitter.
Considering an oversampling of 𝑂𝑠 = 4, the performance is similar to the one in Fig.
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Figure 3.16: BER for the QPSK GAMP receiver with varying integral resolutions, using
an SSPA nonlinearity with 𝑞sspa = 1, 𝑠sat/𝜎𝑠 = 0.42.

Figure 3.17: BER for the 256-QAM GAMP receiver, using an SSPA nonlinearity with
𝑞sspa = 1, 𝑠sat/𝜎𝑠 = 0.57.

3.16, though this implementation has significantly less per iteration complexity. Even
when considering no oversampling, performance is still superior compared to an ideal
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Figure 3.18: BER for the QPSK GAMP receiver with an IQ clipping nonlinearity.

transmitter. It should be noted that this type of nonlinearity can be implemented digitally,
and has no OOB radiation, assuming it is linearly amplified.

For GAMP receivers, the OOB radiations due to the nonlinearity are used to improve
detection, however, this means that the transmitted signal exceeds its allocated bandwidth.
It is therefore important to characterize the performance of GAMP when the OOB radiation
is filtered at the transmitter, resulting in a distorted signal fully contained within the
original bandwidth. In this case a clipping IQ nonlinearity with oversampling can be used
to obtain a distorted signal with OOB radiation. Fig. 3.19 presents the BER for ideal and
filtered scenarios. In the figure, there is a clear degradation in performance for the filtered
systems. This is due to the time-domain estimation that is performed within GAMP,
that cannot take into account the filter’s response without adding memory effects. In the
filtered system, decreasing the clipping threshold has a negative impact on performance,
and GAMP cannot outperform a linear system.

Fig. 3.20 shows the 𝐸𝑏/𝑁0+PAPR necessary to obtain a BER of 10−4, with various
GAMP configurations. This figure shows an important metric that further highlights the
potential benefits of using GAMP. For QPSK, it can be seen that the performance of the
unfiltered system is proportional to the strength of the nonlinearity, however, filtering
the OOB radiation limits the level of distortion that is beneficial for performance at about
2 dB of PAPR. For 16-QAM, if there is no filtering there is an optimum PAPR of 1.4 dB.
Removing the OOB radiation increase the optimum PAPR to 3 dB, reducing the possible
energy efficiency gains.

Fig. 3.21 shows a BER comparison of the BNC and GAMP receivers with a nonlinear
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Figure 3.19: BER for the QPSK GAMP receiver with an IQ clipping nonlinearity and
filtered bandwidth.

Figure 3.20: 𝐸𝑏/𝑁0+PAPR necessary to achieve a target BER of 10−4 with GAMP.

SSPA that results in a SIR of 25 dB, with 𝑁 = 512, averaged over 50 OFDM blocks. The
GAMP receiver has the following parameters 𝛽 = 0.5, 𝑂𝑠 = 4, 𝑁𝑥 = 256. For this particular
nonlinearity, the BNC receiver cannot cancel out the distortion with just 2 iterations,
requiring at least 4 iterations in order to sufficiently cancel out the distortion, while still
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Figure 3.21: BER for 4096-QAM using different receivers, with an SSPA defined by
𝑞sspa = 1, 𝐴sat/𝜎𝑠 = 4.5, for an effective SIR of 25 dB.

being significantly worse than the linear transmitter. The GAMP receiver can achieve a
better performance, though the nonlinearity is not strong enough to outperform the linear
OFDM performance.

Fig. 3.22 shows the BER for the same systems, but considering a stronger nonlinearity
with a SIR of 18 dB. In this scenario, the BNC receiver does not cancel out the distortion
even after 4 iterations. On the other hand, the GAMP receiver suffers only a small 0.5
dB degradation, which can be explained by the low value of 𝑁𝑥 or by the low number of
channel realizations.

3.3.2 GTurbo

GTurbo is a novel approach to approximate Bayesian estimation from nonlinear obser-
vations that is better suited than Approximate Message Passing (AMP) for orthogonal
sensing matrices, like the Fourier matrix [113]. In the literature, it is often used to recover
a signal that was submitted to a low resolution ADC [114]. This scheme is employed with
a nonlinear operation at the transmitter, which is the same use case as GAMP. Alg. 2
presents the proposed GTurbo iterative algorithm based on [115, 116].

The expectation E[𝑧𝑛|𝑦𝑛] and variance E[𝑧𝑛|𝑦𝑛] are taken with regards to the distribu-
tion 𝑃(𝑧𝑛|𝑦𝑛), which as was shown in GAMP can be defined as

E[𝑧𝑛|𝑧pri
𝑛,𝐴
, 𝑦𝑘 , 𝜇

pri
𝐴
] = 1

𝐶𝑛

∫ ∞

−∞
𝑥 exp ©­«−

|𝑦𝑛 − 𝑓 (𝑥)|2

2𝜎2
𝑁

−
|𝑧pri
𝑛,𝐴

− 𝑥|2

𝜇
pri
𝐴

ª®¬ d𝑥, (3.58)
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Algorithm 2 GTurbo Decoder
Given a nonlinearly distorted received signal in the time domain, y, estimate the input
vector x. Initialization: zpri

𝐴
= 0𝑁𝑂𝑠 ,1 , 𝜇

pri
𝐴

= 1
Module A
1) A Posteriori mean/variance of z

𝑧
post
𝑛,𝐴

= E[𝑧𝑛|𝑦𝑛], 𝜇
post
𝑛,𝐴

= Var[𝑧𝑛|𝑦𝑛]
2) Extrinsic mean/variance of x

Xpost
𝐴

= Fzpost
𝐴

, 𝜇
post
𝐴

=
1

𝑁𝑂𝑠

𝑁∑
𝑛=1

𝜇
post
𝑛,𝐴

𝜇
pri
𝐵

= 𝜇ext
𝐴 =

(
1

𝜇
post
𝐴

− 1
𝜇

pri
𝐴

)−1

Xpri
𝐵

= Xext
𝐴 = 𝜇ext

𝐴

(
Xpost
𝐴

𝜇
post
𝐴

−
Fzpri

𝐴

𝜇
pri
𝐴

)
Module B
3) A Posteriori mean/variance of s

𝑆
post
𝑘,𝐵

= E[𝑆𝑘|𝑋pri
𝑘,𝐵

], 𝜇
post
𝑘,𝐵

= Var[𝑆𝑘|𝑋pri
𝑘,𝐵

]
4) Extrinsic mean/variance of z

𝑋
post
𝐵

= 𝑆
post
𝑘,𝐵

, 𝜇
post
𝐵

=
1

𝑁𝑂𝑠

𝑁∑
𝑘=1

𝜇
post
𝑘,𝐵

𝜇
pri
𝐴

= 𝜇ext
𝐵 =

(
1

𝜇
post
𝐵

− 1
𝜇

pri
𝐵

)−1

zpri
𝐴

= zext
𝐵 = 𝜇ext

𝐵

(
F𝐻Xpost

𝐵

𝜇
post
𝐵

−
F𝐻Xpri

𝐵

𝜇
pri
𝐵

)
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Figure 3.22: BER for 4096-QAM using different receivers, with an SSPA defined by
𝑞sspa = 1, 𝐴sat/𝜎𝑠 = 2.5, for an effective SIR of 18 dB.

where 𝐶 is the normalizing factor given as

𝐶𝑛 =

∫ ∞

−∞
exp ©­«−

|𝑦𝑛 − 𝑓 (𝑥)|2

2𝜎2
𝑁

−
|𝑧pri
𝑛,𝐴

− 𝑥|2

𝜇
pri
𝐴

ª®¬ d𝑥. (3.59)

The variance is defined as

var[𝑧𝑛|𝑧pri
𝑛,𝐴
, 𝑦𝑛 , 𝜇

pri
𝐴
] = 1

𝐶𝑛

∫ ∞

−∞
|𝑥|2 exp ©­«−

|𝑦𝑛 − 𝑓 (𝑥)|2

2𝜎2
𝑁

−
|𝑧pri
𝑛,𝐴

− 𝑥|2

𝜇
pri
𝐴

ª®¬ d𝑥

− |E[𝑧𝑛|𝑧pri
𝑛,𝐴
, 𝑦𝑛 , 𝜇

pri
𝐴
]|2.

(3.60)

Similar to GAMP, this calculation can be split into two integrals for nonlinearities that
are applied independently to I and Q. The real component is calculated as

Re (E[𝑧𝑛|𝑧pri
𝑛,𝐴
, 𝑦, 𝜇

pri
𝐴
]) = 1

𝐶𝑅𝑛

∫ ∞

−∞
𝑥 exp ©­«−

|Re (𝑦) − 𝑓 (𝑥)|2

2𝜎2
𝑁

−
|Re (𝑧pri

𝑛,𝐴
) − 𝑥|2

𝜇
pri
𝐴

ª®¬ d𝑥, (3.61)

and the imaginary component as

Im (E[𝑧𝑛|𝑧pri
𝑛,𝐴
, 𝑦, 𝜇

pri
𝐴
]) = 1

𝐶 𝐼𝑛

∫ ∞

−∞
𝑥 𝑗 exp ©­«−

|Im (𝑦) − 𝑓 (𝑥)|2

2𝜎2
𝑁

−
|Im (𝑧pri

𝑛,𝐴
) − 𝑥|2

𝜇
pri
𝐴

ª®¬ d𝑥, (3.62)

where 𝐶𝑅𝑛 and 𝐶 𝐼𝑛 are normalization constants defined as

𝐶𝑅𝑛 =

∫ ∞

−∞
exp ©­«−

|Re (𝑦𝑛) − 𝑓 (𝑥)|2

2𝜎2
𝑁

−
|Re (𝑧pri

𝑛,𝐴
) − 𝑥|2

𝜇
pri
𝐴

ª®¬ d𝑥, (3.63)

94



3.3. NONLINEAR RECEIVERS FOR MULTI-CARRIER SCHEMES

and

𝐶 𝐼𝑛 =

∫ ∞

−∞
exp ©­«−

|Im (𝑦𝑛) − 𝑓 (𝑥)|2

2𝜎2
𝑁

−
|Im (𝑧pri

𝑛,𝐴
) − 𝑥|2

𝜇
pri
𝐴

ª®¬ d𝑥. (3.64)

The variance can be calculated as the sum of two real-valued integrals, i.e.,

var[𝑧𝑛|𝑧pri
𝑛,𝐴
, 𝑦𝑛 , 𝜇

pri
𝐴
] = 1

𝐶𝑅𝑛

∫ ∞

−∞
|𝑥|2 exp ©­«−

|Re (𝑦𝑛) − 𝑓 (𝑥)|2

2𝜎2
𝑁

−
|Re (𝑧pri

𝑛,𝐴
) − 𝑥|2

𝜇
pri
𝐴

ª®¬ d𝑥

+ 1
𝐶 𝐼𝑛

∫ ∞

−∞
|𝑥|2 exp ©­«−

|Im (𝑦𝑛) − 𝑓 (𝑥)|2

2𝜎2
𝑁

−
|Im (𝑧pri

𝑛,𝐴
) − 𝑥|2

𝜇
pri
𝐴

ª®¬ d𝑥

− |E[𝑧𝑛|𝑧pri
𝑛,𝐴
, 𝑦𝑛 , 𝜇

pri
𝐴
]|2.

(3.65)

As was the case for GAMP, the integration variable is defined to be between [−𝐴𝑥 , 𝐴𝑥],
with 𝑁𝑥 points in between. The expectation for the M-QAM can be calculated by

E[𝑋𝑘|𝑋pri
𝑘,𝐵

] =
𝑀−1∑
𝑖=0

𝐷𝑖𝑃(𝐷𝑖|𝑋pri
𝑘,𝐵
, 𝜇

pri
𝐵
), (3.66)

where 𝐷𝑖 is the 𝑖th symbol of the constellation, and 𝑃(𝐷𝑖|𝑋pri
𝑘,𝐵

𝜇𝑉 ) is the likelihood of that
symbol, defined as

𝑃(𝐷𝑖|𝑋pri
𝑘,𝐵
, 𝜇

pri
𝐵
) =

exp
(
− |𝐷𝑖−𝑋pri

𝑘,𝐵
|2

2𝜇pri
𝐵
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∑𝑀−1
𝑗=0 exp

(
− |𝐷𝑗−𝑋pri

𝑘,𝐵
|2

2𝜇pri
𝐵

) . (3.67)

The variance of the distribution is calculated as

var[𝑋𝑘|𝑋pri
𝑘,𝐵

] =
𝑀−1∑
𝑖=0

(𝐷𝑖 − E[𝑋𝑘|𝑋pri
𝑘,𝐵

])2𝑃(𝐷𝑖|𝑋pri
𝑘,𝐵
, 𝜇

pri
𝐵
). (3.68)

For 𝑂𝑠 > 1, the unused subcarriers are set as E[𝑋𝑘|𝑋pri
𝑘,𝐵

] = 0 and var[𝑋𝑘|𝑋pri
𝑘,𝐵

] = 1, for
𝑂𝑠𝑁 > 𝑘 > 𝑁 .

Fig. 3.23 shows a BER comparison of the GTurbo receiver with 𝑁 = 512 subcarriers
averaged over 100 blocks. From the figure, the performance benefits of GTurbo over an
ideal receiver can be observed clearly. The gain is similar to the gain associated with using
GAMP.

Fig. 3.24 shows the BER for a 64-QAM system. Again, it can be seen that GTurbo
achieves a similar performance to GAMP. In this case 64-QAM was used, since 𝑁𝑥 = 256
was insufficient for 256-QAM to achieve a BER below 10−4. It should be noted that GTurbo
requires a larger resolution 𝑁𝑥 than GAMP, for the same modulation.

Fig. 3.25 shows the BER for a system with an IQ clipping nonlinearity at the transmitter.
It is clear from the figure that, compared to GAMP, GTurbo achieves a better performance
with a gain of approximately 1 dB which can be a significant benefit for many applications.
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Figure 3.23: BER for the QPSK GTurbo receiver, using an SSPA nonlinearity with 𝑞ssspa =

1, 𝑠sat/𝜎𝑠 = 0.42.

Figure 3.24: BER for the 64-QAM GTurbo receiver, using an SSPA nonlinearity with
𝑞sspa = 1, 𝐴sat/𝜎𝑠 = 0.57.
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Figure 3.25: BER for the QPSK GTurbo receiver with an IQ clipping nonlinearity.

As was the case for GAMP, it is important to measure the performance of GTurbo in
scenarios where there can be no OOB emissions. Fig. 3.26 presents the BER considered
filtered and unfiltered scenarios. From the figure, there is a noticeable performance

Figure 3.26: BER for the QPSK GTurbo receiver with an IQ clipping nonlinearity and
filtered bandwidth.
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penalty associated with filtering the OOB emissions. It is interesting to note that GTurbo
can achieve a better performance than GAMP in the filtered scenarios, though it cannot
outperform a linear system. This fact makes GTurbo better suited at mitigating distortion
without increasing signal bandwidth.

Fig. 3.27 shows the 𝐸𝑏/𝑁0+PAPR necessary to obtain a BER of 10−4, with various
GTurbo configurations. As was the case for GAMP, it can be seen that unfiltered QPSK

Figure 3.27: 𝐸𝑏/𝑁0+PAPR necessary to achieve a target BER of 10−4 with GTurbo.

performs best with the lowest possible PAPR. If the OOB radiation is filtered, then the
optimum PAPR for GTurbo QPSK is 2 dB. For 16-QAM, unfiltered GTurbo performs best
with 1.4 dB of PAPR, the same as GAMP, though it achieves an 𝐸𝑏/𝑁0+PAPR around 2
dB lower than GAMP, which means it requires less 𝐸𝑏/𝑁0 to reach the target BER. On the
other hand, filtered GTurbo 16-QAM performs best with a PAPR of 2.6 dB, and achieves
an 𝐸𝑏/𝑁0+PAPR about 1 dB lower than GAMP.

3.4 Coded Nonlinear Receivers

This section presents nonlinear receiver algorithms that were adapted to make use of FEC
schemes. Specifically, LDPC coding was considered and implemented, as it is a widely
adopted method of FEC.

3.4.1 Coded Bussgang Receiver

The BNC receiver can be greatly improved by adding channel coding, which can be done
in two different configurations. The first and simplest configuration is to simply decode
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the signal after the BNC process is complete. For a soft input decoder, the LLR of each bit
can be approximated by

𝐿
(𝑖)
𝑚 ≈

𝛼2
bg

𝜎2
𝑁

(Re (𝑆̃(𝑖)
𝑘

− 𝑆̂1
𝑘
) + Im (𝑆̃(𝑖)

𝑘
− 𝑆̂1

𝑘
)

− Re (𝑆̃(𝑖)
𝑘

− 𝑆̂0
𝑘
) + Im (𝑆̃(𝑖)𝑛 − 𝑆̂0

𝑘
)),

(3.69)

where 𝑆̂1
𝑘

and 𝑆̂0
𝑘

are the closest constellation symbols to 𝑆̃(𝑖)𝑛 where the 𝑚th bit is 1 and 0,
respectively. The result is used as the soft input to the channel decoder, which can use any
coding scheme.

The successful decoding likelihood can be improved by taking into account the power
of the distortion factor in the LLR calculation, rewriting (3.69) as

𝐿
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𝑘
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,

(3.70)

where 𝑃𝐷 can be computed a priori by

𝑃𝐷 = 𝑃𝑥 − 𝛼2
bg2𝜎2

𝑆 . (3.71)

Implementing these modifications results in a more robust receiver that does not suffer
from incorrect decoding at very high SNR due to incorrect SIR information. Fig. 3.28 shows
a BER comparison of a 1024-QAM OFDM system using a clipping level of 𝑠sat/𝜎𝑆 = 2.8.
As can be observed, the improved BNC achieves a slightly better performance after 2
iterations, though a significant gain is seen after 4 iterations. The conventional BNC
becomes worse with successive iterations because the estimation quality does not improve
significantly between iterations if it is not decoded by the LDPC. Therefore, for achieving
maximum efficiency in a coded system, these modifications of the conventional BNC are
necessary.

In the same fashion as the uncoded system, Fig. 3.29 shows the necessary 𝐸𝑏/𝑁0+OBO
for a target BER of 10−5, considering various OBO levels.

From the figure, it can be observed that at 𝐼max = 4 there is an optimum OBO around 9
and 10 dB, for 1024-QAM and 4096-QAM, respectively. For 𝐼max = 8, the required power
increases, due to error propagation in the iterative process. Fig. 3.30 simulated the same
conditions, but for a target Symbol Error Rate (SER) of 2%.

In this case, the optimum OBO for both modulations is around 9dB, at 𝐼max = 4. There
is no benefit to increasing 𝐼max in this scenario, leading only to worse performance.

The coded BNC receiver can be improved by taking advantage of the decoder to better
approximate the transmitted signal at each Bussgang iteration. This requires re-encoding
and modulating the decoded bits at the end of each Bussgang iteration, increasing delay
and complexity. This scheme is referred to as Code Assisted Bussgang Noise Cancelling
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Figure 3.28: BER for 1024-QAM with 𝑠sat/𝜎𝑆 = 2.8 using conventional and improved
coded BNC receivers.

Figure 3.29: Required 𝐸𝑏/𝑁0+OBO for a target BER of 10−5 as a function of the OBO, for
different constellations.

(CA-BNC). The benefit lies in the increased robustness to lower clipping levels. Fig. 3.31
shows the necessary 𝐸𝑏/𝑁0+OBO for a target BER of 10−5, for various OBO levels.
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Figure 3.30: Required 𝐸𝑏/𝑁0+OBO for a target SER of 2% as a function of the OBO, for
different constellations.

Figure 3.31: Required 𝐸𝑏/𝑁0+OBO of CA-BNC, for a target BER of 10−5 as a function of
the OBO, for different constellations.

At 𝐼max = 4, the optimum OBO for 1024-QAM and 4096-QAM is 7.6 and 9 dB, re-
spectively. For 𝐼max = 8 the optimum OBO for 1024-QAM does not change significantly,
whereas for 4096-QAM the optimum OBO is 7.6 dB. Compared with regular BNC, there is
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an approximate total power decrease of around 1.5 dB, at the optimum OBO for 1024-QAM
and 4096-QAM. Fig. 3.32 simulated the same conditions, but for a target SER of 2%.

Figure 3.32: Required 𝐸𝑏/𝑁0+OBO of CA-BNC, for a target SER of 2% as a function of the
OBO, for different constellations.

The optimum OBO in this scenario does not change significantly, for1024-QAM, though
it improves to 7.6dB for 4096-QAM. In this case, increasing the number of iterations does
not have a noticeable impact on the necessary power.

Regardless of the constellation order, it can be seen that the coding scheme tolerates
much lower clipping levels when compared to the uncoded system, achieving an optimum
OBO of 7.6 dB.

3.4.1.1 Complexity Analysis

This section characterizes the computation complexity of an iteration of the proposed
Bussgang receiver. Only the steps that are not part of a conventional receiver were
considered, namely initial equalization and decoding. For simplicity, it is considered that
an arithmetic operation between two real variables consumes 1 Floating-Point Operation
(flop), whereas complex variables require 2 flops.

An iteration of Bussgang first calculates the distortion factor 𝐷𝑘 in (2.142), from the
previous iteration’s symbol estimate. This step consists in computing the IFFT of the
previous symbol estimate, applying the NL function to the resulting vector, computing
the FFT to obtain the frequency domain symbols, and lastly subtracting the attenuated
signal. Computing the attenuated signal consumes 2𝑁𝑂𝑠 flops, and the subtraction
another 2𝑁𝑂𝑠 flops. The FFT and IFFT depend on the architecture of available, and the
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Table 3.1: Summary of the complexity in each Bussgang iteration.

Bussgang Step Complexity (flops)
First Iteration FFT+IFFT+NL+4𝑁𝑂𝑠

Following Iterations FFT+IFFT+NL+8𝑁𝑂𝑠

nonlinear function can vary significantly. For an SSPA, a specific implementation might
use LUTs to implement the function, as it will be very expensive computationally.

The second step of a Bussgang iteration, which is only performed after the first iteration,
is to subtract the𝐷𝑘 from the received signal, and perform equalization once again. For ZF,
this requires 4𝑁𝑂𝑆 flops, though more complex equalization schemes will have significant
impact. Table 3.4.1.1 summarizes the per iteration complexity of Bussgang receivers. It is
clear that the total flops of a Bussgang iteration depend heavily on the specific application,
and should be analysed for specific scenarios. Each iteration can also decode the error
correcting code, for better performance at the cost of higher complexity, depending on the
decoder.

3.4.2 Coded GAMP

Similarly to Coded BNC, GAMP can also be improved by introducing FEC within each
GAMP iteration. This modification can significantly improve GAMP convergence, thereby
reducing the need for more iterations. This work was published in [15].

Each GAMP iteration computes the LLR, defined as

𝐿𝑚 =

𝑆∈S0∑
exp

(
−(Re (𝑉̂𝑘 )−Re (𝑆))2+(Im (𝑉̂𝑘 )−Im (𝑆))2

2𝜎2
𝑁

)
𝑆∈S1∑

exp
(
−(Re (𝑉̂𝑘 )−Re (𝑆))2+(Im (𝑉̂𝑘 )−Im (𝑆))2

2𝜎2
𝑁

) , (3.72)

which is then used as the input for decoding. It is possible to approximate the LLR using
a lower complexity calculation, defined as

𝐿
(𝑖)
𝑚 ≈ 1

𝜇𝑣
2

𝑘

(Re (𝑉̂𝑘 − 𝑆1
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) + Im (𝑉̂𝑘 − 𝑆1

𝑘
)

− Re (𝑉̂𝑘 − 𝑆0
𝑘
) + Im (𝑉̂𝑛 − 𝑆0

𝑘
)),

(3.73)

however, this approximation may notbe enough forvery large constellations. It is necessary
to modify the probabilities 𝑃(𝐷𝑖|𝑉̂𝑘 , 𝜇𝑣) to use the LLR of each bit, defined as

𝑃(𝐷𝑖|𝑉̂𝑘 , 𝜇𝑣) =
𝑀𝑏𝑖𝑡𝑠−1∏
𝑗=0

1
2

(
1 + 𝑏 𝑗 tanh

𝐿𝑐
𝑗

2

)
, (3.74)

where 𝑏 𝑗 is defined as

𝑏 𝑗 :=

{
1, 𝑏 𝑗 = 0

−1, 𝑏 𝑗 = 1
, (3.75)
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where 𝑏 𝑗 is the 𝑗th bit of the symbol. The rest of the algorithm does not require modifi-
cations, while the LLR is obtained from the output of the decoder, which in the case of
ecoding does not require additional processing.

Coded GAMP can achieve promising results, even for high order modulations. Fig.
3.33 presents the BER of a system employing a 1/2 rate LDPC code, with 𝑁𝑥 = 512, 𝑂𝑠 =

4, 𝐼max = 20, 𝛽 = 0.85.

Figure 3.33: BER for 1024-QAM for linear and Coded GAMP receivers.

In this scenario, GAMP is being used to recover a signal that has been clipped to
reduce the PAPR and amplified by a linear amplifier. As can be noted from the figure,
with exact LLR calculation, GAMP can outperform a linear system by almost 1 dB, while
supporting a PAPR that is 5.7 dB lower, allowing for much more efficient amplification.
On the other hand, using approximate LLR calculation degrades performance, as certain
OFDM symbols cannot be recovered due to the approximation error.

3.4.2.1 Complexity Analysis

The complexity of GAMP can be characterized per iteration, with total complexity de-
pending on the expected number of iterations. An iteration is divided into 4 steps, as was
previously shown, numbered between 2 and 5, since step 1 is the initialization.

Step 2 requires computing a real average, which costs 𝑁𝑂𝑠 flops, performing an IFFT
of length𝑁𝑂𝑠 , with complexity depending on the architecture, and a complex vector wise
multiplication and subtraction, which cost an addtional 4𝑁𝑂𝑠 flops. The total for this step
is 7𝑁𝑂𝑠 .

104



3.4. CODED NONLINEAR RECEIVERS

Table 3.2: Summary of the complexity in each step of GAMP, per iteration.

GAMP Step Complexity (flops)
Step 2 IFFT+7𝑁𝑂𝑠

Step 3 𝑁𝑂𝑠(5 + 18𝑁𝑥 + 3𝑁2
𝑥 )

Step 3 IQ 𝑁𝑂𝑠(5 + 24𝑁𝑥)
Step 4 FFT+1 + 11𝑁𝑂𝑠

Step 5 𝑁(28𝑀 − 4)
Total 1 + 28𝑁𝑂𝑠 + 𝑁𝑂𝑠(3 + 18𝑁𝑥 + 3𝑁2

𝑥 ) + 𝑁(28𝑀 − 4)
Total IQ 1 + 28𝑁𝑂𝑠 + 𝑁𝑂𝑠(5 + 24𝑁𝑥) + 𝑁(28𝑀 − 4)

Step 3 requires several computations. The complex integral in (3.49) requires comput-
ing 𝑁𝑂𝑠𝑁

2
𝑥 flops, of which each term is the result of an exponential, that can be sourced

from a LUT. The exponent is made up of a sum of two similar terms, with each parcel
consisting of a square, subtraction and division, for a total of 6𝑁𝑥 flops per exponent term.
The total amount of flops for the normalization factor is therefore 𝑁𝑂𝑠(14𝑁𝑥 + 𝑁2

𝑥 ). For
(3.48), the exponential is the same, therefore it does need to be computed. The integral
requires 𝑁𝑂𝑠(2 + 2𝑁𝑥 + 𝑁2

𝑥 ) flops. Calculating (3.47) requires an additional 4𝑁𝑂𝑠 flops.
The integral in (3.51) requires 𝑁𝑂𝑠(3 + 2𝑁𝑥 + 𝑁2

𝑥 ) flops, since part of the expression was
already calculated in the previous calculation. Lastly, (3.50) requires 3𝑁𝑂𝑠 flops. In total,
calculating step 3) requires 𝑁𝑂𝑠(3 + 18𝑁𝑥 + 3𝑁2

𝑥 ).
If a rectangular nonlinearity is used, then the complexity is lower. The normalization

(3.54) requires 𝑁𝑂𝑠𝑁𝑥 for the integration, and 6𝑁𝑥 flops to calculate the exponential.
Taking into account (3.55), this step requires 2𝑁𝑂𝑠(8𝑁𝑥) flops. The expectations (3.52)
and (3.53) require 2𝑁𝑂𝑠(2 + 2𝑁𝑥) flops in total. The nonlinear output step (3.47) requires
the same number of flops. The variance (3.56) requires 𝑁𝑂𝑠(3 + 4𝑁𝑥). The total number
of flops in this step is 𝑁𝑂𝑠(5 + 24𝑁𝑥), a significant reduction in flops.

Step 4 is similar to step 2, with an additional damping calculation, which consumes
6𝑁𝑂𝑠 flops. The average requires 1 + 𝑁𝑂𝑠 , due to the inversion, and the updated
probability requires an FFT of size 𝑁𝑂𝑠 and an additional 4𝑁𝑂𝑠 flops. The total for this
step is 1 + 11𝑁𝑂𝑠 .

In step 5, the complexity of calculating the likelihood depends on which definition
is used. For (3.45), it requires computing 𝑀 exponents, each requiring 6 operations,
and a sum of 𝑀 complex terms in the denominator. The total is 8𝑀, assuming that the
exponential requires no flops. The expectation in (3.44) requires 𝑁(12𝑀 − 2) flops, since
subcarriers beyond 𝑁 do not carry data, and the variance (3.46) requires 𝑁(16𝑀 − 2),
where 𝑀 is the constellation size. In total this step requires 𝑁(28𝑀 − 4) flops.

Table 3.2 summarised the complexity of each GAMP iteration.
From this analysis, it is clear how certain variables define the computational complexity

of each GAMP step. The heaviest step is clearly step 3, due to a factor 𝑁𝑂𝑠𝑁
2
𝑥 , which

scales quadratically with the integral resolution that must be high for large constellations.
For rectangular nonlinearities, the complexity is much lower, since it does not scale
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quadratically with 𝑁𝑥 . The term 𝑀 in step 5 should also be noted, as for very large
constellations it may exceed the complexity of step 3, for low oversampling or rectangular
nonlinearities. The other steps are fairly simple to calculate, excluding the complexity
of the DFT. Each iteration must also decode the codeword, which has a complexity that
depends on the chosen coding scheme and decoder. Compared to a conventional receiver,
performing 𝐼 GAMP iterations will require 𝐼 times more decoding operations.

3.4.3 Coded Generalized Turbo

GTurbo can also be improved using FEC, as was the case for GAMP. Each GTurbo iteration
computes the LLR, defined as

𝐿𝑚 =
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exp
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) , (3.76)

which is then used as the input for decoding. The approximate LLR is given by
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(3.77)

however, this approximation may not be enough for very large constellations. The proba-
bility 𝑃(𝐷𝑖|𝑋pri

𝑘,𝐵
, 𝜇

pri
𝐵
) is rewritten as

𝑃(𝐷𝑖|𝑋pri
𝑘,𝐵
, 𝜇

pri
𝐵
) =

𝑀𝑏𝑖𝑡𝑠−1∏
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(
1 + 𝑏 𝑗 tanh
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, (3.78)

where 𝑏 𝑗 is defined as

𝑏 𝑗 :=

{
1, 𝑏 𝑗 = 0

−1, 𝑏 𝑗 = 1
, (3.79)

where 𝑏 𝑗 is the 𝑗th bit of the symbol.
As was the case for GAMP, Coded GTurbo can achieve excellent results, even for high

order modulations. Fig. 3.34 presents the BER of a system employing a 1/2 rate LDPC
code, with 𝑁𝑥 = 512, 𝑂𝑠 = 4, 𝐼max = 20.

In these results, the signal sent to the GTurbo receiver was submitted to a PAPR
reducing clipping nonlinearity. With exact LLR calculation, GTurbo can outperform linear
OFDM by almost 1 dB, similar to GAMP, with the added benefit of a 5.7 dB lower PAPR.
Unlike GAMP however, GTurbo can still achieve nearly the same performance using
approximate LLR calculation, due to the increased robustness to accumulated error over
GAMP.

106



3.4. CODED NONLINEAR RECEIVERS

Figure 3.34: BER for 1024-QAM for linear and Coded GTurbo receivers.

3.4.3.1 Complexity Analysis

The complexity of GTurbo can also be characterized per iteration, with total complexity
depending on the expected number of iterations. An iteration is divided into 4 steps, as
was previously shown, numbered between 1 and 4.

Step 1 requires computing the a posteriori probabilities, which are computationally
similar to GAMP. The normalization factor (3.59) computes a complex integral that
consumes 𝑁𝑂𝑠𝑁

2
𝑥 flops. Calculating the expression inside the integral requires 14𝑁𝑥

flops, for a total𝑁𝑂𝑠(14𝑁𝑥+𝑁2
𝑋
)flops. The expectation (3.58) consumes𝑁𝑂𝑠(2+2𝑁𝑥+𝑁2

𝑥 ),
and the variance (3.60) consumes 𝑁𝑂𝑠(3 + 2𝑁𝑥 + 𝑁2

𝑥 ) flops. In total, computing this step
requires 𝑁𝑂𝑠(5 + 18𝑁𝑥 + 3𝑁2

𝑥 ).
For rectangular nonlinearities, computing (3.63) and (3.64) requires 2𝑁𝑂𝑠(8𝑁𝑥), the

expectations (3.61) and (3.62) consume 2𝑁𝑂𝑠(1 + 𝑁𝑥), and the variance (3.65) requires
2𝑁𝑂𝑠(3 + 𝑁𝑥). The total computing cost for IQ nonlinearities is 2𝑁𝑂𝑠(4 + 10𝑁𝑥).

Step 2 requires an initial FFT, and an average requiring 1 + 𝑁𝑂𝑠 flops. The following
calculations for 𝜇pri

𝐵
and Xpri

𝐵
require another FFT, plus 4 + 4𝑁𝑂𝑠 flops. The complexity of

step 3 is identical to GAMP, with a change in variables. Lastly, step 4 is similar to step 2,
requiring 2 IFFTs, and an additional 5 + 5𝑁𝑂𝑠 .

Table 3.3 summarised the complexity of each GTurbo iteration.
The complexity of a GTurbo iteration achieves a similar scale to GAMP iterations, with

the exception of the additional FFTs requires by GTurbo. The choice between GAMP and
GTurbo should therefore depend on the architecture and expected performance for both
algorithms, as the expected number of iterations will be a deciding factor.
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Table 3.3: Summary of the complexity in each step of GTurbo, per iteration.

GTurbo Step Complexity (flops)
Step 1 𝑁𝑂𝑠(5 + 18𝑁𝑥 + 3𝑁2

𝑥 )
Step 1 IQ 2𝑁𝑂𝑠(4 + 10𝑁𝑥)

Step 2 2 FFT +5 + 5𝑁𝑂𝑠

Step 3 𝑁(28𝑀 − 4)
Step 4 2 IFFT +5 + 5𝑁𝑂𝑠

Total 10 + 10𝑁𝑂𝑠 + 𝑁𝑂𝑠(5 + 18𝑁𝑥 + 3𝑁2
𝑥 ) + 𝑁(28𝑀 − 4)

Total IQ 10 + 10𝑁𝑂𝑠 + 𝑁𝑂𝑠(4 + 10𝑁𝑥) + 𝑁(28𝑀 − 4)
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4

Applications for Nonlinear Receivers

4.1 Introduction

This section presents several applications that were developed using the algorithms
defined in Chapter 3. The work developed in this chapter was published in conference
papers [12–15], journal papers [9, 11, 16, 18], and a patent [117]. Additionally, a conference
paper was submitted to the conference "IEEE VTC 2024 (Fall)". Moreover, a journal paper
was submitted to the journal "IEEE Transactions on Communications".

4.2 SVD Physical Layer Security

This section covers the work developed in PLS aspects of nonlinear receivers for MIMO
systems. These schemes take advantage of the wireless MIMO channel to decrease the
effective capacity of the eavesdropped channel, allowing for secure communications at
the lowest layer. This work was published in [9, 11, 12, 14] and a patent was registered
[117].

4.2.1 SC-FDE

This section analyses the PLS potential of the MIMO SVD scheme combined with SC-
FDE techniques from [108], that can be achieved by exploiting the wireless channel
characteristics. It is shown that an Eavesdropper will have a significantly degraded
channel, hampering its ability to recover the eavesdropped signal. This degradation is
shown to be proportional to the distance between legitimate users and eavesdropper.

The following results show the BER and secrecy rate of the considered point-to-point
MIMO system with, unless otherwise mentioned, 𝑇 = 8 transmit and 𝑅 = 8 receive
antennas. These performance results involve scenarios with Rayleigh and Rician fading,
and were obtained by simulation. Unless otherwise stated, the block size is 𝑁 = 256.
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4.2.1.1 Rayleigh Fading

This analysis begins with the impact of the 𝜌𝐸 factor in the receiver’s BER performance.
This can be observed in Fig. 4.1, where the BER of the eavesdropper is shown for different
𝜌𝐸 values.

Figure 4.1: Comparison of BER for different values of 𝜌𝐸, with 𝛽𝑁 = 𝛽𝑀 = ∞.

From the figure, it can be observed that the system performance can be severely de-
graded at low levels of 𝜌𝐸. In accordance with the system definition, it is not unreasonable
to assume that the eavesdropper will operate with small values of 𝜌𝐸. The next set of
results show the simulated secrecy rate of the system under different conditions. Fig. 4.2
shows the secrecy rate as a function of 𝜌𝐸, considering different MIMO configurations.

From the figure it can be concluded that, with perfect CSI, the maximum attainable
secrecy rate increases with the number of antennas of both users. Fig. 4.3 shows the secrecy
rate of an 8×8 system, considering different values of 𝛽𝑁 (i.e., considering different channel
estimation errors on both receivers), at an SNR of 12 dB.

As expected, the addition of a channel estimation error negatively impacts the secrecy
rate of the system, particularly for lower values of 𝜌𝐸. In Fig. 4.4, channel mismatch error
was introduced, represented by 𝛽𝑀 , in addition to the channel estimation error and SNR
of the previous simulations.

From the figure, it can be seen that when the channel estimation error assumes low
levels, the secrecy rate increases. It should also be noted that even for high values of
𝜌𝐸, the secrecy rate is higher than in a scenario with no channel mismatch error. This is
expected due to the mismatch error affecting only the eavesdropper’s capacity. In addition,
a relatively small difference between the theoretical and simulated results can be observed.
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Figure 4.2: Secrecy rate of the system for an SNR of 12 dB and different MIMO configura-
tions.

Figure 4.3: Secrecy rate of the system for an SNR of 12 dB and various levels of channel
estimation error on both sides.
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Figure 4.4: Secrecy rate of the system for an SNR of 12 dB and 𝛽𝑀 = 10 with various levels
of channel estimation error.

This arises due to the residual error of the Gaussian approximation. Fig. 4.5 combines
various levels of SNR for the same levels of channel estimation and mismatch errors.

From the figure, it can be noted that a higher SNR leads to a higher secrecy rate, as
expected, with the secrecy rate gain increasing further for smaller values of 𝜌𝐸.

4.2.1.2 Multiple eavesdroppers

An interesting scenario involves the existence of 𝐾 eavesdroppers performing joint esti-
mation and equalization. As mentioned before, this scenario is approximated by a single
eavesdropper employing 𝐾𝑅 antennas, for 𝐾 > 1. Fig. 4.6 shows the secrecy rate of the
system for 𝐾 = 1, 2 and 4.

From the figure, it can be seen that increasing the number of eavesdroppers leads to a
lower attainable secrecy rate. This fact is not limited to the scenario without errors, as can
be observed in the scenario with channel mismatch in Fig. 4.7.

From this figure, it can be noted that by considering more eavesdroppers and/or
antennas, the impact of the channel mismatch error can be reduced (or even eliminated).

4.2.1.3 Rician Fading

In addition to varying 𝜌𝐸 and the error factors, the ray power ratio between multipath
component and main LoS component can also be varied. For coherence with paper
notation, in this section the ray power in the Rician channel is denoted by 𝛼RP, with an LoS
component power of 1 − 𝛼RP. Fig. 4.8 shows the secrecy rate with no errors, considering
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Figure 4.5: Secrecy rate of the system for different levels of SNR and with 𝛽𝑁 = 100 and
𝛽𝑀 = 10.

Figure 4.6: Secrecy rate of the system for various numbers of eavesdroppers, at 12 dB SNR.
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Figure 4.7: Secrecy rate of the system for various numbers of eavesdroppers and 𝛽𝑀 = 10,
at 12 dB SNR.

different values of 𝜌𝐸 and different ray power coefficients 𝛼𝑅𝑃 . From the figure, it can be
observed that the higher the ray power ratio, the higher the achievable secrecy rate. In
fact, this is somewhat expected, since the component that the eavesdropper can estimate
contributes less to the total channel power. Let us now consider a scenario with imperfect
CSI.

Fig. 4.9 shows the secrecy rate when the SNR is 12 dB and different values of 𝛼𝑅𝑃
are considered. The unknown multipath component introduces a permanent error in
the eavesdropper, which accounts for the higher secrecy rate at 𝜌𝐸 = 1, similar to the
mismatch error.

In Fig. 4.10, the mismatch error was introduced to the previous scenario. It is clear
that the mismatch error leads to an overall increased secrecy rate at all power ratios, since
by varying this ratio, only the eavesdropper’s channel estimate and the corresponding
capacity is affected.

4.2.2 NOMA-SVD

Let us now consider a three user system, where one user, the transmitter A, attempts to
communicate with the other two users, receivers B and C. The receivers are separated by
a large distance, 𝑑, with one receiver, B, being close to the transmitter, while C is placed
far from the transmitter. The transmitter employs a power-based NOMA scheme, and
transmits both users’ signals at the same time. In addition, there is an eavesdropper near
each user, attempting to listen to the messages being transmitted. An illustration of this
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Figure 4.8: Secrecy rate of the system for various ray power ratios with 𝛽𝑁 = ∞.

Figure 4.9: Secrecy rate of the system for various ray power ratios with 𝛽𝑁 = 100 at 12 dB
SNR.
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Figure 4.10: Secrecy rate of the system for various ray power ratios with 𝛽𝑁 = 100 and
𝛽𝑀 = 10 at 12 dB SNR.

communication scenario can be seen in Fig. 4.11.

A

B

E1

C

d

E2

HkE1

HkAB

HkAC

HkE2

Figure 4.11: A diagram of the proposed NOMA scenario, with three users, 1 transmitting
user and 2 receiving users, and 2 eavesdroppers.

Although the transmitter’s position may vary, it is assumed that the distance to all other
users is always much greater than the wavelength of the transmitted signal. The transmitter
employs 𝑇 antennas, while the receivers and eavesdropper employ 𝑅 antennas. In order
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to handle the highly frequency-selective channel, an SC-FDE technique is employed,
combined with an appropriate CP larger than the maximum overall channel impulse
response.

The transmitter sends 𝐶 data blocks, with 𝐶 ≤ 𝑅, and each data block is composed by
the sum of two blocks of 𝑁 QPSK symbols with differing power. Contrarily to the single-
user system studied in [9], the power-domain NOMA scenario of this application requires
defining the symbols to be transmitted for both users. The data symbols transmitted
for user B are denoted by the 𝐶 × 𝑁 matrix s𝐵, with each data stream defined as 𝑁 × 1
vector s(𝑐)

𝐵
= [𝑠(𝑐)1𝐵 𝑠

(𝑐)
2𝐵 · · · 𝑠(𝑐)

𝑁𝐵
]. In that context, 𝑠(𝑐)𝑛𝐵 represents the QPSK symbol at the

𝑛th time instant of the 𝑐th data stream. The frequency-domain counterpart of the data to
be transmitted is denoted by S𝐵. The group of symbols associated to the 𝑘th subcarrier
are defined as S𝑘𝐵 = [𝑆(1)

𝑘𝐵
𝑆
(2)
𝑘𝐵
... 𝑆

(𝐶)
𝑘𝐵

]. The symbols for user C are defined identically to
the symbols for user B, and denoted by s𝐶 , s(𝑐)

𝐶
, S𝐶 and S𝑘𝐶 , respectively. Under these

conditions, the transmitted data at 𝑛th time instant is defined as

s𝑛 = s𝐵 + s𝐶 , (4.1)

with a frequency-domain counterpart defined as

S𝑘 = S𝑘𝐵 + S𝑘𝐶 . (4.2)

As the two receivers are not co-located, two channels can be defined, one from A to B and
another from A to C. The frequency response for the 𝑘th subcarrier of the channel from A
to B is defined as

H𝑘𝐴𝐵 =


𝐻

(1,1)
𝑘𝐴𝐵

𝐻
(1,2)
𝑘𝐴𝐵

· · · 𝐻
(1,𝑇)
𝑘𝐴𝐵

𝐻
(2,1)
𝑘𝐴𝐵

𝐻
(2,2)
𝑘𝐴𝐵

· · · 𝐻
(2,𝑇)
𝑘𝐴𝐵

...
...

. . .
...

𝐻
(𝑅,1)
𝑘𝐴𝐵

𝐻
(𝑅,2)
𝑘𝐴𝐵

· · · 𝐻
(𝑅,𝑇)
𝑘𝐴𝐵


, (4.3)

and the frequency response for the 𝑘th subcarrier of the channel from A to C is written as

H𝑘𝐴𝐶 =


𝐻

(1,1)
𝑘𝐴𝐶

𝐻
(1,2)
𝑘𝐴𝐶

· · · 𝐻
(1,𝑇)
𝑘𝐴𝐶

𝐻
(2,1)
𝑘𝐴𝐶

𝐻
(2,2)
𝑘𝐴𝐶

· · · 𝐻
(2,𝑇)
𝑘𝐴𝐶

...
...

. . .
...

𝐻
(𝑅,1)
𝑘𝐴𝐶

𝐻
(𝑅,2)
𝑘𝐴𝐶

· · · 𝐻
(𝑅,𝑇)
𝑘𝐴𝐶


. (4.4)

For separating the different MIMO streams, the system employs SVD for precoding
and decoding. Calculating the SVD of the channel matrix requires CSI at both receivers
and at the transmitter. This CSI can be obtained through the exchange of pilot sequences
at the start of the transmission. In a TDD system, this process is greatly simplified due to
the reciprocity of the channel.

The SVD of each channel matrix is defined as
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H𝑘𝐴𝐵 = U𝑘𝐴𝐵𝚲𝑘𝐴𝐵V𝐻
𝑘𝐴𝐵
, (4.5)

and

H𝑘𝐴𝐶 = U𝑘𝐴𝐶𝚲𝑘𝐴𝐶V𝐻
𝑘𝐴𝐶
. (4.6)

For simplicity’s sake, t the channel identifier (i.e., AB or AC) is omitted when referring
to any channel. The 𝑅 × 𝑅 decoding matrix is denoted as U𝑘 , V𝑘 is the 𝑇 × 𝑇 precoding
matrix and 𝚲𝑘 as a 𝐶 × 𝐶 diagonal matrix composed by the singular values of H𝑘 , which
are sorted in descending order according to their power.

4.2.2.1 Eavesdropper

In the scenario where there is a nearby eavesdropper, E, attempting to listen to the message
being sent to B, then it must attempt to estimate the channel between A and B. Since an
eavesdropper cannot attempt to estimate this channel, it estimates two different channels,
namely

H𝑘𝐸𝐵1 = 𝜌𝐸𝐵1Ĥ𝑘𝐸𝐵1 + 𝝃𝑘 + 𝝐𝑘 , (4.7)

and
H𝑘𝐸𝐵2 = 𝜌𝐸𝐵2Ĥ𝑘𝐸𝐵2 + 𝝃𝑘 + 𝝐𝑘 , (4.8)

where H𝑘𝐸𝐵1 is the channel between A and E, H𝑘𝐸𝐵2 is the channel between B and E, 𝜌𝐸𝐵1

and 𝜌𝐸𝐵2 are correlation coefficients with the true channels, and 𝝃𝑘 being an appropriate
Gaussian distributed error term with variance 𝜎2

𝑁
/𝛽𝑀 , where 𝛽𝑀 is a scaling factor. Since

the eavesdropper does not know the channel, it can be assumed that 𝜌𝐸𝐵1 = 𝜌𝐸𝐵2 < 1. For
simplicity’s sake, it is considered that 𝜌𝐸𝐵1 = 𝜌𝐸𝐵2 = 𝜌𝐸𝐵.

If the eavesdropper is attempting to listen to signals sent to user C, then these expres-
sions can be written as

H𝑘𝐸𝐶1 = 𝜌𝐸𝐶1Ĥ𝑘𝐸𝐶1 + 𝝃𝑘 + 𝝐𝑘 , (4.9)

and
H𝑘𝐸𝐶2 = 𝜌𝐸𝐶2Ĥ𝑘𝐸𝐶2 + 𝝃𝑘 + 𝝐𝑘 , (4.10)

where H𝑘𝐸𝐶1 is the channel between A and E, H𝑘𝐸𝐶2 is the channel between B and E, and
𝜌𝐸𝐶1 and 𝜌𝐸𝐶2 are correlation coefficients with the true channels. As was the case for user
B, it can be assumed that 𝜌𝐸𝐶1 = 𝜌𝐸𝐶2 < 1. For simplicity’s sake, it is considered that
𝜌𝐸𝐶1 = 𝜌𝐸𝐶2 = 𝜌𝐸𝐶 .

In order to increase the accuracy of the channel estimate, the receiver can compute the
average of both intermediate channels, i.e.

H𝑘𝐴𝐵 =
H𝑘𝐸𝐵1 + H𝑘𝐸𝐵2

2 , (4.11)
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if eavesdropping user B, and

H𝑘𝐴𝐶 =
H𝑘𝐸𝐶1 + H𝑘𝐸𝐶2

2 , (4.12)

for user C.

4.2.2.2 Secrecy Rate Results

Fig. 4.12 shows a comparison of the secrecy rate for both channels considering both a
SISO and MIMO configuration.

Figure 4.12: Secrecy rate for SISO and MIMO configurations considering perfect channel
estimation. In this graph, 𝜌 refers to either 𝜌𝐸𝐵 or 𝜌𝐸𝐶 , according to the user in question.

From the figure, it can be concluded that employing MIMO leads to a higher achievable
secrecy rate at lower values of 𝜌𝐸𝐵 and 𝜌𝐸𝐶 .

User B Results The following results analyse the secrecy rate of the nearest user. Be-
ginning with Fig. 4.13, which depicts the secrecy rate of user B under various channel
estimation errors. It can be seen that minimising the channel estimation error in the
receiver is crucial to ensuring a high secrecy rate. For low values of 𝜌𝐸𝐵, this receiver
achieves significant levels of secrecy rate.

In Fig. 4.14, the channel mismatch error is introduced. It is observed that maximum
achievable secrecy rate, for low values of 𝜌𝐸𝐵, increases as the channel estimation error
decreases. It should be noted that in this scenario, since the channel mismatch error does
not affect the intended receiver, the secrecy rate for high values of 𝜌𝐸𝐵 is also higher and
cannot be compensated by decreasing the channel estimation error.
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Figure 4.13: Secrecy rate of the 8 × 8 receiver B with different channel estimation errors.

Figure 4.14: Secrecy rate of the 8 × 8 receiver B with different channel estimation errors
and a permanent channel mismatch error.
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Line-of-Sight at User B In this scenario there is a LoS with all users. Therefore, the
impact of the power ratio 𝛼𝑅𝑃 on the attainable secrecy rate was analysed. In Fig. 4.15
the secrecy rate for various values of 𝛼𝑅𝑃 is shown for user B. As expected, since the

Figure 4.15: Secrecy rate of the 8 × 8 LOS receiver B with perfect channel estimation and
varying ray power coefficient.

eavesdropper cannot estimate the multipath component, the greater the value of 𝛼𝑅𝑃 the
more secure the system can be.

Fig. 4.16 shows the secrecy rate in a scenario where there is imperfect channel
estimation. It can be observed that the channel estimation severely degrades the secrecy
rate, however, even for high values of 𝜌𝐸𝐵 and 𝜌𝐸𝐶 , the secrecy rate remains high, when
compared with the non LoS scenario, due to the multipath component. Fig. 4.17 shows
the impact of a channel mismatch error in the secrecy rate. It can be concluded that the
permanent channel mismatch error increases the secrecy rate for high values of 𝜌𝐸𝐵, albeit
the increase is relatively small, when compared with the non LoS scenario. Since the lack
of a multipath estimation produces a much more significant effect on the secrecy rate,
then a further channel mismatch error has a smaller impact on the secrecy rate.

User C Results The following results analyse the secrecy rate at the farthest user. Fig.
4.18 shows the secrecy rate of user C under different levels of channel estimation error. In
this case, the maximum achievable secrecy rate is higher than the one of user B, due to the
increased capacity of the channel with higher transmit power. The effect of minimising the
channel estimation error of the receiver is significantly more noticeable in this scenario, at
low values of 𝜌𝐸𝐶 .
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Figure 4.16: Secrecy rate of the 8 × 8 receiver B with channel estimation errors on both
receiver and eavesdropper, for various ray power coefficients.

Figure 4.17: Secrecy rate of the 8 × 8 receiver B with channel estimation errors on both
receiver and eavesdropper, as well as a permanent channel mismatch error, for various
ray power coefficients.
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Figure 4.18: Secrecy rate of the 8 × 8 receiver C with different channel estimation errors.

In Fig. 4.19, the secrecy rate of user C is simulated under imperfect channel estimation,
as well as a channel mismatch error at the eavesdropper. It can be seen that, similarly to
user B, this system achieves a higher maximum secrecy rate, at low values of 𝜌𝐸𝐶 , and a
higher secrecy rate, even for high values 𝜌𝐸𝐶 .

Line-of-Sight at User C The LoS scenario analysed the impact of the power ratio 𝛼𝑅𝑃
on the attainable secrecy rate for user C. In Fig. 4.20 the secrecy rate for various values
of 𝛼𝑅𝑃 is shown. Similarly, for a higher contribution of the multipath component, the
achievable secrecy increases. Since in this case there is perfect channel estimation, then
user C achieves a much higher maximum secrecy rate than user B, due to its higher channel
capacity.

Fig. 4.21 shows the secrecy rate for various values of 𝛼𝑅𝑃 , in the presence of channel
estimation errors. In this case, the channel estimation error lowers the overall secrecy
rate, however, the degradation is less severe for higher power multipath components.
Moreover, it should be noted that user C’s secrecy rate is degraded much more than user
B’s, as user C requires very precise channel estimation.

Fig. 4.22 shows the secrecy rate for various values of 𝛼𝑅𝑃 and various sources of
channel estimation errors. As is the case for user B, the increase in the secrecy rate at high
𝜌𝐸𝐶 is relatively small, compared to the no LoS scenario, as the LoS component contributes
less in this scenario.
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Figure 4.19: Secrecy rate of the 8 × 8 receiver C with different channel estimation errors
and a permanent channel mismatch error.

Figure 4.20: Secrecy rate of the 8 × 8 LOS receiver C with perfect channel estimation and
varying ray power coefficient.
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Figure 4.21: Secrecy rate of the 8 × 8 receiver C with channel estimation errors on both
receiver and eavesdropper, for various ray power coefficients.

Figure 4.22: Secrecy rate of the 8 × 8 receiver C with channel estimation errors on both
receiver and eavesdropper, as well as a permanent channel mismatch error, for various
ray power coefficients.
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4.2.3 Cathlab

The evolution of medical imaging technology has allowed for the diagnosis and treatment
of pathologies that could not be properly observed before these techniques. One such
example are the Intravascular Ultrasound (IVUS) techniques employed in the Catheteriza-
tion Laboratory (CathLab) [118]. The IVUS provides high resolution images of the arteries
and chambers of the heart through a very small camera that is inserted in the patient’s
arteries through a catheter. In current IVUS implementations, the image obtained from
the sensors is then transmitted through a wired communication to the central device that
displays the image to the medical personal [119]. In the general case, the sensors are
terminated by a connector that is plugged to a cable which is then plugged to the central
device. The wired nature of the communication raises severe problems, since it reduces
the mobility and flexibility, not to mention the associated sterilization difficulties. An
example of a conventional CathLab is shown in Fig. 4.23. To overcome these difficulties,
there is a desire to have a wireless CathLab, with the wireless IVUS presenting the most
difficult challenge

Figure 4.23: Picture of a wired CathLab, courtesy of Philips.

In practice, since the wireless devices will be powered by batteries, the transmitter
must be highly power efficient [120]. Moreover, the highly miniaturized nature of the IVUS
means limited signal processing capabilities, especially on the transmitter side, which
precludes the use of video encoding hardware, and leads to signals with very high data
rate, from 300 Mpbs to 1Gbps or more. Additionally, the IVUS requires a reliable, secure
and low latency communication, which begets a wireless link with highly demanding
QoS.
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These rates could be achieved by employing OFDM techniques in a MIMO system
[121]. The channel capacity gains of MIMO systems over traditional SISO systems [35],
are the main reason why they are being widely employed in wireless communication
standards, such as 5G and 802.11. However, the MIMO capacity gain from using MIMO
requires channels with small correlation [122], which may be difficult to achieve in the
CathLab environment, as shown in [121]. Therefore, it might be necessary to employ high
order constellations such as M-QAM to further increase the spectral efficiency.

On the other hand, the wireless nature of the channel poses an additional security
problem. In fact, an eavesdropper in an adjacent room could tap the wireless signal and
view the image results of the test, raising problems of patient confidentiality. Since the
sensors have low computational capabilities due to their size, PLS schemes are preferred
[94]. And, due to the high data rates needed, a scheme that does not decrease the effective
data rate is required.

This scenario considers the design of a communication system for a wireless IVUS.
A MIMO system is employed, with an SVD technique to separate the different MIMO
streams. It is shown that this technique can achieve a high level of PLS in the presence of
an eavesdropper, without introducing significant added complexity.

4.2.3.1 System Characterization

In the CathLab, a patient has an IVUS catheter inserted, which is connected to a Patient
Interface Module (PIM). This module will be located in the doctor’s hand, and is respon-
sible for wirelessly transmitting the images obtained from the IVUS to a receiver, which
is installed in the stretcher where the patient is laying down or close to it. Consider a
MIMO system where the PIM’s transmitter front-end is equipped with 𝑇 antennas and
the receiver in the stretcher is equipped with 𝑅 antennas. The maximum number of indi-
vidual data streams that can be sent over the channel is 𝐶 = min(𝑇, 𝑅). The sender and
receiver will henceforth be referred to as Alice and Bob, or A and B for short, respectively.
Additionally, the presence of a third user Eve, or E for short, who is trying to eavesdrop
the wireless signal is considered. Eve is located outside of the room and will employ the
same receiving techniques as Bob. A diagram of the three user scenario is shown in Fig.
4.24.

In a real CathLab environment, the MIMO channels are not fully uncorrelated, which
can be explained by the poor multipath environment of the CathLab room. Therefore,
the theoretical channel capacity associated to MIMO schemes might not be achieved in
practice, even when the antenna separation at the receiver, 𝑑𝑅, is much larger than half of
the carrier wavelength (i.e., 𝑑𝑅 > 𝜆/2). A more accurate channel model of this particular
environment was proposed in [121], which takes into account the room geometry and
uses ray tracing techniques to derive the CIR. This model was used to generate the CIR in
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Eve

Bob
Alice

Figure 4.24: Diagram of a stretcher inside a room, with the 2 × 2 three user system, where
Eve is located outside the room with the machine. The red antennas represent various
positions where the PIM can be located.

this scenario, defining the channel frequency response at the 𝑘th subcarrier, H𝑘 , as

H𝑘 =


𝐻

(1,1)
𝑘

𝐻
(1,2)
𝑘

· · · 𝐻
(1,𝑇)
𝑘

𝐻
(2,1)
𝑘

𝐻
(2,2)
𝑘

· · · 𝐻
(2,𝑇)
𝑘

...
...

. . .
...

𝐻
(𝑅,1)
𝑘

𝐻
(𝑅,2)
𝑘

· · · 𝐻
(𝑅,𝑇)
𝑘


. (4.13)

An interleaved SVD scheme was used to separate the different data streams.

4.2.3.2 Simulation Results

The system performance system was evaluated by simulation considering OFDM blocks
with 𝑁 = 120 subcarriers. For each OFDM block, a CathLab channel realization with
𝑁𝑟𝑎𝑦 = 5 multipath components is generated. Unless otherwise stated, the antenna
separation at the receiver is 𝑑𝑅 = 2.5𝜆.

Fig. 4.25 presents the BER of the proposed system for MIMO scenarios with size 2 × 2
and 4 × 4. As can be noted from the figure, the performance for each stream is strongly
dependent on the power of the corresponding singular value. For a target BER of 10−4

in all streams, an 𝐸𝑏
𝑁0

greater than 35 dB would be required for 4 × 4. This performance
can be greatly improved by performing a bit interleaving operation, which has the added
benefit of improving the error correcting capability of the decoder.
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Figure 4.25: BER for different MIMO configurations, with 𝑑𝑅 = 2.5𝜆.

Fig. 4.26 presents the BER for the interleaved system, considering different antenna
separations. As can be observed, for the same target BER of 10−4, this implementation

Figure 4.26: BER with bit interleaving for different antenna spacements.

requires an 𝐸𝑏
𝑁0

below 14 dB for both MIMO scenarios. Moreover, it can be observed that,
for the same target BER of 10−4, an increase of 1.5𝜆 in 𝑑𝑅 can boost performance by about
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11 dB. In particular, the 4 × 4 system achieves a greater performance increase than the
2 × 2, due to the higher performance gain for the weaker singular values.

4.2.3.3 Secrecy Rate

The secrecy rate of the system is shown in Fig. 4.27, for the scenarios of 2×2 and 4×4. From
the figure, it can be observed that for low values of 𝜌𝐸, the secrecy rate is proportional to
the number of antennas, offering a good security performance. Moreover, it can be noted
that the achievable secrecy rate is higher for larger values of 𝑑𝑅, particularly for the 4 × 4
MIMO configuration. If the existence of the additional error due to the channel differences

Figure 4.27: Secrecy rate considering 2 × 2 and 4 × 4 MIMO configurations and different
values of 𝜌𝐸 and 𝑑𝑅.

is considered, then the achievable secrecy rates will increase, as shown in Fig. 4.28, where
it can be observed that even for higher 𝜌𝐸 values, the secrecy rate is significantly higher
than the one obtained in the scenario of Fig. 4.27.

Fig. 4.29 shows the same scenario for the 4 × 4 system. From the figure, it can be
concluded that the potential secrecy rate gains are relatively higher when compared to the
2 × 2 MIMO configuration, since the interference degrades the channel capacity further
for higher order systems.

4.2.4 SDR Prototype

The OFDM SVD system from the previous section was implemented using two Ettus
USRP B210 devices, using the GNURadio framework [105]. Both devices are connected
to a host computer, which is responsible for generating and streaming the complex data
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Figure 4.28: Secrecy rate of the 2 × 2 system with different levels of 𝛽 and different values
of 𝜌𝐸.

Figure 4.29: Secrecy rate of the 4 × 4 system with different levels of channel differences,
for different values of 𝜌𝐸.
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symbols to the USRPs. The signal processing tasks in GNURadio are defined using blocks
that provide an interactive Python API for functions implemented in either Python or C++.
The blocks are then inserted into a flowgraph, which contains the connections between all
blocks. The flowgraph is then compiled into a python file, which when run initializes each
blocks and begins the sample processing. This implementation utilizes 𝑅 = 𝑇 = 𝐶 = 2
antennas at each device, and have split the data transmission into two distinct flowgraphs:
one responsible for estimating the channel and generating the precoded symbols, shown
in Fig. 4.30, a second responsible for the transmission of the precoded signal to the
intended receiver, shown in Fig. 4.31. The interface with the SDR devices, namely with
the RF transceivers, is done with the USRP source and sink blocks, for reception and
transmission, respectively.

Figure 4.30: Gnuradio flowchart that implements the transmitting user.

Figure 4.31: Gnuradio flowchart that implements the receiving user.
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4.2.4.1 Blocks

These flowgraphs utilize several custom blocks to perform the signal processing functions
of the proposed system. The blocks were implemented either as C++ code, or as "hier"
blocks, which are blocks generated from a flowchart.

OFDM 2x2 Detector This hier block is responsible for detecting the OFDM preamble in
the input data and outputting the information contained in the OFDM block, correctly
synchronized in the time domain, thereby ensuring that the FFT window of samples is
correctly aligned. This block produces no samples until it detects a preamble, and the
unused output ports are used for debugging purposes.

Channel Estimator C++ block responsible for obtaining the channel estimation from
the OFDM symbol at its input. It multiplies the incoming pilot symbols by the inverse
pilot matrix, defined as

Ĥ𝑘 = Y𝑘P−1
𝑘
, (4.14)

where P𝑘 is the invertible matrix containing the pilot symbols. The channel estimate is
then passed on to the next blocks using a tag object, while the data symbol samples,
without the pilots, are sent to the output.

2x2 Modulator and Demodulator The hier modulator and demodulator are responsi-
ble for generating the modulated complex samples and decoding the received symbols,
respectively. Although in this work it is configured to support M-QAM, it can be used
with other modulation schemes. The modulator also prepends the pilot symbols to the
data symbol, considering the specified data-pilot ratio.

SVD Encoder and Equalizer The SVD algorithm is implemented by using two different
C++ blocks, one for the transmitter and the other for the receiver. The transmitter utilizes
the encoder to perform the SVD precoding operation on the data symbols, skipping over
the pilot symbols in the OFDM block. The equalizer is used in the receiver to perform
both the SVD decoding, as well as the ZF equalization using the singular value matrix. In
both blocks, the SVD is computed using the channel estimate produced in the channel
estimator block.

Sync Appender This is a simple hier block that appends the preamble to the OFDM
block.

UHD Burst Tagger In order to set the USRPs to use TDD, it is necessary to tag each
OFDM block with a start and end tags, as well as a transmit time tag. This block tags
the data in the correct samples, as well as calculate the time when a block should be
transmitted, to ensure it does not collide with an opposite direction transmission.
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Synchronization The OFDM synchronization between the two users is achieved through
the well-known Schmidl and Cox algorithm [41], which consists in transmitting a preamble
before the OFDM symbols. The preamble is composed of two training symbols, c1 and
c2, which are used for symbol timing and carrier frequency offset estimation. At the 𝑛th
sample a symbol timing metric, 𝑀(𝑛), is computed for the 𝑐th stream as

𝑀(𝑛) = |𝑃(𝑛)|2
(𝑅2(𝑛)) , (4.15)

where 𝑃(𝑛) is the correlation between the two halves of incoming symbol, defined as

𝑃(𝑛) =
𝑁
2 −1∑
𝑑

𝑦
(𝑐)∗
𝑛+𝑑𝑦

(𝑐)
𝑛+𝑑+𝑁

2
, (4.16)

and 𝑅(𝑛) is a normalization factor computed as

𝑅(𝑛) = 1
2

𝑁−1∑
𝑑

|𝑦(𝑐)
𝑛+𝑑|

2
. (4.17)

If the timing metric is above the detection threshold, i.e. 𝑀(𝑛) > 𝑚𝑡ℎ , then a symbol is
detected at sample 𝑛. For 𝐶 different streams, each timing is computed separately and a
symbol detected only if all metrics are above the detection threshold.

The carrier frequency offset estimate is defined as

𝛿̂ 𝑓 =
𝜙̂

𝑇𝑠𝜋
+ 2𝑔̂
𝑇𝑠
, (4.18)

where 𝜙̂ is obtained by angle(𝑃(𝑛)), and 𝑔̂ is chosen to maximise the expression

𝐵(𝑔) =
∑
𝑖∈𝐼 𝑌

(𝑐)∗
𝑖+2𝑔𝑉

∗
𝑖
𝑌
(𝑐)
𝑁+𝑖+2𝑔

2
∑
𝑖∈𝐼 |𝑌(𝑐)

𝑁+𝑖|2
, (4.19)

where 𝐼 is the set of even subcarrier indices, 𝑌(𝑐) is the frequency domain counterpart of
the detected preamble, and V is the differential sync word defined as

√
2 c2

c1
.

4.2.4.2 Performance Results

This implementation considers a 𝑇 = 𝑅 = 𝐶 = 2 MIMO system, with a static two tap
fading channel, where the interference between streams is constant. The interference is
statically set by using an auxiliary matrix L𝑘 , with the equivalent channel being defined
as L𝑘H𝑘 . The number of subcarriers was fixed at 𝑁 = 64, with all subcarriers carrying
data. The carrier frequency was set to 900 MHz, which is an appropriate carrier for both
LTE and 5G systems, while the bandwidth was set to 1 MHz due to the sample rate of
the SDR. The USRPs utilize 20 MHz internal clock. The sync words were defined using a
Zhadoff-Chu sequence with a certain seed 𝑠 [123], Z𝑠 . The first sync word is defined as

𝑐1,𝑘 =


𝑍1( 𝑘2 ), mod (𝑘, 2) < 1

0, mod (𝑘, 2) ≥ 1.
(4.20)

134



4.2. SVD PHYSICAL LAYER SECURITY

Table 4.1: Summary of the results from the prototype testing.

Parameter A to B A to E
Carrier freq. 900 MHz
Bandwidth 1 MHz
USRP Clock 20 MHz

Data Symbols 2
Modulation QPSK 16-QAM QPSK 16-QAM

BER0 0.89% 1.75% 38.3% 49.5%
BER1 0.57% 5.47% 23.6% 35.9%
EVM0 12.8% 13.8% 57.7% 70%
EVM1 16.1% 20.8% 46.8% 67.5%

The second sync word was similarly defined as

𝑐2,𝑘 =


𝑍7( 𝑘2 ), mod (𝑘, 2) < 1

𝑍13( 𝑘2 ), mod (𝑘, 2) ≥ 1.
(4.21)

In the first scenario, L𝑘 is defined as

L𝑘 =

[
1.3 exp

(
1𝑗

)
0.5 exp(1.5𝑗)

0.9 exp(2.4𝑗) 0.8 exp(1𝑗)

]
, (4.22)

While the matrix for the eavesdropper, L𝑘𝐸 , was defined as

L𝑘𝐸 =

[
1.1𝑒1.5𝑗 0.8𝑒0.5𝑗

0.7𝑒1.4𝑗 1.1𝑒1.5𝑗

]
, (4.23)

and the equivalent eavesdropper channel is defined as L𝑘𝐸H𝑘𝐸 . The BER and EVM were
selected as metrics to evaluate the performance of the prototype.

Two different modulation schemes were considered: QPSK and 16-QAM. The legiti-
mate and eavesdropped prototypes were tested using these settings, producing the BER
and EVM results shown in Table 4.1.

The QPSK legitimate system achieved an average BER of 0.89% and 0.57%, with an
EVM of 12.8% and 16.1%, for the first and second streams, respectively. The first stream is
associated with a stronger singular value, which leads to a smaller EVM on that stream.
The BER is higher due to symbol mapping of QPSK, which has only 2 adjacent symbols
per symbol. In the case of 16-QAM, the average BER is 1.75% and 5.47%, while the EVM
is 14.5% and 16.6%, for the first and second streams, respectively. The BER is noticeably
worse, particularly for the second stream, which is associated with the weakest singular
value. The EVM degradation is due to the reduced bit energy, 𝐸𝑏 , of the larger constellation.
The simulated BER of the system is shown in Fig. 4.32.

The measurements from the prototype are highlighted in the same figure for reference.
It should be noted that the theoretical model does not account for imperfect channel
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Figure 4.32: BER for the two chosen modulations, with markers for the BER of the
prototype.

estimation and nonlinear effects in the RF chain, which can explain the discrepancy
between simulated and measured results. The eavesdropper was tested by receiving the
exact same signal as the legitimate receiver, albeit with a different equivalent channel. In
the case of QPSK, the eavesdropper achieved an average BER of 38.3% and 23.6%, with an
EVM of 57.7% and 46.8%, for the first and second streams, respectively. In contrast with
the legitimate receiver, the BER is significantly higher, even for the largest singular value,
which is confirmed by the large EVM. Due to the mismatch in the SVD decoding, the
stream selected by the eavesdropper as having the highest singular value may not be the
same as the one associated to the legitimate channel. Therefore, it would be difficult for
the eavesdropper to decode any information in this system. If the system uses 16-QAM,
then eavesdropping becomes even harder. The average BER in this case was 49.5% and
35.9%, with an EVM of 70% and 67.5%, for the first and second streams, respectively. In
this scenario, the eavesdropper cannot decode any one of the streams at all, since BER is
close to a 50%, while the other is significantly impaired. The EVM in this case is higher
due to the residual interference between channels, which is worsened by the fact that
16-QAM has more amplitude levels than QPSK.

4.3 GAMP for PAPR Reduction

A novel application for GAMP receivers was developed to allow for low PAPR transmission
in OFDM systems, with improved performance. This work was published in [15].
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In this scenario, a clipping operation is applied independently to the in-phase and
quadrature components is considered. This operation is denoted by 𝑓 (·), and is defined as
the soft clipping function shown in sec. 2.6.6.3, with clipping threshold 𝑠clip. The clipped
signal is defined as

𝑥𝑛 = 𝑓 (Re (𝑠𝑛)) + 𝑗 𝑓 (Im (𝑠𝑛)), (4.24)

with a frequency domain counterpart 𝑋𝑘 , obtained via DFT. It is considered that the
clipped signal is amplified within the linear region of the PA, and so does not suffer from
additional distortion.

The receiver employs GAMP to improve performance in the presence of nonlinear
distortion. Since the nonlinearity is applied independently to the I and Q branches, then
the lower complexity likelihood from sec. 3.3.1 can be calculated.

4.3.1 Simulation Results

The following BER simulation results consider the proposed receiver with 𝑁 = 2048
data subcarriers, compared with an ideal receiver with no distortion, a conventional ZF
receiver with a nonlinearity at the transmitter, and a BNC receiver. The received signal
is oversampled by a factor of 𝑂𝑠 = 4. The receivers were compared by the averaged BER,
presented here as a function of the 𝐸𝑏/𝑁0, where 𝐸𝑏 is the bit energy and 𝑁0 is the noise
PSD. The effect of the clipping operation is shown by the average PAPR of the transmitted
signal, defined for each as

PAPR = 10 log10

(
|𝑥𝑛|2

E[|𝑥𝑛|2]

)
(4.25)

Fig. 4.33 shows the BER for a 256-QAM system. All receivers employ the same parity
matrix, which is used in the WiMax standard [124], with a code rate of 𝑅𝑐 = 1/2 and a
parity matrix of size 𝑁𝑐 = 960, 𝐾𝑐 = 480. The integration limit of the proposed GAMP
receiver was set to 𝐴𝑥 = 2, with a damping parameter 𝛽 = 0.75. The chosen clipping
threshold 𝐴𝑐𝑙𝑖𝑝 results in a significant 7.4dB PAPR reduction. Although excellent for
amplification efficiency, it is clear that conventional receivers cannot detect this signal
correctly. For such a strong clipping, the BNC receiver is also not powerful enough. The
proposed GAMP receiver can successfully decode the signal, requiring only an additional
2dB in 𝐸𝑏/𝑁0.

Fig. 4.34 presents the BER results for a 1024-QAM system. In this scenario, the linear
PAPR is only slightly higher due to the larger constellation, however, the sensitivity to
distortion of higher order modulations is much greater. Therefore, reducing the clipping
threshold obtains a PAPR of 3.23dB, 1dB higher than the 256-QAM scenario. Neither
the conventional nor BNC receivers can recover the clipped signal, despite the lessened
distortion. The GAMP receiver can recover the signal for only an additional 1.5dB of
𝐸𝑏/𝑁0.
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Figure 4.33: BER for 256-QAM, compared with a conventional receiver, BNC receiver, and
GAMP.

Figure 4.34: BER for 1024-QAM, compared with a conventional receiver, BNC receiver,
and GAMP.
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4.4 GAMP Receiver with Low-resolution ADC

Although nonlinearities in the transmitter are of more interest due to the possible nonlinear
performance gains, the receiver may also introduce nonlinearities in the signal. In this
case it is not possible to improve performance due to data processing inequality [125],
however, the receiver can be made cheaper and more efficient. One such application is
the use of low-resolution ADCs, which are cheaper and consume significantly less power
than high-resolution ADCs [126], at the cost of more quantization noise in the signal.

A novel scheme that makes use of GAMP to recover the signal at the receiver was
developed. Since GAMP can cope with nonlinear distortion, it becomes possible to use
an ADC with a narrow input range, thereby decreasing the quantization noise. The
additional nonlinear distortion that arise from the implicit clipping operation, is used by
GAMP to decode the signal. A journal paper on this work was published in [16].

4.4.1 System Characterization

As was described in sec. 2.6.5, an ADC is an important component of RF receivers. The
non-ideal behaviour of this component is a source of additional noise and distortion in
the received signal. Ideally, the largest ADC resolution possible would be used, however,
this would make these components exceedingly expensive and power hungry. Therefore,
there is a need for receivers that can operate using cheaper non ideal ADCs.

In this scenario a nonlinear distortion at the receiver is considered, as opposed to the
previous scenarios that considered a nonlinear transmitter. Fig. 4.35 shows a diagram
of the nonlinear model considered in this scenario. Generally, this is not the optimum
case since due to data processing inequality, a distortion at the receiver cannot be used to
improve system performance.

Figure 4.35: Block diagram of the general nonlinear model with a non-ideal ADC.

Although it is not the same proposed use case, it is possible to use BNC and GAMP
receivers to increase performance, even in this scenario with a nonlinear distortion at the
receiver. The BNC receiver can be used as it previously defined, whereas GAMP can be
adjusted to take into account that the nonlinearity is placed after the channel. The updated
GAMP algorithm for ADC nonlinearities is shown in Algorithm 3.
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Algorithm 3 GAMP Receiver
Given a nonlinearly distorted received signal in the time domain, y, produce an estimate,
X̂, of the original transmitted data X.

1) Initialization

𝑖 = 1, X̂(1) = 0𝑁𝑂𝑠 ,1 , ŝ(0) = 0𝑁𝑂𝑠 ,1 , 𝜇
𝑋(1) = 1𝑁𝑂𝑠 ,1

2) Output linear step

𝜇𝑝(𝑖) = 1
𝑁𝑂𝑠

𝑁𝑂𝑠−1∑
𝑘=0

𝜇𝑋
𝑘
(𝑖)

𝑝̂𝑛(𝑖) =
𝑁𝑂𝑠−1∑
𝑘=0

(
𝐹𝐻
𝑛,𝑘
𝑋̂𝑘(𝑖)

)
− 𝜇𝑝(𝑖)𝑠𝑛(𝑖 − 1), ∀𝑛

3) Output nonlinear step

𝑠𝑛(𝑖) =
(
1 − 𝛽

)
𝑠𝑛(𝑖 − 1) + 𝛽𝑔𝑜𝑢𝑡(𝑝̂𝑛(𝑖), 𝜇𝑝(𝑖), 𝑦𝑛), ∀𝑛

𝜇𝑠𝑛(𝑖) =
(
1 − 𝛽

)
𝜇𝑠𝑛(𝑖 − 1) − 𝛽

𝜕

𝜕𝑝̂𝑛
𝑔𝑜𝑢𝑡(𝑝̂𝑛(𝑖), 𝜇𝑝(𝑖), 𝑦𝑛), ∀𝑛

4) Input linear step

𝑋̃𝑘(𝑖) = (1 − 𝛽)𝑋̃𝑘(𝑖 − 1) + 𝛽𝑋̂𝑘(𝑖), ∀𝑘

𝜇𝑉
𝑘
(𝑖) =

(
1

𝑁𝑂𝑠

𝑁𝑂𝑠−1∑
𝑛=0

𝜇𝑠𝑛(𝑖)
)−1

, ∀𝑘

𝑉𝑘(𝑖) = 𝑋̃𝑘(𝑖) + 𝜇𝑉
𝑘
(𝑖)

𝑁𝑂𝑠−1∑
𝑛=0

𝐹𝑛,𝑘𝑠𝑛(𝑖), ∀𝑘

5) Input nonlinear step

𝑋̂𝑘(𝑖 + 1) = 𝑔𝑖𝑛(𝑉̂𝑘(𝑖), 𝜇𝑉𝑘 (𝑖)), ∀𝑘

𝜇𝑋
𝑘
(𝑖 + 1) = −𝜇𝑉

𝑘
(𝑖) 𝜕

𝜕𝑉𝑘
𝑔𝑖𝑛(𝑉̂𝑘(𝑖), 𝜇𝑉𝑘 (𝑖)), ∀𝑘
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The nonlinear step functions are the same as those defined in Sec. 3.4.2. It should be
noted that there are implementations using GAMP that consider non-ideal ADCs [127,
128], however, they do not take into account the distortion due to low ADC saturation.

4.4.1.1 Performance Results

In the following results, the proposed GAMP-based receiver’s performance is compared
with an ideal receiver with infinite precision and no saturation effects, a conventional ZF
equalization scheme with a non-ideal ADC, and a BNC receiver using 𝐼max iterations. It
is considered that all receivers operate with the same oversampling factor. The GAMP
damping factor was set to 𝛽 = 0.7 to improve convergence at the cost of more iterations,
while 𝑁𝑥 was set at 256 for 64-QAM, and 512 for 256-QAM. An ADCs with two values of
𝐴adc and different resolutions is considered. The 𝐴adc values were selected to assure the
lower distortion level for a given ADC resolution.

Fig. 4.36 presents the BER performance of different receivers for a 64-QAM OFDM
system with 𝑁 = 512 and 𝑂𝑠 = 4. The ADC is parameterized with 𝑅bit = 3 bits of
resolution and variable saturation levels. From the figure, it can be noted that the presence

Figure 4.36: BER for 64-QAM OFDM system with 𝑅bit = 3, compared with a conventional
ZF, BNC receiver, and GAMP with 𝑁𝑥 = 256.

of the imperfect ADC significantly degrades the detection performance of the conventional
ZF receiver, regardless of the considered 𝐴adc. For 𝐴adc = 8𝜎2

𝑠 , where 𝜎2
𝑠 = var[𝑋𝑘]/2, the

ZF receiver presents a high BER floor. For a target BER of 10−4, the performance loss of
the GAMP and BNC receivers relatively to the ideal receiver is approximately 13 dB. For
𝐴adc = 4𝜎2

𝑠 , the nonlinear distortion due to signal clipping is larger, while the quantization
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noise for the signal below 𝐴adc is reduced, compared to the previous case. The BNC and
GAMP receivers take advantage of this fact to improve performance, reaching a target BER
of 10−4 at 9 dB of 𝐸𝑏/𝑁0 from the ideal receiver, i.e., a 4 dB reduction over using a larger
𝐴adc. The similar performance of both receivers indicates that the nonlinear distortion
present in the signal is being successfully mitigated.

Fig. 4.37 presents the BER results with 𝑅bit = 4. From the figure, it is interesting to

Figure 4.37: BER for 64-QAM with 𝑅bit = 4, compared with a conventional ZF, BNC
receiver, and GAMP with 𝑁𝑥 = 256.

note how a single bit drastically affects the performance of all receivers. When 𝐴adc = 8𝜎2
𝑠 ,

the ZF receiver achieves a BER floor close to 10−4, while the BNC and GAMP receivers
significantly outperform it, achieving the target BER of 10−4 at an additional 5 dB of 𝐸𝑏/𝑁0,
compared to the linear case. For 𝐴adc = 4𝜎2

𝑠 , the conventional receiver cannot recover the
signal at all, whereas BNC and GAMP perform only 3 dB worse than the ideal receiver.
In this situation, there is no clear advantage to using GAMP over BNC, however, this is
not the case for higher-order modulation.

Fig. 4.38 shows the BER performance for 256-QAM with 𝑅bit = 4. When 𝐴adc = 8𝜎2
𝑠 ,

the BNC and GAMP receivers can achieve a target BER of 10−4 at the cost of approximately
12 dB in 𝐸𝑏/𝑁0. However, for the lower saturation value 𝐴adc = 4𝜎2

𝑠 , BNC receiver does
not reach the target BER, while GAMP can achieve the target, while requiring only 6
more dB of 𝐸𝑏/𝑁0 than the ideal receiver, making this receiver a more effective option for
this scenario. The poor performance of BNC is due to its limited distortion cancellation
performance for large constellations, as it relies on estimating the transmitted signal.

The following results consider a Rayleigh fading channel, which degrades performance,
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Figure 4.38: BER for 256-QAM with 𝑅bit = 4, compared with a conventional ZF, BNC
receiver, and GAMP with 𝑁𝑥 = 1024.

and a larger set of subcarriers 𝑁 = 1024. To cope with this channel, the system employs
a 𝑅code = 1/2 rate LDPC code with 𝑁𝑃 = 2016 and 𝐾𝑃 = 1008 is used to cope with the
selective channel [124], where coded bits are interleaved randomly within each OFDM
symbol. Due to the code gain of the LDPC, the GAMP damping parameter was increased
to 𝛽 = 0.85, and 𝑁𝑥 was set to 256. The SER, which is defined as the probability that
an OFDM symbol has at least 1 incorrect bit, is selected as the performance metric. For
these simulations, a target SER of 10−2 was chosen. Fig. 4.39 presents the SER of different
reception schemes considering an ADC with𝑅bit = 3 bits of resolution. As can be observed
from the figure, the addition of channel coding allows the conventional receiver to perform
adequately even for 𝑅bit = 3. In this case, the code gain is sufficient to compensate for the
nonlinearity, except in the case of low 𝐴adc, where only GAMP can achieve an acceptable
SER.

In Fig. 4.40 is presented the SER considering 𝑅bit = 2. From the figure, the GAMP per-
formance benefits are clear, since the GAMP receiver presents a much better performance
than the BNC receiver. The ZF receiver was omitted due to its SER being 1 for all 𝐸𝑏/𝑁0 in
this scenario. For 𝐴adc = 4𝜎2

𝑠 , only the GAMP receiver achieves the target SER of 10−2 at an
𝐸𝑏/𝑁0 of 12 dB, which is a loss of only 6 dB relatively to the ideal receiver. For 𝐴adc = 8𝜎2

𝑠 ,
neither receiver can achieve an SER lower than 1 due to the higher quantization noise.

Fig. 4.41 presents the SER for a 256-QAM system, using 𝑅bit = 4.

The coding gain allows the conventional receiver to perform well with only 𝑅𝑏 = 4 bits
of ADC resolution. The GAMP receiver can recover the signal even for low 𝐴adc, though
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Figure 4.39: SER for 64-QAM with 𝑅bit = 3, for BNC and GAMP receivers with 𝑁𝑥 = 64
and 𝛽 = 0.85.

Figure 4.40: SER for 64-QAM with 𝑅bit = 2, for BNC and GAMP receivers with 𝑁𝑥 = 64
and 𝛽 = 0.85.
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Figure 4.41: SER for 256-QAM with 𝑅bit = 4, for BNC and GAMP receivers with 𝑁𝑥 = 256
and 𝛽 = 0.85.

it performs worse for higher 𝐴adc. Fig. 4.42 shows the SER considering 𝑅bit = 3. The

Figure 4.42: SER for 256-QAM with 𝑅bit = 3, compared with a BNC receiver, and GAMP
with 𝑁𝑥 = 256 and 𝛽 = 0.85.

performance of the ZF receiver was omitted for clarity, as the SER was 1 for all𝐸𝑏/𝑁0. In the
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uncoded case, it was necessary to increase the ADC resolution to maintain performance.
With the LDPC, however, BNC shows a modest improvement, though it cannot reach an
SER below 10−2. The GAMP receiver can achieve a much better performance, reaching the
target SER of 10−2 at only 5 and 6 dB of 𝐸𝑏/𝑁0 from the linear receiver, with𝐴adc = 4𝜎2

𝑠 and
𝐴adc = 8𝜎2

𝑠 . As was seen in previous results, GAMP performs better when the saturation
value is lower due to the increased clipping.

An additional benefit of combining the LDPC decoding within GAMP iterations is the
reduced number of iterations necessary for convergence. Table 4.2 compares the median
number of iterations for both receivers considering the various simulated scenarios.

Table 4.2: Comparison of the median number of iterations required for convergence,
considering different system configurations.

System parameters Median Number of Iterations

64-QAM@25dB 𝑂𝑠 = 4 9

LDPC 64-QAM@15dB 𝑂𝑠 = 4 4

256-QAM@28dB 𝑂𝑠 = 4 14

LDPC 256-QAM@17dB 𝑂𝑠 = 4 6

The addition of LDPC decoding can reduce the necessary iterations by up to 56%,
greatly reducing the total complexity of iterative GAMP over uncoded implementations.

4.4.1.2 Imperfect CSI

This section considers the impact of inaccurate CSI on the performance of the system. The
imperfect CSI is modelled as

𝐻̂𝑘 = 𝜌𝐻𝑘 + 𝜖𝑘 , (4.26)

where 𝜌 ∈ [0, 1] is a correlation factor with the real channel, and 𝜖𝑘 is an error term
that follows a Gaussian distribution 𝒩

(
0, 1 − 𝜌2) . For convenience, the error variance is

expressed in dB as
𝜎𝐸 = 10 log10

(
1 − 𝜌2) . (4.27)

Fig. 4.43 presents the SER of 64-QAM for 𝑅bit = 2 and imperfect CSI. From the figure, it
can be observed that for 𝜎𝐸 = −24 dB, GAMP’s performance is only about 1.5 dB worse
than the ideal CSI scenario. For 𝜎𝐸 = −21 dB, results in a performance degradation
of approximately 4 dB, assuming a target SER of 10−2. With 𝜎𝐸 = −18 dB, the SER is
significantly higher, and the target SER of 10−2 is not achieved within the simulated 𝐸𝑏/𝑁0

range.
Fig. 4.44 shows the SER for 256-QAM with 𝑅bit = 3 and imperfect CSI. From the figure,

it can be observed that a higher-order constellation shows a higher sensitivity to CSI errors.
For 𝜎𝐸 = −24 dB, there is a slight degradation of approximately 1.5 dB in 𝐸𝑏/𝑁0 for the
target SER 10−2. At 𝜎𝐸 = −22 dB, the degradation is significantly high, at approximately 5
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Figure 4.43: SER for imperfect CSI 64-QAM with 𝑅bit = 2 of GAMP with 𝑁𝑥 = 64 and
𝛽 = 0.85.

Figure 4.44: SER for imperfect CSI 256-QAM with 𝑅bit = 3, of GAMP with 𝑁𝑥 = 256 and
𝛽 = 0.85.
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dB of 𝐸𝑏/𝑁0, for the same target. For CSI error variances 𝜎𝐸 ≥ −21 dB, the receiver does
not reach the target SER.

4.5 Retransmission Schemes

This section covers novel retransmission schemes that aim to increase retransmission
reliability in wireless systems. The work developed in this section was published in
[13, 17, 18]. A journal paper was submitted for publication at "IEEE Transactions in
Communications".

4.5.1 LDPC Concatenation HARQ

Type II HARQ schemes rely on transmitting new information after a failed transmission,
to increase the likelihood of a successful reception. This can be done by using a low code
rate base coding scheme and then puncturing the parity bits [31, 129], and then sending
the punctured bits in the following retransmissions. However, finding an optimum
puncturing rule for a specific code is non-trivial. Therefore, a novel scheme that relies on
concatenated LDPC matrices was developed and shown to achieve excellent results and
efficient scalability.

4.5.1.1 System characterization

Let us consider a Rician fading channel that is defined by two terms: a LoS term that
does not have fading and a multipath composed by 𝑁𝑟𝑎𝑦 multipath components. It is
assumed that the transmit power 𝑃 is enough to guarantee the required SNR for the
underlying application. However, there can be blockages of the LoS component that lead
to a significant degradation of the received signal power, which decreases to 𝑃(1 − 𝐾). It
can be assumed that for the first channel realization, there is a probability 𝛾𝐿𝑂𝑆 of having
the LoS component. It is also reasonable to admit that if there is a blockage and the LoS
component is lost, that loss spans over 𝑛𝑑𝑜𝑤𝑛 channel realizations. After 𝑛𝑑𝑜𝑤𝑛 realizations,
the next 𝑛𝑢𝑝 realizations will have the LoS component. After 𝑛𝑢𝑝 realizations, the next
channel realizations will again be dependent on the value of 𝛾𝐿𝑂𝑆. Also, it is considered
that the transmitter cannot anticipate the change in the channel or its duration, and can
only be made aware of the wireless link degradation after transmitting at least one block
during the state without LoS.

The average channel power across all subcarriers for the channel between the 𝑟th and
𝑡th antennas, E(|𝐻(𝑟,𝑡)

𝑘
|2), is shown in Fig. 4.45 for 1000 channel realizations, considering

𝐾 = 0.75, 𝛾𝐿𝑂𝑆 = 0.05 and 𝑛𝑑𝑜𝑤𝑛 = 𝑛𝑢𝑝 = 20. Fig. 4.46 presents the PDF of the absolute
value of 𝐻(𝑟,𝑡)

𝑘
was obtained with 10000 channel realizations, for the same parameters as

the previous figure.
It should be noted that when a block is transmitted in the no LoS scenario, there is

a high probability that the received reconstructed codeword cannot be decoded by the
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Figure 4.45: Average channel power considering 1000 channel realizations with 𝐾 = 0.75,
𝛾𝐿𝑂𝑆 = 0.05 and 𝑁𝑑𝑜𝑤𝑛 = 𝑛𝑢𝑝 = 20.

Figure 4.46: PDF of |𝐻(𝑟,𝑡)
𝑘

| over 10000 channel realizations, with 𝐾 = 0.75, 𝛾𝐿𝑂𝑆 = 0.05
and 𝑛𝑑𝑜𝑤𝑛 = 𝑛𝑢𝑝 = 20.
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LDPC decoder. In this case, the iterative decoder will perform the maximum number of
allowed iterations, and if the final codeword does not pass the parity check, the receiver
will request retransmission using a Negative Acknowledgement (NAK). The transmitter
can then use one of the types of HARQ in order to achieve a successful transmission. It
is considered that the retransmissions are performed within the coherence time interval
of the channel, which means that the channel does not recover during the retransmission
phase.

Concatenated LDPC code HARQ is a retransmission scheme wherein each retransmis-
sion contains the parity bits obtained by encoding the previously transmitted codeword
with a larger LDPC code, which must satisfy:

𝑁 𝑟−1
𝑣 = 𝑁 𝑟

𝑣 − 𝐾𝑟𝑝 , (4.28)

where 𝑁 𝑟
𝑣 and 𝐾𝑟𝑝 represent the number of variable and check nodes of the 𝑟th parity

matrix, respectively, and 𝑁0
𝑣 = 𝑁𝑣 . In this case, the code rates for the successive codes can

be fine tuned for the desired use-case. The larger parity matrices can be obtained using
random generation [130], and can be defined using the same parity check distributions as
the first LDPC parity matrix. The pre-processed parity matrix, [33], associated with the 𝑟th
coded retransmission is referred to as H𝑟

𝑝 , while the 𝑟th generator matrix is referred to as
G𝑟 . If the maximum number of retransmissions, 𝑟𝑡𝑟 , is larger than the number of different
retransmission LDPC codes, 𝑟𝑝 , then the transmitter can loop around and transmit the
original coded block, followed by, if necessary, the parity bits of the successive codes.

The codeword for the 𝑟th retransmission is defined as

p𝑟 =


p𝑟−1G𝑟 , 𝑟 ≤ 𝑟𝑝

p𝑟 mod 𝑟𝑝 , 𝑟 > 𝑟𝑝 ,
(4.29)

where p𝑟 is the 𝑟th codeword that will be transmitted, and 𝑝0 is the codeword of the
first transmission. The additional encoding is only performed when a retransmission is
requested, which results in no overhead processing for successful transmissions, requiring
only additional memory to store the generator matrices. The concatenation of the LDPC
codes results in an equivalent code rate that is the product of all individual code rates,
which for the 𝑟th transmission is given by

𝑅𝑟
𝑐𝑜𝑑𝑒

=

𝑟∏
𝑟′=0

(𝑁 𝑟′
𝑣 − 𝐾𝑟′𝑝 )
𝑁 𝑟′
𝑣

. (4.30)

At the receiver, the equalization is performed separately for each re-transmitted block,
while the BP decoding can be computed using 𝑟+1 LDPC decoders, one for the initial code
and 𝑟 for the retransmission codes. In the first step, the decoder for the larger parity matrix
decodes the soft decided coded bits, L, and the output soft decoded bits are then used
as the input for the decoder associated with the second largest parity matrix, repeating
until it decodes the initial code. In order to maximise the performance of this approach,

150



4.5. RETRANSMISSION SCHEMES

the resulting soft decoded bits would have to be re-encoded using the 𝑟 + 1 LDPC codes,
and then decoded using the same process. This is to enable the sharing of information
between all decoders.

Alternatively, it is possible to construct a parity matrix that represents the relationship
between all codes and has a code rate equal to the product of all code rates. The parity
matrix can be defined using the following expression

H𝑑𝑒
𝑝 =



H(0,0)
𝑝 ... H(0,𝐾𝑝)

𝑝 ... 0

...

H(𝑁𝑣 ,0)
𝑝 ... H(0,𝐾𝑝)

𝑝 ... 0

H1,(0,0)
𝑝 ... H1,(0,

𝐾1
𝑝

2 )
𝑝 ... 0

...

H𝑟𝑝 ,(𝑁
𝑟𝑝
𝑣 ,0)

𝑝 ... H
𝑟𝑝 ,(𝑁

𝑟𝑝
𝑣 ,𝐾

𝑟𝑝
𝑝 )

𝑝



, (4.31)

where H𝑟
𝑝 is the parity matrix for the 𝑟th re-encoded transmission, with size 𝐾𝑟𝑝 ×𝑁 𝑟

𝑣 . This
decoding process also allows scaling the coding scheme further by using increasingly
larger LDPC codes without significantly changing the decoding process at the receiver.
Since the decoding parity matrix can be constructed by combining the matrices of each
individual code, the total required storage capacity at the receiver will be lower than if
using a different code for each retransmission.

4.5.1.2 Throughput and Goodput

In order to evaluate the effectiveness of the proposed system the throughput, 𝑇𝑡𝑝 , and
goodput, 𝑇𝑔𝑝 , metrics are used, both defined in Bits-per-Second (bps). The throughput of
a system refers to the rate of correctly received bits, being defined in this scenario as

𝑇𝑡𝑝 =
log2(𝑀)min(𝑇, 𝑅)

𝑡𝑡𝑥
, (4.32)

where 𝑡𝑡𝑥 is the time necessary for a symbol to be correctly received, which will depend on
the additional retransmissions. The goodput of the system refers to the correctly received
information bits, and is defined as

𝑇𝑔𝑝 =
log2(𝑀)min(𝑇, 𝑅)𝑅0

𝑐𝑜𝑑𝑒

𝑡𝑡𝑥
, (4.33)

since it depends on the rate of the LDPC code selected. It should be noted that each
retransmission will reduce the value of both of these metrics.

4.5.1.3 Simulation Results

In the following simulation results, unless otherwise stated, the average channel gain
between two antennas with LoS is unitary, the bandwidth in use is 20 MHz, and the
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number of antennas is 𝑇 = 𝑅 = 4. The number of data subcarriers is 𝑁 = 240 and the
FFT size is 256. The data symbols are selected from a 256-QAM constellation, which
means that each transmitted block can contain up to 𝐶𝑏𝑖𝑡𝑠 = 1920 coded bits, with the
amount of information bits being dependent on the chosen code rate. The LDPC coder
is set to potentially perform up to 𝐼 = 30 decoding iterations. It is assumed that the
first transmission is always encoded by an LDPC with rate 𝑅0

𝑐𝑜𝑑𝑒
= 1

2 , 𝑁𝑣 = 960 and
𝐾𝑝 = 480, while the re-encoded transmission only scales up once, 𝑟𝑝 = 1, using a code
with 𝑁1

𝑣 = 1920 and 𝐾1
𝑝 = 960. The maximum number of retransmissions is set at 𝑟𝑡𝑟 = 3.

First, an analysis on the throughput of different retransmission techniques under
stable channel conditions, i.e., considering a scenario with 𝛾𝐿𝑂𝑆 = 1. Fig. 4.47 presents the
evolution of the throughput considering different values of 𝑟𝑡𝑟 . From the figure, it can be

Figure 4.47: Throughput of the system as a function of the 𝐸𝑏/𝑁0, for various numbers of
retransmissions.

concluded that for a system with a target throughput of𝑇𝑡𝑝 = 12.8 Gbps, an 𝐸𝑏/𝑁0 of 10 dB
is enough. In this scenario, the use of retransmissions raises the throughput at lower values
of 𝐸𝑏/𝑁0. In fact, it can be observed that the first retransmission with packet combining
results in an increase of the throughput to around 𝑇𝑡𝑝 = 5 Gbps, at 5 dB. However,
additional performance gains associated to the execution of more retransmissions (i.e.,
𝑟𝑡𝑟 > 1) are marginal, since these retransmissions are performed within the channel
coherence time and the transmission power is kept constant. In the same conditions, the
proposed re-encoding retransmission scheme can achieve a throughput of 𝑇𝑡𝑝 = 6.4 Gbps
with just one retransmission. This is the case even at 0 dB, resulting in a much more
energy efficient transmitter.
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Fig. 4.48 shows the BER results for the initial transmission, as well as the packet com-
bining and proposed LDPC re-encoding techniques. In this scenario, the LoS component
was considered to be 𝐾 = 75% of the total channel power, along with a channel state that
spans over 𝑛𝑑𝑜𝑤𝑛 = 𝑛𝑢𝑝 = 20 OFDM symbols, and 𝛾𝐿𝑂𝑆 = 0.05. From the figure, it can

Figure 4.48: BER of the proposed system considering different retransmission strategies.

be noted that employing retransmissions greatly decreases the BER. Once again, it can
be observed that the maximum performance gain is obtained in the first retransmission,
thanks to the fact that the next successive retransmissions have the same length and are
transmitted with the same power as the first transmission, their potential performance
gain is lower. Moreover, it can be observed that the proposed re-encoding scheme can
achieve a significantly lower BER than the conventional packet combining scheme, even
after 𝑟𝑡𝑟 = 3 retransmissions.

Consider a wireless channel where the LoS component has𝐾 = 90% of the total channel
power, and a channel downtime of 𝑛𝑑𝑜𝑤𝑛 = 𝑛𝑢𝑝 = 20 OFDM symbols. Fig. 4.49 shows the
achievable goodput in that situation.

From the figure, it is clear that the system with no retransmissions requires a sig-
nificantly higher 𝐸𝑏/𝑁0 in order to cope with the channel downtimes. In the results
two different thresholds can be observed for the initial transmission, the first between
approximately 10 dB and 15 dB, and the second beyond 20 dB. The first threshold occurs
when the 𝐸𝑏/𝑁0 is high enough to recover all the transmissions during the LoS channel,
while the second threshold occurs when the 𝐸𝑏/𝑁0 is high enough to also recover the
transmissions when there is no LoS. Each PC retransmission decreases the required 𝐸𝑏/𝑁0

to reach this threshold, while the re-encoded retransmissions increase the goodput at the
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Figure 4.49: Goodput of the system as a function of the 𝐸𝑏/𝑁0, for various numbers of
retransmissions, with an LOS component power of 0.9.

first threshold, as well as create a new threshold at a lower 𝐸𝑏/𝑁0, namely between -2 dB
and 5 dB, which is due to the greater error correcting capabilities of the second LDPC
code.

Fig. 4.50 shows the simulated outage probability for the proposed system with 𝑟𝑡𝑟 = 3.
In this figure three scenarios are shown, namely: (i) a scenario where 𝛾𝐿𝑂𝑆 = 1, (ii) a
scenario where 𝛾𝐿𝑂𝑆 = 0 and lastly, (iii) a scenario where the channel randomly loses LoS
with 𝐾 = 0.9 and 𝑛𝑑𝑜𝑤𝑛 = 𝑛𝑢𝑝 = 20. It can be concluded that re-encoding scheme can
significantly reduce the outage probability of the system, allowing the system to operate
at a much lower 𝐸𝑏/𝑁0 for this scenario, with low outage probability.

4.5.2 Nonlinearity-Aided Retransmission

A novel technique was developed in this work to increase the efficiency and reliability
of retransmissions using nonlinearly distorted signals. A clipping scheme is used to
reduce the PAPR of retransmitted signals, at the cost of introducing nonlinear distortion.
Consequently, a GAMP based receiver takes advantage of the distortion to improve
performance, balancing the disadvantage of the clipping scheme. Although GAMP
receivers for nonlinearities can require many iterations, the initial linear transmission can
be used to drastically improve convergence speed, reducing the associated complexity.
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Figure 4.50: Outage probability of the proposed scheme considering 𝑟𝑡𝑟 = 3 and a LOS
component with 𝐾 = 0.9.

4.5.2.1 NL-ARQ

Consider a set of functions f, that are applied to the in-phase and quadrature components
of the signal before transmission. This process is defined as

𝑥𝑛 = 𝑓𝑟 (Re (𝑠𝑛)) + 𝑓𝑟 (Im (𝑠𝑛)) , (4.34)

where 𝑟 refers to the 𝑟th retransmission attempt, and 𝑥𝑛 has a frequency domain counter-
part denoted by 𝑋𝑘 . In this case, the received signal is written as

𝑌𝑘 = 𝐻𝑘𝑋𝑘 + 𝑁𝑘 . (4.35)

The first function of the set is defined to be the identity function, written as

𝑓0(𝑥) = 𝑥, (4.36)

which ensures that the initial transmission (𝑟 = 0) is not distorted. For 𝑟 > 0, a nonlinear
function is applied, written as

𝑓𝑟(𝑥) = 𝑓𝑐𝑙𝑖𝑝(𝑥), 𝑟 > 0, (4.37)

where 𝑓𝑐𝑙𝑖𝑝 is the soft clipping function defined in sec. 2.6.6.3.
When a retransmission is requested, the transmitter computes (4.34) using 𝑓𝑟(·) where

𝑟 is the current retransmission attempt. Although this analysis is focused on this particular
nonlinear clipping function, this work can easily be extended to other nonlinear functions.
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Figure 4.51: Diagram of the proposed nonlinearity-aided HARQ scheme. The receiver’s
radio frontend is omitted for simplicity.

Fig. 4.51 shows a diagram of the proposed nonlinearity-aided ARQ scheme. Applying
the soft clipping function in (2.124) produces an output signal with much lower PAPR,
proportional to the clipping threshold 𝑠clip. In a real system, the energy efficiency of the PA
is maximised if the amplifier is operating in the saturation region. However, amplifying in
this region introduces severe nonlinear distortion in the output, which negatively impacts
performance. For that reason PAs are operated in the less efficient linear region, to ensure
that the input signal does not reach saturation. The relationship between the amplification
efficiency of the 𝑟th transmission attempt and PAPR can be approximated as

𝐸𝑟 ≈
1

PAPR . (4.38)

This approximation holds as long as it is considered that the input signal is fully within
the linear region of the PA, to minimize nonlinear distortion in the amplification process.
Since the first transmission is always linear, then it is important to quantify the efficiency,
taking into account all retransmissions. The average efficiency of a system is defined as

𝑇𝐸 =
1
𝑅

𝑅−1∑
𝑟=0

𝐸𝑟 . (4.39)

Fig. 4.52 displays the efficiency of the proposed clipping scheme, considering different
values of 𝑅. The first transmission is always linear, and therefore is not impacted by the
proposed scheme. For 𝑅 > 1, the initial transmission is considered to have a PAPR of
8.9dB, which corresponds to an OFDM signal with 𝑁 = 512 subcarriers and 1024-QAM,
while the retransmissions’s PAPR is visible in the x-axis. As shown in the figure, a lower
PAPR in retransmissions can achieve a significant power efficiency improvement over
conventional high PAPR signals.

Alternatively, the transmitter can opt to increase transmitter power in proportion to
the PAPR reduction. Although only applicable in scenarios where there is a margin to
increase transmitter power, increasing retransmission reliability can be an effective option
to reduce system delay. This scheme is referred to as Nonlinear ARQ with Enhanced
Power (NL-ARQ-EP)/Nonlinear HARQ with Enhanced Power (NL-HARQ-EP).
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Figure 4.52: Average transmission efficiency considering different values of 𝑅, where
retransmissions have a different PAPR from the original transmission.

The distorted retransmission, which in most cases would be detrimental, can actually
be recovered using GAMP, as was shown in the previous sections. This requires rewriting
the expectations in (3.52)-(3.55) and (3.56) to take into account the previously transmitted
signals, resulting in the following expressions.
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var[𝑧|𝑝̂ , y𝑛 , 𝜇𝑝] =
1
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In this case, 𝑟 denotes the current retransmission attempt, and 𝑟 = 0 is the initial transmis-
sion when GAMP is not used. The fact that the initial transmission is not distorted is very
beneficial to GAMP, as it significantly accelerates convergence.

The following simulation results consider an AWGN channel, with GAMP variables
set to 𝑁𝑋 = 512, 𝐴𝑋 = 6𝜎𝑠 , 𝛽 = 0.85. Fig. 4.53 compares the BER of ARQ and Nonlinear
ARQ (NL-ARQ), with 1024-QAM, considering no oversampling, i.e. 𝑂𝑠 = 1.

Figure 4.53: BER of 1024-QAM OFDM comparing conventional ARQ with NL-ARQ, for
an AWGN channel.

From the figure the benefits of NL-ARQ are clear. Using a clipping operation that
reduces the OFDM signal PAPR from 8.9dB to 1.6dB, results in a 1dB performance
degradation at 𝑅 = 2, and no degradation for 𝑅 = 3. This is a substantial reduction in
PAPR, which increases retransmission amplification efficiency to 69%, with an average
efficiency of 41% and 50% for 𝑅 = 2 and 𝑅 = 3, respectively. Lowering the PAPR further to
0.8dB has a noticeable impact in performance, with a degradation of 2-3dB compared to
conventional ARQ. In this case the retransmission effiency is 83%, and the total efficiency
is 48% and 60%, for 𝑅 = 2 and 𝑅 = 3, respectively. This makes the PAPR of 1.6dB an
appropriate design choice for NL-ARQ. Fig. 4.54 shows the BER results considering
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NL-ARQ with 𝑂𝑠 = 4.

Figure 4.54: BER of 1024-QAM OFDM comparing conventional ARQ with NL-ARQ, for
an AWGN channel, considering 𝑂𝑠 = 4.

The increased oversampling results in considerable gains due to the reduced aliasing
within the signal bandwidth from the clipping nonlinearity. In this case, for 𝑅 = 2
employing a PAPR of 1.6dB results in a performance gain over conventional ARQ of
approximately 3dB, whereas a PAPR of 0.8dB produces a smallergain of around 1.5dB. This
is a significant performance boost, in comparison to conventional ARQ, while requiring
much less transmission power. For 𝑅 = 3, the signal with PAPR of 1.6dB shows a
performance improvement of about 3dB, whereas the signal with the PAPR of 0.8dB
shows a minor performance improvement of 0.5dB. This result reinforces the potential
of NL-ARQ, showing that the potential gain scales with retransmission attempts. In fact,
a single retransmision of NL-ARQ, 𝑅 = 2, outperforms conventional ARQ with 𝑅 = 3.
Fig. 4.55 compares the performance of conventional ARQ with NL-ARQ-EP, where the
improved power efficiency of NL-ARQ is used to increase retransmission power.

In this scenario, the performance is maximised to improve reliability. The best per-
formance was obtained for a signal with a PAPR of 1.6dB. With 𝑂𝑠 = 1, NL-ARQ-EP
achieves a performance gain of 4.5dB over conventional ARQ. With a higher oversampling
of 𝑂𝑠 = 4, the performance gain is 7dB over conventional ARQ. In both oversampling
scenarios, NL-ARQ-EP with 𝑅 = 2 outperforms ARQ with 𝑅 = 3, resulting in less retrans-
missions overall. Fig. 4.56 shows the goodput of the system considering 𝑅 = 3, which
is the amount of correctly received bits per OFDM symbol, divided by the number of
transmissions, considering a bandwidth of 120 MHz. An OFDM symbol with incorrect
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Figure 4.55: BER of 1024-QAM OFDM comparing conventional ARQ with NL-ARQ, for
an AWGN channel, with enhanced transmission power.

bits is treated as a failed transmission, and a retransmission is requested.

Figure 4.56: Goodput comparison between NL-ARQ-EP and ARQ for 1024-QAM and
𝑁 = 512 subcarriers.

In conventional ARQ, there is a visible slope that is proportional to the 𝐸𝑏/𝑁0. For
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larger values of 𝑅, the slope would be less steep, as the additional retransmissions salvage
the goodput for lower 𝐸𝑏/𝑁0. For NL-ARQ-EP, there is a noticeable plateau at half the
goodput, which is associated with the symbols that are correctly recovered with a single
retransmission due to the nonlinearity decoding, similar to using FEC. For 𝑂𝑠 = 1, this
plateau starts at 21dB, which is a significant improvement over ARQ that has a much
lower goodput at that 𝐸𝑏/𝑁0. For𝑂𝑠 = 4, the plateau starts at 17dB, which is a remarkable
improvement over ARQ, as its goodput was 0 for the same 𝐸𝑏/𝑁0. For 𝐸𝑏/𝑁0 below the
plateau region, there is a chance of retransmissions not being successful.

4.5.2.2 NL-HARQ

This section presents the performance of Nonlinear HARQ (NL-HARQ), using the LDPC
HARQ scheme from the NR specification, and 𝑁 = 512 subcarriers. First, consider Type I
HARQ, which consists in retransmitting the same signal. Figure 4.57 shows the SER of a
system using a clipping nonlinearity only on retransmissions. From the figure it can be

Figure 4.57: SER of 1024-QAM OFDM comparing conventional HARQ with NL-HARQ,
for an AWGN channel.

seen the clipped signals boast a much lower PAPR than a conventional signal. For 𝑅 = 2,
that is 1 retransmission, with a PAPR of 2.5dB, NL-HARQ has slightly worse SER than
the ideal HARQ system, whereas at PAPR 1.6dB there is a noticeable 1dB degradation for
a SER of 10−2. This reduction in PAPR can increase average efficiency to 34%, at a PAPR
of 2.5dB. For 𝑅 = 3, that is 2 retransmissions, for a PAPR of 2.5dB, NL-HARQ performs
nearly the same as conventional HARQ, with an average efficiency of 42%. Table 4.3
compares the 𝐸𝑏/𝑁0+PAPR necessary to achieve a target SER of 1% for AWGN channels.
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Table 4.3: Comparison of the necessary 𝐸𝑏/𝑁0+PAPR to achieve a target SER of 1%.

Scheme PAPR 𝑅 𝑂𝑠 𝐸𝑏/𝑁0 𝐸𝑏/𝑁0+PAPR

HARQ 8.9dB 2 1 9.8dB 18.7dB

HARQ 8.9dB 3 1 9.5dB 18.4dB

NL-HARQ 1.6dB 2 1 11dB 12.6dB

NL-HARQ 2.5dB 2 1 10.2dB 12.7dB

NL-HARQ 2.5dB 3 1 9.5dB 12dB

NL-HARQ 0.2dB 2 4 11dB 11.2dB

NL-HARQ 0.8dB 2 4 10dB 10.8dB

NL-HARQ 0.8dB 3 4 9.1dB 9.9dB

For 𝑂𝑠 = 1, NL-HARQ can achieve the lowest 𝐸𝑏/𝑁0+PAPR of 12dB, with a PAPR of
2.5dB and 𝑅 = 3, an improvement of 6.4dB over HARQ. With oversampling, 𝑂𝑠 = 4, the
gain is noticeable higher, where the lowest 𝐸𝑏/𝑁0+PAPR to achieve the target is 9.9dB,
with a PAPR of 0.8dB and 𝑅 = 3, an improvement of 8.5dB over HARQ. These results
confirm the high energy efficiency of NL-HARQ, over HARQ. Fig. 4.58 shows the SER
for NL-HARQ-EP, with 𝑂𝑠 = 1.

Figure 4.58: SER of 1024-QAM OFDM comparing conventional HARQ with NL-HARQ,
for an AWGN channel, with enhanced transmission power.
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Table 4.4: Comparison of the necessary 𝐸𝑏/𝑁0 to achieve a target SER of 1%.

Scheme PAPR 𝑅 𝑂𝑠 𝐸𝑏/𝑁0

HARQ 8.9dB 2 1 9.8dB

HARQ 8.9dB 3 1 9.5dB

NL-HARQ-EP 1.6dB 2 1 10.2dB

NL-HARQ-EP 2.5dB 2 1 8.6dB

NL-HARQ-EP 2.5dB 3 1 8.3dB

NL-HARQ-EP 0.2dB 2 4 6.6dB

NL-HARQ-EP 0.8dB 2 4 6.5dB

NL-HARQ-EP 0.8dB 3 4 5.5dB

The increased retransmission power results in a noticeable SER improvement. Con-
sidering 𝑅 = 2, NL-HARQ-EP with a PAPR of 2.5dB outperforms ideal HARQ even at
𝑅 = 3, by a margin of almost 1.5 dB in 𝐸𝑏/𝑁0. There is a limit, however, as the lower
PAPR of 1.6dB actually performs worse than ideal HARQ, due to the additional distortion.
For 𝑅 = 3, there isn’t a significant decrease in the SER, similar to ideal HARQ. Table 4.4
compares the 𝐸𝑏/𝑁0 necessary to achieve a target SER of 1% for AWGN channels. In this
case, the reduced PAPR is used to increase transmission power, with higher efficiency.

From the table there is a clear improvement in required 𝐸𝑏/𝑁0 for the NL-HARQ-EP
scheme. With 𝑂𝑠 = 1 and 𝑅 = 2, NL-HARQ-EP requires 1.2dB less 𝐸𝑏/𝑁0 to achieve the
target PER of 1%, with the same result for 𝑅 = 3, which highlights how NL-HARQ-EP
scales well with further retransmissions. With oversampling of 𝑂𝑠 = 4, the gains are
significantly higher, achieving the target SER requiring 3.3dB and 4.5dB less 𝐸𝑏/𝑁0 than
HARQ, for 𝑅 = 2 and 𝑅 = 3, respectively. Fig. 4.59 compares the goodput of HARQ and
NL-HARQ-EP.

From the figure there is a clear improvement in goodput. For 𝑂𝑠 = 1, the goodput
of NL-HARQ-EP is about two times greater than HARQ, in the 𝐸𝑏/𝑁0 range between
6dB and 10dB. For 𝑂𝑠 = 4, the goodput reaches half of the maximum at 7dB of 𝐸𝑏/𝑁0,
an improvement of 3dB over HARQ. Between 3dB and 7dB, NL-HARQ-EP can achieve
a significant goodput, in contrast with the 0 goodput of HARQ. Table 4.5 compares the
𝐸𝑏/𝑁0 necessary to achieve a target SER of 1% for a Rician channel with 𝐾 = 0.8.

The channel fading has a negative impact in performance, as can be seen by the higher
𝐸𝑏/𝑁0 required to reach 1% SER. Without oversampling, there is only a significant gain
for 𝑅 = 3, where NL-HARQ-EP requires 0.8dB less 𝐸𝑏/𝑁0 to reach the target SER. With
an oversampling of 𝑂𝑠 = 4, the results are much better with a reduction in required
𝐸𝑏/𝑁0 of 1.4dB and 1.7dB for 𝑅 = 2 and 𝑅 = 3, respectively. Fig. 4.60 shows the goodput
considering a Rician channel.

Compared to the AWGN scenario, the goodput improvement of NL-HARQ-EP over
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Figure 4.59: Goodput comparison between NL-HARQ-EP and HARQ for 1024-QAM and
𝑁 = 512 subcarriers.

Table 4.5: Comparison of the necessary 𝐸𝑏/𝑁0 to achieve a target SER of 1%, considering
a Rician channel with 𝐾 = 0.8.

Scheme PAPR 𝑅 𝑂𝑠 𝐸𝑏/𝑁0

HARQ 8.9dB 2 1 10.2dB

HARQ 8.9dB 3 1 8.9dB

NL-HARQ-EP 3.5dB 2 1 10.2dB

NL-HARQ-EP 4.6dB 2 1 10.1dB

NL-HARQ-EP 4.6dB 3 1 8.1dB

NL-HARQ-EP 1.6dB 2 4 9dB

NL-HARQ-EP 2.5dB 2 4 8.8dB

NL-HARQ-EP 2.5dB 3 4 7.2dB

HARQ is lower. For 𝑂𝑠 = 1, NL-HARQ-EP reaches half the maximum goodput at 1dB
less of 𝐸𝑏/𝑁0 than HARQ. With 𝑂𝑠 = 4, NL-HARQ-EP requires 2dB less 𝐸𝑏/𝑁0 to reach
half the maximum goodput than HARQ.

4.5.2.3 NL-HARQ Type II

The standard scheme for NR Release 17 is HARQ Type II, which consists in transmitting
the parity bits that were punctured from the original codeword. The bits are selected
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Figure 4.60: Goodput comparison between NL-HARQ-EP and HARQ for 1024-QAM and
𝑁 = 512 subcarriers, for a Rician channel with 𝐾 = 0.8.

to fill the OFDM symbol based on 4 different starting points in the codeword, named
𝑟𝑣0 − 𝑟𝑣3. 𝑟𝑣0 is the starting point for the initial transmission, and retransmissions follow a
repeating pattern 𝑟𝑣0 , 𝑟𝑣2 , 𝑟𝑣3, 𝑟𝑣1 (including the initial transmission). Depending on bit
space available in an OFDM symbol, there may be overlap between transmitted bits, with
𝑟𝑣0 and 𝑟𝑣2 contain the least possible overlap. The less overlap there is, the lower the rate
of the code at the receiver, which is why 𝑟𝑣2 is a good choice for the first retransmission.

In this scenario, the combination of different signals is done at bit level as part of the
decoding by combining the LLRs between transmissions. Since each retransmission uses
a different 𝑟𝑣, it contains different information, at least until the 𝑟𝑣 loops back to 𝑟𝑣0 after
4 retransmissions. Therefore, GAMP cannot use the previously received signals in the
calculations. Therefore, the previous expressions are modified as follows.
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Fig. 4.61 shows the SER for AWGN 1024-QAM.

Figure 4.61: SER of 1024-QAM OFDM comparing conventional HARQ Type II with NL-
HARQ Type II, for an AWGN channel.

From the figure it is clear how HARQ Type II is significantly more powerful than
HARQ Type I. For 𝑅 = 2, NL-HARQ with PAPR 3.6dB and 2.5dB performs about 1 and 2
dB worse than ideal HARQ, respectively. The average energy efficiency for these scenarios
is 28% and 34%, respectively. Therefore, the lower PAPR of 2.5dB is not as beneficial as
a PAPR of 3.6dB. At 𝑅 = 3, NL-HARQ-EP performs only 0.5 dB worse, with a average
efficiency of 34%. Table 4.6 summarizes the 𝐸𝑏/𝑁0+PAPR necessary for a target SER of
1%, for AWGN channels.

From the table there is a remarkable improvement in 𝐸𝑏/𝑁0+PAPR for NL-HARQ
Type II, over conventional HARQ Type II. For 𝑂𝑠 = 1, a PAPR of 3.6dB can be supported
to enable required 𝐸𝑏/𝑁0+PAPR decreases of 4.3dB and 4.7dB over conventional HARQ,
for 𝑅 = 2 and 𝑅 = 3, respectively. Oversampling by 𝑂𝑠 = 4 reduces the necessary
𝐸𝑏/𝑁0+PAPR to 6.7dB and 7.5dB, for 𝑅 = 2 and 𝑅 = 3, respectively. Fig. 4.62 shows the
performance of NL-HARQ-EP with 𝑂𝑠 = 1.

In this scenario, at 𝑅 = 2, NL-HARQ-EP outperforms ideal HARQ by 1dB, with a
PAPR of 4.3dB. A lower PAPR of 3.6dB has a negative impact on performance. However,
at 𝑅 = 3 there is remarkable improvement of NL-HARQ-EP with a PAPR of 4.3dB, over
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Table 4.6: Comparison of the necessary 𝐸𝑏/𝑁0+PAPR to achieve a target SER of 1%.

Scheme PAPR 𝑅 𝑂𝑠 𝐸𝑏/𝑁0 𝐸𝑏/𝑁0+PAPR

HARQ Type II 8.9dB 2 1 2.9dB 11.8dB

HARQ Type II 8.9dB 3 1 -0.5dB 8.4dB

NL-HARQ Type II 2.5dB 2 1 5.1dB 7.6dB

NL-HARQ Type II 3.6dB 2 1 3.9dB 7.5dB

NL-HARQ Type II 3.6dB 3 1 0.1dB 3.7dB

NL-HARQ Type II 0.8dB 2 4 4.5dB 5.3dB

NL-HARQ Type II 1.6dB 2 4 3.5dB 5.1dB

NL-HARQ Type II 1.6dB 3 4 -0.7dB 0.9dB

Figure 4.62: SER of 1024-QAM OFDM comparing conventional HARQ Type IIwith NL-
HARQ Type II, for an AWGN channel, with enhanced transmissin power.

ideal HARQ. This can be justified by the fact that by the second retransmission attempt,
a significant portion of the codeword was transmitted with higher power, which greatly
improves GAMP’s convergence. This allows NL-HARQ-EP to be much more effective in
applications that expect highly volatile propagation characteristics. Table 4.7 summarises
the necessary 𝐸𝑏/𝑁0 to reach a SER of 1%, for different system configurations, considering
an AWGN channel.

With no oversampling, the proposed NL-HARQ-EP scheme achieves decreases of
1dB and 2.9dB in 𝐸𝑏/𝑁0 over standard HARQ, for 𝑅 = 2 and 𝑅 = 3, respectively. With
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Table 4.7: Comparison of the necessary 𝐸𝑏/𝑁0 to achieve a target SER of 1%.

Scheme PAPR 𝑅 𝑂𝑠 𝐸𝑏/𝑁0

HARQ Type II 8.9dB 2 1 2.9dB

HARQ Type II 8.9dB 3 1 -0.5dB

NL-HARQ-EP Type II 3.5dB 2 1 3.2dB

NL-HARQ-EP Type II 4.6dB 2 1 1.9dB

NL-HARQ-EP Type II 4.6dB 3 1 -3.4dB

NL-HARQ-EP Type II 0.8dB 2 4 2.5dB

NL-HARQ-EP Type II 1.6dB 2 4 1dB

NL-HARQ-EP Type II 1.6dB 3 4 -4.7dB

oversampling, 𝑂𝑠 = 4, the decreases in required 𝐸𝑏/𝑁0 are higher, with 1.9dB and 4.2dB
for 𝑅 = 2 and 𝑅 = 3, respectively. These results showcase the potential of NNL-HARQ-EP
to increase retransmission reliability, as it requires less 𝐸𝑏/𝑁0 than conventional schemes.
Fig. 4.63 compares the goodput of NL-HARQ-EP Type II and HARQ Type II.

Figure 4.63: Goodput comparison between NL-HARQ-EP Type II and HARQ Type II for
1024-QAM and 𝑁 = 512 subcarriers.

For 𝑂𝑠 = 1, NL-HARQ-EP reaches half the maximum goodput while requiring 1dB
less of 𝐸𝑏/𝑁0 than HARQ. Increasing oversampling to 𝑂𝑠 = 4 improves this result by a
further 1dB. At one third of the maximum goodput there is a visible plateau due to the
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Table 4.8: Comparison of the necessary 𝐸𝑏/𝑁0 to achieve a target SER of 1%, considering
a Rician channel with 𝐾 = 0.8.

Scheme PAPR 𝑅 𝑂𝑠 𝐸𝑏/𝑁0

HARQ Type II 8.9dB 2 1 3.8dB

HARQ Type II 8.9dB 3 1 0.2dB

NL-HARQ-EP Type II 4.6dB 2 1 3.5dB

NL-HARQ-EP Type II 5.7dB 2 1 3.1dB

NL-HARQ-EP Type II 5.7dB 3 1 -1.5dB

NL-HARQ-EP Type II 1.6dB 2 4 2.8dB

NL-HARQ-EP Type II 2.5dB 2 4 2.5dB

NL-HARQ-EP Type II 2.5dB 3 4 -4.2dB

third transmission attempt. In this case, NL-HARQ-EP with 𝑂𝑠 = 1 and 0𝑠 = 4 achieve
this goodput while requiring 3dB and 5dB less 𝐸𝑛/𝑁0 than HARQ, respectively. Table
4.8 summarises the required 𝐸𝑏/𝑁0 for a target SER of 1%, considering a Rician fading
channel with 𝐾 = 0.8.

With no oversampling, NL-HARQ-EP requires 0.7dB and 1.7dB less𝐸𝑏/𝑁0 than HARQ,
for𝑅 = 2 and𝑅 = 3, respectively. The decrease in𝐸𝑏/𝑁0 is smaller than the AWGN scenario
due to the fading effects impacting GAMP convergence. With oversampling of 𝑂𝑠 = 4,
the required 𝐸𝑏/𝑁0 by NL-HARQ-EP is 1.3dB and 4.4dB lower compared to HARQ, for
𝑅 = 2 and 𝑅 = 3, respectively. Performance is much better with oversampling, as it allows
lower clipping values to increase retransmission power. Fig. 4.64 compares the goodput
considering a Rician fading channel.

The introduction of fading has a noticeable impact in NL-HARQ-EP goodput. The pro-
posed NL-HARQ-EP achieves half the maximum goodput at 1dB less of 𝐸𝑏/𝑁0, compared
to HARQ. The increased oversampling of 𝑂𝑠 = 4 has a smaller impact in this case, and
does not allow NL-HARQ-EP to reach half goodput with less 𝐸𝑏/𝑁0. On the other hand,
NL-HARQ-EP with 𝑂𝑠 = 4 achieves one third maximum goodput while still requiring
5dB less of 𝐸𝑏/𝑁0 over HARQ. With 𝑂𝑠 = 1, this margin becomes 2dB, lower than the
AWGN scenario.
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Figure 4.64: Goodput comparison between NL-HARQ-EP Type II and HARQ Type II for
1024-QAM and 𝑁 = 512 subcarriers, for a Rician channel with 𝐾 = 0.8.
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5

Conclusions and Future Work

The main goal of this thesis was to design efficient and secure receiving algorithms for
modern wireless standards, taking into account non-ideal hardware and challenging
propagation conditions. The use of SC modulations was proposed as a way to achieve PLS
in MIMO schemes, due to the use of SVD functioning as a pseudo encryption technique
at the physical level. This analysis was extended for scenarios with power domain
NOMA, and suboptimal propagation conditions. Three algorithms were proposed to
handle nonlinear distortion in the received signal, namely BNC, GAMP and GTurbo.
Each of these was analysed using Monte Carlo simulations due to the high complexity in
deriving analytical expressions for their performances. It was shown that integrating these
receivers with FEC can significantly increase performance, allowing the use of cheaper
and more efficient hardware. In fact, it was shown that GAMP and GTurbo receivers can
be suboptimum receivers for nonlinearly distorted signals, exceeding the performance of
linear systems. The original work of this thesis was published in the following papers
[9–16].

Chapter 2 characterized the wireless system model that was considered in this thesis,
including SC and MC transmission techniques. A reference model for different hardware
impairments was developed, which measured the impact of each impairment in the
system’s achievable EVM. These results highlighted the importance of linear hardware in
high order constellations for modern standards. It was shown how the PLS of a system can
be measured using the SR, which can be analytically derived from the channel capacity.
A review of the literature of several different techniques to mitigate the impact of these
impairments and wireless PLS showcased the research interest in these areas.

Chapter 3 characterized receivers for SC and MC systems. A novel IB-DFE receiver was
developed to support power domain NOMA schemes, taking advantage of the inherent
iterative interference cancellation. Receivers with BNC were defined for MIMO-SVD
SC, and OFDM schemes to reduce the ICI due to nonlinear distortion. A GAMP-based
receiver was proposed that can, for certain nonlinearities, outperform linear systems. A
different approach based on GTurbo was also studied for the same goal, and achieved a
similar performance to GAMP. The analysis of these receivers was extended to combine
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FEC decoding operations in receiver iterations. This dramatically increased iterative gain,
allowing these receivers to support stronger nonlinearities.

Chapter 4 presented several applications based on the algorithms characterized in
Chapter 3. The PLS features of the proposed power-domain NOMA IB-DFE scheme were
shown to be quite high. Different eavesdropper configurations were studied to provide an
accurate assessment of the PLS potential of this technique. Even in non ideal propagation
conditions, such as the CathLab scenario, it was shown that the SR of an OFDM-SVD was
still significantly high. A Proof-of-Concept (POC) prototype was developed using an SDR
platform, which showed promising results for a 2 × 2 MIMO SVD system. A novel PAPR
reducing scheme for very high order QAM was also proposed, making use of the distortion
decoding capabilities of GAMP. This receiver achieved excellent performance, enabling
significant PA power savings due to the reduced PAPR. The performance of GAMP with
a non-ideal ADC was characterized via simulation. It was shown how it can enable high
order QAM with very low bit resolutions, by making use of the inherent clipping in the
ADC input range. Lastly, a novel nonlinearity-aided ARQ scheme was developed that
used GAMP only on retransmissions. This technique showed very promising results, even
when compared with the 3GPP Release 17 HARQ scheme.

5.1 Future Work

Wireless systems that can support non-ideal hardware continues to be a highly relevant
topic in wireless communication research. The algorithms that were proposed in this
thesis were shown to perform promisingly in scenarios with current standards, though
there is still work to be done in extending these algorithms to MIMO scenarios. Another
key issue is lowering the complexity of nonlinear decoding algorithms such as GAMP
and GTurbo, especially for very high order constellations. Low complexity nonlinear
receivers for PA nonlinearities are currently a highly sought after solution. As previously
mentioned, these are suboptimum receivers for nonlinearities, and cannot reach ideal
performance. Currently, significant research is being done to find an optimum receiver
with reasonable complexity.

The research area of PLS has grown significantly, and is expected to continue as it
becomes possible to use more sophisticated and complex techniques in the PHY layer.
This thesis demonstrated how SVD schemes can be an effective option with minimal
overhead, in various scenarios. In fact, nonlinearity decoders can also be considered in
PLS scenarios, due to their reliance on accurate nonlinear function information. As more
research is done into these decoders, this option becomes increasingly realistic.
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