
Victor Hugo de Mello Pessoa

Dissertation presented to obtain the Ph.D degree in

Integrative Biology and Biomedicine

From mechanics to thermodynamics

of hexameric molecular motors

Oeiras, November 2025

2
0
2
5



From mechanics to
thermodynamics of hexameric

molecular motors

Victor Hugo de Mello Pessoa

Dissertation presented to obtain the Ph.D. degree in In-
tegrative Biology and Biomedicine
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Resumo

Motores moleculares são complexos proteicos que convertem energia qúımica em movi-
mento. Tal conversão de energia pode ser entendida como uma transferência entre
processos qúımicos e mecânicos, mediada por mudanças de conformação altamente
orquestradas na estrutura destas protéınas. Estes motores são indispensáveis para
todas as formas de vida, sustentando tanto processos metabólicos quanto proces-
sos de organização espacial. Entre eles, ATPases hexaméricas formam um amplo e
diverso grupo de motores moleculares que desempenham um papel central na manip-
ulação de DNA e protéınas. Apesar de avanços importantes em bioqúımica, biof́ısica
e biologia estrutural, a relação entre mudanças de conformação e processamento de
energia nestas protéınas ainda permanece parcialmente compreendida. Esta tese tem
por objetivo preencher tal lacuna integrando dados de estrutura de protéınas a novas
ferramentas anaĺıticas interdisciplinares.

No Caṕıtulo 2, começamos por conectar prinćıpios de biof́ısica molecular a dados
de biologia estrutural. Para alcançar este objetivo, foi desenvolvido um método para
extrair informação energética diretamente da estrutura tridimensional de protéınas.
Usando conceitos de elasticidade, o método Protein Strain Analysis foi estendido
para a criação da métrica pseudoenergia elástica. Brevemente, esta métrica con-
siste em uma estimativa local da energia elástica associada à deformação entre duas
conformações de uma protéına. Este método foi testado usando dados sintéticos e
experimentais, estabelecendo-o como uma ferramenta geral para quantificar mecânica
de protéınas.

No Caṕıtulo 3, aplicamos esta metodologia ao ciclo conformacional de RuvB,
um motor hexamérico responsável pela translocação de DNA. Ao computar a dis-
tribuição espacial da pseudoenergia elástica entre as conformações, dois padrões gerais
foram identificados. Localmente, quatro regiões estruturais concentram a maior parte
do conteúdo energético por subunidade ao mesmo tempo que executam interações
cŕıticas, sugerindo uma trajetória para a transferência de energia. Globalmente, o
ciclo apresenta um perfil energético suave, caracterizado por uma única alta barreira
associada à retomada de contato com o DNA. Estes resultados indicam que a co-
municação entre subunidades é essencial para ultrapassar esta barreira, revelando o
papel central da coordenação para a atividade desta protéına.

No Caṕıtulo 4, nos baseamos nestes achados para construir um modelo cinético
simplificado espećıfico para o ciclo de RuvB. Restringindo o modelo com as pseudoen-
ergias globais por conformação, foi estabelecida uma conexão direta entre mecânica
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estrutural e cinética. As escalas de tempo entre mudanças conformacionais foram cali-
bradas usando dados de experimentos bioqúımicos e de experimentos single-molecule,
mostrando que as energias inferidas são consistentes com uma cinética processiva.
Este modelo foi aplicado posteriormente para avaliar velocidades de translocação,
otimização do perfil energético e dissipação de energia neste sistema. O modelo provê
uma perspectiva termodinâmica sobre como RuvB modula sua coordenação ao decor-
rer do ciclo conformacional.

No Caṕıtulo 5, nós generalizamos este modelo para ATPases hexaméricas. Para
isso, as conformações das subunidades foram mapeadas em variáveis de fase no formal-
ismo de osciladores acoplados. Variando-se os parâmetros de acoplamento, foram en-
contrados distintos comportamentos emergentes destes motores, ou modos de operação,
coincidindo com mecanismos de coordenação propostos previamente. Um destes mo-
dos, o regime sequencial, sempre apresenta uma maior velocidade de translocação que
os demais, oferecendo, portanto, uma explicação f́ısica para a predominância deste
modo entre motores hexaméricos. Ao aplicar esta metodologia para dados publicados
de ClpX, um motor considerado probabiĺıstico, foi encontrado que seu comporta-
mento também é compat́ıvel com o modo sequencial, a depender de quais premissas
bioqúımicas são consideradas.

Em suma, esta tese descreve e aplica um conjunto de metodologias que rela-
cionam conjuntos de estruturas, energia de conformações, cinética e termodinâmica
de ATPases hexaméricas. Tais metodologias não só trazem novas perspectivas sobre
a operação de motores espećıficos, como RuvB e ClpX, mas também estabelecem
prinćıpios gerais sobre coordenação e função nesta importante classe de máquinas
moleculares.
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Abstract

Molecular motors are protein assemblies that convert chemical energy into motion.
This energy conversion can be understood as a transfer between chemical and me-
chanical processes, mediated by highly orchestrated conformational changes in protein
structure. These motors are indispensable for all forms of life, sustaining both their
metabolism and spatial organisation. Among them, hexameric ATPases form a broad
and diverse group of molecular machines that play central roles in protein and DNA
manipulation. Despite major advances in biochemistry, biophysics, and structural
biology, the link between conformational changes and energy processing in these pro-
teins remains poorly understood. This thesis aims to address this gap by integrating
data from protein structures with novel interdisciplinary analytical tools.

In Chapter 2, we start this challenge by connecting principles of protein biophysics
to structural biology datasets. To achieve this, we develop a method to extract ener-
getic information directly from three-dimensional protein structures. Using concepts
from elasticity theory, we extend the already established method of Protein Strain
Analysis to devise a metric of elastic pseudoenergy. In a nutshell, this metric consists
of a local estimate of the elastic energy associated with the deformation between two
protein conformations. We probe this framework using both synthetic and experi-
mental datasets, establishing it as a general tool to quantify protein mechanics.

In Chapter 3, we apply this approach to the conformational cycle of RuvB, a
hexameric motor responsible for DNA translocation. By computing the distribution
of elastic pseudoenergy across conformation and at a residue level, we identify two
key patterns. Locally, four structural regions concentrate most of the energy content
per subunit while mediating critical interactions, suggesting a pathway for energy
transfer. Globally, the cycle forms a smooth energy landscape, characterised by a
single large barrier associated with DNA reattachment. Our results indicate that
inter-subunit communication is essential for overcoming this barrier, revealing the
central role of coordination to protein activity.

In Chapter 4, we build on these findings to construct a coarse-grained kinetic
model tailored to RuvB’s conformational transitions. By constraining the model with
global elastic pseudoenergy profiles, we establish a direct link between structural me-
chanics and kinetics. We calibrated the time scale of conformational changes using
batch biochemical and single-molecule data, showing that the energetics we inferred
is consistent with processive kinetics. We further applied this model to assess translo-
cation speeds, landscape optimality, and energy dissipation in this system. This

vii



model provides a thermodynamic perspective on how RuvB modulates its coordina-
tion throughout the conformational cycle.

In Chapter 5, we generalise this framework to hexameric ATPases. To do so,
we map subunit conformations to phase variables within a coupled oscillator formal-
ism. Strikingly, varying inter-subunit coupling parameters leads to distinct emergent
behaviours of such motors, or modes of operation, matching previously proposed co-
ordination mechanisms. One such mode, the sequential regime, consistently achieves
the highest translocation speeds, offering a physics-based rationale for its widespread
prevalence across hexameric motors. Applying this framework to published data on
ClpX, long regarded as a probabilistic motor, shows that its behaviour may also be
reconciled with a sequential model, depending on key biochemical assumptions.

Altogether, this thesis describes and applies a set of methodologies linking struc-
tural ensembles, conformational energetics, kinetics, and thermodynamics of hexam-
eric ATPases. These approaches not only shed light on the operation of individual
motors such as RuvB and ClpX, but also establish general principles of coordination
and function within this important class of molecular machines.
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Chapter 1

Introduction

Molecular motors are nanoscale protein assemblies that convert chemical energy into
mechanical work. Their capacity to couple chemical and mechanical processes relies
on cyclic structural deformations amid large thermal fluctuations, making their activ-
ity intrinsically stochastic. Among these systems, hexameric ATPases stand out for
their broad and diverse scope, driving several processes related to protein and DNA
manipulation. While cryogenic electron microscopy (cryo-EM) has brought momen-
tum to the experimental research in the field, a general understanding of how chemical
and mechanical cycles are coupled through these machines is still unresolved. Other
techniques, such as single-molecule biophysics with tweezers and batch biochemical
assays, provide quantitative resources to measure their activities. In contrast, theoret-
ical studies have lagged behind in establishing novel insights into hexameric motors’
properties. Here, we briefly introduce the current knowledge of their operation and
highlight the existing contradictions and gaps yet to be explored.

1.1 An introduction to molecular motors

Living matter can be recognised by its incredible capacity to self-replicate, evolve,
and resist perturbations at the expense of energy input. At the core of this dynamic
behaviour are highly specialised molecular machines, which accelerate and control pro-
cesses that would otherwise be too slow or error-prone. Like human-made machines,
many of these systems are capable of converting energy from one form to another.
Among them, molecular motors are protein assemblies that convert chemical energy
into mechanical work.

From a cellular perspective, these motors are capable of performing a vast cat-
alogue of functions that involve transport or molecular rearrangements. Two well-
known examples that illustrate important aspects of energy conversion are ATP syn-
thase and dynein. Strictly, the FOF1 ATP synthase is a notable exception to the
defining attribute of a molecular motor, because it converts electric into chemical en-
ergy, where mechanical energy plays an intermediate role, see Fig. 1.1. This protein
assembly can be seen as two coupled motors, FO and F1. While FO uses the flux of
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Chapter 1

Figure 1.1: Structure and function of FOF1 ATP synthase. A. Cryo-EM electronic
densities of E. coli ATP synthase. The multiple subunits that form the assembly
are represented in different colors. Adapted from [3]. B. Simplified scheme of ATP
synthase activity. The subunits were grouped into four categories: F1 (catalytic com-
ponent); FO, (membrane-embedded proton-driver rotor); stator, (peripheral stalk);
and axle, (central rotating stalk).

protons across a membrane in favour of its electrochemical gradient to generate torque
– and therefore mechanical energy –, F1 uses this torque to perform a chemical reac-
tion, synthesising ATP from ADP and Pi [1, 2]. Due to the activity of ATP synthase,
cellular ATP and ADP concentrations are kept far from thermodynamic equilibrium.
This imbalance sustains a large free-energy gradient in favour of ATP hydrolysis,
which drives many non-spontaneous cellular processes, including those performed by
most molecular motors.

In contrast, dynein uses the chemical energy from the ATP hydrolysis cycle to
generate mechanical work, similar to most motors. In its intracellular transport role,
it forms dimers that move stepwise along microtubules towards its minus end [4]. To
achieve the conversion of chemical energy into motion, each stepping cycle is composed
of multiple enzymatic substeps

M −−⇀↽−− M · ATP −−⇀↽−− M · ADP · Pi −−⇀↽−− M · ADP −−⇀↽−− M ,

where M represents a subunit of the molecular motor. Similarly, each dynein sub-
unit obeys an equilibrium between attached and detached states with respect to the
substrate S.

M −−⇀↽−− M · S .

Importantly, the two groups of transitions characterise the chemical and mechan-
ical cycles, central not only to dynein but also to most molecular motors. As we
mentioned earlier, the chemical cycle is driven forward because the intracellular con-
centrations of ATP, ADP, and Pi favour hydrolysis. The mechanical cycle, however,
consists of a directional walk, thus requiring energy dissipation. Such coordination

2



Chapter 1

between a spontaneous chemical reaction and a non-spontaneous mechanical process
is a central aspect of molecular motors’ function, often referred to as mechanochemical
coupling. Therefore, energy must be transduced from the nucleotide-binding pocket
to the substrate-interacting surface, a process that is mediated by conformational
changes [5].

This coupling has been assessed experimentally for dynein using a combination of
biochemical assays and structural snapshots at different states of its mechanochemical
cycle [6, 7].

M M ATP M ADP Pi M ADP

M S

M

M SM S ADP Pi M S ADPATPM S

detached

M S M SM S ADP Pi M S ADPATPM S

attached
to

attached
to

In dynein’s kinetic diagram, transitions related to the chemical cycle are repre-
sented horizontally, where the right-most and left-most states are repeated to facilitate
the visualisation. In the mechanical transitions, the directionality of the step is rep-
resented vertically, from the microtubule coordinate j to j + 1. Of the eight possible
configurations of the system, only those shaded in gray are observed experimentally.
This indicates that the rates that take dynein away from the “preferred track” are
negligible compared to those in the highlighted region.

The task of understanding the system’s operation becomes more challenging when
accounting for the two subunits that compose the dynein dimer, because the number
of possible states increases to 82 = 64. For systems where the motor subunits are
not independent, studying one of them in isolation does not provide a full picture of
the assembly’s kinetics. For hexameric motors, which are the focus of this thesis, the
number of possible states is 86 > 2 · 105, making it nearly impossible to characterise
substep rates for each subunit. Next, we formalise the concepts we discussed so far
using the theory of biochemical kinetics.

1.1.1 Biochemical cycle kinetics

Transitions in the molecular motor’s cycles are intrinsically stochastic and can be
quantified by kinetic rates linking adjacent states [8]. Such kinetic rates, the kis in
the kinetic diagram, are defined as the inverse of the mean time for the corresponding
transition. Viewed from a statistical mechanics perspective, the operation of a motor

3



Chapter 1

can therefore be represented as a random walk on a kinetic diagram, with the rates
determining the steady-state probabilities of occupying each state.

If we consider only the shaded states, the diagram is simplified to a unidimensional
cycle of six states and twelve kinetic rates. This particular cycle exhibits a tight
coupling between chemical and mechanical cycles, as it comprises the hydrolysis of a
single molecule of ATP and a single motor step. In a more general scenario, futile
cycles – where ATP is hydrolysed without leading to a step – can also be present
in a fraction of the cycle realisations. This effectively reduces the motors’ efficiency.
For simplicity, we will discuss the case where chemistry and mechanics are tightly
coupled.

The magnitude of kinetic rates reflects characteristic time-scales of conformational
changes and chemical reactions at each transition. Those rates involving binding to
freely diffusing molecules are called pseudo-first-order rates, because they depend on
the concentration of the ligand, such as k+

1 , k−
4 , and k−

6 . They can be further modelled
as k+

1 = k+∗
1 [ATP], for example, where k+∗

1 is a second-order rate. The remaining
rates are first-order, as they do not depend on concentrations.

Under normal cellular conditions, dynein’s cycle can be compared to a biased
random walk, driven out of equilibrium by concentrations of ATP, ADP, and Pi.
Therefore, the forward flux J+ is significantly larger than the backward J−, resulting
in a net flux in the + sense. If we consider the substrate S as part of the system and
that [ATP], [ADP], and [Pi] are chemostated, then the following relationship is valid

J+

J− = k+
1 k

+
2 k

+
3 k

+
4 k

+
5 k

+
6

k−
1 k

−
2 k

−
3 k

−
4 k

−
5 k

−
6

= e
∆µ

kBT (1.1)

where ∆µ is the free-energy released in one ATP hydrolysis cycle, kB is the Boltzmann
constant, and T the temperature. The free-energy change can be written as

∆µ = kBT log
( [ATP]Keq

[ADP][Pi]

)
(1.2)

where Keq = [ADP]eq[Pi]eq
[ATP]eq

is the equilibrium constant for the ATP hydrolysis reversible
reaction. Because the concentrations of ATP and ADP are kept very far from equilib-
rium, the free-energy differences in E. coli are ∆µ ≈ 20kBT [9] and in eukaryotic cells
∆µ ≈ 25kBT [2]. Very importantly, substituting the lowest value of ∆µ in Eq. 1.1
shows that the product of + rates is ≈ 5 · 108 times larger than the product of −
rates, making the process effectively irreversible.

When a particular transition does not dissipate energy, it is possible to relate the
energy of the system to the kinetic rates via the principle of detailed balance. Using
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transition 2 as an example, we obtain

k+
2
k−

2
= exp

(
E(M · S · ATP)− E(M · ATP)

kBT

)
(1.3)

where E denotes the potential energy as a function of the cycle states. Similarly, this
can be extended for dissipative transitions by including the energetic contribution of
∆µ throughout the cycle. This tells us that knowing the shape of such an energy
function, together with the information of where detailed balance is not satisfied, it
is possible to model the energetics of biochemical cycles [10, 11, 12].

1.1.2 Mechanochemical coupling

The kinetic theory offers powerful tools to characterise and predict the behaviour
of molecular motors at a coarse-grained level, yet it cannot, by itself, explain the
microscopic mechanisms that give rise to such emergent kinetics. An example of that
is the cycle kinetics of dynein we just described. Why do dyneins have less affinity to
microtubules upon ATP binding, for instance? Is this pattern similar to all walking
molecular motors? To answer these questions, it is necessary to consider the molecular
details of how motors operate.

In practice, molecular motors transduce chemical energy into mechanical work
through orchestrated conformational changes among their parts [5]. In dynein, for
instance, binding of ADP is associated with a deformation in its structure, which can
be measured by the difference in angle between the domains that bind the cargo and
microtubule, see Fig. 1.2. This illustrates that changes in the chemical state of the
motor correlate with changes in its mechanical state. Ultimately, the combined effect
of conformational changes throughout the cycle allows for energetic mechanochemical
coupling.

The example above constitutes a quantitative approach to characterise mechanochem-
ical coupling. However, quantitative approaches are far from being the standard
methodology for this purpose. Most structural biology studies employ visual-based
comparisons between conformational states or relative displacements after superim-
posing conformations with structural alignment strategies [14]. While the second
approach can provide numerical results, such as root-mean-squared displacement
(RMSD), it relies on the arbitrary choice of how to align the multiple conformations
being analysed [15].

Alignment-free approaches circumvent this problem, enabling the comparison of
protein conformations without orientational bias. Among them, Protein Strain Anal-
ysis (PSA) is an emergent framework to directly compare pairs of conformational
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Figure 1.2: Dynein molecules captured using negative stain in different conformations.
A. Average conformation of dynein of a representative class for each condition. In
the first panel, dynein is incubated with ATP and a Pi analogue to mimic a long-
lasting M · ADP · Pi state. In the second, dynein is incubated in the absence of
nucleotides. B. Distribution of angle difference between the stem (cargo-binding)
and stalk (microtubule-binding). C. Speculative scheme depicting the conformational
changes on dynein and its relative displacement to the microtubule. Adapted from
[13].

states based on elasticity theory [15]. Recently, PSA was applied to a diverse group
of F1-ATP synthase structures, showing that deformation patterns are kept even at
large evolutionary scales [16]. However, despite being used to study a molecular mo-
tor, PSA has yet to be used as a tool to uncover the process of mechanochemical
coupling.

In summary, this brief introduction highlights two examples of molecular motors
that have been extensively studied from two well-established paradigms – kinetic
theory at the coarse-grained level and structural analysis at the molecular level. Far
from being antagonistic, many of the findings at the molecular scale provide insights
into their thermodynamic and kinetic properties and vice-versa. In this thesis, we
aim to achieve this link quantitatively by employing resources from both structural
and biophysical paradigms. In the following, we introduce the model systems at the
base of these developments.

1.2 Hexameric motors

Hexameric motors are pervasive across all domains of life, yet they do not form a
monophyletic group. In other words, no single phylogenetic lineage contains only
hexameric motors. Nevertheless, many are highly conserved and essential. A striking
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example is the F1-ATP synthase compartment, whose ancestry predates the Last
Universal Common Ancestor [17, 18].

Both motors introduced previously, F1 compartment of the ATP synthase and
dynein, share a close evolutionary relationship with hexameric motors. In F1, only half
of the six subunits are catalytically active, but the complex shares close ancestry with
homohexameric motors in which all subunits are active [19]. Dynein’s catalytic core, in
contrast, is formed by six fused subunits homologous to those of hexameric ATPases,
from which only one can hydrolyse ATP. Other ring-shaped motors have evolved to
operate in alternative oligomeric states, such as pentamers and heptamers [20, 21].
This remarkable diversity underscores a rich evolutionary plasticity, where hexameric
motors often give rise to other assemblies that are not necessarily homohexameric.

Most known homohexameric motors belong to the vast family of P-loop NTPases,
which also includes non-hexameric motors such as kinesin and myosin [22, 23]. Within
this family, the ASCE proteins (Additional Strand Conserved E family) are prominent
among hexameric motors, see Fig. 1.3. Here, each subunit displays only an incomplete
ATP binding pocket, making either oligomerisation or motif duplication essential for
activity. Examples include PilT, a main driver of bacterial pilus retraction [24], and
FtsK, which translocates DNA in a step of bacterial replication [25].

Figure 1.3: ASCE family is rich in hexameric assemblies. Scheme representing the
phylogenetic relationships between ASCE and main subgroups, highlighting specific
appendages acquired throughout the evolutionary process. Adapted from [26]

Among ASCE, the protein family of AAA+ (ATPases associated with a variety
of cellular activities) has attracted substantial attention, given the rapidly growing
number of solved structures. Members of this family are major translocators of pro-
tein and DNA substrates, which are typically transported through the central pore
of the hexamer. The protein-translocating AAA+ are related to, among other func-
tions, protein degradation, microtubule remodelling, and membrane fusion [27]; while
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the DNA-based motors are responsible for functions such as transcription regulation,
recombination, DNA repair, and are key for replication in certain viruses and trans-
posons [28].

As with other molecular motors, hexameric ATPases operate through mechanochem-
ical cycles. However, for homohexamers, all six subunits display the same potential
to engage in both chemical and mechanical processes. This imposes consequences
on their dynamics, depending on how the six subunits coordinate their conforma-
tional changes. Next, we discuss the current understanding of how these machines
self-coordinate.

1.2.1 Hydrolysis mechanisms – the chemical component of the cycle

To better characterise the chemical cycle of hexameric motors, structural studies often
begin by describing the distribution of bound nucleotides across subunits. To explain
such distribution patterns, four types of the so-called hydrolysis mechanisms have
been proposed (reviewed in [29]), see Fig. 1.4. In brief, they describe how temporally
sustained patterns of hydrolysis and nucleotide exchange could give rise to observed
nucleotide distributions.

Figure 1.4: Hydrolysis mechanisms proposed for hexameric motors. Different models
display the sequence of observed states for each subunit, colored and labelled according
to the nucleotide bound: T for ATP, DP for ADP, and E for empty. Adapted from
[29].
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Studies using X-ray crystallography and cryo-EM on hexameric motors are typi-
cally applied to classify a given motor into one of these categories. In these studies,
however, several classification inconsistencies for the same protein were observed, es-
pecially between substrate-engaged and disengaged structures [30, 31, 32, 33, 34, 35].
A likely explanation is that disengaged structures capture latent states that does not
belong to the active mechanochemical cycle. Recent cryo-EM studies circumvent this
issue by elucidating the structure of hexameric ATPases “in action”, while engaged
on the substrate and actively translocating it. Under these circumstances, a growing
body of evidence points towards a sequential hydrolysis mechanism (also known as
Asymmetric Rotary in the literature, Fig. 1.4), in which ATP hydrolysis proceeds in
a fixed order around the ring.

Two types of protein assemblies are clear outliers of this emerging trend: the bacte-
rial pilus / secretion system molecular motors and the proteolysis-related translocase
ClpX. In the first type, structures of molecular motors that promote the retraction and
extension of bacterial pilus have been shown to adopt a two-fold symmetric structure,
matching with the symmetric rotary model [36, 24, 37]. These motors also produce
the largest average stall force known so far [38]. The second type consists of a single
example, ClpX, that appears to operate via probabilistic hydrolysis (also known as
Stochastic, Fig. 1.4), which we will discuss in a dedicated section.

1.2.2 Hand-over-hand mechanism – the mechanical component of
the cycle

The term hand-over-hand was first coined for kinesin, which moves along microtubules
by alternating between attached and detached states [39, 40], similar to dynein’s walk.
In this framework, hand-over-hand was introduced as a stepping process for a two-
headed motor in which both heads alternate in the frontal position (in the direction
of the motion), instead of having a dominant head that always stays in front – an
alternative model called the inchworm mechanism.

In a six-headed motor, the analogy is preserved, with the additional specificity
that the head at the rear of the motion attaches to the front position at each step
[27], see Fig. 1.5. This definition has two major implications: first, the order of
attached-detached heads is compatible with a sequential mechanism, as described
before for the chemical cycle; and second, the attached subunits surrounding the
substrate at different positions form a spiral or staircase arrangement [41]. While the
first implication requires a dynamic observation of the molecular motor at work, the
second can be easily identified from snapshots, and it is widely reported [33, 42, 43,
44, 45, 46, 47, 48, 49, 50, 51, 52, 53].
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Figure 1.5: Hand-over-hand model for substrate translocation. A Structures of a
generic AAA+ translocating a protein. Each colored subunit indicates a unique po-
sition in the assembly, associated to a unique conformation. In this cartoon, four
subunits are bound to ATP, one is bound to ADP and one is empty. B The cycle
depicts the structural motif interacting with the substrate at different stages of the
cycle. C. Cartoon showing hands colored according to the previous subunits pulling
on a rope. Each hand represents a subunit that stays attached to the substrate from
top to bottom, until the next detaching event. Adapted from [27].

Within this framework, however, several contradictory interpretations can be
found. For instance, while some references equate the sequential and hand-over-hand
mechanisms [54], opposing studies claim to have identified spiral structures that do
not follow a sequential hydrolysis [55]. In another study, an assembly displaying a
staircase arrangement around the substrate has been claimed not to display hand-over-
hand translocation because the substrate-interacting motifs differ from those typical
of other AAA+ [56]. In addition, other translocation mechanisms have been proposed
with essentially the same distinguishing features of hand-over-hand translocation but
different terminologies [57]. Also, hand-over-hand has been omitted in favour of other
translocation mechanisms [33]. In summary, these inconsistencies highlight a need for
standardised definitions as well as a community-level effort to describe and interpret
structural data consistently.

1.3 Model homohexameric ATPase systems

Up to this point, we have discussed molecular motors in general, with an emphasis
on homohexameric ATPases. We now turn to two AAA+ motors, RuvB and ClpX,
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which will serve as case studies throughout this thesis owing to their unique structural
and biochemical datasets.

1.3.1 RuvB and Holliday Junction branch migration

RuvB is the active component of the RuvAB complex, which is essential for homol-
ogous recombination in bacteria. After the initiation of homologous recombination,
a four-way DNA molecule is formed, a structure known as Holliday Junction. On
its own, this DNA assembly is highly dynamic, displaying the capacity to shrink or
grow opposing “arms” spontaneously by disrupting base-pair hydrogen bonds in the
shrinking arms and forming on the growing ones. This process, however, is unbiased,
as there is no net free-energy difference favouring the growth of a particular direction
[58]. This scenario changes in the presence of RuvAB, which consists of an assembly
formed at the center of the quadruple DNA bifurcation. While RuvA is a passive
structural element, it interacts with two RuvB motors around opposing DNA arms,
see Fig. 1.6. RuvB couples the free-energy of ATP hydrolysis to the unidirectional
translocation of DNA, promoting the growth of DNA arms along the RuvB-RuvA-
RuvB axis [59, 60].

Figure 1.6: RuvAB-Holliday Junction structure. The figure depicts the electronic den-
sities of two flanking RuvB motors (two subunits omitted), a central RuvA assembly
(four subunits omitted) and the Holliday Junction structure. The arrows represent
the direction of the DNA movement catalysed by RuvB activity. Adapted from [33].

RuvB provides a particularly suitable case study for homohexameric ATPases,
as its mechanochemical cycle has been captured in a considerably large ensemble
of conformational states. In a cryo-EM work by Wald and collaborators, using a
slowly hydrolysing ATP analogue, multiple substeps of this cycle were resolved [33].
Complementarily, single-molecule pulling experiments have probed RuvAB activity
under varying ATP concentrations and external forces [61, 62, 63]. This combination
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of structural ensembles and quantitative single-molecule data makes RuvB a candidate
system for integrative modelling approaches.

1.3.2 ClpX and protein unfolding before degradation

The Clp system is among the most versatile proteolytic machineries in bacteria and
mitochondria. It typically consists of a tetradecameric assembly of the peptidase
ClpP together with one or two AAA+ translocases that unfold and transport protein
substrates into the degradation chamber. Remarkably, ClpP can form assemblies with
a variety of translocases, shaping and controlling the repertoire of targeted proteins
[20]. The most studied among these assemblies is ClpXP, where ClpX acts as the
translocase component [64], see Fig. 1.7 for its structure.

Figure 1.7: Structure of ClpXP engaged with the substrate. Left: scheme representing
the substrate-engaged assembly. Right: composite of ClpP/ClpX/Substrate elec-
tronic densities. Adapted from [55].

Unlike other AAA+, ClpX is widely regarded as a probabilistic motor. Two cen-
tral pieces of information support this view. First, a biochemistry-based assay using
chimeric ClpX assemblies with fixed wild-type and ATPase-deficient subunit stoi-
chiometries demonstrates that these assemblies retain translocation and hydrolytic
capabilities [65]. This observation, together with the assumption that strictly sequen-
tial motors would stall in the presence of a knock-out mutation, suggests that only a
probabilistic motor could be processive in these conditions. Second, single-molecule
biophysical experiments revealed variable step sizes of substrate translocations [66].
The authors interpret such data as suggestive of near-synchronous and coordinated
steps involving multiple subunits on some but not all steps.

While these studies point towards a unique mechanism among AAA+, ClpX struc-
ture adopts the canonical spiral staircase architecture, commonly found in sequential
motors. In four recent cryo-EM studies, ClpXP structures bound to the translo-
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cated substrate are arranged in a configuration that matches with hand-over-hand
translocation [67, 55, 68, 69]. However, while Fei and colleagues propose that the
data reconciles stochastic firing and strong intersubunit coordination [55], Ripstein
and colleagues argue that the data, instead, supports a sequential hydrolysis model
[69]. Such a contradiction between experimental approaches and their interpretation
makes ClpX’s case suitable for a case study.

1.4 Toy models of molecular motors

While the study of hexameric motors has become an active field of experimental re-
search, as discussed above, theoretical work remains significantly scarce. This is unex-
pected, given that well-established statistical mechanics formalisms, such as Langevin,
Fokker-Planck, and Master Equation, have long been applied to molecular motors in
other contexts [70]. In brief, Langevin formalism describes the dynamics of a parti-
cle through stochastic differential equations, Fokker-Planck equation models the time
evolution of the probability density for ensembles of particles, and the Master Equa-
tion formalises transitions of systems in discrete states, as in the case of biochemical
cycle kinetics. When combined with stochastic thermodynamics, these approaches al-
low for the calculation of energetic quantities such as work, efficiency, and dissipation
along stochastic trajectories [71, 72].

Most theoretical studies describe motor systems with either a small numbers of
active particles (N = 1 [73], N = 2 [12, 74], N = 3 [75, 76]) or in the limit where N is
large [77, 78]. Among these, the extensive literature on modelling F1-ATP synthase
has established it as one of the canonical model systems to study energy transduction
through molecular motors [76, 79, 80]. Despite this, such studies typically focus
on the coupling between the FO rotation (or the central axle) and catalysis in F1,
while largely overlooking the interactions among F1 subunits themselves. Moreover,
the uniqueness of ATP synthase, which hardly aligns with the formal definition of
molecular motors, limits the extent to which the learned principles can be extrapolated
to other hexameric ATPases. By contrast, the case of N = 6, where the subunits of
hexameric motors are modelled directly, remains largely unexplored. We argue that
this gap hinders our general understanding of the collective behaviour and emergent
properties of this wide range of molecular motors.
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1.5 Thesis objectives

So far, we have presented molecular motors as machines that can be seen through op-
posing yet interlinked perspectives: energetic-kinetic; biophysical-structural; macro-
micro; mechano-chemical; theoretical-experimental. Guided by the several gaps raised
in this brief review, we aspire to achieve two broader ambitions: one, to connect these
contrasting perspectives, and two, to provide novel elements into the understanding
of hexameric motors’ dynamics. More specifically, we focus on reaching the following
milestones that contribute to these major goals:

• Develop an elasticity-based method to quantify the energetics of protein defor-
mation at the residue scale from structural data.

• Apply this method to characterise the structural details of an ensemble of RuvB
conformations throughout its mechanochemical cycle.

• Elucidate the relationship between structural deformations and energy trans-
duction from ATP hydrolysis to DNA translocation.

• Build a toy model for RuvB operation relying on the structural elements iden-
tified in the previous step and constrained by the computed energetics.

• Connect protein energetics (obtained from structural data analysis) and kinetics
(from single-molecule and enzymatic assays) through the toy model.

• Generalise the toy model built for RuvB to other homohexameric ATPases.

• Use this generalised model as a framework to formalise the modes of operation
across hexameric ATPases and explore its predictions.

• Test through simulations whether published enzymatic data from ClpX is con-
sistent with particular modes of operation.
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Chapter 2

Protein Strain Analysis and
elastic pseudoenergy

Describing conformational changes is one of the most fundamental ways to under-
stand protein function. However, most structural biology studies rely on visual in-
spection and alignment-dependent metrics, which overlook the energetic constraints
that shape conformational transitions. In this chapter, we introduce the concept of
elastic pseudoenergy as an elasticity-based metric to quantify local conformational
changes. We first recapitulate the previously established formalism of Protein Strain
Analysis and then build on it to propose a novel energy measure grounded in the
Saint Venant-Kirchhoff model. To validate the approach, we apply it to both syn-
thetic and experimental protein data, comparing our estimates with expected results
from elasticity theory and biophysical-based methods. This framework thus provides
a quantitative tool for analysing pairs of conformations applicable to a broad range
of biological phenomena.

This chapter partially includes an adaptation of the publication “Elastic analysis
bridges structure and dynamics of an AAA+ molecular motor” [1], Mello VH, Wald
J, Marlovits TC, Sartori P. The chapter is further complemented with additional
information not included in the manuscript. Author contributions: Conceptualisation,
VHM and PS; Formal analysis, VHM; Writing – Original draft, VHM; Writing –
Review and editing, VHM and PS; Visualisation, VHM; Supervision, PS. Also, I
would like to thank J. Howard for illuminating discussions.

2.1 Introduction

The structure-function relationship is a central concept in life sciences in general,
and more specifically at the molecular scale. Most proteins depend on changing
their conformation to perform specific functions – including catalysis, transport, and
regulation. In numerous cases, a protein’s activity is governed by transitions between a
small number of discrete states, such as open/closed, tense/relaxed, or bent/stretched.
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Crucially, these transitions are constrained by energetics. For proteins that operate at
thermodynamic equilibrium, the relative abundance of these states is dictated solely
by their free-energy differences at steady-state. In a remarkable experimental effort,
Dashti and collaborators illustrate this principle by mapping single conformations of
the ribosome at equilibrium in a low-dimensional manifold [2]. This work identified
well-known biologically relevant motions in particular regions of the energy landscape,
yet at very low resolution. Despite this compelling link between energetics and protein
structures at a global scale, understanding the role of energetics at a local scale
remains a major challenge.

From a bottom-up perspective, the free-energy of a protein conformation can be
split into two: an internal energy component, or enthalpy, and an entropic compo-
nent. While the entropic component can be difficult to infer from structural data, the
internal energy can be modelled as a function of the protein coordinates. In molec-
ular dynamics, this is achieved using empirical force fields that approximate internal
energy as a sum of interatomic potentials [3]. However, this approach relies on the
parameterisation and relative scaling of multiple interaction types, making the choice
of an appropriate force field a nontrivial and system-dependent task. Alternatively,
we propose to model the energetics of conformational changes as residue-scale elastic
deformations. While elasticity was originally aimed to describe deformations in large
objects, proteins have been shown to exhibit elastic behaviour [4, 5, 6, 7, 8, 9]. Fur-
thermore, deformations such as bending [10, 11], stretching [12], and twisting [13] are
routinely (yet informally) ascribed to protein structures.

Figure 2.1: A brief on Protein Strain Analysis. A. The spring is the simplest example
of an elastic system. Hooke’s law establishes that when a relaxed spring is compressed
by a length x, the change in elastic energy behaves as ∆Eel ∝ x2. B. For three-
dimensional objects, like proteins, Hooke’s law generalises to continuum mechanics.
A small region of a protein, depicted as a sphere in the reference conformation, deforms
into an ellipsoid. This deformation is quantified by the local principal strains ϵi (with
i = 1, 2, 3). The associated elastic energy change behaves as ∆Eel ∝ ϵ2i .

Here, we provide a method to locally quantify a proxy for elastic energy from
structural data, available in the publicly available python package Protein Strain
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Analysis (PSA). This approach assumes proteins are homogeneous, isotropic elastic
materials – a strong simplification that motivates our use of the term pseudoenergy.
Building on previous work [14, 15], we define a measure of structural deformation
at a residue-scale, the elastic pseudoenergy ∆Eel (Fig. 2.1A and B). Next, we test
the behaviour of the elastic pseudoenergy in controlled settings, by deforming ideal
objects in silico, and in published data for haemoglobin in two biologically meaning-
ful conformations. We show that the computed pseudoenergies are compatible with
theoretical expectations derived analytically. Moreover, we highlight that the metric
we propose yields energy difference estimates comparable in magnitude to experi-
mental free-energy differences, thus successfully bridging structural and biophysical
energetics for this example.

2.2 Protein strain analysis formalism

To estimate the elastic pseudoenergy associated with protein conformational changes,
we first need to introduce strain, a well-established physical concept that quantifies
deformation. In order to do so, we briefly describe the mathematical framework of
elasticity theory. This method is explained in detail in [15] and implemented in the
PSA python package available at github.com/Sartori-Lab/PSA.

Consider the three-dimensional coordinates of a given atom i of a protein in two
conformations, xi and Xi. A local deformation between these conformations is defined
by the motion of the atom i relative to its surrounding atoms, and it is quantified by
the deformation gradient tensor Fi. This matrix can be estimated using the atoms in
a neighbourhood of the given atom i as

∆xj
i ≈ Fi∆Xj

i , (2.1)

where j are all atoms in a local neighbourhood of i, and ∆xj
i and ∆Xj

i are the
displacement vectors between the atoms i and j in the different conformations. The
above equation is typically over-determined, and we thus estimate Fi minimising a
quadratic error as proposed in [16], see also [15]. From the deformation gradient,
we define the Lagrangian strain tensor Ei, which captures the finite deformations
around the atom i regardless of coordinate system and has the advantage of being
independent of structural alignment:

Ei = 1
2
(
FT

i Fi − I
)

. (2.2)

The strain tensor can be viewed as compressions or expansions in three orthogonal
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directions. This is represented schematically in Fig. 2.1B by the deformations that
transform a sphere into an ellipsoid. Associated to this view we define the three
principal strains ϵi,a, with a = 1, 2, 3, the eigenvalues of the strain tensor given by
Eivi,a = ϵi,avi,a, where the eigenvectors vi,a are the directions of each principal strain.
The principal strains are ordered as ϵi,1 < ϵi,2 < ϵi,3.

2.2.1 Elastic pseudoenergy

In order to discuss protein energetics, we use a hyperelastic model for the energy
density, Ψ(E) [17]. Specifically, we use a Saint Venant-Kirchhoff model for which Ψ
is given by:

Ψ(Ei) = λ

2 tr(Ei)2 + µtr(E2
i ) , (2.3)

where λ and µ are the first and second Lamé constants, respectively. The advantage
of using this form of Ψ is that λ and µ relate to the Young modulus, which has been
measured experimentally and estimated computationally for proteins [18, 4, 19, 20,
21, 22]. This is not the case for most hyperelastic models. Also, this form of Ψ is
a strictly non-negative function, unlike other simple elastic models that might yield
negative energies for compressed regions.

Because energy is an extensive quantity, it is defined as the integral of the en-
ergy density over the protein’s volume. We compute the elastic pseudoenergy ∆Eel

contained in the deformations of the neighbourhood of an atom as

∆Eel,i = Ψ(Ei)viϕ

ϕ = V∑N
j=1 vj

,
(2.4)

where vi represents the van der Waals volume of the atom i, and ϕ is a scaling factor
that depends on the van der Waals volume of the whole protein V and the sum of
volumes of the N atoms considered in the analysis. The scaling factor ϕ is especially
useful for adjusting the elastic pseudoenergy definition to different choices of atoms
(only Cα, main chain, all atoms, etc).

2.2.2 Elastic moduli of proteins

Different elastic moduli are related to various forms of deformation exerted on mate-
rials, such as shear (shear modulus), compression (bulk modulus), or one-directional
extensions (Young’s modulus). Most measurements of the Young modulus of pro-
teins were obtained for polymers (summarised in [20, 4]), which might not reflect the

26



Chapter 2

elastic properties of single molecules due to relative displacement between protomers.
These estimates range several orders of magnitude, spanning 1MPa to 10GPa. We
then decided to base our stiffness constant on studies where the Young modulus was
inferred using atomic force microscopy on single molecules of globular proteins. The
results range from 2.5-9MPa in [23], 4-50MPa [21], 2-75MPa in [19], and 500MPa in
[18]. Using a different nanorheology approach, Wang and Zocchi estimate Young’s
modulus of a globular protein to be around 11MPa [7].

The elastic pseudoenergy density in the Saint Venant-Kirchhoff model depends
linearly on proteins’ stiffness in parameters λ and µ, which are themselves functions
of the Young modulus and Poisson’s ratio. Because the estimates of protein stiffness
vary by orders of magnitude, our estimations of elastic pseudoenergy also comprise a
large uncertainty in its amplitude. The dependency of λ and µ on Poisson’s ratio is
non-linear and mostly flat for values close to 1

3 , typically assumed for proteins [18].
For our analysis, we considered Y = 100MPa and ν = 1

3 , which led respectively to
λ ≈ 73MPa and µ ≈ 38MPa.

2.3 Elastic energy difference in ideal objects

2.3.1 Linear extension of a cylinder

We begin by estimating the elastic pseudoenergy difference ∆Eel between ideal ob-
jects, for which analytical expressions can be obtained due to their simple geometry.
Our first example is the linear extension of a homogeneous elastic material. In elastic-
ity theory, the regime in which stress and strain are linearly related is characterised by
the Young’s modulus. Here, we denote it as Y not to be confused with the Lagrange
strain tensor E. In this linear regime, the following approximation holds:

Y = σyy

εyy
= F

A

L0

L− L0
, (2.5)

where σyy is the stress (also represented as force F orthogonal to the surface of area
A) and εyy is the linear extensive strain, defined in terms of the length of the body in
the relaxed L0 and deformed L states (see Fig. 2.2A for a scheme). Here we arbitrarily
assign the deformations along the y-axis, without any loss of generality. The potential
elastic energy associated with the force F is then defined as

∆Eel =
Y AL0ε

2
yy

2 = Y πR2(L− L0)2

2L0
. (2.6)

In our modelling, however, we assume that the strain depends non-linearly on
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the relative displacement (recall Eq. 2.2), as it is habitually considered for finite
deformations [17]. To correctly quantify the elastic energy using the Lagrangian
strain tensor for a linear extension Eext, we consider its components for a simple axial
extension. Thus, the strain tensor can be written as

Eext =


0 0 0
0 Eyy 0
0 0 0

 ,

where (using Eq. 2.2)

Eyy =

(
L
L0

)2
− 1

2 = L2 − L2
0

2L2
0

.

Substituting this into Eqs. 2.3 and 2.4, we have

Ψ(Eext) = λ

2E
2
yy + µE2

yy =
(
λ

2 + µ

)
E2

yy

∆Eel = Ψ(Eext)V0

=
(
λ

2 + µ

) (L2 − L2
0)2

4L4
0

πR2L0

=
(
λ

2 + µ

)
L4 − 2L2L2

0 + L4
0

4L3
0

πR2 .

We use this result as a ground truth for assessing the elastic energy computed
from PSA. To do so, we use simulated coordinates of a cylinder subjected to linear
extensions using a Python script, as shown in Fig. 2.2B. In summary, we generated a
set of three-dimensional coordinates forming concentric circular disks at various radii.
We then stacked multiple disks along the y-axis, resulting in a cylinder of dimensions
L0 = 180Å and R = 20Å. The resulting coordinates were subjected to a series of
compressions and expansions by scaling the y coordinates by factors ranging from
0.8 to 1.2. We then used the PSA library to calculate the elastic pseudoenergy of
each coordinate, and computed the total ∆Eel by summing the contributions from
all points. While the number of points does not affect the results, due to the pro-
portional decrease of each of their volumes, their density must be sufficient to have
enough neighbours within the local radius when computing the deformation gradi-
ent. Therefore, care was taken to ensure that multiple elements from the same and
adjacent disks were inside the local neighbourhood, set to a sphere of radius r = 9Å.

By analysing Fig. 2.2C, it becomes clear that the elastic energies calculated with
PSA accurately recover the analytical results. Another important observation is that
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Figure 2.2: Potential energy changes upon linear extension/contraction of a cylinder.
A. Scheme representing the geometry of a cylinder in two states: relaxed (blue) and
extended (red). All axes are scaled in Å units. B. Example of simulated relaxed
and extended states. C. Elastic energy at different extensions obtained using PSA is
compared to theoretical results using linear and non-linear strain definitions.

the results for the linear regime are only similar to the non-linear at very low stretch-
ing, as the divergence between the curves grows fast away from contractions and even
faster for extensions. In the next subsections, we apply analogous strategies to two
other types of deformations.

2.3.2 Bulk expansion of a sphere

We next investigate the elastic energy that arises from bulk compression (or expan-
sion) of a material. This type of deformation relates to a material property quantified
by the bulk modulus K, formally defined as proportional to the derivative of pressure
with respect to volume. However, in analogy to the previous example, we can define a
discrete version of the bulk modulus in terms of a stress–strain relationship, yielding

K = −σv

εv
= −P V0

V − V0
, (2.7)

where σv and εv are the volumetric strain and stress, respectively, P is the pressure
exerted on the material, and V0 and V represent initial and final volumes, see Fig. 2.3A
for schematics. Here, the minus sign is present to satisfy the convention of K > 0,
because V > V0 and P < 0 under expansions. From this relationship, we derive the
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associated elastic energy under linear strain

∆Eel = KV0ε
2
v

2 = KV0

2

(
V − V0

V0

)2
= 2πK(R3 −R3

0)2

3R3
0

. (2.8)

To compute the same quantity from the Saint Venant–Kirchhoff model, we start
by calculating the strain tensor for an isometric expansion

Eexp =


Exx 0 0
0 Eyy 0
0 0 Ezz

 = ERI .

Calculating the strain ER for a varying radius R, we have

ER =

(
R
R0

)2
− 1

2 = R2 −R2
0

2R2
0

,

which leads to the energy density and elastic energy

Ψ(Eexp) = λ

2 (3ER)2 + µ(3E2
R) =

(3λ
2 + µ

)
3E2

R

∆Eel = Ψ(Eexp)V0

=
(3λ

2 + µ

)
4πR3

0

(
R2 −R2

0
2R2

0

)2

= π

(3λ
2 + µ

)
R4 − 2R2R2

0 +R4
0

R0
.

To test the numerical accuracy of our method, we followed a similar approach
developed previously. We generated spheres of radius R0 = 20Å with coordinates
distributed in five layers of different radii and uniformly distributed polar and az-
imuthal angles. To apply a series of systematic compressions or expansions, we first
converted the coordinate system to Cartesian and then scaled all the coordinates by
factors ranging from 0.8 to 1.2. Then, we proceed to calculate the elastic energies as
described before.

We observe that the elastic energy calculated numerically matches the analytical
expression, see Fig. 2.3C. Interestingly, both curves for linear extension and bulk
expansion display the same bi-quadratic form, despite depending on different pre-
factors. The energy scale from both deformations is also comparable, ranging around
∼ 101kBT for small ratios and ∼ 102kBT for large ratios. We also note that the linear
strain approximation remains close to the nonlinear prediction at intermediate strain
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Figure 2.3: Potential energy changes upon bulk expansion/contraction of a sphere.
A. Scheme representing the geometry of a sphere in two states: relaxed (blue) and
expanded (red). B. Example of simulated relaxed and deformed states. C. Elastic
energy as a function of the ratio between final and initial radii.

magnitudes. This might be explained by the higher order of the polynomial in R in
the linear-strain elastic energy function.

2.3.3 Shear of a cylinder

Finally, we consider the case of a pure shear deformation, which, unlike the previous
cases, implies no change in volume of a deformed body. In the linear regime, a material
deforms in response to a shear stress σxy according to

µ = σxy

εxy
= F

A

L

∆x = F

Aγ
, (2.9)

where µ is the shear modulus (note that it coincides with the second Lamé’s constant),
εxy is the shear strain – the response in x to a tangential force F applied to the surface
of area A. The force F causes the surface to displace by a distance ∆x = γL, where
γ represents the tangent of the deflection angle induced by shear (see Fig. 2.4A). The
corresponding elastic energy associated with F is then

∆Eel =
µALε2

xy

2 = µπR2Lγ2

2 . (2.10)
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While in the previous cases the formulation of the strain tensor was straightfor-
ward, here we derive it from the coordinate transformation under simple shear for
clarity. To do so, we consider the coordinates in the relaxed state X = [x, y, z] and
in the deformed state x = [x + γy, y, z]. This linear transformation corresponds to
Fshear which is the deformation gradient for this particular deformation

Fshear =


1 γ 0
0 1 0
0 0 1

 .

From Eq. 2.2, we calculate the Lagrange strain tensor Eshear

Eshear = 1
2
(
FTF− I

)
= 1

2


0 γ 0
γ γ2 0
0 0 0

 .

Note that the typical off-diagonal terms are present due to shear, but also, a second-
order main-diagonal correction appears.

This leads to an elastic energy

Ψ(Eshear) = λ

2γ
4 + µ

4
(
2γ2 + γ4

)
= µ

2 γ
2 +

(2λ+ µ

4

)
γ4

∆Eel = Ψ(Eshear)V

∆Eel = πR2L

2

[
µγ2 +

(2λ+ µ

2

)
γ4
]

.

Simulations were performed similarly to the previous sections, by generating a
cylindrical object, applying shear transformations, and calculating the resulting en-
ergy from local deformations. In contrast to linear extension and bulk expansion, the
elastic energy obtained for linear strain is exactly a second-order approximation of
the nonlinear case. As a consequence, both models remain compatible up to larger
magnitudes of shear (note that the magnitudes we tested vary up to 40%). More-
over, we observe that energy differences in shear are considerably smaller than the
other two deformation types at similar strain magnitudes, likely due to the absence
of volume changes.

Altogether, two main conclusions can be taken from the results we just presented:
(i) the algorithm we implemented to analyse spatial coordinates upon deformation is
extremely precise in retrieving the expected values of elastic energy difference between
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Figure 2.4: Potential energy changes upon shear of a cylinder. A. Scheme representing
the geometry of a cylinder in two states: relaxed (blue) and sheared (red). B. Example
of simulated relaxed and deformed states. C. Elastic energy at different shear rates
γ, computed analytically and numerically with PSA.

deformed and relaxed states; and (ii), the three canonical types of deformation differ
significantly between linear and nonlinear strain definitions for large strains. Since
protein deformations often occur at scales comparable to their size, linear approx-
imations may fail to correctly estimate elastic energies from structural data. This
observation highlights the importance of using nonlinear elastic models such as the
Saint Venant-Kirchhoff. In the next section, we apply this framework to real protein
data.

2.4 Energy changes of haemoglobin states using struc-
tural data

While computing pseudoenergy differences between protein conformations requires lit-
tle computational effort, identifying suitable examples to validate the proposed metric
is considerably more challenging. An appropriate candidate for a test case must meet
two key criteria: (i) the existence of an experimental estimate of free-energy differ-
ence between two conformations; and (ii) the availability of at least one example of
solved structure for the same two conformations. To meet these requirements, we
chose haemoglobin as a test case, a classical model system for studying allostery and
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cooperativity at equilibrium that has been studied for over a century [24]. Nonethe-
less, as we will discuss later, different biophysical models yield free-energy estimates
that can differ by as much as an order of magnitude.

Among the extensive literature on oxygen binding at haemoglobin’s four heme-
containing sites [25], a notable model is the Monod-Wyman-Changeux (MWC) model,
which introduced the causal relationship between conformational changes and coop-
erativity [26]. Also, this model was the first to refer to distinct conformational states
of the haemoglobin tetramer, T (tense) and R (relaxed), with different affinities for
binding oxygen. The nomenclature remained established in the field after experi-
mental verification of distinct conformational states. We collected estimates of free-
energy difference derived from various types of models for the O2 saturation curves
for haemoglobin, see Table 2.1.

Model type Reference Energy difference (kcal/mol)
Adair’s model Imai, 1982 [27] 1.3 - 3.6*
Molecular code Smith & Ackers, 1985 [28] 5.9 ± 0.2
Molecular code Parrella et al., 1990 [29] 7
Molecular code Huang et al., 1996 [30] 6.3 ± 0.2
Concerted (MWC) Yonetani et al., 2002 [31] 0.7 - 3.1*
Elastic pseudoenergy This study (α2β2) 6.7 ± 0.5
Elastic pseudoenergy This study (2 αβ) 5.2 ± 0.4

Table 2.1: Energy difference between haemoglobin R and T states from biophysical
models and elastic pseudoenergy. The values for estimated energy difference were
derived from fitting experimental data to cooperative models in various experimental
approaches. *Estimates of free-energy obtained from experiments in different buffer
conditions.

Taking advantage of multiple structures of haemoglobin assemblies solved at T
and R states [32], we computed the pairwise elastic pseudoenergy using the same
parameters described in Methods. To be precise, the dataset we used consists of crys-
tallographic structures in the fully oxygenated state (R) and in the fully deoxygenated
state (T), Fig. 2.5A. The R structures display a single αβ pair per unit cell, whereas
the T structure has two full tetramers per unit cell. With these structures, we per-
formed two types of pairwise comparisons: first, considering αβ chains, resulting in
four R states and four T states (Fig. 2.5B); and second, considering the full tetramers
α2β2, resulting in four R states (applying symmetry operations) and two T states
(Fig. 2.5C). Using this approach, we calculated the elastic pseudoenergy difference of
R × R pairs, T × T pairs, and T × R pairs. The advantage of using both approaches
is that we can account (or not) for elastic deformations in the interface between two
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αβ subunits. We also included the mean ± standard deviation for each group in Table
2.1 in units of kcal/mol to facilitate the comparison with the other observations.

Figure 2.5: Haemoglobin elastic pseudoenergy difference from pairwise comparisons.
A. Haemoglobin conformation in the R state (PDBs: 1LFQ, 1LFT, 1LFV, and 1LFY)
and in the T state (PDB: 1LFL), depicted according to the unit cell from crystallo-
graphic structures. B. Comparison of individual αβ pairs. With four pairs within
each group, there is a total of 16 pairwise comparisons for R × R, T × T, and T ×
R. C. Comparison of α2β2 tetramers. With four R and two T tetramers, the number
of comparisons is 16 for R × R, 2 for T × T, and 8 for T × R.

Analysing the magnitude of elastic pseudoenergy in the dataset we used, we can
pose interesting observations regarding haemoglobin conformational changes:

• Our results for T × R comparisons are in the same order of magnitude as those
obtained with different methods and probed using very different experimen-
tal approaches. Besides, our estimate of elastic pseudoenergy falls within the
equivalence range for the molecular code model. However, instead of support-
ing the validity of a specific model, we would rather interpret that our energy
estimates match the order of magnitude of multiple biophysical models. Using
strain analysis to corroborate a specific biophysical model of oxygen binding
with haemoglobin requires a dedicated study for this purpose.

• Our observations reveal a consistent ordering of elastic pseudoenergy difference
between types of comparison, namely, R × R < T× T < T× R. This suggests
that (a) the energy difference between T and R states is significantly larger than
those observed for T and R individually; and (b) the R states are less variable
than T states, which is in remarkable agreement with the analysis performed
by the authors who solved these structures [32]. While the first observation
comes with no surprise, the second is counterintuitive given the labels Relaxed
and Tense. This suggests that having oxygen bound to haemoglobin has a
stabilising effect on its structure.
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• Comparing the same groups using only two or all four chains provides an inter-
esting pattern: whereas R × R and T × T comparisons with αβ have exactly
half of the elastic pseudoenergy of α2β2, that is not the case for T × R com-
parisons. This is illustrated in the last two items of Table 2.1. This result
implies that there is a significant signal of deformation localised in the interface
between the two αβ dimers exclusively in R ⇆ T transitions. This particular
observation is known since 1968, when the first structures of oxyhaemoglobin
and deoxyhaemoglobin were compared [33].

In summary, here we present a system where both biophysical measures of coop-
erative energy and structural information were available for a pair of conformational
states. Using protein elasticity, we find that the elastic pseudoenergy difference be-
tween these states corresponds to the free-energy difference derived from biophysical
models, within the same order of magnitude.

2.5 Discussion

In this chapter, we extend the concept of elastic energy of deformation to protein
structures by introducing the elastic pseudoenergy as a metric to quantify confor-
mational changes at the residue level. We validated this framework through two
complementary tests: first, aiming to recover the analytical results for the simplest
deformation types in ideal bodies; and second, focusing on matching biophysical es-
timates of energy difference using real haemoglobin structures [32]. Beyond reach-
ing a satisfactory validation on both tasks, we were also able to capture features of
haemoglobin’s conformational transitions, such as localised deformation patterns and
the level of dissimilarity between states, corroborating previous findings [32, 33].

Concerning energetics of protein structures, previous approaches have focused
on the construction of energy landscapes from the raw ensemble of single-molecule
cryo-EM images [2, 34, 35, 36] and molecular dynamics [37]. The key distinctive
feature of our method is that it provides energetic information at the residue-scale.
To achieve this, we relied on a simple yet strong assumption: that the deformation
of a protein relative to a reference state is well captured by a homogeneous and
isotropic elastic model. While proteins have long been ascribed elastic properties [19,
21, 7], our model assumptions are a clear oversimplification. For example, proteins are
generically anisotropic and non-homogeneous materials, as they deform more easily in
specific directions and on specific regions. Despite this critical disadvantage, we show
that the elastic pseudoenergy is consistent with biophysical estimates for the case of
haemoglobin. A broader benchmarking across larger datasets of pairs of conformations
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for which the energy difference is known would not only constitute a more solid
validation of the approach but also be useful to calibrate the stiffness constants used
in our model.

A natural extension of our method is to incorporate Elastic Network Models
(ENM) to estimate protein stiffness. In ENM, atoms in a single structure and within
a cutoff distance are connected by springs, with coupling strengths inferred from
β-factors [38]. While this framework does not directly translate to 3D continuum
mechanics, it can inform analogous stiffness calibration strategies for PSA. The same
idea applies to ENM variants that account for heterogeneity [39] and anisotropy [40].
Also, reference structures for deformations are likely pre-stressed [41, 42], which im-
plies that simplistic elastic models such as the one considered here may under or
overestimate the energy of a deformed conformation. A potential way of addressing
this is to consider plastic deformations in addition to the standard elasticity theory as
a framework to model proteins [43]. Finally, it is possible that further experimental
advances in single-molecule mechanics can provide more detailed local information on
protein stiffness.

By directly comparing pairs of structures, our method provides a unique procedure
for exploring conformational changes. We argue that, when combined with powerful
experimental methods that yield ensembles of conformations, this framework has the
potential to support the interpretation of such datasets by providing quantitative
analytical tools. Examples of that are applications to active research areas, such
as mapping allosteric pathways [14], identifying the mechanical effect of mutations
[44], sorting sets of conformations from ensembles (as we will discuss in the next
chapter), and analysing the effect of ligands and post-translational modifications [45].
With the increasing influence of machine learning approaches to proteins, the elastic
pseudoenergy could be integrated as a tool for protein dissimilarity instead of RMSD
in structural comparison tasks [46]. Moreover, PSA could be coupled to generative
tools to support the design of novel proteins that require large deformations to operate,
such as molecular motors and molecular switches [11, 47, 48]. Finally, by being
based on an energetic description, this interdisciplinary framework offers a bridge
between structural biology and single-molecule biophysics datasets, thus supporting
a physically grounded understanding of protein dynamics.
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2.6 Methods

2.6.1 PSA parameter choice for the analysis of haemoglobin dataset

We considered the following PSA parameter choice to perform structural comparisons
between (and within) oxy and deoxyhaemoglobin states:

1. Set of atoms: heavy atoms of the main chain were selected, namely Cα, C,
N, and O; the elastic pseudoenergy per residue consists of the sum of elastic
pseudoenergy of its atoms.

2. Neighbourhood radius: for a given assembly α, the set of atoms belonging to the
local neighbourhood of i was defined as Nα,i = {j|

∥∥∥∆xj
i

∥∥∥ < r}, with the cutoff
radius r = 9Å;

3. Neighbourhood method: to have a unified neighbourhood list per atom i, we
considered the intersection of neighbourhoods of i for the two structures being
compared, Ni = Nα1,i ∩Nα2,i. Thus, all neighbouring atoms in Ni have weight
wj = 1;

4. Protein volume: To estimate the total van der Waals volume V , we used the
software ProteinVolume [49] to estimate the volume of αβ dimers of each PDB
structure. As the variation of volume was small (< 0.1%), we consider V to be
the average of all estimates.
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Chapter 3

Elastic deformations of an
AAA+ motor reveal the

structural basis for
hand-over-hand coordination

Proteins carry out cellular functions by changing their structure among a few confor-
mations, each characterised by a different energy level. Therefore, structural changes,
energy transformations, and protein function are intimately related. Despite its cen-
tral importance, this relationship remains elusive. For example, while many AAA+
assemblies are known to function using a hand-over-hand alternation of subunits,
how energy transduction throughout the assembly structure drives hand-over-hand
is not known. In this work, we unravel the energetic basis of hand-over-hand in a
model AAA+ motor, RuvB. To do so, we apply our elastic pseudoenergy approach to
an ensemble of RuvB structures, recently resolved through cryo-EM. This allows us
to quantify how progression through RuvB’s mechanochemical cycle translates into
residue-scale energy transduction. In particular, we find that DNA binding is asso-
ciated with overcoming a high energy barrier. This is possible through inter-subunit
transmission of energy, and is ultimately driven by binding ATP. Overall, our work
elucidates the energetic basis for the hand-over-hand mechanism in RuvB’s cycle. Fur-
thermore, it presents a generally applicable methodology for studying the energetics
of conformational cycles in other proteins.

This chapter partially includes an adaptation of the publication “Elastic analysis
bridges structure and dynamics of an AAA+ molecular motor” [1], Mello VH, Wald J,
Marlovits TC, Sartori P. Author contributions: Conceptualisation, VHM, JW, TCM,
and PS; Formal analysis, VHM; Writing – Original draft, VHM; Writing – Review
and editing, VHM, JW, TCM and PS; Visualisation, VHM; Supervision, TCM and
PS.

45



Chapter 3

3.1 Introduction

AAA+ is a superfamily of protein assemblies that catalyse a wide range of cellular
functions, including protein degradation and DNA recombination. These motors typ-
ically operate by translocating a polymeric substrate through the central pore of the
assembly, a process driven by the ATP hydrolysis cycle [2]. Recent cryo-EM struc-
tures of hexameric AAA+ have consistently shown that they adopt an asymmetric
assembly architecture, where individual subunits organise as a staircase around the
translocated substrate [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. Based on this structural
insight, it was suggested that subunits coordinate to move relative to the substrate
by sequentially gripping and releasing it in a hand-over-hand fashion [2]. However,
the underlying basis for such orchestrated motion remains unclear.

From a thermodynamic perspective, hand-over-hand coordination arises from en-
ergy transduction. Energy transduction is fundamental to all molecular motors be-
cause it couples the energy released from a chemical cycle – ATP hydrolysis and nu-
cleotide exchange – to the motion produced on a mechanical cycle – substrate translo-
cation, Fig. 3.1A. Crucially, chemical energy is not only needed to sustain motion but
also to ensure coordination of different components [16, 17, 18, 19, 20]. However,
despite the central role of energy transduction in protein function [21, 22, 23], how
this energy is distributed throughout the structure of proteins is largely unknown.
Consequently, how to connect the energetics of protein function with detailed struc-
tural information remains an open question. In this chapter, we make a step towards
characterising the energetic basis of the hand-over-hand mechanism in an AAA+.
Our main assumption is that elastic deformations on the protein structure, quantified
using the elastic pseudoenergy ∆Eel, are a key element to transiently store and later
transduce energy throughout the mechanochemical cycle.

Here we use PSA, the framework described in the previous chapter, to study
how energy transduction promotes hand-over-hand in RuvB, an AAA+ hexameric
assembly. RuvB is a molecular motor that translocates DNA in the Holliday Junction,
hence driving branch migration in bacteria, Fig. 3.1A. We base our analysis on RuvB
structures engaged in its mechanochemical cycle, recently visualised by time-resolved
cryo-EM [3]. We first show that a simple principle of minimal elastic deformation
can sort the conformational cycle of RuvB, in agreement with the result of manual
sorting. We then identify the spatial distribution of elastic pseudoenergy along the
conformational cycle. With this information, we propose that two distinct steps of
the hand-over-hand cycle have specific energetic requirements. The hand out, or
detachment from DNA, does not involve significant changes in elastic pseudoenergy,

46



Chapter 3

Figure 3.1: Elastic deformations mediate energy transduction. A. Energy transduc-
tion through a molecular motor occurs when the difference in free-energy between
ATP (µATP), and ADP and Pi (µADP + µPi) drives cyclic deformations in the motor
(∆Eel), resulting in work performance and heat release. B. RuvB is a hexameric
AAA+ molecular motor which transduces chemical energy into the motion of a DNA
molecule through its central pore.

whereas the DNA hand in is associated with overcoming a large barrier. Altogether,
these findings suggest that the energy needed to overcome the energetic barrier comes
from nucleotide exchange, and is transmitted across assembly monomers.

3.2 Results

3.2.1 Cycle reconstruction using minimal deformation principle

To describe energy transduction of a protein at the structural level it is necessary to
resolve the multiple conformations it adopts along its mechanochemical cycle. These
“structural snapshots” can be inferred, for example, from structural variability in the
cryo-EM ensemble [24]. Once the conformations are obtained, a key task consists of
finding their correct time order in the cycle, typically through visual inspection. Can
an elasticity-based approach provide a systematic solution to this task?

For the case of the RuvB homohexamer, we consider five structures of the assembly
(s1, . . . , s5) and a putative reference not engaged on the cycle s0, which were obtained
and manually ordered in [3], Fig. 3.2A and Methods. Upon the completion of one
cycle, each of the RuvB subunits switches to the next position relative to the DNA
molecule. Altogether, the five cycle hexamers and the position switching rule imply
that RuvB subunits perform a cycle with 30 conformations, Fig. 3.2B. From now on,
we refer to each of these conformations by a letter, indicating a position relative to
the DNA (with A in the top of the staircase, followed by B, C, . . . ), and a number,
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indicating the numbering of the structure, e.g., F1, F2, . . . , A5. Crucially, ordering
the five structural snapshots as done in [3] involved extensive and time-consuming
geometrical analysis, visual inspection, and careful evaluation of nucleotide-binding
sites’ electronic densities. We now provide an alternative approach for time ordering
based on protein elasticity.

Figure 3.2: Minimal deformation principle reconstructs RuvB monomer cycle. A.
Sketch of RuvB hexameric cycle (states s1, . . . , s5) together with the initial state
(s0). In the final transition, s5 → s1, subunits switch to the next position. B. The
ordered assembly states together with the position switching rule imply that each
RuvB subunit undergoes a cycle of 30 conformations. C. Low-dimensional embedding
of pairwise comparisons between RuvB subunits is arranged in a cycle. Conformations
cluster according to their position and a parsimonious order from 1 to 5 can be
deduced for positions F, A, E and D. We use Multidimensional Scaling on the mean
strain values, ⟨ϵ3⟩, for each pairwise comparison. The length of the scale bar indicates
a mean strain of 2% for both axes. The plot depicts the mean of 100 individual MDS
realisations.

Specifically, we use a principle of minimal elastic deformation, by which subsequent
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structures in the cycle correspond to the smallest deformations. First, we calculate
the residue-scale strain tensor – a quantity foundational to elasticity theory that
measures local deformation [25] – over all possible pairs of conformations. Second,
from this tensor we extract the local principal strain ϵ3, compute its average over all
residues, and construct a matrix of size 30× 30 with all pairwise comparisons. Pairs
of conformations to which correspond a large matrix element are very different, as
they relate to each other by a large deformation. Third, to interpret the matrix of
deformations, we project it in two dimensions using Multidimensional Scaling (MDS)
[26, 27]. The resulting projection shows that subunits cluster in agreement with
their position in the assembly (different colors), Fig. 3.2C. Furthermore, within these
clusters, we can identify the order of the cycle substeps (1 to 5), which corresponds
to the temporal order of the hexameric assemblies. Overall, our unbiased approach
independently validates the ordering of structural snapshots in the mechanochemical
cycle of RuvB.

3.2.2 Elastic pseudoenergy of the mechanochemical cycle at the
subunit scale

Having shown the importance of elasticity in recovering the RuvB cycle, we now
compute the elastic pseudoenergy of all thirty conformations. To do so, we use as
reference an assembly structure, s0, that is not engaged in the mechanochemical cycle
[3] and compute the elastic pseudoenergy of each subunit compared to the reference,
see Methods for details. Figure 3.3A shows the magnitude of elastic pseudoenergy
as a heat map on each conformation. We find that the spatial distribution of elastic
pseudoenergy is highly heterogeneous, with small regions accumulating most of the
pseudoenergy. We now quantitatively analyse these energetic patterns.

To obtain a global view of RuvB energetics we compute the total elastic pseu-
doenergy per subunit, Fig. 3.3B. The resulting pseudoenergy landscape is smooth
and consists of a steady build-up of an energetic barrier in DNA free states and a
decrease to a flat landscape in DNA bound states. Note that the highly energetic
conformations (D, E and F) correspond to the “converter module” hypothesised in [3]
to mediate energy transduction. In the following, we focus on the spatial distribution
of elastic energy at a local scale.
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Figure 3.3: Elastic pseudoenergy content of a RuvB subunit along its mechanochem-
ical cycle. A. We calculate the elastic pseudoenergy content in the RuvB’s protein
structure at a residue level for its conformational cycle in units of kBT , with kB the
Boltzmann constant and T the temperature. B. The sum of all elastic pseudoenergy
is represented throughout the cycle, representing RuvB’s pseudoenergy landscape. On
top, the conformations are labelled according to their nucleotide content and engage-
ment or not with the substrate. C. RuvB subunit (A1 conformation in the figure)
color-coded with the variance of elastic pseudoenergy across conformations. The most
variable residues, grouped into four mechanically active regions, are marked by dark
blue colors. Note that region 1 localises close to the nucleotide-binding pocket, and
region 3 localises close to the DNA molecule. The regions are numbered and colored
consistently throughout the manuscript.

3.2.3 Residues with high pseudoenergy variance map to four dis-
tinct functional regions

At a local scale, we describe the elastic pseudoenergy for each residue by a trajectory
over conformations. These trajectories show that different residues are more deformed
in specific states of the mechanochemical cycle. We identify four mechanically active
regions based on the variability of the pseudoenergy trajectories, Fig. 3.3C. Interest-
ingly, all four regions are discontinuous in sequence but perform similar interaction
patterns (see Fig. 3.4), suggesting that despite containing relatively distant residues,
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each region is consistently related to the same function.

Figure 3.4: Elastic pseudoenergy profiles and intermolecular interactions performed
by the mechanically active regions. Elastic pseudoenergy profile of regions 1 to 4 and
their specific intermolecular interactions. On the top right corner of each panel, the
structure of the four regions is displayed in two conformations with different elastic
pseudoenergy contents.

Region 1 comprises part of the nucleotide-binding pocket and connects the small
and large ATPase domains. Region 2 localises mostly to sensor 1, a loop motif con-
served in all AAA+ [28] whose specific role is critical for function but not consensual
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among studies [29, 30, 2, 31]. Region 3 belongs to the head domain (C-terminal),
which interacts with the DNA substrate. Region 4 largely coincides with a conserved
structural motif named pre-sensor I β-hairpin, an insertion common to PS1 clade of
the AAA+ superfamily, crucial for function [32]. In the context of RuvB, this motif
provides direct and transient protein-protein interactions between RuvB and RuvA
[33].

To summarise, we have identified the pseudoenergy landscape of RuvB and key
mechanically active regions in the structure. In the following, we study energy trans-
duction through these regions and its connection to hand-over-hand. To this end, we
analyse energetic exchanges with the DNA substrate (region 3, related to transloca-
tion), across RuvB subunits (regions 2 and 3, related to inter-subunit coupling), and
with the nucleotide (region 1, related to chemical driving). Deformations in region
4 relate to the dynamic interactions with RuvA, therefore playing a role in the as-
sembly cohesion, which is outside the scope of this paper. Altogether, these elements
compose the energetic contributions for the function of a molecular motor, Fig. 3.1A.

3.2.4 Energy is released upon transition to DNA-bound state

A central aspect of molecular motor energetics is that they perform mechanical work
by moving relative to a substrate [34]. For some AAA+, the motion of the substrate
through the pore arises from a sequential hand-over-hand action of the different sub-
units [2], as is apparent by the staircase arrangement of the subunits around DNA,
Fig. 3.5A. To quantify the energetics of this translocation process, we identify all the
residues in RuvB that establish polar interactions with DNA across each conforma-
tion, (see Methods for the procedure to compute polar interactions). The RuvB/DNA
interface is highly dynamic and comprises six residues, some of which belong to re-
gions 2 and 3. Because most of these interactions are established in conformation D1
and are lost in conformation A5, we name hand-in the transition E→D, and hand-out
the transition A→F.

Figures 3.5B and C show the energy content of region 3 residues in the RuvB/DNA
interface. Remarkably, we find that these residues interact with DNA when they are
in a low pseudoenergy state, colored in blue. Conversely, they exhibit high elastic
pseudoenergy when they do not interact with the DNA, Fig. 3.5D. When compared
to other interactions, such as with the nucleotide and across RuvB subunits, interac-
tions with DNA are characterised by a low elastic pseudoenergy, Fig. 3.5E. Overall,
this suggests that after DNA hand-out the interface accumulates energy that is then
released upon DNA hand-in. Therefore, DNA stabilises the interface, see Fig. 3.5F for
schematics. Next, we investigate how inter-subunit interactions play a role in trans-
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Figure 3.5: Energetics of the RuvB/DNA interface. A. Global view of the RuvB
subunits A, B, C and D arranged as a staircase around the DNA (assembly state s5).
B/C. Residues G279-T282, belonging to region 3, colored by elastic pseudoenergy
(side view in B and top view in C). D. Mean elastic pseudoenergy content of residues
in DNA bound and DNA free states. Except for R312, all residues display higher
elastic pseudoenergy when not interacting with the DNA, which corresponds mostly
to positions F and E. E. Total elastic pseudoenergy of different interfaces, with each
data point corresponding to a conformation. RuvB/DNA interface is less energetic
than RuvB/RuvB and RuvB/Nucleotide interfaces throughout the mechanochemi-
cal cycle (Kruskall-Wallis test p < 0.05; Mann-Whitney U test, p < 0.05, Bonfer-
roni corrected). F. Sketch representing “hand-over-hand” with the energy content of
RuvB/DNA interface appearing as a red (high energy) or blue (low energy) glow. Each
hand represents the same RuvB subunit progressing over time through its conforma-
tional cycle (from left to right). For visual clarity, only six of the thirty conformations
are shown.
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mitting energy to this interface during the DNA free conformations, i.e. between
hand-out and hand-in.

3.2.5 Inter-subunit coupling drives DNA hand-in

Above, we showed that in DNA free states RuvB increases its energy, i.e., it “climbs”
an energy barrier. How can these energetically unfavourable dynamics unfold? To
address this question, we now investigate energy transduction across neighbouring
RuvB subunits by characterising their interface. As shown in Fig. 3.6A, we define
the forward subunit (pink) as the subunit forward to the interface according to the
cycle orientation, and correspondingly for the backward subunit (gray). We find that
regions 2 and 4 dominate the elastic pseudoenergy at the forward subunit (Fig 3.6B),
whereas region 3 accounts for most of the elastic pseudoenergy at the backward sub-
unit (Fig 3.6C). In particular, elastic pseudoenergy is high when the forward subunit
is in the DNA bound position D and the backward subunit in the DNA free position
E. Therefore, the interface between subunits D/E has increased elastic pseudoenergy
on both sides.

We now focus on the interaction between regions 2 and 3, which come in contact
with each other from opposite sides of the interface throughout the cycle (Fig. 3.6D-
F, and Fig. 3.4 for the complete interaction profile). From the inspection of these
regions at a molecular level, we observe two noticeable patterns: (i) in region 3 at
the backward subunit, the highly energetic states correspond only to conformation
D1 to D5, where a large displacement of the whole head domain is observed; and (ii)
in region 2 at the forward subunit, the increase and decrease of elastic pseudoenergies
correlate with switches in the secondary structure from a loop (high energy, F1 to
D5) to a 310 helix conformation (low elastic pseudoenergy, C1 to A5). Note that 310

helices are sterically unfavourable [35, 36], suggesting that folding can be involved
in transient energy storage. In summary, these deformation patterns indicate that
energy storage and release in region 2 resemble a spring-like mechanism, by which
one subunit assists the displacement and repositioning of its neighbour. Such rear-
rangement accommodates RuvB within the double-helix minor groove, a contact that
establishes the basis of hand-in for RuvB, see Fig. 3.6G.
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Figure 3.6: Energy transduction across adjacent RuvB subunits. A. Schematic of the
interface between the forward and the backward subunits. The nomenclature back-
ward and forward refers to their order on the conformational cycle. B/C. Total elastic
pseudoenergy at the interface on the forward subunit (panel B) and backward subunit
(panel C). Regions 2 and 4 represent a large fraction of the total elastic pseudoenergy
of the former and region 3 of the latter. D/E/F. Representative structures of the
interaface dynamics: F5/A5 in panel D, where no interactions are found across sub-
units; D2/E2 in panel E, where these regions display polar interactions and residues
R160-G162 adopt a loop structure; and C5/D5 in panel F, where regions 2 and 3
interact, but R160-G162 adopt a 310 helix structure. G. Schematic of the interaction
and energy patterns between neighbouring RuvB monomers: forward subunit is in
a high-energy state, it then approaches and binds the backward subunit, finally it
releases energy as the backward subunit moves and binds to DNA.

55



Chapter 3

3.2.6 Nucleotide exchange is the energy source of the mechanochem-
ical cycle

So far we have shown that the mechanochemical cycle of RuvB is characterised by an
energy build-up just before DNA hand-in, and that this build-up is associated with
inter-subunit energy coupling. What is the ultimate source of this energy?

Following the framework in Fig. 3.1A, it is clear that the source of energy is
in the nucleotide cycle, and thus we turn our attention to the nucleotide binding
pocket (NBP). The NBP is near region 1, identified in Fig. 3.3. This small region
presents two different conformations, closed and open, acting as a gate, Fig. 3.7A. In
the open conformation, both ADP release and ATP uptake take place; in the closed
conformation, hydrolysis takes place.

Figure 3.7: Nucleotide exchange drives hand-over-hand. A. Region 1, which sur-
rounds the NBP, adopts two distinct conformations: closed, when the nucleotide is
ATPγS (a slowly hydrolysable ATP analogue); and open, when the nucleotide is ADP.
B. The elastic pseudoenergy of residues interacting with the nucleotide is high and
dominated by region 1 when this region adopts its open conformation. Top labels
indicate nucleotide state in each conformation (D for ADP, O for empty, T for ATP,
and * for ADP + Pi.

We find that region 1 displays a high pseudoenergy while in the open conforma-
tion, when it also interacts with the nucleotide, see Fig 3.7B. In fact, in its open
conformation region 1 accounts for 60% of the elastic pseudoenergy of residues inter-
acting with the nucleotide, largely surpassing the core of the NBP, which is mostly
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composed by the Walker A motif residues, a conserved motif responsible for binding
ATP. In contrast, region 1 has low pseudoenergy in its closed conformation.

This implies that the imbalance in chemical potential, which fuels RuvB dynamics,
has a direct consequence on structural deformations during nucleotide exchange, but
not hydrolysis. Furthermore, the open conformation of region 1 co-occurs with the
conformations in which the interface between subunits is highly energetic, Fig. 3.6.
Taken together, these observations suggest that the free-energy of ADP binding is
transduced across subunits to mediate the highly energetic hand-in interaction. This
completes the energy transduction cycle behind hand-over-hand and substrate repo-
sitioning.

3.3 Discussion

Protein function depends on structural deformations. Despite much of these deforma-
tions being caused by spontaneous thermal fluctuations, coordinated motion requires
energy input [37]. This is particularly notable for motors, such as those in the AAA+
superfamily, in which function is directly driven by the free-energy released from the
nucleotide cycle. Despite this intimate relationship, protein energetics and function
remain largely disconnected at the structural scale. In this chapter, we have linked
these two aspects of proteins for a particular AAA+ assembly, RuvB.

3.3.1 New applications of elastic analysis to conformational ensem-
bles

Elastic deformations have previously been shown to identify allosteric sites [38], ex-
hibit evolutionary conservation across species [39], and quantify the structural effect
of point mutations [40] and phosphorylations [41]. Here, we provide two new applica-
tions of PSA using RuvB as a model system. First, we demonstrate that a principle
of minimal deformation can recover the temporal order of multiple conformations be-
longing to a mechanochemical cycle. Second, we use the variability of deformation
patterns across a conformational ensemble to identify functionally relevant regions.
While we apply these methodologies to RuvB, they are completely general and can
be deployed to any protein for which multiple structures have been experimentally or
computationally resolved.

Several established methods also aim to extract insights from structural variability.
Examples are methods relying on Ensemble PCA or NMA [42, 43, 44, 45], as well
as methods aimed at heterogenous cryo-EM reconstructions [46, 24, 47]. Compared
to the first group, our approach analyses dissimilarities between pairs of structures,
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instead of structure-specific features such as atomic coordinates (for ensemble PCA)
or their vibrational modes (for ensemble NMA). An additional difference is that PSA
is independent of structural alignment, thus better characterising motions between
rigid domains [38, 39]. Compared to the second group, our approach presents the key
difference that it relies on atomic maps, not raw EM micrographs. On the one hand,
this makes PSA suitable to assess structures regardless of their acquisition approach
(cryo-EM, X-ray diffraction, NMR, or computational structure prediction). On the
other hand, our method is sensitive to the accuracy of the atomic-map reconstruction.
A natural next step is to adapt the elastic approach to process raw experimental
data, e.g. electron densities. Overall, our method provides a readily interpretable
low-dimensional representation of a set of structures.

3.3.2 Biological aspects of hand-over-hand in RuvB

In oligomeric AAA+ ATPases, hand-over-hand establishes that each subunit within
the assembly sequentially alternates its conformation as it interacts with a substrate.
Through a series of structural snapshots depicting actively processing RuvB in the
RuvAB-Holliday Junction complex, the hand-over-hand mechanism was observed for
RuvB [3]. After each cycle, each RuvB subunit adopts the conformation of its preced-
ing neighbour. These conformations, characterised by their helical positioning relative
to the DNA, play distinct roles in the DNA hand-over-hand process.

Our energetic analysis provides insights into these roles and how they interrelate.
We found that the progression of the mechanochemical cycle is associated with over-
coming an energy barrier during DNA-free conformations (F and E), see Fig. 3.8. Our
findings suggest that mechanical coupling between subunits D and E plays a crucial
role in assisting with the crossing of this barrier. Furthermore, we found that elastic
deformations in the NBP during nucleotide exchange, rather than ATP hydrolysis,
supply the energy that is transduced through inter-subunit coupling. This is in line
with observations in other molecular motors, see [48, 49, 50]. In conclusion, an ener-
getic cascade that starts in the NBP and is transmitted across chains leads to DNA
hand-in, and constitutes the energetic basis of hand-over-hand in RuvB.

3.4 Methods

3.4.1 Structural data

The cryo-EM structures were downloaded from the Protein Data Bank (PDB) and
are designated throughout the text as s0: 7PBR, s1: 7PBL, s2: 7PBM, s3: 7PBN,
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Figure 3.8: An energy-inspired biological model for RuvB operation. RuvB subunits
(circles) cycle between six positions relative to DNA. Curved arrows represent five
different processes: cycle orientation, through which subunits change position at the
end of each cycle; ATP hydrolysis; DNA hand-out; DNA hand-in; and nucleotide
exchange. Colors indicate the energetic content of regions associated with each process
and conformation.

s4: 7PBO, and s5: 7PBP, following the nomenclature used in [3]. The RuvB subunits
are labelled according to the original PDB file annotations, where chain A represents
the top of the staircase interacting with the substrate, followed by chains B, C, and
D as substrate-engaged, and chains E and F as substrate-disengaged. Additionally,
residues not modelled in at least one conformation were excluded from all subsequent
analyses.

3.4.2 Cycle reconstruction

To perform a low-dimensional embedding of the conformational ensemble, strain is
used as a measure of dissimilarity between two conformations. Specifically, we com-
puted strain for 900 pairs of structures (30× 30), corresponding to the five hexamers
in the mechanochemical cycle (s1, . . . , s5).

After performing all pairwise comparisons, we constructed a pairwise strain matrix
M , where each element represents the mean strain ⟨ϵ3⟩ across all N atoms included in
the analysis, ⟨ϵ3⟩ =

∑N
i ϵi,3/N . Since M is not necessarily symmetric, we symmetrised

it as 1
2(M+MT) to obtain a suitable dissimilarity matrix for multidimensional scaling

(MDS) (see Fig. 3.9 for a schematic overview). MDS then identifies a set of coordi-
nates in a lower-dimensional space (here, two dimensions: (x, y)) for each row of the
dissimilarity matrix.
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Figure 3.9: Workflow to build a low-dimensional embedding from structural compar-
isons. The approach begins by calculating the local strain for all possible pairs of
conformations. In the figure, we highlight the structural comparison between confor-
mations A4 and E2 as an example. We build a matrix M with rows and columns
representing particular conformations, whose elements correspond to the mean strain
over the whole structure. Darker shades of gray represent high mean strain. Because
such matrix is not symmetric, we apply a symmetrisation operation. Finally, we com-
pute the MDS for the symmetrised M as a dissimilarity matrix. This procedure is
carried out by minimising a stress function, for which we considered an Euclidean
distance on strain space.

3.4.3 PSA parameter choice for cycle reconstruction

We considered the following PSA parameter choice for all 900 structure pairs:

1. Set of atoms: heavy atoms of the main chain were selected, namely Cα, C, N,
and O.

2. Neighbourhood radius: for a given conformation α, the set of atoms belonging
to the local neighbourhood of i was defined as Nα,i = {j|

∥∥∥∆xj
i

∥∥∥ < r}, with the
cutoff radius r = 9Å;

3. Neighbourhood method: to enhance the local difference between conformations,
we used a linear weight method among all conformations wj = n(j)/N , where n
is a function that counts the number of occurrences of j ∈ Nα,i∀α ∈ {F1,F2, . . . ,A5},
in the N = 30 conformations. These weights represent the relative contribution
of each atom in the neighbourhood to calculate the local deformation gradient.

3.4.4 PSA parameter choice for elastic pseudoenergy calculation

We considered the following PSA parameter choice to perform structural comparisons
between cycle structures (s1, s2, s3, s4, s5) and reference (s0) as follows:

1. Set of atoms: heavy atoms of the main chain were selected, namely Cα, C,
N, and O; the elastic pseudoenergy per residue consists of the sum of elastic
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pseudoenergy of its atoms.

2. Neighbourhood radius: for a given assembly α, the set of atoms belonging to the
local neighbourhood of i was defined as Nα,i = {j|

∥∥∥∆xj
i

∥∥∥ < r}, with the cutoff
radius r = 9Å;

3. Neighbourhood method: to have a unified neighbourhood list per atom i, we
considered the intersection of all neighbourhoods of i in each assembly, Ni =
Ns0,i∩Ns1,i∩· · ·∩Ns5,i. Thus, all neighbouring atoms in Ni have weight wj = 1;

4. Elastic constants: for the material properties of proteins, we considered the
Young modulus Y = 100MPa.

5. Protin volume:. To estimate the total van der Waals volume V we used the
software ProteinVolume [51] for each of the 36 RuvB conformations individually.

3.4.5 Computing polar interactions

We identified the polar interactions of each atom using a script adapted from py-
mol [52] core functions, show contacts(). We computed all inter and intramolecular
H-bonds and optimal polar interactions (cutoff 3.5 Å) and suboptimal polar inter-
actions (cutoff 3.9 Å). To calculate the total elastic pseudoenergy of intermolecular
interactions, we sum the elastic pseudoenergy of all interacting residues weighted by
the fraction of such interactions established with that particular molecule.
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Chapter 4

Kinetic model bridges
structures and dynamics for

RuvB assemblies

RuvB is a homohexameric ATPase that drives branch migration of Holliday Junc-
tions through a mechanochemical cycle powered by ATP hydrolysis. In the previous
chapter, we analysed in detail how structural deformations couple these two pro-
cesses energetically at the residue scale. Here, we introduce a simplified model that
coarse-grains the rich structural information into conformational states, inspired by
biochemical cycle kinetics. This toy model of RuvB’s cycle is built on three energetic
components: a structural potential energy derived from conformational ensembles,
an inter-subunit coupling term, and a nonequilibrium driving force. This minimal
framework, directly informed by structural data, captures essential features of RuvB’s
activity, including processivity, coordinated subunit dynamics, and energy transduc-
tion. Simulations further suggest that RuvB’s conformational landscape is optimised
for faster translocation, while the magnitude of the nonequilibrium drive minimises
energy dissipation. Together, these results provide a physically grounded description
of RuvB’s mechanochemistry and demonstrate how structural data can be used to
constrain the thermodynamics of conformational cycles.

This chapter partially includes an adaptation of the publication “Elastic analysis
bridges structure and dynamics of an AAA+ molecular motor” [1], Mello VH, Wald
J, Marlovits TC, Sartori P. The chapter is further complemented with additional
information not included in the manuscript. Author contributions: Conceptualisation,
VHM and PS; Formal analysis, VHM; Writing – Original draft, VHM; Writing –
Review and editing, VHM and PS; Visualisation, VHM; Supervision, PS.
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4.1 Introduction

Molecular motors perform mechanical tasks such as transport, cell motility, and re-
modelling of other molecules by converting free-energy of ATP into directed motion.
To study their function, two intrinsic aspects of their activity must be taken into
account: first, they act far from thermodynamic equilibrium; and second, they are
largely subjected to thermal fluctuations [2]. These factors pose several constraints
to the approaches used to understand how molecular motors work. Developments in
stochastic thermodynamics have brought a significant advance in this direction by
providing tools to quantify kinetics [3], efficiency [4, 5], and information transfer [6],
for example. Importantly, this theoretical framework evolved hand-in-hand with ex-
perimental techniques such as single-molecule manipulations, leading to a significant
transfer of knowledge between these fields [7, 8]. However, a limiting aspect is that it
still remains largely disconnected from structural aspects of molecular motors, often
studied in structural biology.

A notable example of such effort is the work of Okazaki and Hummer [9], where
a stochastic model coupled to molecular dynamics simulations was used to study the
cycle of ATP synthase. In this framework, dynamical information was harnessed from
molecular dynamics simulations and then used to parameterise a Langevin model for
the rotor component of ATP synthase. While this work showcases how molecular
simulations can be coupled to stochastic models, similar integrative efforts towards
experimental structural data are much more limited, especially at nonequilibrium.
This is particularly relevant in the present, given the rise of time-resolved experimental
techniques [10].

Here, we devise a stochastic kinetic model tailored to the RuvB mechanochemical
cycle, using structure-derived energetic profiles as input. Rather than imposing an
arbitrary potential energy landscape – a common feature among theoretical studies
on molecular motors –, we use the potential energies obtained directly from confor-
mational ensembles. This allows us to constrain dynamics based on experimentally
resolved protein structures. Moreover, we show that both the shape and magnitude
of the structurally derived energy landscape are consistent with a processive motor,
probed with single-molecule and biochemical experiments [11]. Finally, we explore
three consequences of the model: (i) we show that the shape of the energy landscape
leads to enhanced translocation speed; (ii) that the inter-subunit coupling landscape
emerges naturally from the model’s dynamics; and (iii) that trade-offs between dissi-
pation, speed, and efficiency arise as intrinsic features of the system. Therefore, this
work shows how structure-based energetic information from a conformational ensem-
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ble can be harnessed to build physically grounded models of nonequilibrium molecular
machines.

4.2 A kinetic model tailored for RuvB mechanochemi-
cal cycle

Consider a system with M molecules, labelled m ∈ {1, 2, . . . ,M}, representing each
of the RuvB subunits. These molecules populate a discrete and ordered set of states,
representing the protein conformations, i ∈ {1, 2, . . . , N}. To match these states with
RuvB’s mechanochemical cycle, we set M = 6 and N = 30. Transitions in this
system are caused by random interactions with a thermal reservoir of temperature T ,
inducing a molecule m in state i to change to one of the neighbour states (i + 1 or
i − 1). We set periodic boundary conditions, allowing transitions between states 1
and N . We assume that a transition changes the state of a single molecule at a time.

Each of the N states is associated with a reaction coordinate θ(i) = 2πi/N . To
simplify our notation, we denote as θm the reaction coordinate of the subunitm. In our
analyses, we assume that these reaction coordinates correspond to the conformations
observed in RuvB’s mechanochemical cycle, θ(1)→ F1, θ(2)→ F2, . . . , θ(30)→ A5.
Thus, a hexameric assembly state can be fully described by a vector with the reaction
coordinates of each subunit, for instance, a = [θ1(4), θ2(9), θ3(14), θ4(18), θ5(24), θ6(29)]
corresponds to the assembly shown in Fig. 4.1.

The internal energy of the whole assembly can be decomposed in two terms. First,
each state is characterised by a potential elastic energy ∆Eel(θ). Second, a coupling
energy Ec links pairs of molecules with consecutive indices, see Fig. 4.1A. We define
the coupling energy inspired by the Kuramoto model [12], a classical mathematical
model for describing coupled phase oscillators:

Ec(θm, θm+1) = K

M
(1− cos(θm+1 − θm − δ)) , (4.1)

where K and δ respectively represent the coupling strength and the phase-lag in
reaction coordinate between consecutive molecules at equilibrium. Because we are
interested in modelling RuvB, which operates as a sequential motor, we fix δ = π/3.
This ensures that the five possible arrangements in which subunits are evenly spaced
in conformation – matching the states s1, s2, . . . , s5 introduced in the previous chapter
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Figure 4.1: Kinetic model formulation. A. Representation of a particular transition
between assembly states. A RuvB assembly consists of six coupled subunits, repre-
sented by circles connected through springs. In a given hexameric state, each subunit
occupies one of the 30 conformations of the mechanochemical cycle, see tables below
schematics for the example states a and b. Transitions among adjacent states are
controlled by the kinetic rates k. In the example, the green circle transitions between
the adjacent conformations C3 and C4, where the other subunits remain in the same
configuration. Red arrows highlight the transitions driven by the chemical potential
∆µ, which are associated with ADP release and ATP binding B. The detailed-balance
condition enforces the ratio of back-and-forth transition rates to respect the energy
difference of the assembly configurations. The driven transitions, however, are biased
towards one direction.

– are minima of Ec. The energy of the assembly can be thus summarised as

E(θ) =
M∑

m=1
[∆Eel(θm) + Ec(θm, θm+1)] . (4.2)

The energetics and dynamics of the system are connected by local detailed-balance
(Fig. 4.1B), which links transition rates between pairs of states and their respective
energy difference [13]. As we mentioned previously, transitions are allowed between
assembly states for which one of the molecules m changes to a neighbouring state.
From the allowed transitions, a few have an additional energetic contribution ∆µ,
representing the external chemical drive coming from the ATP cycle. We set the

70



Chapter 4

kinetic rates between two arbitrary neighbouring states a = θ and b = θ′ as such:

kab =


τab

−1Γab if a↔ b is not driven
τab

−1Γab exp
(

∆µ
2kBT

)
if a→ b is driven

τab
−1Γab exp

(
−∆µ
2kBT

)
if a← b is driven,

(4.3)

with Γab = (1 + exp((E(b)− E(a))/kBT ))−1, kB the Boltzmann constant, and τab

the characteristic time scale of the transition (note that τab = τba).
Next, we introduce the emergent translocation speed v of the system based on

trajectories simulated using the Gillespie algorithm [14] according to the model de-
scribed above. To do so, we first consider that a translocation step occurs upon the
completion of a conformational cycle by any of the six subunits. This corresponds
to the transitions from i = 30 with a jump i → i + 1 for a positive displacement
and from i = 1 with a jump i → i − 1 for a negative displacement. Assuming that
each cycle completion results in a translocation step of two DNA base-pairs, of length
d ≈ 0.68nm [15] and that there is no “slippage” between conformational cycles and
translocation (futile cycles), we can compute v as displacement over time for a given
trajectory, see Fig. 4.2 for examples.

Figure 4.2: Examples of trajectories constrained by energetics from structural data.
Trajectories of RuvB conformations simulated with the model (top, subunits in shades
of blue) and distance (total DNA length) translocated by the assembly (bottom, in
gray). The panels show trajectories of coupled subunits (K = 100kBT ) subjected to
different chemical potentials: A. ∆µ = 0. B. ∆µ = 5kBT . C. ∆µ = 20kBT .

Altogether, we develop a kinetic model that connects the microscopic conforma-
tional cycle of RuvB to its mesoscopic biophysical behaviour. The model integrates
three energy contributions governing conformational transitions: an energy potential,
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defined by a state-dependent elastic pseudoenergy landscape derived from protein
mechanics; intersubunit coupling, modelled as a Kuramoto-inspired synchronisation
model between subunits; and a non-equilibrium driving force, representing the chem-
ical potential of the ATP hydrolysis cycle. Next, we study how the interplay between
these three energetic parameters shapes the emergent translocated speed.

4.3 Energy-related parameters draw conditions for pro-
cessivity

We start by highlighting the key parameters that control the amplitude of each ener-
getic term. To explore the role of potential energy amplitude, we define the potential
V as

V = Vα
∆Eel

max(∆Eel)
,

where Vα scales the amplitude of the potential energy landscape ∆Eel while maintain-
ing its shape. The other parameters are K, representing the inter-subunit coupling
strength, and ∆µ, denoting the magnitude of the non-equilibrium drive. Figure 4.3
illustrates how these energetic parameters affect translocation speed.

Figure 4.3: Dependence of relative processive speed on energy-related model parame-
ters. All figures display the processive speed in colors normalised to the maximum
speed achieved. The magnitude of the speed is displayed on the colorbar at the right
of each heatmap. A. Relative speed in function of potential energy amplitude and
driving magnitude, at fixed coupling strength (K = 100kBT ). B. Relative speed in
function of coupling strength and the potential energy amplitude, at fixed driving
energy (∆µ = 20kBT ). C. Relative speed in function of coupling strength and driv-
ing magnitude at fixed potential energy amplitude (Vα = max(∆Eel)). White dashed
lines represent values used in the coming sections. All results show the mean speed
of ten simulations, which were then smoothed with a Gaussian filter.

As shown in Fig. 4.3A, the emergent speed of the system increases monotonically
with ∆µ and decreases with Vα. The driving energy biases the system towards an
unidirectional progression, thereby increasing the motor’s speed. For K = 100kBT ,
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the speed saturates for ∆µ > 15kBT , as indicated by the vertical parallel level curves.
Conversely, lower potential amplitudes reduce the energy barriers that individual
particles must overcome to complete a full cycle, resulting in higher translocation
speeds.

Figures 4.3B and C demonstrate that the translocation speed varies non-monotonically
with the coupling strength, exhibiting a maximum around 100kBT . At low coupling
strengths, the trajectories of neighbouring subunits become uncoupled, preventing
energy transduction between them. In the absence of coupling, particles rely solely
on thermal fluctuations to cross the potential energy barrier. Conversely, at very
high coupling strengths, translocation speed also declines. This decrease likely arises
from a combination of finite-size effect (limited N) and the constraints imposed by
Master-equation dynamics. As the coupling strength K increases, the system must
overcome a larger collective energy barrier on Ec to perform a coordinated transition
from state i to i + 1 across all subunits. Such an increased barrier inflates the time
scale of successful forward transitions, thereby impairing overall processive speed.

In the upcoming sections, we fix these three parameters to simplify our analyses,
unless stated otherwise. For the potential, we consider Vα = max(∆Eel), to constrain
the system to the elastic pseudoenergy obtained from the structural analyses. We
set the chemical potential ∆µ = 20kBT , which nearly matches the experimentally
free-energy of ATP hydrolysis in E. coli (≈ 19kBT ). While the coupling strength
K, a model parameter that cannot be estimated from structural analyses, was fixed
at 100kBT to match the value that maximises speed for the previous two energy
parameters.

4.4 Calibration of time scales with experimental data

The kinetic model we introduced has the principle of detailed-balance as a key ther-
modynamic constraint, see Fig. 4.1 for its formulation. However, the actual form of
the kinetic rates cannot be fully described by the system’s energetics, as detailed-
balance only dictates the behaviour of back-and-forth kinetic rates. We thus propose
that a time scale variable controls the temporal dependency on kinetic rates, Eq. 4.3.

To calibrate such time scale, we use previously published data from two indepen-
dent datasets that relate ATP concentration to translocation speeds [11]. In brief, Han
and colleagues measured the [ATP]-speed curves with a bulk biochemical approach,
hereby denoted as the biochemical data, and with a single-molecule experiment, re-
sulting in what we denote biophysical data. We digitised both datasets using the web
application apps.automeris.io/wpd/, reproduced in Fig. 4.4A.
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We define the time scales τab in two forms to account for the specificities of each
experimental approach. To model the biochemical dataset, we consider that all tran-
sitions have the same time scale, τab = τF. For the biophysical dataset, we model τab

as a step function to account for the slowed transitions due to the friction of the bead
present in the experimental assay:

τab =


τF if 0 < θm, θ

′
m < 2π

3

τB if 2π
3 < θm, θ

′
m ≤ 2π

1
2(τF + τB) otherwise,

with m representing the molecule which underwent a state transition in a → b.
θm and θ′

m are the coordinates of the molecule m before and after the transition,
respectively. This particular choice of intervals in the reaction coordinate (0 and
2π
3 ) for τF and τB corresponds to the RuvB conformations between free and bound,

detailed in the previous chapter. Therefore, this choice assumes that the viscous drag
present in the experiment affects the transitions among DNA bound conformations.
The transitions that display τab = 1

2(τF + τB) are required to respect the symmetry
condition τab = τba for arbitrary neighbouring assembly states a and b.

Figure 4.4: Fitting of characteristic time scale of conformational changes, τ . A. Re-
production of data obtained experimentally in [11], where branch migration speed v
is measured in two experimental approaches, namely biochemical and biophysical. B.
Simulations adjusted to the experimental data. We sampled conformational trajecto-
ries with varying ∆µ ranging from 0.2 to 9kBT , each simulated with n = 10 different
random seeds. C. Speed calculation for the biophysical dataset, with fixed τF and
varying τB (n = 10 simulation replicates).

We first calibrate τF, because it can be obtained directly from the biochemi-
cal dataset and our simulations. To do so, we extract the speed at saturated ATP
concentration vmax fitting the biochemical dataset to the Michaelis-Menten curve
v = vmax(1 + KM

[ATP])
−1, with v the translocation speed and KM the Michaelis con-
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stant. We then adjusted τF to match the emergent translocation speed, simulating
trajectories at saturated driving force (∆µ = 500kBT , n = 10 simulation replicates).
Next, we simulate multiple trajectories also at saturated chemical drive, with fixed
τF and varying τB, in order to find τB that best reproduces vmax from the biophys-
ical dataset, see Fig. 4.4C. With this approach, we obtain the time scales estimates
τF = 1.13ms and τB ≈ 3τF = 3.39ms.

Finally, to adjust the speed-[ATP] curves, we derive from the definition of chemical
potential ∆µ = log ([ATP]/C), where C depends on ATP, ADP, and Pi chemical
potentials and concentrations. Then, we fit curves of processive speed simulated from
a range of chemical potentials (∆µ ∈ [0.2, 9]kBT ) to the experimental data, optimising
C and KM, see Fig. 4.4B. Our fittings reveal a poorer match to the experimental data
when compared to a Michaelis-Menten fitting, as the shape of the [ATP]-speed curve
for the simulations presents a sharper transition to a saturated regime. Still, the
fitted time scales for transitions between states lie in the order of milliseconds, which
matches the time scales of processes such as catalysis [10]. In the next sections,
we discuss three properties that emerge from the model constrained by the elastic
pseudoenergy we obtained from our previous analyses.

4.5 Shape of the elastic pseudoenergy potential encodes
an enhanced speed

We next examine the impact of altering the order of the energy landscape in the
conformational cycle. Two ensembles of randomised conformational landscapes were
generated: one in which the elastic pseudoenergies of the thirty conformations were
fully shuffled, and another in which only the order of the assemblies (s1 to s5) was
shuffled while maintaining the subunit order (F to A), see Fig. 4.5A for examples.

The resulting speed distributions reveal that the native order of conformations
yields significantly higher processive speeds compared to randomised cycles in average,
Fig. 4.5B. This outcome is intuitive, as the native elastic pseudoenergy landscape is
relatively smooth, facilitating efficient progression. In contrast, shuffled potentials are
generally more rugged, increasing the likelihood of RuvB subunits to dwell in local
energy minima.

Overall, these results suggest that our model, constrained by structures, results in
robust assembly dynamics. Furthermore, one may speculate that the conformations
visited by RuvB subunits on the translocation process have undergone evolutionary
tuning to optimise the shape of such energetic profile. Notably, the presence of a
single significantly large barrier rather than multiple, is an example of that.
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Figure 4.5: Native order of energy landscape promotes faster translocation kinetics
than random. A. Examples of fully shuffled (gray) and partially shuffled energy
landscapes; below, the unique native order of the energy landscape is displayed (blue).
B. Distribution of speeds simulated from the model with shuffled and ordered elastic
pseudoenergy landscapes. The sample sizes are n = 1000 (fully shuffled); n = 120
(partially shuffled); and n = 20 random seeds (ordered).

4.6 Coupling profiles are consistent with structural ob-
servations

In our structural analyses presented in the previous chapter, we could focus on specific
protein regions to infer local energy variations. One of such regions was at the inter-
subunit interface (see Fig. 3.6B and C), which we used as a rough indicator of energy
transduction across the RuvB hexamer. A similar approach cannot be used using the
current model. Here, the spatial dimension is largely neglected, as we coarse-grain
all the elastic energy of each conformation into a scalar. To draw a comparison with
these specific structural insights, we turn our attention to the coupling energy Ec

instead.
Our method inherently considers that adjacent subunits are allowed to transfer

energy, but it does not set a priori the magnitude of this coupling at each confor-
mation. To quantify the magnitude of the inter-subunit coupling throughout the
cycle, we compute the coupling energy between adjacent subunits, see Appendix A
for details. Figure 4.6A shows that forward and backward coupling energies are lo-
calised to conformations before and after the largest energy barrier. We emphasise
that this pattern is not imposed, but rather emerges from the self-organisation of
the system, shaped by the interplay between potential energy landscapes and driving
forces applied to each subunit.

We then calculate the mean coupling force across subunits in each cycle confor-
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Figure 4.6: Coupling energy prediction of kinetic model. A. Mean coupling energy at
backward and forward interfaces (see schematic). The coupling energy is high before
and after the energy barrier. B. Total coupling forces, summed effect of the spatial
derivative of backward and forward coupling energies. Bars in green represent forces
aligned to the cycle direction (F→ E) and in red, in the opposite direction (E→ F).
The model predicts a net positive force over the whole cycle. The cartoon represents
the RuvB hexamer, with green and red curved arrows for the positive and negative
forces, respectively.

mation. The force, which corresponds to the spatial derivative of the coupling energy,
determines the direction and intensity with which subunits push or pull each other.
Figure 4.6B shows that the mean resulting force is positive (aligned to the cycle) in
positions F, E, and D, and negative (opposed to the cycle) otherwise. The assisting
role of positive forces in crossing the energy barrier is reminiscent of the previously
proposed role of the converter module [15, 16]. Altogether, these results support the
notion that inter-subunit coupling plays a key role in efficiently overcoming the energy
barrier, consistent with conclusions drawn from structural analyses.

4.7 Trade-offs among dissipation, efficiency, and speed

With elementary tools from stochastic thermodynamics, we now explore the rela-
tionship between kinetics extracted from conformational trajectories and free-energy
dissipation. In this model, the system operates at nonequilibrium due to a chemical
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driving force associated with ATP hydrolysis, quantified by the chemical potential dif-
ference ∆µ. Note that the DNA interactions are not explicitly modelled; instead, their
effect is implicitly captured in the equilibrium components of the energy landscape.

To quantify dissipation, we compute the mesoscopic heat of a trajectory (here
denoted as {θ}), which reflects energy changes linked to transitions between assembly
states. This quantity is naturally defined within stochastic thermodynamics [17] as

q({θ}) =
U∑

u=1

[
E(θ(tu−1))− E(θ(tu)) + ∆µtu−1,tu

]
= E(θ(t0))−E(θ(tU ))+

U∑
u=1

∆µtu−1,tu ,

(4.4)
where

∆µtu−1,tu =

0 if θ(tu)↔ θ(tu−1) is not driven
∆µ/2 if θ(tu)↔ θ(tu−1) is driven,

(4.5)

and U counts the number of time steps in the trajectory. Importantly, each driven
step consists of half of the chemical potential because there are two driven transitions
per cycle (check Fig. 4.1).

To facilitate the comparison between trajectories, we introduce the quantity dis-
sipation per cycle Q, defined as

Q({θ}) = q({θ})d
vtU

, (4.6)

where v is the emergent translocation speed, tU is the trajectory duration, and d is
the length of one translocation step.

Then, we computed the dissipation per cycle from simulated trajectories across
a range of chemical potentials. Fig. 4.7A shows that dissipation per cycle exhibits a
non-monotonic dependence on ∆µ. At low driving, the system requires large amounts
of free-energy to perform a cycle. Dissipation per cycle reaches a minimum at ∆µ ≈
18kBT (highlighted with a star in the figure), remarkably close to the experimentally
observed free-energy difference in E. coli under exponential growth, ∆µ ≈ 19kBT [18].
At large driving, Q converges asymptotically to ∆µ, which implies that a single ATP
molecule per subunit is sufficient to drive the conformational cycle, in such cases.

Motivated by this lower bound on dissipation, we define an efficiency metric as the
ratio ∆µ/Q, see Fig. 4.7B. Curiously, the chemical driving that minimises dissipation
displays an intermediate value of efficiency (≈ 0.79). This suggests that achieving
a single ATP molecule cycled per subunit is not necessarily advantageous, as it can
lead to higher overall energy dissipation per cycle.

To test whether a similar trade-off exists with respect to kinetics, we examined
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Figure 4.7: Energy dissipation per cycle is minimal at physiological conditions. A.
Dissipation per cycle in function of chemical drive, tested at every kBT unit, shows
a minimum at 18kBT , which we highlight with a star. B. Dissipation efficiency in
function of chemical drive. The results shown are the means of n = 5 simulations
with different random seeds.

the relationship between driving force and translocation speed. Here, we observe that
the speed-drive curve saturates near the minimal values of Q, Fig. 4.8A. In Fig. 4.8B,
it becomes clear that, for values of ∆µ > 18kBT , there is an increase in dissipation
that does not lead to improvement of translocation speed.

Figure 4.8: Translocation speed is maximal at physiological conditions. A. Transloca-
tion speed in function of chemical drive plateaus at values close to those that minimise
dissipation per speed, highlighted with a star. B. Scatter plot of speed vs. dissipa-
tion per cycle. Color gradient represents data points simulated with different values
of chemical potential. The dashed lines correspond to vmax. All the results shown
represent the mean of n = 5 simulations.

Summarising, these findings reveal that there is an optimal range of chemical
drive that can simultaneously maximise translocation speeds and minimise energy
dissipation per cycle. This value is in close agreement with experimental data, strongly
suggesting that RuvB has evolved its energy landscape to achieve such a precise match.
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4.8 Dicussion

In this chapter, we build and implement a toy model of RuvB’s mechanochemical
cycle based on three energetic components: a potential energy derived from our pre-
vious structural analysis; a coupling energy that links adjacent ATPase subunits;
and a nonequilibrium drive from the cycle of ATP hydrolysis. Importantly, although
grounded in fundamental physical principles, these three energetic components were
specifically designed based on insights from our structural analyses and the structural
data itself. Remarkably, this minimal model captures essential features of molecular
motor function, including processivity and energy transduction. Moreover, it can be
used as an integrative tool, bridging data from different experimental setups, such
as single particle cryo-EM reconstructions [15], batch biochemical assays, and single-
molecule pulling experiments [11]. Next, we comment on specific findings that we
learn as model outcomes.

We find that the simple model of inter-subunit coupling we proposed gives rise to
informative dynamics. Though Ec is agnostic to the absolute coordinate in the con-
formational landscape, its magnitude varies with the spacing between neighbouring
subunits, which is further affected by the potential and driving force. As a con-
sequence, we find that coupling energy peaks around the major energy barrier in
the cycle. This indicates that the “conformational springs” are either compressed or
stretched near these positions, suggesting that, despite energy transduction being al-
ways allowed, it concentrates in particular parts of the mechanochemical cycle. This
finding corroborates the observations in the previous chapter, where we identified that
the interface between subunits is deformed only in specific conformations.

Our simulations also suggest that RuvB’s conformational landscape exhibits signs
of evolutionary optimisation. One line of evidence comes from the elastic energy
profile, which enables processive speeds more than four times faster than bootstrapped
orders. Although the landscape we identified is not globally optimal, it is likely
shaped by structural and biochemical constraints. This led us to hypothesise that
evolutionary pressures have optimised the energy landscape for maximal speed, while
remaining constrained by physical and biochemical feasibility. Further studies of the
energy landscapes in other AAA+ motors might reveal a broader picture regarding
their potential optimality.

Finally, our results suggest that RuvB has also evolved to reach maximum speed,
while dissipating as little energy as possible. To explore this idea, let us hypothesise
that a species has a fixed free-energy of ATP hydrolysis ∆µh, by having ATP, ADP
and Pi concentrations chemostated. Also, consider that a particular process mediated
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by an ATPase requires an energy of Ep to operate sufficiently close to its maximum
speed (recall that the speed of chemical reactions under Michaelis-Menten dynamics
saturates). Then, processes for which Ep < ∆µh will dissipate an extra amount of
∆µh − Ep per cycle. Conversely, if Ep > ∆µh, multiple hydrolysis events might be
needed to complete a single cycle, also increasing dissipation. Therefore, minimal
dissipation is achieved when Ep = ∆µh. Our results suggest that this is the case of
RuvB: its minimal dissipation value (≈ 18kBT ) remarkably matches ∆µh ≈ 19kBT

[18], while displaying maximum speed. This correspondence between minimal dissi-
pation and maximal speed suggests that RuvB works at a regime optimal for both
thermodynamics and kinetics.
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4.9 Appendix A: Definition of coupling energy and cou-
pling force per state

To calculate the coupling energy as a function of conformation, we first need to in-
troduce the probability density of the assembly states P (θ), with θ = [θ1, . . . , θ6].
Because we are interested in describing the energetics of operational cycles, we con-
sider here the probability density given that the initial condition θ◦, which we define
as θ◦ = [θ1(1), θ2(6), θ3(11), θ4(16), θ5(21), θ6(26)]. We use this configuration because
it represents an assembly state with conformations that correspond to s1. Then, we
define P ◦(θ) = P (θ|θ(t = 0) = θ◦). Other particular choices of initial state can lead
to local minima of the energy landscape which are not processive. The rationale for
this choice is that RuvB assembly starts the mechanochemical cycle in s1.

With this, we introduce the procedure to calculate F , the mean value of an arbi-
trary function f evaluated in the reaction coordinates ϕ

F (ϕ) = ⟨f(ϕ)⟩θ =
∑

θ

P ◦(θ)
[

1
M

M∑
m=1

f(θm)δ(θm − ϕ)
]

,

where δ is the Kronecker delta.
Using this definition, we then calculate the mean backward coupling Ebwd

c as the
mean elastic pseudoenergy Ec(θm, θm+1) with the first argument fixed, and the mean
forward coupling Efwd

c with the second argument fixed. Thus, we obtain

Ebwd
c (ϕ) =

∑
θ

P ◦(θ)
[

1
M

M∑
m=1

Ec(θm, θm+1)δ(θm − ϕ)
]

,

Efwd
c (ϕ) =

∑
θ

P ◦(θ)
[

1
M

M∑
m=1

Ec(θm−1, θm)δ(θm − ϕ)
]

.

The coupling forces are defined as the spatial derivative of the coupling energy.
To compute the spatial derivative, we assume a linear relationship between confor-
mational and physical spaces, xm = Rθm, with the conformations arranged along a
circumference of radius R = 6nm. Therefore, the coupling force can be computed as

Fc = ∂

∂x

(
Ebwd

c − Efwd
c

)
= ∂θ

∂x

∂

∂θ

(
Ebwd

c − Efwd
c

)
= R

∂

∂θ

(
Ebwd

c − Efwd
c

)
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Modelling modes of operation
displayed by hexameric ATPase

motors

Hexameric motors are molecular machines that couple ATP hydrolysis to substrate
translocation across a broad range of biological contexts. Recent cryogenic electron
microscopy (cryo-EM) studies provide growing evidence that many of these motors
coordinate subunit hydrolysis in a sequential fashion. However, this behaviour does
not appear to be universal, as other coordination mechanisms were also identified. To
date, such patterns have not been systematically studied through theoretical meth-
ods. Here, we develop a minimal stochastic model of homohexameric motors inspired
by the Sakaguchi–Kuramoto formalism for coupled phase-oscillators, associating sub-
unit conformations with a continuous, periodic phase variable. Distinct modes of
operation – probabilistic, concerted, sequential, two-fold, and three-fold symmetric –
emerge naturally as dynamical regimes of the model. We find that the sequential mode
consistently achieves the highest speed across conditions, helping to explain its preva-
lence among experimentally characterised hexameric ATPases. We further apply the
framework to ClpX chimeric mutants and show that their biochemical behaviour can
be reconciled with either probabilistic or sequential dynamics, depending on whether
mutations disrupt ATPase activity or inter-subunit coupling. This analysis provides
a new interpretation of ClpX biochemical data, suggesting that the sequential model
is more robust to perturbations than previously assumed. Altogether, the model in-
troduces a systematic, physics-based definition of hexameric motor operation modes
and shows that the sequential mechanism holds a clear kinetic advantage.

Author contributions: Conceptualisation, VHM and PS; Formal analysis, VHM; Writ-
ing – Original draft, VHM; Writing – Review and editing, VHM and PS; Visualisation,
VHM; Supervision, PS.

85



Chapter 5

5.1 Introduction

Hexameric motors are ubiquitous and functionally diverse protein assemblies present
across all domains of life. While some have evolved subunits with specialised roles,
like dynein or the F1 sector of ATP synthase, many hexameric motors are homomeric,
comprising identical subunits with the same functional potential. These molecular
machines typically perform two interconnected tasks: nucleotide hydrolysis (chemical)
and substrate translocation (mechanical), where the free-energy from the former is
transduced to the latter. What remains partially understood is how, or whether,
subunits coordinate their activities during this process.

Empirical evidence has led to the proposal of different “hydrolysis mechanisms”,
linking ATP hydrolysis dynamics to patterns of inter-subunit synchronisation [1, 2,
3, 4]. Despite variations in terminology, these mechanisms classify hexameric mo-
tors according to the configuration of bound nucleotides (ATP, ADP, or empty) at
each subunit over time. Numerous studies – including biochemical assays [5], single-
molecule pulling experiments [6], mutational perturbations [7, 8], and especially X-ray
crystallography and single-particle cryo-EM [9, 10, 11, 12, 13, 14, 15, 16] – have pro-
vided evidence for and against specific hydrolysis mechanisms in multiple instances
of ATPases. Altogether, they reveal a prevalence of a “sequential mechanism”, where
subunits hydrolyse ATP one at a time in a defined spatial order [17, 18]. Despite this
growing body of examples, currently, there are no studies that either formalise the
description of the hydrolysis mechanism or investigate whether (dis)advantages are
inherent to each type.

Because it is unclear how to perturb the mechanism in which molecular motors
work, we sought to build a toy model that allows their direct comparison. While mod-
els for coupled molecular motors are widespread in biophysics [18], very few modelling
attempts focus on homohexameric ATPases [19, 20, 21]. To the best of our knowl-
edge, only one study compares different hydrolysis mechanisms through simulations
[22]. Yoshimoto and colleagues used molecular dynamics simulations of the E1 he-
licase engaged in a single-stranded DNA, and then imposed a fixed time interval in
which the subunits assume experimentally resolved ATP, ADP, and empty conforma-
tions. Using this approach, they were able to devise protocols for different hydrolysis
mechanisms and compare them directly. Still, this approach is constrained to the
architecture of a particular example of hexameric ATPase.

Instead of relying on a nucleotide-centric definition, which is the basis to justify
hydrolysis mechanisms, we argue that a subunit’s conformation is a more funda-
mental variable to understand the dynamics of hexameric motors. This association
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between conformations and function is inspired by the diverse range of symmetry
types experimentally observed for homohexameric ATPases, see Fig. 5.1. To model
such symmetry types, we identify each subunit conformation with a continuous phase
variable, representing its reaction coordinate along the mechanochemical cycle. Thus,
we incorporate the formalism of coupled phase-oscillators [23, 24] into the classical
stochastic approaches to model molecular motors [25, 26, 27, 28, 29, 30]. By exploring
the model parameters, we identify five emergent dynamic regimes – or modes of opera-
tion – analogous to the previously hypothesised hydrolysis mechanisms. We find that
the sequential mode consistently outperforms other modes in terms of speed. Finally,
leveraging published data on ClpX chimeric mutants, we show that experimental re-
sults can be reconciled with either probabilistic or sequential dynamics depending
on whether mutations disrupt ATPase activity or inter-subunit coupling. Using this
framework, we provide a systematic characterisation of the different modes of oper-
ation and a physics-based argument for the widespread prevalence of the sequential
mode in hexameric ATPases.

Figure 5.1: Symmetry types of hexameric motors. Examples of homohexameric AT-
Pase motors for which their structures were obtained through cryogenic electron mi-
croscopy.

5.2 A model for ring-shaped coupled ATPases

We start by introducing a toy model for coupled ATPases using the Langevin for-
malism. We first develop a general framework that describes any homomeric ring-
shaped motor with M subunits, and, in the following, we study the specific case of
hexamers (where M = 6). Notice that the model introduced below resembles the
Master-Equation introduced in the previous chapter with a discrete number of con-
formational states, denoted by N . The model proposed below can be recovered by
taking the continuum limit N → ∞, while rescaling the length of a conformational
step and its respective timescale.
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Consider a system composed ofM interacting particles labelled bym ∈ {1, 2, . . . ,M},
which represent ATPase subunits. Each subunit displays a conformation that belongs
to a continuous and periodic conformational space θm ∈ [0, 2π[. Therefore, the state
of the system is the conformation of the whole assembly and corresponds to a vector
θ = [θ1, . . . , θM ]. The system is in contact with a thermal reservoir at fixed tem-
perature T , which causes the particles to change conformations stochastically, thus
allowing the subunits to diffuse in the conformational space.

The energetics of the assembly can be divided into two components, a poten-
tial V (θ), that depends on the conformation of each particle; and a coupling energy
Ec(θm, θm+1), that links particles with adjacent indices. We impose that V (θ) is a
continuous and 2π-periodic function, which represents the energetic cost to deform
the protein structure throughout the mechanochemical cycle. The main energetic
component, which defines the coupling patterns across subunits, is defined as

Ec(θm, θm+1) = K

M
[1− cos (θm+1 − θm − δ)] , (5.1)

with K the coupling strength and δ a phase-lag between adjacent subunits. This
particular form of coupling energy is inspired by the Sakaguchi-Kuramoto model [23].
The total energy of the system is

E(θ) =
M∑

m=1
[V (θm) + Ec(θm, θm+1)] . (5.2)

Importantly, the coupling strength and the phase-lag play a critical role in this
model. As it will become clear later, they control the dynamical regimes of the system,
which, in this case, corresponds to the different modes of operation.

In order to observe persistent dynamics, such as a unidirectional processive walk,
this system must be driven out of thermodynamic equilibrium, where the driving
force comes from the cycle of ATP hydrolysis. We consider that the ATP, ADP,
and Pi molecules are chemostated with chemical potential difference ∆µ favouring
ATP hydrolysis. We assume that this chemical drive biases only a finite interval in
the conformational space, which can be interpreted microscopically as the protein
conformations which allow ATP binding and ADP release. Thus, we model this
energy input as a chemical force F (θm) acting on the subunit m as a function of its
conformation coordinate

F (θm) =

∆µ/α if θm ∈
[
θµ − α

2 , θµ + α
2
]
,

0 if θm /∈
[
θµ − α

2 , θµ + α
2
]
,

(5.3)
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where θµ corresponds to the conformational coordinate around which the drive occurs
and α to the width of the driven interval.

According to Langevin dynamics, the conformational trajectory of the particle m
can be expressed as

θ̇m = D

kBT

[
− ∂E

∂θm
+ F

]
+
√

2Dξm(t) , (5.4)

with D the diffusion coefficient, kB the Boltzmann constant, and ξm(t) a stochastic
process. For simplicity, we consider ξm(t) as a white Gaussian noise, thus satis-
fying the following conditions for its first and second moments: ⟨ξm(t)⟩ = 0 and
⟨ξi(t)ξj(t′)⟩ = δijδ(t− t′). We fix D = 1s−1 to set a timescale for the simulations.

By modelling conformations with Langevin dynamics, we can obtain stochastic
conformational trajectories for the assembly (see Appendix A for implementation de-
tails). While the formulation so far describes the conformational state of individual
motor subunits, hexameric motors ultimately operate by displacing relative to a poly-
meric substrate in a stepwise fashion. Each step typically corresponds to engagement
with the next available amino acid or base pair along the substrate axis.

To capture this behaviour, we assume that flux in the continuous conformation
space maps to a discrete physical step of the assembly along the substrate track, see
Fig. 5.2. This assumption implies a tight coupling between the completion of the
conformational cycle and a physical step, thus neglecting potential slippage between
subunits and the substrate. In order to quantify such a stepping process, we introduce
an intermediate counting function Cm, which discretises the passage of the m-th
subunit through a fixed coordinate ϕ ∈ [0, 2π[

Cm(t) =


δ(t) if θm(t) < ϕ and θm(t+ dt) > ϕ,

−δ(t) if θm(t) > ϕ and θm(t+ dt) < ϕ,

0 otherwise,

(5.5)

where δ(t) is Dirac’s delta. The assembly’s spatial coordinate x along the substrate
is given by

x(t) = L

∫ t

0

M∑
m=1

Cm(t′)dt′ , (5.6)

with L the length of a step and the processive speed v̄(t) = x/t. Note that this
formulation provides a coarse-grained position of the whole assembly with respect to
the substrate, rather than modelling each subunit’s position independently.
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Figure 5.2: Coupling conformational cycle and ‘walking’ over the substrate. The
scheme represents the relationship between conformation coordinates θ and the as-
sembly’s position x in three states of the system separated by an infinitesimal time
interval dt. The spatial coordinate is modelled as a discrete variable updated when a
subunit crosses a fix coordinate ϕ.

5.3 Retrieving trajectories with different modes of op-
eration

To characterise the regimes in which the motors operate, we evaluate two emergent
behaviours: (i) a sustained maintenance (or absence) of symmetry over time, and (ii) a
processive speed, v̄. To analyse the first emergent behaviour, we define a mesoscopic
quantity ∆θi,j(t), which measures the relative dephase between two subunits with
indexes i and j at time t. Because of the 2π-periodicity of the phase space, we formally
introduce the relative dephase as the absolute value of the arc-length between θi and
θj as in

∆θi,j = min(|θi − θj |, |2π − θi + θj |) . (5.7)

By measuring the dephase between adjacent subunits ∆θm,m+1, we can quantitively
track how spaced two subunits along their trajectories, see Fig. 5.3A and B.

When ∆θm,m+1 ≈ ∆θ ≈ 0, all subunits display approximately the same confor-
mation, and hence the assembly is in a six-fold symmetric state Fig. 5.3C. Given the
periodicity of the conformational space, there are few alternative arrangements where
the dephase can be nearly the same for all (m,m + 1) pairs simultaneously. Some
examples are: ∆θ ≈ π

3 where the assembly is asymmetric, but displays sequentially
ordered subunits in conformation; ∆θ ≈ 2π

3 , where the assembly is two-fold symmet-
ric; and ∆θ ≈ π, where the assembly is three-fold symmetric. Also, the system can
display a disordered and asymmetric configuration, where ∆θm,m+1 are different for
each m. Note that the stochastic settings of the model provide an approximated sym-
metry, as strictly symmetric states are those that fulfil the condition θm,m+1 = ∆θ
for all m.
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Figure 5.3: Stochastic trajectories reveals five modes of operation. Trajectories within
each mode of operation are shown in each row A. Trajectory θm for m ∈ [1, . . . , 6] over
time represented in color shades. At the right of each plot, the index of each subunit is
depicted except for the disordered case. B. Dephase profile for particles 1 and 2 over
time. C. Cartoon representing the dynamical modes of operation. The shades of each
color depict the identity of each subunit, whereas the geometrical shape represents
distinct conformations, which were discretised for a simpler visualisation. Simulation
parameters (from top to bottom for K and δ): τ = 20s, K = [200, 200, 200, 200, 0]kBT ,
∆µ = 20kBT , δ = [0, π/3, 2π/3, π, 0], flat potential.

With this operational description of the emergent symmetry of the assembly, we
proceed to characterise the impact of the coupling parameters, namely strength K

and phase-lag δ, on ∆θm,m+1. In Appendix B, we show that the different modes of
operation can be encoded as local and global energy minima by changing these two
parameters for a flat potential. However, such analytical result is constrained to few
regions of the parametric space. We then quantify the mean and standard deviation
of relative dephase ∆θ1,2 from an ensemble of trajectories at a time t = τ ≫ 2π2/D

varying K and δ, Fig. 5.4. We start by describing the regime diagram under two
simplifying assumptions: (i) that the initial conditions are pre-ordered at θ(t = 0),
as in ∆θm,m+1 = δ, except for m = 6, and (ii) that ∂θV = 0.

The heatmaps obtained for mean and standard deviation of ∆θ1,2 depict a clear
pattern of self-organisation of hexameric ATPases in non-equilibrium conditions. First,
increasing K leads to a regime of lower variance with an inflection around K ∼ 10kBT ,
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Figure 5.4: Coupling parameters controls the dynamical regimes of hexameric motors.
A. Relative dephase between subunits m = 1 and m = 2 assessed at the end time
of the simulation, at τ = 103s. Mean of n = 500 different trajectories with different
random seeds. B. Standard deviation of relative dephase. C. Mean (curve) and
standard deviation (shaded area) of relative dephase for low and intermediate coupling
strengths. D. Standard deviation of relative dephase decays with increasing coupling.
Simulation parameters: ∆µ = 20kBT , flat potential, ordered initial condition.

identified in Fig. 5.4B and D. The ordered region is further subdivided into four sharp
stripes for ∆θ1,2, see Fig. 5.4A and C. The mean dephase in each stripe matches the
closest δ values that can satisfy simultaneously Ec = 0 and periodic boundary condi-
tions (see Appendix B). These characteristic stripes are consistent with the concept of
phase-locking [31], for which the relative dephase is kept nearly constant, despite the
presence of thermal fluctuations and far from equilibrium conditions. In the context of
hexameric ATPases, these regions correspond to the concerted, sequential, two-fold,
and three-fold symmetric modes of operations.

In summary, we demonstrate that our model recovers the modes of operation
typical of hexameric ATPases that can either be observed experimentally or have
been hypothesised to exist. We next evaluate how the coupling parameters control in
which dynamic mode the assemblies operate using different initial conditions and a
non-flat potential V (θ).

92



Chapter 5

5.3.1 Random initial conditions

The initial conditions, namely the state of the system θ(t = 0), can play a significant
role in the assembly’s kinetics. As we discuss in detail in Appendix B, each of the
ordered modes displays at least one family of local energy minima. For some carefully
selected states, we identify that the assembly might not recover the regime encoded
by the phase-lag δ, remaining trapped in local minima instead. To test the influence
of the initial conditions on the system’s regime diagram, we perform simulations with
random initial condition as opposed to the previous one, where the subunits were
pre-ordered (Fig. 5.5A).

Figure 5.5: Effect of random initial conditions on the regime diagram A. Process
to generate initial conditions at t = 0 for ordered (top) and the random (bottom)
assemblies. B. Standard deviation of relative dephase using random initial condi-
tions. Sample of n = 500 different trajectories with different random seeds and
different θ(t = 0). C. The assemblies display three distinct behaviours for each δS:
(a) Probabilistic, (b) Single ordered mode, and (c) Multiple ordered modes. The alter-
native local minima are situated at δ± = δ ± π/3. Simulation parameters: τ = 103s,
∆µ = 20kBT , flat potential.

In the Figure 5.5B, we observe a qualitative difference from the previous variability
profile for the relative dephase ∆θ1,2. For large coupling strengths K, a new region
of intermediate standard deviation emerges when compared to the previous profile in
Fig. 5.5B. These regions comprise a pool of trajectories, consisting of some trajectories
that reached the relative dephase of the closest stable δ, here denoted as δS, and some
where the assembly is kinetically trapped in the neighbouring modes, see Fig.5.12 for
examples.

In summary, a more general description follows the scheme presented in Fig. 5.5C.
For low K, thermal fluctuations dominate the behaviour of the assembly, and the
assembly operates in a probabilistic mode. For intermediate K, a balance between
thermal and coupling energies allows the system to relax to its energy minima, which
corresponds to a unique mode of operation, encoded by δ. For large K, the thermal
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energy is lower than the energy barriers that separate the global minimum from other
local minima, allowing the assembly to stay for phase-locked into distinct modes of
operation for longer time-scales, depending on the initial conditions.

5.3.2 Dependence on potential amplitude

So far, we have neglected the effect of the potential energy associated with each
conformation by considering ∂θV = 0. In more realistic cases, transitions between
conformational states can display energetic barriers due to mechanical constraints
within the subunit and interactions with the substrate. Importantly, we are aware that
both shape and amplitude of the V (θ) can have a significant impact on the outcomes of
a motor’s operation, but still, we consider a simple yet numerically tractable example
to illustrate how an energy barrier can affect the behaviour of hexameric motors.

In the previous chapter, we inferred the shape and magnitude of this barrier
from structural data. Here, inspired by our previous results, we assume that the
conformational cycle displays a single energy barrier with a sinusoidal shape.

V (θ) = Vmax cos(θ − θb) , (5.8)

with Vmax a parameter that controls the height of the energy barrier and θb confor-
mational coordinate where the energy barrier is centred. Here we explore the case
Vmax = 10kBT , as it represents a barrier significantly larger than thermal fluctuations
and is in the same order of magnitude as the elastic energy we estimated for RuvB
in its mechanochemical cycle [32]. The choice of θb matters, as its relative position
compared to the coordinate of driving force, θµ, can have a significant impact on the
emergent speed, as we will discuss later.

In Fig. 5.6, we explore the effect of V (θ) on the previously characterised coupling
profile. It is clear from Fig. 5.6A and B that the probabilistic mode has a much nar-
rower distribution of ∆θm,m+1 and that the boundaries between modes are modified.
At low coupling strengths, the subunit conformations will tend to accumulate at the
minimum of energy of V , which is identical for each subunit, and therefore approxi-
mates the behaviour of probabilistic and concerted modes, Fig. 5.6C. Moreover, the
transitions between ordered and disordered modes (except for the concerted mode)
display a peak of high variance, a distinctive feature not observed for a flat potential,
see Fig. 5.6D. This is probably due to the interplay between V , which favours the
grouping of subunits in the conformational landscape, and Ec, which favours their
spread.
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Figure 5.6: Regime diagram of coupled ATPases in the presence of an energy barrier
A. Relative dephase heatmap for varying coupling strength and phase-lag (mean of
n = 500 trajectories). B. Heatmap of standard deviation of relative dephase. C.
Mean (curve) and standard deviation (shaded area) of relative dephase for low and
intermediate coupling strengths. D. Standard deviation profiles are non-monotonous
for δ ̸= 0. Simulation parameters: τ = 103s, ∆µ = 20kBT , sinusoidal potential with
Vmax = 10kBT , ordered initial condition.

5.4 Sequential mode operates faster in all conditions

After identifying the conditions for the hexameric motors to operate in each mode,
we evaluate their processive speeds, v̄. In Fig. 5.7, we explore the interplay of cou-
pling and potential energies in shaping the motor’s speed. Because we set the same
diffusion constant D in all simulations, we can directly compare the emergent speeds
for different parameter sets.

In the absence of potential energy, all phase-lags δ display a non-monotonic be-
haviour of v̄ when increasing K except for the concerted mode, which is monotonically
decreases with K. The sequential, three-fold, and two-fold symmetric modes display
a maximum of speed at intermediate values of coupling strength, all of them surpass-
ing the probabilistic mode. The presence of a peak in speed suggests that there is a
trade-off between coupling and thermal energy in all cases, therefore, tightly coupled
subunits are not optimal for maximising speed.

When we consider the case of a potential V (θ) with an energy barrier Vmax =
10kBT , the conformational coordinate of the non-equilibrium drive plays a major role.
For instance, the motor is processive in the probabilistic mode when θµ localises to the
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Figure 5.7: Speed vs coupling strength curves in different potentials. The panels
show the behaviour of speed (mean ± standard deviation, n = 500 simulations) with
increasing coupling strengths with phase-lags δ = 0 in blue, δ = π/3 in orange,
δ = 2π/3 in green, and δ = π in red. Insets show the interplay of the potential V
(curve) and the chemical force F (shaded area). Top left: flat potential, V (θ) = 0.
Top right: θb − θµ = π/2. Bottom left: θb − θµ = −π/2. Top right: θb − θµ = 5π/6.
For those with sinusoidal potential, Vmax = 10kBT . Other simulation parameters:
τ = 103s, ∆µ = 20kBT , ordered initial condition.

region of maximum slope of V . In all the other cases we show, there is no detectable
speed for the probabilistic and concerted modes. Remarkably, the maximum speeds
reached by the other modes display the same hierarchy regardless of the energy barrier
coordinate, with the sequential mode being the fastest. We also note that, counter-
intuitively, the sequential (as well as the three-fold symmetric) mode can achieve
speeds even higher than those in flat potentials. This suggests that such arrangement
can benefit from the interplay of drive and potential to boost speed even further.

5.5 ClpX as case study: probabilistic or sequential?

ClpX, a hexameric AAA+ ATPase, has long been considered a paradigmatic example
of a probabilistic motor. A central piece of evidence comes from the work of Mar-
tin and collaborators, who engineered covalently linked ClpX assemblies containing
specific mutant subunits [7]. The observation that the system was processive in the
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presence of multiple mutant subunits with inhibited hydrolysis led to the conclusion
that both sequential and concerted mechanisms were unfeasible, as a single inactive
subunit would stall the motor. This seems to be, however, not fully consistent with
the cryo-EM structures of ClpX [33], which display a staircase-like structure, typically
found in sequential assemblies. Still, the authors do not rule out other mechanistic
processes that ensure probabilistic hydrolysis while maintaining a sequential coupling.
Motivated by this discrepancy, we reanalyse their data in the light of the toy model
we proposed to test whether ClpX behaves as a probabilistic or sequential motor.

5.5.1 ATPase activity dataset and model assumptions

In the experimental setup, Martin and colleagues used a synthetic biology approach
to generate multiple ClpX subunits connected by linkers [7]. The resulting assem-
blies consisted of hexamers with subunits of three types: W (wildtype), E (mutant
E185Q), and R (mutant R370K). They represented the constructs as a sequence of
six letters corresponding to the arrangement of the subunits in the assembly. For ex-
ample, WRE/WRE corresponds to an assembly composed of two repeated molecules
of WRE, with the three subunits linked covalently. The experimental data we use
consists of ATPase activities for 13 combinations of subunit types, including a fully
wild-type assembly. We further simplify the dataset by normalising all ATPase ac-
tivities to the mean of wild-type assemblies and neglecting the effect of the linkers.
Next, we introduce how we define ATPase activity inferred from simulations.

First, we must consider the set of assumptions underlying the effect of the muta-
tions on the emergent ATPase activity of ClpX. In the article, the authors argue that
the mutation E, in the Walker B motif, allows ClpX to bind ATP but not to hydrolyse
it, both corroborated experimentally for the case of full mutant assemblies [34]. The
mutation R, in the sensor-2 motif, was shown to also bind ATP without hydrolysing it
in a full mutant, and, in addition, it is not capable to bind the substrate [35]. This led
the authors to hypothesise that the R mutant is trapped in the “ADP conformation”
[35, 7]. To accommodate these assumptions in our model, we simulate trajectories of
assemblies distinguishing each type of subunit. While W subunits work as described
earlier, we impose E to be insensitive to the drive ∆µ, and R to remain at rest in
its initial conformation, see Fig. 5.8A. We then consider the ATPase activity as the
number of cycles completed by W subunits.

In addition to the set of assumptions above, we propose that the mutation R

has a different consequence on ClpX activity. Instead of locking ClpX in a specific
conformation, we suggest that this mutation disrupts inter-subunit coupling and has
no detrimental effect on hydrolysis, see Fig. 5.8B. The following pieces of evidence
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motivate this interpretation: (i) in an evolutionary related hexameric ATPase, MCM,
the sensor-2 motif affects hydrolysis in trans, but not in cis [8]; (ii) in ClpX, the sensor-
2 motif bridges nucleotide binding-pocket and the neighbouring subunit [33]; (iii) also
in another related hexameric ATPase, RuvB, the sensor-1 motif mediates coupling
between adjacent subunits [32]. Because sensor-1 is not functional in ClpX [36], this
function might be mediated by sensor-2 instead. Importantly, this assumption is not
inconsistent with the observation that a full R mutant does not hydrolyse ATP [35]. In
this case, a full R mutant would effectively uncouple all subunits, and therefore enforce
the probabilistic mode, which can be inactive depending on other model parameters
(see Fig. 5.7 for examples). Under this alternative scenario, we compute the ATPase
activity as the number of cycles completed by W and R subunits.

5.5.2 Hypothesis testing

To test which mode of operation better explains the experimental data, we simulated
ensembles of hexameric assemblies under the two contrasting assumptions described
above. Specifically, we simulate trajectories in a range of coupling strengths K and
heights of the energy barrier Vmax, while fixing the phase-lag δ = π/3. This ensures
we test a gradient of cases where the wildtype assembly behaves from a probabilistic
(low K) to a sequential motor (large K). We then compare the results of normalised
ATPase activities in simulations to the experimental data using the coefficient of
determination R2, see Fig. 5.8.

We observe that, by following the assumptions proposed by Martin and colleagues,
the data shows a modest agreement with the probabilistic mode, but a poor agreement
with the sequential, Fig. 5.8C. For totally uncoupled subunits and in a flat potential,
we obtain R2 = 0.5±0.1. Also, the R2 profiles are roughly unchanged across different
Vmax. As K becomes sufficiently large, most mutant arrangements become stalled
and therefore the correspondence between data and simulations vanishes, Fig. 5.8E.
By contrast, when we assume that the mutation R disrupts coupling, we observe
an inverted trend. At low K, when subunits behave independently, the simulated
trajectories overestimate the catalytic activity of the mutants, thereby failing to match
the experimental data, Fig. 5.8F. However, when coupling is large enough, simulations
and data show strong agreement, reaching up to R2 = 0.87 ± 0.02 (for K ≈ 30kBT

and Vmax = 0). Interestingly, the dependence of R2 on the energy barrier is non-
monotonic with Vmax, with two distinct optima at Vmax = 0 and Vmax = 8kBT . For
completeness, we verify that all other ordered modes show no agreement with the
data regardless of the assumption we consider (Fig. 5.9).

In summary, we find that the experimental data are better explained by a sequen-
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Figure 5.8: Experimental data on ClpX ATPase activity compared to simulations. A.
Set of assumptions proposed by [7] to interpret the effect of ClpX mutations E185Q
(mutant E) and R370K (mutant R). On the right, we highlight a few examples of
assemblies distinguishing subunits that are able or unable to hydrolyse ATP. B. Set
of assumptions we propose, which differs from the previous by removing coupling con-
nectivity instead of hydrolytic capability in the mutant R. C. R2 calculated between
experimentally measured ATPase activity and simulations following Assumptions #1,
normalised by the mean ATPase activity of WWWWWW constructs. The values
represent a mean of n = 20 sets of simulations for each mutant arrangement. D.
R2 calculated following Assumptions #2. E. Examples of ATPase activity in ex-
periment and simulations for uncoupled K = 0 (black) and coupled K = 100kBT
(orange) subunits, considering Assumptions #1. F. Examples simulations consider-
ing Assumptions #2. Simulation parameters: τ = 103s, δ = π/3, ∆µ = 20kBT ,
θb − θµ = π/2, ordered initial condition.

tial model, provided that the R370K mutation disrupts inter-subunit coupling. This
interpretation reconciles the biochemical activity measurements with the staircase
structure observed in ClpX, suggesting that ClpX represents yet another instance of
a sequential motor, a pattern increasingly observed across several hexameric ATPases.

5.6 Discussion

Despite their stark importance to a vast variety of cellular activities, homohexameric
ATPases remain largely unexplored from a theoretical perspective. In particular,
no previous work has systematically characterised the kinetics of different modes of
operation of hexameric ATPases using a biophysical framework. To address this gap,
we proposed a simple stochastic model that has at its core an inter-subunit coupling
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Figure 5.9: Concerted, two-fold, and three-fold symmetric modes are incompatible with
observed ClpX ATPase activity. A. Simulations run considering Assumptions #1:
concerted (δ = 0, blue); two-fold symmetric (δ = 2π/3, green); three-fold symmetric
(δ = π, red); B. Simulations run considering Assumptions #2: concerted mode (δ = 0,
blue); two-fold symmetric (δ = 2π/3, green); three-fold symmetric (δ = π, red).
Simulation parameters: τ = 103s, K = 100kBT , ∆µ = 20kBT , flat potential, ordered
initial condition.

term inspired by the Sakaguchi-Kuramoto formalism for coupled phase-oscillators
[23]. While the idea of using phase-oscillators to describe molecular motors is not
novel [37, 38], these studies have considerably different models and goals.

Using this model, we identify the regions of the parametric space which lead to
five distinct dynamic regimes, or modes of operation. When subunits are weakly
coupled or uncoupled (low K), their conformations are independent, characteristic
of the probabilistic mode. The intermediate to strongly coupled regime is divided
into four regions, depending on the phase-lag δ, corresponding to the concerted (δ =
0), sequential (δ = π/3), two-fold symmetric (δ = 2π/3), and three-fold symmetric
(δ = π) modes. We further show that a motor can be kinetically trapped but still
operational at a mode different from its encoded phase-lag, depending on the assembly
conditions.

A key observation from the model is that the sequential mode outperforms all
others in speed. Furthermore, in all tested conditions, we observed that the maximum
speeds at each mode follow the hierarchy: sequential > two-fold symmetric > three-
fold symmetric > probabilistic ≥ concerted. This hierarchical order of speeds is in line
with the observed prevalence of sequential motors, suggesting that evolution might
have favoured the maintenance of sequentiality due to its kinetic advantage. The
second fastest mode is also populated by a few examples of assemblies, in particular
as components of bacterial pili and secretion systems [13, 15]. Conversely, the protein
assembly LTag, thought to operate as a concerted motor [9], is predicted to work at
comparatively lower speeds, thus agreeing with predictions from molecular dynamics
[22]. However, the model also predicts that six-fold symmetric structures can be at
local or global energy minima but still be capable of operating sequentially. According
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to our model, this is possible because trajectories whose phase-lags promote concerted
mode can be kinetically trapped in the sequential mode and vice versa.

Lastly, we show an application of the model to a dataset which combines ClpX
mutants and an in vitro characterisation of their ATPase activity. By testing two con-
trasting interpretations of mutational experiments, we conclude that the data can be
reconciled with either a probabilistic or a sequential mode. While the statistical anal-
ysis points to a better agreement with the sequential mode, our results are contingent
on fundamental assumptions of ClpX biochemistry that require further investigation.
Future experimental assays, such as solving the structure of the chimeric mutants,
for instance, could resolve the present ambiguities. Nevertheless, our work challenges
the traditional view that the inhibition of a single subunit disagrees with a sequential
mechanism [6, 7], and also provides a means to test the hypothesis of which mode of
operation is more consistent with experimental data.

In summary, we present a simple and general framework to describe the coor-
dinated operation of hexameric motors. With this model, we identify a possible
explanation for the prevalence of sequential motors and evaluate the case of ClpX by
comparing the model predictions to biochemical experiments. Besides this applica-
tion, this model can be used to uncover fundamental properties of hexameric motors
coupled to other methods, such as single-molecule biophysical assays. Moreover, it
could also be employed to explore evolutionary pathways leading to the functionally
diverse families of hexameric ATPases.
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5.7 Appendix A: Implementation details

To simulate stochastic trajectories, we build an in-house script to discretise the
stochastic differential equations using the Euler method. We rewrite the Eq. 5.4
in the differential form

dθm = D

kBT

[
− ∂E

∂θm
+ F

]
dt+

√
2DdWm , (5.9)

where dWm is a Wiener process.
To test whether the time discretisation dt does not introduce any systematic bias in

the trajectories of θ(t), we tested a range of values of dt. In particular, we investigate
whether the distributions of dθ steps and speed v̄ converge as dt decreases. We
observe that, as the system is driven increasingly far from equilibrium, systematic
biases on the step size dθ for dt = 10−2s and to a smaller extent on dt = 10−3s, see
Fig. 5.10A. At dt ≤ 10−4s, the distributions of step-size collapse to a single curve
at different chemical drives ∆µ, matching the step-size distribution expected for a
stochastic diffusive process. A similar pattern is observed for the speeds v̄, which
stabilise at dt ≤ 10−3s, Fig. 5.10B.
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Figure 5.10: Step-size dθ and speeds of simulations using different discretisation times.
A. Density plots of conformational step-sizes dθm for allm, varying the time increment
dt, and the drive ∆µ. Dashed lines represent a normal distribution N (0,

√
2Ddt),

which corresponds to the distribution of step-sizes from the diffuse component of
dθm. B. Speed calculated for n = 10 repetitions per drive and time increment with
different random seeds. Simulation parameters: τ = 100s, K = 100kBT , δ = π/3,
Vmax = 10kBT , θb = θµ, ordered initial conditions.
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5.8 Appendix B: Equilibrium conditions for V (θ) = 0
and K > 0

We now focus on identifying the system configurations that are at thermodynamic
equilibrium. In particular, we consider the case of a flat potential to explore how
the coupling energy influences the distribution of the subunits in the conformational
landscape. We first introduce the variable phase difference φm = θm+1−θm to simplify
the calculations. Then, we investigate the conditions where all particles satisfy

∂E

∂θm
= 0, for m = {1, 2, . . . ,M} .

For a flat potential, the partial derivative consists of

∂E

∂θm
= ∂

∂θm

[
M∑

m=0
Ec(θm, θm+1)

]
M

K

∂E

∂θm
= sin(θm − θm−1 − δ)− sin(θm+1 − θm − δ)

= sin(φm−1 − δ)− sin(φm − δ) .

Therefore, the critical points are those satisfying

sin(φm+1 − δ) = sin(φm − δ) .

This equation admits two solutions,

φm+1 − φm = 0 and,
φm+1 − φm = (2n+ 1)π + 2δ ,

(5.10)

with n ∈ Z. Because there are M instances for this equilibrium of forces, the system
can display a combination of those solutions for the different particles.

To evaluate the stability of the solutions, we compute the Hessian matrix of the en-
ergy function H(E). Given the symmetry of the coupling terms, the matrix elements
of the Hessian matrix are zero for non-adjacent indices, therefore H(E) is a cyclic
tridiagonal matrix. The elements of the main diagonal and lower/upper diagonals are

M

K
H(E)m,m = cos(φm−1 − δ) + cos(φm − δ) ,

M

K
H(E)m,m+1 = M

K
H(E)m+1,m = − cos(φm − δ) ,
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From this, it is clear thatH(E) is singular independently from the state θ, because
the sum of the row m is

M∑
i

H(E)m,i = H(E)m,m−1 +H(E)m,m +H(E)m,m+1 = 0 ,

for m = 1, . . . ,M . Thus, H(E) has λ = 0 as an eigenvalue regardless of the system’s
configuration. This implies that all states of the system are saddle points, and there-
fore, the Hessian matrix does not help us to determine the minima of E. However,
for some specific cases, it is possible to determine the global minima of the system,
which we describe next.

5.8.1 Global minima

For a flat potential, the energy function E(θ) consists of a sum of M coupling energies
Ec which are non-negative. Therefore, those states for which E(θ) = 0 are necessarily
the global minima of E, or

Ec(θm, θm+1) = 0 for all m,

which implies
cos(φm − δ) = 1 for all m.

To satisfy the condition above, we take into account the periodicity of the space
Θ. We set this geometrical constraint by imposing

M∑
m

φm = 2κπ ,

with κ ∈ Z. Because of the minimal energy condition, we can write φm = δ, which
leads us to

δ = 2κπ
M

, (5.11)

with the phase difference at rest δ limited to [0, 2π[, there are only M solutions
for which E(θ) = 0. In particular, when M = 6, the solutions for φm = δ are{

0, π
3 ,

2π
3 , π,

4π
3 ,

5π
3

}
. We highlight that, in terms of modes of operation, these six

solutions correspond to only four qualitatively different modes, for the cases δ = π
3

and δ = 5π
3 correspond to a sequential order whereas δ = 2π

3 and δ = 4π
3 correspond

to a two-fold symmetric case.
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5.8.2 Some local minima

As discussed previously in this session, we cannot rely on the Hessian matrix to
identify local minima. We then turn our attention to the constraints imposed in the
values of φm (Eq. 5.10) and δ (Eq. 5.11).

To do so, we evaluate if the states which satisfy the condition φm = φm+1 but
not φm = δ also configure as local minima of E. Restricting our attention to the
interval [0, π/2] and M = 6 limits our search to four values of φm. We then construct
an arbitrary θ for which all coordinates respect the aforementioned condition, and
then perturb the coordinate of an arbitrary subunit. Because of the periodicity of
the boundary conditions and the sequential coupling rule, the choice of the perturbed
subunit does not lead to any loss of generality. Therefore, we consider:

θm = (m− 1)ψ

with ψ ∈
{

0, π
3 ,

2π
3 , π

}
for m ̸= 1 and θ1 varying freely. This leads to φm = ψ for

m ∈ {2, 3, 4, 5}. Clearly, the values of φ1 and φ6 are not fixed. In these settings, the
condition φ1 = φ6 = ψ is only met when θ1 = 0. We then evaluate how E(θ) varies
with θ1 for different values of δ, Fig. 5.11.

As we predicted earlier, the panels in the diagonal (purple curves) reveal that all
instances where φm = φm+1 = δ configure the global minima of the system, because
E(θ) = 0. Besides, all curves display two critical points, one of which has positive
concavity. For the brown curves (|ψ−δ| = π/3), the energy minima occurs for θ1 = 0,
and therefore satisfies the condition Eq. 5.10. Because the choice of another m would
not result in any change in the result above, this configuration corresponds to a local
energy minimum of the whole system.

For the remaining two cases (pink and olive curves), the local minimum identified
with this approach does not correspond to θ1 = 0. Therefore, the condition Eq. 5.10
is not necessarily satisfied, and the symmetry argument used above is no longer appli-
cable. We then calculate the first and second derivatives of total energy for each case
directly. In the first group, for which |ψ − δ| = 2π/3 (pink), the coordinate θ1 = π

is not a local energy minimum for all m. For |ψ − δ| = π (olive), the tested coordi-
nate has null first and second derivatives for the other θm. We also tested whether
these secondary energy minima could be observed through simulations of trajectories,
supporting our analytical observations (Fig. 5.12).
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Figure 5.11: Local and global energy minima. Evaluation of E(θ) for a system with
a single degree of freedom θ1. There are four distinct shapes for the curves, one for
each possible combination of |ψ − δ|. Colors represent each of these groups of shape.
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Figure 5.12: System states remain transiently trapped in local minima at equilibrium.
Simulation of conformational trajectories assessed by the relative dephase between
subunits 1 and 2. Initial conditions follow φm = ψ for all m. Dashed lines represent
the dephase for which Ec(θm, θm+1) = 0. Simulation parameters: τ = 100s, K =
200kBT , ∆µ = 0, flat potential.
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Chapter 6

Conclusions

In this final chapter, we review and connect the main contributions of the thesis.
We began by developing a general framework to study the mechanical deformations
of protein structures and gradually advanced towards a theoretical description of
the emergent properties of molecular motor assemblies. Along this trajectory, we
integrated concepts from elasticity theory, structural biology, enzyme kinetics, and
stochastic thermodynamics, introducing new computational tools and models to elu-
cidate the activity of hexameric ATPases. Overall, we established a unified framework
that bridges structure and kinetics through energetics for these molecular motors.

6.1 Summary

In this thesis, we developed an energy-based multiscale framework to investigate the
activity of protein complexes, with an emphasis on RuvB (chapters 3 and 4), a DNA-
translocating hexameric motor. The approaches devised here drew inspiration from
prior work, literature, and our own analyses, leading to four main contributions:

• In Chapter 2 we proposed a hyperelastic model, grounded in non-linear elas-
ticity, to quantify elastic energy differences from proteins in different confor-
mations. This model was then implemented into an open-source and publicly
available package that can be applied to any pair of protein atomic coordinates.
We further performed two types of validation, using synthetic and real data,
showing both numerical accuracy and agreement with known energy magni-
tudes for the case of haemoglobin.

• In Chapter 3, we used the method discussed above to characterise the RuvB’s
mechanochemical cycle. First, we devised a quantitative approach to recon-
struct order of conformations in the cycle, recovering with striking agreement
the previously known order, which was based on intensive and qualitative vi-
sual inspections. We then characterised the energetics of RuvB’s cycle at two
scales: global, consisting of the elastic energy landscape across RuvB conforma-
tions; and local, which led us to identify candidate regions responsible for energy
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transduction between different components of the system. Together, these re-
sults suggest that energy transduction across RuvB subunits is key to its motor
activity.

• In Chapter 4, we used insights from our previous structural analyses to build
a toy model for RuvB’s kinetics. We first showed that the energy landscape
we characterised earlier is consistent with processivity and kinetically advan-
tageous compared to randomised landscapes. Moreover, we further adjusted
model simulations to fit both batch biochemical and single-molecule biophys-
ical data, establishing a timescale for conformational transitions. Finally, our
model predicted that RuvB operates near an optimal chemical driving, which
simultaneously minimises dissipation while maximising processive speed.

• In Chapter 5, we generalised our previous model using a continuous conforma-
tion variable, which was better suited to describe the behaviour of a generic
hexameric ATPase. We first showed that, by controlling the coupling between
adjacent subunits, we obtained different emergent kinetic behaviours of hexam-
eric ATPases, which we called modes of operation. We then characterised the
emergent speed the motors could reach, showing that the most abundant mode
observed in nature – the sequential mode – is the fastest in all tested scenarios.
We then used published data from a motor believed to operate in the probabilis-
tic mode, ClpX, to test whether our model would recover such classification. We
identified that the best matching mode was contingent on assumptions about
the structural details of this motor. Still, the highest-scoring scenario supports
that ClpX operates in a sequential mode, contrary to the current consensus.

6.2 Conclusion

Altogether, our work can be seen from a two-fold perspective. First, we have provided
new insights on the operation of RuvB, ClpX, and homohexameric ATPase motors in
general. While inter-subunit coordination is known to be essential for motor function,
here we show this through two completely unexplored approaches.

Using protein strain analysis, we identified structural elements likely involved in
inter-subunit coupling. Leveraging the large structural ensemble of RuvB, compris-
ing 30 cycle conformations, allowed us to detect patterns of elastic pseudoenergies
oscillations throughout the cycle, indicative of mechanical coordination. Although
such large conformational ensembles among hexameric motors are rare (to date), the
number of resolved hexameric ATPase structures has grown considerably over the last
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decade. These datasets could potentially offer a rich source of information to uncover
commonalities and differences in terms of inter-subunit coupling, which can be further
explored using the approach developed here.

Using kinetic models, we show that coupling is a central feature that was likely
tuned through evolution to sustain coordination, a major contributor to the mo-
tor’s speed. This provides a rationale for the seemingly prevalent sequential mode
of operation, which we also proposed for ClpX as a possible mechanism, yet to be
experimentally tested. As the amount of structural data grows fast, comparing struc-
tures manually becomes not only impractical but also hinders the understanding of
global patterns across hexameric ATPases. The toy models developed here are a step
further in this direction by offering a flexible framework that can easily incorporate
the specificities of each system.

Second, we introduced simple yet useful integrative tools, which have allowed us to
establish extensive links across fields. Overall, we have used a combination of multiple
sources of information, such as protein structures, free-energy differences, catalytic
activities, and processive speeds. While these sources of information are often con-
fronted at the level of discussion, it is uncommon to find them combined in the same
framework, aiming to answer a common question. Thus, the different methodological
approaches presented throughout the thesis also represent an effort to overcome disci-
plinary boundaries that are currently intrinsic to the scientific communities studying
proteins.
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