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Abstract: The estimation of the extreme value index (EVI) is a crucial task in the field of statistics of
extremes, as it provides valuable insights into the tail behavior of a distribution. For models with a
Pareto-type tail, the Hill estimator is a popular choice. However, this estimator is susceptible to bias,
which can lead to inaccurate estimations of the EVI, impacting the reliability of risk assessments and
decision-making processes. This paper introduces a novel reduced-bias generalized Hill estimator,
which aims to enhance the accuracy of EVI estimation by mitigating the bias.
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1. Introduction

Statistics of extremes is a branch of statistics dealing with inference for extreme or
rare events. Due to their unpredictability, such events are a matter of enormous concern
since they can produce catastrophic consequences. The areas of application are very
diversified. We mention the fields of environment (extreme pollution), hydrology (river
flows), meteorology (heat waves, windstorms), geology (diamond sizes), insurance (large
insurance claims), telecommunications (internet traffic), public health (rates of Pneumonia),
and finance (stock market crash), among others.

Extreme value theory provides the theoretical framework for building the statistical
model describing extreme events. The first fundamental limit results appeared in Fréchet [1],
Fisher and Tippett [2], von Mises [3], and Gnedenko [4]. More specifically, let X1, X2 . . .
denote a sequence of independent and identically distributed random variables with a
common distribution function (d.f.) F(x) = P(X ≤ x). Assume that there exist sequences
of normalizing constants an > 0, and bn ∈ R, and a non-degenerate d.f. G such that, for
all x,

lim
n→∞

P
(

max(X1, X2, . . . , Xn)− bn

an
≤ x

)
= G(x). (1)

Then, we say that the d.f. F belongs to the max-domain of attraction of the extreme value
(EV) distribution G, and we write F ∈ DM(G). The sequences of constants an > 0 and
bn ∈ R can be redefined in such a way that for some ξ ∈ R,

G(x) ≡ Gξ(x) :=

{
exp

(
−(1 + ξx)−1/ξ

)
, 1 + ξx > 0 if ξ ̸= 0

exp(− exp(−x)), x ∈ R if ξ = 0.
(2)
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The shape parameter ξ is the extreme value index (EVI), the most important parameter of
extreme events, which is related to the heaviness of the right tail. It is also a cornerstone in
the estimation of other parameters of extreme events (see [5–10], among others). For more
details on the max domain of attraction, see Beirlant et al. [11], de Haan and Ferreira [12],
and Dey and Yan [13], among others.

We consider in the present paper Pareto-type tails, i.e., ξ > 0 in the EV d.f. in (2). In
mathematical terms, this is equivalent to assuming that the right tail or survival function
1− F satisfies

1− F(x) = x−1/ξ L(x), x → ∞,

where L(x) is an unspecified slowly varying function at infinity, i.e., lim L(tx)/L(t) = 1,
as t → ∞, for all x > 0 (see references [12,14,15] for details on regular variation). This
condition is usually called the first-order condition. If the slowly varying function L is
constant, then F is the exact Pareto model. Equivalently, F is a model with a Pareto-type
tail whenever the reciprocal tail quantile function U, defined by

U(t) = F←(1− 1/t), t ≥ 1, with F←(x) = inf{y : F(y) ≥ x}, (3)

is of regular variation with index ξ (denoted as U ∈ RVξ), i.e., for every x > 0,

lim
t→∞

U(tx)
U(t)

= xξ . (4)

For ξ > 0, the most well-known EVI-estimator is the Hill estimator [16], which is the
average of the k log-excesses,

ξ̂H(k) :=
1
k

k

∑
i=1

Vik, 1 ≤ k < n, (5)

with
Vik := ln Xn−i+1:n − ln Xn−k:n, (6)

where X1:n ≤ X2:n ≤ . . . Xn:n denote the ascending-order statistics from a random sample
of size n. The consistency of the Hill estimator is achieved if the threshold Xn−k:n is an
intermediate order statistic [17], i.e., if

k = k(n)→ ∞ and k/n→ 0, as n→ ∞. (7)

The asymptotic normality of Hill’s estimator has been studied, under different as-
sumptions, by several authors (see [18–20], among others). Typically, F is a Pareto-type
model and the Hill estimator has a high variance for high thresholds Xn−k:n, i.e., for small
values of k and a high bias for low thresholds, i.e., for large values of k. Consequently, the
mean squared error (MSE) has a very peaked pattern, making it difficult to determine the
optimal k, defined as the value k0 where the MSE reaches its minimal value. For a detailed
review on estimation procedures for the EVI, see [9,21]. To overcome this trade-off problem
between bias and variance, several alternative estimators are proposed in the literature.
Some of these alternative estimators are based on the α-moment of the log-excesses

M(α)
n (k) := 1

k

k

∑
i=1

Vα
ik. (8)

We mention the class of kernel estimators introduced in Csörgő et al. [22], the moment
estimator proposed by Dekkers et al. [23],
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ξ̂M(k) = M(1)
n (k) + 1− 1

2

(
1− (M(1)

n (k))2

M(2)
n (k)

)−1

, (9)

and the Jackknife estimators proposed in Gomes et al. [24]. Generalizations of the Hill
estimator, dependent on an additional tuning parameter, can be found in Gomes and
Martins [25], Groeneboom et al. [26], Beran et al. [27], Penalva et al. [28], Caeiro et al. [29],
and Paulauskas and Vaičiulis [30], among others. For a comparison between several classic
EVI-estimators, we refer to [31,32].

In this paper, we consider one of the aforementioned classes of generalized Hill (GH)
estimators. More precisely, we consider the class of GH estimators in [25,33] based on the
power mean (PM) of the normalized log-excesses,

ξ̂ PM(α)(k) =

(
M(α)

n (k)
Γ(α + 1)

)1/α

, α > 0, 1 ≤ k < n. (10)

The Hill estimator is obtained by taking α = 1 in (10) (ξ̂ H(k) = ξ̂ PM(1)(k)). To reduce
the bias of many classic EVI-estimators, a slightly more restrictive condition than (4) is
needed. More specifically, we assume that the quantile function U belongs to a subset of
Hall’s class [34,35],

U(t) = C tξ
(
1 + ξβ tρ/ρ + β′ t2ρ + o

(
t2ρ
))

, (11)

as t→ ∞, with β, β′ ̸= 0, and ρ < 0. This subset of Hall’s class includes several well-known
Pareto-type models, such as the Burr, Fréchet, Generalized Pareto, the Loglogistic, and
the Student’s t. Here, we introduce a new class of reduced-bias (RB) EVI-estimators, still
dependent on a tuning parameter,

ξ̂ RBPM(α)(k) = ξ̂ PM(α)(k)
(

1− 1− (1− ρ̂)α

αρ̂(1− ρ̂)α
β̂
(n

k

)ρ̂
)

, α > 0, 1 ≤ k < n, (12)

with (β̂, ρ̂) adequate estimators of the second-order parameters (β, ρ) defined in (11). This
class of RB estimators generalizes the well-known minimum-variance reduced-bias (MVRB)
corrected Hill (CH) estimators introduced in Caeiro et al. [36]. More precisely, if α = 1
in (12),

ξ̂CH(k) ≡ ξ̂ RBPM(1)(k) := ξ̂ H(k)

(
1− β̂

1− ρ̂

(n
k

)ρ̂
)

, 1 ≤ k < n, (13)

with ξ̂H(k) the Hill estimator in (5). Other types of RB RVI-estimators based on the Hill
estimator can be found in [37,38], among others.

The remainder of this paper is organized as follows. Section 2 is devoted to the
asymptotic behavior of the EVI-estimators under study. Under a third-order framework, the
asymptotic properties of the PM EVI-estimator, in (10), are presented. Next, the asymptotic
non-degenerate behavior of the RBPM EVI-estimator, in (12), is derived, assuming first
that the second-order parameters (β, ρ) are known and then that they are adequately
estimated in the high level k1 of a larger order than k, the number of order statistics used in
the EVI-estimation. In Section 3, an asymptotic comparison at optimal levels of the new
reduced-bias estimators is performed. The finite sample properties of the new estimators
are assessed through a Monte Carlo simulation study presented in Section 4. Section 5 is
devoted to illustrating the behavior of the estimators under study to a hydrological data
set, and finally, in Section 6, the main conclusions of this study are put forward.
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2. Asymptotic Behavior of the Estimators

To study the asymptotic bias of the EVI-estimators under consideration, and due
to the slowly varying parts of the CDF F, we need a second-order condition. We, thus,
assume the existence of an ultimately positive regular varying function A with index ρ,
i.e., |A(t)| ∈ RVρ [39], such that

lim
t→∞

ln U(tx)− ln U(t)− ξ ln x
A(t)

=
xρ − 1

ρ
, (14)

for every x > 0. The second-order parameter ρ ≤ 0 rules the rate of convergence of
U(tx)/U(t) to xξ . The speed increases as |ρ| increases. Algorithms for an adequate
estimation of the second-order parameters (β, ρ) can be found for instance in [40,41],
among others. To obtain additional information about the bias of the estimators under
study, we also impose the validity of the following third-order condition: there exists a B(t)
function, which measures the rate of convergence in the second-order condition in (14),
such that,

lim
t→∞

ln U(tx)−ln U(t)−ξ ln x
A(t) − xρ−1

ρ

B(t)
=

xρ+ρ′ − 1
ρ + ρ′

, (15)

for all x > 0, with ρ′ ≤ 0, a third-order parameter, and |B(t)| ∈ RVρ′ . This condition holds
for several Pareto-type models.

A considerable number of models that fulfill Equation (15) belong the subset of Hall’s
class in (11). For those models, we have

A(t) = ξβtρ, B(t) = β′tρ′ , with β, β′ ̸= 0, δ = β′/β and ρ = ρ′ < 0. (16)

Based on Lemma 2.1 of Gomes et al. [42], we begin by introducing some notation
that underlies the distributional representation of M(α)

n in Equation (8), given the validity
of the third-order condition in (15), and assuming (16). With Ei, i = 1, 2, . . ., a sequence
of independent and identically distributed standard exponential random variables, let us
consider the notations:

µ
(1)
α := E[Ei

α] = Γ(α + 1), (17)

µ
(2)
α (ρ) := E

[
Ei

α−1
(

eρEi − 1
ρ

)]
=

Γ(α)
ρ

(
1

(1− ρ)α
− 1
)

, (18)

µ
(3)
α (ρ) := E

[
Ei

α−2
(

eρEi − 1
ρ

)2]
, (19)

=


1
ρ2 ln (1−ρ)2

1−2ρ , α = 1
Γ(α)

ρ2(α−1)

(
1

(1−2ρ)α−1 − 2
(1−ρ)α−1 + 1

)
, α ̸= 1

, (20)

σα :=
√
Var[Ei

α] =
√

Γ(2α + 1)− Γ2(α + 1), (21)

and

µ
(j)
α (ρ) :=

µ
(j)
α (ρ)

µ
(1)
α

, σα :=
σα

µ
(1)
α

. (22)

Theorem 1. Assuming the validity of the third-order condition, (15) and also of (16), and consider-
ing intermediate sequences k = kn satisfying (7), the following distributional representation holds:

M(α)
n (k) d

= ξαµ
(1)
α

(
1 +

σα√
k

Z(α)
k +

α

ξ
µ(2)

α (ρ)A(n/k) + Op

(
A(n/k)√

k

)
+

1
2ξ2

(
2α δµ(2)

α (2ρ) + α(α− 1)µ(3)
α (ρ)

)
A2(n/k)(1 + op(1))

)
,
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where Z(α)
k are asymptotically standard normal random variables, defined by

Z(α)
k :=

P(α)
k
σα

=

√
k

σα

(
1
k

k

∑
i=1

Eα
i − Γ(α + 1)

)
. (23)

The proof of this theorem follows the same structure as the proof of Proposition 3.2
in [42].

Remark 1. From the results presented in Gomes and Martins ([24]), the vector (P(1)
k , P(α)

k ),

with P(α)
k defined in (23), is asymptotically a bivariate random vector with zero mean value and

covariance matrix,

Σα =

[
1 αΓ(α + 1)

αΓ(α + 1) Γ(2α + 1)− Γ2(α + 1)

]
, (24)

being the Cov
(

P(α)
k , P(β)

k

)
given by Γ(α + β + 1)− Γ(α + 1)Γ(β + 1), for any pair (α, β).

In the next Theorem, we state without proof the asymptotic distributional represen-
tation of the GH estimator, ξ̂PM(α), in (10), under a third-order framework, extending the
result presented in Gomes and Martins ([24]).

Theorem 2. Assuming the validity of the third-order condition, (15) and also of (16), and consider-
ing intermediate sequences k = kn satisfying (7), the following distributional representation holds:

ξ̂ PM(α)(k) d
= ξ +

ξ σα

α
√

k
Z(α)

k + µ(2)
α (ρ)A(n/k) + Op

(
A(n/k)

α
√

k

)
+

1
2ξ

(
2δµ(2)

α (2ρ) + (α− 1)
(

µ(3)
α (ρ)− (µ(2)

α (ρ))2
))

A2(n/k)(1 + op(1)),

with

1
2ξ

(
2δµ(2)

α (2ρ) + (α− 1)
(

µ(3)
α (ρ)− (µ(2)

α (ρ))2
))

=
1

2ξα2ρ2

(
α(1− (2− δ)ρ)

(1− 2ρ)α
− 2(1− αρ)

(1− ρ)α
− α− 1

(1− ρ)2α
− δαρ + 1

)
. (25)

If
√

kA(n/k)→ λ finite and
√

kA2(n/k)→ 0, when k→ ∞, then

√
k(ξ̂ PM(α)(k)− ξ)

d−→ N
(

λ bPM :=
λ

α

1− (1− ρ)α

ρ(1− ρ)α
, vα :=

ξ2

α2

[
Γ(2α + 1)
Γ2(α + 1)

− 1
])

.

Remark 2. The variance term, vα, reaches its minimum value ξ2 when α is equal to 1. On the
other hand, the term bPM ≡ bPM(α), with ρ fixed, is positive and decreases as α increases (see [25],
Figures 3 and 4).

Asymptotic Properties of the New Reduced Bias EVI-Estimator

The properties of the RB EVI-estimator, ξ̂RBPM(α), in (12), are presented in two stages.
First, we consider that the second-order parameters (β, ρ) are known. Next, we assume
that we estimate externally the vector of second-order parameters in an adequate level k1
of order statistics, with k1 = [n1−ϵ], ϵ→ 0 and where [ . ] denotes the integer part and n the
size of the available sample.
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Theorem 3. Assuming the validity of the third-order condition, (15) and also of (16), and consid-
ering intermediate sequences k = kn satisfying (7),

ξ̂
RBPM(α)
(β,ρ) (k) = ξ̂ PM(α)(k)

(
1− 1− (1− ρ)α

αρ(1− ρ)α
β
(n

k

)ρ
)

, α > 0, 1 ≤ k < n,

has a distributional representation of the type

ξ̂
RBPM(α)
(β,ρ) (k) d

= ξ +
ξ σα

α
√

k
Z(α)

k + Op

(
A(n/k)

α
√

k

)
+ bRBPM A2(n/k)(1 + op(1)), (26)

with
bRBPM =

1
2ξ

(
2δ µ(2)

α (2ρ) + (α− 1)µ(3)
α (ρ)− (α + 1)(µ(2)

α (ρ))2
)

. (27)

Then, with vα defined in Theorem 2,

• If
√

kA(n/k)→ λ is finite or infinite and
√

kA2(n/k)→ 0, when k→ ∞, then

√
k(ξ̂ RBPM(α)

(β,ρ) (k)− ξ)
d−→ N (0, vα).

• If
√

kA(n/k)→ ∞ and
√

kA2(n/k)→ λA, when k→ ∞, then

√
k(ξ̂ RBPM(α)

(β,ρ) (k)− ξ)
d−→ N (λA bRBMP, vα).

Proof. The result follows from the distributional representation of ξ̂PM(α) presented in
Theorem 2. Since β

( n
k
)ρ

= A(n/k)/ξ,

ξ̂
RBPM(α)
(β,ρ) (k) =ξ̂ PM(α)(k)

(
1− µ

(2)
α (ρ)

ξ
A(n/k)

)
d
=

(
ξ +

ξ σα

α
√

k
Z(α)

k + µ(2)
α (ρ)A(n/k) + Op

(
A(n/k)

α
√

k

)
+

(
δ

ξ
µ(2)

α (2ρ) +
(α− 1)

2ξ

(
µ(3)

α (ρ)− (µ(2)
α (ρ))2

))
A2(n/k)(1 + op(1))

)
×
(

1− µ
(2)
α (ρ)

ξ
A(n/k)

)
d
= ξ +

ξ σα

α
√

k
Z(α)

k + Op

(
A(n/k)

α
√

k

)
+

1
2ξ

(
2δ µ(2)

α (2ρ) + (α− 1)µ(3)
α (ρ)− (α + 1)(µ(2)

α (ρ))2
)

A2(n/k)(1 + op(1)).

Despite the great variety of classes of estimators for the second-order parameters
ρ and β now available in the literature, we suggest the estimators introduced in Fraga
Alves et al. [43] and Gomes and Martins [44]. Alternative estimators for the second-order
parameters can be found in papers such as [45–50]. The class of estimators of ρ in [43]
was initially parameterized with a tuning parameter τ ≥ 0, but it can more generally be
considered as a real number (Caeiro and Gomes [51]). It is defined as

ρ̂(k; τ) ≡ ρ̂τ(k) := −
∣∣∣∣3(Tn(k; τ)− 1)

Tn(k; τ)− 3

∣∣∣∣, (28)
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where, with M(α)
n (k) given in (8) and the notation abτ = b ln a, whenever τ = 0,

Tn(k; τ) :=

(
M(1)

n (k)
)τ
−
(

M(2)
n (k)/2

)τ/2

(
M(2)

n (k)/2
)τ/2

−
(

M(3)
n (k)/6

)τ/3 , τ ∈ R.

The theoretical and simulated results presented in Fraga Alves et al. [43] and Caeiro and
Gomes [50], and their application in RB estimation, lead us to use τ = 0 when −1 ≤ ρ < 0
and τ = 1 when ρ < −1 in practical scenarios.

We consider the β-estimator first obtained in [44] and based on the scaled log-spacings

Ui := i(ln Xn−i+1:n − ln Xn−i:n), 1 ≤ k < n.

On the basis of any consistent estimator ρ̂ of the second-order parameter ρ, we consider
the β-estimator, β̂(k; ρ̂), where, with ρ < 0,

β̂(k; ρ) :=

(
k
n

)ρ
{(

1
k ∑k

i=1

(
i
k

)−ρ
)(

1
k ∑k

i=1 Ui

)
−
(

1
k ∑k

i=1

(
i
k

)−ρ
Ui

)}
(

1
k ∑k

i=1

(
i
k

)−ρ
)(

1
k ∑k

i=1

(
i
k

)−ρ
Ui

)
−
(

1
k ∑k

i=1

(
i
k

)−2ρ
Ui

) . (29)

With (ρ̂, β̂) generally denoting the (ρ, β)-estimators in (28) and (29), computed in the
high level k1, i.e., (ρ̂, β̂) ≡ (ρ̂(k1), β̂(k1)), we can now state the asymptotic behavior of
ξ̂ RBPM(α) in (12).

Theorem 4. Assuming the validity of the third-order condition (15) and also (16), considering
intermediate sequences k = kn satisfying (7), with (ρ̂, β̂) ≡ (ρ̂(k1), β̂(k1)), where k1 is a high
level such that

√
k1 A(n/k1) → ∞, k = o(k1) and with (ρ̂− ρ) ln n = op(1), then ξ̂RBPM(α) is

consistent for the estimation of ξ. If
√

kA(n/k)→ λ is finite (possibly zero), then

√
k
(

ξ̂ RBPM(α)(k)− ξ
)

d−→ N (0, vα),

where vα is given in Theorem 2. This result still holds true for levels k such that
√

kA(n/k)→ ∞
and
√

kA2(n/k)→ λA, if (ρ̂− ρ) ln n = op(1/
√

kA(n/k)).

Proof. Defining

dα(ρ, β) := µ(2)
α (ρ)

A(n/k)
ξ

= µ(2)
α (ρ)β

(n
k

)ρ
,

with µ
(2)
α (ρ) in (22), the delta method enables us to write

dα(ρ̂, β̂) = dα(ρ, β) + (β̂− β)
∂dα(ρ, β)

∂β
(1 + op(1)) + (ρ̂− ρ)

∂dα(ρ, β)

∂ρ
(1 + op(1)),

where
∂dα(ρ, β)

∂β
= µ(2)

α (ρ)
(n

k

)ρ

and

∂dα(ρ, β)

∂ρ
=

∂µ
(2)
α (ρ)

∂ρ
β
(n

k

)ρ
+ µ(2)

α (ρ)β
(n

k

)ρ
ln
(n

k

)
= µ(2)

α (ρ)β
(n

k

)ρ(
cα(ρ) + ln

(n
k

))
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with

cα(ρ) =

∂
∂ρ µ

(2)
α (ρ)

µ
(2)
α (ρ)

=
αρ− (1− ρ) + (1− ρ)α+1

ρ(1− ρ)
(
1− (1− ρ)α) =

(1− ρ)α+1 − (1− (α + 1)ρ)
ρ(1− ρ)

(
1− (1− ρ)α) .

Then, it follows that

ξ̂ RBPM(α)(k)=ξ̂ PM(α)(k)
(

1− 1− (1− ρ̂)α

αρ̂(1− ρ̂)α
β̂
(n

k

)ρ̂
)
= ξ̂ PM(α)(k)

(
1− dα(ρ̂, β̂)

)
= ξ̂ PM(α)(k)

(
1− dα(ρ, β)− (β̂− β)

∂dα(ρ, β)

∂β
(1 + op(1))− (ρ̂− ρ)

∂dα(ρ, β)

∂ρ
(1 + op(1))

)
d
= ξ̂

RBPM(α)
(β,ρ) (k)− µ(2)

α (ρ)A(n/k)

(
β̂− β

β
+ (ρ̂− ρ)(cα(ρ) + ln(n/k))

)
.

Since ξ̂
RBPM(α)
(β,ρ) is consistent for the estimation of ξ, β̂ and ρ̂ are consistent for the

estimation of β and ρ, respectively, and (ρ̂− ρ) ln(n/k) = op(1),

µ(2)
α (ρ)A(n/k)

(
β̂− β

β
+ (ρ̂− ρ)(cα(ρ) + ln(n/k))

)
= op(1),

and the consistency of ξ̂ RBPM(α)(k) follows.

Next, given that

√
k
(

ξ̂ RBPM(α)(k)− ξ
)

d
=
√

k
(

ξ̂
RBPM(α)
β,ρ (k)− ξ

)
−
√

k A(n/k) µ(2)
α (ρ)

(
β̂− β

β
+ (ρ̂− ρ)(cα(ρ) + ln(n/k))

)
,

with β̂− β
p∼ −β(ρ̂− ρ) ln(n/k1) ([52], Theorem 2.1); then,

√
k
(

ξ̂ RBPM(α)(k)− ξ
)

d
=
√

k
(

ξ̂
RBPM(α)
β,ρ (k)− ξ

)
−
√

k A(n/k) µ(2)
α (ρ)(ρ̂− ρ) ln(k/k1).

Thus, ξ̂ RBPM(α)(k) is consistent for the estimation of ξ if (ρ̂− ρ) ln(k/k1) = op(1/A(n/k))
and asymptotic normality holds for levels k such that

√
kA(n/k)→ λ (finite) but also for

levels k, where
√

kA(n/k)→ ∞ and
√

kA2(n/k)→ λA, if (ρ̂− ρ) ln(k/k1) = op

(
1√

kA(n/k)

)
.

Remark 3. Note that when α = 1, we obtain for ξ̂PM(α)(k) and ξ̂RBPM(α)(k), in (10) and (12),
respectively, the same asymptotic variance as ξ̂CH(k) in (13), which is ξ2. The ratio between the
asymptotic standard deviations of both estimators,

rα :=
√

vα

ξ2 =
1
α

√
Γ(2α + 1)
Γ2(α + 1)

− 1,

is always greater than or equal to 1 for α > 0.
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Let Bias∞(ξ̂RBPM(α)(k)) represent the asymptotic bias and Var∞(ξ̂RBPM(α)(k)) the asymp-
totic variance of ξ̂ RBPM(α)(k), in (12). Then, based on the results presented in Theorem 3,
we can derive the Asymptotic Mean Squared Error (AMSE):

AMSE
(

ξ̂RBPM(α)(k)
)
=Var∞(ξ̂RBPM(α)(k)) +

(
Bias∞(ξ̂RBPM(α)(k))

)2
= (30)

=
ξ2

k α2

[
Γ(2α + 1)
Γ2(α + 1)

− 1
]
+ b2

RBPM A4(n/k), if bRBPM ̸= 0, (31)

with bRBPM given in (27). The AMSE of the CH estimator is obtained by taking α = 1:

AMSE
(

ξ̂CH(k)
)
=

ξ2

k
+

1
ξ2

(
δ

1− 2ρ
− 1

(1− ρ)2

)2
A4(n/k). (32)

Proposition 1. If bRBPM ̸= 0, the threshold that minimizes the AMSE, denoted as kRBPM
0 , can be

expressed as follows:

kRBPM
0 =

 1
α2

[
Γ(2α+1)
Γ2(α+1) − 1

]
(−ρ)β4

(
2δ µ

(2)
α (2ρ) + (α− 1)µ(3)

α (ρ)− (α + 1)(µ(2)
α (ρ))2

)2


1

1−4ρ

n−
4ρ

1−4ρ . (33)

Remark 4. Note that √
kRBPM

0 A2(n/kRBPM
0 ) →

n→∞

√
vα√

−4ρ|bRBPM|
.

Moreover, by taking α = 1 in (33), the value of k that minimizes the AMSE of the CH estimator
is given by

kCH
0 =

(
−4ρ

(
δ

1− 2ρ
− 1

(1− ρ)2

)2
β4

)− 1
1−4ρ

n−
4ρ

1−4ρ . (34)

3. Asymptotic Comparison at Optimal Levels

Let us consider ξ̂•(k), a generic RB EVI-estimator with a distributional representation

ξ̂•(k) d
= ξ +

σ•√
k

Z(α)
k + b•A2(n/k)(1 + op(1)). (35)

Let ξ̂•0 = ξ̂•n(k•0) be the RB EVI-estimator computed at its optimal level and LMSE the
limiting mean square error. Using regular variation theory ([14,15]), we can ensure that
whenever b• ̸= 0, there exists a function φ(n, ξ, ρ), which solely depends on the underlying
model and not on the estimator ([31]), such that

lim
n→∞

φ(n, ξ, ρ)AMSE
(
ξ̂•0
)
=
(

σ2
•

)− 2ρ
1−4ρ

(
b2
•

) 1
1−4ρ

=: LMSE
(
ξ̂•0
)
.

By evaluating the ratio of LMSE for two different RB EVI-estimators, we derive
a measure independent of the φ(·) function, thus leading us to consider the following
efficiency measure:

AREFF(1)|(2) :=

√√√√LMSE(ξ̂ (2)
0 )

LMSE(ξ̂ (1)
0 )

=

(
σ(2)

σ(1)

)− 4ρ
1−4ρ

∣∣∣∣∣ b(2)b(1)

∣∣∣∣∣
1

1−4ρ

. (36)

If AREFF> 1, then ξ̂ (2)(k) is more efficient than ξ̂ (1)(k); if AREFF= 1, the two
estimators are equally efficient; and if AREFF< 1, then ξ̂ (1)(k) is more efficient than
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ξ̂ (2)(k). With ξ̂ (1)(k) ≡ ξ̂ RBPM(α)(k) and ξ̂ (2)(k) ≡ ξ̂ CH(k) (bCH := 1
ξ

(
δ

1−2ρ −
1

(1−ρ)2

)
,

σCH := ξ),

AREFFRBPM(α)|CH =

(
1
α

√
Γ(2α + 1)
Γ2(α + 1)

− 1

) 4ρ
1−4ρ

×

∣∣∣∣∣∣∣∣
2(α ρ)2

(
δ

1−2ρ −
1

(1−ρ)2

)
α(1−(2−δ)ρ)

(1−2ρ)α + 2(1+αρ)
(1−ρ)α − α+1

(1−ρ)2α − (1 + δαρ)

∣∣∣∣∣∣∣∣
1

1−4ρ

. (37)

Note that (37) is derived from the asymptotic formulas for the dominant components
of asymptotic bias and variance.

For simplicity, we conduct the comparison only for a few Pareto-type models. For
the Burr or the Generalized Pareto (GP) distributions, δ = 1 and a contour plot of
AREFFRBPM(α)|CH is presented in Figure 1. The blue lines represent the (α, ρ)-region where
the two estimators are equally efficient and the grey-shaded region represents the values
of the (α, ρ)-plane where ξ̂ RBPM(α)(k) is more efficient than ξ̂ CH(k). It is apparent that the
(α, ρ)-plane region where ξ̂ RBPM(α)(k) outperforms ξ̂ CH(k) is notably large and diverse.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

−2.5

−2.0

−1.5

−1.0

−0.5

0.0

AREFFRBPM(α) | CH

α

ρ

 0.9 
 0.95 

 1.1 
 1.2 

 2  0.5 
 0.7  0.8 

 0.9  0.95 

 1 

 1 
 1 

Figure 1. Contour plot of AREFFRBPM(α)|CH, with δ = 1 in the (α, ρ)-plane.

By fixing the values of (δ, ρ) it is possible to find the value of α that maximizes
AREFFRBPM(α)|CH, i.e., αmax = arg maxα AREFFRBPM(α)|CH. Considering the Pareto-type
models described in Section 4 and the associated (δ, ρ) values we obtained for the Fréchet
model, αmax = 1.232; for the Burr model with ρ = −0.75, αmax = 0.464, and αmax = 0.073,
when ρ = −0.5; for the Half-t1 model, αmax = 0.468; for the Half-t2 model, αmax = 0.844;
for the Half-t3 model, αmax = 1.148, and for the Half-t4 model, αmax = 1.412. Note that, as
shown in Section 4, the use of this αmax does not always lead to the best results because
their finite sample behavior may differ.
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4. Monte Carlo Simulation Study

In this section, we perform a Monte Carlo simulation study to assess the finite sam-
ple behavior of the new class of estimators ξ̂ RBPM(α)(k), with selected values of α. For
comparison purposes, the value α = 1 (CH≡RBPM(1)) and the Hill estimator in (5) were
included in this study. The other α values used in the simulation study were chosen
based on the findings from a preliminary simulation study. The results were obtained
based on 2000 simulated samples of sizes n = 50, 100, 200, 500, 1000, 2000 and 5000 from
the following Pareto-type models:

• The Fréchet model with a d.f. given by F(x) = exp(−x−1/ξ), x > 0, with ξ = 0.5
(ρ = ρ′ = −1, δ = 5/3).

• The Burr model, with a d.f. F(x) = 1− (1 + x−ρ/ξ)1/ρ, x > 0, ξ > 0, ρ < 0 with
(ξ, ρ) = (0.5,−0.5) and (0.5,−0.75) (ρ = ρ′ = −1, δ = 1).

• The Half-tν model, i.e., the absolute value of a Student’s-tν distribution with ν = 2, 3, 4,
(ξ, ρ) = (1/ν,−2/ν) (ρ = ρ′, δ = ν(ν2 + 4ν + 2)/((ν + 4)(ν + 1))).

• The Log-gamma model with ξ = 0.5 (ρ = 0). It is important to note that this model
does not fulfill condition (11).

4.1. Results for All Values of k

For each model, the performance of the estimators is evaluated through the simulated
mean value (E) and root mean squared error (RMSE) as a function of k. The results of
the simulation study are provided in Figures 2–8 for samples of size n = 500. The dotted
horizontal black line on the left plots represents the value of the EVI.
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Figure 2. Simulated mean values (left) and RMSE (right) of the EVI-estimators under study for
samples of size 1000 from the Fréchet model, with ξ = 0.5.
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Figure 3. Simulated mean values (left) and RMSE (right) of the EVI-estimators under study for
samples of size 1000 from the Burr model, with ξ = 0.5 and ρ = −0.75.
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Figure 4. Simulated mean values (left) and RMSE (right) of the EVI-estimators under study for
samples of size 1000 from the Burr model, with ξ = 0.5 and ρ = −0.5.
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Figure 5. Simulated mean values (left) and RMSE (right) of the EVI-estimators under study for
samples of size 1000 from the Half-t model, with ν = 2 (ξ = 0.5).
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Figure 6. Simulated mean values (left) and RMSE (right) of the EVI-estimators under study for
samples of size 1000 from the Half-t model, with ν = 3 (ξ = 1/3).
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Figure 7. Simulated mean values (left) and RMSE (right) of the EVI-estimators under study for
samples of size 1000 from the Half-t model, with ν = 4 (ξ = 0.25).
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From these figures, we can conclude the following:

• As expected, the finite sample behavior of the new class of RB EVI-estimators depends
on the underlying model, but there is always a positive value of α that enables a clear
reduction in both bias and RMSE;

• For the Fréchet model, with ξ = 0.5, the new RB EVI-estimators provide a stable
trajectory around the true value of ξ for a wide range of k values;

• For the Burr models under study, there is also a significant reduction in bias and RMSE;
• The same holds for the Half-t models, except for the RMSE for the Half-t model with

ν = 1, where the Hill estimator presents the lowest RMSE;
• Even for the Log-gamma model, it is possible to find values of α that stabilize the

simulated mean sample paths, also reducing the RMSE.
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Figure 8. Simulated mean values (left) and RMSE (right) of the EVI-estimators under study for
samples of size 1000 from the Log-gamma model, with ξ = 0.5.

4.2. Results at the Simulated Optimal k

The simulated mean values at optimal levels, aiming for minimal MSE, are summa-
rized in Table 1 for the Pareto-type models described above. The corresponding simulated
RMSE at optimal levels is presented in Table 2. The values with the smallest absolute bias
and RMSE are highlighted in bold.

Table 1. Simulated mean value for the EVI-estimators under study, computed at the simulated
optimal level.

50 100 200 500 1000 2000 5000

Fréchet model with ξ = 0.5 (ρ = −1)
H 0.5728 0.5563 0.5414 0.5358 0.5263 0.5213 0.5132
RBPM(0.5) 0.4755 0.4745 0.4839 0.4959 0.4993 0.5010 0.5010
RBPM(1) 0.4870 0.4893 0.4879 0.4959 0.5002 0.5019 0.5015
RBPM(1.2) 0.4870 0.4893 0.4879 0.4959 0.5002 0.5019 0.5015
RBPM(2) 0.4920 0.5038 0.5028 0.4998 0.5010 0.5028 0.5022
RBPM(3) 0.4975 0.5040 0.5071 0.5082 0.5055 0.5047 0.5034

Burr model with (ξ, ρ) = (0.5,−0.75)
H 0.6189 0.5987 0.5708 0.5526 0.5446 0.5364 0.5299
RBPM(0.5) 0.5656 0.5463 0.5346 0.5296 0.5178 0.5171 0.5146
RBPM(1) 0.5556 0.5433 0.5336 0.5232 0.5175 0.5171 0.5134
RBPM(2) 0.5449 0.5383 0.5295 0.5220 0.5195 0.5161 0.5129
RBPM(3) 0.5400 0.5353 0.5304 0.5247 0.5206 0.5154 0.5130
RBPM(5) 0.5260 0.5180 0.5228 0.5212 0.5197 0.5178 0.5152
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Table 1. Cont.

50 100 200 500 1000 2000 5000

Burr model with (ξ, ρ) = (0.5,−0.5)
H 0.6878 0.6349 0.6088 0.5928 0.5776 0.5633 0.5520
RBPM(0.25) 0.6968 0.6319 0.6190 0.5924 0.5809 0.5651 0.5483
RBPM(1) 0.6344 0.6100 0.5898 0.5692 0.5634 0.5546 0.5438
RBPM(2) 0.6045 0.5861 0.5719 0.5614 0.5582 0.5466 0.5405
RBPM(3) 0.5685 0.5713 0.5578 0.5569 0.5515 0.5435 0.5378
RBPM(5) 0.5338 0.5392 0.5365 0.5380 0.5374 0.5343 0.5326

Half-t model with ν = 2 (ξ = 0.5)
H 0.6001 0.5641 0.5568 0.5476 0.5362 0.5243 0.5232
RBPM(0.85) 0.5339 0.5217 0.5164 0.5048 0.5034 0.5018 0.5007
RBPM(1) 0.5319 0.5210 0.5164 0.5050 0.5037 0.5022 0.5011
RBPM(2) 0.5300 0.5204 0.5148 0.5083 0.5043 0.5032 0.5011
RBPM(3) 0.5242 0.5222 0.5177 0.5123 0.5072 0.5056 0.5031
RBPM(5) 0.5223 0.5176 0.5154 0.5156 0.5116 0.5093 0.5065

Half-t model with ν = 3 (ξ = 1/3)
H 0.4304 0.4325 0.3957 0.3874 0.3769 0.3637 0.3588
RBPM(0.25) 0.4396 0.4085 0.3919 0.3744 0.3688 0.3567 0.3547
RBPM(1) 0.3991 0.3949 0.3785 0.3681 0.3636 0.3536 0.3516
RBPM(2) 0.3806 0.3811 0.3733 0.3630 0.3597 0.3544 0.3495
RBPM(3) 0.3747 0.3713 0.3682 0.3599 0.3581 0.3540 0.3503
RBPM(5) 0.3504 0.3528 0.3533 0.3552 0.3541 0.3525 0.3497

Half-t model with ν = 4 (ξ = 0.25)
H 0.3732 0.3449 0.3266 0.3017 0.2958 0.2904 0.2800
RBPM(0.25) 0.3779 0.3434 0.3266 0.3053 0.2977 0.2845 0.2828
RBPM(1) 0.3345 0.3263 0.3109 0.2959 0.2899 0.2783 0.2754
RBPM(2) 0.3063 0.3087 0.3003 0.2891 0.2813 0.2794 0.2730
RBPM(3) 0.2975 0.2908 0.2899 0.2831 0.2796 0.2761 0.2723
RBPM(5) 0.2615 0.2728 0.2688 0.2702 0.2684 0.2699 0.2678

Log-gamma with ξ = 0.5
H 0.6569 0.6324 0.6172 0.5961 0.5963 0.5840 0.5759
RBPM(0.25) 0.5110 0.5301 0.5561 0.5743 0.5780 0.5811 0.5818
RBPM(1) 0.5189 0.5340 0.5613 0.5802 0.5862 0.5830 0.5732
RBPM(2) 0.5260 0.5405 0.5663 0.5825 0.5803 0.5762 0.5707
RBPM(3) 0.5281 0.5436 0.5659 0.5776 0.5787 0.5741 0.5702
RBPM(5) 0.5110 0.5291 0.5490 0.5567 0.5578 0.5582 0.5582

Table 2. Simulated RMSE for the EVI-estimators under study, computed at the simulated optimal level.

50 100 200 500 1000 2000 5000

Fréchet model with ξ = 0.5 (ρ = −1)
H 0.1383 0.1051 0.0818 0.0597 0.0457 0.0365 0.0262
RBPM(0.5) 0.1205 0.0991 0.0782 0.0559 0.0418 0.0313 0.0206
RBPM(1) 0.1137 0.0957 0.0745 0.0541 0.0406 0.0303 0.0200
RBPM(1.2) 0.1124 0.0942 0.0739 0.0540 0.0406 0.0303 0.0200
RBPM(2) 0.1125 0.0926 0.0732 0.0544 0.0421 0.0315 0.0206
RBPM(3) 0.1163 0.0949 0.0758 0.0563 0.0446 0.0340 0.0224

Burr model with (ξ, ρ) = (0.5,−0.75)
H 0.2170 0.1675 0.1291 0.0931 0.0739 0.0600 0.0453
RBPM(0.5) 0.1693 0.1155 0.0837 0.0555 0.0404 0.0310 0.0234
RBPM(1) 0.1547 0.1084 0.0791 0.0530 0.0388 0.0301 0.0227
RBPM(2) 0.1425 0.1041 0.0768 0.0527 0.0395 0.0306 0.0229
RBPM(3) 0.1359 0.1038 0.0781 0.0554 0.0424 0.0330 0.0247
RBPM(5) 0.1219 0.1003 0.0806 0.0624 0.0508 0.0406 0.0317
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Table 2. Cont.

50 100 200 500 1000 2000 5000

Burr model with (ξ, ρ) = (0.5,−0.5)
H 0.3039 0.2364 0.1833 0.1399 0.1148 0.0955 0.0760
RBPM(0.25) 0.2891 0.2067 0.1615 0.1246 0.1028 0.0871 0.0693
RBPM(1) 0.2337 0.1736 0.1373 0.1055 0.0879 0.0750 0.0601
RBPM(2) 0.2020 0.1555 0.1238 0.0971 0.0814 0.0690 0.0563
RBPM(3) 0.1813 0.1444 0.1168 0.0939 0.0797 0.0678 0.0556
RBPM(5) 0.1493 0.1239 0.1041 0.0884 0.0778 0.0672 0.0574

Half-t model with ν = 2 (ξ = 0.5)
H 0.2027 0.1511 0.1172 0.0819 0.0646 0.0517 0.0379
RBPM(0.85) 0.1426 0.0899 0.0651 0.0404 0.0268 0.0196 0.0126
RBPM(1) 0.1397 0.0885 0.0642 0.0400 0.0265 0.0195 0.0125
RBPM(2) 0.1303 0.0857 0.0630 0.0399 0.0274 0.0204 0.0133
RBPM(3) 0.1260 0.0874 0.0663 0.0435 0.0310 0.0235 0.0156
RBPM(5) 0.1182 0.0906 0.0733 0.0529 0.0416 0.0334 0.0242

Half-t model with ν = 3 (ξ = 1/3)
H 0.1879 0.1493 0.1157 0.0856 0.0679 0.0543 0.0406
RBPM(0.25) 0.1732 0.1226 0.0915 0.0655 0.0524 0.0418 0.0315
RBPM(1) 0.1378 0.1025 0.0772 0.0560 0.0448 0.0356 0.0273
RBPM(2) 0.1197 0.0926 0.0715 0.0527 0.0422 0.0337 0.0260
RBPM(3) 0.1084 0.0873 0.0697 0.0528 0.0431 0.0348 0.0271
RBPM(5) 0.0921 0.0775 0.0665 0.0531 0.0464 0.0388 0.0310

Half-t model with ν = 4 (ξ = 0.25)
H 0.1846 0.1468 0.1159 0.0854 0.0694 0.0560 0.0439
RBPM(0.25) 0.1826 0.1357 0.1078 0.0804 0.0669 0.0543 0.0428
RBPM(1) 0.1451 0.1116 0.0890 0.0674 0.0563 0.0460 0.0367
RBPM(2) 0.1211 0.0971 0.0788 0.0609 0.0511 0.0426 0.0342
RBPM(3) 0.1057 0.0873 0.0726 0.0571 0.0489 0.0415 0.0339
RBPM(5) 0.0841 0.0720 0.0622 0.0508 0.0449 0.0398 0.0341

Log-gamma with ξ = 0.5
H 0.2168 0.1820 0.1556 0.1294 0.1141 0.1035 0.0897
RBPM(0.25) 0.1805 0.1417 0.1196 0.1059 0.0989 0.0935 0.0869
RBPM(1) 0.1758 0.1373 0.1169 0.1059 0.1014 0.0976 0.0877
RBPM(2) 0.1810 0.1409 0.1200 0.1075 0.1015 0.0940 0.0848
RBPM(3) 0.1853 0.1452 0.1240 0.1084 0.1002 0.0928 0.0837
RBPM(5) 0.1780 0.1444 0.1243 0.1059 0.0967 0.0903 0.0816

An analysis of the provided tables leads us to the following conclusions:

• For the Fréchet model with ξ = 0.5, Burr model with (ξ, ρ) = (0.5,−0.75), and Half-t
model with ν = 2, the best value of α depends on the sample size;

• For the Burr model with (ξ, ρ) = (0.5,−0.5) and for the Half-t models with ν = 3, 4,
the value of α = 5 seems to provide an overall good performance;

• For the Half-t model with ν = 1, the best estimator in terms of minimum RMSE is the
Hill estimator, but in terms of bias, the value of α = 5, for large sample sizes, is the
best choice;

• For the Log-gamma model with ξ = 0.5, the value of α = 0.5 provides the smallest
absolute bias and the smallest RMSE for sample sizes n ≥ 500. For small sample sizes,
the smallest RMSEs are the ones associated with the CH estimator.

As stated at the end of Section 3, the values of α that maximize the AREFF, in (37),
are based on a combination of the asymptotic bias and variance. Apart from the Fréchet
model where the value αmax = 1.2 provides good results in terms of simulated bias and
RMSE, for the other models under study the findings of the simulations study differ from
the theoretical ones. This difference may be attributed to the estimation of the second-order
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parameters (β, ρ) and to the fact that finite properties of the estimators may differ from the
theoretical asymptotic ones.

5. Case Study: Application of New Estimators to Hydrological Data

In this section, we perform an illustration of the behavior of the new estimators in a
real data set. Consider the daily flow (in m3/s) of the Whiteadder River in Hutton, UK,
within 11 years, ranging from 1 January 1995 to 31 December 2005, with a total of n = 4018
observations. The data were collected from https://nrfa.ceh.ac.uk/data/station/mean
flow/21022 (accessed on 7 December 2015). The time series plot and the boxplot of the
Whiteadder River are presented in Figure 9. From the boxplot, it is clear that the data are
positively skewed (skew = 8.244), also having an excess of kurtosis of 118.598. Based on
these features, one can infer that our real data set has a Pareto-type tail and these EVI-
estimators can be applied to infer the heaviness of the right tail. To perform an adequate
choice of ξ, we search for stability regions around a value of ξ. The larger the stability
region, the better. The use of RB EVI-estimators allows us to search for stability regions
for large values of k. The sample paths of the estimators under study for the Whiteadder
River flow are presented in Figure 10. The Hill estimates (black line) present some stability
around the value of 0.5 for a small region of k values. The CH estimates (green line) also
show a small stability region. The new class of RB EVI-estimators with an appropriate
choice of the tuning parameter leads to more stable sample paths when compared to the
classic RB EVI-estimator in (13) (CH≡RBPM(1)), enabling the use of stability Algorithms
like the ones in [41] to obtain adaptive estimates of ξ.
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Figure 9. Daily time series (left) and boxplot (right) of the Whiteadder River flow between 1995 and
2005 (n = 4018).
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Figure 10. Sample paths of estimators under study for the Whiteadder River flow between 1995 and
2005 (n = 4018).
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6. Conclusions

In this work, we introduce a novel class of RB EVI-estimators developed using the
power mean of the normalized log-excesses and that generalizes other classes of RB EVI-
estimators in the literature. We derive the asymptotic non-degenerate behavior within a
third-order framework and perform an asymptotic comparison at optimal levels. Large-
scale simulation experiments reveal that the parameter α generally facilitates bias reduction
and enhances stability in estimates, depending on the number k of order statistics con-
sidered. Moreover, with a suitably chosen control parameter, these estimators exhibit a
relatively stable RMSE pattern with k. Our findings also show significant improvements
over the CH estimator. A comparison with other classes of RB EVI-estimators is currently
underway and falls outside the scope of this work.
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