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Abstract

Let X(R) be a separable translation-invariant Banach function space and a be a Fourier multiplier on X (R). We
prove that the Wiener-Hopf operator W (a) with symbol a is maximally noncompact on the space X (R, ), that
is, its Hausdorff measure of noncompactness, its essential norm, and its norm are all equal. This equality for the
Hausdorff measure of noncompactness of W (a) is new even in the case of X(R) = LP(R) with 1 < p < oco.

Keywords Wiener-Hopf operator - Essential norm - Hausdorff measure of noncompactness -
Translation-invariant space - Rearrangement-invariant space

Introduction

For Banach spaces X, ), let B(X, V) and (X, V) denote the sets of bounded linear and compact linear operators from X to
YV, respectively. We will abbreviate B(X) := B(X, X') and K(X) := (X, X). The norm of an operator A € B(&X, V) is denoted
by |All5(x,y). The essential norm of A € B(X, )) is defined by

Al Bx,).e ;= Inf{[|[A — Kllpwx,y) : K € K(X,))}.

For a bounded subset 2 of the space X', we denote by x (£2) the greatest lower bound of the set of numbers r such that €2 can be
covered by a finite family of open balls of radius r. For A € B(X, ))), set

lAllBx,Y),x == x (A(Bx)),

where By denotes the closed unit ball in X. The quantity ||Al|5(x,y),, is called the Hausdorff measure of noncompactness of
the operator A. It follows from the definition of the essential norm and [1, inequality (3.29)] that for every A € B(X, )V) one has

IAllBx,),x < IIAlBx,Y).e < IAllBX,Y)- (D

Note that both inequalities in Eq. 1 may be strict. A simple example of an operator, for which the first inequality is strict, is given
in [2, Section 2.4.11]. Moreover, there exist Banach spaces X and ) such that

lAllBx.vy.e
aeBx,y) 1AlBx. ). x
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(see [3, the proof of Theorem 2.5]).
An interesting example of an operator, for which the second inequality in Eq. 1 is strict, is the Cauchy singular integral operator

1
Se ) = — / F® 40
wl Jrt—1t

on L2(I"), where T is a smooth simple closed contour in the complex plane. In this case, |[Stll zz2(ry),e = ISr g2y if and
only if T is a circle (see [4, Corollary 5.7]).
We refer to the monographs [2, 5, 6] for the general theory of measures of noncompactness. In particular, it is well known that

K e K(X,Y) <= IIKlBx.y).x =0 IIKlBx.y),e=0
(for the first equivalence, see, e.g., [6, Theorem 5.29]). We will say that an operator A € B(X, )) is maximally noncompact if

1AlBx,y),x = IAlBx,Y).e = 1AlBX,Y)-

Leta € L*°(R) and X (R) be a Banach function space (see [7], “Banach function spaces” section below, and also [8, Ch. 1],
[9, Ch. 6]). For a set Q C R of positive measure, let e be the operator of extension by 0 from Q to R and X (Q) be the Banach
space of measurable functions f : Q@ — Csuch that || fllx0) 1= lleg fllx®) < 0.

Before discussing Wiener-Hopf operators, let us consider the multiplication operator al € B(X (R)). This operator is maxi-
mally noncompact. Indeed, it is easy to see that |[al||gx®)) < lla|lz>. On the other hand, for any ¢ > 0, there exist ¢ € C and
a set of positive measure Q C R such that |c| > ||a|lp< —¢/2 and |a — ¢| < ¢/2 a.e. in Q. Then,

lalllBx®y.x = lalllzixoy.x = llcIliBxo),x — I(c —a)lllBx(0)),x
> el Bx(0)),x — e —a)lBx(g) > lc|l —&/2 > |lallp~ — ¢

(see [2, Theorem 1.1.6]). Since & > 0 is arbitrary, one gets [lal | 5x(R)),x = llallzs=. So,

lalllx®y),x = llallLe = llalllgx®y)-

It is instructive to compare the above with what is known for multiplication operators on Sobolev spaces W (R), m € N,
1 < p < oo. Suppose, for simplicity, that the support of a is a subset of [—1, 1]. Then, [lal]| BWn (R) is estimated below by
||a||W;7n times a constant independent of a (see [10, Corollary 2.3.1]). On the other hand, |lal ||3(W[»7n (R)),x 18 estimated above
by |lal| >~ times a constant independent of a (see [11]). Hence, one cannot expect al : W;" R) — W;," (R) to be maximally
noncompact.

Let S(R) denote the Schwartz spaces of rapidly decaying infinitely differentiable functions, let

(Fu)®) = (&) = f u(eE dx, £ e R,
R

be the Fourier transform of u € S(R), and let F~! denote the inverse Fourier transform on S(R). The operators F and F —! can
be extended by continuity to LZ(R), and we will use the same symbols for their extensions to L2(RR). Let X (R) be a Banach
function space. A function a € L*°(R) is said to belong to the set M%(R) of Fourier multipliers on X (R) if

|F~'aFulxm) 2
lall = su {7 ue (L2R) N XR) \[0}} < oo.
My =5 T e ( )

The operator F~'aF is translation-invariant, and one can find results on maximal noncompactness of such operators in [12,
Section 5]. If a € M?((R) and X (R) is separable, in which case L2(R) N X(R) is dense in X (R) (see Lemma 2.2 below), then
F~'aF can be extended by continuity to a bounded linear operator on X (R). This operator is, in a sense, equivalent to the
multiplication operator al : F(X(R)) — F(X(R)), but maximal noncompactness of the former does not seem to follow directly
from the maximal noncompactness of the operator @/ on the Banach function space X (R).

Denote by r4 the operator of restriction from R to Ry := (0, o) and by e the operator of extension by 0 from R, to R.
For a closed subspace Y (R) of a Banach function space X (R), let Y (IR.;) be the space of all measurable functions f : Ry — C
such that

1A lly®y) == lle+ flly®) < oo.

Fora e M%(R), let
W(au :=r F 'aFeju, ueL*>Ry)NXRL)
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be the Wiener-Hopf operator with symbol a. Put

IW@ullx®,)

W@ lix® = Sup{ tu e (L2(Ry) N X(Ry)) \{0}} :

llell x (R4
Let X5 (R) be the closure of L2(R1)NX (R.) in X (R,.). Then, the bounded linear operator W (a) : L>(R1)NX(Ry) — X (R,)
can be extended by continuity to a bounded linear operator from X>(Ry) to X(Ry), which we will denote again by W (a).
Moreover,

W) llix®1 = IW@IBx> R4, X(Ry))-

We are interested in the maximal noncompactness of Wiener-Hopf operators. We refer to [12—15] for maximal noncompactness
of some other integral transforms.
Let us recall the results motivating our work. If a € M(Z P(R)” then

W) swr®r,) = IW@lswr®o)e 1<p<oo. ()

(see [16, p. 5], where it is stated without proof for 1 < p < oo, and [17, Section 9.5(b)], where the exact range for p is not
specified and the given idea of the proof seems to exclude the case p = 1).

Equality (2) was recently extended by the first author and M. Valente to the setting of Lorentz and Orlicz spaces (see, e.g., [8,
Ch. 4] for their definitions). Let X (R) be a Lorentz space L?'4(R) with 1 < p < coand 1 < g < oo or a separable Orlicz space
L®(R) generated by a Young’s function ® satisfying

d(r
lim 20 _ o, 3)
t—0t 1
It was shown in [18, Theorem 1] that if a € M%(R), then
W@ Bx®y) = IW@IBx®R,)),e- 4)

It is well known that the Lebesque space L”(R), 1 < p < 00, is the Orlicz space generated by the Young’s function ®(¢) = 7
(with equal norms). So, condition (3) excludes the case of the space LY(R).

Note that Lebesgue, Lorentz, and Orlicz spaces are translation-invariant. So it is natural to look for extensions of the above
results to the setting of arbitrary translation-invariant Banach function spaces (see ‘“Translation-invariant subspaces of Banach
function spaces” section for their definition). Let us state here a simply formulated consequence of our main result, which will
be proved in the “Main result” section.

Theorem 1.1 Suppose X (R) is a separable translation-invariant Banach function space. If a € M())((R), then the Wiener-Hopf
operator W (a) is maximally noncompact on the space X (R..), that is,

W@ lBx®y) = IW@IBx®).e = IW@IBx®)),X-
This theorem improves equality (4) for separable Orlicz spaces because it allows to drop condition (3) (and, so, to include the
space L!(R;) into consideration). What is more important is that the equality | W (a)|lgx®.) = IW (@ lBx(®,)),x is new
even for Lebesgue spaces L”(Ry) with 1 < p < oo.

The paper is organized as follows. In the “Preliminaries on Banach function spaces” section, we collect preliminaries on the
class of Banach function spaces and its subclasses of translation-invariant and rearrangement-invariant spaces. For the latter
subclass of spaces, we recall the definition of their Zippin (or fundamental) indices. The “Main result and its applications to
Wiener-Hopf operators” section starts with our main result (Theorem 3.1) on the maximal noncompactness of the truncation
Ay = riAey of a translation-invariant operator A : X(R) — Y (R) acting from a translation-invariant subspace X (R) to
a translation-invariant Banach function space Y (R) with some additional properties. Further, this result is applied to prove
Theorem 1.1. Finally, we show that the hypotheses of Theorem 3.1 are flexible enough to prove analogs of Theorem 1.1 for a
not necessarily separable rearrangement-invariant Banach function space with the positive lower Zippin index. In particular, we
state such a result for weak Lebesgue spaces L”>*° with 1 < p < 0o, which are not separable, as it is well known.

Preliminaries on Banach function spaces
Banach function spaces
The set of all Lebesgue measurable complex-valued functions on R is denoted by 9t(R). Let 9™ (IR) be the subset of functions

in M(R) whose values lie in [0, co]. The characteristic function of a measurable set E C R is denoted by 1 and the Lebesgue
measure of E is denoted by |E]|.
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Following [7, p. 3] (see also [8, Ch. 1, Definition 1.1] and [9, Definition 6.1.5]), a mapping p : 9T (R) — [0, co] is called a
Banach function norm if, for all functions f, g, f; (j € N) in M+ (R), for all constants ¢ > 0, and for all measurable subsets E
of R, the following properties hold:

Al)  p(f)=0% f=0ae, paf)=ap(f), p(f+g =p(f)+pg,
(A2) O0<g< fae = p(g) <p(f) (thelattice property),

(A3) 0= f; 1 fae. = p(fj) 1 p(f) (theFatou property),
(A4) Eisbounded = p(l1f) < o0,

(A5) E isbounded = / f(x)dx < Cgp(f)
E

with Cg € (0, oo) that may depend on E and p but is independent of f.
When functions differing only on a set of measure zero are identified, the set X (R) of all functions f € 9(R) for which
p(|f]) < oo becomes a Banach space under the norm

Iflx) == pCfD

and under the natural linear space operations (see [7, Ch. 1, § 1, Theorem 1] or [8, Ch. 1, Theorems 1.4 and 1.6]). It is called a
Banach function space.
If p is a Banach function norm, its associate norm p’ is defined on 9™ (R) by

p'(g) = sup{/Rf(x)g(x) dx: feM ), p(f) < l}.

It is a Banach function norm itself (see [7, Ch. 1, § 1] or [8, Ch. 1, Theorem 2.2]). The Banach function space X’(R) defined
by the Banach function norm p’ is called the associate space (Kothe dual) of X (R). The Lebesgue space LP(R), 1 < p < oo,
is the archetypical example of a Banach function space. Other classical examples of Banach function spaces are Lorentz spaces
LP9(R)withl < p <ocand 1 < g < oo (see, e.g., [8, Ch. 4, Section 4]), Orlicz spaces L®(R) (see, e.g., [8, Ch. 4, Section 8]),
all other rearrangement-invariant Banach function spaces (see [8, Ch. 2]), as well as, variable Lebesgue spaces L? O(R) (see

[19D).

Remark 2.1 We note that our definition of a Banach function space is slightly different from that found in [8, Ch. 1, Definition 1.1]
and [9, Definition 6.1.5]. In particular, in Axioms (A4) and (A5), we assume that the set E is a bounded set, whereas it is sometimes
assumed that £ merely satisfies | E| < oo. Itis well known that all main elements of the general theory of Banach function spaces
work with (A4) and (AS5) stated for bounded sets [7] (see also the discussion at the beginning of Chapter 1 on page 2 of [8] and
[20]).

Density of simple functions and its consequences

Let So(R) denote the set of all simple functions with compact support in R and Sy(R.+) denote the set of all simple functions
with compact support in [0, 00).

Lemma 2.2 [f X(R) is a separable Banach function space, then the sets So(R), L%(R) N X(R) are dense in the space X (R),
and the sets So(Ry), L2 (R4) N X (Ry) are dense in the space X (R4.).

Proof Since So(R) ¢ L%(R) N X(R) and Sy Ry C LZ(RJr) N X (R;), it is enough to prove that So(R) is dense in X (R) and
So(R4) is dense in X (R).

Following [7, Ch. 1, § 2, Definition 3], let X;(R) be the closure of the set of all bounded measurable functions with compact
support. It can be shown as in [8, Ch. 1, Proposition 3.10] that the closure of So(R) in X (R) coincides with X, (R). It follows
from [7, Ch. 1, § 2, Lemma 4 and § 3, Corollary 1] (see also [8, Ch. 1, Theorem 3.11 and Corollary 5.6]) that if X (R) is separable,
then X (R) = X, (R). So, in this case Sp(R) is dense in X (R).

Now, let f € X(R). Then, g := e f € X(R) and for every ¢ > 0 there exists &z € So(R) such that ||g — hllx®r) < €.
Therefore, r :=rih € Sp(Ry) and

If=rixey = llryer f —r+hllxw = lIr+(¢ — M llx®y)
= lle4r+(g — M lxwr = 1L0.000(g —Mlxw) = llg — hllxw) <eé.
This implies that Sp(R) is dense in X (R). O
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Let us prove another result where an argument based on approximation of functions in X’(R) by functions in So(R) plays an
important role (see the proof of [21, Lemma 2.10]).

Lemma 2.3 Ler X(R) be a Banach function space and let X' (R) be its associate space. For every f € X(Ry), one has

Iflx®y) = SUPH/R S ()54 (x) dx

Dy € SoRy), s+ llx®yy < 1}~ (5)

Proof 1t follows from [21, Lemma 2.10] that

Ifllxry = lle+ fllxw) = SuprR(eJrf)(X)S(x)dx 2 s € SR, lIsllx® < 1} . (6)
If s € So(R) and ||s]x/g) < 1, thensy =rys € So(Ry),
Is+llx' @) = letr+slix® = 110,005 lx® =< lIsllx® <1,
and
‘ / (e4 ()5 (x) dx| = ‘ f F@)st () dx| . @)
R Ry
Hence,

sup”/R(e+f)(x)s(x)dx t s € SoR), lIsllx ) < 1}

< SUPH/R S5 (x)dx| 1 sy € So(Ry), [Is+llx®y) < 1} . (8
+

On the other hand, if s4 € So(Ry) and [|s4 || x/r,) < 1, thens = eys; € Sp(R) and

Isllx )y = lle+s+llx® = lIs+llx@ry <1,

and Eq. 7 holds. Therefore,

SUPH/R FO)sp(x)dx| 51 € SoRY), st llxry) < 1}
+

< supH /R (e4 ))s(x) dx

s s e S, Islx® =< 1}- (C))

Combining Eq. 6 and Eqgs. 8-9, we arrive at Eq. 5. O

Translation-invariant subspaces of Banach function spaces

A closed subspace Y (R) of a Banach function space X (R) is said to be translation-invariant if for all y € R and for all
functions # € Y (R), one has tyu € Y (R) and

lyully® = ltyullxw = lullx® = lully®),

where the translation operator 7y is defined by (7yu)(x) := u(x — y) for all x € R. Here and in what follows, we always suppose
that subspaces of Banach function spaces are equipped with the induced norms.

Note that all rearrangement-invariant Banach function spaces (see [8, Ch. 2] or “Rearrangement-invariant Banach function
spaces and their Zippin indices” section below) are translation-invariant. On the other hand, in view of [19, Theorem 5.17],
variable Lebesgue spaces L) (R) are not translation-invariant.

We will repeatedly use the fact that a Banach function space X (R) is translation-invariant if and only if its associate space
X'(R) is translation-invariant (see [21, Lemma 2.1]).

Rearrangement-invariant Banach function spaces and their Zippin indices

Let 91p(R) and ‘Jﬁg (R) be the classes of a.e. finite functions in 9(R) and 9" (R), respectively. The distribution function
wyrof feM(R) is given by
prG) = lx eR:[f@)] > A}, 2 =0.
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The non-increasing rearrangement of f € 9Mp(R) is the function defined by
fr@) =inf{A > 0:ur) <1}, t=0.

We use here the standard convention that inf § = +o00. Two functions f € 9Mp(R) and g € M (R) are said to be equimeasurable
if (L) = pg(A) forall A > 0.

A Banach function norm p : 9MT(R) — [0, oo] is called rearrangement-invariant if for every pair of equimeasurable
functions f, g € SD?(T (R), the equality p(f) = p(g) holds. In that case, the Banach function space X (R) generated by p is said
to be a rearrangement-invariant Banach function space (or simply a rearrangement-invariant space). Lebesgue spaces L? (R),
1 < p < oo, Orlicz spaces L®(R), and Lorentz spaces L?9(R) are classical examples of rearrangement-invariant Banach
function spaces (see, e.g., [8] and the references therein). By [8, Ch. 2, Proposition 4.2], if a Banach function space X (R) is
rearrangement-invariant, then its associate space X’(R) is also rearrangement-invariant.

Let X (R) be a rearrangement-invariant Banach function space. For each ¢ € [0, 00), let E be a subset of R with |E| = ¢ and
let ox (1) = |1 llx®). The so-defined function ¢y is called the fundamental function of X (R). Consider the function

St
My (1) = ex60 6 oy < o0
0<s<oco ¥x(5)
The numbers
In Mx (1) . In Mx (1) . In Mx (t) . In Mx(t)
px := sup —— = lim ——, g¢gx:= inf ———— = lim ————
O<t<1 Int =0+ Int l<t<oo Int t—00 Int

are called the lower and upper Zippin (or fundamental) indices of the space X (R). It is well known that 0 < py < gx < 1 (see
[8, Exercise 14 to Chapter 3] and [22, Section 4]). Simple calculations show that ¢z (f) = ¢!/? and hence prr = qrr = 1/p
forall 1 < p < oo.

Main result and its applications to Wiener-Hopf operators
Main result

Let X(R) and Y (R) be translation-invariant subspaces of Banach function spaces. An operator A € B(X(R), Y (R)) is said to
be translation invariant if Ty A = Aty for every y € R. For an operator A : X(R) — Y (R), let
Aju:=riAeju, uecXRy).
For n € N, define
Vi i=rytheq.
If X(R) is a translation-invariant subspace of a Banach function space, then for every f € X(Ry) and n € N, one has
supp tpeyt f C [n, o) and
Vaflix®e) = llexryter fllx®) = 110,000 Tne+ flIx®)
= e+ fllxw) = lle+ fllxw = 1 fllx®y)- (10)
If a space Y (R4 ) is non-separable, then So(IR;) is not dense in it, but it may happen that every element of Y (IR}) can be
approximated by elements of Sp(Ry) in a norm weaker than || - [|y(r,). This possibility is described in the next theorem by

introducing an auxiliary Banach function space Z(R). Note that the norm || - |ly(gr,) is, in general, different from the restriction
of the norm || - [ z®,) to Y (R).

Theorem 3.1 Let X (R) be a translation-invariant subspace of a Banach function space, Y (R) and Z (R) be translation-invariant
Banach function spaces such that Y (R.) is a subset of the closure of So(Ry) in Z(Ry). If A € B(X(R), Y (R)) is a translation-
invariant operator, then Ay € B(X(Ry), Y (Ry)) is maximally noncompact, that is,

lALIBx®y), y® o). x = IA+IBxX @R YR e = IAL B R, Y ®RL)-

Proof The proof is similar to the proofs of [13, Theorems 1.1-1.2] and [12, Theorem 1.1]. In view of Eq. 1, it is sufficient to
prove that
A IBx R, Y ® ), x = N1ALIBXRL), Y(RL))- (11

Take an arbitrary & > 0. There exists g € X (R ) such that | g]|x®,) = | and

lA+glly®y > 1A+IIBxX®R). YR,)) — &- (12)
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It follows from Lemma 2.3 that there exists s € So(R4) \ {0} such that ||s|lyr&,) < I and

‘/R (Arg)(x)s(x)dx| = [[Agllyw,) — & (13)

Set s, := Vys. Since Y (R) is translation-invariant, in view of [21, Lemma 2.1], so is Y’ (R). Therefore, in view of Eq. 10, one has

Isally' @y = Islly®y <1, neNlN. (14)

Making a change of variables in the left-hand side of Eq. 13, we see that for all n € N,

VR (VnA+g)(x)sp(x)dx| = ’/R (A1g)(X)s(x)dx| = [[A+gllyr,) — &
+ +

Since A is translation-invariant, it is easy to see that for all n € N,

ViAyg = (rytney)(ryAes)g = ritnl0,00)Ae+8 = rylinoo)TnAesg
= 1,00+ ATner g = Lin,00)"+ AL(0,00)Tue+ & = L(n,00)(r+Aey)(rythes)g
= L(n,00)A+ Vng.
On the other hand, supp s, C [n, 00). Hence, (A4+V, 8)s, = (V,A+g)s, a.e., and one gets

’/R (AL Vag)()sp(x) dx| = [[Asgllywry) — & 5)
.

Take any finite set {¢y, ..., ¢n} C Y(R4). Since Y (R) is a subset of the closure of Sp(Ry) in Z(Ry), and s € So(Ry) C
Z'(R,), there exists a set {¥1, ..., ¥} C So(R4) such that

loj — ¥jllzmy < jefl,....m} (16)

sz @y’
Taking into account that ¥; and s are compactly supported, we see that there exists N € N such that
Yisy =0, jell,...,m} 7
Since Z'(R) is translation-invariant (see [21, Lemma 2.1]), it follows from Eq. 10 that
Isnllzaryy = lIsllz ry)-
Then, in view of equalities (17), Holder’s inequality for the space Z(RR) (see [8, Ch. 1, Theorem 2.4]), and inequalities (16), one

gets, for j € {1,...,m},

<llgj = ¥jllzepllsnllz®s)

‘/R @j()sy(x)dx| = ‘/R (0j () = ¥ (x)) sy (x) dx

< —|sllzzwy = & (18)
Isllz &)

Combining Egs. 15 and 18, we see that for j € {1, ..., m},

VR (A4 V@) (x) — 9 (x))sn (x) dx
.

> > |Avgllywy) — 2e. (19)

/ (A Vg) (¥)sy (x) dx
Ry

- ‘/ @j(x)sn(x)dx
Ry

On the other hand, applying Holder’s inequality to the space Y (R) (see [8, Ch. 1, Theorem 2.4]) and taking into account inequality
(14), we get for j € {1, ..., m},

< 1A+ VNg —ojlly®olisnlly &y

VR (A4 VNg)(x) — @ (x))sn (x) dx
.

<A+ VNg —@jlly®y)- (20)
So, we deduce from Eqs. 19, 20 and 12 that for j € {1, ..., m},

1A+ Vg —oilly®y) > 1Arglly®y) — 28 > 1AL B ®L), Y ®RL)) — 3€.



Journal of Mathematical Sciences

Since X (R) is a translation-invariant subspace of a Banach function space, it follows from Eq. 10 that

IVyegllxwy = llgllx®y) = 1.

So, for every finite set {¢, ..., ¢n} C Y (Ry), there exist an element A Vyy g of the image of the unit ball A (BX(R+)) that lies
at a distance greater than || A4 ||5x (R, ), ¥(R,)) — 3¢ from every element of {¢1, ..., @i }. This means that A (BX(R+)) cannot
be covered by a finite family of open balls of radius || A4 |5x(®,).y(®,)) — 3¢. Hence, for all ¢ > 0,

A+l Bx®) YR x = 1A+ B ®RL). Y ®RL)) — 3€.

Passing to the limit as ¢ — 0+, we arrive at Eq. 11, which completes the proof. O

Proof of theorem 1.1

If X(R) is a translation-invariant Banach function space, then its subspace X»(R), being the closure of L*(R) N X(R) in
X (R), is also translation-invariant. It is easy to see that if a € M% (®)» then the Fourier multiplier operator

A=F YWF: XxR) - X(R) 21)

is translation-invariant and A4 = W(a) € B(X2(R4), X(Ry)).
It follows from Lemma 2.2 that if X(R) is separable, then X>(R) = X(R) and Sp(R) is dense in X(R). So, applying
Theorem 3.1 to A, A as above and X (R) = X»>(R) = Y (R) = Z(R), we arrive at Theorem 1.1.

Maximal noncompactness of Wiener-Hopf operators on rearrangement-invariant Banach function spaces

Our main result is also flexible enough to treat the case of Wiener-Hopf operators on many not necessarily separable
rearrangement-invariant Banach function spaces.

Theorem 3.2 Let X (R) be a rearrangement-invariant Banach function space with the lower Zippin index px > 0 and let X, (R)
be the closure of L*(R) N X (R) in the space X (R). Ifa € M())((R), then the Wiener-Hopf operator W (a) € B(X2(R4), X(Ry))
is maximally noncompact, that is,

W) B, ®), xR ) = IW(@IIBxX R, XR)).e = IW@IBOG®R), X R x-
Proof Following [8, Ch. 3, Definition 1.2], for | < p < oo, let LY(R) 4+ LP(R) be the collection of all measurable functions
f : R — C that are representable as f = g + h for some g € L'(R) and 4 € L?(R). For each function f € L'(R) + L?(R),
its norm is defined as
I f Lt )+ = inf{ligliwy + 1Rl © f =g+ hl,

where the infimum is taken over all representations f = g + h with g € L'(R) and h € L?(R).

Since px > 0, there exists p € (1, 0o) such that py > 1/p. Then, it follows from [12, Lemma 5.2] that X (R) is continuously
embedded into Z(R) := L' (R) + LP(R). Therefore, X (R4) is contained in Z(R.). It is shown in the proof of [12, Corollary 5.4]
that So(R) is dense in Z(R). Hence, So(R) is dense in Z (R ) (cf. the proof of Lemma 2.2). It remains to apply Theorem 3.1 to
the translation-invariant operator A in Eq.21, the Wiener-Hopf operator Ay = W(a) € B(X2(R4+), X(R4)) and to the spaces
X>(R), X(R), and Z(IR) as above. O

Let us formulate a corollary of the above result, which does not follow from Theorem 1.1.
For 1 < p < oo, the Marcinkiewicz space L”-°°(R) (the weak L? space) consists of all measurable functions f : R — C
such that

t
I fllroey = sup ¢'/P~! f f*(s)ds < o0.
0

O<t<oo

It is well known that L?"°°(R) is a rearrangement-invariant Banach function space with respect to the above norm and both its
Zippin indices are equal to 1/p (see [8, Ch. 4, Theorem 4.6] and [22, inequalities (4.14)]). Moreover, it follows from [23, Ch. II,
Theorem 4.8 and Lemma 5.4] or from [9, Theorem 8.5.3] and [8, Ch. 1, Corollary 5.6] that L”-°°(RR) is nonseparable.

Corollary 3.3 Ler1 < p < coand let Lg‘OO(R) be the closure of the set L(R) N L?*°°(R) in the Marcinkiewicz space LP>® (R).
Ifa e M(z,,,m(R), then the Wiener-Hopf operator W (a) € B(Lg’oo(R+), LP-*°(Ry)) is maximally noncompact, that is,

W@l swp>®,) Lo,y = IW@lprp=m,), Lre®,)).e

= ||W(a)||B(L§"°C(R+),L§‘°o(ﬂ@+)),x'
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