HARDY-LITTLEWOOD MAXIMAL OPERATOR ON THE
ASSOCIATE SPACE OF A BANACH FUNCTION SPACE

ALEXEI YU. KARLOVICH

ABSTRACT. Let £(X,d, 1) be a Banach function space over a space of homoge-
neous type (X, d, ). We show that if the Hardy-Littlewood maximal operator
M is bounded on the space £(X,d, u), then its boundedness on the associate
space &' (X,d, p) is equivalent to a certain condition A. This result extends
a theorem by Andrei Lerner from the Euclidean setting of R™ to the setting of
spaces of homogeneous type.

1. INTRODUCTION.

We begin with the definition of a space of homogeneous type (see, e.g., [E]).
Given a set X and a function d : X x X — [0,00), one says that (X,d) is a
quasi-metric space if the following axioms hold:

(a) d(z,y) =0 if and only if x = y;
(b) d(z,y) =d(y,x) for all z,y € X;
(c) for all z,y,z € X and some constant s > 1,

d(z,y) < »(d(z,y) + d(y, ). (1.1)

For x € X and r > 0, consider the ball B(z,r) = {y € X : d(x,y) < r} centered
at = of radius r. Given a quasi-metric space (X, d) and a positive measure p that
is defined on the o-algebra generated by quasi-metric balls, one says that (X, d, u)
is a space of homogeneous type if there exists a constant C), > 1 such that for any
x € X and any r > 0,
u(B(x,2r)) < Cup(B(, 7). (1.2)

To avoid trivial measures, we will always assume that 0 < p(B) < oo for every ball
B. Consequently, u is a o-finite measure.

Given a complex-valued function f € L (X, d, n), we define its Hardy-Littlewood
maximal function M f by

1
(MP)(a) = sup s /B F(@) du(z), =€ X,

where the supremum is taken over all balls B C X containing x € X. The Hardy-
Littlewood maximal operator M is a sublinear operator acting by the rule f — M f.
The aim of this paper is the studying the relations between the boundedness of the
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operator M on a so-called Banach function space £(X,d, ) and on its associate
space £'(X,d, 1) in the setting of general spaces of homogeneous type (X, d, u).

Let us recall the definition of a Banach function space (see, e.g., [3, Chap. 1,
Definition 1.1]). Let L°(X,d, i) denote the set of all complex-valued measurable
functions on X and let Lg (X,d, i) be the set of all non-negative measurable func-
tions on X. The characteristic function of a set £ C X is denoted by xp. A
mapping p : LY (X,d,n) — [0,00] is called a Banach function norm if, for all
functions f,g, fn € Lg(X, d,p) with n € N, for all constants a > 0, and for all
measurable subsets F of X, the following properties hold:

Al) p(f) =0 f=0ae, plaf) = ap(f), p(f +9) < p(f) +p(9),
A2 0<g<fae = p(g) <p(f) (the lattice property),

(A1)
(A2)
(A3) 0< fn?1 fae = p(fn) Tp(f) (the Fatou property),
(AD) () <oo = plxs) < oo,
(A5)

A5) [ f@)duta) < Coph)

with a constant C'r € (0,00) that may depend on E and p, but is independent of
f- When functions differing only on a set of measure zero are identified, the set
E(X,d, p) of all functions f € L%(X,d, i) for which p(]f|) < oo is called a Banach
function space. For each f € £(X,d, ), the norm of f is defined by

1f1le = p(I£])-

The set £(X,d, u) under the natural linear space operations and under this norm
becomes a Banach space (see [3, Chap. 1, Theorems 1.4 and 1.6]). If p is a Banach
function norm, its associate norm p’ is defined on LQ(X, d, 1) by

Jg) = sup{ [ f@gte)duta) = 1€ 2 (X, p(f)S1}~

It is a Banach function norm itself [3 Chap. 1, Theorem 2.2]. The Banach function
space £'(X,d, it) determined by the Banach function norm p’ is called the associate
space (Ko6the dual) of £(X,d, u).

Hytonen and Kairema [10], developing further ideas of Christ [4], show that
a space of homogeneous type (X,d,u) can be equipped with a finite system of
adjacent dyadic grids {D! : ¢ = 1,..., K}, each of which consists of sets @, called
dyadic cubes, that resemble properties of usual dyadic cubes in R™. We postpone
precise formulations of these results until Section

Given a dyadic grid D € UtK: 1 D', a sparse family S C D is a collection of dyadic
cubes @ € D for which there exists a collection of sets {E(Q)}ges such that the
sets F(Q) are pairwise disjoint, £(Q) C @, and

n(@Q) < 2u(E(Q)).

Definition 1 (The condition A.). Following [11], we say that a Banach function
space £(X,d,u) over a space of homogeneous type (X,d,u) satisfies the condi-
tion Ay if there exist constants C,vy > 0 such that for every dyadic grid D €
Ufil D¢, every finite sparse family S C D, every collection of non-negative num-
bers {ag}ges, and every collection of pairwise disjoint measurable sets {Gg}oes
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such that Gg C @, one has

Z AQXGq

Qes

> agxe

Qes

(1.3)

G v
<C (max 1( Q))
. Qes p(Q)
The main aim of the present paper is to provide a self-contained proof of the

following generalization of [IT, Theorem 3.1] from the Euclidean setting of R™ to
the setting of spaces of homogeneous type.

£

Theorem 2 (Main result). Let £(X,d, u) be a Banach function space over a space
of homogeneous type (X, d, ) and let E'(X,d, 1) be its associate space.

(a) If the Hardy-Littlewood mazimal operator M is bounded on the space £' (X, d, u),
then the space £(X,d, p) satisfies the condition As.

(b) If the Hardy-Littlewood maximal operator M is bounded on the space £(X,d, 1)
and the space E(X,d, i) satisfies the condition A, then the operator M is
bounded on the space £'(X,d, ).

The paper is organized as follows. In Section 2] we formulate results of Hytonen
and Kairema [10] on a construction of a system of adjacent dyadic grids {D! : t =
1,..., K} on the underlying space of homogeneous type (X,d,u). In Section
we prove that if a weight w belongs to the dyadic class AP with D € Ufil Dt,
then it satisfies a reverse Holder inequality. Section [4] contains a proof of a version
of the Calderén-Zygmund decomposition of spaces of homogeneous type. Armed
with these auxiliary results, following ideas of Lerner [I1, Theorem 3.1], we give a
self-contained proof of Theorem [2]in Sections [f| and [6]

We conjecture that reflexive variable Lebesgue spaces (see, e.g., [0, [8, @, [I1] for
definitions) over spaces of homogeneous type satisfy the condition A.,. If this con-
jecture is true, then in view of Theorem[2] we can affirm that the Hardy-Littlewood
maximal operator is bounded on a reflexive variable Lebesgue space over a space
of homogeneous type if and only if it is bounded on its associate space. Note that
in the Euclidean setting of R™, this result was proved by Diening [9, Theorem 8.1]
(see also [II, Theorem 1.1]). We are going to embark on the proof of the above
conjecture in a forthcoming paper.

2. DYADIC DECOMPOSITION OF SPACES OF HOMOGENEOUS TYPE.

Let (X, d, 1) be a space of homogeneous type. The doubling property of  implies
the following geometric doubling property of the quasi-metric d: any ball B(z,r)
can be covered by at most N := N(C},, ») balls of radius r/2. It is not difficult to
show that N < C5+31827

An important tool for our proofs is the concepts of an adjacent system of dyadic
grids D', t € {1,...,K}, on a space of homogeneous type (X,d,u). Christ [4]
Theorem 11] (see also [5, Chap. VI, Theorem 14]) constructed a system of sets on
(X,d, 1), which satisfy many of the properties of a system of dyadic cubes on the
Euclidean space. His construction was further refined by Hyténen and Kairema
[10, Theorem 2.2]. We will use the version from [2, Theorem 4.1].

Theorem 3. Let (X, d, 1) be a space of homogeneous type with the constant » > 1
in inequality (L.1) and the geometric doubling constant N. Suppose the parameter
5 € (0,1) satisfies 965c26 < 1. Then there exist an integer number K = K (5, N, 6),
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a countable set of points {z8t : o € Ay} withk € Z and t € {1,...,K}, and a
finite number of dyadic grids

D' = {QN k€ Z,a € A},

such that the following properties are fulfilled:

(a) for everyte {1,...,K} and k € Z one has
(i) X =Ugqeu, Q5" (disjoint union);
(ii) if Q,P € D!, then QN P € {0,Q, P};
(iii) if Q& € DY, then

B(zEt c16F) c Q8 < B(Ft, Cy6%), (2.1)

where ¢; = (123¢*)71 and Oy := 4s¢%;
(b) for everyt € {1,..., K} and every k € Z, if QX*t € D!, then there exists at

least one Qi"" € D*, which is called a child of Q%!, such that Q5" C

a 7’
kit and there exists exactly one Qi1 € D', which is called the parent

of Q%' such that QX' C Qﬁ‘l’t;

(c) for every ball B = B(x,r), there exists

K
QBEUDt

t=1

such that B C Qp and Qp = QF~Vt for some indices a € Ay, and t €
{1,..., K}, where k is the unique integer such that §*+1 < r < 6%,

The collections D, t € {1,...,K}, are called dyadic grids on X. The sets
QF! € D! are referred to as dyadic cubes with center 2% and sidelength 6%, see
(2.1). The sidelength of a cube Q@ € D! will be denoted by £(Q). We should
emphasize that these sets are not cubes in the standard sense even if the underlying
space is R™. Parts (a) and (b) of the above theorem describe dyadic grids D¢, with
t € {1,..., K}, individually. In particular, permits a comparison between a
dyadic cube and quasi-metric balls. Part (¢) guarantees the existence of a finite
family of dyadic grids such that an arbitrary quasi-metric ball is contained in a
dyadic cube in one of these grids. Such a finite family of dyadic grids is referred to
as an adjacent system of dyadic grids.

Let D € UtK: . D! be a fixed dyadic grid. One can define the dyadic maximal
function MP f of a function f € L{ (X,d,u) by

loc

(MDf)(x):giu(l@ /Q F@)] du(z), =€ X,

where the supremum is taken over all dyadic cubes @) € D containing .
The following important result is proved by Hyténen and Kairema [I0, Proposi-
tion 7.9].

Theorem 4. Let (X,d,pu) be a space of homogeneous type and let Uthl Dt be
the adjacent system of dyadic grids given by Theorem [3 There exist a constant
Cri(X) > 1 depending only (X,d, i) such that for every f € L (X,d,pn) and

loc
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a.e. x € X, one has

(MP' f)(z) < CHK(X)(Mf)(x), te{l,..., K},

(Mf)(z) < Cux(X ZMD'

t=1

3. REVERSE HOLDER INEQUALITY.

A measurable non-negative locally integrable function w on X is said to be a
weight. Given a weight w and a measurable set £ C X, denote

w(E) ::/Ew(x) du(x).

Fix a dyadic grid D € Ufil Dt. A weight w : X — [0,00] is said to belong to
the dyadic class AP if there exists a constant ¢ > 0 such that for a.e. z € X,

(MDw) (2) < cw(z).

The smallest constant ¢ in this inequality is denoted by [w] 4.

Following [2], Definition 4.4], a generalized dyadic parent (gdp) of a cube @ is any
cube @* such that £(Q*) = 6%5(@) and for every Q' € D such that Q' NQ # 0 and
Q") = £(Q), one has Q' C Q*. According to [2, Lemma 4.5], every cube Q € D
possesses at least one gdp.

For every x € X and @ € D, put

Qo ={Q €D : NQ#D UQ)<LQ)}, Q5 :={Q €Qq : z€Q}.

It follows immediately that if Q' € Qg, then Q" C Q*. For every Q € D, the
localized dyadic maximal operator MQ is defined by

|f(y)lduly) if Qf #10,
(Mof)(x) = { ey / ¢
0, it Q5 =0
Following [2], Definition 4.7], one says that a weight w : X — [0, o] belongs to the
dyadic class AL if

D._ su IHL w)\x i 0.
D .= sup inf (Q*)/XWQ () du(z) <

[w] f
Qep @

Let Cp > 1 be a constant such that for all cubes @ € D and Q' € Qg satisfying
£(Q) = £(Q'), one has
1(Q") < Cpu(Q"). (3.1)

Lemma 5. If w € AT, then w € AL and [w]sp < [w]4p-

Proof. Fix a cube Q € D and one of its gdp’s Q*. It follows immediately from the
definition of Qq that if Q" € Qq, then Q" C Q*. Take any z € X. If Qf # 0,
then there exists Q' € QF such that » € Q" C Q*. Therefore, if z ¢ Q*, then
(Mgw)(z) = 0. Thus, for a.e. € Q,

(Mqw)(z) = (Mqu)(z)xq- () < (MPw)(z)xq- (x) < [wapw(z)xq-(v),
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whence
w :supinfi*/]\/[w x)du(x
wlag = spinf o | (Mou) (@) du(a)
1
< [w suinfi/wmdx:w ,
[w] ap sup it o L. (z) dpu(x) = [w]4p
which completes the proof. O

The following result is an easy consequence of the weak reverse Holder inequal-
ity for weights in AL obtained recently by Anderson, Hyténen, and Tapiola [2]
Theorem 5.4].

Lemma 6. Let K be the constant from Theorem[3 and Cp be the constant defined
in (3.1)). If w € AP, then for every n satisfying

< 2
<= 2O KL (32)

and every Q € D, one has

SIS 't (z x o w 73L w(zx T
(Qﬂ(Q)/Q () dp( )) < Cplw] 41 u(Q)/Q (z) du(x). (3.3)

Proof. We know from Lemma [5| that w € AY and [w]ap < [w]4p. Then, by [2)
Theorem 5.4], for every n satistying (3.2), one has

<2H2Q) /Qw1+77(m) d,u(x))li” < CD@/*U/(I) du(z). (3.4)

Since w € AP, for a.e. x € Q C Q*, one has

1 / D
w(y) du(y) < (M~w)(x) < lw]pw(x).
e w(y)duly) = ( () < [w] gpw(z)
Integrating this inequality over ), we obtain
Q) / /
w(y)d < |w w(z) dp(x). 3.5
107 Jo (y) du(y) < [w]ap ; (z) dp() (3.5)
Combining inequalities (3.4) and (3.5), we immediately arrive at inequality (3.3)).

O

The main result of this section is the following reverse Holder inequality.

Theorem 7. Let K be the constant from Theorem[3 and Cp be the constant defined

in (3.1). If w € AP, then for every n satisfying (3.2), every cube Q € D, and every
measurable subset E C Q), one has

w(g) <2 Crlla (u(Q)) | (36)
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Proof. By Holder’s inequality and reverse Holder’s inequality ((3.3)),

w(E) = /Q w(@)xp() du(z)

</Q w! " (x) du(:r)) N (W(E)) ™

=
=

IN

IN

1
2757 Cplul 4p

e}
—2hiColulapu(@ (45)
which immediately implies (3.6)). a

4. CALDERON-ZYGMUND DECOMPOSITION.
We start this section with the following important observation.

Lemma 8. Suppose (X,d, ) is a space of homogeneous type with the constants
% > 1 in inequality and C,, > 1 in inequality . Let (X, d, 1) be equipped
with an adjacent system of dyadic grids {D',t = 1,..., K} and let § € (0,1) be
chosen as in Theorem @ Then there is an ¢ = €(32,Cy,0) € (0,1) such that for
everyt € {1,...,K} and all Q, P € D!, if Q is a child of P, then

Q) > ep(P). (4.1)

This result is certainly known. For the construction of Christ, we refer to [5l
Chap. VI, Theorem 14], where it is stated without proof (see also [4, Theorem 11},
where it is implicit). In [I, Theorem 2.1] and [8, Theorem 2.5] it is stated without
proof and attributed to Hytonen and Kairema [10], although it is only implicit in
the latter paper. For the convenience of the readers, we provide its proof.

Proof. Let Q = QZH’t be a child of P = Q" for some t € {1,...,K}, k € Z, and
o € A, f € Apta. It follows from Theorem (a), part (iii), that P C B(2%*, 4525F)
and B(zg's'l’t7 (12x¢*)~16%+1) C Q, whence

w(P) < p(B(Et 4526%)),  p(B(z5 ™", (12:¢) 710 h) < w(Q). (4.2)

It follows from [10, Lemma 2.10] with Cy = 2s¢ (cf. [10, Lemma 4.10]) that if Qgﬂ’t
is a child of Q%!, then

(25t 25T < 208" (4.3)
If x € B(2F* 45:26%), then

d(z, 281) < 456", (4.4)
Combining (|1.1)) with (4.3)—(4.4), we get
d(w, 2 T) < se(d(, 250 + (=5, 25)
< (456207 + 2506%) = 5% (43¢ + 2)6F,

whence x € B(zgﬂ’t, 3%(45¢ + 2)6%). Therefore

B(zh", 4520%) € Bz ™ 3 (45 + 2)6%).
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This inclusion immediately implies that
u(BE 420)) < (B 2 (450 1 2)64)). (4.5)
Let s be the smallest natural number satisfying
log, (125¢° (43¢ +2)671) < s.
Then »2 (45 + 2)§% < 25(125¢4)~16%+1 and, therefore,
p(B(zg ™ 32 (45 + 2)6%)) < (B2, 2°(125¢1) 1ok ). (4.6)
Applying inequality s times, one gets
p(B(zgh 20 (12564 1R < Cop(B(zg ™, (122 7 16RT). (4.7)
Combining inequalities with 7, we arrive at
u(P) < u(B(zp™", 5 (45 + 2)0%)
< Cru(B(zg ' (12)7165H) < Cp(Q),
which implies inequality with e = C°. U

Once Lemma[§]is available, one can prove the following version of the Calderén-
Zygmund decomposition for spaces of homogeneous type.

Theorem 9. Let (X,d,u) be a space of homogeneous type and D € Uthl Dy be a
dyadic grid. Suppose that e € (0,1) is the same as in Lemma@ and f € LY(X,d, p).
(a) If
if w(X) = oo,

0
A > 1 )
e /X @) du(z) i p(X) < oo,

and the set

Qr:={zecX : (MPf)(z) >N}
is nonempty, then there exists a collection {Q;} C D that is pairwise dis-
joint, mazximal with respect to inclusion, and such that

o=@ (4.8)
J
Moreover, for every j,
1 A
A< /Q ISl < 2 (49)
(b) Let a > 2/e and, for k € Z satisfying

0 if u(X) = oo,
a® > 1 . (4.10)

5 [ @ldute) i p(x) <.

let
Q={zrecX : (MPf)(z) > ak}. (4.11)
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If Qi # 0, then there exists a collection {Q%} e, (as in part (a)) such that
it 1s pairwise disjoint, maximal with respect to inclusion, and

2= @ (4.12)
J€Jk

The collection of cubes

S={Q} : W #0, je L}

is sparse, and for all j and k, the sets
E(Q?) = Q? \ Q41
satisfy
w(QF) < 2u(B(QF)). (4.13)

Proof. The proof is analogous to the proof of [T, Proposition A.1]. For the conve-
nience of the reader, we provide the proof in the case of p(X) = co. For u(X) < oo,
the proof is similar.

(a) Let Ay be the family of dyadic cubes @ € D such that

1
< /Q ()] dia(z). (4.14)

Notice that Ay is nonempty because Qy # (). For each Q € A, there exists a
maximal cube Q' € A, with Q C Q’, since

1 1
o<t /Q @l (o) < /X @) dp(z) =0 as p(Q) — oo.

Let {Q;} C Ax denote the family of such maximal cubes. By the maximality, the
cubes in {Q,} are pairwise disjoint. If @j is the dyadic parent of @, then Q; C @j
and @j does not belong to {Q;} in view of the maximality of the cubes in {Q,}.
Hence, taking into account Lemma [8] we see that

1 1

A< m(Qj) /Qj el dule) < en(Q;)

which completes the proof of .

If € Q, then it follows from the definition of MP f that there exists a cube
Q@ € D such that x € Q and is fulfilled. Hence @ C @; for some j. Therefore,
o c U, Q-

Conversely, since

[ (@) du(z) <
Qj

A<

),
|f ()| dp(z),
#(Qj ) Q;
if z € Q;, then (MP f)(z) > A. This means that = € Q. Therefore, U; @5 C .
Thus (4.8) holds. Part (a) is proved.
(b) Equality (4.12) follows from part (a). Since Qx41 C Qf and for each fixed
k, the cubes Q? are pairwise disjoint, it is clear that the sets F (Q?) are pairwise

disjoint for all j and k. If Qf N Qf“ # (), then by the maximality of the cubes in
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{Q%}jes, and the hypothesis a > 2/e, we have Q! G Q. In view of part (a),

p@QEN Q)= > p(@th
{ir QFTICQ*Y

1
< Y L @l
{i: Q*11CQk} @i

— /Q @)l du(o)

1 d"u@)) u(Q?).

A

<

= gktl € ae
Then

WEQF)) = u(Q5 \ Qur1) = p(QF) — n(QF N Q)

1 1
> (1Y uomy = (1= 1) wor
2 ( aE) w@Qy) > ( 2) w@Qy5),
whence u(Q?) < QN(E(Qé?)) for all j and &, which completes the proof of (4.13). O

Corollary 10. Let (X,d, u) be a space of homogeneous type and D € Ufil Dt be a
dyadic grid on X. Suppose € € (0,1) is the same as in Lemma|§ and a > 2/e. For
a non-negative function f € LY(X,d,u) and k € Z satisfying , let the sets
be given by . For all ¢ € Z+ and all j such that Qf C Qp,

M(Qf)_

k
NQ <
Q7 N Qpye) < ale

(4.15)

Proof. The proof is analogous to the proof in the Euclidean setting of R™ given
in [II} Lemma 2.4]. Since the cubes of Qx4, are pairwise disjoint and maximal, it
follows from Theorem [9f(a) that

p@N Q)= > p@F

{i:QF T CQky

<agm X[ @)

{(:Q7 7 GQk}

< e /Q (@) du)

_ MQj) db @)
= gkt g ale
which completes the proof of (4.15]). O

The following lemma in the Euclidean setting of R was proved in [I1}, Lemma 2.6].

Lemma 11. Let (X,d, ) be a space of homogeneous type and D € Ufil Dt be a
dyadic grid on X. Suppose ¢ € (0,1) is the same as in Lemma @ and a > 2/e.
For every non-negative function f € L*(X,d, ) there exists a sparse family S C D
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(depending on f) such that for all x € X,

(MPf) ) <a Y (M(lQ) /Q ) du(y)> X0 ().

QesS

Proof. The proof is, actually, contained in the proof of [I, Theorem 3.1, p. 30]. We
reproduce it here for completeness.
Let K denote the set of all k € Z satisfying (4.10)). Then

X ={J %\ Q%1 (4.16)
keK

Let S be the sparse family given by Theorem |§|(b) For k € K and a given x €
Qi \ Qi1, there exists a cube Q? € S such that x € Q? \ Q41 and

MP 1 2 dp(y)- 417
(PN < < oo [ 10)du0) (17)
Taking into account that by Theorem [9b),
U\ U= | QY |\ = [ E@Y), (4.18)
JEJL jeJk

we obtain from (4.16)—(4.18) for all z € X,
(MPf)(z) = Y (MP f)(@)xon 0, (@)

keK

<> > (ﬂ(g?) /Q? fy) du(y)> Xn(qt) (7)

keKjeJy

=a), (M(IQ)/Qf(y) du(y)> XEQ) (@),

Qes
which completes the proof. O

5. PROOF OF PART (A) OF THEOREM [2]

The scheme of the proof is borrowed from the proof of the necessity portion of
[11, Theorem 3.1].

For a bounded sublinear operator on a Banach function space £'(X,d, u), let
| T'||g(ey denote its norm.

Fix D € Ufil D!. Tt follows from the boundedness of the Hardy-Littlewood
maximal operator M on £'(X,d, 1) in view of Theorem 4| and the lattice property
(axiom (A2) in the definition of a Banach function space) that the dyadic maximal
operator M P is bounded on the space (X, d, i) and

IMP||gey < Crr(X)|M||pen- (5.1)

Let g € LY (X,d, ) with ||g]les < 1. Using an idea of Rubio de Francia [12] (see
also [T, Section 2.1]), put

o ((MP)rg) ()

T TE X,
im0 (2 MP]5(en)

(Rg)(x) :=
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where (MP)¥ denotes the k-th iteration of MP and (MP)% := g. Then
| Rgller <2 (5.2)

and
g(z) < (Rg)(z) forae. xe€lX. (5.3)

Since MP is sublinear, we have

o~ (MP)eHg) ()

=5 (21MPsen)"

 (MP)F1g)(x)
=2|MP|gen > ( p. )k+1
im0 (2IMP]|pen)
i MP)kg)(x)
<2 MP|gen > %
im0 (21 MP]5(en)

=2||MP || (Rg)(),

(MP Rg)(z) <

whence Rg € AP with

[Rglap < 2| MP |5 (5.4)
Let the constants Cpt > 1 be defined for each t € {1,..., K} by (3.1). Take n and
~ such that

-1
< 2 , =
0<n< <(1gltag§(% ) KCrr(X)|IM| 3 )) S wr

Inequalities (5.4)) and (5.1]) imply that
[Rglar < 2CHK(X)|M||5er), (5.5)

whence 7 satisfies (3.2)). Since Rg € AP, it follows from Theorem [7| and inequality
(5.5) that, for every cube @ € D and every measurable subset Gg C @, one has

11—~ :U’(GQ) ’ T P
/| (o)) dute) < 2 Colalp ( o ) /Q (Rg)(x) du(x)

C ((Gq)\’ 2 dule
<5 (550) [ o dute), (5.

where

= 2377 , X)|IM ||gen-
€= (s Cor ) Cure(X)|M e
Taking into account inequalities (5.3)), (5.6), Holder’s inequality for Banach func-
tion spaces (see [3, Chap. 1, Theorem 2.4]), and inequality (5.2), we deduce that,
for every finite sparse family S C D, every collection of non-negative numbers
{ag}ges, every collection of pairwise disjoint measurable subsets Gg C @, and
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every g € LY (X, d, pu) satisfying ||g||e- < 1, one has

/ <ZO‘QXGQ >g(x) dp(z)

&
<Y s L, o

<Q§€;aQ / ()

_1; o (4% ) /Q (Rg) ) d(a)

< & (w0 [ 3 a0ra(e) | (Ro)o) duto)
<§(I£é‘%‘u ) 3 aoxa) IRl

Then, in view of the Lorentz-Luxemburg theorem (see [3, Chap. 1, Theorem 2.7]),

Z aQXGq Z AQXGq

QeS Qcs

£ Fo

= sup / (Z agXe, (@ )9(%) dp(x) = g € LY(X,d, p), |lgller <1
QeSs
<C <max >
Qes p(Q

that is, the space £(X,d, u) satisfies the condition A, which completes the proof
of part (a) of Theorem O

> aQXQ

Qes

7

6. PROOF OF PART (B) OF THEOREM [2]

We follow the proof of the sufficiency portion of the proof of [I1, Theorem 3.1].
Let € € (0,1) be the same as in Lemma Take a > 2/e. Assume that f €
LY(X,d,u) N E'(X,d,u) is a nonnegative function and fix any dyadic grid D €
Ule Dt. By Lemma there exists a sparse family S C D (not necessarily finite)
such that for all z € X,

(MPP) () <a Y (M(l@ /Q ) du(y)) Y@ (@). (6.1)

Qes
For every subfamily S’ C S, put

(AS/f)(x)—QES( / £(9) diuty )xm(m)-
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Let {S;}ten be a sequence of subfamilies of S such that each subfamily S; is finite,
Sy C Sp ift <n, and Ag,f 1 Asf a.e. on X as t — oco. By the Fatou property
(axiom (A3) in the definition of a Banach function space),

Jim [[As, fller = [|As fller- (6.2)

By the Fubini theorem, for every g € £(X,d, ) and every ¢ € N, one has

/(As,fx )o(z) du(z)

// Z QWxeQ ()g(x) duly) du(x)
XQES
/ / Z (@)xEQ) (¥)9(y) du(y) du(z)
X Ges, M
/ ( / g(y)du(y)> xo (@) f(z) du(z)
X Qes. E(Q)
- [ 1@ 5,9 dute), (6

where

. 1
(A5,9)(x) = > (u(@) /E(Q)g(y)du(y)> Xo(z), =€X.

QES;

It follows from and Holder’s inequality for Banach function spaces (see [3|
Chap. 1, Theorem24 that

‘ [ s @) duto)

Let C,~ > 0 be as in Definition (1| I Since a > 2/¢ > 2, there exists v € N such that

< [|As,gllell flle- (6.4)

1
- — 6.5
Ce Za 2 (6.5)
For Q € S, let
al.
aQ = ——= |9(z)| dp(z).
@U@ E(Q)
Then for all x € X,
(A5,9)(@)] < Y agxe(@)
QES:
= Z QQEXQK ()
{J.k:Qk €S}
= Z agEXgr\a,,, (¥) + Z aQEXQEnay,, (%)
{5.k:Qk €S, ) {j.k:QE €S, }

where the sets € are defined by (4.11) for all k& € Z satisfying (4.10).
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Let K be the set of all those k € Z that satisfy (4.10). It is easy to see that for
keKand v eN,

v—1

0\ Qg © [ Qi \ Qpigr (6.7)
=0

It is also easy to see that if k € K and « € Q;?, then

o0; < gy Lo, ) < (P0) ). (©5)

Combining (6.7) and 7 we get for z € X,

Yi(z) = Z O‘Q;?XQ;?\Qk+V(x)
(. k:Qr eS¢}

keK

< (P T3 Xy ()

i=0 k€K
= v(MPg)(z). (6.9)

On the other hand, for z € X, we have

Yo(x) = Z O‘Q;?XQ;mQHU(JU)
{j7k1Q§€St}

o0
= Z OZQ? Z XQ?“(QkJr/z\QkJrHl) (z)
(k:Qbes,y  t=v

= Z Z an XQfﬂ(QkH\QkHH)(x)' (6.10)
(=1 {jk:QbeS, )

Since S is a finite sparse family, applying inequality (1.3)) of Deﬁnition we obtain
for all £ > v,

Z AQEXQEN (et e\ +41)

(i kQbes.) .
B0 ( Qg \ !
<o max u(QF N ( k+€k\ Yy 145, gle. (6.11)
{(5.k:QEES,} w(@5)
By Corollary [T0] we get for all £ > v,
1(Q% N (g \ Qigeg)) 1(QF N Qyeyr)
- max % < - max —
{j.h:Qk S} (@) kQkesy  p(QF)
k

<  max M = i (6.12)

T {kQbes,y alep(QF)  a'e
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It follows from (6.10)—(6.12) and (6.5]) that

o0
HEQHS < Z Z anfoﬁ(QkH\QkMH)

t=v ||{j,k:Qk €S} £

< CZ P |AS, glle < §||Ast9\|£- (6.13)
{=v

Combining inequalities , , and ([6.13)), we arrive at
* 1 *
1459l < vIMPglle + 5 [14%,glle-

It follows from this inequality, Theorem [ and the boundedness of the Hardy-
Littlewood maximal operator on £(X,d, u) that for all finite sparse families S; C S
and all g € £(X,d, ), one has
143, 9lle < 2v[|MPglle < 20Chr(X)|[Mylle
< 20Cuk(X) [ M5 llglle- (6.14)

Combining (6.4) and (6.14]) with [3| Chap. 1, Lemma 2.8], we see that

1 As, fller = sup{\ [ s N duta)| g€ ECxdp, lalle < 1}
< W Crrie ()M (e | e

for all ¢ € N. Passing in this inequality to the limit as ¢ — oo and taking into

account (6.2]), we get
[Asfller < 2vCrr (X)) M|l flle-
It follows from this inequality and inequality (6.1]) that

IMPfller < 2avCrrrc (X)|| M]|se) 1 £l (6.15)

for every dyadic grid D € Ufi 1 D. In turn, inequality ([6.15) and Theorem 4| imply
that

1M fller < 200 KCF e (X)|M e [/ Nl (6.16)

for every nonnegative function f € L*(X,d,u) NE (X, d, u).

Now let f € £(X,d, ) be an arbitrary complex-valued function. Since X is
o-finite, there are measurable sets {4, }nen such that p(4,) < oo for all n € N,
Ay € Aj for i < j, and |J,cnAn = X. Let f, = |flxa, for n € N. Then
fn€ LYX,d, ) NE'(X,d,p) for all n € N in view of axiom (A5) in the definition
of a Banach function space. By 7 for all n € N,

1M fuller < 2avKCl e (X) | M ||5c6) I fulle- (6.17)

Since f, 1 |f| a.e., we have M f, + Mf ae. (cf. [6 Lemma 2.2]). Passing to
the limit in inequality , we conclude from the Fatou property that inequality
holds for all f € £(X,d, ). Thus, the Hardy-Littlewood maximal opera-
tor M is bounded on the space £'(X,d, u) whenever it is bounded on the space
E(X,d, 1) and the latter space satisfies the condition As. a
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