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A B S T R A C T   

Piezoelectric composites have emerged as a versatile platform with immense potential for tailoring electro- 
mechanical properties to cater to a wide spectrum of applications. Central to employing their capabilities are 
modelling and homogenisation techniques, both analytical and numerical, which serve as the cornerstone of 
analysing and optimising these materials applications. As technology continues to evolve, the development of 
sophisticated models and innovative composite designs promises to drive further advancements in the realm of 
piezoelectric composites. This comprehensive review explores the analytical and numerical models employed for 
homogenising piezoelectric composites. It systematically presents and scrutinises these models, shedding light on 
their distinct advantages and limitations, thereby aiding researchers in selecting the most appropriate one for 
their specific needs. This review highlights challenges in modelling long-fibre composites, citing limitations in 
Eshelby-Type Models. Simplifying micromechanics-based models encounters challenges when dealing with 
transverse properties, while Asymptotic Homogenization-Based Models excel in regular patterns. Limited 
experimental validation exists, particularly in metallic matrices. In conclusion, this comprehensive review 
navigates the diverse landscape of modelling strategies for Representative Volume Elements, each with its unique 
strengths and limitations. Researchers in this field must judiciously select modelling techniques based on their 
piezoelectric characteristics and desired accuracy levels. Additionally, the pressing need for further experimental 
validation, especially concerning metallic matrices, stands out as a critical avenue for enhancing the reliability 
and real-world applicability of these modelling techniques.   

1. Introduction 

Piezoelectric composites represent a fascinating field of research and 
development in materials science and engineering. These materials offer 
unique electro-mechanical properties that have found diverse applica
tions in various industries, including sensors, actuators, and energy 
harvesting devices [1–3]. In this review, it will be possible to prospect 
into the modelling and homogenisation techniques employed to un
derstand and harness the electro-mechanical properties of piezoelectric 
composites. 

Piezoelectric materials generate an electrical charge when subjected 
to mechanical stress and, conversely, deform in response to an applied 
electric field. These properties have been extensively exploited in 
numerous applications, but the development of piezoelectric composites 
takes the concept a step further. By combining piezoelectric materials 

with other materials, such as polymers [4–9], ceramics [10,11], or 
metals [12–18], engineers can design composites with tailored proper
ties that outperform individual components. Piezoelectric materials, 
known for their distinctive ability to convert mechanical energy into 
electrical energy and vice versa, have been the focus of extensive 
research for many decades. The limitations associated with traditional 
monolithic piezoelectric materials, such as environmental concerns 
regarding lead-based systems and brittleness, have driven recent in
vestigations into alternative piezoelectric materials and composite 
piezoelectric materials [19]. It has been demonstrated that the com
posite approach, which involves either adding different phases to create 
two-phase composites or creating porous piezoelectric materials 
through subtractive methods, can be effectively employed to customise 
the overall mechanical, piezoelectric, and dielectric properties of these 
materials [20]. 
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One notable application of piezoelectric composites is in energy 
harvesting, where these materials can convert mechanical vibrations 
into electrical energy. The analysis and further identification of the 
electro-mechanical properties of composites is critical in designing 
efficient energy harvesting devices for applications ranging from wear
able electronics to structural health monitoring systems [21–23]. 
Moreover, piezoelectric composites find use in sensor technologies, 
particularly in the development of ultrasonic sensors and transducers for 
medical imaging, non-destructive testing, and underwater applications 
[24–31]. Accurate modelling of these composites is vital for optimising 
sensor performance and ensuring reliability. 

To effectively model the electro-mechanical behaviour of these 
composites, it is crucial to consider the complex interactions between 
the constituent materials. Homogenisation is a key concept in this 
context, aiming to describe the overall behaviour of the composite 
material by analysing the properties and response of its microstructures, 
as depicted by Guedes and Kikushi [32]. Homogenisation techniques 
vary in complexity and application, with some focusing on analytical 
approaches and others relying on numerical simulations [33]. One 
common analytical approach is the Mori-Tanaka method, which treats 
the composite as a collection of ellipsoidal or spherical inclusions 
embedded in a matrix. This method can provide useful insights into the 
effective properties of the composite but may have limitations when 
dealing with highly anisotropic behaviour or complex geometries, as it 
will be possible to see through this review. 

Numerical methods, such as the Finite Element Method (FEM), have 
gained popularity in recent years for modelling piezoelectric compos
ites. FEM allows for the consideration of intricate geometries and ma
terial distributions, making it suitable for simulating the electro- 
mechanical behaviour of complex composite structures. The modelling 
of piezoelectric composites extends beyond mechanical and electrical 
aspects since FEM can account for the piezoelectric coupling within the 
material, providing a more comprehensive understanding of its 
behaviour. 

Thus, piezoelectric composites offer a versatile platform for tailoring 
electro-mechanical properties to suit a wide range of applications. 
Modelling and homogenisation techniques, whether analytical or nu
merical, play a central role in understanding and harnessing the capa
bilities of these materials. As technology continues to advance, the 
development of more sophisticated models and innovative composite 
designs will likely drive further progress in the field of piezoelectric 
composites. This comprehensive review will present and discuss 
analytical and numerical models used for homogenising piezoelectric 
composites. It will highlight the advantages and limitations of each 
model and draw key conclusions to assist in selecting the most suitable 
one. Furthermore, it is important to note that the equations considered 
adhere to the notations adopted in the IEEE Standard on Piezoelectricity, 
ensuring consistency [34]. 

2. Electro-mechanical behaviour 

Coupled piezoelectric phenomena involve the intricate interplay 
between electric potential gradients and material deformations. In the 
indirect piezoelectric effect, the presence of an electric potential 
gradient induces mechanical deformation, while in the direct piezo
electric effect, mechanical strains give rise to an electric potential 
gradient. This interconnection between mechanical and electric fields is 
encapsulated by piezoelectric coefficients. Materials that exhibit linear 
responses to alterations in electric fields, electric displacements, me
chanical stresses, and strains, such as piezoelectric ceramics, polymers, 
and composites, adhere to these underlying principles. The behaviour of 
piezoelectric materials can be described by piezoelectric constitutive 
equations, which establish relationships between stresses (Tij) [Pa], 
strains (Sij), electric fields (Ek) [N/C or V/m], and electrical displace
ments (Di) [C/m2]. The intrinsic dipole present in the crystalline struc
ture of the material prompts deformation when subjected to an electric 

field or generates an electrical displacement when mechanically 
deformed. Nevertheless, these microscopic mechanical deformations or 
changes in the electric dipole configuration do not inherently translate 
to evident macroscopic effects. This is due to the fact that these dipoles 
within the material organise themselves into domains, which exhibit a 
random distribution within the polycrystalline structure. To observe 
macroscopic manifestations, these domains need a preferential align
ment, a phenomenon referred to as polarisation. The existence of this 
dipole within the material is responsible for the crystalline structure’s 
deformation under the influence of an electric field and for generating 
an electrical displacement when mechanically deformed. However, 
these local mechanical deformations or alterations in electric dipoles are 
not sufficient to produce significant macroscopic effects, as the dipoles 
tend to aggregate within domains, which, as previously mentioned, are 
randomly dispersed within the polycrystalline matrix. To achieve 
observable macroscopic outcomes, these domains must accomplish a 
preferred orientation through the process of polarisation [35]. The 
electrical displacement (Di) can be expressed as a function of the electric 
field vector (Ek), the dielectric constants (εS

ik) [F/m or C/V.m], as well as 
the mechanical stresses applied to the piezoelectric material (Tij), which 
is, in turn, dependent on the mechanical deformation (Skl) and the 
elastic constants (CE

ijkl) [N/m2 or Pa], as presented in Eq. (1). 
{

Tij = CE
ijklSkl

Di = εS
ik Ek

(1) 

Piezoelectric materials exhibit a compelling interplay between me
chanical and electrical factors. Strain, which represents material defor
mation, is influenced by both mechanical stresses and electric fields. 
Similarly, electrical displacement is affected by both the applied electric 
field and mechanical deformation. This coupling phenomenon is 
encapsulated within Eq. (2), where the piezoelectric tensor d [C/N] is 
presented, and the superscript T suggests a transposed matrix. 

Within Eq. (2), there emerges a fourth-order elasticity tensor (CE
ijkl) 

under conditions where short circuit boundaries are maintained. Addi
tionally, a second-order electric tensor representing free body conditions 
(εS

ik) and a third-order piezoelectric stress tensor (dkij) are observed. 
Given the symmetry inherent in the tensors Tij, Sij, CE

ijkl and εS
ij, it be

comes feasible to express Eq. (2) using a matrix-based notation, as 
shown in Eq. (3). 
{

Tij = CE
ijkl Skl − dkijEk

Di = diklSkl + εs
ik Ek

(2)  

[
T
D

]

=

[
CE − dT

d εS

][
S
E

]

(3)  

When dealing with a piezocomposite material, if the wavelength of the 
electric field applied to it is much larger than the size of its individual 
unit cell or microstructure, it is possible to treat the composite as a 
uniform material. This simplification allows us to describe its behaviour 
using the already mentioned Eq. (2) and (3), by plugging in the effective 
properties of the composite, which are also referred to as homogenised 
properties (see [36]). 

To determine these effective properties, a set of models, explained in 
Section 3 and 4, can be used. As a result of this process, the equations 
that define how the composite material behaves, now accounting for 
these homogenised properties, can be expressed in the following Eq. (4). 
The matrix [K̄] is presented in Eq. (5), where “.̇ “ denotes the homoge
nised quantities, the subscript “eff” refers to the homogenised proper
ties, CE

eff is the effective compliance tensor under short circuit 
conditions, εS

eff is the effective clamped body dielectric tensor, and deff is 
the effective piezoelectric stress tensor. The matrix [K̄] presented in Eq. 
(5) is a 9 × 9 matrix that comprises several components. These com
ponents consist of the elastic tensor (CE

eff), a 6 × 6 matrix that represents 
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material properties under a consistent electrical field. Also included is 
the piezoelectric tensor (deff), 3 × 6, along with its transpose (dT

eff ), 
forming a 6 × 3 matrix. These components define the connection be
tween mechanical stress and electrical effects. Completing the matrix [K̄]

is the dielectric tensor (εS
eff), which is a 3 × 3 matrix. 

[
T̄
D̄

]

= [K̄]

[
S̄
Ē

]

(4)  

[K̄] =

⎛

⎝
CE

eff − dT
eff

deff εS
eff

⎞

⎠ (5) 

By understanding and manipulating these components within the 
matrix [K̄], researchers and engineers can gain profound insights into the 
behaviour of piezoelectric composite materials, unlocking their poten
tial for applications across a spectrum of industries. This comprehensive 
approach, encompassing the interaction of electrical and mechanical, 
material properties, holds promise for driving technological advance
ments and innovations in various domains. 

In the pursuit of further knowledge and progress, it is important to 
continue exploring these relationships, refining the homogenisation 
methods, and harnessing the intricate symphony of properties exhibited 
by piezoelectric composites. 

3. Analytical models 

Analytical modelling has played a crucial role in understanding the 
characteristics of various piezoelectric composite materials. Several 
approaches have been developed to predict the properties of these 
composites, including the simple mechanics/micromechanics models, 
Eshelby-type models for ellipsoidal inclusions in a piezoelectric matrix, 
and the asymptotic homogenization-based models (AHM) for periodic 
composites. 

3.1. Micromechanics-based models 

The earliest micromechanics-based models focused on the series- 
parallel type formulation, first introduced by Hashimoto et al. [37] in 
1986 and further developed by Banno et al. [38] in 1987. This formu
lation provided a good approximation for the electromechanical 
behaviour of piezoelectric composites with the type of connectivity 
designated as 2–2 (Fig. 1a)). However, there are other types of con
nectivity for piezoelectric composites that take into account the 
arrangement and distribution of the piezoelectric elements within the 
matrix material, such as 0–3, 1–3, and 3–3 connectivities. In a 0–3 
connectivity, the piezoelectric elements are dispersed randomly in a 
three-dimensional manner within the matrix material. This random 
distribution provides isotropic properties, meaning that the composite 
exhibits similar piezoelectric properties in all directions. 0–3 composites 
are versatile and can be used in various applications where omnidirec
tional sensitivity is needed (Fig. 1b)). A 1–3 connectivity involves 
piezoelectric elements arranged as cylindrical rods or fibres embedded 

within the matrix material. These rods or fibres run predominantly in 
one direction (e.g., vertically) while the matrix material surrounds them. 
This arrangement offers high piezoelectric coefficients in the direction of 
the rods, making 1–3 composites suitable for applications requiring 
directional sensitivity or high electromechanical coupling (Fig. 1c)). In a 
3–3 connectivity, piezoelectric elements are distributed 
three-dimensionally, similar to 0–3 composites. However, unlike 0–3 
composites, 3–3 composites have better control over the orientation and 
alignment of the piezoelectric elements. This allows for improved cus
tomisation of the material’s properties and performance characteristics. 
3–3 composites are often used when precise control over the material’s 
behaviour is necessary for specific applications (Fig. 1d)). 

Consider a 2–2 piezocomposite, where two different materials are 
combined in a specific arrangement. These materials are aligned in se
ries, following a particular direction called the poling direction. The 
equations that describe how these materials respond to electrical and 
mechanical forces have been compactly expressed by Hashimoto et al. 
[37] for each phase within the composite. This composite consists of a 
polymer phase (designated by subscript p) and a ceramic phase (desig
nated by subscript c). The piezoelectric constitutive equations are 
written in Eqs. (6) and (7), and the homogenised material equation is 
presented in Eq. (8). 

(TD)
c
= [K]

c
(SE)c (6)  

(TD)
p
= [K]

p
(SE)p (7)  

(TD) = [K̄](SE) (8) 

Eqs. (6)–(8) involve two vectors, denoted as (TD) and (SE), each 
consisting of nine components. The vector (TD) written in Eq. (9) en
compasses six specific components that form the stress tensor (T), along 
with an additional three components that constitute the electrical 
displacement (D). Similarly, the vector (SE) written in Eq. (10) is con
structed with components derived from the strain tensor (S) and the 
electrical field vector (E). The 9 × 9 matrix [K] (Eq. (5)), is formed by 
combining components that include the elastic tensor (C), which is a 6 ×
6 matrix representing material properties under a constant electrical 
field, and the 3 × 6 piezoelectric tensor (d) that describes the relation
ship between mechanical stress and electrical effects, and the 3 × 3 
dielectric tensor (ε). 

(TD) = (T1,T2,T3,T4,T5, T6,D1, D2, D3) (9)  

(SE) = (S1,S2, S3, S4, S5, S6,E1, E2, E3) (10) 

To derive the effective matrix [K] for the 2–2 connectivity configu
ration, it was established continuity conditions for every individual 
component of (T), (D), (S), and (E) across the composite. There are 18 
conditions in total, and for each of them, can be express the conditions 
using two distinct approaches: either employing simple series or parallel 
models. 

In the first approach, a component remains constant throughout the 
composite, such as Sc

1 = Sp
1 = S1. Alternatively, the second approach 

Fig. 1. Different types of connectivity for piezoelectric composites (based on [39]).  
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involves calculating a weighted sum of the components from each phase, 
like T1 = vTc

1 + (1 − v)Tp
1, where ν represents the ceramic’s volume 

fraction. 
However, these equations are applicable only when all field quan

tities within the two phases are uniform, and the interfaces have rigid 
boundary conditions. This means that stress and electrical displacement 
perpendicular to the interface, as well as strain and electrical field 
parallel to the interface, remain continuous. 

Within the matrix-based method, assumptions are made regarding 
isostrain and isostress conditions at the composite surfaces. The vectors 
(TD) and (SE) consist of components with different characteristics 
(constant and averaged), which require distinct treatment for subse
quent calculations. Hence, it’s advantageous to introduce two new 
vectors: one that comprises entirely constant components (G) and 
another that encompasses all averaged components (H). 

For the 2–2 piezocomposite, vectors (G) and (H) are determined by 
Eqs. (11) and (12), respectively. 

(G) = (S1,S2,T3,T4,T5, S6,E1, E2, D3) (11)  

(H) = (T1,T2, S3, S4, S5, T6,D1, D2, E3) (12) 

The newly established basis (G, H) serves the purpose of repre
senting the vectors (TD) and (SE). Notably, in Eqs. (13) and (14), di
agonal matrices denoted as [P] and [Q] are employed, highlighting the 
structure of the expressions. By utilising the expressions presented in 
Eqs. (6)–(8), (11) and (12), a straightforward connection between the 
vectors (H) and (G) becomes apparent. This connection is facilitated 
through the utilisation of a matrix labeled as [W], as written in Eq. (15). 

(TD) = [Q](H) − [P](G) (13)  

(SE) = [Q](G) − [P](H) (14)  

(H) = [W](G) (15) 

Eq. (15) holds true for each of the phases individually, and therefore, 
it extends its validity to the composite, which is illustrated in Eq. (16). 

(H̄) = [W̄](Ḡ) (16) 

Having a grasp of the matrix [W], subsequent to a series of calcula
tions and manipulations, leads to the derivation of the effective matrix 
[K̄]. This effective matrix is shown in Eq. (17). 

[K̄] = {[P] − [Q][W̄]}{[P][W̄] − [Q]}
− 1 (17) 

An advantageous aspect of this approach lies in the fact that the two 
vectors, (G) and (H), are solely reliant on the placement of the interfacial 
planes that demarcate the two phases. This dependence extends spe
cifically to the composite’s arrangement. Consequently, this method can 
be universally employed across different configurations, including the 
1–3, 0–3, and 3–3 connectivities (Fig. 1b)–d)), as highlighted in refer
ences [40–42]. 

The work by Kim et al. [43] in this area considered purely elastic 
multi-layers. Building on this, Levassort et al. [40–42] extended the 
matrix method of Hashimoto et al. [37] to investigate effective elec
tromechanical properties in 1–3, 0–3, and 3–3 type piezoelectric com
posites. While these models were somewhat simplistic, they offered 
reasonable estimates for specific geometric configurations of inclusions 
within the piezoelectric matrix. Subsequently, Wang et al. [44] and 
Topolov and Krivoruchko [45] contributed analytical schemes capable 
of predicting the electromechanical properties of layered piezoelectric 
materials with varying levels of elastic anisotropy. Additionally, Bowen 
et al. [46] introduced a model for predicting the behaviour of 0–3 type 
porous piezoelectric composites and 3–3 type piezoelectric composites. 
Kar-Gupta et al. [47,48] also made significant contributions in this field. 
This author developed simple micromechanics models to predict the 
electromechanical properties of 1–3 type long-fibre piezoelectric 

composites and extended their work to cover 2–2 type layered com
posites with anisotropic constituents. Tan et al. [49] employed 
micro-electromechanical models, specifically the rectangular and 
rectangle-cylinder models. These models allowed them to derive 
analytical formulas for predicting various properties like elasticity, 
piezoelectricity, and dielectric behaviour of fibre-reinforced piezoelec
tric composites. These predictions were then compared with results 
obtained from the FEM. There exist multiple micromechanical-based 
models for estimating the effective properties of piezoelectric compos
ites. For instance, the method of cells and strength of materials ap
proaches [50,51] serve this purpose. Aimmanee et al. [52] utilised such 
a micromechanical model to ascertain the effective 
thermo-electro-mechanical characteristics of a composite composed of 
hollow piezoelectric fibres. The outcomes derived from this model were 
in agreement with results from FEM analysis. In a similar vein, Singh 
et al. [53] proposed a micromechanics-based technique to analyse how 
the arrangement of fibres within the composite impacts its overall 
properties. They adapted the traditional strength of materials model to 
investigate the influence of fiber packing on the composite’s properties. 
In their work, the effective material coefficients were evaluated using 
the finite element method. 

However, the results from these studies did not demonstrate an 
enhancement in the effective values of piezoelectric constants compared 
to those of bulk piezoelectric materials. This might be attributed to the 
fact that these models calculated effective coefficients based on the 
average electric field within the homogenised piezoelectric composite. 
Yet, practical situations involve significantly lower electric fields within 
piezoelectric fibres in comparison to the matrix phase, owing to their 
substantial differences in dielectric properties. 

Odegard et al. [54] also carried out a comparative analysis that 
compared micromechanical predictions of electroelastic properties with 
finite element analysis results for piezoelectric composites. Additionally, 
Dinzart et al. [55] recently introduced a novel micromechanical model 
aimed at assessing the electroelastic behaviour of piezoelectric com
posites featuring coated reinforcements. 

A common assumption underlying the development of all these 
micromechanical models was their utilisation of averaged representa
tions for the fields (both mechanical and electric) existing within the 
constituents of the composite. However, real-world scenarios reveal that 
these values exhibit strong localisation and are extremely sensitive to 
fluctuations in local fields. Overall, these studies underscore the com
plexities of predicting the behaviour of piezoelectric composites and 
highlight the need for more sophisticated models that can capture the 
intricate interplay between different factors at play within these 
materials. 

3.2. Eshelby-type models 

In the realm of modelling using the Eshelby-type approach, early 
efforts were primarily directed towards the expansion of Eshelby’s so
lution [56] to encompass anisotropic piezoelectric inclusions within the 
elastic domain [57,58]. However, despite these endeavours, a 
closed-form resolution for the elements of the Eshelby tensor remained 
elusive. Consequently, a numerical methodology was employed to solve 
for these tensor components in the context of an anisotropic system [59]. 
Numerous researchers have taken steps to extend Eshelby’s classical 
solution, initially formulated for an infinite medium housing a singular 
ellipsoidal inclusion, to accommodate scenarios involving piezoelectric 
constituents [60–63]. This approach is often termed the dilute solution, 
ignores the interactions between the inclusions that occur at finite in
clusion volume fractions. In essence, these endeavours delve into the 
intricacies of integrating piezoelectric considerations into established 
models, further enriching our understanding of the behaviour of com
posite materials. 

In the context of a piezoelectric inclusion problem, and a situation 
where there is a specific region Ω in an infinite domain (denoted as R3). 
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This region Ω is characterised by having a constant eigenstrain- 
eigenelectric field, denoted as Z*. This eigenstrain-eigenelectric field 
are uniform and unchanging throughout the region Ω. It is important to 
note that this region, depicted in Fig. 2a) is assumed to be stress-free (no 
external forces affecting it) and electric displacement-free (no accumu
lation of electric charge at its boundaries). This problem is defined, 
mathematically, by Eqs. (18)–(20), describe various aspects of the 
problem [64]: 

• UK represents the displacement for K = 1, 2, 3 and electric po
tential for K = 4.  

• ZKl represents the strain for K = 1, 2, 3 and electric field for K =
4. 

•
∑

iJ represents the stress for J = 1, 2, 3 and electric displace
ment for J = 4.  

• FiJKl represents the piezoelectric moduli. 
∑

iJ, i = 0 (18)  

∑
iJ = FijKl

[
ZKl − Z*

Kl(x)
]

(19)  

FiJKlZKl = FiJKlUK,l (20)   

Central to the problem is the eigenstrain – eigenelectric field Z*
Kl(x), 

which is defined by Eq. (21). 

Z*
Kl(x) = Z*

Kl x ∈ Ω 0 x ∈ R3 − Ω (21) 

Substituting the Eq. (21) into Eq. (18), it was possible to obtain the 
Eq. (22). 

FiJKlUK,li = FiJKl∂iZ*
Kl(x) (22) 

The Eq. (22) demonstrates that the quantity represented by 
FiJKl∂iZ*

Kl(x) can be interpreted as body force-electric charge density, 
where ∂i represents the partial differentiation with respect to xi. Deeg’s 
work in 1980 [65] derived a comprehensive solution for this particular 
issue in an integral form. Particularly intriguing is the scenario where 
the inclusion shape Ω takes the form of an ellipsoid. In this problem, the 
strain-electric field Z within Ω resulting from Z* can sometimes be 
explicitly determined by performing an analytical evaluation. Notably, 
Deeg’s dissertation [65] did not carry out this specific analytical 
assessment. The outcome established by Deeg [65] for the case of 
ellipsoidal inclusions can be reformulated into the following form (Eq. 
(23)), where SKlAb is a piezoelectric analog of Eshelby tensor. 

ZKl = SKlAbZ*
Ab in Ω (23) 

The expression for SKlAb is provided through Eqs. (24) and (25), 
where IilKJ is determined by Eq. (26), and ai represents the length of the 

semi-axis of the ellipsoid in the direction of xi. Given that SKlAb is 
composed of four distinct tensors, this paper refers to it as the piezo
electric Eshelby tensors, as also mentioned in Mikata et al. [64]. The 
condition |x| = 1 corresponds to the surface of a unit sphere, and H− 1

KJ 
denotes the inverse of the 4 × 4 matrix HKJ, which is defined by Eq. (28). 
The configuration of the ellipsoid’s shape influences the piezoelectric 
Eshelby tensors, denoted as SKlAb, through the parameter μ outlined in 
Eq. (27), which appears in the integrand. Notably, the coordinate axes 
are deliberately aligned with the axes of the ellipsoid. 

SKlAb = 18πFiJAb(IiklJ + IilkJ) when K = 1, 2, 3 (24)  

SKlAb = 14πFiJAbIik4J when K = 4 (25)  

IilKJ = a1a2a3

∫

|x|=1

1μ3xixlH− 1
KJ DS (26)  

μ = a2
1x2

1 + a2
2x2

2 + a2
3x2

3 (27)  

HKJ = FpKJqxpxq = FpJKqxpxq (28) 

The work initiated by Wang et al. [60] was expanded upon by Martin 
et al. [66], who furthered the progress in solving the problem of 
piezoelectric inclusions. An alternative solution approach to this inclu
sion problem was introduced by Benveniste et al. [61] and Chen [67], 
building upon the generalised solution from Walpole et al. [58]. Thus, a 
quartet of tensors that constitute the piezoelectric counterpart of the 
Eshelby tensor was determined by Dunn et al. [68], Benveniste et al. 
[61] and Chen [67]. However, they did not provide explicit closed-form 
expressions for these tensors. In contrast, Dunn et al. [68,69] provided 
explicit formulations for the equivalent Eshelby tensor, albeit in the 
context of a surface integral over a unit sphere, necessitating numerical 
evaluation. Mikata et al. [70], in their investigation specialised for 
spheroidal inclusions, derived explicit solutions for the Eshelby tensor’s 
components through the resolution of a specific bi-cubic equation out
lined in their earlier work [64]. 

Several other research studies [62,67,68,70–73] have directed their 
attention towards the classical expansions of Eshelby’s solution, which 
pertain to scenarios involving finite fractions of inclusion volumes. 
These expansions include methods like the Dilute Approximation, 
Mori–Tanaka method, Self-consistent method, and Extended Rule of 
Mixture. Additionally, there have been instances where researchers have 
derived analytical solutions specific to certain composite systems. 
Although these various approaches offer a general framework to esti
mate properties for a broad spectrum of inclusion sizes, shapes, and 
orientations, each method comes with its limitations in terms of accu
racy and computational feasibility. In the sections that follow, it will be 
possible to see how. 

Fig. 2. Eigenstrain – eigenelectric field Z* in region Ω in an infinite domain R3 (piezoelectric medium).  
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3.2.1. Dilute approximation approach 
In the context of the Dilute Approximation approach, it assumes that 

interactions among reinforced particles or fibres within a composite 
based on a matrix can be neglected. In the case of multiphase composites 
depicted in Fig. 2b), the concentration tensor associated with each phase 
r is represented by the Eq. (29). Here, I denotes the 9 × 9 identity matrix, 
EE1 and EEr stand for the electro-elastic tensor of phase 1 and phase r 
respectively, and Sr represents the constraint tensor specific to the rth 
phase. This constraint tensor Sr is an analogous piezoelectric version of 
Eshelby’s tensor, as introduced by Eshelby in 1957 [56]. Essentially, this 
tensor plays a crucial role in determining the electro-elastic character
istics of a composite material in relation to the inclusion’s geometric 
properties, as discussed in works by Dunn et al. [68]. The detailed 
expression for the constraint tensor Sr for a fibrous inclusion can be 
located in other sources, specifically, in Dunn et al. [68] work. 

Adil
r =

[
I + SrEE− 1

1 (EEr − EE1)
]− 1 (29)  

3.2.2. Mori-Tanaka approach 
The Mori–Tanaka approach, first introduced by Mori and Tanaka in 

1973 [74], has found wide application in solving various problems 
concerning the physical characteristics of composite materials. The 
fundamental concept underlying the Mori–Tanaka theorem is that the 
average volume strain around an inclusion, induced by eigenstrains 
within the inclusion, can be effectively represented without requiring 
explicit knowledge of the spatial strain distribution (explained further 
by Dunn et al. [68]). 

In the context of the Mori–Tanaka approach, the concentration 
tensor associated with each phase AMT

r is derived using the concentra
tion tensor Adil

r obtained from the Dilute Approximation approach (Eq. 
(29)). This relationship is illustrated in Eq. (30), where c1 and cr denote 
the volume fractions of phase 1 and phase r respectively. This process 
allows the Mori–Tanaka approach to incorporate the effects of inclusion- 
induced strain interactions while benefiting from the foundation laid by 
the Dilute Approximation approach. 

AMT
r = Adil

r

[

c1I +
∑N

r=2
crAdil

r

]− 1

(30) 

Malakooti et al. [75] introduced an expanded Mori-Tanka approach 
coupled with multi-inclusion modelling and finite element simulation. 
Their approach aimed to predict effective electro-elastic attributes of 
multiphase piezoelectric composites. Rodríguez-Ramos et al. [76] 
extended the Maxwell and Mori-Tanaka methodologies to address het
erogeneous piezoelectric structures. This allowed them to predict com
posite effective properties, and they validated their numerical results 
against several alternative techniques. Hasanzadeh et al. [77] devised a 
multi-procedure micromechanics strategy rooted in the Mori-Tanaka 
approach. It was specifically tailored for estimating both elastic and 
piezoelectric properties. Chen et al. [78] adopted an enhanced 
Mori-Tanaka homogenisation approach. Their focus was on nano
composites featuring transversely isotropic piezoelectric phases. A sig
nificant aspect of their work involved incorporating the surface 
piezoelectricity effect. Furthermore, Chen et al. [79] harnessed this ef
fect to derive effective properties of nanoporous piezoelectric materials. 
Rodriguez-Ramos et al. [80] explored the Maxwell homogenisation 
technique for assessing the effective electro-elastic attributes of piezo
electric composites. Their study encompassed a comprehensive explo
ration of varied piezoelectric properties and orientations of 
inhomogeneities. 

3.2.3. Mori–Tanaka approach for multiphase materials 
In the context of a complex multiphase composite consisting of N 

different phases, the comprehensive electroelastic modulus tensor can 
be described using a multiple inclusion framework, as proposed by Hori 
et al. [81]. This formulation is outlined in Eq. (31), where AMT

r 

corresponds to the concentration tensor derived from the Mori–Tanaka 
approach. This equation enables the representation of the overall elec
troelastic behaviour by considering the combined effects of various 
phases and their interactions, utilising the insights provided by the 
multiple inclusion model. 

EE = EE1 +
∑N

r=2
cr(EEr − EE1)AMT

r (31)  

3.2.4. Self-Consistent approach 
The Self-Consistent approach, initially explored by Hershey [82] and 

Kröner [83] for analysing linear behaviour in polycrystalline aggregates, 
involves considering a single heterogeneity (an inclusion) embedded 
within a uniform medium (matrix). This approach seeks to determine 
the effective electroelastic moduli, denoted as Eeff

iJMn for this configura
tion, while also considering the influence of the surrounding medium on 
the behaviour of the inclusion. 

In contrast to the aforementioned scenario, this model can consider 
an inclusion embedded in a homogeneous medium with distinct elec
troelastic moduli, referred to as EI

iJMn. Under these conditions, the 
expression of the field ZI takes on a particular form. The final formula
tion of the local field ZI in terms of the global or macroscopic fields ZKl is 
presented through Eqs. (32) or (33). Here, V represents the total volume 
of the composite medium, encompassing both the inclusion and the 
matrix. 

In these equations, ZKl corresponds to the macroscopic uniform 
strain-electric field, and ASc

MnKl is a compact representation for four 
concentration tensors. This approach allows for the analysis of how the 
heterogeneity within the composite interacts with its surrounding me
dium, leading to an understanding of the local field behaviour in relation 
to the broader composite structure. 

ZI
Mn = IKlMn + 1VITII

iJKlΔEI− 1
iJMnZKl (32)  

ZI
Mn = ASc

MnKlZKl (33)  

ΔEI
iJMn = EI

iJMn − Eeff
iJMn (34) 

Utilising the previously introduced terminology, the concentration 
tensor within the framework of the Self-Consistent approach can be 
reformulated as shown in Eq. (35). In this equation, EE represents the 
electromechanical moduli of the composite that is yet to be determined. 
Additionally, the constraint tensor Sr is assessed based on the values of E 
and aT

i . This equation’s revision provides insight into how the concen
tration tensor is linked to the composite’s electromechanical properties, 
with the constraint tensor being dependent on both the undetermined 
moduli EE and the parameter aT

i . 

Ar =
[
I + SrEE− 1(EEr − EE)

]− 1 (35) 

Furthermore, the work by Fakri et al. [71] extended its investigation 
to derive interaction tensors for the Self-Consistent approach, Mor
i–Tanaka approach, and Dilute Approximation, aiming to anticipate 
electroelastic characteristics across diverse reinforcement orientations. 
The findings of this study indicated that the Mori–Tanaka approach 
exhibited the highest level of consistency with experimental data, 
thereby establishing its superior alignment with empirical observations. 

3.2.5. Extended rule of mixture approach 
The Mori–Tanaka method exhibits limitations when it comes to 

accurately predicting the effective transverse modulus (where Ceff
11 =

Ceff
22) due to its focus solely on volume fraction. As a solution to this, the 

Extended Rule of Mixture, proposed by Jacquet et al. [84], offers a way 
to estimate the effective transverse modulus of piezoelectric structural 
fibre composites by accounting for the size effects of each phase. 

For materials consisting of two phases, the Extended Rule of Mixture 
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provides a means to predict both the longitudinal and transverse moduli 
of the composite. This approach is captured in Eq. (36), where terms like 
Ceff

11 , Cf
11, Cm

11, and cf signify the effective composite transverse modulus, 
the transverse modulus of the fibre reinforcement, the transverse 
modulus of the matrix, and the volume fraction of the fibre reinforce
ment, respectively. This equation enables a more comprehensive pre
diction of the composite’s mechanical behaviour, particularly its 
transverse modulus, by considering the interplay between phases and 
their size-related effects. 

Ceff
11 =

Cf
11Cm

11

Cm
11 + Cf

11

(
1 −

̅̅̅̅̅
Cf

√ )/ ̅̅̅̅̅
Cf

√ +
(
1 −

̅̅̅̅̅
Cf

√ )
Cm

11 (36)  

3.3. Asymptotic homogenization-based models 

The homogenisation method is a powerful technique applied to 
complex periodic materials. Particularly in the context of piezoelec
tricity, the homogenisation allows to calculate the effective properties of 
these materials by approximating them as a periodic repetition of a unit 
cell. The method has been extensively discussed in various research 
papers, such as in Galka et al. [85], Sigmund et al. [86], and Silva et al. 
[36]. The numerical implementation of this method can be found in the 
work of Guedes et al. [32], specifically for elasticity problems. In 
particular, the asymptotic homogenisation, also known as periodic ho
mogenisation, presents an effective and efficient approach to determine 
the overall mechanical response of composite materials. This method 
considers that the composite material can be approximated by a periodic 
repetition of a unit cells. The unit cell is a small domain within the 
material’s microstructure that captures the essential features and 
geometrical arrangement of the constituents. The central idea of 
asymptotic homogenisation lies in exploiting the small-scale variations 
in the microstructure, which occur at a much smaller length scale than 
the overall dimensions of the composite material. By employing this 
technique, one can significantly reduce the computational effort needed 
to obtain the effective properties of the composite. A schematic of ho
mogenisation method approach for periodic microstructure is presented 
in Fig. 3. 

To compute the effective properties, the homogenisation method 
involves solving auxiliary problems within the unit cell. These auxiliary 
problems help determine the characteristic displacement (χ), charac
teristic electrical potential (R), and characteristic coupled functions (Φ 
and ψ), as described in Silva et al. [36]. The homogenization process 
takes place within suitable functional spaces, denoted as Hper (Y,R3) 
and Hper (Y), with Y representing the volume of the unit cell. These 
problems can be formulated in a weak form, which allows for efficient 
numerical solution, as shown in Eqs. (37)–(40). 

∫

Y

[

CE
ijkl

(

δimδjn +
∂χmn

i

∂yj

)

+ dikl
∂ψmn

∂yi

]

Skl(v)dY = 0, ∀v ∈ Hper
(
Y, R3) (37)  

∫

Y

[

dkij

(

δimδjn +
∂χmn

i

∂yj

)

− εS
ik

∂ψmn

∂yi

]
∂φ
∂yk

dY = 0, ∀φ ∈ Hper(Y) (38)  

∫

Y

[

CE
klij

∂Φm
k

∂yl
+ dkij

(

δmk +
∂Rm

∂yk

)]

Sij(v)dY = 0, ∀v ∈ Hper
(
Y, R3) (39)  

∫

Y

[

dkij
∂Φm

i

∂yj
− εS

ik

(

δmi +
∂Rm

∂yi

)]
∂φ
∂yk

dY = 0, ∀φ ∈ Hper(Y) (40) 

Finally, the homogenised properties are obtained through Eqs. (41)– 
(43). The Kronecker delta symbol (δip) is used, and the material property 
tensors are symmetric to preserve physical symmetries, such as CH

ijkl =

CH
ijlk = CH

jikl = CH
klij, dH

ijk = dH
ikj and εH

ij = εH
ji , where “H” represents the 

homogenised properties. 

CH
rspq =

1
|Y|

∫

Y

[

CE
ijkl

(

δipδjq +
∂χpq

i

∂yj

)(

δkrδls +
∂χrs

k

∂yl

)

+ dkij

(

δipδjq +
∂χpq

i

∂yj

)
∂ψ rs

∂yk

]

dY

(41)  

dH
prs =

1
|Y|

∫

Y

[

dkij

(

δkp +
∂Rp

∂yk

)(

δirδjs +
∂χrs

i

∂yj

)

− dkij
∂Φp

i

∂yj

∂ψ rs

∂yk

]

dY (42)  

εH
pq =

1
|Y|

∫

Y

[

εS
ij

(

δip +
∂Rp

∂yi

)(

δjq +
∂Rq

∂yj

)

− dkij

(

δkp +
∂Rp

∂yk

)
∂Φq

i

∂yj

]

dY (43) 

In summary, the homogenisation method in the context of piezo
electricity enables to efficiently compute the effective properties of 
complex periodic materials by considering a representative volume 
element and solving auxiliary problems. The method’s mathematical 
formulation is done in suitable functional spaces, and the final results 
preserve the symmetry of material property tensors. This approach is 
widely used in various research fields, and its numerical implementation 
allows for accurate and computationally feasible calculations of effec
tive material properties. 

The homogenisation method considers the material as a periodic 
repetition of a unit cell, a small domain that captures the essential 
microstructural features while maintaining computational efficiency. 
So, the first step in asymptotic homogenisation is to carefully select an 

Fig. 3. Schematic of homogenisation method approach for periodic composite materials with periodic microstructure.  
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appropriate unit cell that is representative of the entire material’s 
microstructure. This unit cell should be small enough to account for 
local variations but large enough to include significant microstructural 
features. Once the unit cell is defined, specific boundary conditions, 
typically periodic boundary conditions, are applied to the unit cell to 
mimic the periodicity of the microstructure. These boundary conditions 
allow for the periodic repetition of the unit cell throughout the material. 
Next, the homogenisation procedure involves analysing the local 
behaviour of the unit cell using mathematical techniques like the 
method of multiple scales or asymptotic expansions. This analysis results 
in a series of solutions for different length scales, which represent the 
contributions of various microstructural features to the overall material 
response. With the results from the homogenisation procedure, the 
effective properties of the composite material can be derived. These 
effective properties represent the macroscopic behaviour of the com
posite at a larger length scale, and they are crucial for designing and 
analysing composite structures. In addition, the flow chart presented in 
Fig. 4 represents the homogenisation process. 

Numerous analytical models have been developed to predict the 
electromechanical properties of piezoelectric composites through ho
mogenisation techniques. Challagulla et al. [87] introduced an asymp
totic homogenisation method to obtain complete properties of 2–2 
layered composites with anisotropic constituents. They explored longi
tudinally and transversely layered variants for both large and 
small-volume systems. An extension of this method for 1–3 long-fibre 
piezoelectric composites with transversely isotropic constituents was 
presented by Bravo-Castillero et al. [88]. Variational bounds were pro
vided by Bisegna et al. [89] to estimate homogenised properties, and 
Hori et al. [73] derived Hashin–Shtrikman type exact bounds. Nasedkin 

et al. [90] performed numerical studies on porous piezoelectric com
posites, using effective moduli theory based on the Hill–Mandel prin
ciple. They investigated properties of a piezoelectric matrix containing a 
spherical hole, analysing how increased metal fraction influences 
effective moduli. Georgiades et al. [91] developed a unit cell-based 
approach yielding expressions for effective elastic, piezoelectric, and 
thermal expansion coefficients. These universal expressions allow cus
tomisation of smart structures by adjusting material or geometric pa
rameters. This methodology was applied to smart network-reinforced 
composites with orthotropic reinforcements and actuators. Silva et al. 
[36] employed topology optimisation and homogenisation to determine 
effective material properties. Vatanabe et al. [92] introduced another 
topology technique for designing functionally graded piezoelectric ma
terials with superior energy harvesting performance. Li-Kun et al. [93] 
analytically and experimentally studied how properties of 1–3 piezo 
composites vary with material properties and volume fraction. Nasser 
et al. [94] used analytical and numerical approaches to determine 
effective electro-mechanical properties of macrofibre composites, 
finding that maximising the ratio between piezoelectric properties in 
different directions requires specific Young’s modulus and Poisson’s 
ratio values. 

The research conducted by Berger et al. [95] delves into modelling 
1–3 periodic composites, consisting of piezoceramic (lead zirconate 
titanate) fibres within a non-piezoelectric polymer matrix. Their focus 
lies on predicting effective coefficients for these transversely isotropic 
piezoelectric fibre composites, utilising the unit cell method. They 
provide two approaches for calculating these coefficients: an analytical 
method based on asymptotic homogenisation, and a numerical method 
using FEM. Ensuring periodicity by defining appropriate boundary 
conditions for the unit cell is of paramount importance. 

Expanding upon this work, Berger et al. [96] continued their study 
on 1–3 periodic piezoceramic composites, exploring both square and 
hexagonal arrangements of cylindrical fibres [97]. They extended their 
method to include soft epoxy matrices [98]. Kari et al. [99] adopted a 
modified random sequential adsorption algorithm for creating unit cell 
models in unidirectional piezoelectric fibre composites with square and 
hexagonal fibre arrangements, using FEM-based numerical homogeni
sation to analyse the effects of fibre diameter and packing. 

Iyer et al. [100] developed an analytical framework based on ho
mogenisation for predicting electromechanical properties of periodic, 
particulate, and porous piezoelectric composites with anisotropic con
stituents. This involved expressions for effective moduli tensors of 
n-phase composites, considering inclusion shape and distribution. They 
found excellent agreement between their analytical predictions and re
sults from 3D finite-element models. 

Nasser et al. [101] employed the variational asymptotical method for 
unit cell homogenisation to design a unidirectional piezoelectric trans
ducer, while Qin et al. [102] combined the boundary element method 
with homogenisation to determine effective material properties. Reda 
et al. [103] proposed a methodology involving oscillating functions for 
computing effective properties of layered piezoelectric materials. Cab
allero-Pérez et al. [104] applied asymptotic homogenisation to linear 
thermo-piezoelectric properties of ceramic matrix materials with peri
odic cylindrical pores, with potential for energy harvesting. Nasimsob
han et al. [105] determined flexoelectric properties using asymptotic 
expansion and proposed a general theory for stratified piezoelectric 
plates. 

Numerical evaluations of effective properties for active piezoelectric 
fibre composites were conducted by De Medeiros et al. [106], while 
Wampo et al. [107] developed a generalised homogenisation model 
adaptable to various connectivity patterns for 2–2 and 1–3 piezo com
posites. Gerasimenko et al. [108] considered inhomogeneous polar
isation’s effect on effective properties of piezoelectric composites. 
Nasedkin et al. [109] proposed a reciprocity relation for predicting 
effective properties and validating with known values. Camarena et al. 
[110] employed analytical homogenisation to find effective Fig. 4. Flow chart to process the homogenisation.  
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electro-mechanical properties of piezoelectric fibre composites, using 
recent structural mechanics insights. 

A novel homogenisation method was introduced by Challagulla et al. 
[111], which is based on the diffused material interface technique 
[112], applicable to arbitrary inclusion shapes, and studied the influ
ence of non-elliptical inclusions on the macrolevel electro-elastic 
response of periodic composites. This extensive body of work collec
tively advances the understanding and prediction of effective properties 
in various piezoelectric composite systems. 

In the realm of composite materials, including distinct variations like 
periodic grids, composite shells, and textured composites, a plethora of 
studies parallel those previously mentioned. Researchers have under
taken comprehensive investigations into these multifaceted composite 
configurations, each tailored to specific design goals and material 
behaviours. 

For instance, Hassan et al. [113] introduced a comprehensive 
micromechanical model for 3D smart composite structures featuring a 
periodic grid of generally orthotropic cylindrical reinforcements, which 
also possess piezoelectric behaviour. Using asymptotic homogenisation, 
they decoupled the complex boundary value problem into simpler unit 
cell problems, enabling the determination of effective elastic, piezo
electric, and thermal expansion coefficients. Practical examples, such as 
cubic and conical embedded grids and diagonally reinforced smart 
structures, were employed to illustrate the model’s application. 

In a similar vein, Challagulla et al. [114] developed a micro
mechanical model for analysing thin smart composite grid-reinforced 
shells with embedded periodic grids of generally orthotropic cylindri
cal reinforcements, potentially exhibiting piezoelectric properties. The 
asymptotic homogenisation technique was employed again, facilitating 
the determination of effective coefficients. This comprehensive 
approach was applied to examples like cylindrical reinforced smart 
composite shells and multi-layer smart shells [115]. Kalamkarov et al. 
[116] employed the asymptotic homogenisation method to analyse 
smart composite structures reinforced by a periodic grid of generally 
orthotropic cylindrical reinforcements with piezoelectric behaviour. 
Analytical expressions for effective elastic and piezoelectric coefficients 
were derived, covering cases with cubic, conical, and diagonal orien
tations. Saha et al. [117] extended the micromechanical model to 
encompass smart composite shells with periodically arranged embedded 
piezoelectric actuators and varying thickness. This complex problem 
was tackled using asymptotic homogenisation, leading to the determi
nation of local fields and effective coefficients. Orthotropic constituent 
materials added complexity, but the model allowed tailoring effective 
properties for different applications through geometric and material 
parameter adjustments. Jayachandran et al. [118,119] integrated sto
chastic global optimisation with the homogenisation method to optimise 
ferroelectric ceramic microstructures for piezoelectric actuators. The 
influence of inner periodic architectural topology on effective piezo
electric properties was explored in [120], utilising the extended Hill
–Mandel macrohomogeneity condition to evaluate homogenised 
electro-mechanical properties. 

Hence, the analyses outlined above offer just a glimpse of the vast 
array of investigations made possible through the utilisation of 
Asymptotic Homogenization-Based models. As delineated in Table 1, 
these analyses underscore the extensive spectrum of research avenues 
that can be explored using this modelling approach. Each of the refer
enced studies presents a unique perspective within the realm of 
modelling and analysing piezoelectric composite materials. Further
more, these studies provide an ideal platform for delving into an 
extensive array of research inquiries, showcasing the dynamic potential 
inherent in this field of study. 

Though the several advantages of the asymptotic homogenisation 
over direct simulations of the entire microstructure, there are limitations 
to the applicability of the method. This assumes a periodic and regular 
microstructure, which may not be suitable for composites with irregular 
arrangements or strong spatial variations. The accuracy of the results 

heavily depends on the appropriate representation of the microstructure 
in the chosen unit cell. For reliable results, it is essential to carefully 
define the unit cell to capture the critical microstructural features 
accurately. Furthermore, asymptotic homogenisation is most effective 
for materials with small variations in material properties or low contrast 
materials. For composites with high contrast or exhibiting complex 

Table 1 
Analyses that can be performed using Asymptotic Homogenization-Based 
models.  

Analyses Description Authors 

Homogenisation analysis 
for piezoelectric 
composites 

The applicability of the 
asymptotic homogenisation 
methodology to other types of 
compositions and piezoelectric 
material characteristics was 
explored. 

Challagulla et al.  
[87] 

Properties of anisotropic 
composite materials 

The differences between 
longitudinally and transversely 
layered fibre compositions, as 
well as the implications of 
anisotropic variations in 
constituents was investigated. 

Challagulla et al.  
[87] 
Bravo-Castillero 
et al. [88] 

Estimation of 
electromechanical 
properties 

The estimates of homogenised 
properties provided by different 
approaches for calculating limit 
and variational properties was 
compared. 

Hori et al. [73] 
Bisegna et al. [89] 

Modelling of porous 
piezoelectric 
composites 

The changes in effective 
properties with varying metal 
fraction and examine the 
influence of porosity on 
piezoelectric characteristics was 
analysed. 

Nasedkin et al.  
[90] 

Customisation of smart 
structure properties 

Universal expressions of 
effective coefficients were used 
to design smart structures with 
tailored properties, adjusting 
geometric and material 
parameters. 

Georgiades et al.  
[91] 

Materials optimisation for 
energy harvesting 

Topology and functional 
optimisation techniques to 
design piezoelectric materials 
with superior performance for 
energy harvesting was explored. 

Silva et al. [36] 
Vatanabe et al.  
[92] 

Sensitivity analysis of 
composites 

Investigation how 
electromechanical properties of 
1–3 composites vary with 
volume fraction and the effects 
of different material properties 
was performed. 

Li-Kun et al. [93] 

Effects of fiber orientation 
in composites 

The impact of fibre orientation 
and diameter on determining 
effective properties of these 
composites was analysed. 

Kari et al. [99] 

Comparison between 
analytical and 
numerical models 

The predictions of the developed 
analytical model were validated 
with results from numerical 
finite element models in various 
configurations. 

Iyer et al. [100] 

Piezoelectric transducer 
design 

The properties determined by 
the homogenisation method to 
optimise the design of 
unidirectional piezoelectric 
transducers was explored. 

Nasser et al. [101] 

Flexoelectric effect 
analysis 

The relationship between 
flexoelectric effects and the 
layered response of piezoelectric 
plates was investigated. 

Nasimsobhan et al. 
[105] 

Modelling properties in 
periodic composites 

The new homogenisation 
approach based on the diffuse 
material interface technique was 
used to understand how non- 
elliptical inclusion shapes affect 
macro-level electro-elastic 
properties. 

Challagulla et al.  
[111]  
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nonlinear behaviour, more advanced homogenisation techniques may 
be required to achieve accurate results. 

3.4. Summary 

The Table 2 provide a comprehensive summary of analytical models 
designed to predict the electromechanical behaviour of piezoelectric 
composites is presented, accounting for material characteristics and the 
specific composite types studied. Notably, a predominant focus is 
observed on long-fibre composites exhibiting either transversely 
isotropic or anisotropic properties. However, a distinct pattern emerges 
when considering Eshelby-type models. These models have been spar
ingly employed in the exploration of long-fibre composites with aniso
tropic properties. This trend can be attributed to the inherent limitations 
of Eshelby-Type Models in accurately predicting the effective transverse 
modulus. These models primarily prioritise volume fraction, which 
limits their applicability in this aspect. As a result, Eshelby-Type Models 
find constrained utility in studying composites involving particles or 

porous, with Micromechanics-Based Models and Asymptotic 
Homogenization-Based Models assuming prominence in such scenarios. 
A similar trend is evident to predict the electromechanical behaviour of 
laminated composites. 

The advantages and disadvantages of three different types of 
analytical models (Micromechanics-Based Models, Eshelby-Type 
Models, and Asymptotic Homogenization-Based Models) used in mate
rial science and engineering for predicting the behaviour of piezoelectric 
composite materials are outlined in Table 3. 

Micromechanics-Based Models offer simplicity and the ability to 
predict material properties in specific directions. They are particularly 
effective for certain types of composites and anisotropic materials. These 
models can guide optimisation efforts and predict composite behaviour 
under various loading conditions. However, they may struggle with 
transverse properties, matrix-dominant scenarios, and high anisotropy, 
limiting their accuracy. 

Eshelby-type models excel at accurately estimating the properties of 
composites with specific reinforcement shapes and materials, 

Table 2 
A summary of the analytical models developed to predict the electromechanical response of piezoelectric composites.  

Analytical models Material 
behaviour 

Particulate composites or 
porous within composites 

Long-fibre composites or 
periodic grid 

Laminate composites 

Micromechanics-based models TI  Tan et al. [49] (2001) 
Malik et al. [50] (2003) 
Kar-Gupta et al. [47] (2007) 
Kumar et al. [51] (2009) 
Aimmanee et al. [20] (2020) 
Singh et al. [53] (2022)  

A Hashmimoto et al. [37] (1986) 
Banno et al. [38] (1987) 
Levassort et al. [40–42] 
(1997–1999) 
Bowen et al. [46] (2003) 
Odegard et al. [54] (2004) 
Dinzart et al. [55] (2009) 

Hashmimoto et al. [37] (1986) 
Banno et al. [38] (1987) 
Levassort et al. [40–42] 
(1997–1999) 
Tan et al. [49] (2001) 
Bowen et al. [46] (2003) 
Kar-Gupta et al. [47] (2007) 

Hashmimoto et al. [37] (1986) 
Banno et al. [38] (1987) 
Levassort et al. [40–42] 
(1997–1999) 
Topolov et al. [45] (2009) 
Kar-Gupta et al. [48] (2013) 

Eshelby-type models TI Dunn et al. [68,121,122] 
(1993–1996) 
Wang et al. [123] (1994) 
Mikata et al. [70] (2001) 

Dunn et al. [69,121,122] 
(1993–1996) 
Wang et al. [123] (1994) 
Chen et al. [124] (1996) 
Mikata et al. [64] (2000) 
Odegard et al. [54] (2004) 
Dinzart et al. [55] (2009) 
Chambion et al. [125] (2011) 
Dai et al. [126] (2012) 
Malakooti et al. [75] (2012) 
Rodríguez et al. [76] (2022) 
Chen et al. [78,79] (2022–2023) 

Jacquet et al. [84] (2000) 

A Hori et al. [73] (1998) 
Fakri et al. [71] (2003) 
Hasanzadeh et al. [77] (2019) 
Rodriguez et al. [80] (2019) 

Hori et al. [73] (1998) Lee et al. [127] (1990) 
Hori et al. [73] (1998) 
Jacquet et al. [84] (2000) 
Chen et al. [72] (2002) 
Trzepieciński et al. [128] (2018) 

Asymptotic homogenization-based 
models 

TI  Bisegna et al. [89] (1997) 
Silva et al. [36] (1998) 
Bravo et al. [88] (2001) 
Rodrıǵuez et al. [129] (2001) 
Berger et al. [95–98] (2005–2006) 
Kari et al. [99] (2007) 
Li-Kun et al. [93] (2008) 
Medeiros et al. [106] (2015) 
Wampo et al. [107] (2022) 

Otero et al. [130] (2005) 
Georgiades et al. [91] (2006) 
Wampo et al. [107] (2022) 

A Qin et al. [102] (2004) 
Iyer et al. [100] (2014) 
Gerasimenko et al. [108] (2019) 
Caballero-Pérez et al. [104] (2020) 
Nasedkin et al. [109] (2020) 
Challagulla et al. [111] (2023) 

Bisegna et al. [89] (1997) 
Saha et al. [117] (2007) 
Hassan et al. [113] (2009) 
Georgiades et al. [115] (2010) 
Nasser et al. [94] (2011) 
Kalamkarov et al. [116] (2012) 
Iyer et al. [100] (2014) 
Camarena et al. [110] (2019) 
Challagulla et al. [111,114] (2010, 
2023) 

Georgiades et al. [115] (2010) 
Nasser et al. [101] (2016) 
Camarena et al. [110] (2019) 
Reda et al. [103] (2020) 
Nasimsobhan et al. [105] (2022) 
Challagulla et al. [87,111] (2009, 
2023) 

Legend: TI – Transversely Isotropic; A – Anisotropic. 
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particularly in piezoelectric composites. They offer insight into various 
geometries and symmetries, but they may not account for interactions 
among inclusions at high volume fractions. These models are powerful 
for certain problems like defects and fracture, but they might not fully 
address laminate issues or transverse modulus predictions due to certain 
simplifications. 

Asymptotic Homogenization-Based Models stand out for efficiently 
estimating properties of complex microstructures, allowing optimisation 
and analysis of large-scale composites. They are versatile in handling 
various loading conditions and materials with periodic arrangements. 
However, they are limited by their assumption of regular microstruc
tures and may struggle with highly contrasting or nonlinear materials. 

In summary, each model type has its strengths and limitations, and 
their appropriateness depends on the specific characteristics of the 
piezoelectric composite materials being studied. Researchers and engi
neers should choose the model that aligns best with their material’s 
properties and the analysis goals at hand. 

4. Numerical models: finite element models 

Piezoelectric composites often exhibit intricate microstructures, and 
their behaviours can be influenced by a multitude of factors, including 
geometric irregularities, anisotropy, and complex boundary conditions. 
FEM is frequently employed to comprehensively reconstruct the intri
cate microstructure of composite materials. This involves capturing the 
heterogeneous spatial distribution of particles or fibres, the irregular 
shapes of these particles, and the anisotropic properties within them. 
Several effective numerical models, grounded in FEM, have been 

devised to investigate the electromechanical properties of piezoelectric 
composites. Understanding and accurately predicting the mechanical 
and electroelastic properties of such materials pose significant chal
lenges in engineering analysis. Numerical techniques have emerged as 
indispensable tools in the field of materials science and engineering, 
being FEM one of the most widely employed numerical methods in 
simulating the behaviours of piezoelectric composites. This introduces 
the fundamental concepts and motivations behind the utilisation of FEA 
in the context of piezoelectric composites, discussing its strengths and 
limitations. 

The Representative Volume Element (RVE) is a fundamental tech
nique in materials science and mechanics, employed to characterise the 
mechanical and physical properties of heterogeneous materials. Its pri
mary purpose is to simplify the analysis of complex materials by 
considering a small, yet statistically representative portion known as the 
RVE. This approach allows researchers to make predictions about the 
material’s macroscopic behaviour based on the properties of this 
microscale unit [131]. 

One of the key principles of the RVE method is the idea of statistical 
representation. The chosen RVE must strike a balance - it should be small 
enough to be computationally tractable yet large enough to encompass a 
representative sample of the material’s microstructure. In doing so, the 
RVE aims to capture the essential features of the material’s heteroge
neity, which can vary widely across different materials. 

Homogenisation is a central concept in the RVE method. It involves 
subjecting the RVE to various loadings and boundary conditions to study 
its electromechanical response. Through this process, researchers seek 
to determine effective or homogenised material properties. These 

Table 3 
An overview of the analytical models’ advantages and disadvantages.  

Analytical models Advantages Disadvantages 

Micromechanics-based 
models  

• For 1–3 type composites, the material properties in the longitudinal 
direction are well-predicted [47].  

• For anisotropy material, the material behaviour and properties are 
well predicted.  

• Provide useful information for optimising the composite performance 
by selecting the optimal microstructure and properties of composite 
constituents [49].  

• Simplicity and ability to determine the effective coefficients without 
excessive computational efforts [51].  

• Predict the complete behaviour of the piezoelectric composite 
subjected to thermo-electro-mechanical loading [51].  

• The 0–3 and 3–3 type composites showed to be less sensitive to the 
anisotropy factor [46].  

• For 1–3 type composites, the material properties in the transverse 
direction are underpredicted for matrix-dominant [47].  

• For 2–2 type composites, the material properties along a direction 
perpendicular to the layer interface are influenced by the properties of 
the ‘softer’ phase [48].  

• Strong dependence of effective properties on Young’s modulus of the 
matrix material [51]. 

Eshelby-type models  • Ellipsoidal reinforcement shapes are employed to simulate thin 
lamina to continuous fibre at spherical particles [66].  

• Precision on the precise electro-elastic property estimation for 
piezoelectric composites [66].  

• Porosity, shape and concentration are covered in piezoelectric 
ceramics with any material symmetry [68].  

• Elliptical crack-like inclusions, regardless of aspect ratio, share the 
same piezoelectric Eshelby tensor [64].  

• Self-consistent and Mori-Tanaka methods yield acceptable results, 
former tends to overestimate.  

• The derived expressions are crucial for 2D inclusion problems in 
piezoelectric solids using an equivalent inclusion approach [121].  

• Tensors solve piezoelectric problems like defects, fractures, and 
composites [121].  

• Interactions among inclusions at finite volume fractions are disregarded.  
• The dilute approach becomes unreliable at high volume fractions, 

possibly an asymptotic limit of the models.  
• Numerical results reveal significant effects of volume fraction, aspect 

ratio, and orientation on electro-elastic modulus.  
• The Eshelby-type approach doesn’t address laminate issues.  
• Mori-Tanaka approach struggles to predict effective transverse modulus 

(Ceff
11 = Ceff

22) due to its focus solely on volume fraction[126]. 

Asymptotic 
homogenization-based 
models  

• Computational expenses are significantly reduced for large-scale 
composite analysis.  

• Efficient estimation of effective material properties under various 
loading conditions, allowing designers to optimise material 
performance.  

• Complex microstructures can be handled, including composites with 
periodic arrangements and repeating patterns.  

• When applied to smart composites, these models predict both local 
and global effective properties of the structure [113].  

• These models allow tailoring of effective coefficients of smart grid- 
reinforced structures by adjusting material or geometric parameters 
[115].  

• Successful application to analyse complex structures with embedded 
actuators and varying thickness [117].  

• These models’ assumption of a periodic and regular microstructure 
restricts its applicability to materials with irregular arrangements or 
strong spatial variations.  

• Accurate results heavily rely on appropriately defining the RVE to 
capture critical microstructural features.  

• Effective for materials with small property variations or low contrast. It 
may struggle with high-contrast composites or those exhibiting complex 
nonlinear behaviour.  
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effective properties can then be applied at the macroscopic scale to 
simplify the analysis of heterogeneous materials, such as composites, 
foams, and porous media. 

The size and shape of the RVE are critical considerations. They 
depend on the specific material being studied and the features of in
terest. For instance, in the context of composite materials, the RVE may 
represent a repeating unit of the material’s microstructure, such as the 
arrangement of fibres in a fibre-reinforced composite. 

RVE’s Methods based on the Finite Element (FE) and analytical 
methods both offer distinct advantages and disadvantages. The analyt
ical approach excels in modelling statistical distributions and demands 
considerably less computational time, often taking just a few seconds to 
complete. On the other hand, FE analysis, although more computa
tionally intensive (taking a few minutes), is particularly suited for esti
mating the effective properties of composites with predetermined 
periodic fibre or particle distributions. Moreover, FE analysis can 
accommodate more intricate boundary conditions [132]. 

Recent advancements have seen the combination of the RVE method 
with macroscopic mechanical analysis, yielding promising results. This 
hybrid approach has been successfully employed in modelling the sensor 
capabilities of a prototype impact sensor. For a comprehensive under
standing of the sensor’s design, experimentation, and modelling [132]. 

The field of numerical modelling for piezoelectric composite mate
rials is a cornerstone of modern engineering and materials science. It 
enables us to understand and predict the behaviour of complex materials 
composed of distinct phases, such as reinforced composites, metal ma
trix composites, or multiphase polymers. In this realm, the journey be
gins with the creation of an RVE, a miniature sample that encapsulates 
the essential structural features of the entire composite. Assigning ma
terial properties, meshing, applying constraints, and imposing loading 
conditions are all integral parts of this intricate process. Through nu
merical simulations, it is possible to gain insights into how these ma
terials respond to mechanical, thermal, or electrical stimuli, ultimately 
extracting effective properties critical for designing and engineering 
innovative composite materials for a wide range of applications, from 
aerospace components to biomedical devices. This theme explores the 
step-by-step intricacies of numerical modelling, shedding light on the 
fascinating world of composite materials and their multifaceted 
behaviour. 

Building an RVE:  

• The first crucial step in modelling composite materials is creating an 
RVE. This RVE represents a small portion of the composite material, 
and its properties and behaviour should accurately reflect those of 
the entire composite. 

• The RVE is typically chosen to be small enough to make computa
tional simulations manageable but large enough to capture the key 
features of the composite’s microstructure. 

Assigning Material Properties to the Matrix and Reinforcement:  

• In piezoelectric composite materials, there are usually two phases: 
the matrix (often a polymer or metal) and the reinforcement (typi
cally fibres or particles) or porous. It is essential to assign appropriate 
material properties to these phases within the RVE.  

• These material properties include mechanical properties (e.g., 
Young’s modulus, Poisson’s ratio), electrical properties (such as 
conductivity or permittivity), piezoelectric properties and, in some 
cases, thermal properties. 

Creating a Periodic Mesh on Opposite Surfaces of the RVE:  

• To apply periodic boundary conditions accurately, it is necessary to 
generate a mesh on the opposite surfaces of the RVE. This mesh 
should match the corresponding nodes on opposite surfaces.  

• The periodicity ensures that any physical effects observed within the 
RVE can be extrapolated to the entire composite material accurately. 

Applying Constraint Equations to Nodes and Boundary 
Conditions:  

• Constraint equations are mathematical relations that describe the 
behaviour of nodes within the RVE (Fig. 5). These equations often 
involve degrees of freedom (DOFs) related to translations and 
possibly other properties such as electric potential.  

• Each node within the RVE typically has multiple DOFs, and these 
equations enforce the relationships between nodes due to the con
straints imposed by the composite’s microstructure. 

Determination of Effective Coefficients Using Loading 
Conditions:  

• The primary goal of modelling composite materials is to determine 
their effective properties. This is achieved by applying external 
loading conditions, such as mechanical strains or electric fields, to 
the RVE.  

• By analysing the response of the RVE to these loading conditions, 
effective material properties like the effective Young’s modulus, 
piezoelectric properties, effective electrical conductivity, or effective 
thermal conductivity can be determined.  

• The choice of loading conditions should align with the specific 
properties of interest and the expected use of the composite material. 

In summary, implementing numerical models for composite mate
rials involves creating a representative sample, assigning material 
properties, ensuring periodicity, applying constraints and boundary 
conditions, and finally, determining the effective properties through 

Fig. 5. Piezoelectric composites and boundary conditions.  
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appropriate loading conditions. This iterative process is crucial for 
accurately simulating the behaviour of composite materials in various 
applications [133,134]. 

In the realm of electro-mechanical modelling, engineers and scien
tists often grapple with the choice between linear and nonlinear models, 
each offering a unique set of advantages and disadvantages. 

Linear electro-mechanical models, with their precision in predicting 
linear responses, prove invaluable for understanding materials’ behav
iours under moderate electric fields. Their simplicity and ease of 
application make them ideal for straightforward analyses and control 
systems where linearity suffices. Moreover, their analytical solutions 
empower researchers to derive mathematical insights, facilitating 
parameter estimation for experimental setups. 

On the other hand, nonlinear electro-mechanical models shine when 
realism is paramount. They accurately represent materials’ responses 
under intense electric fields, capturing phenomena like polarisation 
saturation and hysteresis. These models excel in predicting complex 
behaviour, such as polarisation switching and domain wall motion, vital 
in practical applications. Additionally, they offer flexibility in optimis
ing material performance and tailoring it to specific application 
requirements. 

However, it is essential to weigh these advantages against the com
plexities involved in employing nonlinear models. Their computational 
demands and the intricate nature of modelling nonlinearities can pose 
challenges. In contrast, linear models may fall short in representing real- 
world behaviour when dealing with large electric fields and nonlinear 
responses. 

Ultimately, the choice between models with linear and nonlinear 
electro-mechanical behaviour models hinges on the specific applica
tion’s demands and the level of accuracy required. Engineers and re
searchers must carefully consider these factors to select the most suitable 
modelling approach for their particular endeavours. 

4.1. Linear electro-mechanical behaviour 

The constitutive modelling of linear piezoelectric materials is an 
essential aspect of understanding their behaviour and predicting their 
response to external stimuli. Eqs. (44) represents a mathematical 
formulation that describes the relationship between the various physical 
properties and quantities associated with linear piezoelectric materials. 
In linear piezoelectric materials, which are often crystalline materials 
like quartz or certain ceramics [3,19,135], there is a linear relationship 
between mechanical stress (Tij), electric field (Ei), strain (Sij), and 
electric displacement (Di). This linear relationship is described by the 
constitutive Eq. (2). 

To characterise the behaviour of piezoelectric composites, the con
ventional electro-elastic equations in their linearised form can be 
adopted, focusing on infinitesimal strains and potential gradients [136]. 
In the context of piezoelectric composites, it is common to incorporate 
electrodes that establish a connection between the piezoelectric material 
and the electric circuit, as depicted in Fig. 5. An example displayed in 
Fig. 5, it can be possible to briefly express these equations as shown in 
Eqs. (44). Within the equation of motion, the stress tensor (Tij) is a key 
factor, while the displacement (uk) and material density (ρ) play their 
roles. As for the charge equation, it involves the electrical displacement 
(Di), infinitesimal strain (Sij), electrical field (Ei), and potential (ϕ). The 
linear constitutive equations encompass several quantities: CE

ijkl signifies 
stiffness under a constant electrical field, dkij notes piezoelectric stress 
coefficients, and εS

ik signifies the dielectric matrix assessed under con
stant strain conditions. 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Tjk, j = ρük in Ω

Di, i = 0 in Ω

Sij =
ui,j + uj,i

2
Ei = − ϕi

Tij = CE
ijkl Skl − dkijEk

Di = dikl Skl + εS
ik Ek

Δϕ = RI

ui = ui on Γu

ti = Tjinj on ΓT

ϕ = ϕ1 on Γϕ1

ϕ = ϕ2 on Γϕ2

Djnj = 0 on ΓD

(44) 

The circuit equation interrelates the disparity in potential with the 
resistance (R) and the electric current (I) that traverses through it. When 
it comes to boundary conditions, there are the customary prescribed 
displacement conditions (uoi) and traction conditions (ti) on the 
respective domain boundary Γu and ΓT. Simultaneously, there are 
specified potential conditions ϕi and charge conditions q = 0 on Γϕi and 
ΓD, correspondingly, as illustrated in Fig. 5. It is worth noting that the 
surfaces marked as Γϕi correspond to the electrode surfaces, and the 
composite surface, denoted by Γ = Γϕ1 ∪ Γϕ2 ∪ ΓD = Γu ∪ ΓT, coincides 
with the merger of Γu and ΓT. 

In addition, the Einstein summation convention is employed for 
summation over repeated indices and the notation αi,j represents partial 
derivatives ∂αi

∂xj
for spatial coordinates. Each electrode retains a constant 

electrical potential on the surface marked as Γϕi . 
The amount of unbound electric charge that moves across the surface 

Γϕi is determined by the formula presented in Eq. (45). When this un
bound electric charge changes over time, it gives rise to an electric 
current called I, which flows outward from the electrode. This rela
tionship is precisely described by Eq. (46). 

Qe =

∫

Γϕi

− niDi dΓ (45)  

I = − Q̇e (46) 

Numerous research studies have delved into the analysis of electro- 
mechanical behaviours in functionally graded piezoelectric structures. 
The majority of these investigations have primarily concentrated on 
linear electro-mechanical responses, which are applicable when these 
structures experience relatively modest electric field inputs. Examples of 
these analytical and numerical (finite element) investigations on the 
behaviour of functionally graded piezoelectric structures can be found in 
works such as Hauke et al. [137], Wang et al. [138], among others [75, 
139–142]. 

In one notable study, Carbonari et al. [141] employed a topology 
optimisation approach to identify the optimal variations and polar
isation axes in functionally graded bimorph beams, with a focus on 
maximising lateral displacements as the performance metric. They 
employed a combination of piezoelectric ceramics and metals as the 
constituent materials in these functionally graded bimorph beams. 
Additionally, Vatanable et al. [143] also utilised topology optimisation 
techniques to investigate the impact of patterned gradations on the 
design of functionally graded piezoelectric beams (FGPBs) intended for 
energy harvesting applications. 

Several studies have explored the utilisation of smooth and mono
tonic spatial functions to ascertain the overall electro-mechanical 
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properties within graded piezoelectric materials. Examples of such 
research include works by Bhangale et al. [144], Huang et al. [145], 
Panda et al. [146], and Yang et al. [147]. Employing monotonic func
tions to determine material properties along the graded region is often 
found convenient, especially when considering linear 
electro-mechanical responses. In some composite materials, effective 
electro-mechanical properties can be reasonably approximated by 
applying the rule of mixture, which combines the properties of indi
vidual constituents. 

4.2. Nonlinear electro-mechanical behaviour 

Piezoceramics play a crucial role in various technological applica
tions, particularly in the realm of sensors and actuators. To harness their 
full potential, these materials undergo a process known as polarisation, 
which involves subjecting them to a high electric field at elevated 
temperatures, typically exceeding the coercive electric field threshold. 
This polarisation step is essential for optimising their performance 
[148]. 

In many actuator applications, polarised piezocomposites are 
exposed to high electric fields, leading to intriguing nonlinear electro
mechanical responses. These responses are characterised by the complex 
interplay between electrical and mechanical properties. To understand 
and analyse these behaviours, Tiersten [149] introduced a constitutive 
model tailored to capture the intricacies of polarised piezoceramics 
when subjected to large electric fields but lower than the coercive 
electric field of the piezoceramics. 

One notable nonlinear electromechanical phenomenon in piezocer
amics is hysteretic polarisation switching. This effect occurs when 
ferroelectric materials experience cyclic electric fields with amplitudes 
surpassing the coercive electric field. The polarisation switching 
response is inherently nonlinear, as it involves the material transitioning 
between different polarisation states during each cycle of the electric 
field. 

Tiersten’s [149] nonlinear constitutive model, designed for polarised 
piezoceramics exposed to large electric fields and experiencing rela
tively small strains, is expressed in Eq. (47). This model aims to math
ematically describe the intricate relationship between the electrical field 
Ei, mechanical strain Sij, mechanical stress Tij and electric displacement 
Di, providing a valuable tool for understanding and predicting the 
behaviour of these materials under such conditions. 
⎧
⎪⎪⎨

⎪⎪⎩

Sij = sijkl Tkl + dkijEk +
1
2
fklijElEk

Di = diklTkl + εS
ik Ek +

1
2
χijkEkEj

(47) 

Material properties are essential in this context. They include elastic 
compliances represented as sijkl, which are determined under constant 
electric fields. Additionally, it is possible to observe, third- and fourth- 
order piezoelectric strain coefficients, dijk and fijkl, respectively, which 
are determined under constant stresses. Furthermore, it was considered 
second- and third-order dielectric coefficients εS

ij and χijk, which are 
calibrated under constant stresses. 

To account for the nonlinear response of polarised piezoelectric 
materials in the presence of high electric fields, higher-order terms of the 
electric field are introduced. This enables us to better describe and 
analyse the behaviour of these materials in such conditions. 

In applications involving actuation, piezoelectric composites are 
often subjected to high electric fields, resulting in nonlinear electro- 
mechanical responses. Various experimental studies, such as those 
conducted by Kouvatov et al. [150] and Jin et al. [151], have 

demonstrated nonlinear behaviours and hysteresis in piezoelectric 
functionally graded beams when exposed to significant electric fields. 
These studies revealed nonlinear polarisation and switching responses in 
these beams under such conditions. Additionally, Takagi et al. [152] 
highlighted nonlinear electro-mechanical responses in polarised func
tionally graded beams when subjected to large electric fields. 

When one or more constituents within these composites exhibit 
nonlinear behaviour, simply applying a rule of mixture may not suffice 
to predict the overall nonlinear responses of the composites. To address 
this, several micromechanics models have been widely employed [62, 
124,153–158]. These models encompass diverse microstructural ar
rangements and account for different constituent behaviours, allowing 
for the prediction of both linear and nonlinear electro-mechanical re
sponses in piezoelectric composites. 

However, it’s worth noting that the current understanding of ana
lysing nonlinear electro-mechanical responses, particularly concerning 
polarisation and hysteresis behaviours, in functionally graded piezo
electric structures, remains somewhat limited. Although Kouvatov et al. 
[150] have examined the nonlinear hysteretic responses of functionally 
graded beams, their approach involved discretising the beam into 
multiple layers of homogeneous materials and employing higher-order 
polynomial functions to capture the nonlinear hysteretic polarisation 
within each electro-active layer of the functionally graded beam. 
Nevertheless, the precise methodology they used to incorporate these 
hysteretic responses using higher-order polynomial functions remains 
somewhat unclear. By examining the nonlinear responses of multi-scale 
models, Lin et al. [159] further, contribute to the clarification of these 
results. 

4.3. Representative volume element method 

The RVE is a crucial tool in materials science and mechanics, used to 
assess heterogeneous materials’ properties. It simplifies complex mate
rial analysis by examining a small, statistically representative portion. 
This allows researchers to predict macroscopic behaviour based on 
microscale properties. Key principles include achieving statistical rep
resentation while balancing computational feasibility and capturing 
essential heterogeneity features. Homogenisation is central, involving 
subjecting the RVE to various conditions to determine effective material 
properties for macroscopic-scale analysis of heterogeneous materials 
like composites and foams. RVE size and shape depend on the material 
and specific features of interest, such as representing a repeating unit in 
composite materials. 

The applications of the RVE method are diverse and span various 
scientific disciplines. It is used to predict the effective electromechanical 
properties of composite materials, which often exhibit complex micro
structures [52,54,96,134]. Additionally, the method finds application in 
the analysis of porous media [20,90,104,160–163]. 

However, the RVE method does come with its set of challenges. 
Selecting an appropriate size and shape for the RVE can be non-trivial, as 
it necessitates a careful balance between capturing relevant micro
structural features and maintaining computational manageability. 
Extracting accurate boundary conditions for the RVE can also be com
plex, especially when dealing with interactions between neighbouring 
material phases. Additionally, achieving convergence and accuracy in 
simulations, particularly for highly heterogeneous materials, often de
mands significant computational resources. 

In conclusion, the RVE method is an indispensable tool for charac
terising heterogeneous materials. Simplifying complex microstructures 
into manageable units for analysis, empowers researchers to make 
predictions about macroscopic behaviour and properties, offering 

P.M. Ferreira et al.                                                                                                                                                                                                                             



Advances in Engineering Software 193 (2024) 103651

15

valuable insights into the design and understanding of materials with 
diverse applications. 

4.3.1. Periodic arrangement of reinforcements 
In the realm of actual piezoelectrical composite materials, the par

ticles or fibres often exhibit intricate, irregular shapes and are irregu
larly dispersed. However, for the sake of analytical convenience and to 
facilitate a more tractable mathematical framework, a simplifying 
assumption can be made. Specifically, ceramic particles can be 
approximated as possessing spherical geometry, and their distribution 
within the matrix can be considered uniform. Likewise, fibres are 
approximated as cylindrical and are also assumed to be uniformly 
distributed. 

To harness the analytical power of this simplified model, the 
framework of the periodic microfield approach is adopted. This 
approach hinges on the utilisation of RVE’s, as illustrated in Fig. 3, to 
represent the repeating structural motifs within the composite material. 
A well-defined coordinate system is established, with its origin situated 
at the centre of a ceramic particle. The three-axis aligns precisely with 
the direction of particle alignment and the direction of tensile loading. In 
this setup, the particles are represented as perfect spheres with a char
acteristic radius. These spheres are systematically spaced apart by a 
specific distance in the direction of loading and the transverse direction, 
as specified in the reference [164]. 

This deliberate simplification and systematic arrangement of parti
cles and fibres into uniform geometrical shapes within RVEs enable re
searchers and engineers to apply rigorous mathematical methodologies 
to analyse the composite’s mechanical and electromechanical proper
ties. This approach, while inherently idealised, serves as a valuable 
foundation for investigating the behaviour of composite materials in 
controlled, yet representative, conditions. 

4.3.2. Random arrangement of reinforcements 
The random microstructure under consideration is characterised by 

the presence of piezoelectric particles or fibres that are deliberately 
positioned in the matrix, as depicted in Fig. 6. The arrangement of these 
particles or fibres is achieved through a controlled process that leverages 
computational tools such as ANSYS Parametric Design Language, Mat
lab, and various other analytical software packages [99,125,165]. This 
meticulous procedure for generating a three-dimensional composite 
microstructure, featuring a random distribution of these particles or fi
bres within the matrix, unfolds as follows:  

• Generation of Random Cube Centres: In the initial step, random 
coordinates for cube centres are determined. These coordinates serve 
as pivotal reference points within the matrix, forming the basis for 
subsequent particle or fibre placement. 

• Random Orientation of Symmetry Axes: Following the establish
ment of cube centres, the symmetry axes of these cubes are subjected 
to a randomised orientation. This orientation is precisely defined 
using mathematical constructs known as versors, which govern the 
direction and alignment of each cube within the composite material.  

• Construction of Particles or Fiber: With the cube centres and their 
orientation in place, the actual particles or fibres are meticulously 
constructed within the matrix. This construction adheres to a 
fundamental equation, as elucidated in reference [166], which en
capsulates the intricate interplay of material properties and 
geometrical considerations. 

This methodical approach ensures the creation of a 3D composite 
microstructure that faithfully replicates the randomness inherent in real- 
world materials, thus enabling a comprehensive exploration of their 
mechanical and electromechanical properties for scientific analysis and 
engineering applications. 

4.4. Theory of periodic boundary conditions 

Composite materials can be effectively characterised by representing 
them as a periodic array of RVEs. To accurately simulate the behaviour 
of the composite, it is necessary to apply periodic boundary conditions to 
the RVE models [167,168]. This means that the deformation mode of 
each RVE in the composite remains consistent, and there is no separation 
or overlap between neighbouring RVEs. The application of periodic 
boundary conditions given by Sun et al. [168] ensures that the RVEs at 
the boundaries of the composite adhere to this behaviour. In essence, 
these conditions establish the necessary constraints to maintain the 
periodicity and homogeneity of the composite structure, allowing for 
reliable analysis and prediction of its mechanical response. 

In Eq. (48), S̄ij represents the average strains, while vi represents the 
periodic part of the displacement components, which signifies the local 
fluctuation, specifically on the boundary surfaces. The values of vi are 
generally unknown and depend on the applied global loads. The indices i 
and j denote the three-dimensional coordinate directions, ranging from 
1 to 3. To derive a more explicit form of periodic boundary conditions 
suitable for square RVE models, it is possible to refine the general 
expression of the Eq. (48). Considering the RVE depicted in Fig. 7b, the 
displacements on a pair of opposite boundary surfaces, with their 
normal aligned along the xj axis can be expressed as the Eq. (49) and Eq. 
(50). In the Eq. (49) and Eq. (50), the index ’K+’ denotes displacement 
along the positive xj direction, while ’K− ’ represents displacement along 
the negative xj direction, corresponding to the surfaces A− /A+, B− /B+, 
and C− /C+ (Fig. 7a). 

ui = S̄ijxj + vi (48) 

Fig. 6. Random arrangement of reinforcements: (a) particles and (b) fibres.  
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uK+
i = S̄ijxK+

j + vK+
i (49)  

uK−
i = S̄ijxK−

j + vK−
i (50) 

The Eq. (49) and Eq. (50) demonstrate that the local fluctuations (vK+
i 

and vK−
i ) around the average macroscopic value are identical on 

opposing faces due to the periodic conditions of the RVE. Hence, the 
difference between the two equations lies in the applied macroscopic 
strain condition (Eq. (51)). By analysing and understanding these re
lationships, it was possible to establish a clearer understanding of how 
periodic boundary conditions manifest within square RVE models. 

uK+
i − uK−

i = S̄ij

(
xK+

j − xK−
j

)
(51) 

The imposition of periodic boundary conditions on the electric po
tential is accomplished by incorporating the applied macroscopic elec
tric field condition. This concept is analogous to what can be observed in 
the Eq. (52), allows for the simulation or analysis of electrostatic systems 
in a finite computational domain. By effectively ’wrapping’ the domain 
at its boundaries, the macroscopic electric field condition ensures that 
the electric potential remains continuous and consistent throughout the 
entire periodic structure. 

ΦK+ − ΦK− = Ēi

(
xK+

j − xK−
j

)
(52) 

It is a common assumption that the average mechanical and elec
trical properties of an RVE are representative of the average properties 
of the entire composite material. In other words, by considering a suit
ably sized RVE, one can effectively capture the macroscopic behaviour 
of the composite material under study. This approach is particularly 
useful for predicting the overall mechanical and electrical response of 
composite materials without the need to simulate the entire complex 
microstructure. To define the average stresses and strains in the RVE, it 
is used Eq. (53) and Eq. (54). These equations quantify the average 
mechanical response within the RVE, allowing us to understand how the 
composite material will behave under mechanical loading. The volume 
of the periodic RVE, denoted as V, plays a crucial role in computing these 
averages, ensuring that the results are appropriately scaled to the overall 
composite. 

S̄ij =
1
V

∫

V

SijdV (53)  

T̄ij =
1
V

∫

V

TijdV (54) 

Similarly, for the average electric fields and electrical displacements 
within the composite material, it is used the Eq. (55) and Eq. (56). These 
equations govern the macroscopic electrical behaviour, elucidating how 
the composite material responds to an applied electric field. By 
considering the electric properties within the RVE and scaling them 
based on its volume V, it was possible to effectively predict the overall 
electrical characteristics of the composite, providing valuable insights 
into its functional behaviour. 

Ēi =
1
V

∫

V

EidV (55)  

D̄i =
1
V

∫

V

DidV (56)  

4.5. Calculation methods for the effective coefficients 

The relationship between strain and charge for materials belonging 
to the tetragonal and hexagonal crystal systems, such as poled piezo
electric ceramics like PZT (lead zirconate titanate) or BaTiO3, is 
described by Eq. (57) (ANSI IEEE 176). This equation captures both the 
converse piezoelectric effect, where strain is generated by an applied 
electric field, and the direct piezoelectric effect, where charge is 
generated by applied strain [169]. Additionally, in the case of ortho
tropic piezoelectric composites, the stiffness matrix, piezoelectric matrix 
(the composite was polarised in 3) and dielectric matrix undergo 
simplification, resulting in 15 independent coefficients. 

Fig. 7. Schematic diagram of an RVE: (a) surfaces and (b) surface displacements.  
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Ē3

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(57) 

In addition, the constants are provided in matrix form, adhering to 
the IEEE format. In this format, the tensor indices are expressed using 
matrix or Voigt notation, following the scheme: 11 → 1; 22 → 2; 33 → 3; 
23 = 32 → 4; 13 = 31 → 5; 12 = 21 → 6. For example, a tensor constant 
C1123 is expressed as C14 in Voigt notation. 

Eq. (57) introduces a 9 × 9 matrix that represents the general vari
ables involved in the coupled electromechanical problem. However, in 
the case of the homogenised structure, these variables are replaced with 
their respective values. Specifically, the effective material coefficients 
are denoted as Ceff

ij , deff
ij and εeff

ij , while the average values are represented 
by T̄ij, D̄i, S̄ij and Ēi. These relationships serve as the basis for further 
considerations based on RVE. 

4.5.1. Boundary condition implementation approach 
To determine the effective coefficients, specific boundary conditions 

are applied to the RVE. The objective was to isolate one component of 
the strain/electric field vector in Eq. (57) while setting all other com
ponents to zero. This controlled setup enables the straightforward 
calculation of each effective coefficient by multiplying the correspond
ing row of the material matrix by the strain/electric field vector. To 
achieve this, appropriate boundary conditions and constraint equations 
were applied to different surfaces of the RVE, as shown in Fig. 8. Table 4 
provides a comprehensive overview of the necessary boundary condi
tions for calculating all effective coefficients [53,54,95,98,126,134]. 
Additionally, the Table 4 includes the final formulas extracted from Eq. 
(57) for each specific configuration. 

In the Table 4, specific notation is used to describe the various 
applied boundary condition configurations, ensuring clarity in under
standing the different setups used for evaluating the effective co
efficients. Through this systematic approach and the utilisation of 
Table 4, the study enables precise determination of the effective co
efficients, which play a vital role in characterising the RVE’s response to 
strain and electric fields. 

4.5.2. Energy-based approach 
The energy-based approach has proven to be a valuable method for 

assessing the effective modulus and dielectric constant of piezoelectric 
composites, as highlighted in [54,170]. In this method, the elastic strain 
energy (Ue), dielectric energy (Ud), and electromechanical energy (Uem) 
within a piezoelectric composite was analysed, as described by Eq. (58), 
(59) and (60). To determine the overall energies of RVEs, the energies of 
each RVE element were summed. Here, V represents the volume of the 
RVE, while Ceff

ijkl and εeff
ij denote the effective elastic modulus and 

dielectric tensor, respectively. Additionally, Seff
ij and Eeff

i stand for the 
strain and electric field tensors applied to the RVE. The strain and 
electric field tensors applied to the RVE are determined by applying the 
mechanical displacement and electrical potential boundary conditions, 
as shown in Table 4. This energy-based approach has also been effec
tively employed to ascertain the effective electroelastic properties of 
piezoelectric structural fibre composites, as demonstrated in [125,126]. 

This comprehensive method allows us to gain a deep understanding of 
the composite materials’ behaviour, taking into account both mechan
ical and electrical aspects. 

Ue =
∑n

m=1
Um

e =
V
2

Ceff
ijklS

eff
ij Seff

kl (58)  

Ud =
∑n

m=1
Um

d =
V
2

εeff
ij Eeff

i Eeff
j (59)  

Uem =
∑n

m=1
Um

em =
V
2

deff
ijk Seff

ij Eeff
i (60)  

4.6. Optimisation of electro-mechanical behaviour 

Optimisation of electro-mechanical behaviour refers to the process of 
improving the performance and efficiency of composites that involve 
both electrical and mechanical components. Optimising these compos
ites requires a deep understanding of both domains and finding ways to 
seamlessly integrate them for improved overall performance. Choosing 
the right materials for both electrical and mechanical components is also 
crucial. Materials should possess properties that enhance the compos
ite’s performance, such as conductivity for electrical components or 
strength and durability for mechanical parts. The design of electro- 
mechanical composites plays a critical role in their optimisation. So, it 
is needed to consider factors like the arrangement of components, the 
size and shape of parts, and the overall layout to ensure optimal per
formance. The optimisation of electro-mechanical behaviour is a 
multidisciplinary field that seeks to improve the performance, effi
ciency, and safety of systems that combine electrical and mechanical 
elements. It requires a holistic approach, from material selection and 
design to control systems and environmental considerations, and it plays 
a pivotal role in advancing technology across various industries. 

Topology optimisation is a powerful technique that helps determine 
the ideal layout or arrangement of a structure or material while adhering 
to specific design constraints. It can be enhanced by integrating ho
mogenisation, which enables the creation of intricate RVE shapes. This 
combination expands the range of achievable material properties, going 
beyond the typical fibre-reinforced or laminate materials [171–173]. 
These novel materials can also be engineered to exhibit unconventional 
characteristics. 

Furthermore, in the realm of topology optimisation, it is possible to 
manipulate the polarisation direction of piezoelectric materials as a 
design variable [174]. In finite element analysis, the orientation of local 
polarisation within each element is described as an angle relative to a 
fixed reference point. Consequently, the design variables can take on 
continuous values within predefined limits. However, there is a draw
back to this approach: it leads to a non-convex global solution space, 
which introduces challenges related to multiple local minima [175]. 

To tackle this issue, the Discrete Material Optimization (DMO) 
method has been introduced. This method combines gradient-based 
techniques with mathematical programming to address discrete opti
misation problems [92]. Its creators, Stegmann et al. [175], initially 
applied it to solve problems related to the orientation of orthotropic 
materials and material selection. It is also applicable to situations that 
involve both aspects, such as the optimisation of general composite 
laminate shell structures. Notably, the DMO method can be employed to 
optimise the local polarisation directions of piezoelectric materials at 
individual points, serving as an effective strategy for handling the 
complexities associated with multiple local minima problems. Topology 
optimisation involves a crucial concept known as the adaptive design 
domain [176]. This domain is essentially a predefined, fixed region that 
must encompass the entire structure under consideration during the 
optimisation process. The main objective here is to determine where 
material should be added or removed within this fixed domain to create 
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Fig. 8. Periodic boundary condition to calculate the effective coefficients (a) Ceff
13 , Ceff

23 and Ceff
33; (b) Ceff

11 and Ceff
12; (c) Ceff

22; (d) Ceff
44; (e) Ceff

55; (f) Ceff
66; (g) εeff

11; (h) εeff
22; (i) 

εeff
33; (j) deff

13 and deff
33. 
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the desired structure, including holes and connections. Importantly, this 
fixed nature of the adaptive domain means that the underlying finite 
element model remains unchanged throughout the optimisation process. 
This stability simplifies the calculation of derivatives for functions 
defined over this adaptive domain [177,178]. In the context of material 
design, this adaptive design domain typically corresponds to the RVE 
domain. This is where the optimisation procedure operates. 

In Fig. 9 is presented how topology optimisation is applied to the 
design of piezocomposite materials. Initially, a mesh is generated within 
the predefined domain, and the optimisation process is conducted. This 
process results in a topology or layout, which can then be further 
refined, verified, and eventually manufactured. 

The discrete nature of the problem presents a challenge. In this case, 
each element can only have a material value of either zero (phase 1 or 
void) or one (phase 2 or solid material). This binary constraint makes it a 
challenging and ill-posed problem. To address this, a common approach 
is to relax the problem by allowing materials to assume intermediate 
values during the optimisation process. This relaxation is achieved by 
defining a specialised material model. Essentially, this material model 
approximates the material distribution by using a continuous parameter 
(a design variable) to determine the mixture of basic materials 
throughout the domain. In doing so, the relaxation transforms the 
problem into a continuous material design problem, eliminating the 
need for clear-cut connectivity between materials [179–181]. 

A topology solution can be obtained by applying penalisation co
efficients to the material model. These coefficients help recover the bi
nary 0–1 design (indicating void or solid materials) and enable a 
discernible connectivity. Some control mechanisms for material distri
bution, such as filters or projections, are also employed to ensure the 
smoothness of the material layout [182]. 

It is important to note that this relaxed problem bears a strong 
resemblance to the problem of Functionally Graded Material (FGM) 
design. FGM design seeks a continuous transition of material properties 
within a structure. Consequently, while the 0–1 design problem requires 
complexity control, such as using filters, to avoid intermediate values of 
design variables, the FGM design problem allows for solutions with in
termediate material property values. This flexibility is a distinguishing 
feature between these two approaches [92,183]. 

4.7. Summary 

In recent years, the field of piezoelectric materials and composites 
has seen significant advancements, thanks to the application of Finite 
Element Analysis (FEA) and various modelling techniques. These tech
niques have enabled researchers to gain a deeper understanding of the 
electromechanical properties of piezoelectric materials, leading to 
improved designs and applications. Numerous studies have contributed 
to this progress. For instance, Odegard et al. [54] introduced a novel FEA 
model that enhanced the accuracy of predictions regarding piezoelectric 
composite properties. Meanwhile, Mishra et al. [134] employed 3D FEM 
models with periodic boundaries to analyse electroelastic nano
composites, with a specific focus on PMN-0.3PT/PDMS nanocomposites. 
The results from these studies offer valuable insights into the behaviour 
of these materials. 

Additionally, studies like [159,160] used FEA to investigate the 
acoustic properties and porosity effects on piezoelectric materials, 
respectively. These studies not only provided theoretical insights but 
also validated their models against experimental data, enhancing the 
credibility of their findings. Furthermore, research such as [94,126] 
delved into the optimisation of electromechanical behaviour and the 
analysis of piezoelectric fibre composites, utilising FEA alongside 
analytical and numerical approaches. These interdisciplinary ap
proaches have enabled a comprehensive understanding of the materials’ 
properties and behaviour. 

In the context of nanocomposites, some studies [78,79] explored the 
impacts of surface piezoelectricity and introduced an extended 
Mori-Tanaka method to model size-dependent moduli accurately. These 
developments are crucial for designing nanocomposite materials with 
specific properties. Moreover, studies like [101,133] highlighted the 
optimisation of piezoelectric transducers and energy harvesters using 
FEA and genetic algorithms. These optimisation techniques play a vital 
role in enhancing the efficiency and performance of piezoelectric 
devices. 

In summary, the application of FEA and various modelling tech
niques in the study of piezoelectric materials and composites has 
significantly advanced our understanding of their properties and 
behaviour. These studies, despite in Table 5, demonstrate the impor
tance of computational methods in driving innovation and progress in 

Fig. 9. Design steps for topology optimisation of the piezocomposite materials (based on [92]).  

Table 4 
Summary of boundary conditions and equations for calculation of the effective 
coefficients [53,54,95,98,126,134].  

Eff. Coeff. A− (x) 
(ui/Φ) 

A+(x) 
(ui/Φ) 

B− (y) 
(ui/Φ) 

B+(y) 
(ui/Φ) 

C− (z) 
(ui/ 
Φ) 

C+(z) 
(ui/ 
Φ) 

Equation 

Ceff
11 0/- ũ1/- 0/- 0/- 0/0 0/0 T̄11/S̄11 

Ceff
12 0/- ũ1/- 0/- 0/- 0/0 0/0 T̄22/S̄11 

Ceff
22 0/- 0/- 0/- ũ2/- 0/0 0/0 T̄22/S̄22 

Ceff
13 0/- 0/- 0/- 0/- 0/0 ũ3/- T̄11/S̄33 

Ceff
23 0/- 0/- 0/- 0/- 0/0 ũ3/- T̄22/S̄33 

Ceff
33 0/- 0/- 0/- 0/- 0/0 ũ3/- T̄33/S̄33 

Ceff
44 0/- 0/- (ũ3)/0 (ũ3)/0 (ũ2)/- (ũ2)/- T̄23/S̄23 

Ceff
55 (ũ3)/0 (ũ3)/0 0/- 0/- (ũ1)/- (ũ1)/- T̄31/S̄31 

Ceff
66 (ũ2)/- (ũ2)/- (ũ1)/- (ũ1)/- 0/0 0/0 T̄12/S̄12 

deff
13 0/- 0/- 0/- 0/- 0/0 0/Φ̃ − T̄11/Ē3 

deff
15 (ũ3)/0 (ũ3)/0 0/- 0/- (ũ1)/- (ũ1)/- D̄1/S̄31 

deff
33 0/- 0/- 0/- 0/- 0/0 0/Φ̃ − T̄33/Ē3 

εeff
11 0/0 0/Φ̃ 0/- 0/- 0/- 0/- D̄1/Ē1 

εeff
22 0/- 0/- 0/0 0/Φ̃ 0/- 0/- D̄2/Ē2 

εeff
33 0/- 0/- 0/- 0/- 0/0 0/Φ̃ D̄3/Ē3 

Legend:. 
0 denotes a prescribed zero displacement or electric potential. 
- denotes a non-prescribed electric potential. 
ũi denotes a non-zero prescribed displacement for the component ui. 
Φ̃ denotes a non-zero prescribed electric potential Φ. 
(ũi) denotes a constraint of coupling with the opposite surface for displacement 
component ui, as shown in Fig. 7b.  
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Table 5 
Overview of the numeric models developed to study piezoelectric composites.  

Type of 
piezoelectric 
composites 

Ref. Material 
behaviour 

Electro- 
mechanical 
behaviour 

Validation 
(analytical 
models) 

Software used RVE element type/ 
mesh 

Focus of study Main conclusions 

Particulate 
composites 

[54] 
(2004) 

A Linear MTA 
SCA 

ANSYS Tetrahedral 
elements. 
SOLID98: 10 
nodes/elem; 4 
DOF/node (3 
displacements and 
1 V. 
RVE hexagonal 
packing; Cp=0.6. 

Novel model predicts 
piezoelectric composite 
properties, compared 
with Mori-Tanaka and 
FEA. 

Novel model predicts 
piezoelectric composite 
properties with greater 
accuracy. 
The comparison shows the 
model’s agreement with 
finite element analysis. 

[134] 
(2023) 

A Linear MTA 
SCA 

ABAQUS 
through 
Python 
interface 

Tetrahedral 
elements. 
C3D4E: 4 nodes/ 
elem; 4 DOF/node 
(3 displacements 
and 1 V). 
100 × 100 × 100 
nm; element size of 
6 nm. 

3D FEM model with 
periodic boundaries 
analyses electroelastic 
0–3 nanocomposites. 

Periodic-boundary FEM 
determines the properties of 
PMN-0.3PT/PDMS 
nanocomposite, considering 
reinforcement effects. 
FEM matches Eshelby/Mori 
– Tanaka model at low 
reinforcement fractions; 
interphase is crucial. 

Porous within 
Composites 

[160] 
(2005) 

A Linear Experimental 
Data 

ANSYS – FEM studies the acoustic 
properties of dense and 
porous piezoceramic 
hydrophones. 

Models match experimental 
results, aiding 3–3 
piezocomposite transducer 
design. 
Porous piezocomposites 
suitable for broad-frequency 
hydrophone applications 
were confirmed 
experimentally. 

[161] 
(2006) 

TI Linear ETM ABAQUS Hexahedral 
elements. 
C3D8E: 8 nodes/ 
elem; 4 DOF/node 
(3 displacements 
and 1 V). 
Hexahedral 
elements. 

The FEM model assesses 
porosity effects on 
piezoelectric material 
properties. 

The study comprehends 
3–1-type porous 
piezoelectric material 
electromechanical 
behaviour. 
RVE FE model captures 
properties, and porosity 
influence, and enhances 
material utility. 

[162] 
(2007) 

TI Linear ETM ABAQUS Hexahedral 
elements. 
C3D8E: 8 nodes/ 
elem; 4 DOF/node 
(3 displacements 
and 1 V). 

The FEM model quantifies 
porosity distribution 
impact on transversely 
porous. 

Porosity geometry strongly 
influences piezoelectric 
material properties. 
Porosity distribution affects 
figures of merit like acoustic 
impedance. 

[20] 
(2011) 

A Linear MBM ABAQUS C3D8E: 8 nodes/ 
elem; 4 DOF/node 
(3 displacements 
and 1 V). 
Square 
arrangement. 

The FEM model predicts 
electromechanical 
properties of various 
porous piezoelectric. 

The study investigates 
optimising 3–0 type porous 
piezoelectric materials’ 
properties. 
3–0 type flat-cuboidal 
porosity enhances 
hydrophone performance 
significantly. 

[104] 
(2020) 

TI Linear AHBM FreeFEM++ Tetrahedral 
elements. 

AHM-FEM coupling 
computes effective 
properties of porous 
thermo-piezoelectric 
composites for energy 
harvesting. 

FEM is applied directly to 
AHM local problems for 
accurate solutions. 
The homogenised model 
agrees well with, the 
potential for nonlinear 
extensions. 

[90] 
(2022) 

A Linear – ANSYS Tetrahedral 
elements. 
SOLID227: 10 
nodes/elem; 4 
DOF/node (3 
displacements and 
1 V. 
SHELL281/ 
TARGE170. 
Elements size: L/8 
and L/10. 

Metal-layered porous 
piezoelectric composite 
with improved interfacial 
properties explored. 

Metal-coated porous 
piezoelectric composite 
enhances properties, 
impacting stiffness and 
efficiency. 
Optimal constituent 
fractions for diverse 
applications in actuators 
and sensing. 

Long-fiber 
Composites 

[132] 
(1999) 

TI Linear ETM 
DAA 
MTA 
SCA 

ABAQUS C3D20E: 20 nodes/ 
elem; 4 DOF/node 
(3 displacements 
and 1 V). 

Study models 1–3 and 0–3 
piezoceramic composites 
for effective piezoelectric 
constants. 

Effective piezoelectric 
constants were derived 
numerically and compared 
with analytical data. 

(continued on next page) 
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Table 5 (continued ) 

Type of 
piezoelectric 
composites 

Ref. Material 
behaviour 

Electro- 
mechanical 
behaviour 

Validation 
(analytical 
models) 

Software used RVE element type/ 
mesh 

Focus of study Main conclusions 

Meshes with 1000 
elements for 
accurate 0–3 
composite analysis. 

RVE methods balance the 
advantages of analytical and 
FE analysis. 

[190] 
(2000) 

TI Linear – ABAQUS Hexagonal and 
square 
arrangements; 
Cf=0.4. 

FE RVE model simulates 
diverse deformation 
modes in fibre 
composites. 

Extensive FE RVE model 
analyses periodic fibre 
composites’ behaviour. 
The model captures overall 
and local properties and 
considers various loading. 

[54] 
(2004) 

A Linear MTA 
SCA 

ANSYS Tetrahedral 
elements. 
SOLID98: 10 
nodes/elem; 4 
DOF/node (3 
displacements and 
1 V. 
RVE hexagonal 
packing; Cf=0.9 

Novel model predicts 
piezoelectric composite 
properties, compared 
with Mori-Tanaka and 
FEA. 

Novel model predicts 
piezoelectric composite 
properties with greater 
accuracy. 
The comparison shows the 
model’s agreement with 
finite element analysis. 

[96] 
(2005) 

A Linear AHBM ANSYS 
FORTRAN 

8 nodes/elem; 4 
DOF/node (3 
displacements and 
1 V). 
Square 
arrangement. 

Numerical FEM predicts 
effective coefficients of 
piezoelectric fibre 
composites. 

Numerical FEM predicts 
piezoelectric fibre 
composite properties 
accurately. 
Developed tool interfaces 
ANSYS and FORTRAN for 
efficient calculations. 

[191] 
(2007) 

TI Linear – ABAQUS C3D8E: 8 nodes/ 
elem; 4 DOF/node 
(3 displacements 
and 1 V). 
Rectangular and 
square-shaped 
RVEs. 

Numerical FEM model 
assesses fibre distribution 
effects in active 
composites. 

The numerical FEM model 
investigates the effects of 
fibre distribution in 
piezoelectric composites. 
Longitudinal properties 
linear, transverse non- 
linear; figures of merit 
consistent. 

[99] 
(2007) 

TI Linear – ANSYS Tetrahedral 
elements. 
SOLID98: 10 
nodes/elem; 4 
DOF/node (3 
displacements and 
1 V. 

The method uses FEM and 
RVE for effective 
properties evaluation in 
randomly distributed 
piezoelectric composites. 

Numerical techniques 
reveal volume fraction’s 
dominant role in effective 
properties. 
The generalised ANSYS- 
based method automates 
evaluation for diverse fibre 
composites. 

[125] 
(2011) 

TI Linear MTA ANSYS PLANE223: 8 
nodes/elem; 3 
DOF/node (2 
displacements and 
1 V). 

Optimise the 
electromechanical 
behaviour of 0–3 
composites. 

The paper presents an FE- 
based approach for 
predicting piezoelectric 
composites’ properties. 
Mori-Tanaka approximation 
suits elastic, dielectric 
properties; FEM captures 
piezoelectric response. 

[94] 
(2011) 

A Linear MBM ABAQUS C3D8E: 8 nodes/ 
elem; 4 DOF/node 
(3 displacements 
and 1 V). 
Mesh with 1000 
elements. 

Development of a 
homogenised model for 
orthotropic behaviour of 
MFCs. 

Analytical and numerical 
approaches yield consistent 
results for composite 
properties. 
Matrix mechanical 
properties affect 
piezoelectric behaviour in 
transducers. 

[126] 
(2012) 

TI Linear MTA ABAQUS C3D20E: 20 nodes/ 
elem; 4 DOF/node 
(3 displacements 
and 1 V). 
Cf=0.4; 5 mm 
length in the 
longitudinal 
direction. 

Examine the 
electromechanical 
properties via 
micromechanics and FEM 
of piezoelectric fibre 
composites. 

Piezoelectric structural fibre 
(PSF) composites enhance 
piezoelectric material 
durability via the core- 
coating technique. 
Micromechanics and FE 
analysis predict electro- 
elastic PSF properties 
effectively. 

[75] 
(2013) 

TI Linear MTA ABAQUS C3D20E: 20 nodes/ 
elem; 4 DOF/node 
(3 displacements 
and 1 V). 

Multi-Inclusion model 
predicts electroelastic 
properties in multiphase 
piezoelectric composites. 

Multifunctional materials 
benefit from functionally 
graded interfaces for 
enhanced properties. 
Extended Multi-Inclusion 
model predicts 
electroelastic properties 
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Table 5 (continued ) 

Type of 
piezoelectric 
composites 

Ref. Material 
behaviour 

Electro- 
mechanical 
behaviour 

Validation 
(analytical 
models) 

Software used RVE element type/ 
mesh 

Focus of study Main conclusions 

accurately with low 
computational cost. 

[106] 
(2014) 

TI Linear AHBM ABAQUS C3D20E: 20 nodes/ 
elem; 4 DOF/node 
(3 displacements 
and 1 V). 

Effective properties 
computed via FEA, RVE, 
and asymptotic 
homogenization for 
active fibre composites. 

Numerical results align well 
with analytical and semi- 
analytical approaches. 
Numerical accuracy and 
validation through 
experimental tests are 
essential. 

[52] 
(2020) 

TI Linear MBM ABAQUS C3D8E: 8 nodes/ 
elem; 4 DOF/node 
(3 displacements 
and 1 V). 

Models predict effective 
properties of hollow fibre- 
reinforced 
piezocomposites. 

Excellent agreement of 
predicted properties with 
finite-element analysis. 
Modified models predict 
enhanced properties of 
hollow-fibre reinforced 
composites. 

[53] 
(2022) 

TI Linear MBM 
MTA 

ANSYS 
APDL 

Tetrahedral 
elements. 
SOLID226/ 
SOLID186: 20 
nodes/elem; 4 
DOF/node (3 
displacements and 
1 V. 

MBM predicts coefficients 
for transverse-loaded 
piezoelectric composites 
via FEM validation. 

Novel analytical model 
captures fibre arrangement 
impact in piezoelectric 
composites. 
FEM validation shows fibre 
packing affects elastic, 
piezoelectric coefficients 
significantly. 

[79] 
(2022) 

TI Linear ETM * 48 × 12 Quadratic 
quadrilateral 
elements. 
Hexagonal RVE. 

Demonstrating classical 
models’ efficacy in 
predicting piezoelectric 
nanocomposite 
properties. 

Novel methods analyse 
surface piezoelectricity 
impact on nanoporous 
materials. 
Accurate models are 
established; caution is 
required for negative 
surface energy interfaces. 

[78] 
(2023) 

TI Linear ETM * 48 × 12 Quadratic 
quadrilateral 
elements. 
Hexagonal RVE. 

Innovative extended 
Mori-Tanaka method 
explores piezoelectric 
behaviour in nanoporous 
composites. 

Novel extended Mori- 
Tanaka method models 
piezoelectric 
nanocomposites with 
surface effects. 
The analytical approach 
predicts size-dependent 
moduli, opening inelasticity 
extension possibilities. 

Periodic Grid [192] 
(2012) 

A Linear – ABAQUS C3D8E: 8 nodes/ 
elem; 4 DOF/node 
(3 displacements 
and 1 V). 
Porosity volume 
fractions = 0.7 – 1; 
Foam structures. 

3D FEM model analyses 
piezoelectric foam 
properties and 
interconnect influence. 

A comprehensive study 
explores the electro- 
mechanical properties of 
porous piezoelectric foams. 
The finite element model 
characterises diverse foam 
structures for improved 
applications. 

Laminate 
Composites 

[101] 
(2016) 

TI Linear AHBM ABAQUS C3D8E: 8 nodes/ 
elem; 4 DOF/node 
(3 displacements 
and 1 V). 

Design of a multilayered 
piezoelectric transducer 
based on a special RVE 
homogenization method 

AHBM and genetic 
algorithm optimise 
unidirectional piezoelectric 
transducers. 
Optimal design yields 
directional dependency 
with enhanced 
performance. 

[133] 
(2017) 

A Linear 
(AHBM) 

– ANSYS Cubic elements. 
SOLID226: 4 
nodes/elem; 4 
DOF/node (3 
displacements and 
1 V). 
14 × 14 × 14 cm 
(0.025 cm/elem). 

Optimise the harvester 
power output of the 
unimorph vibration 
harvester configuration. 

Introduced and validated 
the model’s accuracy and 
used it to optimise energy 
harvesters. 
Found that adjusting 
material orientation, circuit 
resistance, and composite 
properties boost power 
output and efficiency. 

[193] 
(2022) 

I Nonlinear – COMSOL – Proposal of linear-arc 
composite beam for 
enhanced piezoelectric 
energy harvesting. 

Linear-arc composite beam 
PEH–C was designed and 
analysed through 
simulation and experiment. 
Curvature affects resonance, 
stress, and open-circuit 
voltage output performance. 
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this field, paving the way for exciting future developments in piezo
electric technology. Numerical homogenisation techniques typically 
depend on the FEA. However, a notable drawback of these methods is 
the necessity for meshing, which becomes laborious as the complexity of 
the microstructure increases. To address this challenge, a recent 
approach based on Fourier transforms has been employed for analysing 
composite materials with coupled local laws [184]. Initially introduced 
for evaluating the response of elastic-type composites [185], this alter
native method has since been utilised to explore the effective behaviour 
and distribution of local mechanical fields across a diverse range of 
behaviours and microstructures [186,187] This computational tech
nique harnesses a rapid Fourier transform algorithm, allowing for the 
utilisation of microstructure images in computations without the need 
for meshing. 

Additionally, there are alternative numerical methodologies that can 
be employed to analyse the behaviour of piezoelectric composites. The 
finite-volume approach has emerged as a firmly established technique 
within the numerical engineering realm, facilitating the simulation of 
diverse challenges in fluid dynamics and solid mechanics. Nevertheless, 
its adoption within the heterogeneous media mechanics community has 
been sluggish, frequently entangled with misconceptions related to the 
finite-element method or purported higher-order theories. This 
approach holds the capability to address boundary-value problems in 
solid mechanics, with recent advancements focusing on resolving unit 
cell dilemmas in periodic heterogeneous media [188,189]. 

5. Conclusion 

This paper offers a comprehensive review of research endeavours 
dedicated to analytically and numerically modelling RVEs, encompass
ing aspects like spatial fibre distribution generation, constitutive 
modelling, and the application of periodic boundary conditions. In the 
course of our exploration, several key findings and noteworthy insights 
have come to the fore. 

A prominent focus emerges on long-fibre composites that exhibit 
either transversely isotropic or anisotropic properties. This emphasis can 
be attributed to the inherent limitations of Eshelby-Type Models in 

accurately predicting the effective transverse modulus. Eshelby-type 
models have their niche utility, particularly in scenarios involving spe
cific reinforcement shapes. However, they grapple with limitations 
related to interactions, laminate considerations, and predictions of 
transverse modulus. 

On the other hand, Micromechanics-Based Models offer simplicity 
and directional predictability but struggle when it comes to transverse 
properties, often yielding results dominated by the matrix phase. 
Moreover, they tend to encounter challenges when dealing with mate
rials exhibiting high anisotropy. For those studying composites 
involving particles or porous structures, Micromechanics-Based Models 
and Asymptotic Homogenization-Based Models have gained promi
nence. The latter proves efficient for unravelling the complexities of 
microstructures but is more effective when these structures conform to 
regular patterns. Highly contrasting materials can pose challenges for 
Asymptotic Homogenization-Based Models. 

It is important to note that only a limited number of numerical 
models have been experimentally validated. Furthermore, the realm of 
numerical modelling for metallic matrices remains relatively uncharted. 

In conclusion, this review underscores the diverse landscape of 
modelling strategies for RVEs, with each approach exhibiting its 
strengths and limitations. Researchers in this field must carefully select 
the appropriate modelling technique based on the specific characteris
tics of their composite materials and the desired level of accuracy. 
Additionally, there is a pressing need for further experimental validation 
of numerical models, particularly in the context of metallic matrices, to 
enhance the reliability and applicability of these modelling techniques 
in real-world scenarios. 
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Table 5 (continued ) 

Type of 
piezoelectric 
composites 

Ref. Material 
behaviour 

Electro- 
mechanical 
behaviour 

Validation 
(analytical 
models) 

Software used RVE element type/ 
mesh 

Focus of study Main conclusions 

[194] 
(2022) 

A Nonlinear – * Isoparametric 
elements. 
8 nodes/elem. 
100 elements. 

The finite element model 
analyses smart composite 
plates with distributed 
piezoelectric materials. 

Efficient FE model 
developed for analysing 
smart composite plates. 
The model was successfully 
applied to study static, 
dynamic, and control 
behaviour. 

FGPBs [152] 
(2002) 

TI Linear Modified 
Lamination 
Theory 

ANSYS 15 000 elements Evaluate the deflection 
characteristics of the 
bimorph actuator with 
FGPBs. 

An FGPB PZT/Pt 
piezoelectric bimorph 
actuator shows enhanced 
deflection performance and 
stress distribution compared 
to non-graded bimorphs. 
Utilising modified 
lamination theory, the 
linear profile minimises 
stress and maintains 
bimorph bending. 

[159] 
(2015) 

A Nonlinear 
(MBM) 

Experimental 
Data 

* A unit is divided 
into 8 subcells, 
representing the 
inclusion and 
matrix. 

Analysis of nonlinear 
responses in functionally 
graded piezoelectric 
beams. 

Multi-scale model analyses 
nonlinear responses of 
functionally graded beams. 
Electric fields induce 
bending and polarization 
switching in actuators. 

Legend: FGPBs – functionally graded piezoelectric beams; TI – transversely isotropic; A – anisotropic; LDT – Landau–Devanshire theory; MBM – micromechanics-based 
models; ETM – Eshelby-type models; DAA – dilute approximation approach; MTA – Mori–Tanaka approach; SCA – self-consistent approach; AHBM – asymptotic 
homogenization-based model; Cf or p – fiber or particle volume fraction; * - undefined. 
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[129] Rodrıǵuez-Ramos R, Sabina FJ, Guinovart-Dıáz R, Bravo-Castillero J. Closed-form 
expressions for the effective coefficients of a fiber-reinforced composite with 
transversely isotropic constituents – I. Elastic and square symmetry. Mech Mater 
2001;33:223–35. https://doi.org/10.1016/S0167-6636(00)00059-4. 
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