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1.4, AESTRACT.

The Purpbose of this note is %o rePort o new tool fer
discrete Frogrannins:Bound imProving seduences.

It consists on the construction of a seduence of bounds
thaet, under aPProfricte conditions,converges in a finite
nunber of stePs to the oPtimal value of Lthe obiechive
function of the Problem studied.fs o byProducet en oPtimal
selution for thet pProblem is Produced.

Far bhe oo FPz such ¢ sadgsnce can be effijeizrily

o oof -1 L
conbuted. ExanPles gecnetbtric interPretations and

conPutational exPerience rePorts for Lthis caseE are Siven.
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Lower Bounding.lesrandean Felaxcticn.KnaPsaeck FProblen
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anyd louer bound on ¥

vERin F{x?

Copexayicky <2
a{x I )b
¥ EN

fé) 5 obvaouslu equivatent to (1),nn the sense that both
problens Yield the sane optimal values. Take the fo!tou;ns

tograngean dual of pProblem (2

1C(k+13= max min [f(x>+d(b-g(x22} k=0.1, etc {332
- 40 I EIPRE'S ; e '
xEX J

-~ A

where d€ R is o wector of nuttipliers. .

In this séctiqn we chall Prove that ,under suiteble
assumnPtions, formula (32 definés s bound imPreoving seduence
(BIS) ie. lin t¢kd=v,and Produces for 1(k)=v,an aPtinatj.
solution for Problem (1) thus becomind & bound irProving
seduence algorithn {BISA).

Those results can be ecseld esteblished if ve essune some
hypothesis on f¢ 3,9( ) and ¥,as follows:

% will be supposad a discrete set of Points of finite
cardinelity end we shall further assune thet fC ) ond ¢ B
ere bounded on # oand cantinucus.

However ¢ less trivial hiPothesis is needed.

Consider the level sets of £¢ ) ,i.e., L{P)={xeX , f{x)=p§
ylet W(pI=§a=b-a(x), x€ L(P)] and call Col¥W(P)] the convex
Chull of H(p). )

Ve shall gssume that .for and F<{v.the following holds

J y¢o.uecColucp)l =» dago , A€ ¥(P) <4)

Hate kot Fap =i or if rle B(E). 1§ not emrlbd, iz @
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.sindgleton the hurothesis is fulifiled.For Practical PurPoses
it is allwads Possible to force everd non enPty W(P) into 4
sinsleﬁon by forcing L{P) iﬁto one introducting a small
perturbetion in f¢ ), so0 the fullfilment of (47 nust not
wor4d us if we aere aPPlication eriented althoush it mad ke «
serious linitation from the theoretical stendbPoint.

Before stating and Provingd the main result of this section
we shall introduce some new notation rewriting formula (33

as follows

1Ck+1)=FL1CKkII=nax Gid, 1(k)2 (5)
d30
where  _' ' -
G0d,1¢k>3= min [FCx)+dCb-8(x¥)) - (6
c CPCxIYICKRD o
xex - A

. Ue_alsa note that X being a finite set of Points is cuch
that f{(X) is also ¢ finite set of Points in R.We will define
f(?). an finite ordered set of recl numnbers .,as FOH)

extended whith ~0c and *oe
FOXI=FCROUS -0, 4] = fpCOD, PCEY, -0 ,PLKD }

w.ith P(0)=-0 , p(Kl=so and PC(k-1)¢P(k) for I{K{K.

Ye cen now state the main reswlt of this section s follaows

THEQGREH lilUnder ithe assuaPtions stated chbove and
if 1€0){v then 1im Y k)=v.Furthermnore
one of the solutions of the Problen
defining GLO0:v]1 is an oPtimal solution
for Problem (1).

The proof of the theoren relies on some intermediate
results concernning the ProPerties of FE ] that vwe state and

Prove nou.
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"LE¥A 1:¥P& R FIPI)P

FPROGF:!TL s cleer fronm (6) that GLO.PIXP and this
inPlies .
' FLEI=pax 6Ld.p1 % P 2
’ d 30

LENA 2: YP e€R FIL 1 is locuer seni continuous at P.

PRDOF : As f(X) is a finite ordered set of real
numsbers there nust exist PCk-1) end P(kJ} in f(X) such that
P{k-13<{pLP{Lk), kLK.

This means that DIpI=fx €% , f(x))P ., the set of feasible
solutions for Probleas defihinﬁ GLd P l:renains constant for
PE{p(k-1),P(k)] and 5o the sanre haPPens td.th,PI.In féct
ue have ¥PE (P(k-1),PC(k)] GId,P1=CLd,PCk)].

“This inPlies thet %P (PCk=1):903 FIPI=FIPI=FIp(k)].

The fact thet FI 1 remeins constently equat to FIP] on a
hon. enPtd-interval (P(k-1),P1 inPlies the lover seni
continuity of FI 1 at p//.

Ve are nov able to Prove theorem 1.

PRBOF OF THEOREN §:

It is clear thet lema ! and the fact that 1(k) is bounded
above by¥ v show that 1¢(k) converges to o limit 1 such that
tin 1(ki=1gv,

e note now that leme 2 and the fact thutII(k) is a
fondecreazind $EQuence inrly 1=t iRFLLOEMI=FIlim 14k 2I=FL1 1.
In other words,lena 2 imPlies that the limit '} i; & fixed
point of FU 1.

How if we Prove that v i the onity4 fixed Point - of F{ 1 on
(= ,v] the_?irst.Phrt of the theoremn holdg.We Prove fiest
Cthet v is a fixed Point of F[ 1. _
Lene 1 shous that FEvilv but for and pe€{-o ,y] Fipl,being
the ortinel velue of a-Ledrandean dual of (2).is o lover

bound en v.s2 we heave YPE€(-00 v] FIPNv,and thiz irFlies

6
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that v is a fixed Point of FL 1.

How suPPose thet Apdv such thot FIpl=p.

This would inpPly thet ¥d30 GULd.PY{P in Particular it shows
that GI0.Pl=p . This means that the mexinum of G{d.P) over d)0
hust be et d=0 thus there nust not exist ascendind feusible
directions for GLd,P] at d=9.The feasible directions at ©
are directions d20. The.escendingd directions et ¢ are |
directions d such that 0<{ain d4,Yy<€Col¥Y{pr)l, Bazeraal2] pp.
187-196. Then if we have no ascending feasible directions we

mnust have

max Ain dy L0 {7
d %0 ¥ € ColH{pP)1] “

-~

Using Las}asenn dualit¥ it is trivial to sﬁou.?ron (7,
that the szt - .

- 3 ugo, uet:o[wpng is not enPty and then (4) inplies thot
3q{0;q € W(pr. Call x[O,P]1 the Point of L{F) thet Huelds
qrp-g{xi Q. P 13{0. _

Ye have thus found ¢ pPoint x[0¢,P) feasible for Problem (1)
such that {(x{0,Pl)=P(v ,a contrediction.Then v is5 the ontH
fixed point of FIL 1 and the first pPart of the theorerm holds.

fgmg;ove the second Part of the theorem one should repeate
the Proof of Part one using v instead of P.That would lead
us to find ¢ Point x{O0,vI such that f(x[0.v])=v and
9(x[$,v12)%b thus concluding the Proof of the theoremn//.

He hewe Praved rnaow thot {=w and that cne of the obiiral
solutions for the Problen defining GIEQ,v] is an oPtimal
solution for Prepblem (13 . Hote incidentaiy that although v is
the only fixed Point of FI 3 on (-00,%v1 FL 1 is not
neceserelyd a centraction maP so the Beanoach theorea on
| contraction nmeps does not ePplY to this gituation inspite we

have 1im 1{ki=v. ¥Ya shall Prove now o finel result

concernning the number-.cf iterabions of formula (3D needed

b etbain o
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THEOREHN 2:The limit 1l=v will be attained using a

finite nunber of iteretions of forauts (32).

PROOF:Proving lena 2 we e#steblished thaet VPER F{ 1]
renains conztantld equal to FIFY in o non enPty interwal
(Pik-1Y,P1, for some 1{k<K.This means that there exists
1{k€<K such that for P in (P{k-1J),v] we have FIPl=v. fs 1k
is nondecreasing and conéersinﬁ to v this certoinly impPlies
that FL1CR) 1=v 'TI}E, for some finite i\"p and this concludes
the Proof of the theoren//.

Theoren 1 and theorem 2 defineg the BISAR as follews:iStart
with end H(6){v,=say 1(0)=-00 Use foermula (3) until 1£k)
.tonverdes,in ¢ finite number of steps.to v.ﬁqg‘bf the
oPtinel solutions for the Preblea defining GI0.v] is then
ortinal for Problem (13 :

B1SA has btwo nafnﬂd;nubn:ks.The first, i5s the obwious fact
éﬁct'?orﬁuiu (5 will be. for the Seneral cose.ver¥ hard ta
.‘cnmﬂute.HOwever for 2 Particular,Yet important,instance of
Problem (1), 0~! LP’S,efficient confutation cen b2 achiewved
ts we £hall see in next section. |

The second drauwbeck is related Lo the fact that we nad not
be able Lo conPute v exactly, either because o larSe nunber
of iterations of Fforruls (3) is needed or because the
sl9orithn used to combPute formule (5) is not pcurate
enousht. However 1(k) is a seduence of lower bounds on v

L

Lo a brarch end

.k
ek e

and morment o zoihoh

I Y [
L AR S o N

bound Frocedure to solve Problem (12 i5s Pessible wibh an
inProved lower bound. Final¥ ve note that if (4) does not
hold we may have 1<v. Indeed if (4) is not fullfiled the
Possible values for 1 are v toghether vith the values P{(vw

such that ¥(p) does not satisfd (41},

=]



 ”_Boynd IﬁPpo#ins 504090685: m r .  ;__%_fvﬁ. “. - 10 APr 84

2.3. 0-1 LP PROBLENS

Consider the following 9-1 LP Problen and.with no loss of

'”;SQnaralituafsuPPose it has Positive cost coefficients

aih.cx
Axyb . 8>
xEY
where xeR .4:62 »1:}0 beR s A= {0 1} and A is a m*n reaol
mnaterix. |
. This sort of Problemn is Seneraly solved by branch end bound
Procedures vhers sharp lower bounds are budlg*needed For

this Pnrt.cuinr case formula (3) becones j

o

CW(k#1)= hax  min fcx+d(b-Ax)T  k=0,1, etc (2)
dye . cx1{k) '
- % & R

Hote now that the inner minimization Probien is a4 singdle
0-1 knaPserck Problem wich can be efFiCieﬁtIB solved using
‘Kartellof3] and foth[31I4J techniques

A conPuter code using theese Procedures for the inner
- mininizetion Problea and sub-9redient oPtinization for the
cuter maximization uds develoPed for the conPutation of
formgla (92
'In the remainder of this section ve shall report the
comPutotional behaviour of this code on several tubpes of

Prablens.
" 2.3.1.  Pure Random Problems

Probliens were rhndonls denerated as follous!d and ¢

cazfiicients were uniforsslyd randam 92nerated in 0,11 The b

-9



Bound ImrProving Sedquences _ - ' - 10 Apr 84

cecefficients were obtained by surming upP the cerresPonding
row of A and then multiPluing the result by on uniformpely
rengah hﬁﬁber it Le,p). The p values uzed were the following:
- (1)Problems tuyPe “T'(P=1.0).These Problens are likeld to be
tightly consztreined in the zense that o ltar9e number of 3
will be e%ual to 1} {n the opPtimal solution.

(2)Problens ture "HT/(p=,5).Mpdiun tidht Probliemns.fAround
half of the vaeriables will he § fn the oPtimal selution

(3¥problens tHPe "ML’(p=.1) Hedium lcose Problemns.fAbout
1210 of the variableé will bhe ! in the orPtimal solution

(4)pProblens t4YPe 'L°(p=. 0233 Loose Problems fnlyY a few
viariehles will e 1§ in the ¢PLtimal solution.

For thes§'4 Problem tuPes TABLE 1 shows BISQ,P;rFornence on
Probleas with dinensions rending fron 20*40;6? to S0={90,

The 1(0) value used was allewalds 1{0)3=2ZLP{LP bound) The
alsoriihn vas stoﬁed a5 spon as ¢ 1710000 relative Precision
en thé estinuted Qalue of 1 was attasined. )

‘booking ot TARLE 1. it is clear fthat BISE iz likelsw Lo work
well on olmost every tuPe of Problen.

It is «lso clear thet Perfermunces teand to dedradate g n
increeses.This is most likely due to the fact that.in the
Present imPlementaotion.the search for the oPtinum
RultiPptyers in each iterction is done using a crude
Proiected sub8radient Procedure wich is not very
scurcte.This inPlies that more iterctions are nesded and
frlese convavoancas gre tikaly fo ba gatez@ed One can appacl
that the code will bacome more Performent if o bekter
non-differentiable oPtimizotion alSuriths is used for this

task.
2.3.2. Petersen Test Preblewms

BISR was uszed on the ?.tsst problewns deserribed in [1).The

O T T N, ST T S  JEUN . .
et oure Thoyrn i Tolile 70t Proiloaoms VLYo S oan ezt

10
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solution wes found and no Perturbation scheme vas needed. In
Problemns & and 7 the Perturbatioh schenre was dsed houvever
PrEﬁetura_congersence wes detected zoun after 2LP.This
'nisbeﬁnwiour iz fnost likel4 due %o the folloﬁin9='ln-solv3n9
the denerected knoPsack Problems using Hartelic and Toth
»190rithe doate mucest be converted to integfer This conversiaon
hust be done in such a waoe¥ that the oPtimcl velue of the
converted Problerm 'is less or eduel the oPtimel value of the
true Problen éo that we con be sure Lhat we are olwaeds
geriercting louwer bounds: ie.thet we never have 1<k5>v
beceuse of deta conversion-This Procedure is tikely to
introduce some lock of sccuracy ceusing Premature

Lternination in some Problens, -

2.3.3. Prﬁb!eas,ﬁﬁth Data DePendencies.

e heve aleo evemined BISR behovicur on Problens where
‘constreint -dete has some sort of dePendenc¥ uron the.cost
roy. ' '

He heve thus denerated Problemnz as followus:

The ¢ coefficients vere randomrlyd Fensrated in [0,1]1.The &
reuc dere denerated b4 edding to the corresPending ¢ value a

randoen number in [-.1,.11.

ACi,id=c(id+rCiLi) r(i,idel~.1,.1]

T oL e G P PR e T A b L. LR - lroas LT oha o
DR PR - A L - F OO S S I C I S S S B S S ISR e

as. they wiil be ‘near’ Paraliel.The b coefficients were
generated as in Pure random Problems and 50 we will alse
haeve Problems t4Pe “T4 ,’'HT’, “HL’ and °'L°‘.
~Teble 3 rerorts con?ututiona! exPerience with those
Probless. BISA Performances are not as 8cod as in Pure -
rendon Problenms . One should houever note the following:

Im 1/3 5? the cases studied the exuct solution was directld

4

11
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\ !n 1,2 of the cases stud;ed althoudht an exact. sotut.on %0 S
not fnund d:recblu by BISA due to Prenuture convergence a
sidnificant lower bournd isProvemaent wa2s made Enablingd a
“ppreanch-and bound exact solution thet vas not Possible using
ZLP. o |
In every case lower bound inProvements were mede enabling

even on the vorst coszes a more accurate judgement on the
distance to.oPtinnlitH of thgabesh solution found bg branch

“and bound.
2.4. GEOMETRIC INTERPRETATIONS

We dea! First u;th [ s:aPle Qeanetrac snterPgebataen of

" BISA that vill give us e deePer insight on the woy formule
(32 uperntes. R . .
- For the sake of §;n§iicit9.ue shall assune that n=1 nnﬁ
t=0. The doted zone on fidure | ,Z,%eprésents the image of
% by the [-9,f]1 mar.

Figure . 1.

[-g:‘FJ

S If ve start using foraula ¢3) with o sufficiently low 1¢(0),
. sa4 1{0)=-00 ,conPuting 1(1) will be equivalent to Lhe usual

12
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L

... tagran9ean dual of Problen (1) . But as we inPose the extra
o tbnditipn fExI31(1) we ore cutting a Pnri of Z thus enabling
better relaoaxations that Yieid 1(23.

“ This Procedure will 90 on until v is attained . Then the
retaxetion with zero sloPe .anrong others,will dYield x[0,v]
the oPtimal solutien for Problem (1).

¥e shall decl now with a more farfetched Seometric ]
;nterPretntioﬁ for the case of 6-1 LP’s.¥e shall do it by

"1ooking at the following exanple: Nin [ x+y , x+ug2 . x31/2
, 43142 . x.u € 10,19 1.

To ilustrate the behaviour of BISA on the examPie one must
change o bit the ’looks’ of formula (%), p

Note that the inner mininization Problen can’be vritten

I
Fl

min ex+dC(b-Ax) ©C10)
x € Cofl cx)1¢(k), x € X}

‘where Co stands for 'convex hull’ .This being so we have

“I{k+1d)=min cXx ' 11
S Axb . o
x € Col cx3ick), x€& XI.

‘This ’"fora’ of the BISA definftion has nothing new and Just
transtates the knoun fact that for 0-1 LF’s Legrangean
relaxebtion is 2%uivalent to the convewificabtion of the
‘non-relaxed constraints.Hovever it will snable us teo ﬁee;
geonetricaly.hou BISA behaves for the above examPle For

. that case we shall have

{k+ld=nin x+Y
x+9¢2 _ -
X172 +43122 |
s.ouefel arunliel), oy e{a 1}l

13 S
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¥

SuPPose we start with a low 1¢0),sad 1€03¥=0 _.Findina 1(1)
will be e3ui valent te solve the Probien shoun in £i9 2 where
‘the shoded zone is the feesible ragion. ' o

FiSure . 2.

. x#g.ﬁl
\ ' x;{ 331
(uy) € CoCx*‘g:w z ge{nff}]

" 8(4)4_—1;5(;4 N

’ ;.WKT__
e,(o):'xv*g,*a\ ~

Ve will obtnin,o? cbufse;the solution x=4=1/2 and 1¢1)=1.1F
we try to find 1(2) we will be stoPred beceuse the obiective
function x+49 violates the hdPothesis uPon wich %the
converSence Proof relies.
But this is the only cese for all the ohiective functions
" possible for. the exanple. o '
To seé this consider fig 3 where the conPutation of 1¢1) is
" represented with an arbitrery obiective function different
from x+4,noted cx on the filures.
o o o Figure = 3.

ztye2
P "; )J,Z- 15.
(KYle Glcxezs, 2,3 € §0,1%]

\

3(4J=Cz. ~J]. i

-~ 41
. ‘h\ /i( -
Llai=cx=0 S ' \"I\ <
S, -
T * —
o } 2 - %
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o

Mow when comPubind 1(2) the Points (0,0) and (1,0) will he
5rennved5and this conPutation is shown tn Figd 4 vhere the
derk line stands for the feasible region for the Problen
defining 1(2). ‘ |

. FiSUPe : 4.

2{342
hY 235’2: 53‘%

(!.3 Je COEC-Z.ZI Ciﬁ); x;j “{"jgj
. ' e '

=€)

Cx=ln) J

x =l -:-; ™
. x : -

N

‘It is clear now that .when comPuting 1(3) the Point (0,1)
vill be also removed and the oPtimel solution will be

_-nttuined._
. 2.5.  COKCLUSIDNS

- Bound inProving sequences aPPear likeld to be an usefull
conPutational tool to solve some classes of discrete
Prograaming Problens, namely H-1 LP =

~The efficiency of of the al3orithn will hoPefully be
inproved if a twofold action is taken as future resecrch
direction: _

Firsti'tpaputaiionnl expPerience should be cerried on with
'bther khd?!ock end nondiferencial oPtimization routines.nﬁ
inﬁraueaent in these routines should have drametic effectsu
uPon'the efficiencd of the Present imPlemnentation of the

code .

15
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- Lgst,but_aot_leakt.further research effort should be made
~in the fol!ohﬁns sense! Hote that forautad9%) can be'v}ewed
‘a5 a sort of cutt.na Plane apProach where cutting Plenes
ﬁicx}t(k) are inbeded in a duel formulation.This beind so one
should exPect that the use of deerer dual cuts should
srentis inProve the alSorithmn's efficiencH.Tﬁis is likely to

hg e véru Promnissing - resecrch area on this motter.
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3.  APPENDIX (Tables)

- Ea CA

P aun m

W N % 1 B N ke

N'Mnnuh_wm.mmw
© 0 Nt B W R = D W

20

2¢

20
26
20
20

20"
20

2¢
20

26

20

35;

33
35
35

59
30
30

Table 1.

n Ldpe z1lP
40 t 18.2282
40 Wt 4.7792
40 -M1 . 2488
40 L L0644
75 T 29.7852
7?5 Nt 9.0787
75 MU 3400
75 L  .0568
100 T 40.6423
100 Wt ' 9.7750
106 M1 6394
160 L .0857
166 T 40.5431
100 Mt 9. 8796
160 #1  .4799
190 L .0804
100 T 42.6104
100 Mt 11.0487
100 N1 .4894
100 L

L0941

1

18.52%9

4.8909
.2866
1206

29.9747

9.1278
.3971
0681

40.7094

9.9395
6818
1181

40.8557

3.9142
.4888
.1178

43.1177

11.0798

.5625
L1237

11

v

.5239
9317
.2866
1706
9747
6179
L3971
L0681
40
11.
%933
1181
.8557
2350
.5396+

7094
1719«

1178

43
12.
.5625 .
1237

L1177

1413%

N - -

— e S D e e O

000
.892 9
.000 4
.000 9
600 1
.949
900

1.
1.
. B89»
.a83 -~
L0090
.000

. 882%
.906%
.00
.000 4
.912%
1.
1

S 10

PYRE RANDOM PROBLEMNMS

1/v

400
409

000
000
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ﬁ?r 24

121
300
222
282
563
253
133
266
559
231
337
558
713
754
583
739
3723
619
643
421
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Table 2. PETERSEN TEST PROBLEHS
P run mr n ture B 2 4 H v v/l onit b
116 6 - 4133.1 3890.0 3800.0'_ 1.600 3 3
210 10 -~  9294.8 8706.1 B8706.1 1.000 13 1t
310 15 - 4125.0 4015.0 4015.0 1.000 9 158
4 10 20 - 61521 6120.0 6120.¢ 1.000 3 5t
5 10 28 "~ 12459.2 12400.0¢ 12400.0 1.000 3 9
6 5 39 - 10672.3 19670.6 10618.0  6.9%95 2 131
7 5 50 - 16612.2 16608.2 16537.0  0.935 1 53
Table 3. PROBLENS WITH DATA DEPENDENCIES
’ Vs
P nun n n tuPe zip 1 v 1y nit ot
1 20 40 & 18.9694 19.0045 19.004% 1.000 4 14
2 20 7?5 T 34,5634 34.6196 34.6196 1.000 5 30
320 100 T 50.2563 50.2849 502849 1.000 8 351
. 4 20°40 Wt 4.124% 4.4419 4.5876 0.968 1t B0
5 20 75 Ht ©.2314 8.4302 5.8432% 0._954% 10 523
€ 20 100 Kt 10.9088 11.0054 11.0054 1.000 7 549
7 20 40 M1 1.5547 1.6577 1.6687 0.993 3 163
B 20 75 MWl 2.339f 2.424% 2.5019% 0.970% {6 260
9 20 160 M1 3.5177 3.5759 4.0631+ 0.880x 11 491
10 20 406 L .337% .401¢ .4673 ¢.859 7 73
11 20 7?5 L .5735 . 6307 6440 0.979 5 59
LY

12 20 100 L .8824 1.1484 1. 1599 L9990 3 163

"Nit- nunber of BISR iterations
t - comPuter time,in secands,for a SPERRY 1100/80 machine

* - best value found after 15 nindtes of_brnnch and bound

ig8



