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A B S T R A C T

In diseases with long-term immunity, vaccination is known to increase the average age at infection as a
result of the decrease in the pathogen circulation. This implies that a vaccination campaign can have negative
effects when a disease is more costly (financial or health-related costs) for higher ages. This work considers an
age-structured population transmission model with imperfect vaccination. We aim to compare the social and
individual costs of vaccination, assuming that disease costs are age-dependent, while the disease’s dynamic
is age-independent. A model for pathogen deterministic dynamics in a population consisting of juveniles
and adults, assumed to be rational agents, is introduced. The parameter region for which vaccination has
a positive social impact is fully characterized and the Nash equilibrium of the vaccination game is obtained.
Finally, collective strategies designed to promote voluntary vaccination, without compromising social welfare,
are discussed.
1. Introduction

In this work, we examine highly contagious diseases that provide
permanent immunity. Assuming that a vaccine is not available, in-
dividuals will be exposed to the pathogen in their early years and
will acquire life-long immunity. This means that in a non-vaccinated
population, the disease will infect mainly children [1]. On the other
hand, in a fully vaccinated population with a perfect vaccine, the
disease will cease to exist.

However, when vaccination coverage is moderate or if the vac-
cine confers imperfect protection, the average age of first exposure
to the pathogen will be larger than in a non-vaccinated population.
Depending on the precise characteristics of the disease, the population-
wide effect may be worse than in both previous cases. For example,
varicella (chickenpox), rubella, mumps, and Zika have generally mild
effects with a few severe cases in juveniles, but when the virus infects
adults, particularly pregnant women, the health consequences can be
severe [2–4].

We introduce a mathematical model where we consider imperfect
vaccination. We first identify the vaccine coverage that avoids perni-
cious effects depending on vaccine and infection costs. Additionally, we
analyze how human behavior affects vaccination compliance. We aim
to compare population and individual interests towards vaccination
and examine two particularly relevant issues: waning immunity from
vaccines and human behavior.

In the model of the present work, the various costs associated
with the disease are assumed to be age-dependent, while the disease’s
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dynamic is age-independent. We divide the population into juveniles
and adults and assume that both groups’ transmission rates and average
infectious periods are the same. The only modeling assumption that
differs between both age groups is that both fertility and mortality rates
are zero for juveniles, and non-zero otherwise.

Infection-related costs may include different convalescence times,
absence from work, increased need for medical care, and even emo-
tional costs, such as the interruption of pregnancy. It may also include
later manifestations of infections, such as shingles, an inflammation of
the sensory ganglia caused by reactivation of the herpes zoster virus,
the same that causes varicella, after a dormancy period that may span
over decades [5].

In this work, we assume that individual costs are higher for infected
adults than for juveniles. It is necessary to include a cost for vaccinated
individuals, including not only financial costs, and possible adverse
reactions, but also — real or imaginary — vaccine risks. Finally, we
introduce a social cost function as the sum of individual costs for all
individuals in a given population.

We divide the vaccinees into two groups according to the induced
protection: those permanently protected and those protected only dur-
ing a certain period. In a sense, this is a simplified version of the
measles model [6]; see also [7] for a more detailed age-structured
version. In these last two works, different vaccine-induced immune
classes are introduced, considering permanent immunity, temporary
immunity, and no immunity at all.

To highlight the difference in costs among the two age groups
considered in this work, we will consider that for vaccinated individuals
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Table 1
Values used in this work. Parameters 𝜇, 𝜈, 𝛾, and 𝛽 are not disease-specific and were
hosen as an illustration in the range of varicella and rubella that served as motivation
15]. The value of 𝛽 was obtained from Eq. (11) at demographic equilibrium. In Fig. 4
e consider a range of values 0.
Parameter Description Value Unity

𝜇 > 0 Birth/adult mortality rate 1/70 yrs−1

𝛾 > 0 Recovering rate 365/12 yrs−1

𝛽 > 0 Transmission rate Such that 0 = 8 yrs−1 per capita
𝜈 > 0 Rate of immunity loss 1/15 yrs−1

𝑝 ∈ [0, 1] Vaccine coverage Non-dimensional
𝜆 ∈ [0, 1] Vaccine efficacy Non-dimensional

with temporary immunity, the typical waning time will correspond to
the juvenile-adult transition.

In any vaccination campaign the human willingness to be vacci-
nated cannot be disregarded. The central paradox, already identified
in [8], is that if a vaccination scheme is well-succeeded, the risk asso-
ciated with the disease will decrease to the point that the population
will start to question the need for the vaccine. Just before vaccine
coverage reaches the herd immunity threshold, rational individuals will
stop being vaccinated as the perceived risk of the vaccine will equal
the perceived risk of the disease, which will be small at this point.
Therefore, herd immunity will not be obtained through vaccination
without further incentives to be vaccinated (and to vaccinate the depen-
dents) or punishment of non-vaccinated individuals (e.g., the exclusion
of the school system). Since the seminal work [8], other models con-
sidered the coupling between the deterministic disease dynamics with
game-theoretical models for individual decisions within the population,
cf. [9–14].

We finish the introduction with the outline of the paper. In Sec-
tion 2, we introduce the model and present some basic results, in-
cluding the explicit expression for the basic reproduction number, and
the characterization of equilibria and their stability. In the sequel, we
discuss the model, analyzing first the social costs of vaccination and
then, using techniques from game theory, the effects of considering
voluntary vaccination and individual interests; in particular, we define
Nash equilibrium within the context of the present work. In Section 3,
we present numerical simulations based on typical values for childhood
diseases to study socially cost-efficient parameters regions, Nash equi-
libria of the vaccination games, parameters region such that rational
individuals accept or do not accept to be vaccinated, and how shared
costs between individuals and the society can dramatically influence
the endemic equilibria of the model. We conclude in Section 4 with a
discussion of our main findings.

2. Methods

2.1. The model

We consider an age-structured population divided into two groups:
juveniles and adults, both having the same susceptibility, infectious-
ness, and recovery rate, but only adults reproduce and die. Each
individual is vaccinated at birth with probability 𝑝 ∈ [0, 1]. The vaccine
is imperfect, with efficacy 𝜆 ∈ [0, 1], meaning that for a fraction
𝜆 it confers life-long immunity, while for the remainder 1 − 𝜆 the
immunity only lasts during the juvenile phase (1∕𝜈 yrs). The parameter
𝜆 characterizes not only different levels of immunization to different
individuals but also the fraction of the population with an incomplete
vaccination scheme. The adult phase lasts for 1∕𝜇 yrs. The model
diagram is represented in Fig. 1. The relevant set of values is presented
at Table 1, while model variables are defined at Table 2.

The model is given by the following system of differential equations:

𝑉 ′ = 𝜇𝑝(1 − 𝜆)𝑁A − 𝜈𝑉 , (1)
′

2

𝑆J = 𝜇(1 − 𝑝)𝑁𝐴 − 𝜈𝑆J − 𝛽(𝐼J + 𝐼A)𝑆J , (2)
Fig. 1. Schematic diagram of the SIR model for juveniles and adults. Parameter 𝜇
corresponds to adult mortality and birth rates. The transition rate between both age
groups is given by 𝜈. Vaccination (with coverage 𝑝) provides long-term immunity for
a fraction 𝜆 of the individuals and temporary (i.e., during the juvenile phase) for a
fraction 1 − 𝜆. Disease transmission 𝛽 and recovering 𝛾 are assumed to be independent
of the age group.

𝐼 ′J = 𝛽(𝐼J + 𝐼A)𝑆J − 𝜈𝐼J − 𝛾𝐼J , (3)

𝑅′
J = 𝜇𝑝𝜆𝑁A + 𝛾𝐼J − 𝜈𝑅J , (4)

𝑆′
A = 𝜈(𝑉 + 𝑆J) − 𝜇𝑆A − 𝛽(𝐼J + 𝐼A)𝑆A , (5)

𝐼 ′A = 𝛽(𝐼J + 𝐼A)𝑆A + 𝜈𝐼J − 𝜇𝐼A − 𝛾𝐼A , (6)
′
A = 𝜈𝑅J + 𝛾𝐼A − 𝜇𝑅A . (7)

he total population 𝑁 = 𝑉 + 𝑆J + 𝐼J + 𝑅J + 𝑆A + 𝐼A + 𝑅A is constant,
nd, therefore, we set 𝑁(𝑡) = 1 for all 𝑡 ≥ 0. Furthermore, we define
he juvenile and adult population by 𝑁J ∶= 𝑉 + 𝑆J + 𝐼J + 𝑅J and
A ∶= 𝑆A + 𝐼A + 𝑅A = 1 − 𝑁J, respectively. Adding Eqs. (5), (6) and

7), we conclude that 𝑁 ′
A = 𝜈(1 −𝑁A) −𝜇𝑁A. We say that a population

s in demographic equilibrium if 𝑁J and 𝑁A are constants. In that case

J(𝑡) = 𝑁∗
J ∶=

𝜇
𝜇 + 𝜈

, 𝑁A(𝑡) = 𝑁∗
A ∶= 𝜈

𝜈 + 𝜇
. (8)

Both the disease-free and endemic equilibrium can be readily ob-
tained. Their stability depends on the value of the critical parameter
𝑝, obtained using the next generation matrix approach [16]. More
explicitly, we state:

Theorem 1. For any value of 𝑝 ∈ [0, 1], there is one equilibrium solution
of Eqs. (1)–(7), called the disease-free solution, given by

𝑉 df ∶= 𝑁∗
J 𝑝(1 − 𝜆), 𝑆df

J ∶= 𝑁∗
J (1 − 𝑝),

𝑅df
J ∶= 𝑁∗

J 𝑝𝜆, 𝑆df
A ∶= 𝑁∗

A(1 − 𝑝𝜆),

𝑅df
A ∶= 𝑁∗

A𝑝𝜆, 𝐼dfJ ∶= 𝐼dfA = 0.

et the effective reproduction number be

𝑝 ∶=
𝛽

𝛾 + 𝜇

[

𝜇 + 𝜈 + 𝛾
𝜈 + 𝛾

𝑆df
𝐽 + 𝑆df

𝐴

]

=
𝛽

𝛾 + 𝜇
𝜇(𝜇 + 𝛾 + 𝜈)(1 − 𝑝) + 𝜈(𝜈 + 𝛾)(1 − 𝜆𝑝)

(𝛾 + 𝜈)(𝜇 + 𝜈)
. (9)

Then

• If 𝑝 ≤ 1 the only equilibrium solution of Eqs. (1)–(7) is the
disease-free solution, which is locally asymptotically stable if 𝑝 < 1.

• If 𝑝 > 1 the disease-free solution is unstable. Furthermore, there
is a second equilibrium solution of Eqs. (1)–(7), called the endemic
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Table 2
Compartment variables used in the model; c.f. Eqs. (1)–(7).
Variable Description

𝑉 Fraction of individuals vaccinated at birth
𝑆J Fraction of susceptible juveniles
𝐼J Fraction of infectious juveniles,
𝑅J Fraction of juveniles with life-long immunity (due to recovery or vaccination)
𝑆A Fraction of susceptible adults
𝐼A Fraction of infectious adults
𝑅A Fraction of adults with life-long immunity (due to recovery or vaccination)
𝑁J Fraction of juveniles (equal to 𝑉 + 𝑆J + 𝐼J + 𝑅J)
𝑁A Fraction of adults (equal to 𝑆A + 𝐼A + 𝑅A)
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solution, given by

𝑉 en ∶= 𝑁∗
J 𝑝(1 − 𝜆) =

𝜇𝑝(1 − 𝜆)
𝜇 + 𝜈

,

𝑆en
J ∶=

𝑁∗
𝐽 (1 − 𝑝)𝜈
𝜈 + 𝛽𝐼en

=
𝜇𝜈(1 − 𝑝)

(𝜇 + 𝜈)(𝜈 + 𝛽𝐼en)
,

𝑅en
𝐽 ∶=

𝛾
𝜈
𝐼enJ +𝑁∗

J 𝑝𝜆 = 𝑁∗
𝐽

[

(1 − 𝑝)𝛾𝛽𝐼en

(𝛾 + 𝜈)(𝜈 + 𝛽𝐼en)
+ 𝑝𝜈

]

,

𝑆en
A ∶= 𝜇𝑁∗

A
(1 − 𝑝)𝜈 + 𝑝(1 − 𝜆)(𝜈 + 𝛽𝐼en)

(𝜇 + 𝛽𝐼en)(𝜈 + 𝛽𝐼en)
,

𝑅en
A ∶=

𝛾
𝜇
𝐼en +𝑁∗

A𝑝𝜆,

𝐼enJ ∶=
𝑁∗

J (1 − 𝑝)𝛽𝐼en𝜈
(𝜈 + 𝛾)(𝜈 + 𝛽𝐼en)

,

𝐼enA ∶=
𝜇𝑁∗

A𝛽𝐼
en

𝜇 + 𝛾

[

𝑝(1 − 𝜆)
𝜇 + 𝛽𝐼en

+
(1 − 𝑝)𝜈

(𝜇 + 𝛽𝐼en)(𝜈 + 𝛽𝐼en)

+
(1 − 𝑝)𝜈

(𝜈 + 𝛾)(𝜈 + 𝛽𝐼en)

]

.

Finally, the total number of infectious individuals at the endemic
equilibrium is given by

𝐼en ∶= 𝐼enJ + 𝐼enA =
𝑏1 +

√

𝑏21 + 4𝑏2𝑏0
2𝑏2

, (10)

where

𝑏0 ∶= 𝜇𝜈 [𝛽(𝜇(𝜇 + 𝛾 + 𝜈)(1 − 𝑝) + 𝜈(𝜈 + 𝛾)(1 − 𝜆𝑝))

−(𝛾 + 𝜇)(𝛾 + 𝜈)(𝜇 + 𝜈)]

(𝑏0 > 0 ⇔ 𝑝 > 1) ,

𝑏1 ∶= 𝛽2𝜈𝜇((𝛾 + 𝜈)(1 − 𝜆𝑝) + 𝜇(1 − 𝑝)) − 𝛽(𝛾 + 𝜇)(𝛾 + 𝜈)(𝜇 + 𝜈)2,

𝑏2 ∶= 𝛽2(𝛾 + 𝜇)(𝛾 + 𝜈)(𝜇 + 𝜈) .

Proof. The disease-free solution is immediate after imposing 𝐼dfJ =
𝐼dfA = 0 in the stationary (i.e., ′ = 0) solution of the System (1)–(7).
Following [16, Thm. 2], we consider the compartments corresponding
to infectious individuals to be 𝑥 = (𝐼J, 𝐼A) and the remaining compart-
ments corresponding to non-infectious classes 𝑦 = (𝑉 , 𝑆J, 𝑅J, 𝑆A, 𝑅A).
We define the rate of appearance of new infections as

 (𝑥, 𝑦) = (𝛽(𝐼J + 𝐼A)𝑆J, 𝛽(𝐼J + 𝐼A)𝑆A)

and the remaining transition terms as

(𝑥, 𝑦) = (𝜈𝐼𝐽 + 𝛾𝐼𝐽 ,−𝜈𝐼𝐽 + (𝛾 + 𝜇)𝐼A) .

Hence, System (1) can be written as

𝑥′ =  (𝑥, 𝑦) − (𝑥, 𝑦), 𝑦′ = 𝑔(𝑥, 𝑦) ,

for an appropriate function 𝑔. We define the matrices

𝐹 =
[

𝜕𝑖
𝜕𝑥𝑗

(𝑥0, 𝑦0)
]

=

[

𝛽𝑆df
J 𝛽𝑆df

J

𝛽𝑆df
A 𝛽𝑆df

A

]

nd

=
[

𝜕𝑖 (𝑥0, 𝑦0)
]

=
[

𝜈 + 𝛾 0
]

,

3

𝜕𝑥𝑗 −𝜈 𝜇 + 𝛾 s
where (𝑥0, 𝑦0) represents the disease free equilibrium. It is straightfor-
ard to verify conditions (𝐴1) to (𝐴5) of Theorem 2 in [16], hence we

onclude that the effective reproduction number 𝑝 is given by the
pectral radius of the next generation matrix

𝑉 −1 =
𝛽

(𝛾 + 𝜇)(𝛾 + 𝜈)

[

(𝛾 + 𝜇 + 𝜈)𝑆df
J (𝛾 + 𝜈)𝑆df

J

(𝛾 + 𝜇 + 𝜈)𝑆df
 (𝛾 + 𝜈)𝑆df



]

,

i.e.,

𝑝 ∶=
𝛽

𝛾 + 𝜇

[

𝜇 + 𝜈 + 𝛾
𝜈 + 𝛾

𝑆df
𝐽 + 𝑆df

𝐴

]

.

he stability follows from [16], namely the disease-free equilibrium
s locally asymptotically stable if 𝑝 < 1, and unstable if 𝑝 > 1.
or the computation of the endemic equilibrium, we follow the same
echniques as before; in this case, however, the stationary solution
mplicitly depends on the value of 𝐼en, the solution of ℘(𝐼) = 0, where
(𝐼) ∶= −𝑏2𝐼2 + 𝑏1𝐼 + 𝑏0.

For the case 𝑝 = 1, note that 𝑏1 < 0 and, therefore, 𝐼en = 0,
i.e., both equilibria coincide. □

As an immediate consequence of Theorem 1, we write

𝑝 = 0

[

1 − 𝑝
(

1 −
(1 − 𝜆)𝜈(𝜈 + 𝛾)

𝜇(𝜇 + 𝛾 + 𝜈) + 𝜈(𝜈 + 𝛾)

)]

,

with

0 ∶= 𝑝
|

|

|𝑝=0
=

𝛽
𝛾 + 𝜇

[(

1 +
𝜇

𝜈 + 𝛾

)

𝑁∗
𝐽 +𝑁∗

𝐴

]

. (11)

Furthermore,

heorem 2. Let 𝛤 = {(𝑉 , 𝑆J, 𝐼J, 𝑅J, 𝑆A, 𝐼A, 𝑅A) ∶ 𝑆J ≤ 𝑆df
J , 𝑆A ≤ 𝑆df

A ,
≤ 𝑉 df , 𝑁A ≤ 𝑁∗

A}, and consider the model given by Eqs. (1)–(7). Then

• If 𝑝 ≤ 1 the only equilibrium solution of the System (1)–(7) is the
disease-free solution, which is globally asymptotically stable in 𝛤 .

• If 𝑝 > 1 the disease-free solution is unstable. The System (1)–(7) is
uniformly persistent.

roof. The set 𝛤 is positively invariant. Following the notation from
he proof of Theorem 1 we define 𝑓 (𝑥, 𝑦) = (𝐹 − 𝑉 )𝑥 −  +  . We
ave that 𝑓 (𝑥, 𝑦) ≥ 0 with 𝑓 (𝑥, 𝑦0) = 0 in 𝛤 , 𝐹 ≥ 0, 𝑉 −1 ≥ 0 and
−1𝐹 is irreducible. Moreover, (0, 𝑦) = (0, 𝑁∗

J , 0, 𝑁
∗
A, 0) is a globally

symptotically stable (GAS) equilibrium of the system 𝑦′ = 𝑔(0, 𝑦).
ssuming 𝑝 ≠ 1, we conclude that the disease-free solution is GAS in
for 𝑝 < 1 and that, for 𝑝 > 1, the system is uniformly persistent.

or 𝑝 = 1, there is a set in which the Lyapunov function has zero
erivative. In this set, the global asymptotic stability of the disease-free
quilibrium is proved through a direct analysis of the model equations,
hile in the remaining domain, the proof follows from the previous
rgument. For further details, see [17], in particular Thm. 2.2 and the
omments immediately below. □

emark 1. Persistence in a dynamical system implies that its solution
ill not arbitrarily approach zero. Uniform persistence is a stronger

ondition, in which the modulus of the solution is always larger than a

trictly positive number, cf. [18]. Models based on ordinary differential
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equations, as is the case of the System (1)–(7), ignore stochastic effects,
i.e., they implicitly assume infinite populations. However, populations
are always finite, and in non-uniformly persistent models, the solution
will arbitrarily approach the disease-free boundary (i.e., 𝐼 = 0), which
is absorbing, and therefore, the disease will be eventually extinct due
to stochastic fluctuations. On the other hand, if solutions are uniformly
persistent, then there is a minimum population size such that disease
will not be extinct due to natural fluctuations. See also [19] for an inter-
mediate model, based on drift-diffusion partial differential equations of
degenerated type, that models both the deterministic evolution and the
stochastic evolution. Degenerated partial differential equations models
pose serious mathematical difficulties and will not be analyzed in the
current work.

Finally, it is straightforward to prove that

Proposition 3. Consider

𝜆 > 𝜆𝑐 ∶= 1 −
(𝛾 + 𝜇)(𝜇 + 𝜈)

𝛽𝜈
(12)

and 0 > 1. Then, there is a critical vaccination coverage

c ∶=
𝜇(𝜇 + 𝛾 + 𝜈) + 𝜈(𝜈 + 𝛾)
𝜇(𝜇 + 𝛾 + 𝜈) + 𝜆𝜈(𝛾 + 𝜈)

(

1 − 1
0

)

∈ (0, 1) (13)

uch that for any 𝑝 > 𝑝c the disease free solution is globally asymptotically
table in 𝛤 .

.2. Social cost

At the endemic equilibrium, we define a social cost function (per
nit of time) depending on the disease incidence and disease cost for
oth juveniles and adults and on the vaccination costs:

(𝑝, 𝜆) ∶= 𝑐dA(𝛽(𝐼
en
J + 𝐼enA )𝑆en

A + 𝜈𝐼enJ ) + 𝑐dJ 𝛽(𝐼
en
J + 𝐼enA )𝑆en

J + 𝑐v𝛿𝜇𝑝𝑁∗
A

(14)
= 𝑐dA(𝛾 + 𝜇)𝐼enA + 𝑐dJ (𝛾 + 𝜈)𝐼enJ + 𝑐v𝛿𝜇𝑝𝑁∗

A

= 𝑐dA[(𝛾 + 𝜇)𝐼enA + 𝜀(𝛾 + 𝜈)𝐼enJ + 𝑟𝛿𝜇𝑝𝑁∗
A],

where 𝑐dA > 0 and 𝑐dJ > 0 are the disease costs for adults and juveniles,
espectively, and 𝑐v > 0 is the vaccination cost. We define the relative
osts 𝜀 = 𝑐dJ ∕𝑐

d
A and 𝑟 = 𝑐v∕𝑐dA. Upon normalization, we will assume

rom now on that 𝑐dA = 1. The fraction of the vaccination cost supported
y the society is given by 𝛿 ∈ [0, 1], where 𝛿 = 1 means that all cost is
upported by the society (normally, the State), and 𝛿 = 0 means that
he vaccinated individual pays the entire cost of the vaccination. See
able 3 for all costs variables used in the present work.

Note that 𝐼enA,J depend explicitly on 𝑝 and 𝜆, cf. Theorem 1.

emark 2. Social cost 𝜙(𝑝, 𝜆) was obtained at the endemic equilibrium
nd therefore it assumes equality between entry and exit rates in all
ompartments. While in the first line of Eq. (14), social costs are
btained from the entry rates, in the last line they follow from the exit
ates; if one is interested in the total cost should multiply each term of
he last expression by the average time of a given individual in each
lass, i.e., 1∕(𝛾 + 𝜇), 1∕(𝛾 + 𝜈), and 1∕𝜇, representing exits by recovery
r death, by recovery or aging, or by death, respectively.

We define the acceptable social-cost region as

=
{

(𝑝, 𝜆) ∈ [0, 1] × [0, 1] ∶ 𝛷𝜀,𝑟,𝛿(𝑝, 𝜆) ∶= 𝜙(𝑝, 𝜆) − 𝜙0 ≤ 0
}

,

where 𝜙0 = 𝜙(0, 0) is the social cost of the disease in an unvaccinated
population.

We define two critical values: 𝜆sup, below which social-cost accep-
ance depends on vaccine coverage 𝑝; and 𝜆inf , below which social-cost
s unacceptable for any vaccine coverage 𝑝.

sup = sup 𝜆, 𝜆inf = inf 𝜆 .
4

𝛷(𝑝,𝜆)>0 𝛷(𝑝,𝜆)<0 𝜋
Table 3
Cost variables used in the model. Upon normalization 𝑐dA = 1, results presented in this
rticle will depend only on 𝛿, a modeling parameter, 𝜀 and 𝑟. The values for the relative
osts 𝜀 and 𝑟 used in this work are arbitrary and used for illustration purposes.
Parameter Description

𝑐dA Disease cost of an adult
𝑐dJ Disease cost of a juvenile
𝑐v Vaccination cost
𝛿 Fraction of the vaccination costs supported by the society
𝜀 ∶= 𝑐dJ ∕𝑐

d
A Relative disease cost of juveniles vs. adults

𝑟 ∶= 𝑐v∕𝑐dA Relative vaccination cost vs. adults disease cost

Fig. 2 illustrates the acceptable social-cost region in the parameter
space (𝑝, 𝜆) when 𝛿 = 0 and 𝛿 = 1. We observe that when 𝛿 increases
the region gets smaller, due to the increase in the social cost, associated
with the vaccination. Note that there is a subregion in which it is
possible to eliminate the disease, i.e., 𝑝 < 1.

2.3. Individual cost and Nash equilibria

Following [8], we assume that individuals freely choose to be
vaccinated according to the perceived relative costs of the disease and
of the vaccination. For each (𝑝, 𝜆), let us define 𝛱nv

A and 𝛱nv
J as the

tationary (i.e., at equilibrium) probabilities of getting the disease as an
dult and as a juvenile for unvaccinated individuals; and 𝛱v

A to be the
tationary probability of getting the disease as an adult if vaccinated at
irth. These values are equal to zero at the disease-free equilibrium and
on-zero at the endemic equilibrium. Furthermore, they are continuous
unctions from the model parameters, cf. [20, Sec. 3.4].

We obtain explicit expressions for each of these three parameters.
n the formulas below ∗= df or ∗= en according to 𝑝 ≤ 1 or
𝑝 > 1, respectively, i.e., ∗ indicates the only stable equilibrium of
the dynamics.

For 𝛱nv
J , we consider a given individual in the class 𝑆J, from which

there are two possible exits. Either that given individual contracts the
disease (and moves to the class 𝐼J) or he or she turns into an adult
without being infected and moves to the class 𝑆A. Explicitly,

𝛱nv
J (𝑝, 𝜆) ∶=

𝛽𝐼∗𝑆∗
J

(𝛽𝐼∗ + 𝜈)𝑆∗
J

=
𝛽𝐼∗

𝛽𝐼∗ + 𝜈
.

he probability that a non-vaccinated adult gets the disease is given by
he probability that a previously non-vaccinated juvenile does not get
he disease as a juvenile times the probability that he or she gets the
isease as an adult. Therefore

nv
A ∶=

(

1 −𝛱nv
J
)

𝛽𝐼∗𝑆∗
A

(𝛽𝐼∗ + 𝜇)𝑆∗
A

= 𝜈
𝛽𝐼∗ + 𝜈

𝛽𝐼∗

𝛽𝐼∗ + 𝜇
,

ith 𝐼∗ ∶= 𝐼∗J + 𝐼∗A. Finally, the probability that a vaccinated adult gets
he disease is the probability that the vaccine is effective only during
he juvenile phase, 1 − 𝜆, times the probability to get the disease from
he class 𝑆A, i.e.,

v
A ∶= (1 − 𝜆)

𝛽𝐼∗

𝛽𝐼∗ + 𝜇
.

We define the individual cost function at endemic equilibrium, which
corresponds to the expected cost of the individual strategy of being
vaccinating with probability 𝑞 in a population with coverage 𝑝:

𝛹𝜀,𝑟,𝛿(𝑞, 𝑝, 𝜆) ∶= (1 − 𝑞)(𝛱nv
A + 𝜀𝛱nv

J ) + 𝑞(𝛱v
A + 𝑟(1 − 𝛿))

= 𝛱nv
A + 𝜀𝛱nv

J + 𝑞 [𝑟(1 − 𝛿) − 𝜋(𝑝, 𝜆)] ,

here the vaccination-infection risk index, introduced in [21], is given
y

(𝑝, 𝜆) ∶= 𝛱nv(𝑝, 𝜆) + 𝜀𝛱nv(𝑝, 𝜆) −𝛱v (𝑝, 𝜆) .
A J A
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Fig. 2. The light-blue region indicates the acceptable cost region 𝛷 < 0, while the gray region is the disease-free region 𝑝 < 1. We assume a juvenile/adult relative cost
𝜀 = 0.15, and a vaccine/disease cost 𝑟 = 0.1. Left: all vaccination costs are supported by the vaccinated individual, i.e., 𝛿 = 0. Right: the vaccination costs are supported by society
with 𝛿 = 1.
The individual vaccination marginal expected payoff gain 𝐸(𝑞, 𝑝) of an
individual that uses the strategy of vaccinating with probability 𝑞 in a
population that vaccinates with probability 𝑝 is given by

𝐸(𝑞, 𝑝) ∶= 𝐸(𝑞, 𝑝; 𝜀, 𝑟, 𝛿, 𝜆) ∶= 𝛹𝜀,𝑟,𝛿(0, 𝑝, 𝜆) − 𝛹𝜀,𝑟,𝛿(𝑞, 𝑝, 𝜆) .

Definition 1. The population vaccination strategy 𝑝∗ is a vaccination
Nash equilibrium, if

𝐸(𝑞, 𝑝∗) − 𝐸(𝑝∗, 𝑝∗) = (𝑝∗ − 𝑞)
[

𝑟(1 − 𝛿) − 𝜋(𝑝∗, 𝜆)
]

≤ 0,

for every strategy 𝑞 ∈ [0, 1].

In simple words, we say that the system is at Nash equilibrium if
the vaccination coverage 𝑝∗ is such that for every individual that uses
a strategy 𝑞 the expected payoff is not larger than the one it would have
if the strategy 𝑝∗ were used.

Proposition 4. The model given by Eqs. (2)–(7) has at least one Nash
equilibrium.

Proof. If 𝜋(0, 𝜆) ≤ 𝑟(1−𝛿), then 𝑝∗ = 0 is a Nash equilibrium. If 𝜋(1, 𝜆) ≥
𝑟(1 − 𝛿), then 𝑝∗ = 1 is a Nash equilibrium. If both inequalities are false
there is at least one value of 𝑝∗ ∈ (0, 1) such that 𝜋(𝑝∗, 𝜆) = 𝑟(1 − 𝛿) and
𝑝∗ is a Nash equilibrium. □

For high vaccine efficacy 𝜆 > 𝜆c and 𝛿 ∈ [0, 1), the vaccination
coverage that results from individuals’ choices is below the elimination
threshold 𝑝𝑐 , defined in Proposition 3.

Proposition 5. Let 𝜀, 𝑟 > 0, 𝛿 ∈ [0, 1), 𝜆 ∈ [𝜆c, 1], where 𝜆c is given by
Proposition 3. Let 𝑝𝜆c given by Proposition 3 and 𝑝𝜆∗ a Nash equilibrium of
the associated model. Then, 𝑝𝜆∗ < 𝑝𝜆c .

Proof. From Proposition 3, for any value 𝑝 > 𝑝𝜆c it is true that 𝜋(𝑝, 𝜆) =
0. From the continuity of 𝜋, we conclude that 𝜋(𝑝𝜆𝑐 , 𝜆) = 0. Assume that
𝑝𝜆∗ ≥ 𝑝𝜆c > 0. From Definition 1 we have that (𝑝𝜆∗−𝑞)

[

𝑟(1 − 𝛿) − 𝜋(𝑝𝜆∗ , 𝜆)
]

≤
0 for every 𝑞 ∈ [0, 1], therefore 𝑝𝜆∗ ≤ 𝑞, for every 𝑞 ∈ [0, 1], which is a
contradiction. □

This result generalizes the idea, already present in [8], that it is
impossible to eradicate a disease through voluntary vaccination.

Inspired by the concept of evolutionary stable strategy in game
dynamics, cf. [22], we define:
5

Definition 2. The population vaccination strategy 𝑝∗ is an evolutionary
stable vaccination (ESV) strategy, if there is a 𝜏0 > 0, such that for every
𝜏 ∈ (0, 𝜏0) and for every 𝑞 ∈ [0, 1], with 𝑞 ≠ 𝑝∗,

𝐸(𝑞, (1 − 𝜏)𝑝∗ + 𝜏𝑞) − 𝐸(𝑝∗, (1 − 𝜏)𝑝∗ + 𝜏𝑞) < 0.

We are ready to state the conditions for the Nash equilibrium to be
ESV.

Proposition 6. Let 𝑝∗ be a Nash equilibrium of the vaccination game. If
𝑝∗ = 0 or 𝑝∗ = 1, then 𝑝∗ is an ESV. Furthermore, if 𝜋(𝑝∗, 𝜆) = 𝑟(1 − 𝛿), 𝑝∗
is an ESV if and only if 𝜋(𝑝, 𝜆) is decreasing in 𝑝 at 𝑝 = 𝑝∗. In particular,
𝑝∗ ∈ (0, 1) is an ESV if and only if 𝜋(𝑝, 𝜆) is decreasing in 𝑝 at 𝑝 = 𝑝∗.

Proof. This proof follows ideas from [21]. Let 𝑝∗ = 0 (𝑝∗ = 1) be
a Nash equilibrium. From Definition 1, we conclude that 𝜋(0, 𝜆) ≤
𝑟(1 − 𝛿) (𝜋(1, 𝜆) ≥ 𝑟(1 − 𝛿), respect.). Assume that a strict inequality
is valid. Let 𝜏0 be small enough such that for all 𝜏 < 𝜏0, it is valid that
𝜋(𝜏𝑞, 𝜆) < 𝑟(1 − 𝛿) (𝜋(1 − 𝜏(1 − 𝑞), 𝜆) > 𝑟(1 − 𝛿), respect.). It is clear that
𝐸(𝑞, 𝜏𝑞)−𝐸(0, 𝜏𝑞) = −𝑞(𝑟(1−𝛿)−𝜋(𝜏𝑞, 𝜆)) < 0 (𝐸(𝑞, 1−𝜏(1−𝑞))−𝐸(1, 1−
𝜏(1− 𝑞)) = (1− 𝑞)(𝑟(1− 𝛿)−𝜋(1− 𝜏(1− 𝑞), 𝜆)) < 0, respect.), for all 𝑞 ≠ 𝑝∗.

For the second part, note that 𝜋(𝑝∗, 𝜆) = 𝑟(1 − 𝛿) implies that

𝐸(𝑞, (1 − 𝜏)𝑝∗ + 𝜏𝑞)−𝐸(𝑝∗, (1 − 𝜏)𝑝∗ + 𝜏𝑞)

= −(𝑞 − 𝑝∗)(𝜋(𝑝∗, 𝜆) − 𝜋((1 − 𝜏)𝑝∗ + 𝜏𝑞, 𝜆)) ,

and therefore 𝑝∗ is an ESV if and only if 𝜋 is decreasing in the first
argument at 𝑝 = 𝑝∗. The final result follows from Definition 1. □

Fig. 3 illustrates two possible situations described in Proposition 6:
in the left, the two pure strategies are ESV and there exists an interior
Nash equilibrium that is unstable; in the right, for higher relative
vaccination costs there are two interior Nash equilibria, one unstable
and the other stable, according to the monotonicity of 𝜋 with respect
to 𝑝. The full (dashed) line indicates that 𝜋 is decreasing (increasing,
respect.) with respect to 𝑝, with fixed 𝜆. For both situations described,
the region between 𝜆biinf and 𝜆bisup is the region for model bistability, in
which we find three Nash equilibria, two stable (full red line) and one
unstable (dashed red line) in between.

In the light-red region (that is, where the condition 𝜋(𝑝, 𝜆) > 𝑟(1−𝛿)
is verified), a rational individual will accept to be vaccinated with
a probability larger than the population average. In particular, in
that region, there is an individual incentive to increase the overall
vaccination coverage.
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Fig. 3. Nash equilibria as a function of vaccine efficacy 𝜆 and vaccination coverage 𝑝 for relative vaccination costs 𝑟 = 0.25 (left) and 𝑟 = 0.30 (right). We assume a juvenile/adult
relative cost 𝜀 = 0.15 and all vaccination costs supported by the vaccinated individual (𝛿 = 0). Red dashed and full lines correspond to unstable and stable Nash equilibria,
respectively. The light-red region is the region for which the condition 𝜋(𝑝, 𝜆) > 𝑟(1 − 𝛿) is verified, cf. Proposition 6. The horizontal black dotted line exemplifies the dynamics

of rational individuals (indicated by the arrows) assuming a vaccine efficacy of 𝜆 = 0.70. The gray region is the disease-free region.
It is not possible to reach the disease-free region through voluntary
vaccination if there is no incentive to be vaccinated, in agreement with
Proposition 5. Moreover, in case Fig. 3, left, the region in which there
is no individual incentive to increase the vaccination coverage close
to the disease-free region is disconnected from the set of vaccination
coverage 𝑝 = 0.

3. Numerical examples

In this section, we present several numerical examples to discuss
the present work. Parameters will be, except otherwise said, taken from
Table 1. In particular, varicella epidemiology fits our framework, as it
is a mild disease for children that can have increased risk for adults
and its inclusion in a universal vaccination program is debatable [23].
However, the framework developed here may be applied to several
other situations, such as Zika, rubella, mumps and measles.

Fig. 4 shows the fraction of infectious juvenile and adults at equi-
librium as a function of the basic reproduction number without vacci-
nation, i.e., 𝑝 = 0. The fraction of infectious juveniles is an increasing
function of 0, but the fraction of infectious adults reaches a maximum
around 0 ≈ 3.35. Furthermore, for values of 0 close to 1, the fraction
of infectious is equal for both adults and juveniles, an indication that
each individual is exposed to the pathogen approximately once during
his or her life. This is indicated not only from the fact that both graphs
are equal at 0 = 1, which is no surprise, as both values are equal to
0, but also from the fact that their slope is the same at this point. We
conclude that a highly transmissible disease associated with permanent
immunity will be, in equilibrium, a childhood disease. If the effect
of this disease is mild in juveniles, there is no severe economic cost
associated with the endemic state. This is the main reason we will
always compare the economic cost associated with a vaccine program
with vaccine efficacy 𝜆 and vaccine coverage 𝑝 with the no-vaccination
endemic state, cf. definition of 𝛷 in Section 2.2. For the parameters of
Table 1, most of the infectious individuals are below 15 years old, but
a reasonable proportion of infectious individuals is above this value.

Assuming 0 = 8, the inclusion of a vaccination scheme is il-
lustrated in Fig. 5. It clearly shows that for the considered set of
parameters, the inclusion of a vaccination program will decrease the
overall number of infectious individuals in the endemic equilibrium but
it will increase the fraction of infections among adults. Therefore, the
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introduction of the vaccination scheme should be pondered to avoid
negative outcomes for the population.

After the introduction of the vaccination, two natural questions
arise: (i) are people willing to be vaccinated?, and (ii) has the individual
behavior a positive or negative effect on society? The first question is
addressed by introducing an individual cost of being vaccinated (that
includes the perceived risk of the vaccine, eventual absence to work
to go or to take the children to the vaccination site, the financial
cost of buying the vaccine, etc.) and the cost of non-being vaccinated,
i.e., all the costs associated to contracting the disease. If the first is
larger, then rational individuals will be vaccinated, if it is smaller, they
will not. Interior Nash equilibria of the model correspond to points in
which the equality holds. For the second question, we discuss if a given
vaccination is in the acceptable social cost region. Ideally, we shall try
to find a stable Nash equilibrium within that region, i.e., with 𝛷 < 0.
However, this is not always possible.

Figs. 6(a) and 6(b) illustrate the regions on the parameter space
(𝑝, 𝜆) in which the individual and the social interests coincide and
differ when all the individual vaccination costs are assumed by the
beneficiary (i.e., there are no shared costs, as, for example, government
subsidies). Fig. 6(c) introduces shared costs for high-cost vaccines,
i.e., the society absorbs part of the individual cost.

Close to the disease-free region 𝑝 < 1, there is always a barrier
where there is no individual interest in being vaccinated, as the infec-
tion rates at that region will be residual. In Fig. 6(a), the region where
there is a social interest in increasing the vaccination, but there is an
individual rejection of it, is a connected set. In Fig. 6(c) this region is
disconnected.

In Fig. 6 we indicate the values of 𝜆inf (𝜆sup), the minimum efficacy
such that for 𝑝 large enough (for all 𝑝, respect.) there is social interest
in expanding the vaccine coverage and 𝜆biinf ,sup the minimum and maxi-
mum values to the existence of bi-stable Nash vaccination equilibrium.
Depending on the costs of the vaccine for society and individuals, their
interests may not always agree: for a certain range of vaccine efficacy, it
may be favorable for society to increase vaccination coverage, but due
to the high cost of the vaccine, individuals choose not to be vaccinated,
cf. Fig. 6(a) for 𝜆 ∈ (𝜆inf , 𝜆biinf ). For a different set of parameters it may
be favorable for individuals to vaccinate, due to the low vaccine cost,
but not be beneficial for society, cf. Fig. 6(b) for 𝜆 ∈ (𝜆biinf , 𝜆inf ). This
situation can be changed by allowing the vaccination costs to be shared.
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Fig. 4. Fraction of infectious juveniles (dotted) and adults (dashed), 𝐼en
J ∕𝑁∗

J and 𝐼en
A ∕𝑁∗

A, respectively, as functions of 0. For 0 close to 1 both values are equal to first order,
indicating that there is no essential difference between juveniles and adults in the disease dynamics (see box). After reaching a maximum around 0 ≈ 3.35 the fraction of infectious
adults starts to decrease towards zero, while the fraction of infectious juveniles continues to grow, indicating that the disease is, in fact, a childhood disease.
Fig. 5. Left: Fraction of infectious individuals at endemic equilibrium assuming vaccination coverage 𝑝 and vaccine efficacy 𝜆. Right: Fraction of infected juveniles, with respect
to the number of infected individuals at endemic equilibrium, 𝐼en

J ∕𝐼en, as a function of the vaccine coverage 𝑝 and vaccine efficacy 𝜆. Note that increasing the vaccine coverage
implies a smaller number of infected individuals but the disease became more relevant among adults. The gray region in the upper left corner of both graphs indicates the
disease-free region.
For example, in Fig. 6(c), 𝛿 was chosen such that 𝜆bisup = 𝜆sup; i.e., the
Nash equilibrium at 𝑝 = 0 is socially neutral. In this case, individual
vaccination is enhanced for lower vaccine efficacy, as compared to
Fig. 6(a). Moreover, in Fig. 6(c), all Nash equilibrium 𝑝 > 0 are in
the acceptable social cost region, avoiding individuals choosing to be
vaccinated where their choice would increase social costs.

The effects of sharing costs are further explored in Figs. 7 and 8.
Fig. 7 shows a particular example, highlighted by the yellow arrows.
Starting with a vaccination coverage of 𝑝 = 0.5 (indicated by a dotted
vertical line) and 𝛿 = 0, rational individuals will not vaccinate, but
vaccination will benefit society. Suppose vaccination cost starts to be
shared between society and beneficiary (in this example, increasing the
value of 𝛿 to above approximately 0.5). In that case, it is possible to
7

create incentives such that rational individuals accept to be vaccinated,
moving from the light-blue region to the light-red region, i.e. from point
(a) to point (b). The natural dynamics will lead the population to a
state in which the level of vaccination is high and the population is in
a cost-efficient equilibrium, inside the acceptable socially-cost region.
After that, it is possible to decrease vaccination incentives (in this case,
the shared costs can be relaxed to approximately 𝛿 = 0.3) without
decreasing vaccination coverage, i.e., moving towards point (c), a point
in which both interests coincide with the largest share of the cost put in
the individual. Figs. 8(a), 8(b), and 8(c) show the superposition of the
individual and social interests for different scenarios for shared costs
corresponding to the three points depicted in Fig. 7, respectively.
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Fig. 6. Social vs. individual interest with vaccine coverage 𝑝 and vaccine efficacy 𝜆, with fixed 𝜀 = 0.15. (a) The vaccination costs assumed by the individual, i.e., 𝛿 = 0, with a
high-cost vaccine 𝑟 = 0.35; (b) 𝛿 = 0 and low-cost vaccine 𝑟 = 0.01; (c) with shared costs between the individual and the society 𝛿 = 0.36 for the high-cost vaccine 𝑟 = 0.35; in the
last case all Nash equilibria 𝑝 > 0 are in the socially cost-efficient region. The blue continuous line indicates the level set 𝛷 = 0, and the red line corresponds to the set of Nash
equilibria. Above the blue line, the social cost is negative, otherwise, it is positive. The light-purple region is the intersection between light-blue and light-red regions ; see
Figs. 2 and 3 for further explanation in the color code.
Fig. 7. Effect of shared costs, 𝛿 being the fraction of the vaccination cost supported
by the society, and 𝑝 being the vaccination coverage. We assume 𝜀 = 0.15 and 𝜆 = 0.6.
In the regions below the blue line, the level of vaccination has a social cost lower
than of no vaccination, while in the regions above the red line, a rational individual
will choose to be vaccinated with a larger probability than the average individual.
The light-purple region is the objective of the health authorities, where individuals
freely decide to be vaccinated and the overall coverage is cost-efficient, i.e., 𝛷 < 0.
The yellow arrows stress a particular example of the sharing costs dynamic. The yellow
points (a), (b), (c) are highlighted in Figs. 8(a), 8(b), and 8(c), respectively.

4. Discussion

There is no doubt of the importance of vaccines to prevent and con-
trol several human diseases. They are cheap and safe when compared
to the diseases they prevent. When a vaccination campaign is designed,
it is important to understand not only the individual implications but
the population-wide effects as well. The very concept of herd immunity
is a population-wide effect of individual decisions.

In this work, we compared social vs. individual interests regarding
vaccination and disease costs and investigated if it is possible to pro-
mote voluntary vaccination and still satisfy both interests. For that, we
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considered an age-structured model with age-dependent costs, disease-
induced permanent immunity, and imperfect vaccination and used a
game theory approach to analyze individual decisions.

One of the interesting ideas that the use of game theory brought to
the study of vaccinations (cf. [8]) is that it is not possible to reach the
herd immunity level through voluntary vaccinations in a population
of rational individuals. However, imperfect vaccination unfolds into
qualitatively different situations, depicted in Fig. 6, that deserve to be
discussed in more detail. Close to the herd immunity region (gray),
there is always a region in which there is a social interest in increasing
the vaccination coverage (light-blue region), but in which the risk
perceived from the vaccine is larger than the risk from the disease.
This is the region in which social and individual interests are at odds.
It can be connected or not to the region with no vaccination (𝑝 = 0).
This means that for reasons not modeled in the present work, but
possibly associated with a slow variation in 𝜆, for certain parameters
it is possible to continuously move from a near-optimal situation to a
region in which no individual is vaccinated. For lower vaccination costs
supported by individuals (Figs. 6(b) and 6(c)) no such thing happens.
The situation described in Fig. 6(c) is the desirable one, considering
that disease elimination (gray region) is out of reach, and a light-purple
region insulates a small light-blue region from the regions with low
vaccine coverage. In the case of mumps and measles, most developed
countries were close to disease elimination. However, human behavior
(particularly, due to the influence of vaccine deniers) made vaccine
coverage decrease, which, possibly enhanced by immunity waning,
moved these countries away from complete disease elimination.

In the previous paragraph, we discussed the possible variation in
time of the parameter 𝜆. Several reasons may cause this variation, not
only vaccine immunity waning. For example, for a disease such that it is
recommended to have two doses to complete the immunization process,
the parameter 𝜆 may represent individuals with incomplete vaccination
schemes, and, therefore, with partial and short-lived immunization [24,
25].

The present work did not include any human dynamics. In partic-
ular, it does not consider changing in time of the vaccine coverage 𝑝.
A possible simple dynamic is: 𝑝 increase if and when the new cases in-
crease and decrease otherwise. A second possibility to an evolutionary
law for 𝑝 is to consider the assumed total future risk of the disease —
with or without a discount due to future incertitude — in the compar-
ison between disease and vaccine risk made by rational individuals.
See, e.g., [10,13,14,21] and references therein for modeling human
behavior in epidemic models, coupling game-theoretical models and
dynamical systems.

The immunity induced by vaccines is different from the natural

immunity provided by the disease. For example, the varicella-zoster
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Fig. 8. Parameter space (𝑝, 𝜆) for different values of the fraction of the cost supported by the society: (a) 𝛿 = 0, (b) 𝛿 = 0.5, (c) 𝛿 = 0.3. The vertical black dotted line represents
the level of vaccination 𝑝 = 0.5 in (a) and (b) and 𝑝 = 1 in (c). The horizontal black dotted line represents the vaccine efficacy 𝜆 = 0.6, corresponding to the examples studied in
points (a), (b), and (c) in Fig. 7. The gray region indicates the disease-free region, the light-blue is the region of acceptable social costs, and light-red region is the region

in which there is a social interest in being vaccinated. In the light-purple region last two conditions are simultaneously satisfied.
virus may stay dormant in the body even after the acute period and re-
activate later in life causing herpes zoster (shingles). That reactivation
may be prevented by the continuous immune response to the presence
of the virus, which means that the absence of virus circulation, due to
universal vaccination may accelerate immune waning and increase the
incidence of herpes zoster among adults who previously had varicella.
The varicella vaccine provides indirect protection against shingles not
only because decreases the probability of having a primary varicella
infection but also because the attenuated virus of the vaccine is less
likely to reactivate [26,27].

There is a substantial degree of variation in antibody levels in
the individuals in the population and in each individual over time,
cf. [26] for empirical data in childhood diseases. Waning immunity
has important dynamic effects on the spread of mumps and measles,
cf. [26]; see also [28] for the case of pertussis. In particular, recent
outbreaks of mumps seem to be linked to vaccine-induced waning
immunity [29,30].

The model presented here is, as it is usual, an oversimplification
of the real-world effects. In particular, we consider that the disease
dynamics is not age-structured, but its effect, more precisely, its cost, is
age-dependent. As a consequence, we also simplified the effects of wan-
ing immunity, making it synchronous with the juvenile-adult transition
(i.e., the cost-increase transition). We do not consider directly derived
infections, or the elderly, immune-suppressed individuals, babies, and
several other categories that are socially relevant for disease dynamics,
in particular, when social costs are considered. Of course, no specific
disease fits precisely in this model, but the proposed framework can be
tailored to accommodate the features of any particular disease dynamic.
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