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Abstract. We investigate the effects of the social interactions of a finite set of agents on an equilibrium pricing
mechanism. A derivative written on nontradable underlyings is introduced to the market and priced
in an equilibrium framework by agents who assess risk using convex dynamic risk measures expressed
by backward stochastic differential equations (BSDEs). Each agent not only is exposed to financial
and nonfinancial risk factors, but she also faces performance concerns with respect to the other
agents. Within our proposed model we prove the existence and uniqueness of an equilibrium whose
analysis involves systems of fully coupled multidimensional quadratic BSDEs. We extend the theory
of the representative agent by showing that a nonstandard aggregation of risk measures is possible
via weighted-dilated infimal convolution. We analyze the impact of the problem’s parameters on the
pricing mechanism, in particular how the agents’ performance concern rates affect prices and risk
perceptions. In extreme situations, we find that the concern rates destroy the equilibrium while the
risk measures themselves remain stable.
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1. Introduction. The importance of relative concerns in human behavior has been em-
phasized both in economic and sociological studies; making a 1 EUR profit when everyone
else made 2 EUR “feels” distinctly different had everyone else lost 2 EUR. A diverse literature
handling problems dealing with some form of strategic and/or social interaction in the form
of relative performance concerns exists. In both [35] and [56] the social interaction component
appears in the form of peer-based underperformance penalties known as “minimum return
guarantees”; the comparison is usually done via tracking a relevant market index, something
quite standard in pension fund management. Another type of performance concerns arises
in problems where the agents’ consumption is taken into account. The utility functions used
there exhibit a “keeping up with the Joneses” behavior as introduced in [16] and developed by
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[1], [2] (see further [29], [12], [32], and [64]); in other words, the benchmark for the standard
of living is the averaged consumption of the population and one computes the individual’s
consumption preferences in relation to that benchmark. Another type of concern criterion, an
internal one, uses the past consumption of the agent as a benchmark for the current consump-
tion; Ryder and Heal [45] introduced this “habit formation” approach. A more mathematical
finance approach, as well as a literature overview, can be found in [22] or [27]. These last two
papers are the inspiration for this one.

In this paper we study the effects of social interaction between economic agents on a market
equilibrium, the efficiency of a securitization mechanism, and the global risk. We consider a
finite set A of N agents having access to an incomplete market consisting of an exogenously
priced liquidly traded financial asset. The incompleteness stems from a nontradable external
risk factor, such as the amount of rain or the temperature, to which those agents are exposed.
In an attempt to reduce the individual and overall market risks, a social planner introduces to
the market a derivative written on the external risk source, allowing the agents in A to reduce
their exposures by trading on it. The question of the actual completeness of the resulting
market has been addressed in some generality in the literature, and we refer, for instance,
to [60]. Questions about pricing and benefits of such securities written on nontradable assets
have been approached in the literature many times; we refer in particular to [37], where the
new derivative is priced within an equilibrium framework according to supply and demand
rules, and more generally to [3]. Equilibrium analysis of incomplete markets is commonly
confined to certain cases such as single agent models [34], [30], multiple agent models where
markets are complete in equilibrium [17], [37], [46], or models with particular classes of goods
[43] or preferences [11]. For a good overview of equilibrium issues stemming from the market
incompleteness as well as some solutions, we point the reader to [47] and references therein.

Although we follow ideas similar to those in [37], our goal is to understand how such a
pricing mechanism and risk assessments are affected when the agents have relative performance
concerns with respect to each other. Each agent a € A has an endowment H® over the time
period [0,7] depending on both risk factors. Her investment strategy 7% in stock and the
newly introduced derivative induce a gains process (V#(7%));c(o,r)- For a given performance
concern rate \* € [0, 1] the agent seeks to minimize the risk

1
L1 o [ E s (- AR 4 a0 v;(w“)—N_leAZ\%}Vq’i(wb) ,

where p® is a risk measure (p® is further described below). The first two terms inside p®
correspond to the classical situation of an isolated agent a trading optimally in the market
to profit from market movements and to hedge the financial risks inherent to H®. The last
term is the relative performance concern and corresponds to the difference between her own
trading gains and the average trading gains achieved by her peers. Intuitively, as A* € [0, 1]
increases, the agent is less concerned with the risks associated to her endowment H® and more
concerned with how she fares against the average performance of the other agents in A. For
instance, given no endowments, if A* = 1/2 and agent a made 1 EUR from trading while the
others all made 2 EUR, then she perceives no gain at all.
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Fach agent a € A uses a monetary convex risk measure p®. The theory of monetary,
possibly convex, possibly coherent, risk measures was initiated by [5] and later extended
by [25] and [28]. One special class of risk measures, the so-called g-conditional risk measures,
which are closely related to the so-called g-conditional expectations (see [31]), are those defined
through backward stochastic differential equations (BSDEs); see [57], [20], and [7]. Our use of
BSDEs is motivated by two general aspects. The first is that it generically allows us to solve
stochastic control problems away from the usual Markovian setup where one uses the HJB
approach in combination with PDE theory; see, e.g., [62]. The second is that optimization can
be carried out in closed sets of constraints without the assumption of convexity for which one
usually uses duality theory; see [38].

The form of relative performance concern we use and its study using BSDEs can be traced
back to [21] and [22]. Their setting is quite different from that presented here; the authors show
the existence of a Nash equilibrium for a pure-interaction game of optimal investment without
idiosyncratic endowments to hedge (H* = 0 for all agents), and where the agents optimize, in
a Black—Scholes stock market, the expected utility of the gains they make from trading under
individual constraints. These two works are followed by [27], where a general discussion on
the existence of equilibrium, with endowments, is given, including counterexamples to such
existence.

Methodology and content of the paper. All agents optimize their respective functional
given by (1.1) and, as the derivative is priced endogenously via an equilibrium framework, the
market price of external risk is also part of the problem’s solution. Equilibrium in our game
is a set of investment strategies and a market price of external risk giving rise to a certain
martingale measure.

In the first part of this work, we show the existence of the Nash equilibrium in our problem
and how to compute it for general risk measures induced by BSDEs. The analysis is carried out
in two steps. The first involves solving the individual optimization problem for each agent given
the other agents’ actions, the so-called best response problem. The second consists in showing
that it is possible to find all best responses simultaneously in such a way that supply and
demand for the derivative match, which, in turn, yields the market price of external risk. (We
generally think of a market with a zero net supply of the derivative; however, the methodology
allows us to treat cases where some agents who were allowed to trade in the derivative left the
market such that the (active) agents in A hold together a nonzero position). We then verify
that the market price of external risk associated to the best responses satisfies the necessary
conditions.

This last step is more complex. Since the agents assess their risks using dynamic risk
measures given by BSDEs, the general equilibrium analysis leads to a system of fully coupled
nonlinear multidimensional BSDEs (possibly quadratic). We proceed by extending the repre-
sentative agent approach (see [54]) where aggregation of the agents into a single economy and
optimal Pareto risk sharing are equivalent to simultaneous individual optimization. From the
works of [6] and [7], we extend their infimal convolution (short inf-convolution) technique to
agents with interdependent utility functions. This approach yields a single risk measure that
encompasses the risk preferences for each agent and through which it is possible to find a
single representative economy. We point out that in order to cope with the cross dependence
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induced by the performance concern rates, standard inf-convolution techniques do not lead to
a single representative economy. We use the technique in a nonstandard fashion via weighted
dilations of each agent’s risk measure p® (see section 3.2 in [7] and section 4 below); to the
best of our knowledge this type of analysis is new and of independent interest. The closest
reference to this is [59], where some form of weighted inf-convolution appears.

The second part of this work focuses on the case of agents using entropic risk measures,
which can be treated more explicitly and allows for an in-depth study of the impact of the
concern rates. In identifying the Nash equilibrium, we are led to a system of fully coupled
multidimensional quadratic BSDEs whose analysis is, in general, quite involved. Based on the
works of [21] and [22], the authors of [27] give several counterexamples to the existence of
solutions; nonetheless, positive results do exist, although none are very general; see, e.g., [61],
[13], [26], [49], [39], [63], [42], and [51]. In our case we are able to solve the system.

Findings. Within the case of entropic risk measures, we study in detail a model of two
agents a and b with opposite exposures to the external risk factor, so that one has incentives
to buy the derivative while the other has incentive to sell. In this model we are able to specify
the structure of the equilibrium. Using both analytical methods and numerical computations,
when the analytics are not tractable, we explore the behavior of the agents as the model
parameters vary. We give particular attention to how the relative performance concern rates,
and thereby the strength of the coupling between the agents, deviate from the standard case
of noninteracting agents (when \* = \? = 0).

We find that as either agent’s risk tolerance increases, their risk lowers. If any concern rate
A increases, then the agents engage in less trading of the derivative. This is because every unit
of derivative bought by one is a unit sold by the other and hence the gains of one are the losses
of the other. Consequently, if an agent is more concerned about the relative performance, she
will tend to trade less with the others. Also, as expected, we find that if it is the buyer of
derivatives whose concern rate increases, the derivative’s price decreases, while it increases in
the case of the seller.

Very interestingly, we find that the risk of a single agent increases if the other agents
become more concerned with their relative performance but that it decreases as this agent
becomes more concerned. Consequently, if the agents were to play this game repeatedly and
their concern rate were to vary over time, they would both find it more advantageous to
become more concerned (or jealous). As they both do so, the trading activity in the derivative
decreases, but their activity in the stock increases and explodes—the equilibrium does not
exist anymore. Surprisingly, this behavior is not captured at all by the risk measures! This non-
trivial, and perhaps not desirable, behavior of the system after introduction of the derivative is
not without similarities with what is found in the models of [9] and [14]. It is a reminder that,
when evaluating the benefits of financial innovation, one should not focus of the economy of
an individual agent (who sees clear benefits in the form of a risk reduction) but really should
have a systemic view of the impact of the new instrument.

Organization of the paper. In section 2, we define the general market, agents, optimiza-
tion problem, and equilibrium that we consider. Sections 3 and 4 are devoted to solving the
general optimization problem for a set of agents having arbitrary risk measures. In the for-
mer we solve the optimization problem for each agent, given the strategies of all others. In
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the latter we deal with the aggregation of individual risk measures and identification of the
representative agent, and we solve the equilibrium for the whole system. Sections 5 and 6
contain the particular case where the agents use entropic risk measures. In this more tractable
setting, section 5 explores theoretically the influence of various parameters on the global risk,
while section 6 focuses on a model with two agents with opposite risk profiles and thoroughly
explores the influence of the concern rates, in particular, on the individual behaviors, risks,
and consequences for the whole system. We also present numerical results. Section 7 concludes
the study.

2. The model. We consider a finite set A of N agents, without loss of generality A =
{1,2,..., N}, with random endowments H?, a € A, to be received at a terminal time 7' <
oo. They trade continuously in the financial market which comprises a stock and a newly
introduced structured security (called derivative), aiming to minimize their risk. For simplicity
we assume that money can be lent or borrowed at the risk-free rate zero. Stock prices follow
an exogenous diffusion process and are not affected by the agents’ demand. In contrast, the
derivative is traded only by the agents from A and priced endogenously such that demand
matches supply. We point the reader to Appendix A for a full overview of the notation and
stochastic setup.

2.1. The market.

Sources of risk and underlyings. Throughout this paper ¢ € [0, T]. In our model, there are
two independent sources of randomness, represented by a two-dimensional standard Brownian
motion W = (W, W) on a standard filtered probability space (€2, (F;)7q,P), where (F) is
the filtration generated by W and augmented by the P-null sets. The Brownian motion W%
drives the external and nontradable risk process (R;), which is thought of as a temperature
process or a precipitation index. For analytical convenience we assume that (R;) follows a
Brownian motion with drift being a stochastic process pf* : Q x [0,7] — R and constant
volatility b > 0, i.e.,

(2.1) dR; = pltdt + bdWE  with Ry = ro € R.
The Brownian motion W9 drives the stock price process (S;) according to
(2.2) dS; = 'Sy dt + o Sy AW
= ,u,fSt dt + (oy, dW;)  with oy 1= (JtSSt,O) € R? and Sy = s¢ > 0.

We assume throughout this work that the stochastic processes u’, i, 0% : Q x [0,7] — R are
(Fi)-adapted with o > 0.

Market price of risk: Financial and external. We recall (see, e.g., [36]) that any linear
pricing scheme on the set L?(P) of square-integrable random variables with respect to P can
be identified with a two-dimensional predictable process 6 such that the exponential process
(£9) defined by

(23) & ¢ <—/0'<93,dws>>t:exp{—/0t<es,dws>—;/Otwsﬁds}, te 0,7,
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is a uniformly integrable martingale. This ensures that the measure P? defined by having den-
sity 5% against P is indeed a probability measure (the pricing measure), and the present price
of a random terminal payment X is then given by E?[X], where E? denotes the expectation
with respect to P?. For any such 0, we introduce the P?-Brownian motion

t
Wf:WtJr/ 0,ds,  tel0,T).
0

The first component 0% of the vector 0 := (#°,0%) is the market price of financial risk.
Under the assumption that there is no arbitrage, S must be a martingale under P? and, from
the exogenously given dynamics of S, 0¥ is necessarily given by 07 = pu?/o7. The process
6% on the other hand is unknown. It is the market price of external risk and will be derived
endogenously by the market clearing condition (or constant net supply condition; see below).

The agents’ endowments and the derivative’s payoffs. The agents a € A receive at time
T the income H® which depends on the financial and external risk factors. While the agents
are able to trade in the financial market to hedge away some of their financial risk, a basis risk
remains originating in the agent’s exposure to the nontradable risk process R. A derivative
with payoff HP at maturity time T is externally introduced in the market. By trading in the
derivative HP, the agents now have a way to reduce their basis risk.

We give general conditions on the endowments, derivative payoff, and coefficients appear-
ing in the dynamics of S and R (see Appendix A for notation). Throughout the rest of this
work the following assumption stands for all results.

Assumption 2.1 (standing assumption on the data of the problem). The processes u%, w,
0%, and 0% := p® /o are bounded (belong to S*). The random variables HP and H?, a € A,
are bounded (belong to L>°(Fr)).

Price of the derivative, trading in the market, and the agent’s strategies. Assuming
no arbitrage opportunities, the price process (Bf ) of HP is given by its expected payoff under
P?; in other words B? = EY [H b ].7-"] Since HP is bounded, writing the P?-martingale as a
stochastic integral against the P?-Brownian motion W (with the martingale representation
theorem) yields a two-dimensional square-integrable adapted process K9 = (/@S , /<;R) such that
for ¢t € [0, 7]

(2.4) BY = EO[HP] + /t (k0. W) =E[HP] + /t (K, dW, ) + /t (k.0,) ds.
0

0 0

Note that we have (B, k) € 8 x Hpmo(P?). We denote by 7! and 7% the number of units
agent a € A holds in the stock and the derivative at time ¢t € [0, T], respectively. Using a self-
financing strategy 7% := (7%!, 7%2) valued in R?, her gains from trading up to time ¢ € [0, 77,
under the pricing measure P? inducing the prices (BY) for the derivative, are given by

t t
Ve = V(%) = / 7ol ds, + / %2 dBY
0 0

t t
= / <7rg’105 + 72268 65> ds + / <7r?’10S + 72x0, dWs> .
0 0
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We require that the trading strategies be integrable against the prices, 7% € Lg((S, BY), }P’e)
(ie., EY[( V(%) );] < o0), so that the gains processes are square-integrable martingales
under P?.

2.2. Preferences, risk minimization, and equilibrium.

The agents’ measure of risk. The agents assess their risk using a dynamic convex time-
consistent risk measure p® induced by a BSDE. This means that the risk pf(£®) which agent
a € A associates at time ¢ € [0, 7] with an Fp-measurable random position £ is given by Y2,
where (Y Z?) is the solution to the BSDE

—dY* = ¢%(t, Z)dt — (Z{,dW,;) with terminal condition Y7 = —£.

The driver g* encodes the risk preferences of the agent. We assume that g has the following
properties.

Assumption 2.2. The map g* : [0,T] x R? = R is a deterministic continuous function. Its
restriction to the space variable, z — ¢°(+, z), is continuously differentiable and strictly convex
and attains its minimum.

For any fixed (t,9) € [0,T] x R2, the map z — ¢g%(t, z) — (z,9) is also strictly convex and
attains its unique minimum at the point where its gradient vanishes. With this in mind we
can define Z%: [0,T] x R? — R?, (¢,9) ~ Z%(t,99), where Z%(t,9) is the unique solution, in
the unknown Z, to the equation

(2.5) V.g%(t, Z) = V.

The agents’ risk measure given by the above BSDE is strongly time consistent, convex,
and translation invariant (or monetary). We do not give many details on the class of risk
measures described by BSDEs; instead, we point the interested reader to [6, 31, 7].

For convenience, we recall the relevant properties of the risk measures that play a role
in this work: (i) translation invariance: for any m € R and any t € [0,7] it holds that
PE(E* +m) = pf(€") —m; (ii) time-consistency of the process (pf(£*)): for any t,t+s € [0,7]
it holds that p@(£%) = p¢(pf.,(£%)); and (iii) converity: for any ¢ € [0,T] and for £%, €% Fp-
measurable and « € [0, 1] we have pf (af® + (1 — a)f“) < apl(€%) + (1 — a)p2(£™).

The individual optimization problem. Agent a’s position £% at maturity is given by the
sum of her terminal income H* and the trading gains Vi# over the time period [0, 7']. However,
the agent compares her trading gains Vi = Vp(7n®) with the average gains of all other agents.

Thus, we define the perceived total wealth £%(7w% 7~ %) of each of the N agents a € A in the
market at time ¢t =T as

£ = (Ha + (1 — )\Q)VT(WG)) + A | Vp(n®) — ﬁ Z VT(?Tb)
beA\{a}

~ ~ 2@
= H"+Vr(n") = X" > Vr(r'), where X'i=
beA\{a}

and A* € [0, 1] is the concern rate (or jealousy factor) of agent a € A (compare with (1.1)).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/18/18 to 193.136.124.152. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

442 JANA BIELAGK, ARNAUD LIONNET, AND GONCALO DOS REIS

We make the following assumption on the concern rates A\, whose justification will become
clear later on in section 3.3.5.

Assumption 2.3 (performance concern rates').  We have A\* € [0,1] for each agent and
[loea M < 1.

For notational convenience we introduce the (]R2)(N_1)—Valued vector m™% 1= (ﬂ'b)b75a and

(2.6) Vo= Z Vi(n®) = Vi(7™%), where 7% := Z .
beA\{a} beA\{a}

The risk associated with the self-financing strategy 7% evolves according to the BSDE
(2.7) —dY)* = ¢ (¢, Z7) dt — (Z7,dW;)  and

Vi = —£4(n% 7% = —(H“ + V() — X“VT(fr—“)).
Now, we introduce a notion of admissibility for our problem.

Definition 2.4 (admissibility). Let a € A, and let 77% = (ﬂ'b)beA\{a} be integrable strategies
for the other agents. The R?-valued strategy process ©® is called admissible with respect to the
market price of risk (MPR) 0 if E? [( V.(7%) );] < oo, where (V.(7%)) denotes the quadratic
variation of (‘/t(ﬂ-a))tG[O,T] and BSDE (2.7) has a unique solution. The set of admissible

trading strategies for agent a € A is denoted by A°(7~%).

We point out that in full generality each agent could have her own trading constraints, as
in [22] or [27]. Here we assume that the agents have no trading constraints, aside from their
strategies being integrable against the prices and leading to well-defined risk.

Each agent a € A solves the following risk-minimization problem:

min{Y@ (7%, 779) | 7% € A%(x~)}.

Notice that, a priori, the risk for agent a and the strategy chosen depend on the strategies
of all other players, #—%. This interdependence is an ever-present feature of our model. For
the sake of presentation we leave it implicit whenever possible and we write the solution to
the BSDE giving the risk for Agent a as (Y%, Z%) instead of (Y*(x®, 7~%), Z%(x% n~%)). We
will use the latter when the situation requires it.

Competitive equilibrium, equilibrium MPR, and endogenous trading. We denote by
n € R the number of units of derivative present in the market. While each unit of derivative
pays HP at time T, the agents are free to buy and underwrite contracts for any amount of
HP so that n is not necessarily an integer. We think essentially of the case n = 0, where every
derivative held by an agent has been underwritten by another agent in A, entailing essentially
that agents share their risks with each other (see [6], [7], or [36]). Building upon [37] allows
for a bit more flexibility as n # 0 is possible.? In any case, over [0, 7], only the agents in our

'The case of \* > 1 is, as we show in section 3.3.5, not necessarily intractable, but the analysis of such a
situation is beyond the scope of this paper.

2The situation n # 0 would be possible if, prior to time ¢ = 0, another agent ag ¢ A was on the derivatives
market and then stopped her activity; for instance, ap might have had as objective to buy m > 0 units,
according to her own specific criteria, in which case n = —m < 0.
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set A, with trading objectives as described above, are active in the market and so the total
number n of derivatives present is constant over time.

We assume that each agent seeks to minimize her risk measure independently, without
cooperation with the other agents, so we are interested in Nash equilibria.

Definition 2.5 (equilibrium and equilibrium MPR). For a given MPR 6 = (0°,0%), we call
T = (7%%),ca an equilibrium if for all a € A , 7% € Al (779 and for any admissible
strategy w® it holds that Y (m*, m*~%) < Y(m®, m%~?), i.e., individual optimality given the
strategies of the other agents. We call 6 the equilibrium MPR (EMPR) and 67 the equilibrium
market price of external risk (EMPeR) if

1. 0 = (0°,0%) makes P a true probability measure (equivalently, E° from (2.3) is a
uniformly integrable martingale);

2. there exists a unique equilibrium 7 for 6;

3. 7 satisfies the market clearing condition (or fized-supply condition) for the derivative
HP (where Leb denotes the Lebesque measure):

(2.8) Z mps? = ZWS’“’Z =n P® Leb—a.e.

a€A a€A

3. The single agent’s optimization and unconstrained equilibrium. In this section and
the one following, we study the solvability of the problem and the structure of the equilibrium
for general risk measures induced by a BSDE. Finding an EMPeR is, essentially, an optimiza-
tion under the fixed-supply constraint. So, prior to looking whether such an equilibrium MPR
exists (postponed to section 4), we start by fixing an arbitrary MPR 6 € Hpy;o and solve for
the behavior of the system of agents given that MPR, without the fixed-supply constraint. For
this, we first solve for the behavior of the individual agents given that the others have chosen
their strategies (the so-called best response problem), and then solve for the Nash equilibrium
for the system of agents.

3.1. Optimal response for one agent. In this subsection, in addition to an MPR 6 being
fixed, we assume given the strategies 7% = (7°)p¢ A\{a} Of the other agents, for a fixed agent

a € A, and we study the investment problem for a single agent whose preferences are encoded
by g¢°.

Optimizing the residual risk. To solve the optimization problem for agent a, we first recall
from [37] that, at each time ¢ € [0, 7], the strategy chosen must minimize the residual risk: the
additivity of the risk measure implies (writing Vr = (Vp — V;) + V; and using the translation
invariance) that

v = pf (HO Ve = XV®) = p (HO + (VR = V) =20 (i = 770 ) = (Ve = Xev).
This suggests applying the following change of variables to (2.7) (using (2.6)):
?ta — Y;a + (V;a _ ’)\Va‘_/t—a> ,

31 -
78 =72+ (8, where (f = (n0loy +7%KY) = (7, oy + 7, “PR)) € R
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If the strategies are not clear from the context, we also write (* = (*(7) = (*(7%,7~%). Direct
computations yield a BSDE for (Y*, Z%) given by

(32) —dY=g" (t,wf,w{“, Zf’)dt - <Zf, th> with terminal condition Y = —H?,

where the driver g%: Q x [0, T] x R? x (R?)V~! x R? — R is defined as

(3.3) ge(t,mf,m 4, 2%) g“(t,za — Ct“) — (¢, 01)

g° <t, 2% — ( (77?’1 — X“ﬁt_a’l) ot + (7‘1’?’2 — Xaﬁt_a’2) K?))

— <(7rf’1 — Xaﬁt_a’l) o+ (77?’2 - Xaﬁ;aﬂ) H?, 9t> .

(3.4)

Each individual agent a € A seeks to minimize }70‘1, the solution to (3.2), via her choice of
investment strategy 7% € A? (m~%); in other words she aims at solving

3.5 min Y e,
(35) Lmin | Vi(a )

Before we solve the individual optimization, we assume that the derivative H? does indeed
complete the market. This must then be verified a posteriori (once the solution is computed)
and case by case depending on the specific model.

Assumption 3.1. Assume that k¥ # 0 for any t € [0,T), P-a.s.

The pointwise minimizer for the single agent’s residual risk. In (3.2), the strategy 7®
appears only in the driver g*. The comparison theorem for BSDEs suggests that in order to
minimize )70“(#‘1) over m* one needs only to minimize the driver function g* over 7{ for each
fixed w, t, m, “, and 2®. We define such pointwise minimizer as the random map

I%(w, t,m; %, z) := arg min2 g (w, t, % 2),  (w,t,m % z) € Qx[0,T] x (RHN-1 x R?,
m*€ER
and é“(t, w4 2%) = g° (t,Ha(t,w_a, 2%, 7 ¢, za) as the minimized driver.
The pointwise minimization problem has, under Assumption 2.2, a unique minimizer which
is characterized by the first order conditions (FOC) for g%, i.e., Vyag®(t, 7% m;, 2%) = 0.
Recall that o = (6°8,0). Using (3.4), the FOC is equivalently written as

Oran g (t, 7, w7 2%) =0 (Vo) (t,2* = (%), —0) — (0,0) =0

(3.6) & g% (t, 2% — (%) = 6%,
DG (1,7, 77, 2) = 045 ((Vag™) (2% = ¢*), =7 ) = (6,0) =0
& —0% K%+ g% (t, 2% — () kR = —k50° — kTR
(3.7) S gn(t,z"—(") = —oF,

where we used (3.6) to obtain (3.7) under Assumption 3.1.
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With Z% from (2.5), the FOC system (3.6)—(3.7) is equivalent to z% — (f = Z°(t, —6;).
The expression for ¢ in (3.1) and elementary rearrangements allow us to rewrite z* — (f =
Z%(t,—0;) as

2L — Za’l(t, —0y) 2%2 — Z“’Q(t, —04) Kf

— Ya=—a,l
oYt 7% 2%) — X, @ = -
(7 b ) t O'SSt Iiﬁ O'SSt7

(3.8) -
S 2 Ze2(t 0
[o2(t, m, %, 2) = A7 % = n{f( =

Plugging 2% — ¢ = Z%(t,—6;) into (3.3) yields an expression for the minimized (random)
driver

(3.9)  GUt,m; %, 2%) = g(t, 29t —0;)) + (Z9(t, —0;), ;) — (2, 8;) =: GO(t, 2%).

Since g“ is generic at this point, the process Z%(t, —0;) in not known precisely. Nonetheless, the
general structure of II* and the minimized driver G* are determined. We stress two important
things. First, G® is an affine driver with stochastic coefficients. Second, G* does not depend
at all on 7~%. This means that while the optimal strategy 7% (see below) depends on the
strategies of the other agents, the minimized risk does not. In [37], the authors did not obtain
this general form for the minimized driver.

Single-agent optimality. Since G is an affine driver, and since Vzéa = —0 € Hpmo, we
have a unique solution to the BSDE with driver G and terminal condition —H® provided
that the process (w,t) — éa(t,O) = g° (t,Z“(t, —Qt)) + (Z%(t, —6,),0,) is integrable enough,
which we assume. Let then (Y%, Z%) be the solution to BSDE (3.2) with driver (3.9) and define
the strategy 7% := I%(-, 779, Z“) We now prove that the above methodology indeed yields
the solution to the individual risk minimization problem, in other words the so-called best
response.

Theorem 3.2 (optimality for one agent). Assume the MPR 0 = (0°,0%) € Hpyo and let
Assumption 3.1 hold. Fiz an agent a € A and a set of integrable strategies 7 for b € A\ {a}.
Assume further that

1
o for G% given by (3.9), |G*(-,0)|* € Hpmo, and
o w7 =M%, m"% Z%) is admissible . o
Then the BSDE with driver (3.9) and terminal condition —H® has a unique solution (Y¢, Z%) €
S x Hpmo- Moreover, Yg is the value of the optimization problem (3.5) (i.e., the minimized
risk) for agent a and ™ is the unique optimal strategy.

Proof. Given the structure of G in (3.9) and the integrability assumption made, the
existence and uniqueness of the BSDE’s solution (}N/a, Z“) in §%° x Hpmo is straightforward.

We first use the comparison theorem to prove the minimality of Y@ and hence the opti-
mality of 7. Let t € [0, T]. Take any strategy 7% € A?(7~%). First, from the definition of G*
as a pointwise minimum, we naturally have that éa(t, 2%) = g* (t,H“(t,ﬂt_a, 2%),m; ¢, z“) <
ge(t,mg, m; 4, 2%) for all t and 2%, that is, CN}“(-, ) < g*(, 7 %, ). Second, G is affine and
thus Lipschitz, with Lipschitz coefficient process —0 € Hpyo. By the comparison theorem,
we therefore have, for any ¢ € [0,7] and in particular for ¢ = 0, that ?ta = }7,5“(%*’“, %) <
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Y2(n% n=). As this holds for any 7% € A?(7~%), this proves the minimality of 370“ =
P (£4(m**, 7)) and thus the optimality of 7.

We now argue the uniqueness of the optimizer 7*¢. Let 7% be an admissible strategy and
let (Y?(7%), Z%(%)) be the corresponding risk, i.c., solution to the BSDE (3.2) with strategy
7. We compute the difference Y;*(r%) — Y;%(7*%), adding and substracting in the Lebesgue
integral

g® (t,Ha (t, s Zf(ﬂﬂ) , Zf(w‘ﬂ) =G° (t, Zta(wa)> ,
and using the affine form of G .
(3.10)  YA(r) = YA (x™)
= /tT [ga <s,7r§,77;a, Z?(Wa)> —-Ge (s, Z‘:(ﬂ*’a))} ds
-/ (20 - 2] aw,
t
= /tT [Ej‘l <s,7r§,7rs_“, Zg(ﬂ)) —g* (S,Ha (S,ﬂ's_“, Zg(ﬂ)) g 2 Zg(w‘l))} ds
-/ " [Z0n0) - Za )] aw?.
t

By construction of II* as a minimizer, the difference in (3.10) is always positive. In particular,
taking P’-expectation w.r.t. F; implies that i‘l(w“) — Z’l(w*’a) >0 for all t € [0, T]. Assume
that 7 is an optimal strategy. Then }706‘(77“) = ?O“(W*’a) and the left-hand side (LHS) for ¢t = 0
vanishes. Under PP-expectation, the stochastic integral on the right-hand side (RHS) also
vanishes and we can conclude that the integrand in (3.10) is zero P? @ Leb-a.e. Consequently,
we obtain Y%(x?%) = Y%(7*%) and hence Z%(7%) = Z%(7*%). By uniqueness of the minimizer,
we then have 7% = H“(-,ﬂf”, Za(ﬂa)) = Ha(-,ﬂf“, Za(ﬂ*’“)) =77, [ |

Remark 3.3. While Theorem 3.2 is stated as the optimal response of a single agent a in
the system A with the other strategies 7~ being fixed, it is clear that it can more generally
describe the optimal investment of an agent with preferences described by ¢® (equivalently,
p%) who trades in the assets S and B, which have the given MPR 6 (one can think of making
A = {a}, or doing A* = 0). Following the same methods, the result could be generalized to a
higher number of assets, with price processes given exogenously. This applies similarly to an
agent trading in fewer assets, by setting the respective components to zero—see Theorem 4.5.

We now state a characterization of the optimal strategy via the FOC.

__ Lemma 3.4. Under the assumptions of Theorem 3.2, let 7@ be an admissible strategy and
(Y, Z%) be the associated risk process, solution to the BSDE with driver g*(t,7{, 7, *,-) and
terminal condition —H®. Assume that they satisfy the FOC (3.6)~(3.7) in the sense that

V.g° (t, Ze - gg) = 0,  where (%= (%,?’10,5 + %f%?) — e (ﬁ;‘”at + ﬁ;“%f) .

Then (Y9, Z%) = (Y, Z%) and 7 = 7.
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Proof. By the assumptions on g%, V,g%(t, Z8 — (%) = —6; means that Z¢ —(® = Z9(t, —0,),
or equivalently m; = I1%(¢, m, “, Z%). Therefore go(t, 7%, m Z8) = Go(t, Z&)—recall (3.3). By
uniqueness of the solution to the BSDE with driver G%(¢,-) and terminal condition —H?,
we have (Y2, Z%) = (Y*, Z%). Consequently, by the uniqueness of the FOC’s solution, 7% =
0% (t, ;7 %, Z0) = (¢, 7%, Z8) = 71" u

3.2. The unconstrained Nash equilibrium. Having solved the optimization problem for
one agent, we now look at the existence and uniqueness of a Nash equilibrium, still for the MPR,
0 € Hpmo fixed at the beginning of this section, and still with no fixed-supply constraint.

Assume 7 = (7%%),¢a is a Nash equilibrium. Fix an agent a € A. From the uniqueness
of the optimal strategy, given by Theorem 3.2, one must have

0% =1 (t,ﬂ':’fa,Zf) , tel0,T],

where (17“, 2“) is the solution to the BSDE with terminal condition —H® and driver G* given
in (3.9). From the characterization (3.8) of I1*, we therefore have, for all @ € A and ¢ € [0,77,

—a,l ~a,2
ﬂ_*,a,l _ Xaﬁ_*,—a,l _ Z? - Za’l(ta _Ht) - Zg’ — Za’2(t7 —9,5) H;ﬁg _. JGJ
Gy t 75, oS T
' ~ 7% za2(t g
rod Jegpred 2 Bl ZZ G0 _ a2
t

Note that, for any a € A, the process (}7“, Z“) does not depend on 7*~% nor 7%, seeing as

neither —H® nor G° does. Therefore, J{* is also independent of the unknown 7}, which is only
present in the LHS of (3.11).

Conversely, assume we can solve for 7* in (3.11) and that 7* is integrable against the
prices. Then, since 7," = I1%(¢, 7, *, Z#) by (3.8), Theorem 3.2 guarantees that 7% is the
best response to 7*~%, and we therefore have a Nash equilibrium.

So, the existence and uniqueness of a Nash equilibrium 7* is equivalent to the existence
and uniqueness of solutions to (3.11).

Define the matrix Ay € RV*N by3

)\l
1 —
N-1
(3.12) Ay = :
)\N
— 1
N -1

i.e., the jth line has the entries —A\J = —\J/(IN — 1), everywhere but for the jth one, which
is 1. Equation (3.11) can be rewritten as

(3.13) Ay w0t =

where 7% = (7%%%) cp and J¢ = (J%)4en, for i € {1,2}.

3Recall the notation that for sums and products over certain subsets of A we identify A with the set
{1,2,...,N}, where N € N is the fixed finite number of agents.
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Theorem 3.5. Assume the MPR 0 = (6°,0%) € Hpuro, that Assumptions 3.1 and 2.3 hold,
that, for all a € A, J® is integrable against the prices, and |G(-,0)|"/2 € Hpro.

Then there exists a unique Nash equilibrium 7 = (1°%),ca associated with the MPR 0,
which is given by the unique solution to (3.13).

Proof. The determinant of the Ay is

N
det(Ay) =1—> XN =2 Y XNVX_—3 Y XNMN—...— (N[N
=1

1<j 1<j<k 1<j<k<l

where the sums run over indices i,7,k, 0 from A = {1,...,N}. If \> =1 for all a € A, then
det(An) = Zk 9 (N 1)k (N) = 0, so the matrix is not invertible. The determinant is

strictly decreasing in each A* (a € A) and therefore also in A%, Hence, if A € [0,1] for all
a € A and the product J],., A* < 1, then at least one factor must be strictly smaller than
one and the determinant must be strictly positive (i.e., det(Ax) > 0). The invertibility of Ay
follows. This guarantees that one can solve system (3.11) (or, equivalently, (3.13)) for each
i € {1,2} to obtain (7*"). The integrability of 7* follows from fact that each component e
is a linear combination of the integrable J%’s. Finally, the Nash optimality of 7* was argued
in the identification of (3.11). [ ]

We can now comment on Assumption 2.3. If \> = 0 for all b € A\ {a}, then Ay is invertible
independent of A, i.e., in particular for A* = 1. This shows that the condition that A* € [0, 1)
for all @ € A is not necessary, but merely a sufficient condition. Finally, if we were to allow for
A > 1, then [[, A* < 1 is not sufficient for invertibility of Ay, e.g., in the case N = 3 take
X=X =2and X\ =0.

From now on we assume the agents’ optimization problems have a solution so that it
makes sense to discuss the notion of EMPR.

Remark 3.6. Notice that at this point, as 6 is given exogenously, we do not yet have a
system of coupled BSDEs. For each a € A, we obtain the value process (Y“ Z @) as the solution
to a BSDE where the terminal condition —H® and driver G“ which does not depend on the
strategies and only takes Z% as argument. These processes are then used to solve for the Nash
equilibrium of strategies 7*, and so (Y“ Z “)aca is the value process of the Nash equilibrium.
This feature (no coupling of the BSDEs when solving for the optimal values), as well as the
fact that solving for the optimizers 7* of the Nash equilibrium reduces to solving a linear
system (for which existence and uniqueness of the solution is equivalent to the invertibility
of a matrix), is a consequence of the structure of the problem, i.e., the form of the concerns
over the relative performance. In particular, it does not depend on the specific form of the
individual risk measures p® (or equivalently, the drivers ¢*). Finding the EMPR, later on in
section 4, leads to multidimensional quadratic BSDEs.

3.3. An example: The entropic risk measure case. We now illustrate the methodology
and result of Theorem 3.2 for a particular risk measure and prepare the ground for the model
we study in sections 5 and 6. We give a sequence of examples, in increasing order of complexity,
that show how the structure of the optimal strategies is changing as features are added. As
in the above, the examples do not yet take into account the market clearing condition but
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rather assume that an MPR 6 = (0°,0%) € Hpo is given. Nonetheless they give a flavor for
the next section, where the EMPR is derived.

Each agent a € A is assessing her risk using the entropic risk measure p§ for which the
driver g% : R? — R if given by

1
9%(z) :== 5 |22, where 7, >0 isagent a’s risk tolerance,
Ya
and 1/, is agent a’s risk aversion. This choice of g* relates to exponential utilities, and we
have (see, e.g., [10], [24], [38], or [58])

pa(E) = Y = voInE [e—f/va} =% (-U,(€) with U,(=E [_6—5/%} ’

so that, equivalently, the agents are maximizing their expected (exponential) utility.

In what follows, the optimal strategies were computed using the techniques described so
far and hence we omit the calculations. They boil down to finding the map Z% arising from
(2.5), then injecting it in (3.8) and (3.9) to obtain G We denote throughout by 7*¢ (for
a € A) the optimal Nash equilibrium strategy.

3.3.1. The reference case of a single agent. For comparison, we first give the optimal
strategy for a single agent who could trade liquidly in the stock of price S and the derivative of
price B with (arbitrary and exogenously given) MPR @ = (6°,6%). She aims at minimizing her
risk, with terminal endowment and trading gains £* = H*+ V(n®). Here, other agents do not
play a role. Since g% (z) = 2’ /74, it is easily found that Z(t, —0,) = (=407, —VabF) = —vabs.
Injecting this in (3.9) yields the minimized driver Ge,

Go(t, 2%) = —%IW —(z%,0,), telo,T).

The minimized risk is then given by Y = 170“, where (EN/“, Z“) is the solution to the BSDE
with terminal condition —H® and driver G%, while the optimal strategy is then given by

*,a,1 _ Zo! + 'Yaes 72 + 7,07 K° d a2

m N a5 kR a3 an m N KB
This result is expected and in line with canonical mathematical finance results. The particular
structure of the optimal strategy follows from the fact that the second asset is correlated to

the first when x° # 0, and the inversion of the volatility matrix for the two-dimensional price
(57 B)7
oS 0
kS KR

The market faced by a is complete, the driver for the minimized residual risk Y is affine, and
we have the explicit solution

vo—g’|—pgo_To Tye 2du| = -E &0 (He+ 22 Clop2
0 — u u| = T + lau‘ du .
2 Jo 2 Jo
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The minimized-risk measure is affine with respect to H®: the trend (6 # 0) in the prices leads
to a constant risk reduction and the completeness of the market leads to an affine dependence
on H?.

Remark 3.7. Note that G%(t,0) = —226;|. Therefore, since 6 € Hpno, the assumption

we made in Theorems 3.2 and 3.5 that |G(¢,0)|*/2 € Hpyo is satisfied, ensuring the well-
posedness of the minimized-risk BSDEs.

3.3.2. The reference case of a single agent that cannot trade in the derivative. It
is also instructive, and will be useful later on, to look at the case where this single agent
cannot trade in the derivative and hence faces an incomplete market. We first enforce 7%2 = 0
on (3.4), then we optimize over 7®! (see Remark 3.3). The minimized driver following the
calculations is

~ . 1
Go(t,z) = f%(efﬁ — o5+ ﬁ(""2)2’ t e [0,77.

Notice that G¢ is affine in the variable 2t but retains the quadratic term in 22. The minimized
risk is then given by Y = Y, where (Y%, Z%) is the solution to the BSDE with terminal
condition —H?* and the above driver G, while the optimal strategy is

7T>k7a71 —_ Za,l + 70,05
oSS
3.3.3. The case of multiple agents without relative performance concerns. We return

to the full set of agents A and take A* = 0 for all a € A; this is the setting covered in [37]. We
find the minimized-risk driver for agent a to be

and 75%2 = (.

Go(t,2") = =210 = (=°,6,) . t€[0,T).
The minimized risk is given by Y = 170“, where (}7“,2“) solves the BSDE with terminal

condition —H* and minimized driver é“, while the optimal strategies are given by

7T>\:0’a’1 = Zml * ’)’aes — 2%2 * ’YGJGR K/S and 77)\20,(1,2 — M
‘ oS8 KB oS58 : R :

(3.14)

Observe that in this case the strategy m=%¢ followed by a does not depend directly on the
strategies of the other agents; its structure is the same as for the single agent case. However,
when the price dynamics of the derivative is not fixed but emerges from the equilibrium, later
on, the other agents’ strategies will appear indirectly via % and k.

3.3.4. The case of multiple agents without relative performance concerns in zero net
supply. If one would want to take into account the endogenous trading of the derivative in
the particular situation of pure risk trading, where one takes n = 0 in (2.8), then the market
price of external risk #% must be endogenously computed instead of being fixed arbitrarily as
we have done so far.

It is not difficult to see, summing the last equation in (3.14) over a € A and imposing the
zero net supply condition, >, 72=%%2 = 0, that this requires that 6% = -3 Z“’z/ > uVa
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However, the Z2s are themselves found by solving a system of N BSDEs which involve 6%,
Replacing 6% by the expression above in the said system of equations leads to a fully coupled
system of quadratic BSDEs that is hard to solve in general. We solve this problem with an
alternative tool in section 4.

3.3.5. The general case: Multiple agents with performance concerns. In the general
case (not assuming A* = 0 for all a), we obtain the minimal driver as being still

(3.15) Go(t, 2%) = —%yeﬁ —(27,0,), telo,T].

The minimized risk is then given by Y = EN/O‘L, where (EN/“, Z“) is the solution to the BSDE
with terminal condition —H® and driver G, while the optimal strategies 7* = (7%%),cp are
given by

Ea,l_i_%les 2a,2+7a9R xS

xa,l  Ya *,b,1 _
(3.16) m x> —5o & 59
beA\{a}
~ 70,2 oR
(3.17) G CH S A P i (L
beA\{a} K

The general invertibility of the systems (3.16) and (3.17) given 6 is guaranteed by Proposi-
tion 3.5.

3.3.6. The general case: Multiple agents with performance concerns in zero net supply.
If one imposes (2.8) with n = 0, implying that ZbGA\{a} a6b2 = —g*2 then the linear
system (3.17) for the investment in the derivative simplifies greatly and its solution is explicitly
given by

~7a,2 R
(3.18) a2 12 +R'V“9 Va € A.
14 A k

Notice how the structure of the optimal investment strategy for the derivative in (3.18) is that
of (3.14), scaled down by the factor (1 + A%)~!. In section 6 we study a model with two agents
and computations will be done explicitly for the investment in the stock (i.e., the inversion of
the system (3.16)).

3.4. Reduction to zero net supply. We now give an auxiliary result allowing us to simplify
the condition (2.8). We show how the initial holdings W8L2 = 7rg’2 # 0 before/at the beginning
of the game can be reduced to the case where WSLZ = 71'8’2 = 0. This allows us to apply (2.8)
with n = 0, which will prove crucial in later computations. The reduction to n = 0 is based
on the monotonicity of the risk measures and the following lemma, stated from the point of
view of one agent a € A. The result is based on Lemma 3.9 in [37].

To avoid a notational overload, we omit explicit dependencies on 7~ in this subsection.

Lemma 3.8. For a given MPR 0 and admissible strategies m~* = (Wb)beA\{a}, consider the
dynamics of the residual risk BSDE

(3.19) —dYa(n9) = 3 (t,w?, Zg(na)) dt — <Zf(7r“), th>
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associated with the preferences of agent a using an admissible strategy ©®. Assume further that
(3.19) has a unique solution for any given Fr-measurable bounded terminal condition Yp. Let
v € R. Then,

o if T = 2 mmzmzzes the solution Yo(w®) to (3.19) for a terminal condition
—H?, then 7'(' = (7%, 7% —v) is optimal for the terminal condition —(H® + vHP);
o if T = (7w “’2) mzmmzzes the solution Yo(w®) for a terminal condition —(H® +
vHP), then 7Ta = (7% 792 4 v) is optimal for the terminal condition —H®.

CL,

Proof. We prove only the first assertion, as the second is equivalent. Let ¢ € [0, 7]. Assume

that 7% € A%(7~?) is optimal for (3.19) with }71‘3 = —H% i.e., for any 7® € A’ one has
Y (r%) < Y(m®). Define further, for any 7@ € A%, the strategies
7= 71" — (0,v) = (7%}, 722 — ) and 7%= —(0,v).

To show that Y(7%%) < Y@(#?) for any #% where Y@ solves (3.19) with Y# = —(H® + vHP)
we first show an identity result between the BSDEs with different terminal conditions. The
second step is the optimality.

Step 1. We show that the process (Y (79), Z(#%)) := (Y%(x%) — vB?, Z%(7%) — v?) solves
BSDE

T T
(3.20) Vi(7) = —(H* + vHP) +/ g% (s,7g, Zs(7)) ds —/ (Zs(7®), dWs).
t t
To this end, we reformulate (2.4) as a BSDE:
T T
(3.21) BY = HP / </~€g,¢93>ds/ (K9, dW,).
t t

The difference between (3.19) and v times (3.21) yields

Y (7%) —vB! = —(H* + vHP) + /tT [g (s,ws,Zg( “)) + V</€g,95>} ds

- /tT <Z‘j(7ra) - mg,dW5>

T
& n(ﬁﬂ):-(HuyHD)—/t (Zs(7), dW,)

T
+/ |:§a(5,7vrg—|—(0,lj)7Z( )+V/‘€)+V<li 9>}d
t
In view of (3.4), we can manipulate the terms inside driver g* above and obtain

:da ('7ﬁa + (Oa V)7 Za(ﬁ-a) + V/‘ia) +v </‘i6, 9>

= g“(', (27 + vi?) — 7%1o — (7% + v)K? + X (7710 + fr*a’?n@))
va1<o_ 9> (va,2+y)<K0’9>+Xa<— 0_‘_77_ —a,2 60> </€0,9>

= ga( Va,Za(ﬁ'a)),

Given the assumed uniqueness of BSDE (3.19) the assertion follows.
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Step 2. Given that (Y(7?),Z(7%)) solve (3.20) and that 7% is the minimizing strategy
for 7 Y(7®), then manipulating Y (7%) = Y%(%) — vB?, we have

Yo(7%) = Y (n®) — vBf > Y§'(n"%) — vBf = Yo(7*%),

and hence 7% := 7% — (0, v) is optimal for BSDE (3.19) with terminal condition —(H® +
vHP). [ |
a,2 _
0
778’2 of units of HP, can be regarded as being in fact endowed with H* = H® + v*HP. One
then looks only at the relative portfolio #%? = %2 — v%, which counts the derivatives bought
and sold only from time ¢t = 0 onward: the optimization problem is equivalent. The argument
can be extended to all other agents. We note that this reduction is possible only because we do
not consider trading constraints in this work, so that the strategies 7%? and #®? are equally
admissible.

For the rest of this work we assume that each agent receives at ¢t = T a portion* n/N of
the derivative HP. By doing so, the market clearing condition in Definition 2.5 transforms
into

This lemma intuitively states that an agent a, owning at time ¢ = 0 a portion v* =7

7% =0 P® Leb-a.e.,
acA

and we refer to it as the zero net supply condition.
For clarity, we recall that agent a € A now assesses her risk by solving the dynamics
provided by BSDE (2.7) with terminal condition

(3.22) vi=— | H 4 HP 4+ vl =30 Y vt
beA\{a}

(instead of that in (2.7)). Moreover, by applying the change of variables (3.1) to BSDE (2.7)
with terminal condition (3.22), we reach

(3.23) _dye = e (t, e, e, Za) dt — <Zf,th> R P <H“ + %HD> ,

with §* given by (3.4) (and (Y%, Z%) relates to (Y%, Z%) via the change of variables (3.1)).
It is straightforward to recompile the results of section 3.3 under the zero net supply

condition. It entails no changes in the strategies or drivers; only the terminal condition of the
involved BSDEs needs to be updated from —H® to —(H® + £ HP) as in (3.23).

Many possibilities for this reduction to zero net supply exist, including endowing one agent with the total
amount n of derivatives H” or endowing each agent with their initial portions of the derivative v*. We make
the judicious choice of n/N for simplicity.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/18/18 to 193.136.124.152. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

454 JANA BIELAGK, ARNAUD LIONNET, AND GONCALO DOS REIS

4. The EMPeR. In the previous section we saw how to compute the Nash equilibrium
for a given MPR 0 = (6°,07), without the global constraint on trading (market clearing
condition). In this section we solve the equilibrium problem, as posed by Definition 2.5, by
finding the EMPeR 6%,

The literature contains many results on equilibria in complete markets that link competi-
tive equilibria to an optimization problem for a representative agent, and this is the approach
we use here. The preferences of the representative agent are usually given by a weighted av-
erage of the individual agents’ preferences with the weights depending on the competitive
equilibrium to be supported by the representative agent; see [54]. This dependence results
in complex fixed point problems, which renders the analysis and computation of equilibria
quite cumbersome. The many results on risk sharing under translation invariant preferences,
in particular [6], [44], [23], suggest that when the preferences are translation invariant, then
all the weights are equal. This was an effective strategy in [37] and it would be so here if, for
alla e A, \*=0,0r A*=X€[0,1).

In a market without performance concerns, [37] and [7] show that the infimal convolution
of risk measures gives rise to a suitable risk measure for the representative agent which, for
g-conditional risk measures, corresponds to infimal convolution of the drivers. Due to the
performance concerns, we use a weighted-dilated infimal convolution, and in Theorem 4.5 we
show that indeed minimizing the risk of our representative agent is equivalent to finding a
competitive equilibrium in our market.

4.1. The representative agent.

Aggregation of risks and aggregation of drivers. Inspired by the above mentioned results
and having in mind [59] (see Remark 4.9 below) we deal with the added interdependency
arising from the fixed-supply condition and the additional unknown 6% (see examples in
sections 3.3.4 and 3.3.6) by defining a new risk measure p{. For a set of positive weights
w = (w*)qep satisfying > ., w® =1, we define

(4.1) py(X) = inf {Z wpf(X?) ‘ (X)) e (L®)N - Zwaxa = X} for any X € L.
a€A ach

In the case of risk measures induced by BSDEs, [6] shows that the measure defined by inf-
convolution of risk measures (p§)qea is again induced by a BSDE, whose driver is simply the
inf-convolution of the BSDE drivers ¢g* for the risk measures (p)qea. For the set of weights
w = (w?*)gen, we define the driver g% as the weighted-dilated inf-convolution of the drivers g°
for (t,2) € [0,T] x R,

(4.2)

g“(t,z) = Dw((ga)a€A> (t,z) = inf {Z wq*(t, 2%) ‘ (z%) € (R*)Y s.t. Zwaza = z} ,

ach a€A

where the notation D((g“)aeA) is that of the standard inf-convolution.
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Lemma 4.1 (properties of g*). The map g* : [0,T] x R? — R defined by (4.2) is a deter-
ministic continuous function, strictly convexr and continuously differentiable. Moreover, there

exists a unique solution of V,g*(t,Z) = =1 in Z.
For a z* = (2%) such that Y, w?2® = z, one has g¥(t,z) = >, wg*(t,2%) if and only
if there exists 9 € R? such that, for all a € A, V,g%(t,2%) = —9. In that case, one has

V.g¥(t, z) = —9.

Proof. The weighted inf-convolution transfers the properties of the g*’s to g%, in particular
continuity, strict convexity, and differentiability. We do not show these as they follow from a
simple adaptation of known arguments; see [6, 7, 37].

Since the function being minimized (2% = (24) — >, w?g?(2%)) is convex and the function
defining the constraint (z* — Yo, w2%) is also convex, because affine, the minimization
defining g is equivalent to finding a critical point for the associated Lagrangian, L(z®, 1) =
>, wig(z?) + 9(X, w2 — z). Therefore, for a z* = (2%) such that Y, w?2% = z, 2% is a
minimizer if and only if there exists ¥ € R? such that, for all a € A, V,g%(t, 2%) = —19. Then,
V.g"(t,z) = =9, where ¥ is the Lagrange multiplier associated with z.

The risk of the random terminal wealth £, measured through p/, is given by py (§¥) :=
YyY, where (Y, Z") is the solution to the BSDE
(4.3) —dY = g“(t, Z)dt — (Zy°,dWy) with terminal condition Y = -=¢v.

Since the weights (w®),ca are required to satisfy ), w® = 1, the risk measure pjj’ associated
to the BSDE with the above driver is a monetary risk measure. Translation invariance and
monotonicity follow from the fact that the driver g* is independent of y. Convexity follows
from the convexity of g%, which in turns follows from that of the g®’s by the envelope theorem.

Remark 4.2. Notice that (4.2) can be rewritten

ZCL
Y(t,z) = inf a0 (¢,
9“(t,z) =in {Zwy (’wa>

acA

SER)

acA

In this way, g is seen as the usual w-weighted infimal convolution of the w®-dilated drivers

g%, in the terminology from [7, p. 137]. For more on dilated risk measures, see Proposition 3.4
in [7].

2|
27%a

Ezample 4.3 (entropic risk measure). For entropic agents, i.e., with drivers g*(z%) =
one obtains
ElS

(4.4) 9v(z) = B with g = Z w7,
TR a€A

Trading and the risky position of the representative agent. Having defined the aggre-
gated risk measure p; and the associated driver g“, we now introduce a strategy 7* and
associated trading gains V.(7%) = [’ 1ds, + Jom 2dB, for a representative agent whose
preferences are described by ¢*. Direct computations from (4.1) entail that we assign to the
representative agent the terminal gains
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:Zwaé-azzwa<Ha+]T\L[HD+VIQ_XQVTa)

ach ach
= %w“ (H“ + %HD) + %wa ((1 + X“) Vi - %V%)
=St (T SHP) + }:VﬁGﬁ+XQ-JV§:Mﬁﬁ::Hw+V%MW7
acA achA beA

where ¢ := w*(1 + \%) — Y ben wPAb, v = Y qen ¢ is the representative agent’s portfolio,
Vr(m) = D qea ¢*Vr(m?) is the representative agent’s wealth process, and

(4.5) Zw (H“—i— NHD) HD—i-Zw

a€A a€A

is defined as the representative agent’s terminal endowment.
We now choose the weights (w®),ep such that ¢® = ¢ for any a € A for some ¢ € (0, +00),
ie.
1
(4.6) w® = ———=— Va €A, where A:= Z
A(1 + A2) Jch

1
1+

Direct verification yields >, w® =1 and, furthermore, for all a € A,

oo b Ly X
A AN

Notice that 72 =3 acA %2 =cy ach 7®2. In other words, the zero net supply condition
for the individual agents (i.e., > s 742 = 0) is equivalent to the representative agent not
investing in H? (i.e., 72 = 0). From now on, the family of weights w is fixed and is given
by (4.6).

The pointwise minimizer for the representative agent’s residual risk. We now show that
the approach by aggregated risk and representative agent, as motivated above, allows us to
identify the equilibrium MPR as a by-product of minimizing the risk of the representative
agent. This risk is given by the solution to BSDE (4.3) with terminal condition Y’ = —¢% =
—HY—Vp(m¥), for admissible strategies 7% of the form 7% = (7%:!,0). The R%-valued strategy
process 7 is said to be admissible (7% € AY) if E? [( V.(7%) );] < oo and the BSDE (4.3)
has a unique solution. Following section 3 we introduce the residual risk processes

Y=Y 4 VY and accordingly 7Y = 7" + (W;U’lat +0).

The pair (}7“’, Z w) satisfies the BSDE with terminal condition }773” = —H" and random driver
g%, defined for (w,t, 7, 2) € Q x [0,T] x R? x R?, by

@ﬂﬂ(t77rtw7z) = gw(t,z_gu) - <€twu 9t>7
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where (¥ = 7% 1o 4+ 0 (compare with (3.1)—(3.4)). Since }70“’ = Y,", the representative agent
then equivalently aims at solving for min{Y (x%)|z% € A¥}.

Following the methodology used for the single agent in section 3, we first look at minimizing
the driver g% pointwise. We define IT%»!(¢, ) as the optimizer for min {ﬁw (t,(p,0),2)|p € R},
setting I1¥»2(¢, z) = 0 as to enforce the zero net supply condition. Since g% is strictly convex,
so is the function g%, and the minimum is characterized by the solution of the FOC

g4 (t,z— Ivl(t, 2) o) = —07.
We denote the minimized (random) driver by
(4.7) éw(t, z) =gV (t,11"(¢, 2), 2).

Remark 4.4 (the structure for the optimized driver (4.7) under a separation assumption).
Here, unlike for the optimization of individual agents who trade in S and B under a fixed
MPR 6 = (65,6%), we do not have a nice structure like in (3.9) for G* in all generality on g
(hence on the g%’s).

Assume that for some gh% ¢g?>* : [0,7] x R — R we have g“(t,2) = g"*(t,2%) +
g>"(t, 2%); then the FOC would translate to gi’lw (t, P Hw’l(t,z)JSSt) = —07. Denoting
by Z%1(t,—67) the solution in Z! € R to the equation gi’lw (t, Zl) = —07, the structure for
%! is given by

2t — Zwl(t, —Gts)
O'SSt

Iel(t, 2) =

and the structure for the optimized driver Gv is given by

GY(t,z) = g (t, (Z“”l (t, 795) ,22)) + ZWL(t, —02)07 — 2107
= [g"" (t, 2" (¢,—07)) + 2 (¢, —07) 0] — 2107 + g**(t, 22).

The special case of entropic drivers, which falls in this category, is discussed below in
Example 4.6.

Optimimality for the representative agent and the EMPeR. We assume that the BSDE
with driver G* defined in (4.7) and terminal cond1t10n —H™ has a unique solution (Y, Z®)
in 8 x Hparo- Define the strategy 7% by ;" 1= (Hw Yw,t, th), 0). Like for the individual

agents in section 3, the following theorem asserts that 7% is the optimal strategy and }N/'Ow

is the minimized risk for the representative agent. Moreover, the theorem relates the EMPR
6 = (65,0%) (recall Definition 2.5) to the solution of the representative agent’s optimization
problem. Recall the family of weights w given by (4.6).

Theorem 4.5. Assume that_ N o
e the BSDE with driver G, (4.7), and Y} = —H" has a unique solution (Y, Z") in
5% x Hpwmo;
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e the comparison theorem holds for the BSDE with driver éw;
o TV = (H“”l(w, AR 0) is integrable against the prices S and B;

*,W

then }70“’ 1s the minimized risk for the representative agent and ©*" is the unique optimal

strategy that minimizes his risk.
If, for the process 0* = (6°,0%), with OF defined by

(4.8) g% (.20 =m0 o) = ~0F,

the conditions of Theorem 3.5 hold, then 0% is the unique EMPR for the agents in A.

_ Additionally, the minimized aggregated risk Y is linked to the individual minimized risks
(Y®)aea through the identity Y = 3 w®Y® (the same holds for Z). Moreover, the Nash
equilibrium for the agents in A satisfies ™" = ¢y 7%

[2[?

Ezample 4.6 (the entropic case). In the entropic case, we have found ¢*(z) = T35 SO We
have ZWL(t, —607) = —yg0H;. The minimized driver is then
~ TR pS\2 _ 158 L 2y
GU(t2) = = (07)" — 2707 + %(2 )%

as was found in subsection 3.3. This driver is quadratic and regular, and the terminal condition
—H" is bounded. From [48, 41] there is a unique solution (Y, Z") in §* x Hpmo and the
comparison theorem applies (see [48, 52]). The optimal strategies are

. Zw’l + ’)/RQS
- 058

w1 and 75%2 = (.

T
With Z* € Hpmo and 65 bounded, 7%"! is integrable against S. This verifies the first

three assumptions of the theorem. Furthermore, with (4.8) and since Zv ¢ Hewmo and 05 is
bounded, we find that

Zw,Z

4.9 oF =
( ) TR

and 6% = (95, 0% € Hemo.

Following on Remark 3.3, the optimality of 7% and (17“’, Z W), for an agent w with prefer-
ences described by ¢ and trades in S, is obtained exactly in the same way as the optimality
for a single agent a € A in Theorem 3.2. So we prove only the claims of Theorem 4.5 related
to the EMPR 6*. First, however, we state a counterpart to Lemma 3.4 to the case when no
trading in B is possible.

Lemma 4.7. Under the assumptions of Theorem 4.5, let T = (7%1,0) be an admissible
strategy and (Y™, Z™) be the associated risk process, i.e., the solution to the BSDE with driver
gV (t, ", ) and terminal condition —H"™. Assume that the FOC holds for these processes, i.e.,

gh (620 = Gr) = =08, where G =F)lon

Then (Y, Z%) = (Y%, Z%) and 7% = 1.
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Proof. Recalling the properties of g* (see Lemma 4.1) and the definition of ot the con-
dition g% (t, Z¥ -7 ;) = —0F means that 71 = I (¢, Z¥). We have then §¥(t, 7, Z*) =
é“’ (¢, ZZ““ ) (recall (4.7)). By the assumed uniqueness of the solution to the BSDE with driver
G¥(t,-) and terminal condition —H"™, we have (Y, 2‘”) = (Y™, Z"). Consequently, by the
uniqueness of the FOC’s solution, ﬁ”’l = val(t,Z;”) = Owl(t, Zv) = " ! Since both
strategies have second component equal to zero, we have therefore 7% = 7%, |

The next result, to be used in the proof of Theorem 4.5, states that aggregating the
solutions to the individual optimization problems leads to an optimum for the aggregated
preference g% and identifies the BSDE of the aggregation with the weighted sum of the agents’
BSDEs.

Lemma 4.8. Let ¥ € Hpymo be an MPR and assume the conditions of Theorem 3.5. Let
then (7%)qea be the unconstrained Nash equilibrium associated with 9, and let (Y, Z%) be
the solution to the minimized-risk BSDE for each agent a € A (BSDE (3.2) with driver (3.9)).
Define (Y¥,Z%) 1= D w (Y, Z%) and 7" =) rtt=c) T

Then (}/}w, Z\w) and 7™ are the minimal msk and optimal strategy for a single agent whose
preferences are given by g, who can invest in (S, B) (without trading constraints).

Proof. First, we sum the individual risk BSDEs to obtain ()7“’, Zw) and its BSDE. We
have Y}/ = =% w*H* = —H" and also

are = | L (20 - ) - @00 Yo+ e (Z.ame)

=~ a€h
o) Gapus (. om)
acA

— 2wl 2,
where (¥ = 7Wlg + 725 = Yo w4 (m*). We remark that, on the one hand,

Zw <Za Ct ) Zwaza (an *a10_+zca *,a,2 >_th_ztw’
and, on the other hand, for all a € A, by the optimality of 7% and (17“, Z”)
vzga (t, Zf - <g> - =

Therefore, we know by Lemma 4.1 that ¢¥(t, Z¥ — () = > whgt(t, Z& — (%). This implies
that

4% = = [g° (1.2 = &) = (G, 0u)] at + (Zr, aws )
= v (t,%];“, Z;U) dt + <2§”,th>.

Second, by Lemma 4.1, we also know that Vg% (t, Z}” — Z,}”) = —

Therefore, by Lemma 3.4, we obtain that (}A/w, 2‘”) is the solution to the minimized-risk
BSDE for an agent with preferences given by ¢* from (3.9), terminal condition —H", who
trades in S and B under the given MPR ¢ with 7 as the optimal strategy. |
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Proof of Theorem 4.5. The first part of the proof of the theorem, the optimization for the
representative agent, follows through arguments similar to those used in the single agent case;
see Theorem 3.2 and Remark 3.3. Hence we omit it.

Ezistence of the EMPR. Here we prove that 6* = (65, 6%), defined through (4.8), is indeed
an EMPR. Since 6* € Hpmo and the conditions of Theorem 3.5 hold, let (7%%),ca be the
unique unconstrained Nash equilibrium under the MPR 6*, and let (17“, Z @) be the solution to
the minimized-risk BSDE for each agent a € A. Our goal now is to prove that ), 602 = (.

Let us introduce (Y, Zw) = Zaw“(f/“,za) and 7 = ) c*n"% = ¢) % From
Lemma 4.8, 7 and Y are the optimal strategy and risk for a single agent with risk preferences
encoded by g% trading S and B under #* without trading constraints.

Meanwhile, we defined 7** = (7%%! 0) as the optimal strategy for an agent w with
preferences encoded by g% and who can only invest in S (with MPR #°). By construction of
6% we have

V.g" (t, Zv — CZ“) = —0;, where (= W:wlat.
It results from Lemma 3.4 that 7" is also the optimal strategy for an agent with preferences
g* and who can invest in S and B, with given MPR 6*. By the uniqueness in Lemma 3.4
we therefore have 7 = 7%, This implies in particular that ), Th®2 = g2 = w2 — (),
We have therefore proved that the Nash equilibrium associated with 6* satisfies the zero net
supply condition, hence the constructed 6* is an EMPR.

Uniqueness of the EMPR. Assume that ¥ = (0%,9%) is also an EMPR and let (7%%"),cp
be the associated Nash equilibrium for which, by definition of EMPR, the zero net supply
condition >, 7*%%2 = ( is satisfied. Let also (}7“”9, 2‘“9) be the solution to the minimized-
risk BSDE for each agent a € A. As above, we define (Y0, Zw9) .= > w(Ye? Za0)
and 707 .= 3" cin*e? = ¢S 7*4?. By Lemma 4.8, we obtain that (Ywd Zwd) and 7w
are optlmal for an agent w who trades in S and B under the given MPR ¢ for a single
agent economy. Consequently, using the characterization between the optimizer and the FOC
condition, we have

(t Z’wﬂ Awﬂl >:_0§ and (t Zwﬂ Awm >:_1957

where 7r““92 = 0 as ¥ is an EMPR. By Lemma 4.7, the first equation guarantees that

(Yw o Zw, ) and 77 are optimal for an agent with preferences g* who trades in S. By the
construction of (Yw Zw) and 7" (for the MPR 9*), and the uniqueness recalled in Lemma
4.7, we have (Y“’”, Zw, 9) = (Y™, Z%) and ¥ = 7. As a consequence, we have from the
second FOC equation

w9 ~w,9,1 > *,w,1 R
19t =g (t, Z,7 — Ty o*t> =g (t,Z}” — T O't) = —0;",

hence the uniqueness of the EMPR, 6*. |

From Theorem 4.5 we point out that 6* is only an MPR for the representative agent’s
economy as the representative agent trades in an incomplete market where she is not able to
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trade the risk from (R;)—recall (2.1). Nonetheless, 8* is the only MPR leading to a complete
market for the agents where the Nash equilibrium they form satisfies the zero net supply
condition. We close this remark by adding that the representative agent approach for complete
market leads to Arrow—Debreu equilibria for the acting agents (see [37, 47] and references
therein).

Remark 4.9. In [59] a “weighted minimal convolution” of risk measures is introduced via

N N
(/\Pi)7 (X) = inf{Z'YiPi(Xi)§ Xi,..., Xy € LP, ZXi = X}
i1

i=1

(see p. 271, equation (11.25) in [59]) for v = (y;) € RY,, and for some p > 1.

Observe that aggregation in our context would not work without the dilation weights 1/w®
in the argument of the driver. This can be seen in Step 2 of the proof of Theorem 4.5. The
reason is that G® is the sum of g® with the strategies plugged in as arguments and of an
additional term with the strategies multiplied by the weights. For the aggregation as a single
strategy this adjustment is necessary.

4.2. A shortcut to the EMPeR in the case of entropic risk measures. In the previ-
ous subsection we gave a result on the existence and uniqueness of the EMPR via the inf-
convolution of the risk measures, for general preferences. In the particular case of the entropic
risk measure, the general computations are considerably simpler and an easier path allows us
to compute what the EMPeR 6 is (if it exists) without the representative agent. Although the
BSDE for the representative agent derived above will appear in the following computations,
with only these computations one cannot show that the computed 6 is indeed an EMPR.
This shorter path consists, as was hinted in section 3.3.4, in a direct linear combination of the
BSDEs (3.2) with the minimized driver G* given by (3.15).

Following the computations from section 3.3.5, we see that the market clearing condition
requires

~a,2
*.a.2 1 22172 —+ ’7,19# R ZaEA (1Z£Xa) Z cA waztaz
0=>) m =) & o= U ech T T

1 + Xa ’LitR ZCLEA (l—z%\'a) B TR

;
a€A a€h

if we define ygr = Y, cp W4, with w® = 1/(A(1 +A%)) and A = Y oaen /(1 + 2%). Notice that
here we do not need to normalize the family w = (w®) so that ) ., w® = 1, since we are not
considering an aggregated risk measure. Any rescaling A’ of w would give the same 7. We
present it in this way for consistency with the general case.

Now, replacing the term 6% by the above value in the minimized driver given by (3.15),
we find that the optimal risk processes for each agent solve the BSDEs with driver given by

2
=~ = Ya 15S\2  Sa,lpS 1 ~a2 b>b2 Va b>b,2
(4.10) G“(t,Zﬁ>:—5(9t) — 70 ¢ — 7% (Zw Z,;)— (Zw Zt’> :
TR

2 2
beA TR \pen

The BSDEs with these drivers form a system of N coupled BSDEs with quadratic growth,
which, in general, are difficult to solve; see [22], [21], [27] or more recently [26], [49]. Fortunately,
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one can take advantage of the structure of (4.10) and find a simpler BSDE for the process
(YW, Z%) =3 jep w(Y?, Z). It is easily seen that V¥ = — >, w*(H*+nHP /N) = —H",
as in (4.5). Linearly combining the BSDEs (3.2) with drivers expressed as in (4.10), we find

(4.11)
. _ 1 /a0 on2 . N
—d¥ = —%R (05)° = 205 + 5 (Z;”ﬂ) } dt — <th,th> with V¥ = —H".
TR

This is exactly the same BSDE as in Example 4.6. Given that H* and #° are bounded, this
BSDE falls in the standard class of quadratic growth BSDE and the existence and uniqueness
of (Y, Z") is easily guaranteed. This allows one to compute % as —Z"2 /v and in turn
one can finally solve the BSDEs giving the minimized-risk processes for each agents, using the
driver G* as given by (3.15).

Remark 4.10 (no trade-off between risk tolerance and performance concern rate). Each agent’s
individual preferences are specified by the parameters «, and A%, i.e., risk tolerance and per-
formance concern, respectively. One may ask whether a parametric relation between those
parameters exists such that an agent with (74, A%) and another agent with (7;, \*) would ex-
hibit the same behavior and have the same optimal strategies. Indeed, in most formulas the
two parameters appear as coupled. However, one can see that the terminal condition HY is
independent of the risk tolerance parameter '; hence by changing A® and v* of any one fixed
agent a € A, one cannot obtain the same outcome.

5. Further results on the entropic risk measure case. In this section we investigate
further the entropic case. We introduce a structure that allows us to use the theory developed
in the previous section and, moreover, to design HP such that Assumption 3.1 holds true.
The ultimate goal of this section is to understand how the concern rates A affect prices and
risks. The first two parts of the section verify that Assumption 3.1 holds, and the third sheds
light on the behavior of the aggregated risk and derivative price as the parameters vary.

We now make further assumptions (commented below) on the structure of the random
variables introduced section 2. Namely, we assume that the endowments H* for a € A and
the derivative H” have the form

(5.1) H® = h*(Sy,Ry) and HP = hP(Sr, Ry)

for some deterministic functions h'. This structure for the derivative and endowments is in-
terpreted as each agent receiving a lump sum at maturity time 7.

To ease the analysis we will assume throughout a Black-Scholes market (i.e., u°, 0 are
constants). Such an assumption is not strictly necessary for the results we obtain here, but
we wish to focus on the qualitative analysis and not on obfuscating mathematical techniques.
Throughout the rest of this section the next assumption holds.

Assumption 5.1. Let Assumption 2.1 hold. Let 0° € (0,00) and pf*, 1% € R (and hence
also 0° € R). For any a € A the functions hP h® € C'I}(RQ;]R) are strictly positive, and
their derivatives are uniformly Lipschitz continuous w.r.t. the nonfinancial risk and satisfy
(0zyhP) (21, 22) # 0 for any (z1,72) € R x R.
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The assumption concerning the strict positivity of the involved maps or that d,,h” # 0
is the key in proving that Assumption 3.1 is indeed verified for the example we present. The
assumption on the form of H® and HP reduces the BSDE to the Markovian case, giving
us access to the many existing BSDE regularity results, which we will use below in their full
scope. It would be possible (this is left open to future research) to remain in the non-Markovian
setting of general Fr-measurable H” and H® and use the link between non-Markovian BSDE
and path-dependent PDEs (see, e.g., [18]). Indeed, tools on general Malliavin differentiability
of BSDE solutions in the non-Markovian setting can be found in [4] or in more generality in
[15, 53].

We recall that our goal, in the example below, is to analyze the impact of the parameters
A',n,7. on the risk processes (single and representative agent), derivative price process, and
EMPeR.

Remark 5.2 (on notation for the section). In this section we work mainly with the repre-
sentative agent BSDE (see Example 4.6 or (4.11)) and the derivative price BSDE (3.21).

To avoid a notation overload in what the BSDE for the representative agent is concerned,
we drop the tilde notation and define (Y, Z") as the solution to the mentioned BSDE, not
to be confused with (4.3), which plays no role here. The solution to the derivative price BSDE
is denoted by (B, k).

5.1. The aggregated risk. The BSDE (4.11) is not difficult to analyze given the existing
literature on BSDEs of quadratic growth. Recall that §° € S and Y € L™ (since it is
a weighted sum of bounded random variables). We shortly recall that D'? is the space of
first-order Malliavin differentiable processes and D denotes the Malliavin derivative operator;
we point the reader to Appendix A.1 for further Malliavin calculus references.

Theorem 5.3. The BSDE (4.11) has a unique solution (Y, Z%) € (8 NDY?) x (HpyoN
DY2). Moreover, there erists a strictly negative function u® € C%1([0,T] x R%,R) such that
for any t € [0,

YV =u(t, S, R)  and  ZP? = (9pu®)(t, Sy, R)b,  P-a.s.
(i) For any r,u € [0,t], t € [0,T] it holds that
DV'yw = pWy» Pas.  and DW'z¥ =DV'Z¥ P Leb-a.e
u t r t c9 u t r t <t

and in particular DXVRY} = Z}" P-a.s. for any t € [0,T].

(i1) There exists a constant C > 0 such that |Z1Z“’2 < C foranyt € [0,T], i.e., Z¥?% € S®
and Oz,u” € Cy. Moreover, 6F € S

(iii) The process D,WRZ”“” belongs to Hpro-

Proof. Let a € A and 0 < u <t < T. Existence and uniqueness of the SDEs (2.1) and
(2.2) follow from Proposition A.3.

By assumption we have Y € L* and 95 € 8>, which allows us to quote Theorem 2.6 in
[41] and hence that (Y™, Z") € §°° xHpwmo. Moreover, given that Y < 0, a strict comparison
principle for quadratic BSDEs (see, e.g., [52, Property (5)]) yields easily that ¥;* < 0 for any
t € [0, 7] and hence that u* < 0.
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Proposition A.3 ensures that the payoffs H? and H®, and hence HY, are Malliavin differen-
tiable with bounded Malliavin derivatives. Combining this further with ° € R, the Malliavin
differentiability of (4.11) follows from Theorem 2.9 in [41]. Under Assumption 5.1 the results
in [41] (or Chapter 4 of [15]) along with Theorem 7.6 in [4] yield the Markov property for Y
and the parametric differentiability result for the (quadratic) BSDE.

Proof of (i). Since u* € C%! by direct application of the Malliavin differential we have for
0<u<t<T

DZVRYVtw = DZVR (uw(t, St, Rt))
= (Dru®)(t, Sty Re) (DY " Ry) = (85yu™)(t, Si, Re)b = DIV Y.

It now follows that DXVRY;“’ = DZVRY;“’ =Z{ forany 0 <u <t <T P-as.
Proof of (ii). Define now the probability measure Q (equivalent to P) as

AQ _ ([T (ps 27
o 0 (] () ).

The measure Q is well defined since 8° € 8 and Z%2? € Hpmo. Then for 0 < u <t < T we
have (Theorem 2.9 in [41])

(5.3)
Wk wh T S HyW£E 1 1 2 WE 2 T wh
DpWye — pY Y;M/ [—QSDU Zet + = 2D, Zg”v]ds—/ (D" z2,aw,)
t R t

= DYy B2 | DI v R

The results in Proposition A.3 and the definition of Y imply that |D)V "Y»| < C. Path
regularity results for BSDEs along with their usual representation formulas (see [41]) yield
that (DYV"Y;) = (Z2) € 8; the boundedness of d,,u® follows in an obvious way. As a
consequence, 0 € S since Z%? € S and (4.9) holds.

Proof of (iii). Using now the fact that #%, Z*2? € S>, we apply Theorem 2.6 in [41] to
(5.3) and obtain that DWF zw ¢ Hemo. The BMO norm of DV zw depends only on some
real constants and 7', yr, sup,, HD};VRYJE"HLoo, and [|(6°, Z%?)||sexs (see again Theorem 2.6
in [41]). [ |

In the next result we show that the mapping xo — (9z,u")(¢, 1, z2) is Lipschitz. Denote
by R and R the solutions to (2.1) with Ry = rp and Ry = 7 respectively; denote as well
by (Y, Z) and (Y, Z) the solutions to BSDE (4.11) for the underlying processes R and R,
respectively.

Proposition 5.4. For any (t,z1) € [0,T] x R the map R > x3 — (Op,u™)(t, z1,22) is Lip-
schitz continuous uniformly in t and x1. In particular the process DWF zv s P_a.s. bounded.

Proof. Let 0 < u <t < T and define DY := DV yw — pWiyw spzi.— pW" gwi _
DWF Zwi for i € {1,2} and (intuitively) 6DZ := (§DZ',§DZ?). Then, following from (5.3)
written under Q from (5.2), we have

T T
6D,Y, = 6D, Yy — / (6DyZs, dWQ) + / 71 (Z;“2 - Z;“) DV zw2qs,
t t R
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Define now the process
t
L WR w2 :
(5.4) e, == exp —D,) Z¥*dsy, te€][0,T] with (er) e HP ¥p>1,
0 TR

where the H? integrability of (e;) follows from Lemma A.1. Observe next that by the results of
Theorem 5.3 one has 6D, Y; = 6D,Y; = Z;”’2 —ZZ”’2. Applying Itd’s formula to (e;0D.Y}), using
the just mentioned identity, and taking Q-conditional expectations it follows at u =t = 0
that

- 1 w ~w 1 -
|(8m2uw)(0, 80,?”0) — (8x2uw)(0, S0, 7’0)’ = 5 ’(ZO 2 ZO ’2>) = ‘bEQ [6T5DOYT] < C|T0 — 7’0’.

The last line is a consequence of Proposition A.3 combined with the fact that EQ[eh)] (for
all p > 1) is finite due to the BMO properties of DWRZ“”Q; see Lemma A.1. The constant
C is independent of u,rg, 7, and sg. Although DV zw2 is 4 BMO martingale under P, the
integrability still carries under Q; this is the same argument as in the final step of the proof
of Lemma 3.1 in [41] (see also Lemma 2.2 and Remark 2.7 of the cited work).

The extension of the above result to the whole time interval [0, 7] follows via the Markov
property of the BSDE solution. This relates to the close link between BSDEs of the Markovian
type and certain classes of quasi-linear parabolic PDEs (see, e.g., section 4 in [19]).

Finally, the boundedness of DV Zv follows from the Lipschitz property of xg +— (Op,u™)
(+,+,x2) and the boundedness of DW" R; see Proposition A3(ii). [ ]

5.2. The EMPR and the derivative’s BSDE. We next show that Assumption 5.1 implies
Assumption 3.1 holds for the model with entropic risk.

Theorem 5.5 (market completion). The derivative HP completes the market, i.e., k™ # 0
P-a.s. for any t € [0, T]. Moreover, kTt € S and sgn(rkF) = sgn(bdy,h?) for any t € [0, T].

Before proving the above result we need an intermediary one. Recall that BSDE (3.21)
describes the dynamics of the price process B?, that HP € L>™ and § € S x (Hemo NDH?)
(following from Assumption 5.1 and Theorem 5.3).

Proposition 5.6. The pair (B, k) belongs to (S NDY2) x (HpyoNDY2) and their Malliavin
derivatives satisfy for 0 <u <t < T the dynamics

T T
(5.5) DW"Bl=pW gD —/ KEDWEgR <93,D5VR/@§>ds—/ <DZVR/£‘z,dWS>.
t t

The representation DIWRBf = k!t holds P-a.s. for any 0 <t < T.

Proof. Let 0 < u <t < T. Observe that BSDE (3.21) is a BSDE with a linear driver
and a bounded terminal condition. The existence and uniqueness of a solution follow from the
results of [19]. Moreover, the estimation techniques used in [41] yield that (B, k) € S® x Hpmo
(see Theorem 2.6 in [41]). The Malliavin differentiability of (B, ) follows from Proposition
5.3 in [19] and the remark following it since (6°,0%) € R x (S* N D"2) (see Theorem 5.3).
The quoted result and Proposition A.3 yield (5.5) for DV pY. Moreover, from Theorem 2.9
in [41] we have lim,, ~ DW'BY = kB for 0 <u <t <TP® Leb-ae.
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We now prove a finer result on B and &, namely, that D}V RBf = xf* holds P-a.s. for any
0 <t < T instead of just P® Leb-a.e. This is done by showing that (u,t) — DZVRBf is jointly
continuous.

Note that the map t + D RBf for u < ¢ is given by (5.5) and hence it is continuous
in time (for all ¢ € [u,T]). Note now that Propositions 5.4 and A.3 yield that DW" Z®?2 is
bounded and D" z*? = DW" 72 — DWV" 72 for any 0 < u,r < t < T. These properties
hold as well for % via the identity —yr0% = Z%2.

Using the measure P? (introduced in (2.3)) that DW'95 = 0 and the identity —ypH" =
ZW2, one can rewrite (5.5) as

1 T T
(5.6) DWEBY = pWiyD | W/t KEDWE Zw2qs — /t <DZVRHg, de> .

Writing the same BSDE as above, but for a parameter v (instead of u) we have

1 T T
DY B! = DV HP + / KEDW" Z02ds — / (D"l aw?)
TR Jt ¢

1 T T
_pWigp 4 L / WRDW" w2 / (DY R0 aw?),
YR Jt t

where we used the results of Proposition A.3. Since the solution to (5.6) is unique and the
BSDE just above has exactly the same parameters as (5.6), we must conclude that for any
t € [0,T] and for 0 < w,r < ¢ it holds that DW"BY = DW"Bf. From the continuity of
t— D.WRBf follows now the joint continuity of (u,t) + D}V RBf in its time parameters and
hence the representation D}V RBf = kT holds P-a.s. for any 0 <t < T. [ |

We can now prove Theorem 5.5.

Proof of Theorem 5.5. We proceed in the same way as in the proof of Proposition 5.4.
The argument goes as follows: define the process (e;) just like in (5.4); apply It6’s formula to
(e, DY BY) and write the resulting equation under P? (just like (5.6)); take P? conditional
expectations. At this point a remaining Lebesgue integral is still in the dynamics:

1 T
DY BY = (e,)'E’ [eTD,KVRHD + o
R Jt

= (e)"'E? [eTDZVRHDm] ,

es (;-;f — DY RB§> fo)id RZ;”’2ds|}'t]

where from the first to the second line we used Proposition 5.6, i.e., that k' = DZVRBE =
DZVRBf P-a.s. forany 0 <u < s<T.

Recalling HP = hP (S, Rr) and the dynamics of R given by (2.1), we see that (by the
chain rule) D}V "HP = bz, hP. Since bd,,hP is either always positive or always negative and
since K = DV"B? P-a.s. for any ¢ € [0,T], it follows that x% # 0 P-a.s. for all ¢ € [0, 7).
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More precisely, depending on the sign of b3,,h”, K is P-a.s. either always positive or always
negative,” giving sgn(x?) = sgn(bdy, h"). [ ]

5.3. Parameter analysis. It is possible to justify at a theoretical level some of the pre-
dictable behavior of the processes Y%, B?, and 6% with relation to the problem’s parameters:
n, Yr, A%, and v, for a € A.

Theorem 5.7. Let 6 be the EMPR. The process (Y, Z") solving BSDE (4.11) is differen-
tiable with relation to A* for any a € A, n and g (see (4.4) and (4.6)).
Fix agent a € A. If the differences

(5.7) YR — Ya and E? [(Z wbe> - Ha]

beA

are positive (negative, respectively), then 05,Y;"

t€[0,T].
For any a € A we have P-a.s. that

0, Y" <0, 0,,Y" <0 vVt € [0,T).

is negative (positive, respectively) for any

Furthermore, P-a.s
oYY <0,  sgn(0,08) = sgn(bdy,h?) ¥Vt € [0,T] and 8,B? <0 Vtel0,T).

Part of the results are in some way expected. Introducing more derivatives leads to an overall
risk reduction, and as more derivatives are placed in the market, the derivative is worth less
(per unit). If yg is interpreted as the representative agent’s risk tolerance, then as g increases
we have a decrease in risk (Y decreases) since it represents an increase in the single agents’
risk tolerance (i.e., vo ).

The main message of the above theorem is that the effect of the performance concern of
one agent on the aggregate risk depends essentially on how the agent is positioned with respect
to the others, in terms of both risk tolerance as well as the personal endowments. If the agent’s
risk tolerance 7, is higher than the aggregate risk tolerance v and her endowment position
dominates by the aggregate endowment position, then an increase in the agent’s concern rate
leads to an increase of the aggregate risk.

Before proving the above result we remark that condition (5.7) simplifies under certain
conditions; such simplifications are summarized in the below corollary. All results follow by
direct manipulation of the involved quantities.

Corollary 5.8. Let the conditions of Theorem 5.7 hold.

Ifva =7 for alla € A, then g — v, = y( Y, w* — 1) =0.
If N =2, then w® +wb =1 w’ =1 — w® and hence

(Z wCHC> —H*= —w’(H* - H®)  and (Z wCHC> — H® = w*(H® — H).

ceA ceEA

®For any positive random variable X (X > 0 P-a.s.) one has E¥[X|F] > 0 for any sigma-field F. Since
the measure change is done for a strictly positive density function, the inequality for the new conditional
expectation is still strict.
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Similarly yg — Yo = —w(Ya — ) and yg — 5 = W*(Ya — V). Moreover, it holds that
(5.8) sgn (OxaY") = —sgn (0ys V") P-a.s. for any t € [0,T].

Proof of Theorem 5.7. Let a € A and ¢ € [0,T]. Theorem 3.1.9 in [15] (see also Theorem
2.8 in [41]) ensures the differentiability of BSDE (4.11) with respect to yr, Ya, A%, and n.

The derivative of Y™ in vygr. Applying 0,, to BSDE (4.11) and writing it under the
probability measure Q defined in (5.2) yields the dynamics

w T 1 S w,2 T w Q
oy =0 [ |5 007 - g (20| s [ (o,20.a02).
t t

Taking Q-conditional expectations and noticing that the Lebesgue integral term is strictly
negative for any t € [0,T), we have then 9,,Y;* <0 for any ¢t € [0,T).

The derivative of Y in 7,. This case follows from the previous one as g is defined by
(4.4) and the weights w" (see (4.6)) are independent of ~..

YR = Zw“% implies  0,,7r = w" > 0,
acA

and finally 0,,Y" = 0,,Y™ - 9;,(vr). The statement follows.
The derivatives of Y in 2. We compute only the derivatives with respect to A% in order

to present simplified calculations as A* := A*/(N — 1). Calculating the involved derivatives
leads to
1
——=—(Auw??, 8u,— = (W2, F,w = (W)2A(W?—1), Brw’ = (w)?Au’,
o = S G = W gt = AW 1), Bt = ()
Otk = O30 S whyy = (W*)2A(vR —7a), and  d5, HY = (w™)’A ((Z w'H *’) - H ) :
beA beA

Combining the above results with the BSDE for d5,Y™ under the Q-measure (just as in the

previous two steps) yields
w Q b Il g 102
05V, = —(w")’AE ZWH + (YR — 7a) ) 5(95) +%(Zs7) ds|F|-
Since Q is equivalent to P, the statement follows.
The derivative of Y™ in n. Applying 9,, to BSDE (4.11) and writing it under the probability

beA
measure Q defined in (5.2) yields the dynamics

T EQ[HP
.Y, = 0,V — / (OnZY,aW) = 0.Y," = E%[0, Y| F] = _[Nw 2wt <0,
t achA

where the last sign follows from the definition of Y and H D,
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The derivative of 6% in n. The analysis of Z*2 and hence of 6% with respect to n and vr
follows from the analysis of (5.3). Given representation (4.9), applying 9,, to BSDE (5.3) and
writing it under the probability measure Q defined in (5.2) yields the dynamics

T T
1
0, DV "y = 0,DV "y — / (0.D) " Z2, daw2) + / [DgVRzgvaanzgvﬂ] ds
t t LR

T T
1
& 0,2 = 0,DV "V — / <anDzV”z;«dW;@>+/ MDZ”Z;%Z@“’Q] ds
t t

= 0,27 = (&) 'EC [eTanDZV RY#}@} :

where (e;) is as in (5.4) and the argumentation is similar to that back there. Notice now that
with the terminal condition Yy = — 3", ., w*(H® +nHP” /N) we have

0. D)"Y = —% (Z wa> DV HP = —% (Z wa> b(0z, hP) (ST, Rr).

ach acA

Given Assumption 5.1, we are able to conclude that sgn(Z;" ) = —sgn(bdy,hP) and hence
from (4.9) that sgn(0,0f%) = sgn(bd,,hP).

The derivative of B® in n. We use justifications similar to those used in Proposition 5.6
and hence we do not give all the details. Recall (3.21), apply the d,-operator to the equation,
and do the usual change of measure (with PY) to obtain

T T T
B0 =0 — / wRo,0Rds — / O AWS) = 0,Bf — —E? [ / nf@nefds].
t t t

By the previous result we have sgn(9,0{) = sgn(bd,,h”) and from Theorem 5.5 we have
sgn (k) = sgn(bdy,hP). It easily follows that 9, B! < 0. [ |

Unfortunately the conditions used above do not allow for similar results on the behavior of,
say, Yr — 0% or (Yr,n, A) — Y The conditions required for such results are too restrictive
to be of any usefulness. Nonetheless, we will investigate them in section 6 via numerical
simulation.

6. Study of a particular model with two agents. In this section, we investigate a model
economy consisting of two agents using entropic risk measures and having opposed exposures
to the external nonfinancial risk. We give particular attention to the impact of the relative
performance concern rates on the equilibrium related processes. The model is simple enough
to allow extended tractability, when compared with sections 3, 4, and 5, and nonetheless
still sufficiently general as to produce a rich set of results and interpretations. In particu-
lar, we explicitly describe the structure of the equilibrium. Using numerical simulations, we
are able to explore the dependence of individual quantities (such as the optimal portfolios
m** and minimized risks Y{') on the various parameters, thus complementing the results in
Theorem 5.7.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/18/18 to 193.136.124.152. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

470 JANA BIELAGK, ARNAUD LIONNET, AND GONCALO DOS REIS

6.1. The particular model and numerical methodology. We consider a stylized market
consisting of two agents. We argue that a larger set of N agents with certain exposures to the
external risk R can be clustered in two groups, those profiting from the high values of R and
those profiting from the low values of R, and we can apply the weighted aggregation technique
used in section 4 to each group. Our two agents can therefore be thought of as representative
agents for each group. The external risk process is taken to be the temperature affecting the
two agents, who also have access to a stock market.

Temperature and stock models. We study one period of one month (7" = 1). We study
one period of T'= 1 month where the temperatures follow an SDE (2.1) with constant coeffi-
cients,

Ry =ro+pft+ oWk,
and for the stock we take a standard Black—Scholes model,

ds,
=L — pOdt + %AW,

St
where the coefficients are rg = 18, uff = 2, and b = 4 for the temperature process and Sy = 50,
S = —0.2, and 0° = 0.25 (so #° = u® /o = —0.8) for the stock price process.

Agents’ parameters, endowments, and the derivative. Define I(x) := %arctan(x)—l—% €
[0,1]. The agents’ endowments, H* and H?, are taken to be

H*=5+1(2(Rr —24)) - 15,
H"=5+1(2(16 — Rr)) - (15 + 5I(Sy — 40)).

Agent a profits from higher temperatures while agent b profits from lower ones. The derivative
has a payoff HP that does not depend on the stock S, and is given by

HP = I(Ry — 20),

so that it allows to transfer purely the external risk. All functions satisfy Assumptions 2.1 and
5.1. Given the agents’ opposite exposures to Ry and the design of H”, agent a will act as a
seller while agent b will act as the buyer, thus establishing a viable market for the derivative.

We assume throughout that the total supply of derivative is zero, n = 0, i.e., every unit of
derivative one agent owns is underwritten by the other. The risk tolerance coefficients of the
agents are fixed at v, = 7, = 1 unless we are analyzing some behavior with respect to them.
Similarly, unless otherwise specified, the concern rates are fixed to be A* = X\’ = 0.25 unless
we are analyzing some behavior with respect to them.

The numerical procedure. The simulation of the processes involves a time discretization
and Monte Carlo simulations. We use directly the forward processes’ explicit solutions; all
BSDEs are solved numerically. Regarding their time discretization, we use a standard back-
ward Euler scheme (see [8]), and we complement the time-discretization procedure with the
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control variate technique stated in section 5.4.2 of [50]. The approximation of the conditional
expectations in the backward induction steps is done via projection over basis functions; see
the least-squares Monte Carlo method used in [33].

We follow sections 3 and 4. First, we solve the representative agent’s BSDE (4.11). This
yields via (4.9) the EMPeR process #%. Once this is obtained, we solve the BSDE for the
price B? of the derivative, (3.21), obtaining (x°, k) in the process. Finally, we solve the
BSDE (3.23) with driver (3.15) for each agent a € A and compute the optimal strategies
a8 = (g5l 7%2) via (3.16) and (3.17). We note that in the case of two agents, the system
(3.16) is easily inverted.

All plots are computed using 200, 000 simulated paths along a uniform time-discretization
grid of 20 time-steps, except the plot of Figure 1, which uses 30 time-steps.

6.2. Analysis of the behavior in the model. Figure 1 shows a realization of the behavior
of the agents over the trading period. One can see that the price of the derivative moves
like the temperature, and in particular it is never constant (over a time interval where the
temperature has changed). This means that the derivative does indeed complete the market by
providing the agents full exposure to R, or equivalently to W —Assumption 3.1 is satisfied.
Agent b is always long in the derivative and a always short (the latter following from the
former since her position is the opposite of that of b). The fact that both agents only go short
in the stock is due to its decreasing trend (#° < 0) and the fact that the endowments depend
little on S: it is in mainly an optimal investment in the stock that is observed. However, agent
b’s endowment is higher for lower stock prices, hence she does not go as short in the stock as
agent a, to hedge this variability.

Price of the stock

Temperature and price B
55 20 0.7

temp.
50 19} = = = der. price 0.6
45 AT LT RN
(72} o o18f . * 105M
A3
40 N !
\,|‘, \
s 17 " o4
30 16 0.3
0 02 04 06 08 1 0 02 04 06 08 1
time time
Investment in S (nb shares) Investment in B (nb shares)
-0.05 -2 7
. 2ut
o _ . g oc
LR R A P T AP e~ 6
% Tena LV
T | == ag.a o “ NI ag.a Sey
c -0.15 “1:‘ .:1:
© = = =39.b 5 [N = = =3ag.b 4
br ~ h g AN,
g '~ P OV A -
%k 02 St e e PIECER P AN s
“a 2 \Y ' I‘ 1,
™
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0 02 04 06 08 1 0 02 04 06 08 1
time time

Figure 1. Sample paths of the several processes. Stock price on the top left, the temperature and the derivative
price on the top right, the investment strategy in the stock on the bottom left, and that in the derivative on the
bottom right, for each agent. Here A* = 0.25 and \* = 0.0.
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Trading activity. The optimal investment strategies for the derivative were seen in section
3.3.6 and are given by

1 2&,2_’_7a9R
and

_ b2 1 292 4 yp0f
14\ KkE R rkE '

*,a,2

The optimal investment strategies in the stock follow easily by inverting Ag from (3.12). This
yields

o 1 A\@ za,l +7a95 ~ 7,2 +'Ya9R e
m DO US ST oSS KR oSS
b1 A 1 A

1 —A2Ab 1 — Na)rb oS58 kB oS

Remark 6.1 (on the structure of the equilibrium). The structure of the optimal strategy
in the stock’s investment is clear in view of the examples treated in section 3.3. Each agent
computes her strategy as a weighted sum of the way both would compute their strategy as
if there were no relative performance concern (compare with section 3.3.3), using the weights
(ﬁlav, %) for a and (ﬁz)\b, ﬁlu/\b) for b.

These weights can be understood from (3.16) with A = {a, b}: each agent’s best response
is to invest in the stock according to her natural strategy plus A’ times the strategy played by
the other. Assume now that each agent was initially planning to compute her optimal position

using

(0001 _ 20 +70° 2%+ 46" w° i e {ab)
asS klt os5S’ T

and that they are shown, in turn, the strategy that the other is about to play, so that they
can update theirs, yielding a sequence of strategies el Z(1)b1 2(2)al £(2)b1 Z@)al
for each agent (starting with a’s update). Because they both update their strategy according
to (3.16), we observe agent a imitating part of agent b, imitating part of agent a, imitating
part of agent b, etc. Summing the corresponding series, agent a ends up investing according
to S, (AIN0)? w0l a5~ (AN (0001 and similarly for b.

The structure of the optimal investment in the derivative is much different, following
fundamentally from the endogenous trading condition. If an agent is shown the strategy that
the other had decided to follow, she could not unilaterally change her strategy. From this
emerges the EMPeR §%—see below.

We now look at the behavior of the individual portfolios with respect to the rates of
relative performance concern. The intensity of the trading activity at time ¢t = 0 on both the
stock (778’@’1) and the derivative (WS’Q’2) as maps of the concern rates A% A’ can be found in
Figure 2. The positions of agent b are similar in some sense: for the stock, the surface looks
very similar; for the derivative, it is the exact opposite (due to the zero net supply condition).

For readability we plot only the position of agent a.
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Trading activity in stock wrt concern rates - agent a Trading activity in derivatives wrt concern rates — agent a

b b
Concern rate \ Concern rate A? Concern rate A Concern rate \*

Figure 2. Initial number 7" and 73* of shares of stock (left) and derivative (vight) held by agent a, as a
function of (A%, )\b). For visualization purposes the axes on the left picture were inverted.

The observed behavior in Figure 2 is in line with the intuitive idea that the more the
agents are concerned (high \) with their relative performance V- — V3., j # i € {a, b} (recall
(1.1)), the more they will invest in a way that neutralizes this source of risk. This is done by
adopting a trading strategy that is as close as possible to that of the other agent.

For the stock, we see from the formulas in Remark 6.1 that when \?\® < 1, the process
of a imitating b imitating a, etc., results in a finite position. But the volume increases with
both A* and A\’ and explodes as (A%, \’) — (1,1). In our example they would both (short-)sell
infinitely many shares of the stock. Note that this is possible only because the stock is assumed
to be exogenously priced and perfectly liquid. For the derivative, they cannot imitate each
other and position themselves in the same direction, as the zero net supply condition implies
that the agents must hold exactly opposite positions. Agent b’s gains on trading the derivative
will be exactly agent a’s losses. The only way to reduce the difference in performances for a
very concerned agent is to engage less (in volume) in the trading of the derivative. The market
clearing condition then forces the other agent to also trade less (in volume). This is seen from
the factor 1/(1+ \?) in the formulas in Remark 6.1 and is confirmed in Figure 2 (on the right),
where agent a, identified as the seller, ends up selling fewer units of the derivative as either
concern rate increases. Due to the market clearing condition between the agents, no explosion
is possible.

Price of the derivative. Figure 3 shows an opposite dependence of the derivative’s price
Bg on the concern rates A%, A\, a behavior not captured by Theorem 5.7. One can make sense
of this effect by having in mind Figure 2. A higher \* implies that agent a wants to trade
less and, as she is the seller, this drives the price up. Symmetrically, a higher A’ implies that
agent b wants to trade less and, as she is the buyer, this drives the price down.

Aggregated risk. Figure 4 confirms the analytical results of Theorem 5.7. First note that
Yo = 7 = 1 and so condition (5.7) simplifies (see Corollary 5.8). As predicted, the increase of
the risk tolerances lead to a decrease in the aggregated risk (see Figure 4, left picture). The
picture on the right shows clearly the cross behavior stated in (5.8).
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Price of the derivative wrt concern rates Price of the derivative wrt risk tolerance

Concern rate \°

Concern rate \*

Figure 3. Initial price of the derivative, By, as map of (A\*, ) on the left and as map of (Ya, ) on the right.

Aggregated risk wrt risk tolerance Aggregated risk wrt concern rates

Concern rate \® Concern rate A%

Figure 4. Aggregated risk Y{" as a function of (Ya, V) (left) and of (A%, \°) (right).

Risk of each agent. Theorem 5.7 does not capture the behavior of each agent’s risk assess-
ment as a function of the concern rates A'. Figure 5 portrays the risk perceptions of each agent
as A%, AP change. Agent a’s risk Y increases in A and decreases in \%. A possible explanation
for the latter behavior (Y decreases with \*) from the perspective of, say, a and having (1.1)
or (2.7) in mind is as follows. If a gives more importance to her relative performance concern,
then she weighs the term V7 — Vfi more than the hedging of the random endowment or the
optimization of the personal performance and trades in a way that mimics more of what b
does. The net result of this seems to be the ability to neutralize more of the performance risk
(as a fluctuation around the mean) and less ability to neutralize the endowment risk. The
former apparently carries more weight as Y’ does indeed decrease with A\“.

The explanation of the first behavior (Y increases with A’) seems more direct. As A
increases, agent b engages in less trading of the derivative in order to reduce her relative
performance concern, and this affects agent a, in particular her ability to hedge H?.
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Risk of the agent a wrt concern rates Risk of the agent b wrt concern rates

b b
Concern rate \ Concern rate A% Concern rate Concern rate \*

Figure 5. Risk Yg* (left) and Y (right) as a function of (A%, A®).

6.3. Effect of introducing the derivative. We now comment on the effects of introducing
the derivative in this model market. Figure 6 displays the risks of the representative agent
and of agent a with respect to A and A\’ when no derivative is available and when a market
for it is available.

We observe in the plot on the right that adding the derivative does not change the aggre-
gated risk. This is clear if one views it as the risk of the representative agent: being alone by
construction, the zero net supply condition means that she must keep a zero position in the
derivative and hence does not benefit from its presence (compare the agent of section 3.3.2
with Example 4.6).

Risk of the agent a wrt concern rates Aggregated risk wrt concern rates

-6.68
-6.69

-6.7
-6.71

-6.72

YW

-6.73
-6.74
-6.75
-6.76

-6.77
1

Concern rate \° Concern rate \? Concern rate \° Concern rate \*

Figure 6. Left: risk Y3* when the derivative is not available (flat surface) and when it is (tilted surface),
as a function of the concern rates ()\“,)\b). Right: same plot for the aggregated risk Yy® (the two surfaces are
equal).
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For an individual agent (left plot), however, the availability of the derivative always leads
to a reduction of risk. We observe that in the absence of the derivative, the risk of agent a
does not depend on the concern rates. We can apply the methodology of sections 3 and 4 to
find that the optimal porfolios of the agents in this situation are given by

il 1 305 + 2 N 0% + z!
t 1-— Aa)\b O'SSt 1-— Aa)\b O'SSt

for j # i € {a,b},

while the minimized-risk equation is given by the BSDE

. 1 o 1~ - ~. ,
Ay} = — —5%(95)2 — 705 + 7(2172)2 At + (Z!,dW,) with Y& = —H'(St, Ry).

Vi

This shows analytically that the value of the problem, Y*, depends on neither A* nor b, while
the optimal strategy does, as was already observed in Proposition 4.1 in [27].

Playing the game repeatedly leads to disaster. The above study considers a one-period
model with (continuous-time) trading until the horizon 7" = 1 month. Imagine now the rep-
etition of this trading period over time and assume no significant changes to the agents’
endowments or the dynamics of the financial and external risks.

At the level of the agents’ preferences, with the sole exception of the concern rates, they
do not change with time. Specifically, we assume that their risk tolerances, and consequently
the entropic risk measures p;, used to assess their risk in (1.1), are fixed throughout; however,
their concern rates A" over their relative performance may vary. This can account for some
herding or other behavioral mechanism: after each period, each agent can review the results of
everyone’s performance, carry this information into the next period, and update their concern
rate accordingly.

Figure 5 sheds some light on the outcome of playing this game repeatedly. Indeed, each
agent benefits from a unilateral increase of their concern rate A while they are worse off with
an increase in the other’s concern rate. So they have an incentive to increase A, as the trading
periods are repeated, culminating in Assumption 2.3 being violated as (A%, \’) — (1,1).

It is interesting to note that this drifting toward the singularity of the model, (A%, A?) =
(1,1), is not captured by the risk assessments. Figures 4 and 5 show that Y*, Y, and Yob
remain bounded. At the level of the investment strategies, the trading activity in the deriva-
tive slows down but persists. The sharing of the external risk becomes less efficient, because
the agents are increasingly concerned about losing out to the other, but does not disappear.
However, the investment in the stock explodes (see Figure 2). We stress that this behavior
arises only after the derivative is introduced in the market. Indeed, as shown by Figure 6,
when the derivative is not available and the agents in A are only concerned with the relative
performance of their strategy over the market, they have no incentive to having increasingly
high concern rates. The particular shape of the surface (A%, A?) — Yoi, risk decreasing with
! but increasing with A, appears only when the derivative is made available. In this situa-
tion, the agents are placed in direct interaction (by trading) in addition to the indirect one
(social): each agent makes now gains directly over the other. The final result is a potential
destabilization of the stock market.
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7. Conclusion. In this work, we analyzed the effect of a form of social interaction be-
tween agents on an equilibrium pricing mechanism. Specifically, we considered the pricing of
a (market-completing) derivative introduced to allow market participants to share the risk
associated with an external and nontradable risk factor. The social interaction here takes the
form of concerns over relative performance.

From a theoretical point of view, we have shown how to solve the problem for general
risk measures and a finite number of agents, when assuming that the derivative completes the
market. This involves solving a coupled system of quadratic BSDEs. Due to the heterogeneous
rates of concerns of the agents, the risks of the agents cannot be aggregated by the usual infimal
convolution technique, so we developed it further and introduced the weighted-dilated infimal
convolution variant.

We then focused on the particular case of the entropic risk measure and were able to
determine sufficient conditions to design a derivative that completes the market. In a market
model with two agents representing opposite profiles of exposure to the external risk, we
explored the impact of the social interactions on the benefit brought by financial innovation.

We found that the introduction of the derivative always reduces the risk, at the level
of individual agents. However, the particular distribution of this risk reduction means that
both agents have an incentive to become more concerned with their relative performance.
At the global level, while this merely decreases the volume of derivatives exchanged, this
leads to an explosion of the volumes traded in the previously existing financial asset. In
practice, the assumption that the agents are small and that the price dynamics of the stock
is independent of their actions fails to hold. Thus, although the stock price is fundamen-
tally independent of the external risk, introducing the derivative can lead to unintended
consequences on what was a stable stock market. We stress that this phenomenon is not
captured by the risk measures. Therefore one should not only use the performance of the
risk measure when evaluating the possible benefits of a new policy (the introduction of
the derivative, here). This also stresses the importance of having a systemic view: study-
ing the problem from the point of view of an individual investor shows that the availability
of the derivative is always beneficial, but at the global level the picture has strong nuances.
Strongly undesirable endogenous phenomena can emerge in the dynamics, arising essentially
from the interaction between the various agents and their possibility to adapt to the new
policy.

Appendix A. Stochastic analysis: Notation, spaces, and base results.

Spaces and notation. We define the following spaces for p > 1, ¢ > 1, n,m,d,k € N:
Co(]0, T] x RY, R¥) is the space of continuous functions endowed with the ||-||-norm that are
n-times continuously differentiable in the spatial variable; C’l? "™ contains all bounded functions
of C%; the first superscript 0 is dropped for functions independent of time; LP(F;, R?), t €
[0,T7, is the space of d-dimensional F;-measurable random variables X with norm ||X||z» =
E[| X [P]"/? < oo; L™ refers to the subset of essentially bounded random variables; SP([0, T] x
R?) is the space of d-dimensional measurable F-adapted processes Y satisfying IY|lsr =
E[supsejo,n [Y;[P]/P < 00; 8% refers to the subset of SP(R?) of essentially bounded processes;

HP([0,T] x R?) is the space of d-dimensional measurable F-adapted processes Z satisfying
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| Z |3 = E[(fOT ]Zs|2ds)p/2}1/p < oo. For a probability measure Q, we denote Hpno(Q) as
the space of processes Z € HP(Q) for any p > 2 such that for some constant Kpgyro > 0

T
EQ [/ |ZS|2ds\J-“T]

where 7o 7y is the set of all stopping times 7 € [0, 7). As an easy consequence, if Z € Hpmo(Q),
then [HdZ € Hpmo(Q) for any bounded adapted process H. Processes in Hpyo have
very convenient properties. For the reference measure P we write directly Hpmo instead of
Hewmo (P).

For more information on BMO spaces and their relation with BSDEs see section 2.3 in
[41] or section 10.1 in [62]; we state, for reference’s sake, some of them in the next result.

Lemma A.l. Let Z € Hpyo and define . := fo ZsdWs. Then we have as follows:

(1) The stochastic exponential E(Pr) is uniformly integrable.

(2) There exists a number r > 1 such that E(®r) € L". This property follows from the
reverse Holder inequality. The maximal r with this property can be expressed explicitly
in terms of the BMO norm of ®.. There exists as well an upper bound for ||E(®r)]|r
depending only on T, r, and the BMO norm of ®.

< Kpmo < o0,

o0

sup
TE'T[O,T]

A.1. Basics of Malliavin’s calculus. We briefly introduce the main notation of the stochas-
tic calculus of variations also known as Malliavin’s calculus. For more details, we refer the
reader to [55]; for its application to BSDEs we refer to [40]. Let S be the space of random
variables of the form

T T
E=F (/ h;ZdW;) (/ hﬁﬂde) ,
0 1<i<n 0 1<i<n

where F € CEO(R”Xd), ht,...,h" € L2([0,T];R%), n € N. To simplify notation, assume that
all b7 are written as row vectors. For £ € S, we define D = (D',..., D% : S — L?>(Q x [0,T])?
by

; " 9F T T n i .
Degzzaxij</0 htldwt,...,/o htth>h9’”, 0<60<T, 1<i<d,
j=1 """

and for k € N its k-fold iteration by D*) = (D .. 'Dik)lgil,...,ikgd- For k € N, p > 1 let DFP
be the closure of S with respect to the norm

€1l ,= E

k
I€IZ + 2_; \I\D(’“”ﬂH{’%i] :

D) ig a closed linear operator on the space D*?. Observe that if ¢ € D2 is Fy-measurable,
then Dyé = 0 for 6 € (t,T]. Further denote D*°° = N,,-1D¥». We also need Malliavin calculus
for R™-valued smooth stochastic processes. For k € N, p > 1, denote by L*?(R™) the set of
R™-valued progressively measurable processes u = (u',...,u™) on [0,T] x Q such that
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(i) for Leb-a.a. t € [0, 7], u(t,-) € (D*P)™;
(ii) [0,T] x Q3 (t,w) — D®u(t,w) € (L2([0,T]*T*))¥" admits a progressively measur-
able version;
(i) [fully = lullye + 22y I Dl < oo
Note that Jensen’s inequality gives® for all p > 2

T T g
(/ / | Dy Xy |*du dt)
0 0

We recall a result from [40] concerning the rule for the Malliavin differentiation of 1t6 integrals
which is of use in applications of Malliavin’s calculus to stochastic analysis.
Theorem A.2 (Theorem 2.3.4 in [40]). Let (X;)epo,r] € H? be an adapted process and define
M; = fg X,.dW, fort € [0,T]. Then, X € LY2 if and only if My € D2 for any t € [0,T].
Moreover, for any 0 < s,t <T we have DsMy = X 13<y(s) + Lys<sy () f; D X,.dW,.

T
E <7721 [ DX fpdu
0

A.2. Basic Malliavin calculus results for SDEs. With relation to the Brownian mot-
ions W and W¥, we denote the Malliavin differential operators DV and DWS; see
Appendix A.1.

Proposition A.3. Let Assumption 5.1 hold. Then SDFEs (2.1) and (2.2) have a unique so-
lution R, S € SP for any p > 2 and
(i) R,S € DY2. We have DEVSRt = DZVRSt =0 for any t,u € [0,T] as well as

(A.1) DY 'Ri=1p<nd  and  DY'S, = 1p<yo®S,  tuel0,T).

(ii) For any jointly measurable function 1 : [0,T] x R x R — R that is Lipschitz (in the
second space variable), it holds that

(A.2) DY (4(t, S, Ry)) = DYV (0(t, S, Re))  Vu,r €[0,8], te0,T).

Furthermore, (D(IJ/VR(iﬁ(-, S, R.))) € 8>.
(iii) HP,H* € LY2 NS> for any a € A (recall (5.1)) and there exists M > 0 for any
0<ru<T and any ¢ € AU{D} such that DV"HS = DV"H¢ and 0 < |[DV"HS| < M.
(iv) Let ¢ € AU{D} and let ro € R. The mapping ro — (DZVRHC) is Lipschitz continuous
uniformly in u € [0,T] for any sp € (0,+00).

Proof. Throughout let ¢ € A U {D}. General results on SDEs follow from, e.g., section
2 in [41], standard Malliavin calculus, the fact that S is a geometric Brownian motion, and
p e C(0,T],R).

Proof of (i) The identity D R, = D" S, = 0 is trivial.

Proof of (ii) We prove (A.2): assume 1) to be differentiable; then for u,r € [0, t]

5The reason behind this last inequality is that within the BSDE framework the usual tools to obtain a
priori estimates yield with much difficulty the LHS while with relative ease the RHS.
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DY (4(t, Sy, Re)) = (Dan)(t, Sp, Re)b = DYV (4(t, 5y, Ry)),

where we used (A.1). Now a standard approximation by mollification delivers the two results.
Proof of (iii) The form of the Fr-measurable payoffs H”, H® is quite specific and it is
clear that for 0 <u <T and ( € AU{D}

(A.3) DY"HC =D} (n*(Sr,Rr)) = ((VA)(Sr, Rr), (0, Lueryb)) = b(0ayh°) (St, Rr).

The boundedness of D,WRH ¢ follows from the uniform boundedness of the derivatives of
h¢ € C’g. We can then conclude that if d,,h¢ # 0, then it follows that DWTHS # 0 and,
moreover, the identity D!V "HS = DY "H¢ follows from (A.2).

Proof of (iv) We now close with the proof of the last statement. Take sy € (0,400) and
let 79,79 € R be two initial conditions for R (see (2.1)) and we denote the corresponding SDE
solutions R and E, respectively. We also denote H¢ and HS the random variables depending
on R and ]?i, respectively. Due to the linear form of (2.1) it is immediate that R; — ﬁt =1r9—"p
for any ¢ € [0, 7).

The properties of | D}V "H ¢—DW H ¢| follow from those of d,,h¢ and (A.3). By assumption
h¢ is twice continuously differentiable (in space) with bounded derivatives, hence, for some
K>0

‘(3302}14) (St, Rr) — (3x2h4> (STaRTN <K ‘RT - RT‘ = K |ro — 7ol .

It follows that for some constant C' > 0 independent of the data u, sg, 70, and 7o one has, as
required, [DY" HS — DV HS| < C|ro — 7). [ |
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