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Abstract

Let X(Z) be a reflexive rearrangement-invariant Banach sequence space with nontrivial Boyd indices
ay, Bx and let w be a symmetric weight in the intersection of the Muckenhoupt classes A1 /4y (Z) and
Ay (Z). Let M X(z,w) denote the collection of all periodic distributions a generating bounded Laurent
operators L(a) on the space X (Z, w) ={¢ : Z — C: gw € X(Z)}. We show that My 7, ,, is a Banach
algebra. Further, we consider the closure of trigonometric polynomials in My (7, ,,) denoted by Cx (7 )
and H;?i%w) ={a € Mx(z,y) : @(£n) = 0 for n < 0}. We prove that Cx(z ;) + H;?Z,w) are closed
subalgebras of My (7 ).
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CCBY license
(http://creativecommons.org/licenses/by/4.0/).

MSC: primary 47B35; secondary 46E30
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1. Introduction

Let C and L* be the Banach algebras of continuous and essentially bounded functions on
the unit circle, respectively, and

H®={felL> : f(n):(]forn<0}.
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In 1967, Sarason observed that C + H* is a closed subalgebra of L*> (see [26, p. 191]
and also [27, p. 290]). An elegant alternative proof of this fact was given by Zalcman [30,
Theorem 6.1]. A few years later, Rudin [25, Theorem 1.2] presented the following abstract
version of Zalcman’s argument (see also [20, Ch. VII, Section 3, p. 149] and [8, Lemma 2.52]).
In the theorem below and in what follows, for a Banach space X, let B(X) denote the
Banach algebra of all bounded linear operators on X equipped with the operator norm.

Theorem 1.1. Suppose Y and Z are closed subspaces of a Banach space X, and suppose
there is a collection & C B(X) with the following properties:

(i) Every A € @ maps X into ).
(ii) Every A € @ maps Z into Z.
(iii) sup || Allsx) < oo.
Aed
(iv) To every y € Y and to every € > O corresponds a A € @ such that ||y — Ay|lx < &.
Then Y + Z is closed in X.

Let 1 < p < o0 and M, be the Banach algebra of symbols a generating bounded Laurent
operators L(a) on ¢7(Z), let C, be the closure of trigonometric polynomials in M, and
H}* = H*NM).In 1987, Béttcher and Silbermann proved that C,+H* is a closed subalgebra
of M, (see [6, Theorem 1] and also [8, Theorem 2.53]). Their proof is based on Theorem 1.1
with X = M,, Y =Cp, Z = HI?O, and & being the collection of all convolution operators
with the Fejér kernels.

The aim of this paper is to extend the result by Bottcher and Silbermann mentioned above
to the setting of reflexive rearrangement-invariant Banach sequence spaces (see [2, Ch. 2] and
Section 3.1) with nontrivial Boyd indices ax, Bx (see [9] and Section 3.2) and symmetric
weights belonging to the intersection of the Muckenhoupt classes A1/q, (Z) and A1, (Z).
Note that the class of rearrangement-invariant Banach sequence spaces is very wide. The most
interesting examples are Lebesgue sequence spaces £7(Z) with 1 < p < oo, Lorentz sequence
spaces £79(Z) with 1 < p < oo and 1 < ¢ < 0o, Orlicz sequence spaces £?(Z) with suitable
convex functions @ : [0, co) — [0, oo]. Boyd indices ax and By satisfy 0 < ax < Bx < 1 and,
roughly speaking, play a role of 1/ p for the spaces £7(Z). More precisely, agp = Ber = 1/p for
all 1 < p < oo, however there are reflexive Orlicz spaces £%(Z) such that 0 < a,0 < Byo < 1
(see [22, Corollary 11.12, Theorem 11.5] and [10]). It is customary to say that Boyd indices
of a rearrangement-invariant space X (Z) are nontrivial if

O<ayx, Bx<l.

Without going into technical details, we mention that our main result (Theorem 1.3) seems to
be new already in the setting of weighted Lebesgue sequence spaces £” (Z, w) with 1 < p < oo
and symmetric Muckenhoupt weights w € A,(Z).

Now we give some important definitions. Let X(Z) be a Banach sequence space (not
necessarily rearrangement-invariant) (see [2, Ch. 1] and Section 2.1). Let P’ be the space of
periodic distributions (see, e.g., [1, Ch. 3 and 5] and Section 5.2) and let So(Z) denote the set
of all finitely supported sequences. For a € P’ and ¢ € Sy(Z), we define the convolution a * ¢
as the sequence

(axg); =) a(j—ke, Jez,
kel
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where {a(j)},ez is the sequence of Fourier coefficients of the distribution a. By M X(z) W€

denote the collection of all distributions a € P’ for which a % ¢ € X(Z) whenever ¢ € Sy(Z)

and

la*elx@z)
lellxz)

If the space X(Z) is separable, then So(Z) is dense in X (Z) (see Lemma 2.1(a) below). In

this case, for a € My(z), the operator from So(Z) to X(Z) defined by ¢ — a * ¢ extends to
a bounded operator

L(a): X(Z)— X(Z), ¢+ axe,

||a||MX(Z) = sup{ v € So(Z), o # 0} < 0. (1.1

which is referred to as the Laurent operator with symbol a.

LetZ, :=1{0,1,2,...} = {0}UN. We will equip S € {N, Z,, Z} with the counting measure
m, that is, m is a purely atomic measure and m({k}) = 1 for every k € S.

A weight on S is a sequence w = {wy}res of positive numbers. Let [, n € S satisfy [ < n.
We call the set of the form J = {/,...,n} aninterval of S. Let 1 < p <ocoand 1/p+1/g = 1.
A weight w = {wy}res is said to belong to the Muckenhoupt class A, (S) if

) 1/p 1/4
[w]a,(s) == sup —— w? w, ! < 00,
0=\ ) &
where the supremum is taken over all intervals J C S.

A weight w = {wy}rez 18 said to be symmetric if w_; = wy for all k € Z. The collection
of all symmetric weights in the Muckenhoupt class A,(Z) will be denoted by A}™ (Z).

For a Banach sequence space X(Z) and a weight w = {wy}rez, the weighted Banach
sequence space X(Z, w) consists of all sequences f = {fi}rez such that fw = {frwilrez
belongs to X(Z). It is easy to see that X (Z, w) is itself a Banach sequence space with respect
to the norm

I flx@zw) =l fwlxa)-

For 1 < p < o0, let L?(—m, ) denote the space of all 27 -periodic measurable functions

f : R — C such that
1 g 1/p
——/|ﬂwvw> L 1s=pew,

”f” —m,q) = (271 -
HEET ess supl£(6)1, p = o0,

0e(—m,m)

is finite. A 2m-periodic function a : R — C is said to be of bounded variation if
V(a) = supZ la(0j41) —a(6;)]| < oo,
j=1

where the supremum is taken over all partitions —7 < 6) < 0y < -+ < 6,41 = w. It is well
known that the collection of all functions of bounded variation BV [—, 7| is a Banach algebra
with respect to the norm

“a”BV[—n,rr] = ”a”LOO(—JTJT) + V(a).

Our first result is a generalization of properties of Mx 7, . listed for £7(Z) and w = 1 in [8,
Section 2.5(d), (f), (g)].
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Theorem 1.2. Let X(Z) be a reflexive rearrangement-invariant Banach sequence space with

nontrivial Boyd indices ax, Bx and let w € AT, (Z) N AT)g (Z).

(a) If a € Mx(z,v), then a € L*°(—n, ) and

lallzoo(—zz) < llallay g, -

(b) Mx(z,) is a Banach algebra under pointwise multiplication and the norm

lallary s,y = 1L(@)IBx(z.w))-

(c) There is a constant Cx(z,. € (0, 00) depending only on X (Z) and w such that

lallsy ) < Cx@w) (lallie () + V(a))
for all a € BV |—mn, xt]. In particular, BV [—1, 7] < Mx(z,v)-

It would be interesting to clarify whether the above result remains true if one drops the
assumption that the weight w is symmetric.
Let 7P denote the set of all trigonometric polynomials, that is, functions of the form

p(0) = Z ce™, 0 eR,

[k|<n

where n € Z, and ¢, € C for all k € {—n, ..., n}. Since each function in 7P is of bounded
variation, it follows from Theorem 1.2(c) that TP C Mx(z). We denote by Cx(z,.,) the
closure of 7P with respect to the norm of the Banach algebra My 7, ., and put
H;‘ng) = {a € My : a(£n) =0 for n < 0}.
The following extension of [0, Theorem 1] and [8, Theorem 2.53] is the main result of this
paper.

Theorem 1.3. Let X(Z) be a reflexive rearrangement-invariant Banach sequence space
with nontrivial Boyd indices ax,fx and let w € AT} (Z) N AT)g (Z). Then the sets
Cxzw) + H;?th) are closed subalgebras of the Banach algebra Mx (z, ).

The paper is organized as follows. The first two sections cover the preliminaries. In
Section 2, we collect properties of Banach sequence spaces culminating with the fact that if
an operator is bounded on a Banach sequence space X(Z) and on its associate space X'(Z),
then it is bounded on the space £?(Z). Section 3 is devoted to rearrangement-invariant Banach
sequence spaces, their Boyd indices, and the Boyd interpolation theorem [9].

In Section 4, we prove that if w € A" (Z), then w'*¢ € AY™(Z) for all ¢ sufficiently close
to zero and all p sufficiently close to pg. This result extends the previous stability result for
discrete Muckenhoupt weights by Bottcher and Seybold [4, Theorem 1.1], which did not allow
to “shake” po. We follow closely the proof given by Bottcher and Karlovich [3, Theorem 2.31]
for continuous Muckenhoupt weights.

Section 5 is dedicated to the study of properties of My ). We show that if X(Z) is a
reflection-invariant Banach sequence space, then Myz) = Mx/(z) with equal norms. If, in
addition, X (Z) is reflexive, then the interpolation theorem from Section 2 allows us to prove
that My z) — L*®(—m, ) and that My z) is a Banach algebra. We conclude this section with
the proof of the uniform boundedness of Fejér means of a € Mx(z) if X(Z) is a reflexive
reflection-invariant Banach sequence space.
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We start Section 6 with the observation that if X(Z) is a reflexive rearrangement-invariant
Banach sequence space and a weight w is symmetric, then X(Z, w) is a reflexive reflection-
invariant Banach sequence space. So, Theorem 1.2(a)-(b) is a consequence of results of
Section 5. Further, combining the stability result for Muckenhoupt weights of Section 4,
the Boyd interpolation theorem (Theorem 3.1), and Stechkin’s inequality for €7 (Z, w) with
w € A,(Z) proved by Bottcher and Seybold [4, Theorem 1.2], we prove Theorem 1.2(c).

The proof of Theorem 1.3 essentially consists of verification of properties (i)—(iv) of
Theorem 1.1 for X = Mxizw), Y = Cx@zuw), 2 = HX(Z w) and @ being the collection
of all convolution operators with the Fejér kernels @ +— o,(a). The most difficult is the
verification of property (iv), where we have to prove that o,(a) — a as n — o0 in the
norm of Myz ) for every a € Cx(zw)- It follows from the definition of Cy(z ) and the
last result of Section 5 that it is enough to consider a € TP C C[—n,n] N BV[—x, x]. On
the other hand, the combination of the Boyd and Stein—Weiss interpolation theorems with the
Stechkin inequality allows us to reduce the study of convergence o,(a) — a in the norm
of My(z,w) for a € C|—m, ] N BV[—m, 7] to the study of convergence o,(a) — a in the
norm of M2z = L*>®(—m, ), which is a classical result. Once again, our ability to perform
this interpolation argument is based on the stability result for symmetric Muckenhoupt weights
obtained in Section 4. This will complete the proof of Theorem 1.3.

2. Preliminaries on Banach sequence spaces

2.1. Banach sequence spaces

Let S € {N, Z}, let £°(S) be the linear space of all sequences f : S — C, and let £ (S) be
the cone of nonnegative sequences in EO(S). According to [2, Ch. 1, Definition 1.1], a Banach
function norm o : Kﬂ(S) — [0, 00] is a mapping which satisfies the following axioms for
all £, g € €9(S), for all sequences {f™},en in €(S), for all finite subsets £ C S, and all
constants o > 0:

(A) o(f) =0 [ =0, olaf) = o(f). o(f +&) = e(f) +ols),
A2)0<g=<f = Q(g)f o(f) (the lattice property),

(A2)
(A3) 0< f™ 1 f = o(f™) to(f) (the Fatou property),
(Ad) o(xx) < oo,
(A5) D fi < Cra(f),
keE

where xg is the characteristic (indicator) function of E, and the constant Cr € (0, c0) may
depend on ¢ and E, but is independent of f. The set X(S) of all sequences f € £°(S) for
which o(] f]) < oo is called a Banach sequence space. For each f € X(S), the norm of f is
defined by

1/ lxes) = e(lf1)

The set X (S) equipped with the natural linear space operations and this norm becomes a Banach
space (see [2, Ch. 1, Theorems 1.4 and 1.6]). If o is a Banach function norm, its associate norm
0’ is defined on ¢4 (S) by

= {kagk: = (fies € L2(5). o(f) <1}, g ety(S)
keS
5
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It is a Banach function norm itself [2, Ch. 1, Theorem 2.2]. The Banach sequence space X'(S)
determined by the Banach function norm ¢’ is called the associate space (Kothe dual) of X (S).
The associate space X'(S) can be viewed as a subspace of the Banach dual space X*(S).

Let us conclude these subsections with two results highlighting the idea that in many cases
arbitrary sequences can be approximated by finitely supported sequences.

Lemma 2.1. Let X(Z) be a Banach sequence space and X'(7Z) be its associate space.

(a) If X(Z) is separable, then the set So(Z) is dense in the space X (Z).
(b) If X(Z) is reflexive, then the set So(Z) is dense in the space X(Z) and in the space
X' (Z).
Part (a) follows from [2, Ch. 1, Proposition 3.10, Theorem 3.11, and Corollary 5.6]. Part
(b) follows from part (a) and [2, Ch. 1, Corollary 4.4].

Lemma 2.2 (See [17, Lemma 2.1] and also [16, Lemma 2.10]). Let X(7Z) be a Banach
sequence space and X'(Z) be its associate space. For every sequence f = {filiez € X(Z),

kask

keZ

08 = {siheez € So(Z), lIslxrzy <1¢-

I fllxz) = sup I

2.2. Minkowski integral inequality for Banach sequence spaces

We will need the following Minkowski integral inequality for Banach sequence spaces,
which is a special case of [28, Proposition 2.1].

Lemma 2.3. Let 7 be equipped with the counting measure m and [—m, 7] be equipped

with a o-finite probability measure w. Suppose X(Z) is a Banach sequence space. If f is
m X p-measurable, then

“/ |f<j,x)|am<x>}j€Z

2.3. Reflection-invariant Banach sequence spaces

5[ ||{f(j7x)}jez||x(z)du(x).

X(2)

By analogy with [16, Subsection 7.2], we say that a Banach sequence space X(Z) is
reflection-invariant if ||¢|xz) = 1@l x(z) for every ¢ € X(Z), where ¢ denotes the reflection
of a sequence ¢ = {¢r}rez defined by

Ok =9_, kel

Lemma 2.4. A Banach sequence space X (7) is reflection-invariant if and only if its associate
space X'(Z) is reflection-invariant.

Proof. Fix ¢ = {Yilez € X'(Z). If X(Z) is reflection-invariant, then it follows from [2,
Ch. 1, Lemma 2.8] that

Z kapk

D@ = {phkez € X(Z), lollx@z) < 1}
keZ

IVl x(z) = sup {

6
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e

keZ
= sup {

PR
keZ
because ||@llxz) = ll¢llx(z) for all ¢ = {@i}kez € X(Z). Hence X'(Z) is reflection-invariant.
If X'(Z) is reflection-invariant, then, by what has already been proved, X”(Z) is reflection-
invariant. It remains to recall that, by the Lorentz—Luxemburg theorem (see [2, Ch. 1,
Theorem 2.7]), the space X"(Z) coincides with the space X(Z) and |l¢llxz) = l¢llx(z)
for all ¢ = {gr}kez € X(Z). Thus, X(Z) is reflection-invariant. [J

Do =Aohkez € X(Z), llelx@) < 1}

Do ={ohkez € X(Z), lelxz) < 1} = ¥lx @)

2.4. Interpolation of operators between a Banach sequence space and its associate space

Let Xo(Z) and X;(Z) be Banach sequence spaces. Suppose 0 < 6 < 1. The Calder6n
product (X37X%)(Z) of Xo(Z) and X;(Z) consists of all sequences x = {x;}rez € €°(Z)
such that the inequality

Ixel < Ayl PNzl ke Z, 2.1)

holds for some A > 0 and elements y = {y}rez € X0(Z) and z = {zxhkez € X1(Z) with
I¥llxoz) <1 and [Izllx,(z) < 1 (see [11]). The norm of x in (Xé*OXf)(Z) is defined to be
the infimum of all values of A in (2.1).

Theorem 2.5. Let X(Z) be a Banach sequence space and X'(Z) be its associate space. If
A : €°(Z) — €°(Z) is a linear operator bounded on X(Z) and on X'(7), then A is bounded
on *(Z) and

1/2

1/2
Al < 1A I Ao @)
Proof. It follows from the Lozanovskii interpolation formula that
(XV2(X)V2)(2) = *(2) (2.2)
with equality of the norms (see, e.g., [22, Ch. 15, Example 6, p. 185]). The desired result is a
consequence of (2.2) and an abstract version of the Riesz—Thorin interpolation theorem given
in [23, Theorem 3.11]. [

3. Rearrangement-invariant Banach sequence spaces and their Boyd indices

3.1. Rearrangement-invariant Banach sequence spaces

Let S € {N, Z}. The distribution function of a sequence f = {fi}ies € £°(S) is defined by
di(A) =mlkeS:|fil >}, A>0,

where m(S) denotes the measure (cardinality) of a set S C S. For any sequence f € £°(S), its
decreasing rearrangement is given by

ff(n)=inf{A>0:d;(A) <n—-1}, neN.

One says that sequences f = {filies, € £2(S1), g = {gilkes, € £9(Ss) with Sy, s € (N, Z}
are equimeasurable if d; = d,.
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A Banach function norm ¢ : £9(S) — [0, 00] is said to be rearrangement-invariant if

o(f) = o(g) for every pair of equimeasurable sequences f = { fi}kes, & = {gk}kes € €1(S).
In that case, the Banach sequence space X(S) generated by o is said to be a rearrangement-
invariant Banach sequence space (cf. [2, Ch. 2, Definition 4.1]). It follows from [2, Ch. 2,
Proposition 4.2] that if a Banach sequence space X(S) is rearrangement-invariant, then its
associate space X'(S) is also a rearrangement-invariant Banach sequence space.

3.2. Boyd indices

Let X(Z) be a rearrangement-invariant Banach sequence space generated by a rearrangement-
invariant Banach function norm ¢ : €% (Z) — [0, 0o]. By the Luxemburg representation theorem
(see [2, Ch. 2, Theorem 4.10]), there exists a unique rearrangement-invariant Banach function
norm g : £9(N) — [0, co] such that

o(f)=2alf"), feti(z)

The rearrangement-invariant Banach sequence space generated by g is denoted by X(N) and
is called the Luxemburg representation of X (Z).

Let r > 0. We denote by |¢] the greatest integer less than or equal to ¢. For f = { fi}ren :
N — [0, 00), consider the following operators:

(Eif)i = fix-  (Fif)k = fie—1ysjj+1. J-keN.
For j e N, let

H(j, X)=sup{a(E;f*) : feXN), a(f) <1},

K(j, X) =sup{a(F;f*) : feX(N), a(f) <1}.
It follows from [9, Lemmas 3-5] that the following limits

—logH(j, X log K(j, X
ay = lim g A) (J’ >, Bx = lim 0822 (]’ )
j—0o log j j—o00 log j

exist and satisfy

O<ax=Bx =1 oax=1—-px, Bx=1—-ax.

The numbers oy and Bx are called the lower and the upper Boyd indices, respectively.
3.3. Boyd’s interpolation theorem

The next theorem follows from the Boyd interpolation theorem [9, Theorem 1] for quasi-
linear operators of weak types (p, p) and (q, q). Its proof for nonatomic measure spaces can
also be found in [2, Ch. 3, Theorem 5.16] and [21, Theorem 2.b.11].

Theorem 3.1. Let 1 < g < p < 0o and X(Z) be a rearrangement-invariant Banach sequence
space with the Boyd indices oy, Bx satisfying
1/p<ax < Bx <1/q.

Then there exists a constant C,, € (0, 00) with the following property. If a linear operator
T : ¢%(Z) — €°(Z) is bounded on the spaces £”(Z) and €%(Z), then it is also bounded on the
rearrangement-invariant Banach sequence space X (Z) and

ITlBx(z)) < Cp.qmax{ITlzer ). IT 0@ }- 3.D
8
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Notice that estimate (3.1) is not stated explicitly in [2,9,21]. However, it can be extracted
from the proof of the Boyd interpolation theorem.
4. Discrete Muckenhoupt weights
4.1. Symmetric reproduction of Muckenhoupt weights

Recall that A}™(Z) denotes the collection of weights v € A,(Z) satisfying v_x = v,

for all k € Z. The following lemma allows us to extend a weight w € A,(Z;) to a weight
v e AY™(Z) (see [18, Lemma 3.2] and also [3, Section 2.4], where similar results in the

continuous case are considered).
Lemma 4.1. Let1 < p < o0, w:Z; — (0,00) and v, := wyy, n € Z. Then

weALy) = veAVT(D).

4.2. Reverse Holder inequality
We will need the following result contained in [4, Lemma 2.3].

Theorem 4.2. Let 1 < p < oo and w € A,(Z,.). Then there exist § > 0 and C > 0 depending
only on p and w such that

1 1/(1+6) c
p(1+8) < P
<m<R> o ) = w2

keR keR
for all intervals R C Z,. such that m(R) = 2" withr € N.

4.3. “Convexity” property of discrete Muckenhoupt weights

The following lemma is analogous to [3, Proposition 2.30]. We give its proof for the sake
of completeness of presentation.
Lemma 4.3. Let w: Z, — (0, 00) be a weight. Then the set
I'={(p,8) e(l,00) xR : w? e A,(Zy)}

is convex.

Proof. Let (p1,81) € I" and (p2, 82) € I' and put
p(0) = (1—0)p1 +60ps, 8(0):=(1—0)8; +055, 6¢€(0,1).

By definition of I, we have w®l/Pt € A, (Z) and w®2/P2 € A,,,(Z,). We have to show that
wd@O/PO) e A, (Z,) for all 6 € (0, 1).
Let J C Z, be any interval. Consider

a=1/(1-6), p:=1/6. “.1)
Then for all k € J,

p(6) _ 1/a 1/B
(wi(e)/pw)) _ w,il 0)81+652 _ (wil) (w;f?) _

9



O. Karlovych and S.M. Thampi Journal of Approximation Theory 314 (2026) 106223

Holder’s inequality with «, 8 given by (4.1) implies that

1 50)/p (0 P(® @) 1 Va [ 5 NP Y@
(mz(“’k ) ) ‘<< Z(’”k) (vi2) )

kelJ

1 . 1/a
: (sz;) ( ,Z

1/p(0)

kelJ

(s Z )

Define ¢; and g(0) by

1
P1 p(9

( 2}( wp72)” ) . 4.2)

Slon j=12 —+ =1, 6e(0,1)
AR ORTO R
Let
_pO@a 1 pO)gl
T q0) pr1-6° q(0) p2 6 4.3)
Then
L o1 _a@) (pry g, P2
;+;_P(9)<6]1(1 9)+q29)
1 _rO)-1_
= p(g)_l((m—1)(1—9)+(p2—1)9)_ @) 1 =1
and
_8(0)q(0) _ q(0) .
p@)  p) T
90) pry g5 1 20) 2, a0
P e

g 2
@) 1 pr pO) gz T p2
P1 14 P2 1%
Hence, for all k € J,
<w1:5(9)/17(9))q(9) _ (wk—51(11/l71)1/y (wk—82q2/p2)1/ﬂ.

Applying Holder’s inequality with y and p given by (4.3), we get

1/4(9)
(L ) (wk6<9>/p<o>)‘I<0>)
m(J)
- Z 751q1/p1) Wy ( quz/pz)l/“) o
m

k

1 1/y 1/p
—8191/p1 —quz/pz
() G )

10
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_ (L » (w—tSl/Pl)ql)l/(Vq(e)) (L 3 (w—sz/m)qz)l/(“q(g))
~ \m() ¢ m(J) ¢

keJ keJ
L(lffe))m Lg%
1 ( *51/p1>q:l e 1 ( 782/112)‘12 =
=(— 3" (w — 3" (w . 4.4)
(mng k i 2 (v

Multiplication of (4.2) and (4.4) shows that

1 5(6)/p(6)\ P(®) e 50/ pe)\ 4@ 1/a(®)
i 2 () zJ( )

keJ
1 (1-0)py 1 (1-6)py
1 Z 81/p1 p1 p(0) Z 51/p1 91 p(9)
= (w)" iy 2 ()
m(J) keJ ‘ ) ke
7 70 % 709
q2 p(6
x 1 Z(wiz/pz ey —52/172) 2
m(J) i (

(1 (99);’1
81/ p 32/
= <[w ' pl]AP1(Z+)) ([ ’ p2]AP2(Z+))

Passing to the supremum over all intervals J C Z,, we obtain

(1-6)py Op2

81/p1 (8 ( 82/p2 )p 9)
Apo)(Z+) = ([w ]A”l (Z+)) [w ]AP2 (Z+)

and w*@/PO) € A, (Zy). O

[wsw)/p(e)]

4.4. Stability property of discrete Muckenhoupt weights

The stability property of weights in A,(Z) available in [4, Theorem 1.1] is not sufficient
for our purposes. We will need a more general version of it, which is analogous to [3,
Theorem 2.31].

Theorem 4.4. Let 1 < pg < oo. If w € A, (Z), then there exists &g > 0 such that
w't® € A,(Zy) for all ¢ € (—&o, &0) and all p € (po — €0, po + €o).

Proof. The proof given below is an adaptation of the proof of [3, Theorem 2.31] to the discrete
setting. If w € A, (Z4), then w™' € A, (Zy), where 1/po + 1/qo = 1. By Theorem 4.2,
there are constants 8, n € (0, 00) and C, D € (0, 00) such that

1/(1+8)
( 1 po(1+s>>
_§ Wy

m(R)

<— Z w! 4.5)
keR keR
1 1/(14n)
—qo(1+n)
— Yy, =—= Z wy (4.6)
(m(R) keR ) keR

for all intervals R C Z, such that m(R) = 2" with r € N.
11
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If =1 < A1 < Ay, then &(x) = x(1*%2)/(+41) s convex on [0, co) and we may apply
Jensen’s inequality to deduce that

1/(1421) 1/(1422)
1 U1+A1 < 1 vl+k2
m(R) &= ~\m(R) ="
keR keR

for any weight v = {vt}rez, - Thus, letting A := min{d, n}, we obtain from (4.5) and (4.6) that

1/(1+2) 1/(1+5)
1 Z wPo ) < 1 wPo (o)
m(R) & “\mR)

keR keR

C
< — w?o, 4.7
m(R); k
1/(1+2) 1 1/(1+n)
—q0(1+2) —q0(1+n)
(s ) f(mwz“’k )

eR keR

< Z w0 4.8)

keR
for all intervals R C Z such that m(R) = 2" with r € N. It follows from (4.7) and (4.8) that

1/po 1/q0
( 1 w,fO(“”) ( 1 wk—qo<1+x)>
m<R) keR m<R) keR

C 1/po 1/go M
| zr) (e se)
<m<R) keR keR

1+’~ 1+x
(Cl/Po Dl/qo)
Apo Z+1)

IA

for all intervals R C Z, such that m(R) = 2" with r € N.
Now let J C Z, be an arbitrary interval with m(J) > 2. Choose any interval R C Z, such
that m(R) = 2" for some r € N, J C R and m(R) < 2m(J). Then

S (Ser) T (Se)

keJ keJ

< () (S

keR keR

<2(cYr Dl/cJo)H"\ [wﬁ\x(@)'

Passing to the supremum over all intervals J C Z,, we obtain

144 1/po pl/ao) 1> 1, 11+n
[w ]APO(Z+)§2(C Poplia) [W]Apo(zg-

Consequently, (po, (1+A)po) € I'. Because, by Lemma 4.3, the set I" is convex and contains
the half-line (1, co) x {0}, it follows that (pg, po) is an inner point of I" (in the usual topology
of R?), which is equivalent to the assertion of the theorem. [J

Lemma 4.1 and Theorem 4.4 immediately imply the following.

12
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Corollary 4.5. Let 1 < py < oo. If w € AR (Z), then there exists g > 0 such that
wit® e AY™(Z) for all € € (-, €0) and all p € (py — €0, po + €0)-

4.5. Stechkin’s inequality

In 1950, Stechkin [29] proved that if a 2w-periodic function @ : R — Z is of bounded
variation, then a € M;p(z). Bottcher and Seybold [4, Theorem 1.2] proved the following
weighted extension of Stechkin’s inequality.

Theorem 4.6. Let 1 < p < oo. If w € A,(Z), then there is a constant cp,, € (0, 00)
depending only on p and w such that

lallpp g,y < €pow (Iall oo () + V(@)

for all a € BV |—m, xt]. In particular, BV [—1, T] <> Myp(z,)-

S. Banach algebra My z)

5.1. Laurent operators on the space (*(7)

We start this section with the following well-known result (see, e.g., [7, Theorem 1.1 and
equalities (1.5)—(1.6)] and also [14, Section XXIII.2], [15, Section 3.1]).

Theorem 5.1. Let {a,},cz be a sequence of complex numbers. The Laurent matrix (a j*k)fk:— o
generates a bounded operator A on the space (*(Z) if and only if there exists a function
a € L*®°(—n, ) such that a, = a(n) for all n € Z. In this case A = L(a) and

lalin,s = IL(@)lIBee2(2)) = Nlalloo(—mm)-

Moreover, if a,b € L®(—m, ), then L(a)L(b) = L(ab) on the space €*(Z).
5.2. Periodic distributions and their Fourier coefficients

Let P be the set of all infinitely differentiable 2 -periodic functions from R to C. Elements
of P are called periodic test functions. One can equip P with the countable family of seminorms

lullyp = sup |D*'u(x)l, keN,

x€[—m,7)
where D*u denotes the kth derivative of u and D% = u, and the metric
o0
1 flu—vlp
d(u,v) = _
(. 0) ; 21+ lu—vlp

Then the set P endowed with the metric d is a complete linear metric space (see [1, Ch. 3,
Theorems 2.1-2.2]).

A periodic distribution is a continuous linear functional on the complete linear metric space
(P, d). The set of all periodic distributions is denoted by P’. The functions

E,(0) := e 0 eR,
13
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belong to 7P C P for all n € Z. The Fourier coefficients of a periodic distribution a € P’ are
defined by

a(n):=a(E_,), necz.
The complex conjugate a of a periodic distribution a € P’ is defined by
a(u) =a(u), ueP.

It is easy to see that

a(n) =a(E-,) = a(E_,) = a(E, (5.1)

SN~—"
I
8)

0
S

2
S
m
2

5.3. Complex conjugate of an element of My z) belongs to My (z)

For ¢ = {gi}kez € X(Z) and ¢ = {Y ke € X'(Z), put
= Z¢k%~
kel

For j € Z, let e; := {8 jx}xez, where & is the Kronecker delta. It is clear that e, € Sy(Z) for
every k € Z.
The following lemma resembles [8, Section 2.5(a)].

Lemma 5.2. Let X(Z) be a Banach sequence space and X'(Z) be its associate space. If
a € My ), then a € Mx(zy and \|almy ;) = ll@llmy -

Proof. If i, j € Z, then taking into account (5.1), we get

(axeie)) =Y (axe)nle)n=(axe); =Y a(j—k)(e)=a(j—i)

meZ keZ
_az—j Zal— (e k_(a*ej),_Z(ei)m(E*ej)m
kel meZ
:(e[,ﬁ*ej).

Hence, for all ¢, Y € Sy(Z),

(@%@, ¥) = (p.axy).
Fix ¥ € So(Z) and recall that X(Z) = X" (Z) with equal norms (see [2, Ch. 1, Theorem 2.7]).
It follows from the above observations and Lemma 2.2 that
la* ¥llxz) =sup{l(g.ax¥)| : ¢ € So(Z), llelxrz) <1}
=sup{l(ax ¢, ¥)| : ¢ € So(Z), llplx@z) <1} (5.2)
On the other hand, Holder’s inequality for Banach sequence spaces (see [2, Ch. 1, Theo-
rem 2.4]) and (1.1) imply that for all ¢ € Sy(Z),
(ax@, ¥)l <llaxellx@)¥ixa@ < laluyg lelx@¥ixe- (5.3)
Combining (5.2) and (5.3), we arrive at
la * ¥lix )

1@l sty s, =sup{ v € S@. Wik 51} < lalluygy- G54

14
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Applying inequality (5.4) to @ and X'(Z) in place of a and X(Z), respectively, we get
Ity ey = Dy, ) = 100y 5.5)

Inequalities (5.4) and (5.5) imply that ”“”Mx(z) = ||5||MX,(Z). O
5.4. The sets Mx(zy and My (z) coincide if X (Z) is reflection-invariant
The next lemma extends [8, Section 2.5(b)].

Lemma 5.3. If X(Z) is a reflection-invariant Banach sequence space, then a € My ) if and
only if @ € My(z) and llallyy ) = @y,

Proof. If X(Z) is reflection-invariant, then the anti-linear operator R defined by Rp = 5, that
is,

(Rp)j=9_;, JeEL,

is an isometry on X(Z) and R? = I.
If ¢ € So(Z), then taking into account (5.1), we get for all j € Z,

@x@); =Y a(j—kee =Y alk— e =y alk— )P

keZ keZ keZ
= Zﬁ(k — )P = Zﬁ(—j — k)¢ = Zﬁ(—j — k)(Re)k
keZ keZ keZ

= (a*Ry)_; = (R(a* Rp));.
Hence, taking into account that ¢ € So(Z) if and only if ¥ = Rg € Sy(Z), we get

_ I % gl
l@llary,,, =sup { ———2E g e So(Z), ¢ #0
@) lelxe)
IR(a * Ro)llx(z
—sup | ——— 2B e 50(Z), 9 £0
lellxz)
lla * Rollx(z) }
=supl————= : € S(Z), ¢ #0
IR(Re)llx(z) ()
lla * ¥lxz) }
=sup{——— : Yy € Sy(Z), ¥ #0
IRV Ixz) o(2)
la * ¥l xz }
=supl———— : Y € So(Z), ¥ #0; = |lall s
Wlxe) o(2) Hxa@

which completes the proof. [
The previous two lemmas lead to the following.

Corollary 54. If X(Z) is a reflection-invariant Banach sequence space and X'(Z) is its
associate space, then Mx(zy = M/ (z) and ||a||MX(Z) = ||a||MX,(Z) for all a € Mxz).

Proof. By Lemma 2.4, X'(Z) is a reflection-invariant Banach sequence space. If a € My z),
then @ € My/(z) and ||a||MX(Z) = ||E||MX,(Z) in view of Lemma 5.2. On the other hand, Lemma

15
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5.3 applied to My (z) implies that a € Mx/(zy and ||E||MX,<Z) = ”a”MX’(Z)' So,

My z)y — Mx(z) (5.6)
and

lallaty ) = lallury,,, for a € My, (5.7)

It follows from what has already been proved with X’(Z) in place of X(Z) and the equality
X(Z) = X"(Z) with equal norms (see [2, Ch. 1, Theorem 2.7]) that

My zy > Mxr(zy = Mxz) (5.8)
and
lalmy gy = Nalimygn g = lalmy g, for ae Mx(z). (5.9)

Combining (5.6)—(5.9), we arrive at the desired conclusion. [J
5.5. Continuous embedding of Mz into L*(—m, 1)

The following result is the key ingredient in the proof of the main result of this section. It
extends one of the assertions in [8, Section 2.5(d)].

Theorem 5.5. Let X(Z) be a reflexive reflection-invariant Banach sequence space. If a €
My z), then a € L*(—n, ) and

lall o () < lallarys -

Proof. If a € Mx(z), then in view of Corollary 5.4, a € Mx:(z) and ||a||MX(Z) ||a||MX,(Z)
Since the space X(Z) is reflexive, Lemma 2.1(b) implies that Sy(Z) is dense in X(Z) and in
X'(Z). Hence L(a) € B(X(Z)) and L(a) € B(X'(Z)) with

IL(a)lBx(z)) = IL(a)lBox @) = lallmygy = llalmy g, -
It follows from Theorem 2.5 that

1/2 1/2
||a||MZ2(Z) = ||L(a)||B(£2(Z)) = ”L(a)”lg/(x(z))”L( )”B/X/(Z)) = ”a”MX(Z)
It remains to recall that M2z = L*(—m, ) and ||a||M[2(Z) lallLoo(—x.x) (see

Theorem 5.1). O
5.6. Mx(z) is a Banach algebra if X (Z) is reflexive and reflection-invariant

Now we are in a position to prove the main result of this section. It generalizes [8,
Section 2.5(g)].

Theorem 5.6. Let X (Z) be a reflexive reflection-invariant Banach sequence space. Then Mx (7,
is a Banach algebra under pointwise multiplication and the norm

lallay, = IL(@)lBx@))- (5.10)

16
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Proof. If a, b € Mx(z), then by Theorem 5.5, a, b € L*°(—m, ). Hence, Theorem 5.1 implies
that

L(ab)p = L(a)L(b)e
for all ¢ € So(Z) C €2(Z). Since So(Z) is dense in X(Z) (see Lemma 2.1(b)), we conclude
that L(ab) = L(a)L(b) on X(Z). Hence ab € Mx(z) and

lablisy s, = IL(ab)lsxz)) < IL(@)lBx@) ILB)Bx@) = llallmyq, 101y, -

So, Mx(z) is a normed algebra under pointwise multiplication and the norm (5.10).

It remains to show that My z) is complete. Let {a(")}neN be a Cauchy sequence in M (z).
Then Theorem 5.5 implies that {a")},cy is a Cauchy sequence in L>°(—, 7). Since the latter
space is complete, there exists a € L>(—m, i) such that la®) — allpoo(—x,z) —> 0 as n — oo.
Theorem 5.1 implies that

IL(@a™) — L(a)llpu2@z)y) — 0 as n— oo. (5.11)

Since {L(a™)},cy is a Cauchy sequence in B(X(Z)) and B(X(Z)) is complete, there exists
an operator A € B(X(Z)) such that

IL(a"™) — Allpxzy — 0 as n— oo, (5.12)
Let ¢ = {gi}rez € So(Z) C €%(Z) N X(Z). 1t follows from (5.11) and (5.12) that
IL(@™)p — L(a)plli2zy — 0. [IL(a"™)p — Agllx@z) — 0 as n— oo.

In view of [2, Ch. 1, Theorem 1.4], these relations imply that for every finite sets S C Z and
every ¢ > 0,

m{kesS : |(L
mlkeS : |(L

a" ) — (L(a)g)i| = £} — 0.
a")g)i — (Ap)| = ¢} — 0

as n — oo. Since m(B) < 1 if and only if B C Z is empty, we conclude that for every finite
set S C Z and every ¢ > 0, there exists np = no(S, ) € N such that for all k € S and all
n > no,

[(L(a")p) — (L(@)e)| <& |(L(a™)p) — (Ap)| <.
Hence, for all k € Z,
(L(@)g)e = lim (L(a" @) = (Ap).

Thus L(a)g = Ag for all ¢ € So(Z). Lemma 2.1(b) implies that A = L(a) on X(Z). Since
L(a) € B(X(Z)), we conclude that a € My z). So, the Cauchy sequence {a™},cz in My(z)
converges to a € Mx(zy. Thus Mx(z) is complete. [J

(
(

5.7. Uniform boundedness of the Fejér means in the norm of Mx z)

Let a € P’ and let {a(n)},cz be the sequence of Fourier coefficients of a. The partial sums
of the Fourier series of a are defined by
[s.(@)](0) = Y_a(k)e™, 6eR, neZy,
k=—n

17
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and the Fejér (or Fejér—Cesaro) means of a are defined by

o(a) = Zsk , N€EZy.

For f,g € L' ( ) define the convolution of f and g by

(7+8)0) = 5 [ 10~ 9)s(0)do.

Forn e Z,, let

2
ko 1 [sin®e
K, (0) = 1- ok = —=2—| . 0eR,
(0) Z( n+1 ¢ n+1 sin &

|k|<n 2

be the nth Fejér kernel. If a € L'(—m, 7), then
ou(a) =K, *xa (5.13)

(see, e.g., [19, Ch. I, Section 2]).
The following result for spaces ¢7(Z) is essentially due to Nikol’skii (see corollary to [24,
Theorem 5]). Its proof is given in [8, Lemma 2.44]. Our proof is analogous to the latter one.

Lemma 5.7. Let X(7Z) be a reflexive reflection-invariant Banach sequence space. If a € Mx z),
then

low(@) sty 5y < lallirys,
forallneZs,.
Proof. Fix n € Z,. It follows from Theorem 5.5 that a € L*(—m, 7). For x € R, define the
function
ac(0) :=a@ —x), 6¢€R.
Then, for all j € Z,

a) = 5= [ a@=nea0 = o [ a0 ao
— i %/ a(f)e —ij% 4o _e*IJX"(j)_ (5.14)
It follows from (5.13) that
1 T
[04(a)](0) = (K, %a)(0) = 271/ a,(0)K,(x)dx. (5.15)

For x € R, define the operator D, : X(Z) — X(Z) by
{pi}iez = (€79} jen.

It follows from the definition of the norm in X(Z) that D, is an isometry on X (Z).
If o ={¢;}jez € So(Z), then taking into account (5.14), we get

(D—xL(a)Dx)¢ = D_;L(a) ({ ”"w,}]ez) D_, {Zﬁ(j —k)e ’kxgok}
JEZ

keZ
18
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={e"”2 (j = ke’ } ={Za‘(j—k>e"<’<”*¢k}
JEZ JEZ

keZ keZ
= { a(j— k)wk} = L(ay)p. (5.16)
kel §=//
It follows that for all ¢ = {¢;} ez € So(Z), all x,y € R, and all j € Z,

I(Dx@)j — (Dyg) il = (7" = )| < 1jl1x = yllg;| < (,max |j|> Ix — yllg;l.
JESupp ¢

The above inequality and Axioms (A1)—(A2) in the definition of a Banach sequence space
imply that

D¢ — Dyolixz) < <,max |j|> lx =yl lelxa)- (.17
Jjesuppg
Equality (5.16) and inequality (5.17) imply that for every ¢ € Sy(Z), the function

[-7, 7] > X(Z), x> L(ay)e (5.18)

is continuous. Then
o

5o I L(ax)ellxz) Kn(x)dx < max ||L(ax)§0||x(z) < oo.

27 J_» xe[-m

So, by [12, Ch. 2. Section 2, Theorem 2], the function given in (5.18) is Bochner integrable
on [—m, 7] with respect to the probability measure du,(x) = K, (x)dx/(2n). Similarly, the
constant function

[-7, 7] > X(Z), x> ¢ (5.19)
is continuous and, hence, is Bochner integrable.
Equality (5.15) and Fubini’s theorem imply that for all j € Z,
1 e

(@) (1) = 5= [ lowt@)(0)e” " do

1 T T B
=13 (f ax(Q)K,,(x)dx) e %o
T —1 —1

- 4%2 /_Z (/_Z a.(6)e 7’ d@) K, (x)dx

- _zaxum(x)dx-
Hence, for all ¢ € Sy(Z) and all j € Z,
(L(ou(a))e); = D_(0u(@))"(j — k)

keZ

—2( [ ati-nrax) e
(Zax./_k ) n(x)dx

keZ
19
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1 (7

=5 B

Since the functions given by (5.18) and (5.19) are Bochner integrable, it follows from Hille’s

theorem (see [12, Ch. 2, Section 2, Theorem 6]) with T = T; : X(Z) — C, sending a sequence
Y = {Yi}icz € X(Z) to its jth coordinate, that

(L(ax)p)jKn(x)dx. (5.20)

1 b/ b/ b/
o [k, = [ 1tain i =1, ([ Ladedu)
1 T
= (2—/ L(ax)(pKn(x)dx> .
7 J . i
Combining this equality with (5.20), we get for all ¢ € Sy(Z),
1 b4
L(oy(a))p = — L(a;)pK,(x)dx. (5.21)
27 J_»
Let

U0 = (La)e);. jeZ. xel-mxl.
It follows from (5.21), the Minkowski integral inequality (see Lemma 2.3 with the above
function f(j, x) and the probability measure du, (x) = K,(x)dx/(27) on [—m, 7]) that

! / L ()| Ko (x) dx

2w [,

IA

||L(Un(a))€0||x(z)
X(Z)
T

1
% . ”L(ax)(p”X(Z)Kn(x)dx'

IA

Then applying (5.16) and taking into account that D_, and D, are isometries on X (Z), we get
for all ¢ € Sp(Z),

1 b4

2 ),

IA

IL(ow(a))ellx(z) ID—xL(a)Dxgllx(z)Kn(x)dx

T

1
||L(a)||B(x(Z))||<P||x(z)2— K,(x)dx
T -7

IA

= llallaty s, 9l x2)-
Thus,
IL(on(a))ellx)

9 € So(Z), ¢ O}suan :
lollxz) o(@). ¢ # Mx (@)

||Gn(a)||MX(Z) = Sup {

which completes the proof. [

6. Proof of the main results

6.1. Rearrangement-invariant Banach sequence spaces with symmetric weights

Recall that a sequence f = {fi}rez in a Banach sequence space X(Z) is said to have
absolutely continuous norm in X(Z) if || fxg,llx@z) — 0 as n — oo for every sequence
{E.}uen Of sets in Z satisfying (xg, )k — 0 as n — oo for all k € Z. If all sequences
f = {filkez € X(Z) have this property, then the space itself is said to have absolutely
continuous norm (see [2, Ch. 1, Definition 3.1]).

20
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Lemma 6.1. If X(Z) is a reflexive rearrangement-invariant Banach sequence space and w is
a symmetric weight, then X(Z, w) is a reflexive reflection-invariant Banach sequence space.

Proof. Since X(Z) is a reflexive Banach sequence, by [2, Ch. 1, Corollary 4.4], X(Z) and
X'(Z) have absolutely continuous norms. It is easy to see that then the weighted Banach
sequence spaces X (Z, w) and X’(Z, w™!) have absolutely continuous norms. Since X'(Z, w™!)
is the associate space of X(Z, w), applying [2, Ch. 1, Corollary 4.4] once again, we conclude
that X(Z, w) is reflexive.

Let f = {fi}kez € X(Z). 1t is clear that the counting measure m on Z is reflection-invariant,
that is, m(—S) = m(S) for every S C Z. Since the weight w is symmetric, we get for all A > 0,

dy,(\)=mlk € Z: |fkwk| >A=mik €Z:|fpw_i]| > A}
=m{—k € Z: |fiwe| > Ay =mik € Z | frwg| > A} = d sy (A).

Since X (Z) is rearrangement-invariant, we obtain

1z = 1 fwlix@ = Ifwlxz = 1flx@zuw-

that is, X (Z, w) is reflection-invariant. [
6.2. Proof of Theorem 1.2

Part (a) follows from Lemma 6.1 and Theorem 5.5. Similarly, Lemma 6.1 and Theorem 5.6
yield part (b).

Let us prove part (c). Since ax, Bx € (0,1) and w € Ai%r; (Z)n Ai%‘; (Z), Corollary 4.5
yield that there exist p and g such that

l<q<1/Bx <1l/ax <p <oo, weAY™(Z)NAF"(Z).

By Theorem 4.6, there exist ¢, ., ¢q,w € (0, 00) depending only on p, g and w such that for
all a € BV|[—m, ],

IL(a)lB(erzw)) = lallmyp g, < Cpaw (lall Lo (—r.xy + V(@) , 6.1)
IL(@) B zw)) = @My g0y < Cqw (lalloeam) + V(a)). (6.2)
On the other hand, Boyd’s interpolation theorem (Theorem 3.1) implies that
lallary s,y = I1L(@) I Boxzw) = IwL(@)w™ 5x@)
< Cpqmax {|wL(a)w ™ I5er @), IwL(@)w Iz z)}
= Cp.g max {||L(a)llBerz.w))- IL(a)llBea z.w)) } - (6.3)

Combining (6.1)-(6.3), we arrive at
lallpty ) < Cx@uw) (lallzoe () + V(@)
with Cx(z,w) = Cp 4CpwCq.w independent of a € BV [—m, w]. [

6.3. Convergence of Fejér means of continuous functions of bounded variation in the
multiplier norm

Using interpolation techniques, we prove the following approximation result, which plays a
crucial role in the verification of property (iv) in Theorem 1.1 for J = Cx(z ), and, thus, in
the proof of Theorem 1.3.
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Let C[—m, 7] be the Banach space of all continuous 27 -periodic functions f : R — C with
the norm

”f”C[—ﬂ,ﬂ] ‘= Sup |f(9)|

oe[—m,7)

Lemma 6.2. Let X(Z) be a reflexive rearrangement-invariant Banach sequence space with
nontrivial Boyd indices ax,fx and let w € A0 (Z) N AT (Z). If a € Cl-m, 7] N
BV[—mn, ], then

lon(a) — alluye,,, =0 as n— oo.

Proof. The idea of the proof is borrowed from [5, Lemma 6.2] and [13, Theorems 3.2-3.3].
Fix n € Z,. Since ax, Bx € (0,1) and w € AT} (Z) N AT/, (Z), it follows from Corollary
4.5 that there exist p and ¢ such that

l<q<1/Bx <1l/ax <p <oo, weAY"™(Z)NAF"(Z).
It follows from Boyd’s interpolation theorem (see Theorem 3.1) that

low(a) = allays.,, = I1L(on(a) = a)llsx@w) = lwL(on(a) = a)w™ lIsx))
< Cpomax {|wL(o,(a) — a)w  erzy). lwL(o,(a) — a)w ™ I3z}

= Cp,q max { ”L(Un (a) - a)”B(EP(Z,w))a ”L(Un (a) - a)”B(Z‘?(Z,w))} . (6.4)

Since w € AY™(Z), applying Corollary 4.5 once again, we conclude that w'+%2 € A (Z)

whenever |§1| and |85| are sufficiently small. If p > 2, then one can find sufficiently small &1, 85
and a number 6, € (0, 1) such that
1 1-96, 0,

- + , w=1"y
P 2 p(1+481)

(1+52)9p’ wit? ¢ AT)V(TMI)(Z). (6.5)
If 1 < p < 2, then one can find a sufficiently small number 8 > 0, a number §; < 0 with a
sufficiently small |8;], and a number 6, € (0, 1) such that all conditions in (6.5) are fulfilled.
Taking into account (6.5), we obtain from the Stein—Weiss interpolation theorem (see, e.g., [2,
Ch. 4, Theorem 3.6]) that

I L(on(a) — a)llser z.w))

1-6 6
< L (0w(@) = @)l 3 1L (@) = @I a1 (6.6)
It follows from Theorem 5.1 that
||L(an (a) - a)”B(Kz(Z)) = ”GH(Q) - a”LOC(—JI,JT) < ”an ((l) - a”C[—ﬂ,ﬂ]- (67)
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On the other hand, Lemmas 6.1 and 5.7 imply that

I L(0w(a) — a)||5(ep(1+51)(z,w1+62)) = |lon(a) — a||MzP(1+51)(Z,wl+52)

< 2llallm (6.8)

l/’(1+61)(l,w1+52) .

Theorem 4.6 yields that there exists a constant C(p, w, 81, §2) > 0 such that
llall a = C(p’ w, 81, 82) (”a”Loo(fn,n) + V((l)) . (6.9)

ZP(1+51)(Z.W1+62) —

Combining (6.6)—(6.9), we get

I L(0n(a) — a)llseer z.w))
1-6 6
< (2C(p, w, 81,8))" low(a) — all % (lallioor) + V(@) (6.10)
Analogously, one can show that there exist 83,84 € R and 6, € (0, 1) such that |83], |84] are
sufficiently small and
l _ 1-— eq 0(] , w = 11_6qw(1+84)9‘1, w1+54 = Asy;n 5 (Z)
q 2 q(1+6) a(1+%s)

Hence

IL(on(a) — a)llBes z.w))
< (2C(g, w, 85, 82))" llow(@) — all "ty (lallios(am) + V(@)™ (6.11)
where C(g, w, 83, 84) > 0 is some constant depending only on g, w and 83, 84. It follows from
(6.4) and (6.10)—(6.11) that for all n € Z,,
low(@) = allay s,

0, 0
< Cmax{(lallx(-rm + V(@)" , (lall(rm + V(@)"]

1-0,

1-6,
Cloma)r lon(a) —all¢ } (6.12)

x max {10, (a) — al P
where

C = C,4max {(2C(p,w, 81,82))", (2C(q, w, 85,84))%} .
It is well known that for a € C[—m, 7],

llow(a) —allcj-z2) > 0 as n— o0 (6.13)

(see, e.g., [19, Ch. I, Subsections 2.5, 2.10, 2.11]). Combining (6.12) and (6.13), we arrive at
the desired conclusion. [

6.4. Proof of Theorem 1.3

The idea of the proof is borrowed from [8, Theorem 2.53]. It follows from Theorem 1.2
that My z ) is a Banach algebra. We apply the Zalcman—Rudin theorem (see Theorem 1.1) to

X = MX(Z,w), Y= CX(Z,w)» Z = H)(?E,Zi,w)’

and
P = {S,, € B(Mx@zw) : Spa =o,(a), ne Z+},
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where o, (a) denotes the nth Fejér mean of a. It is clear that properties (i) and (ii) in Theorem
1.1 are satisfied. Property (iii) follows from Lemmas 6.1 and 5.7. It remains to verify property
(iv). It follows from the definition of Cx(z ., that given a € Cx(z4) and & > 0, there exists
f € TP such that ||la — f”Mx(z,w> < ¢/3. Then Lemmas 6.1 and 5.7 imply that

||Gn(a) - a”MX(Z,w) = ”07! (a - f)”MX(Z,u;) + ||Un(f) - f”MX(Z,u;) + ”f - a”MX(Z.w)
< 20a = Flltg, + 100(F) = Flargon,

2e

= 5 Hlou(f) = Fllsy- (6.14)

On the other hand, since f € TP C C[—n, 7] N BV[—n, ], it follows from Lemma 6.2 that
€

low(f) = fllmg g < 3 (6.15)

whenever n is large enough. Combining (6.14) and (6.15), we see that

“Sna a”MX(Z w) ||0n( ) a”MX(Z,w) <é€

whenever n is large enough. So, property (iv) in Theorem 1.1 is satisfied. Thus, that theorem
implies that Cy(z,v) + X(Zi ) are closed subspaces of the Banach algebra My z ).

Now let a, b € Cx(z.w) + HX(Z e Then there are a;, b, € TP + H;?Zii) for k € N such
that

la = gy = 0o b= billagy,, = 0 as k- oo. (6.16)

It follows from Lemma 6.1 and Theorem 5.5 that az, by € L®(—m, ) C L*(—m, ). So a;
and b; can be represented by their Fourier series convergent in L?(—r, 7). Looking at the
Fourier series representation of aib, € L (—m, ), we conclude that akbk eTP+ Hx(z )
for all k € N. It follows from (6.16) that

laxbr — ab”MX(Zu) — 0 as k— oo.

Since Cy(zw) + H (Z w) is a closed subspace of the Banach algebra Myz, ), we conclude
that ab € Cxz,w) + H ( )" Thus, Cx(z,w) + HX(Z w) is an algebra. [
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