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Abstract

For a sequence {X,,, n > 1} of random variables satisfying E|X,,| < oo for all n > 1,
a maximal inequality is established, and used to obtain strong law of large numbers for
dependent random variables.
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1 Introduction

The most renowned maximal inequality in Probability Theory is, perhaps, the Kolmogorov
inequality [12] published in 1928: if {X,, n > 1} is a sequence of (mutually) independent
random variables with mean values E X,, = 0 and variances V(X,,) < oo for each n > 1 then,
for any € > 0,

1<k<n

1 n
IP’{ max | X1 + Xo + ... + X >e} < 6—22V(Xk).
k=1

Since then, several authors have extended Kolmogorov’s inequality in many ways, namely by
weakening the (mutual) independence assumption of the random variables (see [2], [4], [6], |7].
[9], [13], [19], [20], [21], [23], [25] among others).

It is commonly known that the significant role of maximal inequalities stems from the fact
that these are a cornerstone in the obtention of sharp limit theorems. Recently, it was proved
in [27] the Baum-Katz theorem [1]| for sequences of pairwise independent and identically dis-
tributed random variables under optimal moment conditions, by using a technique developed
in [22]. The key ingredient for this achievement was an asymptotic maximal inequality which
takes a particular format on the scenario of pairwise independence and identical distribution
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admitted for the random sequence. In this paper, the aforementioned asymptotic maximal
inequality is brought to light in a general setting, i.e. the random variables X7, Xs,... are
not assumed to be independent, nor having any particular dependence structure. As conse-
quence, Strong Law of Large Numbers (SLLN) with respect to optimal norming constants
can be obtained for sequences of dependent random variables. Over the last decades, many
stochastic models involving dependent random variables have emerged in mathematical statis-
tics, statistical physics or reliability theory (see [3| and [11]), whence the importance of having
statements (particularly, SLLN) that allow us to deal with it.

We shall need to introduce some relevant notations which will be employed along this
paper. Associated to a probability space (€2, F,[P), we shall consider the space %, (p > 0) of
all measurable functions X (necessarily random variables) for which E |X|? < co. We shall
write x Ay and x V y for min{z,y} and max{x,y}, respectively. For any measurable function
X, we shall define its positive and negative parts by X+ = 0V X and X~ = 0V (-X),
respectively. Given an event A, we shall denote the indicator random variable of the event
A by I4. Throughout, |z]| shall be used to represent the largest integer not greater than
x. To make the computations be simpler looking, we shall employ the letter C to denote
any positive constant that can be explicitly computed and whose value may change between
appearances; the symbol C(r) has identical meaning with the additional information that the
constant depends on r.

2 Maximal inequality
Let L, K be real numbers such that 0 < L < K. We shall introduce the function gr,(t) =
(t NL) V (—L), which describes the truncation at level L, and
he,x(t) = g (t) = 9o ()] = OV [(K = L) A (t = L)] = OA[(L = K) V (¢ + L)].
Considering two random variables X,Y we shall put
Axy(z,y) =P{X <z,Y <y} —P{X <z} P{Y <y}

and define the following covariance quantities

L L
Gx,y (L) := Cov(gr(X),gr(Y)) = /_L /_L Axy(u,v)dudo, (2.1)

Hxy(L,K) := Cov(hr,x(X),hr,x(Y))
K K L —L
:/ / Axy(u,v)dudv—i—/ / Axy(u,v)dudv
L JL ’ “k Jox (2.2)
K ,—L -L K
—/ / Axy(u,v) dudv—/ / Axy(u,v)dudv
L J-K -K JL

where the last identities in (2.1) and (2.2) are consequences of Theorem 2.3 in [29]. Let us
notice that if X,Y are independent random variables then Ax y (u,v) = 0 for any reals u, v.
The main result is given in the following:



Theorem 1 Let r > 1 be an integer and {X,, n > 1} a sequence of random variables ver-
ifying E|X,| < oo for all n. If {b,} is nondecreasing sequence of positive constants, and
{ank, 1 <k <n+1,n> 1} is an array of positive constants satisfying

n+1
a) Zamk = O(bn) as n — oo,

n+1 hrk gk
(b) Zo<h<rn . Z E|XJ|I{|Xj‘>brk—1} = o(byn) as n — oo,
j=1+hrk

then, for any € > 0, there is a positive integer ny and a constant C(r) > 0 such that

m
P {1<m<rn+1 Zl Xk o EXk) > &’brn}
rntl_] n+1 prtl
< ) P{Xk >0 ZZ *(BXFTx<ny 0PI > b })
k=1 j=1
Cr) e '
-2
+ 52 Z anvk 1<I?§3;.X71 Z Z GXi7Xj (brkil)
k=1 h=0 14+-hrk<i<j<hrk4ork=1
e LG '
-2
+ 62 Zan,k Z Z HXZ-,XJ- (brk—l,brk)
k=1 h=0 1+hrk<i<j<hrk+rk

for all n > ng.

Proof. Fix € > 0 and an integer > 1. From assumption (b), there is a positive integer ng

such that
n+1 hrk4rk €b
rn
S e S B, ) 29

0<h< n—k+1
k=1 " j=1+hrk

for all n > ng. Setting

X],»,anH = Ob i1 (X;) =X; I{|X |<boni1} + brn+1I{X b} T T"+II{Xj<—an+1}’

n+171

ﬂ {XJI}brnﬂ = X},
j=1

m
— E : ! /
Sm7brn+1 " ( Jibnt1 Evabrn+1)7 n,m =0
Jj=1
we obtain
m
P max E —EX;)| >ebm p NIy,
1<m<rntl
J=1
m
=P max Z —EX; b
1<m<r”+1 - ] br”+1 _]) > 3 rm
j:




m
=PQ, max (DK EXGy  + B, — X)) > b

1<m<rntl | 4
]:

[y

m
< ]P max Z( Jllvbrn+1 B ElelvbrnJrl)

m
/
4+ max EEX. — X)) > cbm
1<m<rntt 1<m<rntl ( Jibnt1 ]) T
j=1 j=1
m
=P max |5 max E E(X! X eb
1<m<r”+1| m7brn+1| + 1<m<rn+1 : ( bern+1 _]) > rn
Jj=1

and, for any n > no,

m
max ZE X! '
1<m<rntl | 4 ( Jibpnt1 J)
J=1
m
=, Bl Lot iy~ bt I <t = Xiggio0,01)
1<W1<Tn+l 1 T T T

m
< lgﬁbngr}%ﬁl ZlE|XjI{IXj|>brn+l} + brn+1I{Xj<—brn+1} - br"+1I{Xj>brn+1}|
]:

m
— max ZE(|XJ-|—brn+1)1{‘xj|>brn+l}
=1

1<m<rntl £
J

rn+1
<D EXG ;50,0
j=1
n+1 rk
<SSR,
k=1 j=1
n+1 hrk 4k
S Z0<hr<nr&}35k+1 A Z E|XJ|I{IXj\>brk_1}
k=1 j=1+hrk
< gbyn
23) 8

Hence, for every n > ny,

m
F L ;(Xj —EXj)| > ebmn
m
-F I<mannt1 ;(XJ —EXj)| >ebm pNTY,
m
tr 1<7I7§1<a§1+1 ;(Xj —EXj)| > ¢ebm o N I“El




rntl_q

ebyn
<P {Kgggﬂlsm,bwﬂl > = } + kZ P{|Xk| > bnir}.
=1
Moreover, for each 1 < m < "1, we have
n+1
Sm,byn-u = Smb + Z(Sm,brk - Smybrk—l)
k=1
=Sm.by n+1
= (Spopm 1o = Sptt | piy) F D (S = Smb i)
d k=1
:So’b,nn-kl =0
n+1 n+1 (24)
=D (St = Seeizn,) T D (Smbs = Smbe)
P k=1
Z(Srk_llr;ﬁlvarkfl S”W%berkﬂ)
k=1
n+1
+ > (Smb i = Smb sy — Spk| 2 )b TS0k 2 b )
k=1
Further,
m
S’n’hbrk - Smybrk—l = Z[( -;.’brk - _;‘,brkfl) - E( -;.’brk - X.;yb,rkfl)] (25)
j=1
and
]
/ / / !
St = Sk = 2 [(Kp o =X ) —BE(XGp o = X, )l (26)
j=1
Recall that m m
TkL—kJ<m<rkL—kJ+rk, 1<k<n+1 (2.7)
r r

because [t| <t < [t| 41 for any real number ¢ (see [8]). Thereby, (2.5), (2.6) and (2.7) entail

“SVWL’b'r]’C - ‘SVWL’b'r]’Cf1 - STkL%vark + Srk LrﬂkLbrkfl‘

m

Z [( .;7ka o .;‘7brk71) — E( .;7ka - le'7brk1)]‘

j=Lrk| 2]

S Z I( ;vbrk o évbrk—l) o E(Xj/}b ko X;,ka—1)|

T

< Z ‘( .;7ka B .;‘7brk71) _E( .;7ka o X],',brkﬂ)’ (2'8)



< Z (|XJI}b,ﬂk o évbrk—l |+ E|X;,ka o X;,ka—l )
j J

j=1+r’ﬂ%
R[5 4k R[4k
= Z (’lelbrk B .;7brk—1 ’ B E‘le',brk B .;7brk71 ‘) +2 Z E’lelbrk B X],',brkﬂ‘
j=l+rk[ ] j=l+rk[ ]
e I
S Z (X.;:brk:—lvka o EXJI':brk—l,ka) +2 Z E|Xj|]{‘Xj‘>brk—l}
j=14rk | 2 ] j=1+rk[ 7]
where
le'tbrk—l,bm = |X;,ka o X;,ka—1| = hbrkflvbrk (XJ)

From (2.7) we still get

whence

l.e.

re

forevery 1 <k <n+1,1<m <" (n>0). Thus,

P
_ ! ¢
[Sst |y = Seetz el = | 22 (Ko, —BXGy, )
J=l+rk[ ]
I
!/ /
<0<r?<a¢?{1 Z ( 30y k—1 _}EXj’brk_l) (2.9)

j=14rk [ ]
k TﬂkJ_f_grk—l
N ’ B /

= Jnax Z ( Jibk—1 EX b k— 1) :

1<l<r—1 ) = m
J=14rF 2]

By (2.4), (2.8) and (2.9), it follows

k| m k—1
r \_rkJ—I—KT

n+1
/ /
’Sm’br”"’l ’ g lgrilgaiil Z (Xj’brkfl o EXLbrkfl)
=1 J=1HrE 2
n+1 T‘kLTﬂkJ+T‘k n+l rkL”,;JJrrk
" " )
+ Z Z (vabrk—lvbrk SR Jbk—1.b, k +2 Z Z E|X]|I{‘Xj‘>brk—1}
k=11 j= 1+T.k|_ L | k=1 j= 1+rkL




so that
rk \_Tﬂkj +ork—1

n+1
max |5, < max max E X! —EX/
1<m<r"+1| m,brn+1| = 1<m<rntl | 1<0<r—1 ( 920 k—1 ]’brk_l)
k=1 J=LrRL
i1 e
" "
+ 1<7Inn37},$1+1 Z ( Jibk—1.bk Evabrk—lvbrk)
k=15 j=1rk 2
it eI
2 max E E|X;|T 2.10
+ 1<m<rnt+l | ‘7| {|Xj|>brk71} ( )
— m
k=1 ]—1+r’“Lr—kJ
n+1 hrk4ork—1
< max max E X! —EX/
= 1<l<r—1 | 0<h<rn—k+1 ( bem—l ]7brk—1)
k=1 j=1+hrk
n+1 hrk4rk
" "
+ Z 0<hr<n:i}fk+1 Z ( Jbk—1.06 Eijbrkflvbrk)
k=1"" j=1+hrk
n+1 hrk4rk
2 E E E|X ;|
t O<h<r" k+1 ‘ j’ {‘Xj‘>brkfl}
j=14hrk
because

1 m m _ m
G R B Ry

forall 1 <k <n+1,1<m<r""! (n>0). Combining (2.3) and (2.10) we obtain, for every
n = ng,

()
P{ max |Sm,an+1| > ETT}

1<m<rntl
n+1 hT‘k—f—Krk_l
<P max max E ' _EX'
h 1<l<r—1 | o<h<rn—k+1 ( Jibk—1 berk—1)
k=1 j=1+hrk
n+l hrk4rk b
1 1Zi 1
max E X" _EX" >
* Z 0<h<r" k+1 i k( .77brk717brk ],brkfl,brk) 4
J=l+hr
n+1 hrk+z,r.k71 6b
n
<P max max E (X/ b _EX’ X ) r
1<l<r—1 | o<h<rn—k+1 J:0pk—1 Jib k-1 ]
k=1 = j=1+hrk
n+1 hrk 4k "
" " rn
A ODNRTINNED DIC IR >IN E
0<h<r +
k=1 j=1+hrk

The thesis holds by noting that

n+1 hrk4ork—1
P / EX/ Ebrm
max max Z ( Jbk—1 jvbrk—l) > ]

1<b<r—1 | 0<harn—k+1
k=1 " j=1+hrk




n+1 r hrk4erk—1 ] c n+1
<P max max Z ! —EX! > — Z a
X 1ebor1 | ochormkit ( Jib k-1 J7brk71) C n,k
k=1 L J=14hrk i k=1
n+l r hrkrk=1 1 ca
k
< ZIP’ max max E ! —EX! P
X 1etor1 | o<kt ( Jib k-1 J7brk71) C
k=1 L j=1+hrk .
2
o n+1 1 hrk4grk—1
<= ——E<{ max max Z (X! -EX/ )
X 5 2 Jib k-1 Jibk—1
g a 1<£< -1 < n—k+1 [a [
1 Ynk r 0<h<r =1t hrk
2
C n+1 1 hrk4grk—1
== E ——E max max E (X! - EX’ )
2 2 Jbk—1 Jbk—1
€ a 1<0<r—1 | ogh<rn—k+1 " -
1 Ynk r 0<h<r 1t hrk
2
C n+1 1 r—1 [ rn=k+l_1 | hrk4opk-1
/ /
SEXaEX (X | X (Khe., BEXG, )
k=1 mk =1 h=0 j=1+hrk
_ C n+1 1 —1pn—k+tl_1 prkyppork— IE )
Szl Z Z > ElX,
k=1 n /=1 h=0 .] 1+h7‘k
n+1 r—1pn—ktl_q
C 1 /
+€_2 a2 Z Z COV( Zbk 1’ka_1)
k=1 1k (=1  h=0 14hrk<i<j<hrk4erk—1
n+1 _ —k+4+1__ 1 hT‘k-i-fT‘k 1
_ 0N LS EX2T v P{|X,] > b
= 5—2 2 Z Z Z j {|Xj|<brk—l} + rk—1 {| ]| > rk—l}
b=t Yk =1 h=0  je1iheh
C n+1 1 r—1pn—k+l_1q
T2 2 > ) Gxix; (bpe-1)
k=1 ™K (=1  h=0 14hrk<i<j<hrkork—1
C n+1 1 r—ktl_1 prkyggk
c Clr) Z Z EX2] + 02 P{IXG| > byt )
h 62 a2 J {‘Xj‘gbrkfl} it J e
k=1 nk h=0 ]:1+h7’k
n+1 r—1pn—k+l_q *
C 1
T2 2 > > Gxi.x; (br—)
k=1 mk y=1  h=0 1+hrk<i<j<hrk4erk—1
n+1rntl n+1r +1
_ o) [ bicip x> 0,
g2 a2 J {|Xj|<brk—1} Z Z XG> brx-r}
k=1 j=1 n,k =1 j=1 n k
+
+1 n—k+1_1
C(r) % 1 "
+ 5 2— max Z Z GXhXj(brkfl)
g k 1<i<r—1
k=1 an, h=0 1+hrk<i<j<hrk4ork—1
and
n41 hrkrk
P{S. max Y (X EX" )| > b
O<h<rnoktl bk—1:06 Jobpk—1:b,k ;)
k=1 j=1+hrk



n+1 hrk4rk c n+1
<P E max g D¢ —EX” >—§ a
~ 0<h<7"n7k+1 ( .77b,rk717brk .77b,rk717b,rk) C n7k
k=1"" j=1+hrk k=1
n+1 hrk 4k ca
k
< g P max E D¢ —EX” P
O<hern—k+1 ( Jibk—1,bk .77brk717brk) C
k=1 = j=14hrk
2
C n+1 1 hrk 4k
< = —FE max g ¢4 —EX/
= 2 . ai B O<h<rmoktl ( Jibk—1.b,k ]7brk—17brk)
=1 " = j=14hrk
2
C n+1 1 hrk4rk
= — —FE max g X! —EX”
2 a% L O<h<pn—he+l ( Jibk—1,b.k vark—lybrk)
k=1 "7 = j=1+hrk
2
C k+1 1 pr—ktl_q hrk 4k
7 7
< 22 a2 R Z E Z (ijka—lvbrk B }Eijka—lbek)
j=1 4%  h=0 j=1+4hrk
C n+1 k11 prkygk
" " 2
S 2 Z Z Jbk—1:b6 Eijbrkflybrk)
k= 1 ko h=0  j=1+thrk
C n+1 1 pr—k+1_1
7 L
+ 22 a2 Z Z COV(Xivbrk—lvbrk’vabrk—lvbrk)
k=1 "™k  h=0 1thrk<i<j<hrkirk

ki1 ppkgpk

el
2
<€_2 a2 Z Z ka 17bk)
n

k=1 mk  h=0  j=1thrk
Cn+1 1 pr—k+1_1
PGy XY Al
k=1 "k h=0 11hrk<i<i<hrbirk

P k+1_ 1 hrk+r

cl
<6—222— Z S (BX2 e + 0PN > b))

ok j=1+hrk
n+1 rr—k+l_q *
C 1
* 6_2 a’ Z Z HXZ'?XJ' (brk_l’brk)
k=1 mk  h=0 1+hrk<i<j<hrk4rk
< C”“””“ 1 EX I CnHTnH 2 Tt p X b
<52 p {b“qu}mZZ {11 > by}
€ a?
k=1 j=1 nk n,k
n+1 pn—k+l_q *
C 1
S | T e
k=1 mk  p=0 1+hrk<i<j<hrk4rk
for each n > ng. ]

A sequence {X,, n > 1} of random variables is stochastically dominated by a random
variable X if there exists a constant C' > 0 such that sup,,»; P {|X,| >t} < CP{|X]| >t} for
all ¢ > 0; the constant C' can be taken as having value one according to Theorem 2.4 of [24].



Under this extra assumption on the random sequence {X,, n > 1} and employing Lemma 1
of [15], Theorem 1 can be restated as follows:

Corollary 1 Letr > 1 be an integer and { X,,, n = 1} a sequence of random variables stochas-
tically dominated by a random variable X € 4. If {b,} is nondecreasing sequence of positive

constants, and {ank, 1 <k <n+1,n > 1} is an array of positive constants satisfying condi-
tion (a) of Theorem 1 and

n+1

(b)) ZrkE|X|I{IX\>brk_1} = o(byn) as n — oo
k=1

then, for any € > 0, there is a positive integer ny and a constant C(r) > 0 such that

m
{1<m<rn+1 Z Xk N EXk > gbrn}
k=1
C(r)yr™ s, 9 C(r)yr™ (axgyich
< Crr"P{X| > by} + —5— > _a3EX Lixie, )+ > ~ P{|X| > bx1}
n+1 pr—k+tl_q +
1<b<r—1 Z Z G, (bri=t)
h=0 1+hrk<i<j<hrk4ork—1
n+1 kil *
Z HXZ-,XJ- (brk—l,brk)
1+hrk<i<j<hrk4rk

for all n > ng.

3 SLLN for dependent random variables

The next result allows us to obtain SLLN for sequences {X,,, n > 1} of random variables
stochastically dominated by a random variable X € 7. Let us stress out that no assumption
concerning to dependence is assumed for {X,,, n > 1}.

Theorem 2 Let r > 1 be an integer and {X,, n > 1} be a sequence of random vari-
ables stochastically dominated by a random variable X € £ . If {b,} is a nondecreas-
ing sequence of positive constants, {c,} a nonincreasing sequence of nonnegative constants,

{ang, 1 <k <n+1,n > 1} is an array of positive constants satisfying assumptions (a), (b'),
and

oo rmtl_]

) Z Z e, P{|X| > bpmt1} < 00,

m=0 n=rm
oo rmtl_1m+41

Y ZC”T EX*I{xc,} <

m=0 n=rm k=1

10



co rmtl_1m+1

S ZC" P{|X|>bk1}<oo

m=0 n=r"m k=1

oo rmtl_1m+1 rm—k+l_71

0> > > e D > Gx,x,(byt) | < o0,

m=0 n=rm k=1 m7 h=0 1+hrk<i<j<hrk4ork—1
oo rmtl_1m41 c rm—kt+l_q +
n
E E E E E HXi7Xj (byk—1,b,x) < 00,
m=0 n=rm k=1 mk h=0 1+hrk<i<j<hrk4rk
then
o] J
E c, P E (X —EXy)| >eb, p <0 (3.1)
1 1<]<n
n= :

for all e > 0.

Proof. Let us fix € > 0 and an integer » > 1. Hence,

o0 J
cnP {fgjaé{n Z(Xk —EXi)| > €bn}
n=1 =1
oo T 1

(Xy —EXy)

M-

> ebn}

m+1 1
>€brm} Z Cn

n=rm

[e.e]
< P ma; X, — EXy)
> [

m=0

and the conclusion is a direct consequence of Corollary 1. g

Corollary 2 Let r > 1 be an integer, 1 < p < 2, and {X,, n > 1} be a sequence of random
variables stochastically dominated by a random variable X € £, If

17]

Z Z (2/a—2/p)k—2(kVlog,. j) /o {G fox J( k= 1)/p) +HY ( (k—l)/pmk/p)} <oo (3.2)

1<i<j<oo k=1
for some p < a < 2, then Y_7_(Xy — E X})/n'/P 2% 0.

Proof. Consider 1 < p < a < 2, a (fixed) integer r > 1, ¢, = 1/n, b, = n'/?, and a,; =
pn/o+(1/p=1/a)k Hence,

'r'(m+1)/p
. r 1 . /
lim sup = limsup ————— =1r"'P,
m—00 rm m—00 rm/p
rmtl_q m+1
. .. " du
lim inf Cp = liminf — =logr
m—»o0 m—00 m U
n=rm r

and from Theorem 2.2 of [10], it suffices to show

1
Z —P { max
n 1<j<n

n=1

J
Z X, —EXp)

> enl/P }<oo (3.3)
—1

11



for all € > 0. We have

n+t1 rn/pfn/a+2/pf2/a _ 7,,l/pfl/cu 7,,2/])72/(:«

_ nfor < i/

so that assumption (a) of Theorem 2 holds. On the other hand, the dominated convergence
theorem guarantees

E[XPLe xspn-np) = 0(1), 10— 0.
Moreover, for each k > 1,

pHA=p)k=D/p=n/p — 5(1), n = 0

and
n+1 B
S A/ PP _plen/p p141/p
ri/p — 1 S
k=1
which implies
n+1 gl

Zrkfn/pE!X\I{\X|>r(k—1>/p} S ZTkﬂlfp)(kil)/pin/pE‘X’pI{IX\>r<k71>/”} =o(l), n—oo
k=1 k=1

by Toeplitz’s lemma (see [16]) proving assumption (b’) of Theorem 2. According to

rmtl—1 m—+1 m

Z cng%:r—l (3.4)

n=rm
one still get

co rmtl_]

S B {X] > b} € (1= 1) 3 B {X] > om0}

m=0 n=rm m=0
o0 o
=(r=1) > Pt < |XP <)
m=0 j=m
0o J
=(r—1) Z Z r™P {rjﬂ < |X|P < rj+2}
§=0 m=0

[e%¢)

< er+1P{rj+1 < ‘X’p < rj+2}
7=0
© .

= ZE (T‘]+1I{rj+l<|x‘p<rj+2})
7=0

(o @]
< D EXP L qxperive
j=0

= E[X[PIxp>r)

12



<EXP
and (c) of Theorem 2 holds. By (3.4), we also obtain

oo rmtl_1m+1

Z Z ch EXQI{\X|<b }

m=0 n=rm k=1

oo m+1

k
S(r—1) ) Y Uromp/etip X I x<rh/ny
m=0 k=1
o o
(1-2 2(1/a—1/p)kyp 32
(r—1) kz Zk: F(1=2/c)m, 2(1/a=1/p)kp x I{\X|<rk/z7}
1 m=k-1

(r=Dr¥ ' & s Ve 2
- 1 — pl—2/a kzlr( /PFEX I{\XKM/?}

(r=Dr ' S 1o Yk
= 2 T EX T x <y
k=1
(r— 1)7“2/0‘*1 > ook
+ 1— 7,,172/0{ Z Zr(l 2/e) ]EXQI{T(J'—U/P<‘X|<TJ'/P}
k=1j=1
(T’— 1)T2/o¢—2/p (’I“— 1 2/a—1 O X k(12
S 2y @2y 17 2D P TIER Loy <niin)
Jj=1k=j
_ i(1-2/p)
- r172/17
(T’ _ 1)T2/o¢—2/p (’I“ _ 1) 2/a—1
< (1 _ Tl—2/o¢) (1 _ 7».1—2/])) + (1 _ rl—Z/a) ( _pl- 2/p ZE|X| I{T(J D/r<|X|<ri/v}
(r— 1)7“2/0‘*2/” (r — 1)7"2/0‘ 1
= E|XPI
(1 _ ,rl—2/oz) (1 _ T1—2/p) + (1 _ 701—2/04) (1 _ T1—2/p) [ XPIx)51y
_ 2/a—2/p _ 2/a—1
< (r—1r N (r—1r E|X P
(1= rl=2/a) (1 —p12/p) (1= pl=2/a) (1 — p1-2/p)
and
oo rmtl_ 1m+1c m ’I“
POED DD D P{’X\>br<k oy
m=0 n=rm k=1 m
oo m+1
< (T’ _ 1) Z (2/04—2/p)k—2m/a,rmr2k/pp{|X| > ,r(lc—l)/p}
m=0 k=1
— (74 _ 1) Z Z T(1_2/a)mT2k/aP{’X‘ > r(k‘—l)/p}
k=1m=k—1

— 1)p2/a—1 X2
- S > )
—7r (0%

(r—1)r2/e-1 & &

= T Z Z kp{rj/p < |X| < rith /p}
r e

k=1j=k—1
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(r—l 2/04100J+1k !
= 2 TR < X <y
§=0 k=1
T2/o¢+1 o ' '
< T, 1%/ ZTJIP’{TJ/” < |X| < T(JH)/p}
—r pr
2/a+1 0
S WZE’X‘ I{ry/p<|X‘<r ]+1)/p}

T2/o¢+1
1 T1—2/aE’X‘pI{\XI>1}

r2/at1

< 1 _ Tl—Q/QE’X‘p

so that assumptions (d), (e) of Theorem 2 both hold. Finally, we have

oo rmtl_1m+1 c rmoktl_q *
n
max Gx, x,(b.k-1
)IEDIED Dt LI 2. X5 (bpi=1)
m=0 n=r"m k=1 m h=0 1+hrk<i<j<hrk+ork=1

oo Mt —1m+1 r(2/a=2/p)k—2m/a P

<>y Z | nax | > > G}hxj(r(kfl)/p)

m=0 n=r" k=1 " h=0  14+hrk<i<j<hrk4Lrk=1
co m—+1
<(r—1) Z Z r(2/a=2/p)k—2m/a Z G}L(, X (r(kfl)/p)
m=0 k=1 1<i<g<rm Tl ’
© m (3.5)
_ (’I“ 1 7,,(:1{/2 Z r (2/a—2/p)k—2m/a Z G;r( X (,r(k:fl)/p)
m=1 k=1 1<i<y<rm o

= (r —1)r®/? Z Z 70(2/@*2/17)’?*27%/&[{jgm}c;;r(i7Xj (T(kfl)/p)

1<i<j<oo k=1 m=k

(r—1)re”? (/e 2/p)k—2(kViog, )fagt  ((k—1)/p
< Z Zr GXZ,’X],(T )<oo

_ 2/
1—r 1<i<j<oo k=1
as well as

m+1 m—k+1 +

co T —1m+1 c r -1
mn

E E E E E HXi,Xj(brk_lybrk)
m=0 n=rm k=1 mk h=0 14+hrk<i<j<hrk4rk

oo rmtl_1m+1 #(2/a—2/p)k—2m/a il |

<X X D Do HE L (r)

m=0 n=rm k=1 h=0 1+hrk<i<j<hrk4rk
oo m+1
<(r—1) Z r2/a=2/p)k—2m/a Z H;; X (T(k—l)/P, TJC/P)
m=0 k=1 1<i<j<rm+l o
o m
= (r —1)r®/? Z Zr@/a*?/p)k‘*?m/a Z HY (r(kfl)/pﬂak‘/p) (3.6)
m=1 k=1 1<i<j<r™ Y

14



S P ND DHD D DE (e L Ly O - (L R

1<i<j<oco k=1 m=k

(T B 1)7.04/2 - a— — 0g.j)/a —
TSI S S ek g (0 kD) < oo,
1<i<j<oo k=1

entailing assumptions (f) and (g) of Theorem 2. The proof is complete. O

3.1 Sufficient conditions for assumptions (f) and (g)

We now present sufficient (moment) conditions which guarantee assumptions (f) and (g)
of Theorem 2. Let {X,,, n > 1} {X,,, n > 1} be a sequence of random variables stochastically
dominated by a random variable X € .Z,, 1 < p < 2. By supposing that there is a (fixed)
constant C' > 0 such that

> Covlgn, (X000, (X)) < C Y0 Elg,, (X)) (3.7)

m<i<j<n

for all 1 <m < n (recall that Gx, x; (byr-1) := Cov(gs , , (Xi), gb ,_, (X}))), it follows

Tm—k:+171 +
1l Z Z Gxix; (bpi)
= h=0 1+hrk<i<j<hrk4ork—1
Tm—k+1_1

< max E E Gx. x.(b.k-1
~X 1<£<r—1 XuX]( T )
h=0 1+hrk<i<j<hrk4ork—1
T.mfk+1_1
T idiéra Z Z Cov (b, 11 (Xi) 9o, (X5))
h=0 1+hrk<i<j<hrk4ork—1
rm=ktl 1 hpkpppk—1

< max C Z Z E[gbrk_l(Xj)]Q
h=0

1<l<r—1
(3.7) j=1+hrk

Tm+1

< C Z E[ngk_1 (XJ)]2
j=1

T.m+1

2 2
=C Z [EXjI{\Xijrkq} + brk,1P{|Xj| > brk—l}]
j=1
S COrMHEX I g gy + O P{IX] > b }

where the last inequality is a consequence of Lemma 1 in [15]. On the other hand, if one
admits that there exists a (fixed) constant C' > 0 such that, for all 1 < m < n, the following
inequality holds

> Covi(he, y b (X)X < C D Elhy b, (X)) (3.8)

m<i<j<n j=m
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we get

T.mfk+1_1 +
E E HXZ-,XJ- (brk71, brk)
h=0 1+hrk<i<j<hrk4rk
,r.mkaflil

< ) > Hx, x, (bys-1,b,x)

h=0  |14+hrk<i<j<hrk4rk
rm—k-ﬁ—lil
h=0 1+hrk<i<j<hrk4rk

rm— k+1_ 1 hT’k-f—T‘

< Z Z hbk 1,0, k(X )]2
3.8) h=0  j—1+hrk

m+1
=C Z [h k—1:b, ik ( )]2

m+1

_¢ Z E(X1 = )Ty i) + (e = byt *P{IXG ] > b0} |
< CTM—I—lEX I{|X\<b W} + Crm+1bgk[P’{|X| > brk}

Thus, if we additionally assume (3.7) and (3.8) in Theorem 2, then its assumptions (f) and

(g) can both be dropped, since they are assured by the already stated ones, (d) and (e).
Furthermore, it is worthy to note that the existence of a constant C' > 0 (which is not

necessarily the same on each appearance) such that the following inequalities hold

E{ i {gbrk_l(X) Egp, , , (X;) } } CZ [Qb o ( ]2 (3.9a)

j=m

n 2
E{ P, (X) Ehbkl,bk<x>}} <CZE[hbrk_1,brk<Xj>]2 (3.90)

j=m j=m

for all 1 < m < n, implies both (3.7) and (3.8). Indeed,

n 2
2 COV(gbrk_l (Xz)a gbrk_l (X]))‘ - Z E |:gbrk_1 (X]):|
m<i<j<n j=m
<2 3 Covlgn, (X0, ‘ Zv[gbk ()]
m<i<j<n
=2/ > Elgy,, (Xi) —Egy ., (X)llgv,,_, (X;) —Egbrkl(Xj)]‘

m<i<j<n

—ZE[gbk (X))~ Egy,,(X))]
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n 2
< E |:gbrk—1 (Xj) —Egy ., (X])]
j=m
+2 Elgy, o (Xi) —Egp , , (X)l[g6 ., (X5) — Egp ,,_, (X)]
m<i<j<n
n 2
= E{ Z |:gb,nk—1 (Xj) —Egp ., (X])] }
j=m
" 2
< C E |:gbr.k:—l (X])}
(3.9a) j=m

and, similarly, one can conclude that (3.9b) entails (3.8).

On the other hand, (3.9a) and (3.9b), by their turn, can be assured by the familiar moment
inequality (3.10) presented below. Let ¢ be an arbitrary nondecreasing Borel-measurable real-
valued function defined on whole real line. All sequences of random variables {X,, n > 1}
satisfying E[p(X,,)]?> < oo for each n > 1, and for which there exists a (fixed) constant C' > 0
such that

E{ZMX) Ep(X;) } CZE Ep(X;))? (3.10)

j=m
for all 1 < m < n, fulfill conditions (3.9a) and (3.9b), because
2

n 2
E{ ‘ [gbrk_l(Xj) —Egp ., (X5) ] } < CZ [Qb o (Xi) = Egp o, (X5)

(3.10) j=m
<C Z ]E[gbrk—l (Xj)]2a
j=m

and putting fr x(t) = gk (t) — gr(t), it follows

n 2
E{Z [ (55) — B (X )}}

j=m

n n 2
:E{Ej[ﬁkhbJX) Efyr o, D]+ D0 o0, (K9 - EnklﬁgX»}}

j=m j=m

n 2
gQE{Z[fbk 17bk(X) Efbk 1,bk(X )}}

j=m
n 2
+2E [(_fb_rk,l,brk(Xj)) —E(—fb:kfl,brk(Xj))] }
j=m
L 2
< 20N B[S L () -BAL L, (X))
CRT) N
i 2
20 B [(= iy 0 (X)) —E(= Sy (X))
j=m
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n

20381, 0] 203 [, 0

j=m

2

n

<40 Z E [hbrk,l,brk (Xj)} i

j=m

by taking ¢ = gp , , and ¢ = fb+k,1,b o =—rfy 5,0 (3.10), respectively.

Thereby, excluding (3.5) andr(3.6)r, all steps in the Tproof of Corollary 2 remain valid when
{X,, n > 1} is a sequence of random variables stochastically dominated by a random variable
X € Z,, 1 < p <2 verifying (3.10), i.e. the following statement holds:

Corollary 3 Let 1 < p < 2, and {X,, n > 1} be a sequence of random variables stochasti-
cally dominated by a random variable X € 2, satisfying (3.10) for any nondecreasing Borel-
measurable real-valued function ¢ defined on whole real line such that E[p(X,)]? < oo for each
n>1. Then, S p_(Xy — EXy)/n'/? 2% 0.

Remark 1 It should be noted that Corollary 3’s assumptions entail conditions (H1) and (H2)
in Theorem 1 of [22].

3.2 SLLN for quadrant dependent random variables

The notion of quadrant dependence was introduced by Lehmann in [14]. A sequence
{X,, n > 1} of random variables is said to be pairwise positively quadrant dependent (pairwise
PQD) if

for all reals xy,z; and all positive integers k,j such that k 75 j- A sequence {X,, n > 1} of
random variables is said to be pairwise negatively quadrant dependent (pairwise NQD) if

for all reals xy, x; and all positive integers k, j such that k # j.

Remarkable examples of the above statistical dependence concept can be found in relia-
bility theory, where most bivariate distributions are positively quadrant dependent and the
disregarding of this assumption lead to underestimation/overestimation of the system relia-
bility [11].

The following is a SLLN for sequences of pairwise PQD random variables under both
sharpen norming constants and moment condition.

Corollary 4 Let 1 < p <2 and {X,, n > 1} be a sequence of pairwise PQD random variables
stochastically dominated by a random variable X € £,. If

o> neGy, x, (n'P) < oo (3.11)

1<i<j<oo n=j

for some p < a < 2, then >_p_(Xy — E X})/n'/P 23 0.
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Proof. Since Ax, x,(u,v) > 0 for every i # j and all reals u, v, we have
Gx,x, (r"/7) = Gx, x,(r*V/?) > 0
which leads to

+

() + 5, x

iy xg

(T(k—l)/p7 rk/p) <Gy, x, (rk/p) .

From Lemma 4 of [18], it follows

= (2/a—2/p)k—2(kVlog, 5)/a [ A+ (k—1)/ +
Z ZT P o [GX,-,XJ( ")+ Hy

1<i<j<oo k=1

< Z iT(Z/a—Z/P)k—Q(kVIOgTj)/aGXi,Xj (Tk/p)

1<i<j<oo k=1

_ Z ire/a?/p)k2(’W10grj)/al{rk<j}GX¢,Xj(Tk/p)

1<i<j<oo k=1

bSO ek e G ()

1<i<y<oo k=1

o (r D, rk/p)]

17]

90 a— k
— Z 2/ Z r(2/ 2/p)kI{rk<j}GXi7Xj (7" /p) (3.12)
1<i<j<oo
+ Z / / Qk/pl{kmogr(‘“|pV|U|pV]')}AXi,Xj (u,v) dudv
1<i<j<oo 0 k=1

< Z —Z/az (2/a— 2/p)k;GX X (jl/p)

1<i<j<oo k=1
1

PR p p 2/p

* 1—pr—2/p Z / / (JulP v v|P v §) P Ax, X, (u, v) dudv
1<i<j<oo
= M Z i—2/a (jl/p) Z t 3¢ X, () dt

1—r2lo—2/p 24 7 X6, X; i X; )

A 1<z<_7<oo

Since there are positive constants C7, Cy such that

(n+1)1/7’
Cl’l’L_l_Q/pGXhXj (’I’Ll/p) < / t_gGXZ.,Xj (t) dt < CQ(’I’L + 1)_1_2/pGX¢,X]~ ((TL + 1)1/1))

1/p

for each n > 1, we have

Z //pt 3GX"’XJ(t)dt<CQ Z Zniliz/pGXij(nl/p)

1<i<j<oo 1<i<j<oo n=j

Z in_l_Q/o‘GXhXj (nl/p) < 00.

1<i<g<oo n=yj

(3.13)
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Moreover,

>, FCGxx () <Cl) 3y nT TGk x (1) <00 (314)

1<i<j<oo 1<i<j<oon=j

Therefore, (3.12), (3.13), (3.14) imply condition (3.2) and the thesis is established by employ-
ing Corollary 2. O

Remark 2 By comparing Corollary 4 and Theorem 1 of [18], one can see that the former
allows us to consider a wider structure of dependent random variables because any sequence
of associated random variables is a sequence of pairwise PQD random variables (the reciprocal
does not hold). In the latter statement, the mild covariance condition

o
Z / U73GXZ~,XJ' (v)dv < 00 (3.15)
1<i<j<oo 7 IMP

is equivalent t0 37 icoo D one; n_l_Z/pGXi,Xj (n'/P) < oo, thus being weaker than (3.11).

Hence, it stands as an open problem to know if Corollary 4 remains true under condition
(3.15) instead of (3.11).

Furthermore, in light of previous subsection 3.1, among the families of random variables
for which (3.10) holds, one can find well-known dependence structures, namely, sequences
of pairwise NQD random variables or sequences of extended negatively dependent random
variables (for definition and basic properties, see [14]| and [17], respectively); with regard to
the corresponding proof, we refer [26] and [28].
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