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ABSTRACT

The plactic monoid was first introduced by Lascoux and Schiitzenberger based on
work by Schensted and Knuth, resulting in a description of the plactic monoid by
a presentation and by Young tableaux and an insertion algorithm. Then, due to
work by Kashiwara on crystal bases, the plactic monoid was obtained by identify-
ing vertices in the crystal graph associated to the general linear Lie algebra. This
process proved to be fruitful, as it enriched the structure of the already acclaimed
plactic monoid and allowed its generalization based on other crystal graphs.

Analogously, the hypoplactic monoid was introduced by Krob and Thibon via
a presentation and via quasi-ribbon tableaux and an insertion algorithm. Recent
work by Cain and Malheiro showed a construction of the hypoplactic monoid
by identifying vertices in a quasi-crystal graph derived from the crystal graph
associated to the general linear Lie algebra. Although this construction is based
on Kashiwara’s work, it cannot be extended to other crystal graphs, and it lacks
connections to representation theory such as a Littelmann path model.

In this thesis we present an algebraic theory of quasi-crystals. We associate
a quasi-crystal graph to each quasi-crystal and describe a one-to-one correspon-
dence between seminormal quasi-crystals and quasi-crystal graphs. We show
that a hypoplactic congruence can be defined over any seminormal quasi-crystal,
from which a general notion of hypoplactic monoid emerges. We prove that the
construction of the hypoplactic monoid proposed by Cain and Malheiro can be
placed in context as the hypoplactic monoid associated with the general linear Lie
algebra. Based on this framework, we make a study of the hypoplactic monoid
associated to the symplectic Lie algebra. Finally, We present a Littelmann path
model for quasi-crystals.

Keywords: quasi-crystal, hypoplactic monoid, Littelmann path model, crystal,

plactic monoid, Kashiwara operator.
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ReEsumMmo

O monoide plactico foi inicialmente introduzido por Lascoux e Schiitzenberger
baseado em trabalhos de Schensted e Knuth, resultando numa descricao do mo-
noide plactico por uma apresentagao e pelos quadros de Young com um algoritmo
de inser¢ao. Posteriormente, pelos trabalhos de Kashiwara em bases cristal, o
monoide plactico foi obtido através da identificacao de vértices no grafo cristal
associado a algebra de Lie linear geral. Este processo mostrou-se frutuoso, dado
que enriqueceu a estrutura do ja reconhecido monoide plactico e, adicionalmente,
permitiu a sua generaliza¢ao associando-o a outros grafos cristal.

Analogamente, o monoide hipoplactico foi introduzido por Krob e Thibon atra-
vés de uma apresentacao e de quadros quase-fita com um algoritmo de insercao.
Em trabalhos recentes de Cain e Malheiro, o monoide hipoplactico foi obtido pela
identificacao de vértices num grafo quase-cristal, derivado do grafo cristal asso-
ciado a algebra de Lie linear geral. Embora com base em trabalhos de Kashiwara,
esta construgao nao se aplica a outros grafos cristal e nao tem conexoes a Teoria
das Representacoes, tais como um modelo de caminhos de Littelmann.

Nesta tese, apresenta-se uma Teoria Algébrica dos Quase-cristais. Associa-se
um grafo quase-cristal a cada quase-cristal e descreve-se uma correspondéncia
bijectiva entre quase-cristais seminormais e grafos quase-cristal. Mostra-se que se
pode definir uma congruéncia hipoplactica sobre um qualquer quase-cristal semi-
normal, donde resulta um conceito geral de monoide hipoplactico. Prova-se que a
construgao proposta por Cain e Malheiro é equivalente a constru¢ao do monoide
hipoplactico associado a algebra de Lie linear geral. Com base nesta abordagem,
estuda-se o monoide hipoplactico associado a algebra de Lie simpléctica. Por fim,

descreve-se um modelo de caminhos de Littelmann para os quase-cristais.

Palavras-chave: quase-cristal, monoide hipoplactico, modelo de caminhos de

Littelmann, cristal, monoide plactico, operador de Kashiwara.

X






Introduction

Preliminaries

2.1
2.2
2.3

CONTENTS

Monoids, words and presentations . . . . . ... ... ... .. ..

Graphs . ... .........

Root systems . . .. ... ...

2.3.1 Simplerootsand weights . . . . . ... ... ... .....
2.3.2 The Weyl group and the Weyl chambers . . .. ... ...
23.3 Cartantypes A ,and €, . . . . . . ...

The classical plactic monoid

3.1
3.2
3.3

Young tableaux . . . . ... ..
The insertion algorithm . . . .

Knuth relations . ... .. ..

Crystals

4.1
4.2
4.3
4.4

Crystals and homomorphisms

Crystal graphs . . . . ... ..

Tensor product . . . . ... ..

The signature rule for tensor product . . . . ... ... ... ...

Crystalizing the plactic monoid

5.1
5.2
5.3
5.4
5.5

Crystal monoids and homomorphisms . . . . ... ... .....

The free crystal monoid . . . .
Congruences and quotients . .

The plactic congruence . . . .

The plactic monoid of type R,

xi

19
19
21
23

25
26
31
33
36

39
39
44
49
54
56



6 The classical hypoplactic monoid

6.1 Quasi-ribbon tableaux . . .

6.2 The insertion algorithm . .

6.3 A presentation for the classical hypoplactic monoid . . . . . . ..

6.4 Quasi-crystals for the classical hypoplactic monoid . . . . . . ..

7 Quasi-crystals

7.1 Quasi-crystals and homomorphisms . . ... ... ... .....

7.2 Quasi-crystal graphs . . .

7.3 Quasi-tensor product . . .

7.4 The signature rule for quasi-tensor product . . .. ... ... ..

8 Crystalizing the hypoplactic monoid

8.1 Quasi-crystal monoids and homomorphisms . . . . . .. ... ..

8.2 The free quasi-crystal monoid . . . ... ... ... ... ... ..

8.3 Congruences and quotients

8.4 The hypoplactic congruence

8.5 The hypoplactic monoid of type R,, . . . ... ... ... . ...

9 The hypoplactic monoid of type
9.1 Thecasen=2 .......

Ty

9.1.1 The definition of hypo(€;) . . . ... ... ... .. ...
9.1.2 Highest-weightwords . . . . .. ... ... .........

9.1.3 Isolated words . . .
9.1.4 A presentation . . .
9.1.5 Identities . . .. ..
9.2 Thecasen>3 .......

9.2.1 The definition of hypo(6,,) . . . ... ... ... ... ...
9.2.2 Highest-weightwords . . . . .. ... ... .........

9.2.3 Isolated words . . .

9.2.4 Knuth relationson hypo(6,) . . . . .. ... ... .. ...

9.2.5 Fromhypo,_;tohypo(6,) ... ... ... ... .....

10 Littelmann path models
10.1 A model for crystals . . . .
10.2 A model for quasi-crystals

Bibliography

xii

59
60
61
67
68

73
73
83
90
100

105
105
113
118
122
125

129
129
129
133
136
137
144
146
146
150
151
153
160

163
163
166

173



INTRODUCTION

The plactic monoid, introduced by Lascoux and Schiitzenberger [LS81], is an
algebraic object of great interest, with connections to several fields such as rep-
resentation theory, combinatorics [Ful97], symmetric functions, and Schubert
polynomials [LS85; LS89]. It was also used to give a first rigorous proof of the
Littlewood-Richardson rule [LR34]. This led Schiitzenberger [Sch97] to consider
it one of the most fundamental monoids in algebra. There are numerous ways of
obtaining the plactic monoid, we highlight three of them. It originally emerged
from the study of Young tableaux and the Schensted insertion algorithm [Sché61].
It also has a presentation by the so-called Knuth relations [Knu70].

Kashiwara [Kas90; Kas91] introduced crystal bases for modules of quantized
universal enveloping algebras [Jim85], and showed that the plactic monoid arises
from the crystal basis associated with the quantized universal enveloping gen-
eral linear Lie algebra. This result allowed a deeper study of the plactic monoid,
and its generalization, because the construction still results in a monoid for crys-
tal bases associated with other quantized universal enveloping algebras. Thus,
in [KN94]| the crystal graphs for Cartan types A,, B,, €, and D, were studied,
from which a notion of Kashiwara—Nakashima tableaux emerged. Based on this,
Lecouvey [Lec02; Lec03] presented comprehensive descriptions of the plactic
monoids for types B,, C,, and D,,, which later appeared in a survey [Lec07]. Re-
cently, Cain, Gray and Malheiro [CGM15a; CGM19] presented rewriting systems

and biautomatic structures for these monoids.

In an independent work, Littelmann [Lit94; Lit95] introduced a path model to
give a generalization of the Littlewood—Richardson rule for symmetrizable Kac—
Moody algebras. Kashiwara [Kas94] showed that the crystal bases from quantized
universal enveloping algebras coincide with crystals from Littelmann paths. How-
ever, Littelmann paths are of particular interest in representation theory, and their
study gave rise to the notion of plactic algebra [Lit96].
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CHAPTER 1. INTRODUCTION

The hypoplactic monoid was introduced by Krob and Thibon [KT97] from rep-
resentation theoretical interpretations of quasi-symmetric functions and noncom-
mutative symmetric functions. It emerged from a noncommutative realization of
quasi-symmetric functions analogous to the realization of symmetric functions by
the plactic monoid presented by Lascoux and Schiitzenberger [LS81]. Thisled to a
construction of the hypoplactic monoid by quasi-ribbon tableaux and an insertion
algorithm, and to a presentation by the Knuth relations and the quartic relations.
A detailed study of the hypoplactic monoid was done by Novelli [Nov00], and a
comparative study with other monoids was done in [CGM15b].

Cain and Malheiro [CM17] described a quasi-crystal graph, derived from the
crystal graph for type A, that allows a construction of the hypoplactic monoid
analogous to the construction of the plactic monoid presented by Kashiwara. How-
ever, this construction is purely combinatorial and does not have an algebraic
foundation. It therefore cannot be used to construct a monoid starting with a
crystal graph of other type. Cain and Malheiro also asked if there was a Littel-
mann path model for this construction.

In this thesis we address the problems described for the construction of the
hypoplactic monoid proposed by Cain and Malheiro. In Chapter 2 we introduce
basic notation, and give the basic background on root systems. In Chapter 3,
we present the two original constructions of the plactic monoid. In Chapter 4,
we introduce the theory of crystals. Then, in Chapter 5 we present a method
of constructing the plactic monoid from crystals. Although the results in this
chapter are in the literature, our approach is different, as it has a strong algebraic
structure and allows us to form analogous constructions, as we see in the sequel.

In Chapter 6, we present the three constructions of the hypoplactic monoid:
by a presentation, by quasi-ribbon tableaux and an insertion algorithm [KT97;
Nov00], and the one obtained by Cain and Malheiro [CM17]. In Chapter 7, we
introduce the algebraic theory of quasi-crystals, study their properties, give a
purely combinatorial description through quasi-crystal graphs, and introduce the
notion of quasi-tensor product. Then, in Chapter 8 we develop a theory of quasi-
crystal monoids in parallel with the approach done in Chapter 5. We then reach a
definition of a hypoplactic monoid associated to a seminormal quasi-crystal, and
prove that for type A, our construction is equivalent to the construction of the
hypoplactic monoid proposed by Cain and Malheiro.

Since our construction yields a monoid for any seminormal quasi-crystal, in
Chapter 9 we study the hypoplactic monoid associated to the standard quasi-
crystal of type C,,. Finally, in Chapter 10 we show that our theory of quasi-crystals
admits a Littelmann path model.



2

PRELIMINARIES

In this chapter we give the definitions of the algebraic structures that will be
used throughout this thesis. We assume the reader is familiar with the basic
concepts on the theory of monoids and the theory of graphs, so our main focus
in Sections 2.1 and 2.2 is to introduce notation and clarify terminology. We give
a more detailed introduction to root systems in Section 2.3, because they will be
used as the underlying algebraic structure for defining crystals and quasi-crystals,
and since other algebraic structures can be used for this purpose, it will help if
one wants to exchange root systems with some of them. Finally, we draw attention
to Examples 2.16 and 2.17, where we describe the root systems for Cartan types
A, and €, which will be the only non-arbitrary root systems considered in this
thesis.

2.1 Monoids, words and presentations

In this section we briefly review some of the basic concepts relating to monoids.
Our main goal is to introduce notation and clarify some terminology which will
be used later. For a comprehensive study on semigroup theory, and in particular
monoids, see for example [Hig92; How95].

A monoid consists of a set M together with a binary operation - : M x M —
M, where (x,9) — x -y (x,y € M), with an identity element 1 € M satisfying the
associative law

(x-y)-z=x-(y-2),

and the identity law

l-x=x-1=x,

for all x,y,z € M. As usual, we denote a monoid with the same letter as its set,

since it is clear from the context which object is being considered. Also, we usually

3



CHAPTER 2. PRELIMINARIES

omit the binary operation - writing xp instead of x - y.
A zero monoid is a monoid M where there is an absorbing element 0 € M such
that

Ox=x0=0,

for all x e M.

A (monoid) congruence on a monoid M is an equivalence relation 6 C M x M
such that if (x1,v1),(x2,v,) € 6, then (x1x,,7919,) € 6. Sometimes we write x 6
instead of (x,y) € 6. With this notation we have that an equivalence relation
6 € M x M is a congruence on M if x; 6 y; and x;, 0 y, imply x1x, 6 y;v,. This
notation also allows a shorter and clear writing, as for instance x; 6 x, 6 x3 6 x4
stands for (xq,x;),(x,,x3),(x3,x4) € 6. Denote by [x]g, or simply [x] when the
congruence is clear from the context, the 6-equivalence class containing x, and
denote by M/ the set of all 6-equivalence classes. Then, the quotient monoid of M
by 6 consists of M/6 together with the binary operation given by [x]- [y] — [x- V]
(x,y € M), where the identity is [1].

Given monoids M and M’ with identities 1,; and 1,,, respectively, a map

Y : M — M’ is called a (monoid) homomorphism if

P(xy) = P(x)P(p),

for all x,y € M, and
P(1p) =1

And if 1 is also bijective, then it is called a monoid isomorphism. The monoids M
and M’ are said to be isomorphic if there exists a monoid isomorphism between
them.

The opposite monoid of a monoid M is a monoid M°P consisting of the set M

and a binary operation © given by
XQY=7-X

(x,y € M), where the identity is the same as in the monoid M. The properties
satisfied by the monoids M and M°P are similar, as for instance M has an absorb-
ing element if and only if M°P has an absorbing element, or M is left cancellative
if and only if M°P is right cancellative. Therefore, we say that a monoid M’ is
anti-isomorphic to a monoid M if M’ is isomorphic to M°P. Equivalently, M and

M’ are anti-isomorphic if there exists a bijective map ¢ : M — M’ such that

P(xy) = P(¥)P(x),

4



2.1. MONOIDS, WORDS AND PRESENTATIONS

for any x,y € M. This concept will be crutial to understand the subsequent chap-
ters, because there are two main constructions of the classical plactic monoid,
which originate monoids that are anti-isomorphic to each other, and although we
will only work with one of the constructions, the bibliographic references may
consider the other approach.

For a monoid homomorphism ¢ : M — M’, the kernel of ¢ is a congruence

ker i on M given by

ker) = {(x,9) € M x M | (x) = p(y)}.

This leads to the well-known result which relates congruences and homomor-
phisms, as for a monoid M, we have that a relation 6 C M x M is a congruence on
M if and only if there exist a monoid M’ and a homomorphism ¢ : M — M’ such
that 6 = ker .

Let X be a set. Let X* to be the set of all sequences of the form x;x,...x,,, with
X1,X3,...,%,; € X and m > 0, where € denotes the empty sequence. In this context,
the set X is called the alphabet, its elements are called letters, and the elements
of X* are called words. For a word w € X*, the length of w, which corresponds to
the number of letters occurrying in w, is denoted by |w|. And for each letter x € X,
the number of times x occurs in w is denoted by |w/,.

The set X* of all words over X together with the concatenation of words forms a
monoid called the free monoid over X. The term “free” is justified by the following

universal property that X* satisfies.

Theorem 2.1. Let X be a set, and let M be a monoid. For each map ¢ : X — M, there
exists a unique monoid homomorphism 1 : X* — M such that ((x) = (x), for any
xeX.

Let M be a monoid, and let X be a generating set of M. Denote by 1: X* - M
the (unique) homomorphism satisfying 1(x) = x, for any x € X. Set 6 = ker 1. Recall
that M is isomorphic to X*/60. Now, a sequence w = x1X;...X,,, with xq,x,,...,X,, €
X and m > 0, can be seen either as a word in X* or an element of M. Thus, to
avoid confusion, given two sequences u and v (possibly empty) of elements of X,
we write u = v, whenever u and v are the same word, and write u =y; v or u 6 v,
whenever u and v represent the same element of M.

Let X be a set, and let R € X* x X" be a relation on X*. Denote by 0y the

smallest congruence on X* containing R, that is,
Or = ﬂ{@ CX*xX*|RCH, 0 is acongruence on X"}.

5



CHAPTER 2. PRELIMINARIES

We say that X and R form a presentation of a monoid M, and write M = (X | R), if

M is isomorphic to X*/6g. For example, a presentation of the bicyclic monoid Z is
Z=(=+](+-€)).

Thus, in the bicyclic monoid we have that
—t bt =y —+2.

In general, given w € {—, +}*, we have that w =, —4b for some a,b € Zsy. And so,
we say that the elements of the bicyclic monoid are of the form —+?, for a,b € Z,.
The bicyclic monoid will play an important role in Section 4.4.

When giving a presentation (X | R) for a zero monoid M, we always assume
that X contains an element 0, and the pairs (0x, 0) and (x0, 0) lie in R, for all x € X.
Thus, for the sake of simplicity, we usually omit these facts. For example, a full

presentation of the zero monoid Z is
Zo=(0,—,+1(00,0),(0-,0),(0+,0),(-0,0),(+0,0), (+—,0)),
but in this context it is sufficient to state
Zy=(=+1(+-0)).
In contrast with the bicyclic monoid, now we have that
—++—+—+ =4, 0.

In general, given a word w € {—,+}" if w has a decomposition of the form w =
wi+-w,, for some wy, w; € {—, +}*, then w =z 0, otherwise w =z, —24b, for some
a,b € Zsy. Thus, an element of Z; other than 0 is of the form —a4b fora,be L.
The monoid Z, will play an important role in Section 7.4.

For a word w = xyx;...x,,, denote by (“w) = x,,x,,_1...x1 the reversed word
of w. Then, if (X | R) is a presentation for a monoid M, by defining R°P =
{((Cu),(“v)) | (u,v) € R}, we obtain a presentation (X | R°P) for the opposite
monoid M°P. In other words, (X | R) and (X | R°P) are anti-isomorphic.

2.2 Graphs

In this section we introduce a class of graphs that will be used to obtain a com-
binatorial description of seminormal crystals and seminormal quasi-crystals. Al-
though no prior knowledge on graph theory is required, we assume some famil-
iarity with the basic concepts, which is given in any introductory course on this
subject. See for example [Bol98] for a general approach.

6



2.2. GRAPHS

A directed graph I consists of a set X, whose elements are called vertices, and
a set E C X x X, whose elements are called edges. As usual, we say that x — v
is an edge of I instead of (x,y) € E. The vertices x and y are respectively called
the start and the end of an edge x — p, and if x = y, we say that x has a loop.
The directed graph I is said to be simple if its vertices do not have loops, and
is said to be connected if for any two vertices x and vy, there exists a sequence of
vertices X = Xq, X1,...,X, = y such that x;, — x;,; or x;,; — x; are edges of I,
fori=0,1,...,m—1.

For example, the directed graph with vertex set {1,2, 3,4, 5}, and for each x < 4,

an edge with start at x and end at x + 1 has the following representation

1 2 3 4 5. (2.1)
A walk on a directed graph I is a sequence of vertices xg, xy,...,x,,, such that
X0 X1 x,, are edges of I'. A path is a walk xg,xy,...,x,, whose

vertices are pairwise distinct. The length of a walk xy, xy,...,x,, is m, the start is
Xy, and the end is x,,.

Let I be a directed graph with vertex set X and edge set E. A subgraph I of
I' consists of a vertex set X’ C X and an edge set E' C EN (X’ x X’). A connected
component, or simply component, of I is a subgraph I" satisfying the following

properties:

(i) if x and p are vertices of I/, then there exists a sequence x = xp, X1,...,X;, =¥

such that x; — x;,; or x;,; — x; are edges of I, fori =0,1,...,m—1;

(ii) if x and p are vertices of [ and x — p is an edge of I, then x — yp is an
edge of I';

(iii) if x is a vertex of I’ and x —— y is an edge of I, then p is a vertex of I'".

Note that the notion of connected component differs in the literature, as some
authors only require conditions (i) and (ii), and say that the connected component
is maximal if (iii) is verified. For a vertex x of I', we denote by I'(x) the connected
component of I' containing x.

Let I' and I’ be directed graphs with vertex sets X and X’, respectively. A
graph homomorphism from T to I is a map @ : X — X’ that preserves edges, i.e.,
P(x) — P(y) is an edge of I/, whenever x —— p is an edge of I.

Given a set I, an I-labelling of a directed graph I' isa map { : E — I. We
say that an edge x —— y of I' is labelled by i € I, if {(x,y) = i, and denote it

by x i y. For example, the directed graph in (2.1) can be labelled by the
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set {1,2,3,4} by defining ¢(x,x + 1) = x, for each x = 1,...,4, which induces the

following representation

When I and I'" are I-labelled directed graphs, if we do not say otherwise, we
require graph homomorphisms between I and I to preserve labels. That is, if

Y is a graph homomorphism from I' to I/, then ¥ (x) - P(y) is an edge of I”,

whenever x —— y is an edge of I'.

Given a set A, a weight map on a directed graph I' is a map wt: X — A.. For a
vertex x of I', wt(x) is called the weight of x.

If we do not say otherwise, graph homomorphisms between weighted directed
graphs are assumed to preserve weights. That is, given weighted directed graphs
I' and I'" with weights in a set A, a graph homomorphism ¢ from I to I'" satisfies
wt((x)) = wt(x), for any vertex x of I'.

In the subsequent chapters we consider A-weighted I-labelled directed graphs,
that is, directed graphs where an I-labelling and a weight map are defined.

2.3 Root systems

In this section we introduce the background on root systems required to study
crystals and quasi-crystals. Root systems are commonly found on representation
theory, in particular, they usually arise on the study of Lie groups and Lie algebras,
but we will detach them from this context, as our only aim is to construct an
algebraic structure where crystals and quasi-crystals can be defined. For further
context see for example [Bou02; Bum13; EW06; FHO1].

Let V be a Euclidean space, that is, a real vector space with an inner product
which is a blilinear form (-,-) : V x V — R satisfying (u,v) = (v,u), for u,v € V,
and (v,v) > 0 whenever v # 0.

For a € V other than 0, set

Vv 2

a = <a,a>a.

The reflection in the hyperplane orthogonal to «a is the linear map r, : V —» V
given by

re(v)=v—{(v,a’)a,
for each v € V. Note that r, is bijective, as r,(r,(v)) = v, for all v € V. Also, 1,

preserves the inner product, as (r,(u),7,(v)) = (u,v) for any u,v e V.

8
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Definition 2.2. A root system in V is a subset @ of V satisfying the following

conditions
(i) @ is nonempty, finite, and 0 ¢ ©;
(ii) ry(p) € @, for all a, f € D;
(iii) (a,BY)€Z, for all a,p € D,
(iv) if @« € ® and ka € @, then k = 1.

The elements of @ are called roots, and the elements aV, with a € @, are called

CoToots.

Note that the definition of root system may differ in the literature. For in-
stance, some authors do not require condition (iii) and say that a root system
is crystallographic when it is satisfied. Similarly, some authors say that a root
system is reduced when condition (iv) is satisfied.

For a € @, since r, o r, is the identity map on V, we have that r, induces a
permutation of order 2 on @, by condition (ii). Also, from conditions (ii) and (iv),
we have that —a = r,(a) € ®, and so, condition (iv) is equivalent to state that the
only scalar multiples of a in @ are exactly a and —a.

Since we have (@)Y = a and rov(BY) = (r4(B))", it is easy to see that the set of

coroots @V = {a" | a € D} is also a root system.
Definition 2.3. Let @ be a root system in V.
(i) D is said to be semisimple if it spans V.

(ii) @ is said to be reducible if there exists two nonempty subsets ®; and @, of
® such that ® = P; UD, and (a, f) = 0 for any a € Py and g € P,. If O is not

reducible, it is called irreducible or simple.
(iii) P is said to be simply-laced if all roots have the same length.

When we do not say explicitly, we consider @ to be an arbitrary root system in
V without necessarily satisfying any of these properties. Note that some authors
only consider semisimple root systems, with the condition of ® spanning V is
included in the definition of root system. In this context the term simple is
frequently used, but to avoid confusion we shall always use the term irreducible,
because a simple root system may not be semisimple.

For a, f € D, since (a,r,(B)) = —(a, ), we have that (a,r,(B)) = 0 if and only
if r,(B) = B. So, if ® = @y U D, is reducible, where ®; and @, are nonempty

9
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orthogonal subsets of @, then r,(f) € ®;, whenever a, € ;, for i = 1,2. This
implies that ®; and @, are root systems in V.

From the following result we can see that a root system has a very particu-
lar configuration, in the sense that the position and length of a root restrict the

position and length of other roots.

Lemma 2.4 (Finiteness Lemma). Let a, f € ® with  # +a. Then,
(o, BY¥B,aVy€{0,1,2,3}.

Therefore, if {a, B) # 0, then {a, V) = +1 or (B, V) = 1.

Proof. By Definition 2.2(iv), we have that § # ka, for all k € R. Then, by the
Cauchy-Schwarz inequality, we get that

2
a, BYNB, aY :4M€ 0,4]. 2.2
(o B0y =47 s 0.4 (22)
By Definition 2.2(iii), we have that {(a, B¥),(B,a") € Z, from which the statement
follows. O

Note that from (2.2), it follows that the angle 6 between two roots a and p,
with p # +a, is such that
4cos®(6)€{0,1,2,3).

Thus, 6 can only be 7/6, /4, /3, 7/2, 21t/3, 31t/4 or 57t/6. If we have 0 = 71t/2
and |la|| < |||, then {(a, B¥) = +1, which implies that

lall _ 1
18Il 2|cos 6|

2.3.1 Simple roots and weights

Throughout this section, fix a nonzero vector vy € V which is not orthogonal to
any root, that is, (vy,a) # 0, for all @ € . An easy method to obtain such a vector
is as follows. Given a vector v € V, set @' = {a € D | (v, a) = 0}. If there exists f €
such that (v, ) = 0, since @’ is finite, take k € R\ {0} such that (v, a) = —k(B, a), for
any o € . Set v/ =v+kp. Then, (v,a) #0, for all a« € ®’, and (v’, B) = k(B,8) # 0,
and so, @’ is a proper subset of ®” = {a € D | (v/,a) # 0}. Since D is finite, by
iterating this process we eventually obtain a vector v, such that (vy, a) # 0, for all
ae€d.

A root a € @ is called a positive root if (vy,a) > 0, otherwise it is called a

negative root. Denote by @* the set of all positive roots, and denote by @~ the set

10
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of all negative roots. So, we have that ™ = —-0*, @*Nd~ =0, and D =P TUD".
In other words, we are taking a hyperplane of codimension 1 (the hyperplane
orthogonal to vy) and considering the roots on one side as positive, and the roots
on the other side as negative.

It is immediate that the set of positive roots @* satisfies the following proper-
ties:

* for each a € ®, exactly one of the roots @ and —a lie in ©7;
e ifa,fed and a+ B €D, then o+ € D*.

On the other hand, we have that if a subset @’ of @ satisfies these two conditions,

then there exists a vector on V for which @’ is the set of positive roots.

Definition 2.5. A simple root is a positive root which cannot be obtained as the

sum of two positive roots. Denote by ¥ the set of all simple roots.

It is immediate from the definition that we have
Y=0"\{a+B|a,ped)
Lemma 2.6. Let o, f € ¥ with a # p. Then, {a, p) < 0.

Proof. Suppose there exist a, f € X such that a #  and («, ) > 0. By Lemma 2.4,
we have that (a, ") = 1 or (B,a¥) = 1. Without loss of generality, assume that
(B,aV) = 1. Then, r,(B) = p—a. If r,(B) € @, then B = r,(B) + a, which is a
contradiction, because f is a simple root. Otherwise, we must have that —r, () €
®*, and since a = f—r,(p), we obtain another contradiction, because «a is a simple
root. O

Fix an index set I for the simple roots, and denote them by «; (i € I). So, we

have that ¥ = {a; | i € I}, where a; # aj, whenever i # j.
Theorem 2.7. The set of simple roots ¥ satisfies the following properties:
(i) X is a linearly independent subset of V; and

(ii) for every positive root p € @, there exist nonnegative integers k; € Zq (i € 1)
such that B =) ;. k;a;.

Proof. (i) Let k; € R (i € I) be such that } ;.;k;a; =0. Set I} ={i €I | k; > 0} and
I, ={i €| k; <0}. Definev =} ;. k;a;. Since

Zkiai = Z(_kj)aj;
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we have that

0<{v,v)= Zk iNai,a;

1€Il
j€l

For i € I} and j € I, since I; NI, = 0, then («;,a;) < 0, by Lemma 2.6, and so,
ki(=kj){@;, a;) <0, as k; > 0 and k; < 0. Hence, (v,v) = 0, which implies that v = 0,

and thus,
) ki(wo,ai) = ) (<k;)vo, ;) = (v, v) = 0.

iel jel,
As (vg,a;) > 0, for all i € I, it follows that k; = 0, for all i € I. Therefore, ¥ is a
linearly independent subset of V.

(ii) Let @’ be the set of positive roots that cannot be expressed as a linear
combination of the simple roots with coefficients in Z(. Suppose @’ is nonempty.
Since @’ is finite, take g € @’ such that (vy, f) < (vg, B’), for any p’ € @’. By the
definition of @’, we have that g is not a simple root, and so, p = 1 + 8,, for some
B1, B2 € PT. As (vg, B) = (vo, B1) + (vo, f2), where (vg, B1),(vo, f2) > 0, we have that
(vo, B1),{vo, B2) < (vo, B), which implies that p; and B, do not lie in @’, by the
choice of p. Therefore, p; and f, can be expressed as a linear combination of the
simple roots with coefficients in Z, contradicting the fact that g = g; + , could

not be obtained in that form. Hence, @’ = (. O

Note that if a subset X’ of @ satisfies the two conditions in Theorem 2.7, then
there exists a vector in V for which ¥’ is the set of simple roots.

Given a negative root f € ®~, we have that - € ®*, and by Theorem 2.7(ii),
there exist k; € Z< (i € I) such that g = ) ;. k;a;. Therefore, any root can be
expressed as a linear combination of the simple roots where coefficients are either

all nonnegative integers or all nonpositive integers.

Definition 2.8. A weight lattice A is a Z-submodule of V satisfying the following

conditions

(i) A spans V;

(ii) ® CA;
(iii) (A,av)y€eZ for any A € A and a € D.
The elements of A are called weights.

We define a partial order on a weight lattice A as follows. For A,y € A, we
have that
A>2p &= A-pu= Zkial-, for some k; e Ry (i € I). (2.3)

i€l

12
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Consider the Z-submodule
Aroot = Zzai
iel
of V generated by the simple roots. We call A,y the root lattice. Note that if @ is

semisimple, then A, is a weight lattice, and A,yo; € A, for any weight lattice A.
Definition 2.9. Let A € A be a weight.

(i) A is said to be dominant if (A, a;) > 0, for all i € I. The set of dominant
weights is denoted by A*.

(ii) A is said to be strictly dominant if (A, a;) >0, for all i € I.

Since the simple roots are linearly independent, we can take nonzero vectors
w; € V (i €I) such that for each j €1,

(wi,a]) =0

where 6l~]- =1,ifi=j,and 51~]- =0, if i # j. Although these vectors may not lie in A,
we call them fundamental weights. Note that if ®@ is semisimple, the fundamental
weights are completely determined by their defining condition, otherwise we
make a choice.

If @ is semisimple, consider the Z-submodule

Age = Zzwi

of V generated by the fundamental weights. Then, for any weight lattice A, we
have that
Aroot CAC ASC'

The weight lattice A is said to be of adjoint type if A = Ay, and is said to be of
simply-connected type if A = Aq..

2.3.2 The Weyl group and the Weyl chambers

First we show how a root system can be reconstructed from its simple roots, and
as a consequence, we get that the set of simple roots completely determines the
root system.

For each i € I, we denote by s; the reflection r,. in the hyperplane orthogonal

to the simple root ;. We call s; a simple reflection.

13
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Lemma 2.10. Let i € I. Then, s;(f) € ®*\ {a;}, for any p € O \ {a;}. Therefore, s;

induces a permutation on ®*\ {a;}.

Proof. Let p € "\ {a;}. By Theorem 2.7(ii), there exist k; € Z5 (j € I) such that
B =Y jecrkjaj. Since f = a;, then k;» > 0, for some i" = i. We have that

si(B) = p—(Ba)ai = (ki = (BaNai + ) ki,
jeri}
where the coefficient of «; is again k;; > 0. Hence, s;() # ;, and since a conse-
quence of Theorem 2.7 is that any root can be expressed as a linear combination
of the simple roots with all coefficients nonnegative or nonpositive, we get that
si(B) € DT\ {a;}. O

It is immediate from Definition 2.2(ii) that for any i,...,i,,j € I, we have
si, =++$i, (aj) € ®. In the following result we show that any root can be obtained by

applying simple reflections to a simple root.

Proposition 2.11. Let f € O. Then, there exist iy,...,1i,, ] € I such that

B =si,-si, ().

Proof. Let @’ be the set of positive roots that cannot be obtained by applying
simple reflections to a simple root. Suppose that @’ is nonempty. As @’ is finite,
take g € @ such that (vy, f) < (vg, ), for all B’ € @’. By Theorem 2.7(ii), we have
that =) ;. kia;, for some k; € Zy( (i € I). If we had (B, ;) <0, for any i € I, then

we would get

B.BY=) ki(pa;)<0
i€l
leading to a contradiction, because g = 0. Thus, (f,a;) > 0, for some i € I. By

Lemma 2.10, s;(p) is a positive root, and since

(v0,5i(B)) = (vo, B) — (B, ) Wwo, a;) < vy, B),

we have that s;(f) € ®* \ ®’. Hence, there exist iy,...,i,,j € I such that s;(f) =
si,~--si, (@;). This implies that g = s;s; --s; («;), a contradiction which comes
from assuming that @’ is nonempty.

Finally, if y is a negative root, then —y € ®*, and so, there exist iy,...,i,,j €I
such that —y =s; ---s; (aj). Since each simple reflection is a linear map and

si(aj) =—aj, we get that y =s; ---s; si(a;). O

From the previous result we have that by successively applying reflections to
the simple roots, we obtain any root. In other words, we apply an element of the

following group.

14
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Definition 2.12. The Weyl group W of @ is the subgroup of linear isomorphisms
on V generated by the reflections r, (a € D).

We now show that the simple reflections s; (i € I') form a set of generators for

the Weyl group.
Lemma 2.13. Let a € ® and i € I. Then, s;145; = s (q)-

Proof. Let v € V. We have that
5iT5i(v) = 5i(si(v) = (si(v), aYa) = v = (s;(v), a")s;(a),

as s; is a linear map and s;s;(v) = v. Since s; preserves the inner product, we get
that

(si(w),a”) = (si(v),s;si(a”)y = (v,si(a")).

Finally, as

Sz(av) = <0(,0(>Sl(a) = <si(v),sl(v))sl(v) = (Sz(a))vl
we obtain
$itasi(v) = v = (v, (s;(@)")si(@) = 15 () (V).
And therefore, s;7,5; = 15, (q)- ]

Theorem 2.14. The Weyl group W is generated by the simple reflections s; (i € I).

Proof. Since the Weyl group is generated by the reflections r, (a € @), it suffices
to show that any reflection can be obtained by composing simple reflections. Let
a € @. By Proposition 2.11, there exist iy,...,i,,j € I such that a =s; ---s; (a;),

and so,

Tsiywsiy(a;) = SiyVsyy sy, (@) Siy = °70 = Siy 0750, 53S0, " Siy s

by Lemma 2.13. [

Let g € W be an element of the Weyl group such that g(a;) = a;, for any i € I.
Given a vector v € V, as the simple roots are linearly independent, there exist
kieR(iel)and v’ € V such thatv =) ;; kia; +v" and (v',a;) = 0, for any i € I.
Thus, s;(v’) = v/, for any i € I, and since the simple reflections generate W, we
have that ¢(v’) = ¢/, which implies that g(v) = v. Hence, g is the identity map on
V. It is immediate from this fact that the map from W to the symmetric group
Se of @, which maps each g € W to its restriction g|p to @, is an injective group
homomorphism. This implies that the Weyl group W is finite. In particular, for
any i,j € I, there exists m > 2 such that (s;s;)" is the identity map on V. Also, s;s;
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is the identity map on V, for any i € I. And therefore, the Weyl group W is a finite
Coxeter group.
Consider the set
{veV|{v,a)=0forall a € D},

which is the complement in V of the set of all hyperplanes orthogonal to some root.
Clearly, this is a disconnected subset of V. We call each connected component a

Weyl chamber. For example, the set
fveV|{v,a;)>0foralliel}

is a Weyl chamber, and although its closure is not formally a Weyl chamber, the

following definition is commonly found in the literature.

Definition 2.15. The set {v € V | (v,a;) > 0 for all i € I} is called the dominant
Weyl chamber.

One direct consequence of this definition is that a weight is dominant if and

only if it lies in the dominant Weyl chamber.

2.3.3 Cartan types A, and C,,

Let n > 2. Now, we introduce the root systems associated to Cartan types A, and
C,, which will be the only non-arbitrary root systems considered in the subse-
quent chapters.

There are two distinct approaches to the Cartan type A,,, one from the general
linear Lie algebra gl,,, and other from the special linear Lie algebra s[,,. We will
only consider the gl,, approach. Note that in representation theory the Cartan type
A, is usually associated with the general linear Lie algebra gl,,, ;, but associating
it with gl,, will simplify our approach to the plactic monoid and the hypoplactic

monoid on the subsequent chapters.

Example 2.16. The root system for the Cartan type R, based on gl, is the fol-
lowing. Let V = R" with the usual inner product. Consider ey, e,,...,e, to be the
vectors forming the usual basis for R", where e; consists of the n-tuple with 1 in

the i-th position, and 0 elsewhere (i = 1,2,...,n). The root system is
O ={ej—e|i=]j}

and the set of positive roots is
O = {e;—ej|i <j}.

16
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The index set for the simple roots is I ={1,...,n— 1}, and the simple roots are
a;i =€ — €41,
fori=1,...,n—1. The weight lattice is A = Z", and the fundamental weights are
w;=ej;+--+ej,

fori=1,...,n—1. A weight (14,1,,...,1,) € A is dominantif A; > A, >---> A,.
The dominant Weyl chamber is

{(x1,%0,...,x,) ER" | x; 2 xp >-+- > x,,)}.
This root system is called the root system of type R,,.

Note that the root system of type A, is irreducible and simply-laced, but it is
not semisimple.
The Cartan type C,, is associated with the symplectic Lie algebra sp,,, and

gives rise to the following root system.

Example 2.17. The root system for the Cartan type €, based on sp,,, is the follow-
ing. Let V = R" with the usual inner product. Consider eq,e,,...,e, as described

in Example 2.16. The root system is
O ={+e;+e;|i<jlU{+2e;|i=12,...,n},
and the set of positive roots is
D" =fej+e|i<jlUf2e|i=1,2,...,n}
The index set for the simple roots is I ={1,2,...,n}, and the simple roots are

a; =e;—e€j1, fori=1,...,n-1,

a, =2e,.
The weight lattice is A = Z", and the fundamental weights are
w; =ej+---+ej, fori=1,...,n—-1,
Wy = S(eg+-o +eq)

A weight (A4, 14,,...,1;,) € A is dominant if Ay > A1, >---> A, > 0. The dominant
Weyl chamber is

{(xl)x2r~--’xn) eR" | X1 > X2 =2 Xn > O}
This root system is called the root system of type C,,.

Note that the root system of type €, is semisimple and irreducible, but it is

not simply-laced.
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3

THE CLASSICAL PLACTIC MONOID

In this chapter, we introduce the classical notion of plactic monoid, which arises
from Young tableaux and Schensted insertion algorithm [Sché61]. A presentation
for the plactic monoid is given by the Knuth relations [Knu70]. An in-depth study
of the plactic monoid was done by Lascoux and Schutzenberger in [LS81].

In Chapter 5, the classical plactic monoid will be placed in context as the
plactic monoid associated to the Cartan type A,,. Thus, we will be using notation
that will make more sense then, and may be confusing for now. For instance, for
n>2,wesetA,={1,2,...,n}. Also, the plactic monoid obtained from crystals is
anti-isomorphic to the original one [LS81], and therefore, some of the concepts

introduced in this chapter are adaptations of the original ones.

3.1 Young tableaux

In this section we introduce the notion of semi-standard Young tableaux over a
totally ordered set X, and define a method of reading that maps a semi-standard
Young tableau to a word in X*. Young tableaux appear in different contexts, but
the only purpose of this section is to introduce some basic concepts needed to
construct the plactic monoid. For further background, see for example [Ful97].

A partition A = (A, Ay,..., A,,) is a sequence of nonnegative integers such that
A=A >--> A, >0. A Young diagram of shape A is a collection of left-justified
boxes such that the i-th row has A; boxes, i = 1,2,...,m. For example, we have
that

(3.1)

are Young diagrams of shape (1,1), (3,2,1) and (2,2, 1), respectively.
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Given a totally ordered set X and a partition A, a semi-standard Young tableau
of shape A over X corresponds to a Young diagram of shape A where boxes are
filled with elements of X such that each column is strictly increasing from top to
bottom, and each row is weakly increasing from left to right. A column over X is
a semi-standard Young tableau over X whose shape is of the form (1,1,...,1). For

example, the Young diagrams in (3.1) filled as follows

2|5 (3.2)

are semi-standard Young tableaux over As. In particular, the first is a column.

A standard Young tableau of shape A = (A4,...,A,,) is a semi-standard Young
tableau of shape A where the numbers 1,2,..., A +---+ 1,, occur exactly once. The
third tableau in (3.2) is a standard Young tableau.

Note that a partition can be of the form A = (). In this case a semi-standard
Young tableau of shape A is called empty as there are no boxes to fill.

We also denote a semi-standard Young tableau T = C; ---C,,,, where Cy,...,C,,
are the columns of T.

Given a semi-standard Young tableau T over a totally ordered set X, the read-
ing of T is a word w(T) in X* defined as follows. If T is empty, then w(T) is
the empty word €. If T is a column, then w(T) is the concatenation from top to
bottom of the elements in the boxes of T. If T = C;C,---C,,, where C; is a column
(i=1,2,...,m), then w(T) =w(C,,)Ww(C,,,_1)...w(C;). For example, the readings of
the semi-standard Young tableaux in (3.2) are 12, 224123 and 35124, respectively.

Note that there are various ways of reading a Young tableau, the one defined
above is commonly called Japanese reading [Kas95] or far-eastern reading [HKO02],
and it is commonly found in the theory of crystals due to its compatibility with
the tensor product of crystals. This choice will have impact on the order by which
letters are taken from a word in Algorithm 3.2 (from left to right), and ultimately,
on the plactic monoid, because its construction relies on this algorithm. In [HK02,
§7.3], a notion of admissible readings is introduced, which identifies different
methods of reading Young tableaux that result in the same plactic monoid as
the far-eastern reading. However, because of the compatibility of the far-eastern
reading with the tensor product of crystals, the resulting plactic monoid is anti-
isomorphic to the original plactic monoid introduced in [LS81] with the Knuth
relations as originally defined [Knu70]. There are other methods of reading Young

tableaux that result in the original plactic monoid, namely, the western reading
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used in [BS17], but at the cost of considering an alternative definition for the
tensor product of crystals.

3.2 The insertion algorithm

In this section, we present the Schensted insertion algorithm for adding a new
element to a semi-standard Young tableau, and an algorithm to compute the
P-symbol and then Q-symbol introduced in [Sché61].

The following algorithm computes Schensted column insertion algorithm, also
known as Schensted bumping algorithm [Lec07].

Algorithm 3.1. Input: A semi-standard Young tableau T and a letter x € X.
Output: A semi-standard Young tableau x — T.

Procedure:

(1) If T is empty, thenx - T :=| x |

(2) f T=Cy---C,,, where Cy,...,C,, are columns, and C; consists of the elements

X1 < Xp--- < X, then

X1
(i) If x,, < x, then set C] := x: and x - C]Cy---C,y;;
m
X
X1
Xi-1
(ii) Otherwise, set i € {1,...,k} minimal such that x < x;, and set C{ :=| x
Xitl
Xk

and x —» T := C{(x > Cy---Cy).

Note that the recursion described in step (2) may end inserting an element in

the empty tableau as described in step (1). For example, we have that

21
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and

114 |1]|3]|4

2> =

3 2

Now, we present an algorithm to compute the P-symbol and the Q-symbol

associated with the insertion algorithm.

Algorithm 3.2. Input: A word w € X".
Output: A semi-standard Young tableau P(w) and a standard Young tableau

Q(w).

Procedure:
(1) Set Py and Qg to be empty Young tableaux.
(2) If w =€, then P(¢) := Py and Q(w) = Q,.
(3) Else, let x4,...,x,, € X be such that w =x;...x,,. Foreachi=1,...,m, do

(i) Set P, :==x; — Pi_y;

(ii) Set Q; by adding a box| ; |filled with i to Q;_; such that Q; has the same
shape as P,.

(4) Set P(w):= P, and Q(w) = Q,,,.

For example, if w = 24123, the semi-standard Young tableaux P,...,P5 are

respectively
2
2 112 2
2 4 |,
4 2
and the standard Young tableaux Qy,..., Q5 are respectively
3
3 3
1 4
2 2 214
Therefore,
2 3
P(24123)=| 2 | 4 and Q(24123) =

Due to work by Robinson [Rob38], Schensted [Sch61], and Knuth [Knu70], we

have the following result.

22



3.3. KNUTH RELATIONS

Theorem 3.3 (Robinson-Schensted—Knuth correspondence). Let X be a totally
ordered set. The map that sends each word w € X* to (P(w),Q(w)) is an one-to-one
correspondence between the set of all words over X and the set of ordered pairs (P, Q)
where P is a semi-standard Young tableau and Q is a standard Young tableau of the
same shape over X.

If we consider the ordered set A, = {1 <2 <--- <n}, and restrict our study to
the correspondence between words w € A}, and semi-standard Young tableaux

P(w), we obtain a first construction of the plactic monoid as in [Knu70; LS81].
Theorem 3.4. Let ~p,c be a relation on A}, given by

U ~plac ¥ <= P(u) =P(v).
Then, ~pac is a monoid congruence on Aj,.

We call ~p,. the plactic congruence. And now, we have reached a construction

of the plactic monoid as it originally emerged.

Definition 3.5. The plactic monoid plac, of rank n corresponds to the quotient

monoid Aj/~pac Of the free monoid A}, over A, by the plactic congruence ~pjqc.

3.3 Knuth relations

In this section we give a presentation for the plactic monoid plac, based on the
Knuth relations [Knu70].

Definition 3.6. Let n > 1. Consider the relations lelac(ﬁ”) and RPa¢(R4) on A%
given by
lac(A,,
Rll) ac(Pa) _ {(yzx,vxz), (xzy,2xp) | x <y < z},
1 ]’\n
RS = {(xyx, xxp), (xyy, vxp) | x < p).

The relation RP12¢(An) = R?lac(ﬂ”) U Rglac(ﬁ”) is formed by what are called the Knuth

relations.

As we mentioned in the introduction of this chapter, the classical plactic
monoid will later be placed in context as the plactic monoid associated to the
standard crystal of Cartan type R,,. This justifies the superscript plac(d,) on the
relations above. Also, due to this fact, we chose the far-eastern reading of Young
tableaux which results in a plactic monoid anti-isomorphic to the original defini-

tion, as remarked at the end of Section 3.1. And therefore, the words in the Knuth
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relations are reversed when compared to the original definition of the relations
[Knu70, Formula (6.7)].

Note that for any pair (u#,v) in the Knuth relations RPlac(Ay) - we have that
P(u) =P(v). Let x <y < z. If y <z, then

x|y
P(yzx) = P(yxz) = .
z
If x <y, then
X |z
P(xzy) =P(zxy) = 7

In fact, we have the following result which shows that the Knuth relations and

Young tableaux together with the insertion algorithm induce the same monoid.

Theorem 3.7. Let n > 1. Let O to be the monoid congruence on Aj;, generated by
RplaC(.T'\n)_ Then’ 0= ~plac-

Therefore, we have that (A,, | RP2(An)) is a presentation for the plactic monoid

plac, of rank n.
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4

CRYSTALS

In this chapter we introduce the background on the theory of crystals, which will
be the framework to construct a general notion of plactic monoid on the following
chapter. Crystals, also known as Kashiwara crystals, arise from detaching the fun-
damental algebraic properties of crystal bases, introduced by Kashiwara [Kas90;
Kas91] from an algebraic limit of modules for quantized universal enveloping al-
gebras at g = 0. Since our purpose is to describe the plactic monoid from crystals,
we will not give more context on the origin of crystals, although we remark that
many properties and applications of crystals result from their connection with
crystal bases. For a comprehensive study of crystals and crystal bases see [HK02],
and for a deep study of crystals see [BS17].

In Section 4.1 we introduce the definition of crystals, present some of their
basic properties, and define the notion of crystal homomorphism. In Section 4.2
we describe a combinatorial approach to crystals through the notion of crystal
graphs, which in some contexts is used as an alternative definition of crystals. In
Section 4.3 we define the tensor product of crystals, and present some basic results
that will allow the construction of a special monoid over a crystal in Section 5.2.
Finally, as the notion of tensor product of crystals will play an important role
in constructing a plactic monoid from crystals, in Section 4.4 we present the
signature rule for the tensor product of crystals, which is a combinatorial method

to compute the crystal structure of the tensor product.

The results presented in this chapter can be found in any introductory course
on the theory of crystals, and so, we omit their proofs. See for example [HK02]
or [BS17]. Also, some of the results in Sections 4.1 and 4.2 are proven in a more

general framework in Chapter 7.
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4.1 Crystals and homomorphisms

In this section we introduce the notion of crystal associated to a root system. In
Example 4.4 we describe the standard crystals associated to the Cartan types R,
and C,,. Finally, we introduce the notion of crystal homomorphism.

Although we use root systems (Section 2.3), crystals can be defined based
on other algebraic structures such as an algebraic data [Kas95] or a Cartan da-
tum [HKO02]. Since we only make use of properties of root systems that are also
satisfied by these algebraic structures, all subsequent definitions and results can
be reinterpret based on them.

Consider Z U {—oo} to be the usual set of integers where we add a minimal
element —co, that is, —co < m, for all m € Z. Also, set m + (—o0) = (—00) + m = —c0,

forall meZ.

Definition 4.1. Let @ be a root system with weight lattice A and index set I for
the simple roots (a;);c;. A crystal % of type @ consists of a set B together with
maps wt: B — A, é,f; : B— BL{L} and &, @i+ B> ZU{-o0}, for each i € I,
satisfying the following conditions:

(i) @i(x) = &(x) +(wt(x), &' );

(ii) if &;(x) € B, then

(iii) if fi(x) € B, then

(iv) &(x) =y if and only if x = fi(p);
(v) if & (x) = —oo then &;(x) = fi(x) = L;

for x,y € Band i € I. The set B is called the underlying set of &, and the maps wt,
&, fi, & and @; (i € I) form the crystal structure of %. Also, the map wt is called
the weight map, where wt(x) is said to be the weight of x € B, and the maps é; and

fi (i €I) are called the raising and lowering Kashiwara operators, respectively.
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In this definition, 1L is an auxilary symbol. In the literature, 0 is usually used
instead of 1, but since some well-known crystals have 0 as an element, we have
adopted this notation to avoid ambiguity. By é;(x) = L (or fi(x) = 1) we mean that
& (resp., f;) is undefined on x. On the other hand, we say that ¢; (or f;) is defined
on x whenever ¢;(x) € B (resp., fi(x) € B). So, alternatively one can consider the
Kashiwara operators & and f; (i € I) to be partial maps from B to B.

From condition (i), we get that &;(x) = —oco if and only if @;(x) = —co. Thus,
condition (v) is equivalent to stating that if @;(x) = —co, then &;(x) = fi(x) = L.

Note that in the definition of a crystal we could have only stated one of con-
ditions (ii) and (iii), as each one together with (iv) implies the other. Moreover,
by conditions (i) and (iv), we have that a crystal is determined by a set B and
the weight map wt together with either ¢; or f;, and either &; or ¢;, for each i € 1.
However, for a purpose of clarity, we usually give explicit definitions for each
map when defining a crystal.

Recall the partial order defined on a weight lattice A described in (2.3). Let
x € Band i € I. If é;(x) is defined, then

wt(é;(x)) —wt(x) = wt(x) + a; —wt(x) = a;,

and so, wt(é;(x)) > wt(x). Hence, é; increases the weight of an element, whenever
it is defined. Similarly, if fl is defined, then

wt(x) = wt(f;(x)) = wt(x) - (wt(x) - ;) = a;,

and so, wt(x) > wt(fl-(x)). Hence, ﬁ decreases the weight of an element, whenever
it is defined. These facts justify the characterization of the Kashiwara operators

& and f; (i € I) as raising and lowering.

Definition 4.2. Let x € B be an element of a crystal %.
(i) xis said to be of highest weight if é;(x) = 1, for all i e I.
(i) x is said to be of lowest weight if fi(x) = L, for all i € 1.

Notice that in a crystal 9 there may exist elements x,y € B such that x is
of highest weight, v is not of highest weight, and wt(y) > wt(x) (the crystal in
Example 4.15(ii) has elements in these conditions). But if we extend this definition

to the weights as follows, we get some more natural results.
Definition 4.3. Let % be a crystal, and let A € A be a weight.

(i) Ais called a highest weight if there exists a highest-weight element x € B such
that A = wt(x).
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(ii) Ais called a lowest weight if there exists a lowest-weight element x € B such
that A = wt(x).

In a crystal 98, we have that if ¢; is defined on an element x € B, then wt(é;(x)) >
wt(x). Thus, if a weight A in wt(B) = {wt(x) | x € B} is maximal among weights in
wt(B), then it is a highest weight, and any element x € B such that wt(x) = A is of
highest weight. Similarly, we have that wt(x) > wt(f;(x)), whenever f; is defined
on x € B. Then, if a weight p € wt(B) is minimal among weights in wt(B), then u
is a lowest weight, and any element x € B such that wt(x) = p is of lowest weight.

In the following example we introduce two well-known crystals which will be

used throughout this thesis.

Example 4.4. (i) Let n > 2. Consider the root system of Cartan type A, described
in Example 2.16. The standard crystal of type R, is a crystal d,, consisting of a set
A, =1{1,2,...,n} and maps given by

wt(x) = ey,
and fori=1,...,n-1,
~ x—-1 ifx=i+1 . x+1 ifx=i
&i(x) = . filx) = '
1 otherwise, 1 otherwise,
gi(x) = 5x,i+1’ (ﬁi(x) = 6x,ir

x € A,, where 6y ; =1if k =1, and 6;; = 0 whenever k = [.
(ii) Let n > 2. Consider the root system of Cartan type €, described in Ex-
ample 2.17. The standard crystal of type C, is a crystal 6, consisting of a set

C,=1{12,...,n,n,n— 1,...,T} and maps given as follows. For x € {1,2,...,n},
wt(x) = ey and wt(X) = —e,.
For x€ C,and i =1,...,n, ¢ and f; are defined on x only in the following cases
i ifx=i+1
G(x)={i+1 ifx=i=n
n ifx=mandi=mn,
and
i+1 ifx=izn
filx)=4i if x=1+

n ifx=nandi=n.
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Also,
Ei(x) = 6x,i+1 + 6x,¥ and (ﬁ,-(x) = 5in + 5x’m.

The standard crystals of types A, and C,, have a unique highest-weight el-
ement and a unique highest weight, which are 1 and e, respectively. In d,,
we have that n and e, are the unique lowest-weight element and lowest weight,
respectively. And in 6,, we have that 1 and —e; are the unique lowest-weight
element and lowest weight, respectively.

Since the Kashiwara operators of a crystal %8 can be seen as partial maps from
B to B, we can compose them in a natural way. For the sake of simplicity, we
usually omit the composition operator o. For instance, él-f} stands for ¢; of]-, where
é‘ifj(x) = é’i(fj(x)), forxe Band i,j € I. Also, set é’? and fio to be the identity map

on B, and recursively, define éf-”l = é,-éf.‘ and fik“ = ﬁ ;.k, for k > 0.
Definition 4.5. A crystal % is said to be seminormal if
£;(x) = max{k € Zsg | &¥(x) € B

and
@i(x) =max{k € Zs | f¥(x) € B},

forallxe Band i €.

The standard crystals of types R, and C,, described in Example 4.4 are semi-
normal.

If a crystal % is seminormal, then in particular, &(x) and @;(x) lie in Z5, for
any x € Band i € I. From Definition 4.1(i), we obtain that

(wt(x), o)) = @i(x) - &(x), (4.1)

for all x € Band i € I. Thus, if ®@ is semisimple, the weight wt(x) of an element
x € B is completely determined by the values of ¢; and ¢; (i € I) on x. Hence,
for seminormal crystals whose type is semisimple the maps & and @; (i € I)
completely determine the weight map wt.

From (4.1) and the fact that & (x), ;(x) € Zs, we have that if (wt(x),a) <0,
then &;(x) > 0, which implies that ¢; is defined on x. Also, if (wt(x),a") > 0, then
@i(x) > 0, which implies that f; is defined on x. This leads to the following result.

Proposition 4.6. Let x € B be an element of a seminormal crystal R. If x is of highest
weight, then wt(x) is a dominant weight. If x is of lowest weight, then —wt(x) is a

dominant weight.
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A consequence of this result is that the highest weights of a seminormal crystal
lie in the dominant Weyl chamber.

Finally, we introduce the notion of homomorphism between crystals.

Definition 4.7. Let % and 9’ be crystals of the same type. A crystal homomorphism
Y from % to B’, denoted by i : B — RB’,is amap ¢ : BU{ 1} — B’U{L} that satisfies
the following conditions:

1) P(L)=1;
(ii) if P(x) € B/, then

(iii) if &;(x) € B and ¢(x), P(é;(x)) € B’, then

(iv) if fi(x) € B and (x), ¥ (fi(x)) € B, then

forxeBandiel.

A crystal isomorphism 1 between % and %’ is a bijection ¢ : BU {1} — B’ L{L}
such that 1 : B — B’ and ¢! : B’ — B are crystal homomorphisms.

We say that 9B and 9B’ are isomorphic if there exists a crystal isomorphism
between 9B and B’.

As we remarked after Definition 4.1, by (x) = L we mean that ¢ is undefined
on x. So, alternatively a crystal homomorphism ¥ : 8 — %’ can be defined as a
partial map from B to B’ satisfying conditions (ii) to (iv) above.

Also, by condition (i), when defining a crystal homomorphism ¢ : 8 — &/,
we only give its value on each x € B. By the same reason, we also consider a map
Y : B — B’ satisfying conditions (ii) to (iv) above to be a crystal homomorphism
from % to B’.

We say that a crystal homomorphism ¢ : 8 — B’ is injective, surjective or
bijective if the map ¢ : BU{L} — B’ U {L} is injective, surjective or bijective,
respectively.

In general, a bijective crystal homomorphism may not be a crystal isomor-
phism (in Example 7.15 we shall see this in a more general framework). However,

for seminormal crystals we have the following result.
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Theorem 4.8. Let B and B’ be seminormal crystals of the same type, and let 1 : B —

R’ be a bijective crystal homomorphism. Then,  is a crystal isomorphism.

4.2 Crystal graphs

In this section we present a combinatorial approach to crystals by the construction
of a graph. From this framework we are able to identify some properties of crystals
with combinatorial properties of the resulting graph. Moreover, for a seminormal
crystal, the resulting graph completely determines its crystal structure, which
allows a purely combinatorial description of seminormal crystals. This also allows
some studies of seminormal crystals to be mainly based on their graphs, see for
example [CGM19; KN94|.

Definition 4.9. The crystal graph Iy of a crystal %8 is an I-labelled directed simple
graph with vertex set B and an edge x — y from x € Bto y € B labelled by i € I

whenever fi(x) = y. For x € B, let I'y(x) denote the connected component of I'y

containing the vertex x.

By Definition 4.1(iv), we have an edge x BN y in a crystal graph Iy if and
only if x = &;(y). Thus, it is immediate that an element x € B is of highest weight
if and only if x is not the end of an edge in 5. Also, x is of lowest weight if and
only if x is not the start of an edge in I'y.

By associating graphs with crystals, we obtain a combinatorial framework
to study crystals, as exemplified above with highest-weight and lowest-weight

elements, and to consider structures as follows.

Definition 4.10. Let % be a crystal. A connected component of % is a subset B’ of
B that satisfies the following conditions:

(i) for each x,p € B’ there exists gi,..., g € (&, f; | i € I} such that g; --- g,,(x) = v;
(ii) &(x), fi(x) e B’LU{L} forallxe B’ and i 1.

We also call a connected component the crystal B’ of the same type as 9B consisting
of B’ together with the maps wt, &, f;, & and ¢; (i € I) of % restricted to B’

For each x € B, the connected component of & containing x is denoted by B(x),
and the associated crystal is denoted by %(x).

This terminology is justified by the fact that a set B” is a connected component

of a crystal & if and only if B’ is the vertex set of a connected component of
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the crystal graph Iz. Also, for x € B, the crystal graph [, coincides with the
connected component Ig(x).

The crystals described in Example 4.4 have the following crystal graphs.

Example 4.11. (i) The crystal graph I[; of the standard crystal of type A, is the

following.

1 1 2 2 3 3 .“n—ln

(ii) The crystal graph I of the standard crystal of type €, is the following.

1 2 n-1 n _ n-1
1 2 n n n-1——-...—1

Let i : B — B’ be a crystal homomorphism between crystals % and %’ of the
same type satisfying i(B) C B’. By Definition 4.7(iv), we have that if x 5 Y

is an edge of Iy, then ¥(x) LR P(y) is an edge of Iy . Thus, ¥ is also a graph
homomorphism from Iy to I'yy,. Moreover, if ¢ is a crystal isomorphism between
R and R, then a set By C B is a connected component of % if and only if (By)
is a connected component of %’. In particular, for each x € B, the restriction of
Y to B(x) is a crystal isomorphism between %(x) and %’(x). These results will be
studied in a more general framework in Section 7.2.

Let & be a seminormal crystal. From Definition 4.5, for x e Band i € I, we
have that &;(x) corresponds to the maximum number of times ¢é; can be applied to
x and be defined. Thus, the path

&i(x) i gi(x)-1 i i
1
lies in I, where Efi(x)(x) is not the end of an i-labelled edge. And so, &;(x) cor-
responds to the length of a maximal path ending in x with edges labelled by i.
Similarly, the path
PoF d P Fpilx)
x — fi(x) — - — £ (%)
lies in [y, where fi(pi(x)(x) is not the start of an i-labelled edge, because 9 is semi-
normal. And thus, @;(x) corresponds to the length of a maximal path starting
in x with edges labelled by i. Therefore, the crystal graph Iy together with the
weight map wt completely determines 9, and if the type of % is a semisimple
root system, Iy suffices to determine %, because the weight map wt can be ob-
tained from the maps &; and ¢; (i € I), as we have seen in (4.1). From this fact,
seminormal crystals are alternatively described as (weighted) I-labelled graphs
satisfying some properties, which will be presented in a more general framework

in Section 7.2.
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From the connection between crystals and graphs, we also characterize some

elements of a crystal based on their properties in the crystal graph.

Definition 4.12. Let & be a crystal. An element x € B is said to be isolated if
B(x) = {x}.

Note that an element x € B of a crystal 9 is isolated if and only if x is of highest
and lowest weight. And if % is seminormal, an element x € B is isolated if and
only if &(x) = ¢;(x) =0, forall i € I.

4.3 Tensor product

In this section we introduce the notion of tensor product between two crystals
of the same type. As crystals derive from crystal bases of quantum groups, the
notion of tensor product for quantum groups gives rise to the following construc-

tion.

Definition 4.13. Consider a root system @ with weight lattice A and index set
I for the simple roots (a;);c;. Let B and B’ be crystals of type @. The tensor
product of B and %’ is a crystal B ® B’ of type P consisting of a set B® B’, which
corresponds to the Cartesian product B x B’ whose ordered pairs are denoted by
x®x" (x € Band x” € B’), and crystal structure given as follows. For x € B and
x’ € B, set

wt(x®x") = wt(x) + wt(x'),

and for i €I, set

3 . ei(x)®x’ if @i(x) > &(x')
éi(x®x") =
x®e;(x') if @i(x) < &(x'),
fx@x) = fi(x)~® x"if @i(x) > &(x')
x® fi(x') if @i(x) < &(X),

&i(x®x’) = max{§;(x), & (x') — (wt(x), o} )},
@i(x®x") = max{@;(x) + (wt(x), a;), Pi(x")},
where x® 1 = 1 ®x" = 1;

Note that this is the original notion of tensor product introduced by Kashi-
wara [Kas90; Kas91; KN94]. It is due to this notion of tensor product that we

considered the far-eastern reading of Young tableaux in Chapter 3, and made the
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necessary adaptations to introduce a plactic monoid anti-isomorphic to the origi-
nal one. Another definition of tensor product of crystals is introduced in [BS17,
Section 2.3], which is there described as opposite to the one introduced by Kashi-
wara. Although this second notion agrees with the western reading, resulting in
the construction of the original plactic monoid through crystals, it lacks a con-
nection with the theory of crystal bases of quantum groups, which motivates the

development of the theory of crystals.
Let &8 be a seminormal crystal. Note that Definition 4.1(i) implies that

(Wt(x), @) = @i(x) = &;(x),
for any x € Band i € I. Thus, if %’ is also a seminormal crystal, we have that
£i(x®x") = max{&;(x), &(x) + &(x') — @;(x)}
and
Pi(x®x’) = max{@;(x) + §;(x') - & (x), @i (x")},

for any x € B, x’ € B’ and i € I. From these equalities we can show that the tensor

product preserves the seminormal property in the following sense.

Theorem 4.14. Let B and B’ be seminormal crystals of the same type. Then, B B’

is seminormal.

As we saw in Section 4.2, a seminormal crystal is completely determined by
its crystal graph (as a weighted graph). Therefore, in the following example we
give the crystal graphs of tensor products of the standard crystals of types A, and
C,, described in Example 4.4.

Example 4.15. (i) The crystal graph of o3 ® o3 is

1®1 281 3@1
L i

2
182 282 3@2
E E
183 —— 23 393

where wt(x®y) = e, + ey, for each x,y € {1,2,3}.
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(ii) The crystal graph of 6, ® 6, is

1®1 291 2®1 1®1
Jl 1
2 _ _

1®2 2®2 22 1®2
| T
_ 1 _ _ 1 _
1®2 2®2 2Q2 1®2
ll 1

_ _ 2 —_ _
1®1 2®1 2®1 1®1

where wt(x®7y) = ex + ey, wt(x®7) = wt(y ®x) = e, —ey, and wt(X®7) = —e, —ey,
for each x,y € {1, 2}.

The tensor product of crystals is an associative binary operation as shown by

the following result.

Theorem 4.16. Let By, B, and Bj be crystals of the same type. The map (B1 ® By) ®
B3 — By ® (B, ® B3), given by (x1 ® x) ® x3 — X1 ® (X, ® Xx3), is a crystal isomorphism
between (B, @ B,) ® B3z and By ® (B, @ B3).

Due to the previous result, we may omit parenthesis for the tensor product
of crystals and simply write %; ® B, ® B3 with elements x; ® x, ® x3, for x; € By,
X, € B, and x5 € B3. For instance, we have the following result where we omit

parenthesis.

Proposition 4.17. Let By,...,RB,, be seminormal crystals of the same type, and let
X1 € By,...,x,, € B,,. Then,

wt(x] @ ®@x,,) = Wt(x1) + -+ + wt(x,,,).

Foriel,

p p-1
Ei(x1®-®xy) = 1r<r})a<>;n[zéi(xk) Z@(Jﬂ)],
o I=1

k=1

and if p is the smallest integer for which the maximum is attained, then
Ei(x1 @ ®Xy) =X @ ®X,_ | ®E;(Xp) ®Xpy1 - @ Xy,
Also,

D:(x1®---®x,,) = max
(Pl( 19--® m) 1<q<m
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and if q is the largest integer for which the maximum is attained, then
fix1®®x,) = X1 @ ®x,1 ® fi(X,) ®Xy41 ® - @ Xy

In the following result, we show that crystal homomorphisms can also be

extended to tensor products of their domains and images.

Proposition 4.18. Let By, B,, B and B, be crystals of the same type, and let P, :
By — B and P, : By — B, be crystal homomorphisms. Then, the map P, @ P, :
B1 ® By — B ® B), defined by x; ® x; > 11 (x1) ® 5(x,) for each x, € By and x; € By,
is a crystal homomorphism from By @ B, to B} @ B). Moreover, if P, and 1, are

crystal isomorphisms, then 1y ® 1, is a crystal isomorphism.

Finally, we remark that crystals, crystal homomorphisms and tensor product

of crystals form a tensor category [Kas95].

4.4 The signature rule for tensor product

In this section we describe a combinatorial method that makes easier the compu-
tation of the crystal structure of the tensor product of seminormal crystals. This
method is essentially a combinatorial interpretation of Proposition 4.17.

Consider the bicyclic monoid Z with the following presentation
Z=(=+](+=€)

So, an element of Z has the form —%+% with a,b € Zsg-

Let % be a seminormal crystal. For each i € I define a map sgn?: B — Z by

for each x € B. The map sgn? is called the i-signature map for the tensor product
®, and sgn?(x) is called the i-signature of x € B. The signature map interacts with
the tensor product in the following way.

Proposition 4.19. Let B and B’ be seminormal crystals of the same type. Then,
sgn?(x®x’) = sgn?(x)sgn?(x’),
forany xe B, x’e B and i€l

Given seminormal crystals %B;,%,,...,%B,, of the same type, and elements
X1 € B1,x, € By,...,x,, € By, by the previous result, we can easily compute the

i-signature of x; ® x, ® -+ ® X, as
sgn; (x] ® Xy @+~ ®Xx,,) = sgn7 (x1)sgn? (x2) - sgny (x,,)
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(i €I), and since +— =€ in Z, we get

sgn‘?(xl QX @+ ®Xy,) = —“+b,

for some a,b € Z(. Then, &(x;1 ®x,®---®x,,) =a and @;(x; ®x,Q---®x,,) = b. By
Proposition 4.17, if a > 1, then

Ei(x1®X® - ®xy) :xl®"'®xp—1®éi(xp)®xp+1®"'®xm1

where x, originates the right-most — in sgn?(x] ®x, ® - ®Xy,) = —a=1_1b Also, if
b>1, then

filri @@ @x,) = x1 @+ ® X1 ® fi(%g) @ Xg11 ® - @ Xy,

where x, originates the left-most + in sgn?(xl QX ® - ®X,) = —*++0~1. This
process is called the signature rule for the tensor product, and can be translated in

the following algorithm.

Algorithm 4.20. Input: Elements x; € By,...,x,, € B,, of seminormal crystals
RB1,..., B, of the same type, and an index i € I.

Output: The values of é;, f;, & and ¢; on x; ® - ® x,,,.

Procedure:

(1) Set a Word w = _gi(xl)+‘pi(x1)_5i(x2)+¢i(x2)'”_gi(xm—l)+q~)i(xm—1)_gi(xm)+(ﬁi(xm) over

the alphabet {—, +}, and keep record of which x; originates each — and + on w.
(2) While there exist u,v € {—, +}* such that w = u+-v, set w := uv.
(3) Set a,b € Zs such that w = —+?.
(4) Set &;(x1®---®x,,) :=a,and ¢;(x1 ®---®x,,) =b.
(5) Ifa=0,seté;(x;®--®x,,) = L.

(6) If a> 1, retrieve p from the record such that x,, originated the right-most — on
w, and set &;(x; @ ®Xy,) =X @ ®X,_ | ®E;(X)) ®Xpy1 ® - @ Xy,

(7) Ifb =0, set fi(x; ®--®x,,) = L.

(8) If b>1, retrieve q from the record such that x, originated the left-most + on
w, and set f;(x] ® - ®X,) 1= X1 @ @ Xq_1 ® fi(xg) ®Xgs1 ®++ ® Xy

(9) Return &;(x; ® - ®x,,), fi(x1 ® - ®X,,), &(x ® - ®X,,), and @j(x; ® -+ ® x,,).
In the following example, we apply the signature rule to some elements.
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Example 4.21. Consider the crystal 4,®4,094,@4,® 4, where d, is the standard
crystal of type A4. We compute &,, f>, & and ¢, on 3®@1®2®2®3. We start with
the word —;+3+4—5, where the subscript is an auxiliary notation to keep record
of the position of the element which originates each — and +. Next, we obtain the

word —;+3, as +4—5 is deleted. Hence,

5H391®2®2®3)=20102Q02®3, 5HBR1®20213) =1,
H(3018202103)=3R1831213, P301®2®2®3)=1.
Now we compute ¢, f;, & and ¢; on 1®1®2®2® 1. Using the same notation as

above, we start with +1+,—3—4+5, then +;—4+5, and finally, just +5. Hence,

H(191920201) =1, £(181920281)=0,
f1®1920201)=101828212, P1(101®20201)=1
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5

CRYSTALIZING THE PLACTIC

MONOID

In this chapter we present the method of obtaining a monoid from a seminormal
crystal. The resulting monoid is called a plactic monoid, and this process was
introduced by Kashiwara [Kas90; Kas91], where the classical plactic monoid was
obtained from the study of crystal bases for the quantized universal enveloping
general linear algebra. This led to the study of crystal bases for other celebrated
Lie algebras [KN94], and the study of plactic monoids for the Cartan types 1,
C, and D,, [Lec02; Lec03].

In Sections 5.1 to 5.3, we present an algebraic framework relating crystals
and monoids. Although the results in these sections are already present in the
literature, our approach put them in a strong algebraic framework that allows
an analogue study for the hypoplactic monoid in Chapter 8. In Section 5.4, we
show that the plactic congruence can be obtained from this algebraic framework.
Finally, in Section 5.5, we describe the construction of the classical plactic monoid

from the plactic congruence over the free crystal monoid o,, of Cartan type R,,.

5.1 Crystal monoids and homomorphisms

In this section we introduce the notion of crystal monoid, and present some re-
sults showing how the crystal and monoid structures interact. In particular, we
describe an analogue of the signature rule, resulting in an algorithm to compute
the crystal structure maps on a product based only on their values on each parcel.
Finally, we introduce the notion of homomorphism between crystal monoids, and

obtain an algebraic framework that will be studied on the subsequent sections.
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Definition 5.1. Let ® be a root system with weight lattice A and index set I for the
simple roots (a;)ic;. A ®-crystal monoid Jl of type @ consists of a set M together
with maps wt: M — A, &, fi : M — M LI{L1}, E, @i M > ZU{-oc0} (iel)and a
binary operation - : M x M — M satisfying the following conditions:

(i) M together with wt, ¢;, ﬁ, & and @; (i € I) is a seminormal crystal;
(ii) M together with - is a monoid;

(iii) the map M® M — M, given by x®y +— x-p for x,y € M, is a crystal homo-
morphism from M ® /L to JL.

Since we only consider the definition of tensor product of crystals given in
Definition 4.13, we will omit ® and just say that Jl is a crystal monoid. We
included this fact in the definition above to emphasize that we have different
notions of crystal monoid depending on which tensor product is being considered.

Let Jl be a crystal monoid. Define i) : M®M — M by ¢(x®y) = xy, for x,y € M.
From Definition 5.1(iii), we have that ¢ is a crystal homomorphism from Jl ® Jil
to Jl (Definition 4.7). Then, for x,y € M, we get

wt(xp) = wt(x ®y) = wt(x) + wt(p), (5.1)
and since J( is a seminormal crystal,

&(xy) = &(x®y) = max{&;(x), &(y) — (wt(x), a;")} (5.2)
= max{&;(x), &(x) + &(y) — Pi(x)}
and
Pi(xy) = Pi(x ®p) = max{@;(x) + (wt(y), "), Pi(v)}
= max{@;(x) + ¢i(y) - &(y), Pi(v)},
for i € I. Since Jl ® Jl is also seminormal (Theorem 4.14) and (M ® M) C M, we
have that ¢;(x ® p) is defined if and only if (é;(x ® )) is defined, which implies
that

(5.3)

) = plexoy) = {0 Y P =ED) (5.4)
x-&i(y) if @i(x) <&(v),

where x- 1 =1 -y = 1. Similarly,

; ; i if @,
Fixw) = oy = 0P A0

g (5.5)
x-fi(y) if @i(x) < &(y).

In fact, Definition 5.1(iii) is equivalent to require the equalities on (5.1) to (5.5) to

be satisfied. These equalities can be generalized directly from Proposition 4.17.
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Proposition 5.2. Let Jl be a crystal monoid, and let x1,...,x,, € M. Then,
wt(xy - x,,) = Wt(x) + -+ + Wt(x,,,).

Foriel,

p p-1
Ei(X1 - Xp) = 13}%[2&(@)2@(961) :
T 1

k=1 I=
and if p is the smallest integer for which the maximum is attained, then

€Z'(x1 xm) =X "'xp—l 'éi(xp) .xp+1 e Xy

Also,

and if q is the largest integer for which the maximum is attained, then

fi(xl xm) =X ...xq_1 .ﬁ(xq).xq+l e Xy

Proof. We proceed by induction on m. If m = 1, then the result is trivial. If
m = 2, then we obtain the equalities on (5.1) to (5.5). Thus, assume as induction
hypothesis (IH) that the result holds for any xy,...,x,, € M. Let v,..., vy, Vins1 € M.

Since - is associative, we have that y; - v, 9,01 = (V1 -+ Vi) Vims1, Where

Wt((yl "'ym)ym-rl) =Wty Ym) +Wt(ym+1)l

and as wt(y; .-+ v,,) = wt(yq) + - -- + wt(y,,,) by (IH), we obtain that

WHYL VY1) = Wt(yl) +o + WHY) + WEHDpa1)-

Let i € I. We have that

E((W1 - Vi) Vmr1) = Max{&;(V1 -+ V), € (V1 — (WEDL - V) @),

where

and

(W@ Y @)y = ) (Wt @)= ) @ilye) —&(vi)
k=1

by (IH) and because Jl is seminormal. Hence,

1<p<m+1

4
5i(})1"'ymym+1): max [Zgi(yk)_ (pl(yl)
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and since @; (V1 - Vi Yms1) = &1 VinVms1) + W1 Vi Vins1 ) @),

m+1 m+1
Pi (}/ “VmVm+1) = 1<m<an§+l[Z(P1 yk Z 51'(?1)]-

I=q+1

Let p be the smallest integer in {1,...,m + 1} such that

—_

P pP-
EB1 Yuyme) = Y_EBD- ) @ilw):
k=1 )

Il
—_

If @i(y1°Ym) 2 Ei(Yms1), then &1+ vmYims1) = €Y1+ V), and so, p < m and

(Y1 Yin)Yme1) = €Y1 Yim)Vms1
=¥Y1Yp-1- ei(yp) “Vp+1 - YmYm+1s

by (IH). Otherwise, we have that ¢;(y; ---v,,) < &(Vy11), which implies that
EW1Ym) + EWme1) = Qi(Y1 - V) > &1 V)
and so, p=m+1 and
&i((V1 - Ym)¥Pm+1) =91 Vm & (Vime1)-

The fact that fi(91-Ym¥ms+1) = 91 Yg-1- fi(Vg) - Vgs1 - Yms1, Where g is the largest
integer in {1,..., m + 1} such that

m+1 m+1
G InYme) = ) Pim) = ) &),
k=q I=q+1
follows analogously. O

In the previous result we saw how the monoid operation interacts with the
crystal structure maps. Now we show that the monoid identity also satisfies some

properties.

Proposition 5.3. Let Jl be a quasi-crystal monoid where the monoid identity is de-
noted by 1. Then, wt(1) = 0, and for each i € I, (1) = @;(1) = 0. Therefore,
5i(1)= fi(1)= L, foralliel.

Proof. We have that
wt(l) =wt(1-1) =wt(1) +wt(1),

which implies that wt(1) = 0.
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Let i € I. For any x € M, we have that

&i(x) = &(1x) = max{&;(1),

My

i(x)+&(1) - @i(1)} = &(1).

Thus, given x € M, we obtain that &;(1) < &( “-g"(x)(x)) =0, and so, &;(1) = 0, because

Jl is seminormal. We also get that
@i(1) = &(1) +(wt(1),a;") = 0.

As &;(1) = ¢;(1) = 0 and M is seminormal, it is immediate that &; and f; are
undefined on 1. m

Due to the interaction between the binary operation - of a crystal monoid
M and the crystal structure of the tensor product M ® ., we can extend the
signature rule described in Section 4.4 to crystal monoids. Let x,y € M and i € I.
Since &;(xy) = §;(x®y) and @;(xy) = ¢;(x ®y), we have that the i-signature of xy
and x® y coincide. Hence,
sgn; (xp) = sgn? (x)sgn? (),
by Proposition 4.19. Also, sgn?(1) = €, by Proposition 5.3. Therefore, we obtain

the following result, which is an improvement of Proposition 4.19.

Proposition 5.4. Let Jl be a crystal monoid. Then, the signature maps sgn? (i € 1)

are monoid homomorphisms from M to the bicyclic monoid Z.

The previous result together with Proposition 5.2 leads to an analogue of
Algorithm 4.20 to compute the values of the maps ¢;, fi, & and @; (i €I)on an
element of the form x; ---x,,, where x,...,x,, € M.

Algorithm 5.5. Input: Elements xq,...,x,, € M of a crystal monoid J/, and an
indexiel.

Output: The values of ¢;, fi, & and @; on xq -+ Xy,

Procedure:

(1) Set a Word w = _51'("1)+<ﬁi(X1)_5i(X2)+(f)i(X2)'.._5i(xm—1)+(ﬁi(xm—1)_5i(xm)+(ﬁi(xm) over

the alphabet {—, +}, and keep record of which x; originates each — and + on w.
(2) While there exist u,v € {—, +}* such that w = u+-v, set w := uv.
(3) Set a,b € Zs such that w = —*+?.
(4) Set &;(xq---x,,):=a,and @;(x---x,,) == b.
(5) If a=0, set &;(xy---x,,) = L.
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(6) If a > 1, retrieve p from the record such that x, originated the right-most — on

w, and set é‘i(xl xm) =X o Xp-1- éi(xp) “Xp+1 Xm-
(7) If b =0, set fi(x--x,,) = L.

(8) If b>1, retrieve q from the record such that x, originated the left-most + on

w, and set fi(xl X)X Xl -ﬁ(xq)-qu e X
(9) Return &(x; -+ Xy,), fi(x1 %), &(x1 - Xp), and @i(x1 -+~ xp).
Finally, we introduce the notion of homomorphism between crystal monoids.

Definition 5.6. Let J/( and Jl’ be quasi-crystal monoids of the same type. A
crystal monoid homomorphism 1 from Jl to Jl’, denoted by @ : M — A, is a map
Y : M — M’ that satisfies the following conditions:

(i) ¥ is a crystal homomorphism;
(ii) ¥ is a monoid homomorphism.
If 1 is also bijective, it is called a crystal monoid isomorphism.

Note that in the previous definition we only consider maps from M to M’, but
as we remarked after Definition 4.7, when we state that 1 is a crystal homomor-
phism in condition (i) we mean that the map ¢": M LI {L} - M’ U {1}, given by
Y’(1L) = L and ¢’(x) = (x), for each x € M, is a crystal homomorphism.

Also, if ¢ : M — M’ is a crystal monoid isomorphism, then i is a crystal
isomorphism, by Theorem 4.8, and a monoid isomorphism. The converse is im-
mediate, because a monoid isomorphism implies the map to be bijective. Hence,
amap ¢ : M — M’ is a crystal monoid isomorphism if and only if ¢ is a crystal
isomorphism and a monoid isomorphism. This implies that if ¢ : Ml — M’ is a
crystal monoid isomorphism, then 1)~ is a crystal monoid isomorphism between
A" and JL.

5.2 The free crystal monoid

In this section we first present a construction of a free crystal monoid. Then, we
study some properties satisfied by the free crystal monoids. In particular, we
show that free crystal monoids satisfy a universal property commonly associated
to the term free in algebra. Finally, by this universal property, we present an

alternative method of defining a free crystal monoid up to isomorphism.
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Let 9B be a seminormal crystal. For k > 1, set

Bk -—BR---@B.
| S —
k times

As the tensor product of crystals is associative (Theorem 4.16), we have that for
k,1>1 the map B® @ B® — B®k+) given by

(X1® - ®x)®(¥1® - ®Y) P X Q- QX @Y @+~ Y

for xq,..., Xk, ¥1,..., 1 € B, is a crystal isomorphism.

Let € be an element that does not lie in B. Set ®° to be the seminormal crystal
of the same type as % formed by the set B®" = {¢} and maps given by wt(e) = 0,
&i(e) = fi(e) = L and &(e) = ¢j(e) = 0 (i € I). Note that B®° @ B®° is crystal
isomorphic to B%Y, as both crystals consist of a single element where the crystal
structure maps coincide. For any x € B and i € I, we have that wt(x® €) = wt(x),
Ei(x®¢€) = &(x) and @;(x®e€) = ¢;(x). Also, by the signature rule, since sgn‘?(e) =€,
it is immediate that &; (or f;) is defined on x®e if and only if ¢; (resp., f) is defined
on x. And if so, &;(x®€) = &;(x) ® € (resp., f;(x®€) = fi(x) ® €). Therefore, the map
B®B®" — B, given by y®e > y for each y € B, is a crystal isomorphism. Similarly,
the map B®'® B — B, given by e ®y > v for each y € B, is a crystal isomorphism.
Since the tensor product of crystals is associative, we get that 3% @ %% and
B0 @ B2k are isomorphic to B, for any k > 0.

The sets B®* and B®' are disjoint, whenever k # [. Thus, we can extend the
maps wt, &, f;, & and @; (i € I) defined on each B®F to the set

M:UB®k1

k>0

obtaining a seminormal crystal /(. By the crystal isomorphisms %% @ %% —
B2+ (k,1> 0) defined above, we get that /il becomes a crystal monoid with the
binary operation - : M x M — M given by

(X1® - ®x) (11 ®®Y) =X Q- QX BV ®---®Y

and

(X1 ® - ®x;) €=€-(X1Q- QX)) =X @+~ @ X,
for xq,..., %, v1,...,v; € B. If we identify an element of the form x; ® --- ® x; with
the word x; ... x; over the alphabet B, we get a monoid isomorphism between M
and the free monoid B* over B, and through this identification we can also define
a crystal structure on B*. Therefore, we constructed a crystal monoid that leads

to the following definition.
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Definition 5.7. Let % be a seminormal crystal. The free crystal monoid %* over B
is a crystal monoid of the same type as % consisting of the set B* of all words over

B, the usual concatenation of words, and maps defined as follows. For i € I, set
wt(e) =0, &i(e)=file) =L, &i(e) = pi(e) =0,
where € denotes the empty word, and for u,v € B*, set

wt(uv) = wt(u) + wt(v),

(&(u)v if @;(u) = &(v)
&j(uv) =

u(g(v)) if @;(u) < &(v),
F(uv) = ﬁ(fl))v if (?i(u) > éii(v)

u(fi(v)) if @i(u) < &(v),

where ul = 1v = 1.

As we constructed the free crystal monoid %* based on the tensor product of
crystals (Definition 4.13), we described its crystal structure based on the defini-
tion of the crystal structure for a tensor product. Notice that the values of the
crystal structure maps on a word of the form uv depend only on their values on
u and v. Thus, we can obtain the values of the crystal structure maps on a word
w = Xq...X,,, where x1,...,x,, € B, based on their values on each letter xy,...,x,,,
which are given by the crystal structure of 9. This also follows from Proposi-
tion 5.2 and Algorithm 5.5, which describe how to get the values of the crystal

structure maps on w based on their values on its letters.

Proposition 5.8. Let B be a seminormal crystal. For any w € B*and i €1, if &;(w) € B
then |&;(w)| = |w|, and if f;(w) € B* then |fj(w)| = |w|. Therefore, |u| = |v|, whenever u

and v lie in the same connected component of B*.

Proof. Let w € B* and i € I such that f; is defined on w, then by Definition 5.7,
we have that w # €, and so, w = x;...,x,,, for some xy,...,x,, € Band m > 1. By

Proposition 5.2, there exists g € {1,...,m} such that

ﬁ(w) = X1 Xg-1 (ﬁ(xq))xq+1 o X

Since x, € B, then ﬁ(xq) € B, which implies that |f;(w)| = |w|. Hence, for any w € B*
and i € I, |fi(w)| = |w|, whenever f;(w) € B*. Similarly, for any w € B* and i € I, if ¢;

is defined on w, then |&;(w)| = |w|.
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Finally, let u,v € B* be such that u and v lie in the same connected component
of B*. Then, there exist g1,...,g € (¢, f; | i € I} such that g,---g(u) = v. By
applying recursively what we have proven above, we obtain that |g;--- gx(u)| =
|ut. H

Example 5.9. (i) Consider the standard crystal o, of type R, as described in
Example 4.4(i). The weight of a word w € A}, is given by

Wt(w) = |wllel + |w|2e2 toeeet |w|nen'

For i € {1,...,n—1}, we can compute the values of the maps ¢;, ﬁ, & and @; on
w using the signature rule (Algorithm 5.5). As we checked in Example 4.21,
sgn¥(31223) = — +3+4—5 = —1+3, and so, &(31223) = 21223, £(31223) = 31323,
£,(31223) =1, and ¢,(31223) = 1. The word 123 is of highest weight, and the
word 12...n is isolated.

From Example 4.15(i), We have that the words of length 2 form the following
subgraph of the crystal graph of o3.

11 21 31
EE

2
12 22 .37
| |
13— 23 33

(ii) Consider the standard crystal €,, of type C,, as described in Example 4.4(ii).
The weight of a word w € C;, is given by

wi(w) = (Jwl; —[wly)er + (lwly = [wlz)ez + -+ + ([wl, — [wl7)en.

By applying the signature rule (Algorithm 5.5), we can compute the values of the
maps &, f», & and @, on 22332. As sgn§(§2§32) = —1+y+3—4+5 = —1+2+5, We
get that &,(22332) = 32332, £,(22332) = 23332, £,(22332) = 1, and ¢,(22332) = 2.
The word 122 is of highest weight, and the word 1221 is isolated.

From Example 4.15(ii), We have that the words of length 2 form the following
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subgraph of the crystal graph of 6.

1 2 _ 1
11 21 21 11

Jl 1

2 _ _

12 22— 22 12
Jz Jz 2
— 1 — _- 1 =
12— 22 22— 12

ll 1
— 2 _
11 21 — 21 11

We characterized the crystal monoid &* over a seminormal crystal & as free,

because of the following property.

Theorem 5.10. Let B be a seminormal crystal and M be a crystal monoid of the same
type. Then, for each crystal homomorphism 1 : B — UM satisfying P(B) C M, there
exists a unique crystal monoid homomorphism 1 : B* — Al such that ((x) = (x), for
all x € B.

Proof. Let 1 : 8 — Jl be a crystal homomorphism such that »(B) € M. So, we
can consider ¢ as a map from B to M. It is well-known that there exists a unique
monoid homomorphism t : B* — M such that (x) = i(x), for all x € B. We also
have that 1 is given by

Ple)=1 and P(x;...x) = P(x1) - P(xm),

for x1,...,X,, € B. It remains to show that 1 is a crystal homomorphism.

Let i € I. By Proposition 5.3 and Definition 5.7, we have that wt(e) = 0 =
wt(1), &(e) = file) = L = &(1) = f(1), and &(e) = @;(e) = 0 = &(1) = @;(1). Let
X1,..., Xy € B, m > 1, and set w = x;...x,,. We have that ((w) = p(x1)---(x,,),
where wt((xy)) = wt(xg), & (ip(xk)) = & (xx) and @;(P(xk)) = Pi(xx), for k=1,...,m,
because 1 is a crystal homomorphism. By Proposition 5.2, we obtain that

WE(ip(w)) = wt(p(x1)) + -+ + WHIP(x,,)) = wt(xy) + - + Wt(x,,) = wi(w),

and
X p p-1
&(P(w)) = jmax Zgi(lp(xk))_ (f’i(ll’(xl))]
T k=1 =1
p p-1
= 11?33( Zgi(xk) - (pz(xl)] = &i(w),
=PI =)
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and since both maxima range over the same numbers in the same order, we have
a common p which corresponds to the smallest integer where each maximum is

attained, implying that

éi(’f’(w)) =P(xg)-- z1b(xp—1) ) ~i(’nb(xp)) : ll)(xp+1)' ~(xp)
= P(x1) - P(xp1) - (@) - P(xps1) = Plx) = P(Ei(w)),

because & and Jl are seminormal, ¢ is a crystal homomorphism and (B) C M.
Analogously, we get that @;(i(w)) = ¢(w) and f($(w)) = P(fi(w)). 0

The property described in the previous result can be used to give a definition

of free crystal monoid up to isomorphism.

Corollary 5.11. Let B be a seminormal crystal and J be a crystal monoid of the same
type, where B C M. If for each crystal monoid " and each crystal homomorphism
P : B — M’ satisfying P(B) C M’, there exists a unique crystal monoid homomorphism
2 M — M such that P(x) = P(x), for all x € B, then there exists a crystal monoid
isomorphism between Jl and B,

Proof. Defined ¢ : B — B* by §(x) = x, for each x € B. As the crystal structure
maps of B* agree with the crystal structure maps of % on words of length 1, we
have that ¢ is a crystal homomorphism from 9 to %B*. Thus, there exists a unique
crystal monoid homomorphism ¥ : Ml — B* such that ;(x) = x, for all x € B.
In particular, by restricting ¢; to B, we get that the crystal structure maps of
J restricted to B agree with the crystal structure maps of %, and so, the map
Y’ : B— M, given by 1’(x) = x for each x € B, is a crystal homomorphism. By
Theorem 5.10, there exists a unique crystal monoid homomorphism ¥, : B* — Jl
such that i, (x) = x, for all x € B. Then, 1, o1, is a crystal monoid homomorphism
from B* to B* such that P1Y,(x) = x, for any x € B, and by Theorem 5.10, we
obtain that 1 o 1), must be the identity map on B*. Also, ¢, o 1y is a crystal
monoid homomorphism from Jl to . such that i, (x) = x, for any x € B, and
by uniqueness, we get that 1, o {p; must be the identity map on M. Hence, ¢, is a

crystal monoid isomorphism. O

5.3 Congruences and quotients

In this section we introduce the notion of a congruence on a crystal monoid.
This leads to the definition of a quotient crystal monoid. We then show how
congruences relate with homomorphisms, and deduce a homomorphism theorem

for crystal monoids.

49



CHAPTER 5. CRYSTALIZING THE PLACTIC MONOID

Definition 5.12. Let Jl be a crystal monoid. A crystal monoid congruence on J is

an equivalence relation 8 C M x M satisfying the following conditions:

(i) if (x,v) € 0, then wt(x) = wt(y), &i(x) = &;(y) and @;(x) = ¢;(y), for all i € I;

(ii) if (x,v) € O and &;(x) € M, then (é;(x),é;(y)) € 6;
(iii) if (x,y) € 6 and f,(x) € M, then (ﬁ(x),f,(y)) €0;
(iv) if (x1,91), (x2,92) € O, then (x1x2,9192) € 6.

Let Jl be a crystal monoid. It is immediate from the definition that the equality
relation A = {(x,x) | x € M} is a crystal monoid congruence on /(. We have that
A C 0, for any crystal monoid congruence 6 on Jl. Also, given a nonempty family
O of crystal monoid congruences on J, it is straightforward to show that (O is a
crystal monoid congruence on J{. From this and the following result, we are able

to show that the crystal monoid congruences on a crystal monoid form a lattice.

Lemma 5.13. Let Jl be a crystal monoid, and let R C M x M be a relation on M such
that for any (x,v) € Rand i € I, the following conditions are satisfied:

(i) wt(x) =wt(y), &(x) = &(y), and ¢i(x) = Pi(y);
(ii) if é;(x) € M, then (é;(x),é;(v)) € R; and

(iii) if fi(x) € M, then (f;(x), fi(v)) € R.
Then, the monoid congruence O generated by R is a crystal monoid congruence on JL.

Proof. We check that in every step of constructing O from R, properties (i) to (iii)
are preserved. Set
Ry ={(ux,uy)|(x,y) € R, u € M}.

For (x,y) e R, u € M and i € I, since wt(x) = wt(y), &(x) = &(v) and ¢;(x) = ¢;(v),
we get that wt(ux) = wt(uy), & (ux) = §(uy) and ¢;(ux) = ¢;(uy), by (5.1) to (5.3).
As J is seminormal, we have that &;(ux) € M if and only if é;(uy) € M. And if
so, by (5.4), we obtain if ¢;(u) > &;(x) that &;(ux) = &;(u)-x and & (uy) = &(u)-y
implying (€;(ux),é;(uy)) € Ry), or otherwise, we obtain that é;(ux) = u - &;(x) and
é;(uy) =u-é;(y) implying (é;(ux),é;(uy)) € Ry, because (¢;(x),€é;(y)) € R. Similarly,
by (5.5), if fi(ux) € M, we have either f;(ux) = f;(u)-x and fi(uy) = fi(u) -y, or
filux) = u - fi(x) and fi(uy) = u - fi(y), which results in (f;(ux), f;(uv)) € R, in any
case. Hence, R; satisfies conditions (i) to (iii).
Set
Ry ={(xv,yv) | (x,y) € Ry,v € M}.
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For (x,y) € Ry, v € M and i € I, we have that wt(x) = wt(y), &(x) = &(y) and
@i(x) = @;(v). As shown for Ry, from (5.1) to (5.5) we can analogously deduce that
R, satisfies conditions (i) to (iii).

It is immediate that the reflexive closure
Ry ={(x,y) e M xM |(x,v) € Ry or x =y}

of R, satisfies conditions (i) to (iii).
Set
Ry ={(x,y) e M xM|(x,y) € R3 or (y,x) € R3},

which correspondes to the symmetric closure of R3. Since Rj satisfies condition (i),
so it does Ry. For (x,y) € R3, if &;(y) € M, then é;(x) € M, because &(x) = &(y)
and Jl is seminormal, and so, (&(x),é;(y)) € R3. Similarly, if fi(y) € M, then
(fi(x), fi(v)) € Rs. Hence, Ry satisfies conditions (ii) and (iii).

Finally, Oy corresponds to the transitive closure of R4. For (x,y) € O, there
exist xg, X1,...,X,; € M such that x = x(, v = x,,,; and (xg, xx,1) € Ry, fork =0,...,m-1.

For i € I, since Ry satisfies condition (i), we get that
WH(x) = WE(Xg) = WE(x1) = -+ = WE(x,y) = WE(y),

and similarly, &;(x) = &;(y) and @;(x) = ¢;(). If é;(x) e M, then for k=0,...,m—-1,
since &;(x;) = &(x) and Jl is seminormal, we have that é;(x;) € M, and as Ry
satisfies condition (ii), (&;(xx), é;(xx11)) € Rq. Hence, (é;(x), é;(v)) = (&;i(x0), é;(x,,)) €
Or. Analogously, as Ry satisfies condition (iii), if fi(x) € M, then (ﬁ-(x),ﬁ-(y)) € Og.
Therefore, Oy satisfies conditions (i) to (iii). Moreover, by construction Oy is a

monoid congruence on M, and so, Oy is a crystal monoid congruence on (. [

Theorem 5.14. Let Jl be a crystal monoid. Then, the crystal monoid congruences on

M form a lattice with respect to the partial order C of inclusion.

Proof. Let © be the set of all crystal monoid congruences on Jl. Since the equality
relation A lies in ©, we have that © is nonempty. Clearly, C is a partial order
on ©. Let 6,0 € ©. Since 6 N o is a crystal monoid congruence and the largest
set contained in 6 and o, we have that 6 N o is the infimum of 6 and ¢ in ©.
Finally, the relation R = 6 U ¢ satisfies conditions (i) to (iii) of Lemma 5.13, and so,
the monoid congruence 6y generated by R is a crystal monoid congruence on J(.
Furthermore, Oy is the smallest equivalence on M satisfying Definition 5.12(iv)

and containing R. Hence, 05 is the supremum of 6 and o in ©. ]

Let O be a crystal monoid congruence on a crystal monoid /(. From the con-

ditions (i) to (iii) of Definition 5.12, it follows that the crystal structure maps wt,
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&, fi, & and @; (i € I) of M can be defined on the set of all O-equivalence classes
M/0 in a natural way, because they do not depend on the equivalence class repre-
sentative. If x,y € M are such that [x] = [y], then x 6 y, and by Definition 5.12(i),
wt(x) = wt(p), &(x) = €(v) and @;(x) = @;(v). As M is seminormal and &;(x) = &(y),
we have that ¢; is defined on x if and only if &; is defined on y. And if so, by
Definition 5.12(ii), we have that [&;(x)] = [é;(y)]. Similarly, by Definition 5.12(iii),
[£i(x)] = [fi(v)], whenever f; is defined on x or y. Finally, if x;,x,,9;,v, € M are
such that [x;] = [y;] and [x,] = [y,], then [x;x,] = [y,7,], by Definition 5.12(iv).

Therefore, we obtain the following construction.

Definition 5.15. Let 6 be a crystal monoid congruence on a crystal monoid J.
The quotient crystal monoid of Ml by 6 is a crystal monoid (/0 of the same type
as Jl consisting of the set M/6 and maps given by

wi([x]) = wt(x) 2i([x]) = [éi(x)] fillx)) = [fi(x)]

£i([x]) = &i(x) Pi([x]) = Pix) [x]-[y]=1[x-p]
where [1]=1,forx,ye M andiel.
The following result follows directly from the previous definition.

Lemma 5.16. Let 0 be a congruence on a crystal monoid M. Then, the map : M —
M/6, given by 1t(x) = [x] for each x € M, is a surjective crystal monoid homomorphism
from JL to AL/6.

This leads to the following relation between congruences and homomorphisms

of crystal monoids.

Theorem 5.17. Let M be a crystal monoid, and let 6 C M x M. Then, O is a crystal
monoid congruence on M if and only if there exist a crystal monoid " and a crystal
monoid homomorphism  : M — M’ such that 6 = ker .

Proof. If O is a crystal monoid congruence on Jl, set 7t : Ml — JL/6 to be the crystal
monoid homomorphism defined in Lemma 5.16. Then, for x,y € M, we have that
n(x) = m(y) if and only if x 6 y, and so, O = ker 7.

Conversely, let ¢ : Ml — AL’ be a crystal monoid homomorphism. Clearly ker
is an equivalence on M. Let (x,y) e ker¢ and i € I. As i(x) = (y), we have that

wit(x) = wt(pp(x)) = wt((p)) = wt(),

and similarly, &;(x) = &(y) and @;(x) = @;(y). If é(x) € M, then ¢;,(y) € M, be-

cause Jl is seminormal and &;(y) = &(x). Also, as (M) C M’, we have that
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P(&(x)), Y(é;(y)) € M’, and as ¢ is a crystal monoid homomorphism,

P(&i(x)) = éi(P(x)) = & () = P(&(y)),

which implies that (&;(x),é;(v)) € ker. Analogously, (f;(x), fi(v)) € ker i, when-
ever ﬁ(x) € M. Finally, for (x1,v1),(x,v5) € ker ¢, we have that

P(x1x2) = P(x1) - P(x2) = P(¥1) - P(¥2) = P(¥192),

and thus, (x1x,,v17,) € keryp. Hence, kery is a crystal monoid congruence on
J. L]

Now, we introduce the homomorphism theorems for crystal monoids.

Theorem 5.18. Let Ml and M’ be crystal monoids of the same type, and let i : M —
M’ be a crystal monoid homomorphism. Then, for each crystal monoid congruence
O on J satisfying 6 C kerip, there exists a unique crystal monoid homomorphism
2 M/O — M such that P([x]g) = p(x), for any x € M.

Furthermore, if U is surjective, then there exists a unique crystal monoid isomor-
phism ) : M/ker p — M’ such that P([x]) = p(x), for all x € M.

Proof. Let O be a crystal monoid congruence on Jl such that 6 C ker¢. For x,p €
M, if [x]g = [y]g, then x O y, which implies that ¢(x) = ¢(y), because 6 C ker .
Thus, we can define a map ) : M/6 — M’ by 1)([x]g) = 1(x), for each x € M. Since
Y is a crystal monoid homomorphism, it is immediate from Definition 5.15 that
i) is a crystal monoid homomorphism from (/6 to (.

Assume that 0 = ker ¢ and that ¢ is surjective. Then, given x’ € M’, there
exists x € M such that 1(x) = x’, and so, 1([x]) = x. Also, if y,z € M are such that
([v]) = P([z]), then (v) = (z), or equivalently, (v,z) € ker 1, which implies that

[v] = [z]. Hence, 1 is bijective, and therefore, a crystal monoid isomorphism. [

Theorem 5.19. Let 0 and o be crystal monoid congruences on a crystal monoid J
such that 6 C o. Define a relation /6 on M/6 by

a/60 ={([x]o, [v]0) | (x,y) € 0}

Then, 0/0 is a crystal monoid congruence on JM/6. Moreover, the map (M/6)/(c/6) —
M/a, given by [[x]gls/e — [x]s for each x € M, is a crystal monoid isomorphism
between (M/0)/(c/0) and JM/o.

Proof. Since 6 C o, then for x,y € M, if [x]g = [v]g, then [x], = [v],. Thus, we can
define a map ¢ : M/60 — M/o by ¥([x]g) = [x],, for each x € M. By Definition 5.15,
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it is immediate that 1 is a surjective crystal monoid homomorphism from (/6 to
JM/o. For x,y € M, we have that ([x]g) = ¥([v]g) if and only if (x,y) € 0. Hence,
kerip = /0. By Theorem 5.18, we obtain that the map (M/6)/(c/6) — M/o, given
by [[x]gls/e > [x]s for each x € M, is a crystal monoid isomorphism between
(M/6)/(0/6) and Jl/o. O

5.4 The plactic congruence

In this section we define the plactic monoid associated to a seminormal crystal.
This definition is based on the framework introduced on the previous sections,
as the plactic monoid will be obtained as a quotient crystal monoid of the free

crystal monoid by the following congruence.

Definition 5.20. Let % be a seminormal crystal. The plactic congruence on %" is a
relation = on B* given as follows. For u,v € B*, u ~ v if and only if there exists a
crystal isomorphism 1 : B*(u) — %*(v) such that ¥(u) = v.

To prove that ~ is a crystal monoid congruence on %* we first show the follow-

ing result.

Lemma 5.21. Let B be a seminormal crystal, and let u,v € B*. Then, the map from
(B*(1)®B*(v))(u®v) to B*(uv), given by x®y > xv, is a crystal isomorphism between
(B*(u) @B (v))(u@v) and B (uv).

Proof. Since % is a crystal monoid, the map B*® B* — B, defined by x®y > xy
for each x,y € B*, is a crystal homomorphism (Definition 5.1(iii)). Then, by (5.4)
and (5.5), we have a surjective crystal homomorphism ¥ : (B* ® B*)(u ® v) —
B*(uv) given by P(x®y) = xy for each x®y € (B*® B*)(u ®v).

By Definition 4.10, if x®p € (B*® B*)(u ® v), then there exist g1,..., %, € (&, f; |
i € I} such that x®y = g; -+ g,,(4®v), and by Definition 4.13, x = g{ ---g/(u) and y =
81 g (v)forsomegy,...,¢.,8...,8 €181,-..,&m}.- Hence, x € B*(u) and y € B*(v).
And therefore, (B*® B*)(u ® v) C B* (1) ® B*(v). This implies that (B*® B*)(u ®v) =
(B*(u)®B*(v))(4®v), and so, (B*®%B*)(u®v) and (B*(u)®%B*(v))(u®v) correspond
to the same crystal. In particular, i is a surjective crystal homomorphism from
(B*(u) @B (v))(u®v) to B (uv).

Finally, if x; ® y1,x, ® v, € (B*(1) ® B*(v))(u ® v) are such that x;y; = x,9,, then
|x1| = |x,| and |y;| = |[y|, by Proposition 5.8, which implies that x; = x, and y; = y,.
Hence, x; ®y; = x,®y,, and therefore, ¢ is injective. By Theorem 4.8, ) is a crystal
isomorphism between (B*(u) ® B*(v))(u ® v) and B*(uv). O
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Theorem 5.22. Let 9B be a seminormal crystal. Then, the plactic congruence ~ on %B*

is a crystal monoid congruence on B*.

Proof. Let u,v,u’,v’ € B* with u ~v and u’ ~ v, and so, let ¥ : B*(u) — %B*(v) and
Y’ : B (u') — B*(v’) be crystal isomorphisms such that ¢(u) = v and ¢'(u’) = v’.
We have that u ~ u as the identity map on B*(u) is a crystal isomorphism on %*(u).
We also have that v ~ u since ¢! is a crystal isomorphism between %*(v) and
B*(u) satisfying ! (v) = u. And finally, if v = u’, we have that u ~ v’ because
i’ o ¢ is a crystal isomorphism between %*(u) and %*(v’) that satisfies ¢’((u)) =
v’. Hence, ~ is an equivalence on B*.

Let i € I. Since 1 is a crystal isomorphism, we get that
wi(u) = wi((u)) = wi(v),
and similarly, &;(u) = &;(v) and ¢;(u) = ¢;(v). If &(u) € B*, then
p(i(u) = &(P(u)) = &(v),
and since B*(¢;(u)) = B*(u) and B*(é;(v)) = B*(v), we obtain é;(u) = é;(v). Analo-
gously, if fi(u) € B*, then fi(u) ~ fi(v).
By Lemma 5.21, we can take crystal isomorphisms 1 : B*(uv) - (B* (1) ®
B (v))(u®v)and P, : (B* (1) @B (v'))(u'®v") — B*(1'v’) such that ¥ (uv) = u®v
and ¢, (u'®v’) = u’v’. By Proposition 4.18, the crystal isomorphism )®1)’ between
B (1) @ B*(v) and B*(u') ® B*(v’) satisfies (P @ P')(u ®v) = u’®v’. Thus, the
restriction 13 of Y ® Y’ to (B* (1) ® B*(v))(u ®v) is a crystal isomorphism between

(B (1) ®B*(v))(u®v) and (B* (1) ® B*(v')) (1’ ®v’). Then, 1, o P3 0 Py is a crystal
isomorphism between %*(uv) and %*(u’v’) that satisfies

Yr31(uv) = o3 (u ®v) = Phr(u’' @ V') = u'v’,
and so, uv ~ u’v’. Therefore, ~ is a crystal monoid congruence on %°. ]
We have set the framework to present the following definition.

Definition 5.23. Let % be a seminormal crystal, and let = be the plactic congru-
ence on %*. The quotient crystal monoid %*/~ is called the plactic crystal monoid,

or simply the plactic monoid, associated to %, and is denoted by plac(%).

Note that although plac(9) is a crystal monoid, we are interested in studying
its properties as a monoid, and thus, we just refer it as the plactic monoid associ-
ated to 9. However, we will be constantly considering its crystal structure, as it

plays a fundamental role in the construction of plac(9).

55



CHAPTER 5. CRYSTALIZING THE PLACTIC MONOID

This terminology will make more sense in the following section, where we
see how the classical plactic monoid can be accommodated as the plactic monoid

associated to some crystal.

5.5 The plactic monoid of type A,

In this section we show that the classical plactic monoid corresponds to the plac-
tic monoid associated to the standard crystal d,, of type A,. This follows from
the work in [Kas90; Kas91; KN94], and a detailed construction is done in [HK02,
Chapter 7]. Thus, we will omit the proofs, and just present the connection be-
tween isomorphic components of /i, and semi-standard Young tableaux over A,,,
from which follows that plac, and plac(s,) correspond to the same monoid.

Let n > 2. Consider the free crystal monoid o}, over the standard crystal o,
of type A,. Denote by Y, the set of all semi-standard Young tableaux over A,
(see Section 3.1). The crystal structure of s, induces a crystal structure on Y,
through the reading of semi-standard Young tableaux, resulting in a crystal Y
of type A,. For a semi-standard Young tableau T over A, and fori e {1,...,n—-1},

set
wt(T) = wt(w(T)), &(T) = &(w(T)), @i(T) = @i(w(T)).

If ;(w(T)) = L, then set &;(T) = L. Otherwise, by Proposition 5.2, &(w(T)) is
obtained from w(T) by changing an i + 1 by an i, set ¢;(T) to be obtained from T

by replacing the box |i+1|which originated the changed i + 1 by | ;i | Equivalently,

¢;(T) is the unique semi-standard Young tableau over A, with the same shape
as T that satisfies w(&;(T)) = &(w(T)). Similarly, if f;(w(T)) = L, set fi(T) = L.
Otherwise, f;(w(T)) is obtained from w(T) by changing an i by an i + 1, and set

fi(T) by replacing the box | i |which originates the i changed by |i+1|. Again, we

have that f;(T) is the unique semi-standard Young tableau over A, with the same
shape as T such that w(fi(T)) = fi(w(T)).

Note that the Kashiwara operators do not change the shape of the tableau.
Also, given a partition A, and a semi-standard Young tableau T of shape A over
A, we can apply the rising Kashiwara operators éj,..., €, 1 successively on T, and
obtain a semi-standard Young tableau of shape A whose i-th row is filled with i,

fori =1,...,n. This implies the following result.

Proposition 5.24. Let T and T’ be semi-standard Young tableaux over A,. Then, T
and T’ lie in the same connected component of Yy if and only if T and T’ have the
same shape.
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Example 5.25. In Y, The semi-standard Young tableaux of shape (2) over A3
form the following connected component.

The semi-standard Young tableaux of shape (1,1) over A3 form the following

connected component.

Notice that the connected components of the previous example are crystal
isomorphic to the components formed by words of length 2 in 913 described in
Example 5.9(i). In fact, the crystal Yy was defined so that the reading w is an
injective crystal homomorphism from ¥y to si,. And therefore, the restriction of
the reading w to a connected component of %y induces a crystal isomorphism.

The map P from Aj, to Y, induced by the insertion algorithm in Algorithm 3.2

is also a crystal homomorphism from o, to Yy .

Example 5.26. Consider the connected component s{5(112) containing 112 of ¢

1 2 2

112 212 312 —— 313
1 1 2

113 213 223 — 323

and consider the connected component s/5(121) containing 121 of o}

1 2 2

121 122 132 —— 133
1 1 2

131 231 232 —— 233.

Clearly, 915(112) and ¢f5(121) are crystal isomorphic. If we apply P to these con-

nected components, we get the same connected component of %, , which is the
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following.
1 1 2 2 3 2 3
2 2 2 3
2 1
1 1 2 1 2 2 3
3 3

The previous example is a consequence of the following result.

Theorem 5.27. Let ~ be the plactic congruence on d;,. For any u,v € A%, we have that
uxv & P(u)=P).
And therefore, ~ = ~pjac.

This result justifies why we gave the same name to ~ and ~j,.. We also have
that the plactic monoid plac(d,,) associated to the standard crystal o, of type A,
corresponds to the classical plactic monoid plac,, of rank n.

This process of obtaining the classical plactic monoid from crystals is referred
as crystalizing the plactic monoid. Since Definition 5.23 only requires a seminormal
crystal, the notion of plactic monoid is generalized. From the work of Kashiwara
and Nakashima [KN94]|, notions of admissible semi-standard Young tableaux
emerged, later called Kashiwara—Nakashima tableaux, which were then used by
Lecouvey [Lec02; Lec03; Lec07] to give a description of the plactic monoids asso-
ciated to the standard crystals of Cartan types %,,, 6, and &, analogous to the
construction in this section for the plactic monoid associated to d,,.
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6

THE CLASSICAL HYPOPLACTIC

MONOID

The classical hypoplactic monoid was first introduced by Krob and Thibon [KT97]
from representation theoretical interpretations of quasi-symmetric functions and
noncommutative symmetric functions. It emerged from a noncommutative real-
ization of quasi-symmetric functions analogous to the realization of symmetric
functions by the plactic monoid presented by Lascoux and Schiitzenberger [LS81].
In-depth study of the hypoplactic monoid was done by Novelli [Nov00]. Cain and
Malheiro [CM17] presented an alternative description of the classical hypoplactic

monoid analogous to the construction of the classical plactic monoid by crystals.

In this chapter, we introduce three constructions of the classical hypoplactic
monoid. In Sections 6.1 and 6.2, we give a definition of the classical hypoplactic
monoid based on quasi-ribbon tableaux and an insertion algorithm. In Section 6.3,
we introduce a presentation for the classical hypoplactic monoid by the Knuth re-
lations and the quartic relations. Finally, in Section 6.4, we describe the approach
in [CM17], where the classical hypoplactic monoid is obtained from the crystal
graph of the free crystal monoid o}, and show in Remark 6.17 why it cannot be

directly used for other crystal monoids.

In Chapter 8, the classical hypoplactic monoid will be placed in context as the
hypoplactic monoid associated to the Cartan type R,,. This justifies the term clas-
sical, because we will have various types of hypoplactic monoids. Due to this fact,
we will be using notation that will make more sense then, and may be confusing
for now. Also, as occurs in the construction of the classical plactic monoid by
crystals, the hypoplactic monoid obtained from quasi-crystals is anti-isomorphic
to the original one [KT97], and therefore, some of the concepts introduced in this

chapter are adaptations of the original ones.
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6.1 Quasi-ribbon tableaux

In this section we introduce the notion of quasi-ribbon tableaux over a totally
ordered set X, and define a method of reading that maps a quasi-ribbon tableau
toa word in X".

A composition y = (Hy, Pp,..., Um), Where m > 0, is a sequence of positive inte-
gers Uy, Yo, ..., um > 0. A ribbon diagram of shape p is a collection of boxes such
that the i-th row has y; boxes, fori =1, 2,...,m, and the right-most box of the j-th
row stands over the left-most box of the (j + 1)-th row, for j = 1,...,m—1. For

example, we have that

are ribbon diagrams of shape (1,1), (2,1,1) and (2, 3,1), respectively.

Given a totally ordered set X and a composition p. A quasi-ribbon tableau
of shape u over X corresponds to a ribbon diagram of shape y where boxes are
filled with elements of X such that each column is strictly increasing from top
to bottom, and rows are weakly increasing from left to right. For example, the

ribbon diagrams in (6.1) filled as follows

1|3 1

are quasi-ribbon tableaux over Ag.

Notice that columns of quasi-ribbon tableaux are strictly increasing from top
to bottom, which differs from ribbon tableaux where columns are strictly de-
creasing from top to bottom. On the other hand, the order in rows and columns
of quasi-ribbon tableaux coincides with the order in rows and columns of semi-
standard Young tableaux.

A recording quasi-ribbon of shape u corresponds to a ribbon diagram of shape
p where boxes are filled with elements of {1,2,...,u; + - + p,,,} such that each
element occurs exactly once, each column is increasing from top to bottom, and
each row is decreasing from left to right. For example, the ribbon diagrams in
(6.1) filled as follows
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are recording quasi-ribbons.

In general, a recording quasi-ribbon is not a quasi-ribbon tableau, as rows in
a recording ribbon are decreasing from left to right, while rows in a quasi-ribbon
tableau are weakly increasing. Thus, the only recording quasi-ribbons that are
quasi-ribbon tableaux are columns. Also, recording quasi-ribbons differ from
recording ribbons in the order taken for rows and columns, because in a recording
ribbon rows are increasing from left to right, and columns are decreasing from
top to bottom.

Note that a composition can be of the form p = (). In this case a quasi-ribbon
tableau or a recording quasi-ribbon of shape p is called empty as there are no
boxes to fill.

Given a quasi-ribbon tableau T over a totally ordered set X, the reading of T
is a word w(T) in X* defined as for semi-standard Young tableaux (Section 3.1).
Thus, w(T) is obtained by concatenating the elements in T starting in the right-
most column and ending in the left-most, where the elements in each column are
concatenated from top to bottom. For example, the readings of the quasi-ribbon
tableaux in (6.2) are 12, 3461 and 353121, respectively.

We choose this method of reading a quasi-ribbon tableau, because it agrees
with the far-eastern reading of semi-standard Young tableaux used for construct-
ing the plactic monoid in Chapter 3. Since we make a generalization of the theory
of crystals by quasi-crystals in the subsequent chapters, we also need a reading
compatible with the original definition of tensor product of crystals. However,
this notion of reading a quasi-ribbon tableau results in a reversed word when
compared with the word obtained by the method of reading commonly found in
the literature [CM17; KT97]. This choice has impacts on Algorithms 6.1 and 6.2,
and ultimately, in the resulting hypoplactic monoid which is anti-isomorphic to
the original one [KT97; Nov00].

6.2 The insertion algorithm

In this section, we present an analogue of the Schensted insertion algorithm for
inserting a new element into a quasi-ribbon tableau, and analogues of the P-
symbol and the Q-symbol. This leads to a bijection similar to the Robinson-
Schensted—Knuth correspondence for quasi-ribbon tableaux with respect to the
far-eastern reading, and a construction of the hypoplactic monoid analogous to
the construction of the plactic monoid in Section 3.2.

The following algorithm computes a quasi-ribbon tableau by adding a new

61



CHAPTER 6. THE CLASSICAL HYPOPLACTIC MONOID

element to a quasi-ribbon tableau. It is an adaptation of the algorithms given in
[KT97, §7.2], [Nov00, Algorithm 4.4] and [CM17, Algorithm 4.2], which makes
them compatible with the far-eastern reading and the notation introduced in
Algorithm 3.1.

Algorithm 6.1. Input: A quasi-ribbon tableau T over a totally ordered set X, and

a letter x € X.

Output: A quasi-ribbon tableau x — T.

Procedure:

(1) If T is empty, thenx - T :=| x |

(2) If x is smaller than or equal to the top-left-most element in T, then setx —» T

to be the quasi-ribbon tableau obtained by attaching

row of T.

X

x—>T:=|x

[

T

|

to the left of the first

(3) If x is greater than the bottom-right-most element in T, then set x — T to

be the quasi-ribbon tableau obtained by attaching

bottom-right-most box of T.

x—T:=

X

to the bottom of the

(4) Otherwise, set y and z be adjacent elements in T such that y < x < z, or

equivalently, y is the bottom-right-most element in T smaller than x, and z is

the top-left-most element in T greater than or equal to x. Break T between y

and z. Then, set x — T to be the quasi-ribbon tableau obtained by attaching

X

to the bottom of | ¥ |and to the left of | z |
x—T:= | R
x|z

In the previous algorithm note that x is always attach on the left of an element

greater than or equal to it and/or below an element smaller than it. Any other

adjacent elements in x — T are already adjacent elements in T. Therefore, x —» T

is indeed a quasi-ribbon tableau.

For example, we have that
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1
1
5— = 213
21313
1
3—>111(121|4|=
4
and
1 1
2> = .
315 21315

Now, we present an algorithm to compute analogues of the P-symbol and the
Q-symbol as in Algorithm 3.2. This algorithm is an adaptation of the algorithms
in [KT97, §7.2] and [CM17, Algorithm 4.3].

Algorithm 6.2. Input: A word w € X*.
Output: A quasi-ribbon tableau QR(w) and a recording quasi-ribbon RR(w).
Procedure:

(1) Set P to be the empty quasi-ribbon tableau and set Q, to be the empty record-
ing quasi-ribbon.

(2) If w =€, then QR(€) := Py and RR(w) := Q.
(3) Else, let x4,...,x,, € X such that w =x;...x,,. Foreachi=1,...,m, do

(i) Set P, :=x; —> P,_y;
(ii) Set Q; by Adding a box | i |filled with i to Q;_; such that Q; has the

same shape as T; and | i |occurs in the same position as | X; |

(4) Set QR(w) := P,, and RR(w) = Q,,,.

In the previous algorithm it is clear that QR(w) is a quasi-ribbon tableau, as it

uses Algorithm 6.1 in each step. Also, in step i we have that| ; |is always attached

to the left of some row and to the bottom of some column, and recursively, we get
that rows in Q; are decreasing from left to right, and columns are increasing from
top to bottom. Therefore, RR(w) is a recording quasi-ribbon.

If w = 24125, the quasi-ribbon tableaux Pj,..., P5 are respectively
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and the recording ribbons Qy,..., g5 are respectively

3

3
3 4

1 4

2 2
2
Hence,
3
212 41
QR(24125) = 1 and RR(24125) = > (6.4)
5

Let w = xy...x,, with xq,...,x,, € X. In each step of Algorithm 6.2 we have that

each recording quasi-ribbon Q; is obtained by attaching| ;i |to Q;_; exactly as P,

was constructed by attaching | X; [to P,_;. Thus, for each i € {1,...,m}, we have that

x; occurs in QR(w) in the same position as i occurs in RR(w). And therefore, if
w’ € X* is such that QR(w’) = QR(w) and RR(w’) = RR(w), then w’ = w.
Conversely, given a quasi-ribbon tableau P and a recording ribbon Q with the
same shape, consisting of a total of m boxes, we can obtain a word x; ...x,, where
x; occurs in P exactly in the same position as i occurs in Q, i = 1,...,m. Then, we
have described a bijection analogous to the one in [KT97, §7.2], which is similar

to the Robinson-Schensted—-Knuth correspondence.

Theorem 6.3. Let X be a totally ordered set. The map that sends each word w € X*
to (QR(w), RR(w)) is an one-to-one correspondence between the set of all words over
X and the set of ordered pairs (P, Q) where P is a quasi-ribbon tableau and Q is a

recording quasi-ribbon of the same shape over X.

We now compare Algorithms 6.1 and 6.2 to the methods introduced in [KT97,
§7.2], based on the following algorithms from [CM17].

Algorithm 6.4 ([CM17, Algorithm 4.2]). Input: A quasi-ribbon tableau T over a
totally ordered set X, and a letter x € X.
Output: A quasi-ribbon tableau T « x.

Procedure:

(1) If T isempty, then T «—x :=| x |
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(2) If x is smaller than all elements in T, then set T <« x to be the quasi-ribbon

tableau obtained by attaching| x |to the top of the top-left-most box in T.

x
[|T]]

T« x:=

(3) If x is greater than or equal to all elements in T, then set T « x to be the

quasi-ribbon tableau obtained by attaching | x |to the right of the bottom row
of T.

Te—x:=|[|T]|]]|x

(4) Otherwise, set y and z be adjacent elements in T such that y < x < z, or
equivalently, p is the bottom-right-most element in T smaller than or equal
to x, and z is the top-left-most element in T greater than x. Break T between
y and z. Then, set T «<— x to be the quasi-ribbon tableau obtained by attaching

x [to the right of | ¥ |and to the top of | z |

T« x:=

Note that the following algorithm only contains the part of the original one

relevant for the purpose of constructing the hypoplactic monoid.

Algorithm 6.5 ([CM17, Algorithm 4.3]). Input: A word w € X*.
Output: A quasi-ribbon tableau QR’(w).
Procedure:

(1) Set P, to be the empty quasi-ribbon tableau.
(2) If w=¢, then QR’(€) == P.

(3) Else, let xq,...,x,, € X such that w = x;...x,,. Foreachi =1,...,m, set P, :=

By < x;.
(4) Set QR’(w) == P,,.
Proposition 6.6. Let xq,...,x,, € X. Then,
QR(x1%5...x,,) = QR (x,,,X—1 - - - X7)-

Proof. Set w = x1x5...,x,, and w’ = x,,x,,_1...x;. Note that QR(w) and QR’(w’)
have m boxes each, filled with the elements xy,...,x,,. Since rows are weakly in-

creasing, and columns are strictly increasing, we have that given two consecutive
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rows in QR(w) or QR’(w’) beginning with y and z, where y < z, then the row begin-
ning with p has to be filled increasingly with the elements x; such that y <x; <z.
Thus, it suffices to show that QR(w) and QR’(w’) have the same number of rows
and each row begins with the same element.

The first row of QR(w) and the first row of QR’(w’) begin with min{xy,...,x,,},
because QR(w) and QR’(w’) are quasi-ribbon tableaux. If QR(w) has a row other
than the first beginning with z, set y to be the element in the box on top of | z |

By Algorithm 6.2, there is no element x; such that y < x; <z, and there exist j <k
such that x; =y, v € {xy,...,x;_1}, xx =z, and z € {xp,y,..., X, }. By Algorithm 6.4,
QR’(xy,-..xj11) < xj is a quasi-ribbon tableau with x; in the beginning of some

row with | *j |on top of | Xk | Since there is no element x; such that x; <x; < x,

by Algorithm 6.5, the quasi-ribbon tableau QR’(w’) has some row beginning with
Z = Xk.

Conversely, if QR’(w’) has a row other than the first beginning with z’, set y’

to be the element in the box on top of | z/ | By Algorithm 6.5, there is no element

x; such that y < x; < 2/, and there exist k> j" such that xp =z, z & {xp,1,..., X},
xpy=y,and y € {xy,...,xj_1}. By Algorithm 6.1, x; — QR(x;...xp/_1) is a quasi-

rlbbon tableau with x;- in the beginning of some row with | X’ lon top of | Xi’|. Since

there is no element x; such that x;; <x; <x/, by Algorithm 6.2, the quasi-ribbon

tableau QR(w) has some row beginning with z = x.. O

If we consider the ordered set A, = {1 <2 < --- < n}, from [Nov00] we have
a monoid congruence on Aj, where two words u,v € A}, are congruent whenever
QR’(u) = QR’(v). Since the relation obtained by reversing words in a monoid con-
gruence is still a monoid congruence, from Proposition 6.6 we get the following

result.
Theorem 6.7. Let ~yyp, be a relation on A3, given by

U ~nypo ¥ < QR(u) = QR(v).
Then, ~nypo is @ monoid congruence on Aj,.

We call ~pyp, the hypoplactic congruence. And now, we have reached a construc-
tion of the hypoplactic monoid through quasi-ribbon tableaux and an insertion
algorithm.

Definition 6.8. The hypoplactic monoid hypo, of rank n corresponds to the quo-
tient monoid Aj/~pyp, of the free monoid A3, over A, by the hypoplactic congru-

ence ~pypo-
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6.3 A presentation for the classical hypoplactic

monoid

In this section we give a presentation for the hypoplactic monoid hypo, based on
the relations introduced in [Nov00, §4.1].

Definition 6.9. Let n > 1. Consider the relations R, hypolMn) and R, Bypolu) o A3,
given by

h A

h A
R ypo(R,) — {(X3X1X4x2;x1x3x2x4) | X1 <Xy < X3 < X4}.

The relation R; Bypolu) Rhypom ") consists of what are called the quartic relations.
The hypoplactic relations RPYPO(Rn) = Rplac( ) Rplac( )URhypo( )URhypom n)

are formed by the Knuth relations (Definition 3.6) and the quartic relations.

As we mentioned in the introduction of this chapter, the classical hypoplactic
monoid will later be placed in context as the hypoplactic monoid associated to the
standard quasi-crystal of Cartan type R,,. This justifies the superscript hypo(R,)
on the quartic relations above. Also, due to this fact, we chose a reading of quasi-
ribbon tableaux which results in a hypoplactic monoid anti-isomorphic to the
original definition, as shown in Proposition 6.6. And therefore, the words on
the hypoplactic relations are reversed when compared to the definition of the
relations in [Nov00, §4.1].

Note that for any pair (#,v) in the hypoplactic relations R"YP°(Rx), we have that
QR(u) = QR(v). For x <y < z, we get that

x|Y
QR(yzx) = QR(yxz) = 7
For x <y <z, we also get that
QR(xz) = QR(zxp) =
For x; < x5 < x3 < x4, we obtain that
X1 X2
QR(x2x4x1x3) = QR(x4x0x3x1) = :
X3 | X4
And for x; < x5 < x3 < x4, we also obtain that
X1

QR(x3x1x4%7) = QR(x;x3%xpx4) = | X2 | X3 |.
X4
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This leads to an analogue of [KT97, Proposition 7.1] or [Nov00, Proposition 4.6
and Theorem 4.7] as we are considering a hypoplactic monoid anti-isomorphic to

the classical one.

Theorem 6.10. Let n > 1. Let O to be the monoid congruence on A;, generated by
Rhypo(]’\n). Then’ 6 = NhypO

Therefore, we have that (A, | R"YPO(R4)) is a presentation for the hypoplactic
monoid hypo, of rank n.

6.4 Quasi-crystals for the classical hypoplactic

monoid

In this section we present a construction of the classical hypoplactic monoid
from the crystal graph of the free crystal monoid o}, over the standard crystal
d, of type R,. This method of obtaining the classical hypoplactic monoid was
first introduced in [CM17], where a detailed construction can be found. Since our
definition of classical hypoplactic monoid is anti-isomorphic to the one in [CM17],
we do some adaptations, which are justified by Proposition 6.6. Thus, we will
omit proofs, and focus on some examples.

Let n > 2. Consider I to be the crystal graph of the free crystal monoid o}, over
the standard crystal o, of type R,. Recall that I' has vertex set A}, and an edge
1 —— v labelled byie(l,...,n—1}, whenever f;(u) = v. The following property
allows us to distinguish vertices of I’

Definition 6.11. Leti € {1,...,n—1}. A word w € A}, is said to have an i-inversion
if there exist words wy,w;, w3 € Aj, such that w = wyiw,(i + 1)w;. A word w € A},

is said to be i-inversion-free if w does not have an i-inversion.

We define a directed graph I with edges labelled by {1,...,n—1} as follows. The
vertex set of I’ is the set A}, of all words over A,,. For u,v € Aj andie{l,...,n—1},
i . . .. . i .
u — v is an edge of I/, if u and v are i-inversion-free and u —— v is an edge
of I'. Equivalently, I'" is obtained from I' by removing for each i € {1,...,n -1}, all

i-labelled edges with start or end in a word with an i-inversion.

Example 6.12. If n = 3, then the connected component of I' containing 112, de-

scribed in Example 5.26, originate the following two connected components of
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I
2 2
112 212 —— 312 —— 313
1 1
113 213 223 323

1
Note that as 112 has an 1-inversion and 223 has a 2-inversion, the edges 11 —

2
212 and 223 — 323 were removed from I to obtain the connected components

of T’ above.

For each i € {1,...,n—1}, we define partial maps ¢;, f; : A%, — A* as follows. For
each edge u L,y of I labelled by i, set é;(v) = u and f;(u) = v. Equivalently, for
w € A}, if w is i-inversion-free, then ¢é;(w) = é;(w), whenever é; is defined on w,
and f;(w) = f;(w), whenever f; is defined on w.

By the 51gnature rule (Algorithm 5.5), we obtain the following alternative
definition of é; and fl (1ef{l,...,n—1}). For aword w € A}, if w is i-inversion-free
and |wl;;; > 1, then é;(w) is obtained from w by replacing the right-most i + 1 by
i. If wis i-inversion-free and |w|; > 1, then f;(w) is obtained from w by replacing
the left-most i by i + 1.

In [CM17], " is called a quasi-crystal graph. The partial maps éy,...,¢é,,_1 and
fir...» fu_1 are called quasi-Kashiwara operators. A quasi-crystal is then formed
by the set A}, of all words over A,,, the quasi-Kashiwara operators, the weight map

wt: A, = Z" given by
wi(w) = [wlyeq +[wlrey + -+ [w],ep,
(w € Aj}), and maps €;, ¢, : A;, — Z defined by

maxi{k € Zs | e'f-‘(w) is defined},
@i(w) = max{k € Zs | f¥(w) is defined)

p.
—_
S
~
[l

(weA)),i=1,...,n—1. We will not adopt this terminology introduced in [CM17],
as in the following chapters it will be used for designate other concepts, which
generalize this approach.

Denote by Qg the set of all quasi-ribbon tableaux over A,,. Through the method
of reading quasi-ribbon tableaux introduced in Section 6.1, we can define the
weight of a quasi-ribbon tableau T over A, as the weight of w(T), that is, wt(T) =
wt(w(T)). Also, I'" induces a d1rected graph Ihr with edges labelled by { -1}

and vertex set Qg, where T — > T’is an i-labelled edge of I if W(T) — ( ")

is an edge of I'".
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Example 6.13. If n = 3, from Example 6.12, we obtain that the quasi-ribbon

tableaux of shape (1,2) over A3 form the following connected component of Iy.

In fact, the previous example is a consequence of the following result.

Proposition 6.14. Let T and T’ be quasi-ribbon tableaux over A,,. Then, T and T’ lie

in the same connected component of Igg if and only if T and T’ have the same shape.

By the method that [ was constructed from I", it follows that the reading w
of quasi-ribbon tableaux is an injective graph homomorphism from I'yg to I that
preserves weights. On the other hand, the map QR from A}, to Qr induced by the
insertion algorithm in Algorithm 6.2 is a surjective graph homomorphism from

I'” to [or which preserves weights.

Example 6.15. Suppose n = 3. Consider the connected component I'/(2121) con-
taining 2121 of I''.

2121~ 3121 —— 3131 —— 3231 —— 3232
and consider the connected component I'/(1212) containing 1212 of I’
1212 —~ 1312 —— 1313 —— 2313 —— 2323,
Clearly, we have a graph isomorphism between I''(2121) and I"’(1212) that pre-

serves weights. If we apply QR to these connected components, we get the same

connected component of Igr, which is the following.

The previous example reflects the fact that for a word w € A}, QR induces a
weight-preserving graph isomorphism between I'(w) and Ior(QR(w)). This leads

to the following result.
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Theorem 6.16. Let u,v € Aj. Then, u ~yyp, v if and only if there exists a weight-

preserving graph isomorphism between I'’(u) and I''(v) mapping u to v.

From the previous result, we have that the elements of the classical hypoplactic
monoid hypo, of rank n can be obtained by identifying elements in the same
position of isomorphic connected components of I'". In [CM17], this process of
obtaining hypo, is referred as crystalizing the hypoplactic monoid. Although this
construction is analogous to the one described in Section 5.5 of obtaining the
classical plactic monoid through identifying elements by crystal isomorphisms
between connected components of o}, it cannot be directly applied for other
crystals other than of;,.

Remark 6.17. Consider the free crystal monoid 6; over the standard crystal 6;

of type C3. Let FC’@; be a subgraph of I with vertex set C; and satisfying the
3

following properties:

(i) the path 1 L,y 2 3 > 3 N, Tliesinfcé;;

3

(ii) if a word w € C; has a decomposition of the form w = w; 1w,2wj3, for some
wy,wy, w3 € C3, then w is neither the start nor the end of an edge labelled

by 1in l“%;.

Define a relation ~ on 6; as follows. For u,v € C;, we have that u ~ v if and only
if there exists a weight-preserving graph isomorphism between I‘Céé(u) and Fc'eg(v)
mapping u to v.

We have that € and 11 are isolated vertices in rcgg, and so, they also are isolated
vertices in I‘Cé;. Since wt(11) = wt(e) =0, then 11 ~ €. We also have that 2 ~ 2, be-
cause the identity map induces a weight-preserving graph isomorphism between
I’C’@é(Z) and 1"%;(2). By condition (i), 2 is the end of an 1-labelled edge in 1“’;, and by
condition (ii), 112 cannot be the end of an 1-labelled edge in I“Cé;. Hence, 112 = 2,

3
and therefore, ~ is not a monoid congruence on C3.

In the following chapters we present an algebraic framework that accommo-
dates the construction of the classical hypoplactic monoid from the standard
crystal o, of type A, (see Section 8.5) and allows an analogous construction for

any other seminormal crystal.
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7

(QUASI-CRYSTALS

In Remark 6.17, we showed that the method of obtaining the classical hypoplactic
monoid from the crystal graph of type A,, introduced by Cain and Malheiro
in [CM17], does not result in a monoid when applied to crystal graphs of other
types. In this chapter we present a new algebraic theory of quasi-crystals. These
objects are obtained by allowing a slight relaxing on the defining conditions of
crystals, which is sufficient to place in context the construction proposed by Cain
and Malheiro and allow its generalization, as we shall see in Chapter 8.

In Section 7.1, we begin by introducing the definition of quasi-crystals and
quasi-Kashiwara operators. Then, we make a study of quasi-crystals, where we
see that many properties satisfied by crystals also hold for quasi-crystals. In
Section 7.2, we introduce the notion of quasi-crystal graphs, which allow a com-
binatorial description of quasi-crystals. Analogous to crystal graphs, we show
that quasi-crystal graphs can be seen as an alternative definition of quasi-crystals.
In Section 7.3, we define the quasi-tensor product of quasi-crystals, and study
its properties. Quasi-crystals together with the quasi-tensor product form the
algebraic framework that we will use on the subsequent chapters. Therefore, in
Section 7.4 we introduce a combinatorial method to compute the quasi-crystal
structure of a quasi-tensor product of quasi-crystals, analogous to the signature

rule for the tensor product of crystals.

7.1 Quasi-crystals and homomorphisms

In this section we introduce the notion of a quasi-crystal associated to a root
system. Then, we study some basic properties satisfied by quasi-crystals, where
some correspond to generalizations of properties of crystals studied in Chapter 4.
Finally, we introduce the notion of quasi-crystal homomorphisms and study their

properties.
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Although we rely on root systems (Section 2.3) to define quasi-crystals, we
only make use of properties that are also satisfied by other algebraic structures
commonly used to define crystals. Thus, all subsequent definitions and results
can be reintrepret using an algebraic datum as in [Kas95] or a Cartan datum as
in [HKO02].

Consider Z U {—c0, +o0} to be the usual set of integers where we add a minimal
element —co and a maximal element +oo, that is, —co < m < +oo for all m € Z. Also,

set m + (—o00) = (—00) + m = —c0 and m + (+00) = (+00) + m = +oo, for all m € Z.

Definition 7.1. Let @ be a root system with weight lattice A and index set I for
the simple roots («;)ic;. A quasi-crystal Q of type @ consists of a set Q together
with mapswt: Q — A, é’,-,ﬁ Q- Qui{l}and &, ¢; : Q = Z U {-o0,+00}, for each

i € I, satistying the following conditions:

(i) @i(x) = &(x) + (wt(x), &' );

(ii) if &;(x) € Q, then

(iii) if fj(x) € Q, then

(iv) &;(x) = if and only if x = fi(p);
(v) if &;(x) = —oo then &;(x) = fi(x) = L;
(vi) if &;(x) = 400 then é;(x) = fl(x) =1;

for x,y € Q and i € I. The set Q is called the underlying set of @, and the maps
wt, é;, ﬁ, & and ¢; (i € I) form the quasi-crystal structure of Q. Also, the map wt
is called the weight map, where wt(x) is said to be the weight of x € Q, and the
maps ¢é; and f; (i € I) are called the raising and lowering quasi-Kashiwara operators,

respectively.
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In comparison with the definition of a crystal (Definition 4.1), we have that
& and ¢; (i € I) can take the value +oo0, which is not allowed for & and ¢;. This
leads to the addition of condition (vi), as conditions (i) to (v) coincide in both

definitions. Thus, we could take the following as the definition of a crystal.

Remark 7.2. A crystal is a quasi-crystal @ where &;(x) # +co0 and ¢;(x) # +o0, for
allxe Qandie€l.

As discussed for Kashiwara operators after Definition 4.1, alternatively one
can consider the quasi-Kashiwara operators ¢; and f; (i € I) of a quasi-crystal @ to
be partial maps from Q to Q. Similarly, we say that é; (or f;) is defined on x € Q if
¢i(x) € Q (resp., fi(x) € Q), otherwise we say that ¢; (resp. f;) is undefined on x.

From condition (i), we get that &;(x) = oo if and only if ¢;(x) = +o0. And if so,
&i(x) = ¢;(x). Thus, conditions (v) and (vi) could have been stated replacing &; by
¢;, as the universe of objects would remain the same.

Moreover, similar to the definition of a crystal, in the definition of a quasi-
crystal we could have only stated one of conditions (ii) and (iii) as justified by the

following result.

Proposition 7.3. Let @ be a root system with weight lattice A and index set I for
the simple roots (a;)ic;. Consider a set Q and maps wt: Q — A, é;,f;: Q — QU {1}
and &,@; : Q — Z U {—co,+o0}, for each i € I, satisfying Definition 7.1(iv). Then,
Definition 7.1(ii) holds if and only if Definition 7.1(iii) holds.

Proof. Assume Definition 7.1(ii). Let x € Q and i € I such that fi(x) € Q. By
Definition 7.1(iv), we have that el(fl(x)) = x, and so,

wt(x) = wt(&(fi(x))) = wt(fi(x)) - i,
&(x) = &(&(filx) = &(fi(x) - 1,
Pi(x) = i (fi(x) = @i fi(x) + 1,
by Definition 7.1(ii). Hence, Definition 7.1(iii) holds.

The converse implication is analogous. [

In the same way, by Definition 7.1(i) and (iv) we have that a quasi-crystal is
determined by a set Q and the weight map wt together with either ¢; or f;, and
either &; or ¢;, for each i € I. However, for a purpose of clarity, we usually give

explicit definitions for each map when defining a quasi-crystal.

Example 7.4. (i) By Remark 7.2, the crystals described in Example 4.4 are also
examples of quasi-crystals. Thus, we also call o, the standard quasi-crystal of type
A, and 6, the standard quasi-crystal of type C,,.
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(ii) Consider the root system of type Aj; described in Example 2.16. Set
Az ={1,2,3}. We have a quasi-crystal /3 of type A3 whose underlying set is the

Cartesian product A3 x Az and whose quasi-crystal structure is given as follows.

x| wix) | E&(x) | &(x) | filx) | Hlx) | (%) | EK) | Gi(x) | Palx)
(1,1) | 2eq L L (21 ] L 0 0 2 0
(1,2) | e +ey | L 1 1L 1(1,3)] + 0 +00 1
(L,3) |eg+e3 | L |(1,2)](23) 0 1 1 0
(2,1) | eg+ey | (L) | L [(22)]((31)| 1 0 1 1
(2,2) | 2e, |(2,1)] L 1 132 2 0 0 2
(2,3) | ex+e3 | (1,3) | L L 1 1 +00 0 +00
(3,1) | eg+es | L [(2,1)](32) | L 0 1 1 0
(3,2) | ex+es | (3,1) | (2,2) | L [(33)]| 1 1 0 1
(3,3) | 2e3 L (32| L 1 0 2 0 0

(iii) Consider the root system of type A, described in Example 2.16. We have
a quasi-crystal Q of type A, consisting of a set Q = {4,b} and maps defined as

follows.
x [ wi) | e | F) | é) | o)
a e 1 L 0 1
b| e, 1 1 1 0

Since the root system of type R, has exactly one simple root, we omit the subscript

index in the maps, for instance ¢ instead of ¢;.

Recall the partial order defined on a weight lattice A described in (2.3). The
following result justifies the terminology of raising and lowering used to charac-
terize the quasi-Kashiwara operators ¢; and f; (i € I).

Proposition 7.5. Let Q be a quasi-crystal, and let x € Q and i € I. If é;(x) € Q, then
wt(&;(x)) > wt(x). If fi(x) € Q, then wt(x) > wt(fi(x

Proof. If é;(x) € Q, then
wt(€;(x)) —wt(x) = wt(x) + a; —wt(x) = a;,

by Definition 7.1(ii), and so, wt(é;(x)) > wt(x). Since «; is a root, we have that
a; # 0, which implies that wt(¢é;(x)) = wt(x). Hence, wt(é;(x)) > wt(x).

If fi(x) € Q, then x = &;(f;(x)), by Definition 7.1(iv). As proved above, we have
that wt(x) = wt(&;(f;(x))) > wt(fi(x)). O
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From the previous result, we have that, like the Kashiwara operators in crys-
tals, the raising quasi-Kashiwara operators ¢; (i € I) increase the weight of ele-
ments, whenever defined, and the lowering quasi-Kashiwara operators f; (i € I)
decrease the weight of elements, whenever defined. Thus, the notions of highest-

and lowest-weight elements (Definition 4.2) can be generalized in a natural way.
Definition 7.6. Let x € Q be an element of a quasi-crystal Q.

(i) xis said to be of highest weight if é;(x) = 1, for all i e I.

(ii) x is said to be of lowest weight if f;(x) = L, for all i € I.

Notice that in a quasi-crystal @ there may exist elements x,y € Q such that x
is of highest weight, v is not of highest weight, and wt(y) > wt(x). For instance,
consider the crystal 6, ® €, described in Example 4.15(ii), where the elements
x=1®1 and y = 1 ®2 satisfy these conditions. Moreover, if a quasi-crystal @
has an element x € Q such that &;(x) € {—oo,+00}, for all i € I, then we can change
the weight wt(x) of x to any weight in A, and the resulting structure is still a
quasi-crystal. However, if we extend this definition to the weights as follows, we

get some more natural results.
Definition 7.7. Let @ be a quasi-crystal, and let A € A be a weight.

(i) Ais called a highest weight if there exists a highest-weight element x € Q such
that A = wt(x).

(ii) A is called a lowest weight if there exists a lowest-weight element x € Q such
that A = wt(x).

Proposition 7.8. Let Q be a quasi-crystal, and let A be a weight in wt(Q) = {wt(x) |
x € QL

(i) If A is maximal among weights in wt(Q), then A is a highest weight, and any
element x € Q such that wt(x) = A is of highest weight.

(ii) If A is minimal among weights in wt(Q), then A is a lowest weight, and any
element x € Q such that wt(x) = A is of lowest weight.

Proof. (i) Let x € Q be such that wt(x) = A. If x is not of highest weight, then
é;(x) € Q, for some i € I, and by Proposition 7.5, wt(é;(x)) > wt(x). Therefore, A is
not maximal among weights in wt(Q).

(ii) Let x € Q be such that wt(x) = \. If x is not of lowest weight, then f;(x) € Q,
for some i € I, and by Proposition 7.5, wt(x) > wt(fi(x)). Hence, A is not minimal

among weights in wt(Q). O
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Since the quasi-Kashiwara operators of a quasi-crystal Q can be regarded as
partial maps from Q to Q, we can compose them in a natural way. As usual, for
iel,set é'? and ﬁo to be the identity map on Q, and recursively, defined éf-”l = é’iék

i
and ﬁk” = fzflk, for k > 0.

Definition 7.9. A quasi-crystal Q is said to be seminormal if for any x € Q and
iel,
&(x) = max{k € Zso | &f(x) € Q)

and
@i(x) = max{k € Zy | f¥(x) € Q},

whenever &;(x) # +oo.

The quasi-crystals described in Example 7.4(i) and (ii) are seminormal. The
quasi-crystal described in Example 7.4(iii) is not seminormal.

As we intend the seminormal property for quasi-crystals to generalize the
same property for crystals, we first show that Definition 7.9 for crystals coincides
with Definition 4.5 in the following sense.

Proposition 7.10. Let &B be a crystal. Then, R is a seminormal crystal (Definition 4.5)
if and only if B is a seminormal quasi-crystal (Definition 7.9).

Proof. Since % is a crystal, then as a quasi-crystal we have that &;(x) # +o00 = ¢;(x),
for all x € Band i € I (see Remark 7.2). Hence, & satisfies Definition 4.5 if and
only if it satisfies Definition 7.9. O

By the previous result, we have that the seminormal property for quasi-crystals
is consistent with the same property for crystals. On the other hand, one could ar-
gue if we could have just stated a condition as in Definition 4.5 without allowing
exceptions. However, in Definition 7.9, if we did not allow &; and ¢; (i € I) to take
the value +o0, then a seminormal quasi-crystal would be always a seminormal
crystal (Remark 7.2), resulting in the class of seminormal quasi-crystals and the
class of seminormal crystals to coincide, and thus, we would not have a generaliza-
tion of the seminormal property as intended. Allowing this exception is needed,
but it has deep implications, as some common results for seminormal crystals are
not satisfied by seminormal quasi-crystals. For example, we can no longer guar-
antee the weight of a highest-weight element to be dominant (Proposition 4.6),

instead we have the following result.
Proposition 7.11. Let x € Q be an element of a seminormal quasi-crystal Q.
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(i) If x is of highest weight and (wt(x),a;") < 0, for some i € I, then &;(x) = ¢;(x) =

+00.

(ii) If x is of lowest weight and (wt(x),a') > 0, for some i € I, then &;(x) = ¢;(x) =

+00.

Proof. (i) Suppose that &;(x) # +oo (or equivalently, @;(x) # +o0), for some i € I. As
Q is seminormal, we have that &;(x), ¢;(x) € Zs( and by Definition 7.1(i),

(Wt(x), @) = @;(x) - & (x).

Thus, if (wt(x),a;”) < 0, then &;(x) > 0, which implies that é;(x) € Q, because Q is
seminormal. Hence, x is not of highest weight.

(ii) As above, if &;(x) # +00 and (wt(x), aly> > 0, then ¢;(x) € Zs(, which implies
that f;(x) € Q. And therefore, x is not of lowest weight. O

Now, we introduce the definition of homomorphism between quasi-crystals,

which is analogous to the one for crystals (see Definition 4.7).

Definition 7.12. Let Q and Q’ be quasi-crystals of the same type. A quasi-crystal
homomorphism ¢ from @ to @', denoted by ¢ : @ — Q’, isamap ¢ : QU {L} —
Q’ {1} that satisfies the following conditions:

(1) »(1) =1
(ii) if P(x) € Q’, then
wt((x)) = wt(x),
&i(P(x)) = &(x),
Pi(P(x)) = @i(x);

(iii) if €;(x) € Q and (x), P(é;(x)) € Q’, then

(iv) if f;(x) € Q and ¥(x), P(f;(x)) € Q’, then

forxeQandiel.
A quasi-crystal isomorphism 1) between Q and Q’ is a bijection ¢ : QU {1} —
Q’U{L}such that  : @ - @’ and ™! : @’ — @ are quasi-crystal homomorphisms.
We say that @ and Q' are isomorphic if there exists a quasi-crystal isomorphism
between Q and Q"
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Note that the conditions in the definition of a quasi-crystal homomorphism
coincide with the conditions in the definition of a crystal homomorphism (Defini-

tion 4.7). Thus, from Remark 7.2, we observe the following.

Remark 7.13. A quasi-crystal homomorphism between two crystals is a crystal

homomorphism.

As 1 is an auxilary symbol which stands for undefinition, alternatively a quasi-
crystal homomorphism i : @ — Q’ can be defined as a partial map i from Q to
Q’ satisfying conditions (ii) to (iv) of Definition 7.12.

By Definition 7.12(i), when defining a quasi-crystal homomorphism ¢ : @ —
Q’, we only give its value on each x € Q. Also, by the same reason, we consider
a map ¢ : Q — Q' satisfying conditions (ii) to (iv) of Definition 7.12 to be a
quasi-crystal homomorphism from @ to Q’. In other words, amap ¢: Q —» Q' is
a quasi-crystal homomorphism from @ to Q" whenever the map " : QU {1} —
Q'u{L}, given by ¥’(L) = L and ¢’(x) = ¢(x), for each x € Q, is a quasi-crystal
homomorphism from @ to @Q’.

At this point we defined quasi-crystals and homomorphisms between them.
It is immediate from Definition 7.12 that given a quasi-crystal Q, the identity
map on Q is a quasi-crystal homomorphism from @ to Q. Thus, to obtain a cate-
gory whose objects are quasi-crystals and morphisms are quasi-crystal homomor-
phisms, it remains to show that the composition of quasi-crystal homomorphisms

is a quasi-crystal homomorphism.

Proposition 7.14. Let Q;, Q, and Q5 be quasi-crystals of the same type, and let 1y :
Q, — Q, and ¢, : Q, — Q3 be quasi-crystal homomorphisms. Then, 1, o Py is a

quasi-crystal homomorphism from Q to Qs.

Proof. Since 1y and 1, are quasi-crystal homomorphisms, we have that (L) =
Y,(L)= 1, and so,

(P20 Pr)(L) = (1 (L)) = (L) = L.
Let x € Qy and i € I. If (¢, o ¢1)(x) € Q3, then ¥ (x) € Q,, and so,

wt((17 0 P1)(x)) = wt(iPa (1 (x))) = wt(y (x)) = wt(x),

because 1; and 1, satisfy Definition 7.12(ii). Similarly, if (1, o 11)(x) € Q3, then
£1((201)(x)) = &(x) and i (Prowp1)(x)) = G(x). IF &(x) € Qy and (Yoot )(x), (0
1)(€;(x)) € Qs, then 1y (x), P (é;(x)) € Q,, and since 1, satisfies Definition 7.12(iii),
we have that ¥ (€;(x)) = €;(11(x)), and since 1, also satisfies Definition 7.12(iii),
we get that

2(P1(&i(x)) = ¥2(éi(1(x))) = €i(2(P1(x))).
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Hence, (¢ o Rbl)'(.éi(x)) = &;((1, o 1)(x)). Analogously, if f;(x) € Q; and (i, o
P1)(x), (2 0 P1)(fi(x)) € Q3, then

Vo (1 (fi(x)) = o (fi(h1 (%)) = fi(a (1 (%)),

because 1, and 1, satisfy Definition 7.12(iv). And so, (1, o ;)(fi(x)) = fi((, o
Y1)(x)). Therefore, ¢, o ¢, is a quasi-crystal homomorphism from @Q; to Q;. [

We say that a quasi-crystal homomorphism  : @ — @’ is injective, surjective
or bijective if the map ¢ : QU {L} - Q'U{L} is injective, surjective or bijective,

respectively.

Example 7.15. Let 9, be the standard quasi-crystal of type R,, and let Q be the
quasi-crystal of type A, defined in Example 7.4(iii). Define a map ¢ : Q — A, by
YP(a) =1 and ¢(b) = 2. Then, @ is a quasi-crystal homomorphism from Q to ,.

In this last example, although 1 is a quasi-crystal homomorphism which is
bijective, it is not a quasi-crystal isomorphism as ™! does not verify Defini-
tion 7.12(iii) and (iv). Moreover, by Remarks 7.2 and 7.13, we have that ¢ is
a bijective crystal homomorphism that is not a crystal isomorphism. So, in the
following results we present an alternative characterization of quasi-crystal iso-

morphisms analogous to Theorem 4.8.

Lemma 7.16. Let Q and Q' be quasi-crystals of the same type, and let p : @ — Q" be a
bijective quasi-crystal homomorphism. The following conditions are equivalent

(1) P(é;(x)) =¢é;(P(x)) forall xe Qandiel;
(i) P(fi(x)) = fi(p(x)) forallxe Qand i 1.

Proof. Suppose that 1 satisfies (i). Let x € Q and i € I. Since ¢ is bijective and
P(L)=1 by Definition 7.12(i), then (y ) € Q' for all y € Q. Thus, if fi(x

then l,b (fi(x)) € Q" which implies Y ﬁ = fi((x)) by Definition 7. 12(1V) If
fi(w(x)) e Q or equivalently, ! (fi(¥(x))) € Q, we have that

AN =& D)) = Efi((x) = P(x)
as 1 satisfies (i), and so, x = e,(z,b‘l(ﬁ(t,b(x)))) which implies
P(fi(x) = P& @ Hi (@) = v~ (fi(p(x) = fi((x)).

Hence, 1 satisfies (ii).

The fact that (ii) implies (i) follows analogously. O
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Theorem 7.17. Let Q and Q' be quasi-crystals of the same type, and let 1 : @ — Q" be
a quasi-crystal homomorphism. Then, ¥ is a quasi-crystal isomorphism if and only if
Y is bijective and satisfies (i) or (ii) of Lemma 7.16.

Proof. Suppose that ¢ is a quasi-crystal isomorphism. By Definition 7.12, ¢ is
bijective. Let x € Q and i € [. If ¢;(x) € Q, we also have that ¢(x),P(é;(x)) € Q’
as 1 is bijective and ¢ (1) = 1, and so, (é;(x)) = é;(1(x)) by Definition 7.12(iii).
Similarly, since 1)~! is also a quasi-crystal isomorphism, we have that if &;(1(x)) €
Q’, then

PHE( () = &7 (@) = &%)

which implies &;(¢(x)) = ¢ (é;(x)). Hence, 1 satisfies Lemma 7.16(i).
Conversely, by Lemma 7.16, we can assume that i is bijective and satisfies
conditions (i) and (ii) of that lemma. Clearly, »"!(1) = 1. Let x’ € Q" and i € I.

Since 1 is a quasi-crystal homomorphism, by Definition 7.12(ii) we have that

wt(y ™ () = wi(p (P (+)) = wi(x').

Similarly, we get & (! (x")) = &(x) and ¢;(p~1(x")) = @;(x’). Since ¥ satisfies
Lemma 7.16(i), then

And since 1 satisfies Lemma 7.16(ii), then
fi™ @) =7 @A) = T T () = 97 ().

Hence, ¢! is a quasi-crystal homomorphism, and therefore, ¢ is a quasi-crystal

isomorphism. ]

Corollary 7.18. Let Q and Q' be seminormal quasi-crystals of the same type, and let
Y : Q@ — Q' be a bijective quasi-crystal homomorphism. Then, ¢ is a quasi-crystal

isomorphism.

Proof. Let x € Q and i € I. Since @ and Q’ are seminormal and &;(¢(x)) = &;(x),
we have that ¢;(x) € Q if and only if &;(1(x)) € Q’. So, if €;(x) € Q, then ¥ (é;(x)) €
Q, as ¢ is bijective, and (¢é;(x)) = é;(i(x)) by Definition 7.12(iii). Otherwise,
we have that é;(x) = L = €;(¢(x)), which implies that ¢ (é;(x)) = L = €;((x)), by
Definition 7.12(i). Hence, ¢ satisfies Lemma 7.16(i), and by Theorem 7.17, ¢ is a

quasi-crystal isomorphism. O
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7.2 Quasi-crystal graphs

In this section we show a combinatorial approach to quasi-crystals, which is a
generalization of the notion of crystal graph introduced in Section 4.2. From
this approach we are able to characterize some substructures of a quasi-crystal,
generalizing similar structures described for crystals based on crystal graphs. Fi-
nally, as a crystal graph of a seminormal crystal completely determines its crystal

structure, we show a similar connection for seminormal quasi-crystals.

Definition 7.19. The quasi-crystal graph Iy of a quasi-crystal @ is a A-weighted
I-labelled directed graph with vertex set Q and an edge x - y from x € Q to
v € Q labelled by i € I whenever f;(x) = v, and a loop on x € Q labelled by i € I

whenever &;(x) = +o0. For x € Q, let I3 (x) denote the connected component of Iy

containing the vertex x.

In comparison with crystal graphs (see Definition 4.9), we accommodate the
weight map wt directly in the definition of quasi-crystal graphs. Also, we have
that a quasi-crystal graph may not be simple. Moreover, a quasi-crystal graph is
simple if the maps &; (i € I) do not take the value +o0, and from Remark 7.2, we

observe the following.

Remark 7.20. For a quasi-crystal @, the quasi-crystal graph I is simple if and
only if @ is a crystal. Also, the quasi-crystal graph of a crystal coincides with its
crystal graph.

As crystal graphs are also quasi-crystal graphs, the quasi-crystal graphs for
the standard quasi-crystals of types A, and €,, can be found in Example 4.11.

Example 7.21. The quasi-crystal graph of the quasi-crystal 93 of type A3 de-
scribed in Example 7.21(ii) is the following.

(1,1) —— (2,1) —— (3,1)

1 (1,2) (2,2) —2—(3,2)
|2 E
(1,3) —— (2,3) (3,3)

Let x —— v be an edge of a quasi-crystal graph I of a quasi-crystal Q. If
x # 7, then v = fi(x) by Definition 7.19, or equivalently, x = ¢;(y) due to Defini-

tion 7.1(iv). Otherwise, we have that x = y, that is, x has an i-labelled loop, and
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50, &;(x) = +oco by Definition 7.19, which implies that ¢; and f; are undefined on

x, by Definition 7.1(vi). In either case, we have that if x — v’ is an edge of [},

then y = 9/, and similarly, if x’ —1—> v is an edge of Iy, then x = x". Hence, fori eI,
a vertex of [}y is the start of at most an edge, and is the end of at most an edge
labelled by i.

As crystal graphs form a combinatorial framework to study crystals (see Sec-
tion 4.2), quasi-crystal graphs allow a similar approach to quasi-crystals. For
instance, Proposition 7.5 is equivalent to stating that for a quasi-crystal @, if
X LI y is an edge of Iy with x # y, then wt(x) > wt(y). Also, Definition 7.6
is equivalent to state that an element x € Q is of highest (resp., lowest) weight
if the only edges of [;; ending (resp., starting) at x are loops. Moreover, from
Remark 7.20, the combinatorial framework formed by quasi-crystal graphs is a
coherent generalization of the framework formed by crystal graphs. And there-
fore, the notions of connected components (Definition 4.10) can be generalized as

follows.

Definition 7.22. Let Q be a quasi-crystal. A connected component of Q is a subset

Q’ of Q that satisfies the following conditions:
(i) for each x,y € Q’ there exist g1,..., g € {éi,ﬁ- | i €I} such that g1 -+ g,,(x) = v;
) €;(x ﬁ x)e Q' U{L}forall xe Q" and i€ l.

We also call a connected component the quasi-crystal Q’ consisting of Q’ together
with the maps wt, &;, f;, € and @; (i € I) of Q restricted to Q’.
For each x € Q, the connected component of Q containing x is denoted by Q(x),

and the associated quasi-crystal is denoted by Q(x).

As a justification for this terminology, we check that connected components of
a quasi-crystal Q and the vertex sets of connected components of the quasi-crystal

graph Iy identify the same subsets of Q.

Proposition 7.23. Let Q be a quasi-crystal, and let Q" C Q. Then, Q" is a connected

component of Q if and only if Q' is the vertex set of a connected component of L.

Proof. Assume that Q" is a connected component of Q. Let x,y € Q’. By Defini-
tion 7.22(i), there exist gi,..., g € {&;, f; | i € I} such that g ---gm(x) =7v. Set xg =

and x;1 = gm_k(xx), for k=0,1,...,m—1. Note that x;,1 = g_r---21(x) € Q, by
Definition 7.22(ii). In particular, x,, = g1+ gm(x) =v. If g, ¢ = f,-, for some i €1,

i . . . .
then x; — x;,; is an edge of [;;. Otherwise, g,,_x = ¢é;, for some i € I, and so,
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Xk+1 ELEN xi is an edge of Iy. For z e Q, if x ELEN zorz HLEN x are edges of I3, then
z = fi(x) or z = &(x), which implies that z € Q’, by Definition 7.22(ii). Therefore,
the subgraph of [;; induced by Q’ is a connected component.

Conversely, assume that Q’ is a vertex set of a connected component of [j.
Let x,y € Q’. Then, there exist x,...,x,, € Q" such that x = x4, y = x,,, and for

1 1 . 1
k=0,...,m, xp — xp4q OF X}, — X are edges of I, for some i € I. If x; —>

Xk41 1s an edge of Iy, for some i € I, set g, x = fi. Otherwise, x4 s Xy 1s
an edge of I, for some i € I, and so, set g,,_x = €. In any case we have that
Xk+1 = mk(xx), which implies that g;---g,,(x) = y. For i € I, if f;(x) € Q, then

X ——s fl(x) is an edge of I, and so, ﬁ(x) € Q’, because Q’ is the vertex set of a

connected component. Similarly, if &;(x) € Q, then ¢&;(x) HLEN x is an edge of [},

and so, ¢;(x) € Q’. Therefore, Q’ is a connected component of Q. O

We also have the following relation between quasi-crystal homomorphisms

and graph homomorphisms.

Lemma 7.24. Let Q and Q' be quasi-crystals of the same type, and let p : @ — Q" be a
quasi-crystal homomorphism such that {(Q) € Q’. Then, v is a graph homomorphism
from I to I .

Proof. Let x,y e Qandiel. If x LI x is an edge of I, then &;(x) = +o0, and
by Definition 7.12(ii), &;(1(x)) = +co, which implies that ¢(x) ELEN (x) is an

edge of Iy, If x —l——> y is an edge of Iy with x # y, then ﬁ(x) =y, and since

P(x),v(y) € P(Q) € Q’, we obtain that f;((x)) = ¢(y), By Definition 7.12(iv),
which implies that i(x) SN Y(p) is an edge of Iy . Finally, by Definition 7.12(ii),
we have that wt(¢(x)) = wt(x). And therefore, 1 is a graph homomorphism. [

Note that a quasi-crystal isomorphism i between quasi-crystals @ and @’
satisfies the property ¢(Q) = Q’. Thus, it is immediate that 1 and ¢! are graph
homomorphisms, which implies that ¢ is a graph isomorphism between I3 and

I'. This leads to the following result.

Proposition 7.25. Let Q and Q' be quasi-crystals of the same type, and let p : Q@ — Q'
be a quasi-crystal isomorphism. Then, Q is a connected component of Q if and only if
P(Qy) is a connected component of Q. Furthermore, for each x € Q, the restriction of

Y to Q(x) is a quasi-crystal isomorphism between Q(x) and Q’(i(x)).

Proof. Suppose Q is a connected component of Q. Let x’,y" € (Qg). Set x =
71 (x')and y = ™1 (v"). As x,v € Qy, there exist gi,..., & € (é;, f; | i € I} such that
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g1 gu(x) =y. By Lemma 7.16 and Theorem 7.17, we have that

81 8m(x) =81+ gm(P(x)) = (81 gm(x)) = P(¥) =y’
And so, P(Q,) satisfies Definition 7. 22(') Also, for i € I, we have that &;(x), fi(x) €
Qo U {1}, which implies that p(&;(x)), P(fi(x)) € P( QO) {L}. By Lemma 7.16 and
Theorem 7.17, (é;(x)) = é;((x)) = el( and W(fi(x)) = fi(p(x)) = fi(x’), and thus,
"), fi(x) € P(Qp) LU {L}. Therefore, »(Qy) is a connected component of Q'

S1nce ~!is a quasi-crystal isomorphism between @’ and @, by the previous im-
plication, we get that if »(Qg) is a connected component of @’, then =1 (1(Qy)) =
Qo is a connected component of Q.

Finally, let z € Q. Since Q(z) is a connected component of @, then ¢(Q(z))
is also a connected component of Q’. As 1(z) € P(Q(z)), we get that P(Q(z)) =
Q’(1(z)). The restriction of ¢ to Q(z) is a bijective quasi-crystal homomorphism
from Q(z) to Q’(y(z)), because ¥ is a quasi-crystal homomorphism from Q to @’
and 1 (Q(z)) = Q’(1(z)). Similarly, the restriction of ¢! to Q’(1(z)) is a bijective
quasi-crystal homomorphism from Q’(i(z)) to Q(z). And therefore, the restriction
of ¢ to Q(z) is a quasi-crystal isomorphism between Q(z) and Q’(¢(z)). [

For a quasi-crystal @, it is immediate that the quasi-Kashiwara operators ¢;
and f; (i € I) are completely determined by the quasi-crystal graph Iy, because
given x,y € Q with x # y, we have that x LR y is an edge of Iy if and only if
fi(x) = y and ¢;(y) = x. Now, we show that if @ is seminormal, then the maps ¢;

and ¢; (i €I) are also completely determined by If.
Lemma 7.26. Let Q be a quasi-crystal, and let i € I. Given an i-labelled walk

i i i
Xo X1 e X

on Iy, then either
(i) xg=%x1 =--- =X, or

(ii) x = ﬁk(xo), for k=0,1,...,m, and thus, xo,x1,...,x,, form the unique i-labelled

path on Iy starting at xy and ending at x,,.

Proof. If xy = x;, then x, has an i-labelled loop, and so, &;(x() = +co. Thus, f;(x;) =

fi(x¢) = L, which implies that x; = x,. And recursively, we obtain that xy = x; =
= Xy

Otherwise, we have that x # x;, which implies that f;(xy) = x; (or equivalently,

é;(x1) = xp), because xg — x; is an edge of [;;. Since ¢; is defined on x;, then
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&i(x1) # +00, and so, x; does not have an i-labelled loop. Hence, x; # x,, and so,
fi(x1) = x5, because x; ELEN X, is an edge of I5. Recursively, we get that filxg) =
Xgs1, for k=0,1,...,m—1. By Proposition 7.5, we have that wt(xy) > wt(xy)>--->
wt(x,,), and thus, xy,x1,...,x,, are pairwise distinct. Hence, x,xy,...,x,, for an
i-labelled path on I§. If

’ i / i i /
xo xl oo xp

is an i-labelled path on Iy such that x| = xy and x;, = x,,, we have that
% = £ xg) = £ (x0) = %10

for k =0,1,...,m, and as x,, = x,, = x;,, we also have that p = m. Therefore,
X0, X1,..., X, form the unique i-labelled path on I starting at x; and ending on
X ]

Proposition 7.27. Let Q be a seminormal quasi-crystal. For x € Q and i € I, we have
that

(1) @i(x)is the supremum among nonnegative integers m € Zs such that there exists

an i-labelled walk on Ty starting at x with length m;

(ii) &;(x) is the supremum among nonnegative integers m € Z such that there exists
an i-labelled walk on Ty ending at x with length m.

Proof. (i) Let z € Z5y U {+c0} be the supremum among nonnegative integers m €
Zs( such that there exists an i-labelled walk on I}y starting on x with length m.
If ¢;(x) = +o0, then x has an i-labelled loop on Iy. And so, for any m € Zs, the
sequence X, ...,X,,, where xy = --- = x,,, = x, is an i-labelled walk starting on x
with length m. Hence, z = +00 = ¢;(x).

Otherwise, we have that
@i(x) = max{k € Z | f(x) € Q},
because Q is seminormal. Since
x— filx) = = ()
is an i-labelled path on [;; ending on x, we have that ¢;(x) < z. Since x has no
i-labelled loops, if

i i i
xO X1 ‘oo xm
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is a walk on I}y such that xy = x, then x; = ﬁk(x), fork=0,1,...,m, by Lemma 7.26.
And since ﬁ(Pi(x)H(x) = x, we get that m < ¢;(x). Hence, z < ¢;(x), and therefore,
Pi(x) = z.

(ii) Analogously to (i), we have that if &;(x) = +o0, then the lengths of i-labelled

walks on [;; ending on x are unbounded. And otherwise,

é'i(x)(x) i é.ig,-(x)—l(x) UL

is the longest i-labelled walk on Iy ending on x. O

By the construction of a quasi-crystal graph, we showed how the maps é;, f;,
& and @; (i € I) of a seminormal quasi-crystal can be described by an I-labelled
directed graph. And so, a seminormal quasi-crystal can be completely described
by a A-weighted I-labelled directed graph. From this correspondence between
seminormal quasi-crystals and weighted I-labelled directed graphs, we can iden-
tify a subclass of graphs which leads to a purely combinatorial description of

seminormal quasi-crystals.

Remark 7.28. By translating Definitions 7.1 and 7.9 for weighted labelled directed
graphs we obtain a subclass of graphs, whose elements are call seminormal quasi-
crystal graphs. Consider a root system ® with weight lattice A and index set I
for the simple roots (a;);c;. A A-weighted I-labelled directed graph I’ is a semi-
normal quasi-crystal graph if for any vertices x and y, and any i € I, the following

conditions are satisfied:

(i) x is the start of at most an edge labelled by i, and is the end of at most an
edge labelled by i;

(ii) any i-labelled path of I is finite;
(iii) if x ELEN v is an edge of I with x =y, then wt(y) = wt(x) — a;;

(iv) @i(x) = &(x)+ (wt(x), aly), where @;(x) is the supremum among nonnegative
integers k € Z such that there exists an i-labelled walk on I starting on x
with length k, and &;(x) is the supremum among nonnegative integers | € Z

such that there exists an i-labelled walk on I ending on x with length /.

Note that if I' is a seminormal quasi-crystal with vertex set Q, we can define

partial maps ¢; and f; (i € I) on Q, by setting é;(y) = x and f;(x) = v, whenever
i . . . .

x — vy is an edge of I with x # y. Then, we get a seminormal quasi-crystal Q,

and I' coincides with [§.
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Due to this relation between seminormal quasi-crystals and weighted labelled

directed graphs we obtain the following result.

Theorem 7.29. Let Q and Q' be seminormal quasi-crystals of the same type, and let
Y :Q — Q. Then,  is a quasi-crystal isomorphism between Q and Q" if and only if i
is a graph isomorphism between the weighted labelled directed graphs Iy and Iy, .

Proof. If ¢ is a quasi-crystal isomorphism between Q and Q’, then by Lemma 7.24,
1 is a graph homomorphism from Iy to I/, and 1! is a graph homomorphism
from I, to Iy. Hence, ¢ is a graph isomorphism between I and I .

Conversely, suppose that ¢ is a graph isomorphism between [;; and I5. Let x €
Qand i €I. As we remarked 1 is a graph isomorphism between weighted graphs,
then we require ¢ to be weight-preserving, and so, wt(i(x)) = wt(x). If f;(x) is
defined, then x ;> fi(x) is an edge of Ty, which implies that (x) ;> P(fi(x))
is an edge of F@/ Since x # f;(x) and ¢ is bijective, then 1(x) # ¥(fi(x)), and so,

f, ﬁ ). Analogously, since 1,[) is also a graph isomorphism, we have
that 1f fl( x)) is defmed, then (x) SN fl( (x)) is an edge of Iy, which implies
that fz = 1 (fi((x))), or equivalently, (fi(x)) = fi(¢(x)). Hence, (fi()) =
fi(p for all y € Q. Since 1 is a graph isomorphism, we have that x, x1,...,x,, €

Q form an i-labelled walk on If if and only if ¢(xg), P(x1),...,P(x,,) form an i-
labelled walk on Iy,. Thus, by Proposition 7.27, & (¢(x)) = €;(x) and ¢;(¢(x)) =
¢;(x). Therefore, by Corollary 7.18, i is a quasi-crystal isomorphism between @
and Q. O

In the case of seminormal quasi-crystals, we can give a stronger version of

Proposition 7.25.

Proposition 7.30. Let Q and Q' be seminormal quasi-crystals of the same type, and let
Y : Q@ — Q' be a quasi-crystal homomorphism. For each x € Q, if p(Q(x)) C Q’, then

the restriction of Y to Q(x) is a surjective quasi-crystal homomorphzsm from Q(x) to

Q'((x)).

Proof. For any v € Q(x) and i € I, as 1(Q(x)) C Q’, we have that f;(v) is defined
if and only if gb(ﬁ(y)) € Q’. And if so, z,b(fl(y)) = ﬁ(gb(y)), because 1 is a quasi-
crystal homomorphism. Similarly, if €;(y) is defined, or equivalently, ¢ (¢é;(v)) is
defined, then ¥(é;(y)) = €(¢(v)). In particular, if g;---g,,(x) is defined, where
Lre-r 8 € "j,ﬁ | j € I}, then (g gm(X)) = g1+ gm((x)) is defined, and so,
(g1 gm(x)) € Q'(¥(x)). This implies that ¢(Q(x)) € Q’(¥(x)), and thus, the
restriction of ¢ to Q(x) induces a well-defined map from Q(x) to Q’(i(x)). Also,
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as 1 is a quasi-crystal homomorphism, we get that the restriction of ¢ to Q(x) is
a quasi-crystal homomorphism from Q(x) to Q’(i(x)).

For any y € Q(x) and i € I, as @ and Q' are seminormal and @ is a quasi-
crystal homomorphism, we have that if f;(((y)) is defined, then ¢;(v) = ¢;(¥()) €
Zs1, which implies that f;(y) is defined, and as we proved above, ¥(fi(y)) =
ﬂ(z,b(y)) Analogously, if €;(¢(p)) is defined, then ¢;(p) is also defined and ¥ (é;(y)) =
¢;(p(v)). Hence, given v’ € Q’(1(x)), there exist gy,...,% € {éj,ﬁ | i € I} such that

81 gm(ip(x)) = y’, then gy -~ gy, (x) is defined, and (g1~ gm(x)) = g1 -+ gm(P(x)) =
y’. Therefore, 1 is surjective. [

Due to the connection between quasi-crystals and graphs, an element of a
quasi-crystal @ is also a vertex of the graph I3, which allows us to define proper-

ties like the following.

Definition 7.31. Let @ be a quasi-crystal. An element x € Q is said to be isolated
if Q(x) = {x}.

Note that an isolated element of a quasi-crystal @ is an isolated vertex of
the quasi-crystal graph Iy. Thus, an element x € Q is isolated if and only if
¢i(x) = fi(x) = L, for all i € I, or equivalently, x is isolated if and only if x is of
highest and lowest weight. Furthermore, if Q is seminormal, then x is isolated if
and only if for each i € I, either &;(x) = @;(x) = 0 or &;(x) = @;(x) = +c0.

7.3 Quasi-tensor product

A definition of tensor product for quasi-crystals can be given in a similar way as
it was originally done for crystals (see Section 4.3). Such a definition would lead
to a generalization to quasi-crystals of the construction of a plactic monoid from
a crystal as in Chapter 5. Since we are interested in a general construction of the
hypoplactic monoid from a quasi-crystal, in this section we introduce a slightly

different definition.

Theorem 7.32. Consider a root system © with weight lattice A and index set I for the
simple roots (a;);c;. Let Q and Q’ be seminormal quasi-crystals of type @. Set Q& Q’
to be the Cartesian product Qx Q" whose ordered pairs are denoted by xQ@x" with x € Q
and x" € Q'. Define a map wt: Q& Q" — A by

wt(x ® x") = wt(x) + wt(x'),

for xe Q and x’ € Q'. And for each i € I, define maps é;, i : Q®Q — (Q&® Q") {L}
and &,Q; : Q® Q" — Z U {—o0,+o0} as follows:
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(i) if ¢;(x),&(x") >0, set
E(x®x) = fi(x®x')= L E(x®X) = Pi(x &) =

(ii) otherwise, set

|v
Q

x®é;(x) 1f(Pi(x ) < 5i(x/)’
fil)®x"if @i(x) > & (x))
x® fi(x) if @ilx) < &(x),
& (x&x") = max{&;(x), & (x) — (wt(x), ")},
@i(x & x") = max{@;(x) + (wt(x'), &), gi(x)},

fitx@x) =

wherex® 1. = 1 ®x = 1

for x e Qand x" € Q’. Then, Q& Q’ together with the maps wt, é;, ﬁ, Eand ¢; (iel)
forms a seminormal quasi-crystal of type P.

Proof. Let x € Q, x’ € Q" and i € I. We have that &;(x), @;(x), & (x), §;(x’) > 0 as Q
and @’ are seminormal (Definition 7.9). If ¢;(x), &;(x’) > 0, it is immediate that
x®x’ satisfies all conditions of Definition 7.1, namely, conditions (i) and (vi) which

are the ones that apply to this case. So, assume that ¢;(x) = 0 or &;(x’) = 0.
We have that

@i(x & x") = max{@;(x) + (wt(x), &;"), §;(x')}
= max{@;(x), §; (x") —(wt(x'), & )} + (wt(x'), a;)
= max({&;(x) + <Wt( )y, Ei(x)) + (wt(x'), @)
= max{&;(x), &(x) = (wt(x), a;" )} + (wt(x), ;") + (wt(x"), a}’)

=&(x®x) + <wt(x &x'),a’).

Hence, condition (i) of Definition 7.1 is satisfied.

If ¢;(x) = +c0 and &;(x’) = 0, , then &;(x) = +oco and &;(x) = fi(x) = L as Q is a
quasi-crystal. And so,

E(x®x) = Pj(x®x") = +o0

and

E(x@x)=¢6(x)®x' =L &x' =1 and fi(x®x)=fi(x)®x' =L &x' =L

Also, if @;(x) = 0 and &;(x’) = +oo, it follows analogously that &(x&x’) = fi(x &
x') =1 and &(x®x’) = ¢;(x®x") = +00. So, besides ¢;(x) = 0 or &;(x’) = 0, we may
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further assume ¢;(x), &;(x’) € Zso which also implies &;(x), ¢;(x) € Zsy as Q and
Q’ are seminormal quasi-crystals.

Since we have (wt(x), @) = ¢;(x) — &(x) and (wt(x'),a)’) = ¢;(x") — €;(x"), then
we obtain

&i(x&x') = max{&;(x), & (x") — @;(x) + & (x)}
and
@i(x®x) = max{@;(x) + @i (x’) - &(x'), Pi(x")}.

As we also have that &;(x), €;(x"), @;(x), ;(x") € Z>o where ¢;(x) = 0 or &;(x) =0, we
deduce that

E(x®x) = &(x)+&(x)) and  @i(x®x") = @;(x) + @i (x)). (7.1)
Now, we consider the following cases.
» Case 1: ¢;(x) = &(x") = 0. We have that
Ei(x®x") =¢;(x)®x/, and filx®x)=x& fi(x
Thus, €;(x ® x’) is defined if and only if &;(x) € Q. If so, then we have that

wt(é;(x ®x")) = wt(&;(x)) + wt(x") = wt(x) + a; + wt(x)

=wt(x®x') +a;,
and since ¢;(x) ® x” satisfies the conditions leading to (7.1), we deduce that
£i(¢;(x®x")) = &(&;(x)) + &(x') = &(x) - 1 + &(x)
=&(x®x") -1
and
Pi(ei(x®x") = @i(6;(x) + @i(x) = @i(x) + L+ @i (x)
= @i(x&x")+ 1.
Also, as ¢;(¢;(x)) = ¢;(x)+1 =1 and &;(x”) = 0, we have
fiei(x®x")) = fi(éi(x = fi(éi(x) &x' = x & x'.

On the other hand, fi(x & x’) is defined if and only if f;(x’) € Q’. If so, we
have ¢;(x) = 0 and a,-f,- =¢&;(x")+1 =1, and thus,

&(fi(x &%) = &(x® f(x) = x @ &(fi(x) = x &
Hence, Definition 7.1(iii) also holds in this case by Proposition 7.3.
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» Case 2: ¢;(x) > 0 and &;(x’) = 0. We have that

)

Ei(x®x")=¢;(x)®x/, and filx®x') = fi(x

The results for é;(x ® x’) follow as in case 1. On the other hand, since Q is
seminormal and ¢;(x) > 0, we have that fi(x) € Q, and so, f;(x&x’) is defined.
As ¢;(fi(x)) = ¢;j(x)—1 >0 and &(x’) = 0, we get

E(filx®x)) = &(fi(x &(fi(x)&x =x&x.
Therefore, all conditions of Definition 7.1 hold for this case.
* Case 3: ¢;(x) = 0and &;(x’) > 0. We have that
E(x@x') = x&é;(x)), and filx®x) =x& fi(x')

Since @’ is seminormal and &;(x") > 0, then ¢;(x’) € Q’, and so, &;(x ® x’) is
defined. We have that

Wt(E;(x @ 1)) = wt(x) + wt(é:(x')) = wt(x) + wt(x') +

=wt(x&x') + a;,
and since ¢;(x) ® x” satisfies the conditions leading to (7.1), we deduce that
£i(6;(x®x')) = &(x) + &(&;(x) = &(x) + &(x) ~ 1
=&(x&x") -1
and
Piéi(x&x") = @i(x) + Pi(€;(x)) = Pi(x) + @;(x') + 1
= @i(x®x)+ 1.
Also, as ¢;(x) = 0 and €;(é;(x")) = €;(x’)—1 > 0, we have
fiéi(x&x) = fi(x®&(x) = x& fi(éi(x) = x & x'.

The fact that &;(f;(x®x’)) = x & x’ whenever f;(x&x’) is defined follows as in
case 1. And again, all conditions of Definition 7.1 hold.

Therefore, Q® Q’ together with wt, &;, f;, € and ¢; (i € I) forms a quasi-crystal.
Finally, we show that this quasi-crystal is seminormal (Definition 7.9). Assume
that &;(x ® x") # +oo. Thus, we have that &;(x), §;(x), &;(x"), §;(x') € Z>o where

¢i(x) = 0 or &(x") = 0, and so, we lie on one of the three cases above. Since
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Q and @’ are semmormal then e ( ) € Q, e +1( ) =1, é'f.i(x,)(x’) € Q" and
é',-(é'?"(x )( ") =0< ;e Z. ( ))- By (7.1) and cases 1 and 3 above, we obtain

1

éfi(x®X)(x®X) el(P( x)+&(x )(X®X) 1'51( )(X®€ i(x )(X,))
=&V ee ™ (x)
and
M o) =ae o ) =6 W e )
=168 W) = L.

Similarly, we have that f'(p"(@x/)(x ®x’) = ﬁ(pi( f(pl x’) is defined, and
f;qoi(xm "ixdx) fq)’ x) ® ﬁq)i(x 4 (x") = L. Hence, Q& Q together with wt,
¢, fi, & and @; (i € I) is a seminormal quasi-crystal. O

Note that the quasi-crystal structure on Q® Q’ given in Theorem 7.32 is sim-
ilar to the definition of the crystal structure for the tensor product of crystals
(Definition 4.13), with the exception of condition (i) when ¢;(x),&;(x") > 0. If
@i(x) = €(x) = +o0, then &;(x) = fi(x’) = L, and so, if we apply the maps as de-
fined in Theorem 7.32(ii) to x ® x’, we would obtain exactly the same result as
inTheorem 7.32(i). Since Q@ and Q’ are seminormal, we have that 0 < ¢;(x) < +c0
and 0 < &(x’) < +oo if and only if fi(x) € Q and &;(x’) € Q". Thus, condition (i) of
Theorem 7.32 is distinguishing elements of the form x & x” where f;(x) and é;(x’)
are defined, and is specifying values for the maps of the quasi-crystal structure
different from what they would be if the definitions in Theorem 7.32(ii) would ap-
ply to them. This is a quasi-crystal interpretation of the notion of an i-inversion in

a word, introduced in Definition 6.11, which justifies the following terminology.

Definition 7.33. Let Q and Q’ be seminormal quasi-crystals of the same type. The
inverse-free quasi-tensor product of @ and Q’, or simply the quasi-tensor product of Q
and Q’, is the seminormal quasi-crystal defined in Theorem 7.32 and is denoted
by @ &Q’.

We chose to give definitions of the maps of the quasi-crystal structure of a
quasi-tensor product in Theorem 7.32 to emphasize their resemblance with the
maps of the crystal structure of a tensor product of crystals (Definition 4.13),
although in the proof we deduced alternative definitions. Thus, the following
result is an immediate consequence of the arguments that led to (7.1) and the

cases that followed it.
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Proposition 7.34. Let Q and Q' be seminormal quasi-crystals of the same type. For
x€Q,x" € Q and i €I with either ¢;(x) =0 or &;(x’) = 0, we have that

Ei(x)®x" if &(x') =

éi(x®x’) =
xQ®¢é;(x") if&(x')>0
if g;i(x)>0
x®fz lf@i(x):
=&(

@AX®x) @()+¢A )

Example 7.35. The quasi-crystal 91% in Example 7.4(ii) is isomorphic to 3 & o3
as the map A3 x A3 —» A3 ® A3, given by (x,y) — x &y for each x,y € A3, is a quasi-
crystal isomorphism. Thus, from Example 7.21, the quasi-crystal graph of d; Q95

is
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where wt(x®y) = ex +ey, for x,y € A3.
The difference between o3 ® 93 and the usual crystal tensor product d; ® o3,
described in Example 4.15(i), lies in elements 1 ® 2 and 2 &® 3 which are mapped

to +o0 by & and &,, respectively.

From the example above, we can see that the quasi-tensor product of seminor-
mal crystals may not be a crystal.

We only defined quasi-tensor product between quasi-crystals that are semi-
normal. Now, we observe that this condition is essential to model inversions in

words by quasi-crystals.

Remark 7.36. Consider the standard quasi-crystal of, of type A,, which is semi-
normal. Let @ be a quasi-crystal of type A, consisting of a set Q = {—1,-2} and

maps given as follows:
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Clearly, @ is not seminormal. Nonetheless, set A, ® Q be the set of ordered pairs
x&7y, with x € A, and v € Q. Define maps é, f : A, & Q — (A, & Q) LI{L} as follows.

For each x € A, and y € Q, if f(x) € A, and é(y) € Q, set é(x®p) = f(x®v) = L,
otherwise, set

éx)®y if g(x) > &(v)

éx®y)=4 .
x®é(y) if g(x) <&(y),

and

fx)&y if ¢(x)>&(y)

fx@y)=1"" "7
x®f(y) if ¢(x) < &y).

So, the maps ¢ and f defined on A, ® Q follow the tensor product rule (Defini-
tion 4.13), except when applied to an element of the form x&yp with f(x) and &(y)
defined. Explicitly, ¢ and f are described by the following table.

x&y | éx&y) | f(x&y)
1&(-1) 1 1
28(-1) [ 1&(-1) | f(x&)
1®(-2) 1 2®(-2)
28 (-2) | 1&(-2) 1

Since ¢(2& (~1)) = 1 & (-1) and f(1 & (~1)) = L, there is no quasi-crystal with
set A, ® Q and quasi-Kashiwara operators ¢ and f, because Definition 7.1(iv) is
not satisfied. This illustrates that requiring quasi-crystals to be seminormal is
essential to give an interpretation of an inversion on a word by quasi-crystals.
And therefore, (inversion-free) quasi-tensor product cannot be extended to quasi-

crystals that are not seminormal.

In the following result we show that the quasi-tensor product & of quasi-

crystals is an associative operation.

Theorem 7.37. Let Q, Q, and Q5 be seminormal quasi-crystals of the same type. The

map (Q1 ® Q2) ® Q3 — Q1 ©(Q2 & Q3), given by (x1 O x5) ®x3 > %1 & (X, 8 x3), is a
quasi-crystal isomorphism.

Proof. Define ¢ : (Q18Q;,)8Q3 — Q1 ®(Q,8Q3) by th((x1®x7)®x3) = x1 &(x,@x3)
for each x1 € Qq, x, € Q, and x3 € Q3. Clearly ¥ is bijective. Since (Q; 8 Q,) & Q3
and Q; ® (Q, ® Q3) are seminormal by Theorem 7.32, to prove that ¢ is a quasi-
crystal isomorphism, it suffices to show that i is a quasi-crystal homomorphism
by Corollary 7.18.
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Let x; € Qq, x, € Q, and x3 € Q3. We have that

wt((x] &%) ®x3) = wt(xy) + wt(xy) + wt(x3) = wit(x; & (x3 & x3)).

Letiel. For k =1,2,3, we have that &;(xx), @;(xx) > 0 as Qj is seminormal. If

&;(xx) = +oo for some k € {1, 2,3}, then

Ei((x1 ®x7) @ x3) = €i(x1 @ (X2 & x3)) = &(xg) = +oo,

And therefore, ¢;((x; ® x3) ® x3) = @;(x1 & (x2 & x3)) = +00, &((x] ® x2) @ x3) =
€i(x1 & (x, ®x3)) = L and fi((x; ®x2) & x3) = fi(x; & (x, ®x3)) = L. So assume that

Ei(xy) € Zsg forall k=1,2,3.

In the following cases we show that if ¢;(xx), &;(x;) > 0 for some 1 <k <[ <3,

then &;((x1 ® x3) ® x3) = &;(x] & (xo ® x3)) = +00, and thus, it follows as above.

» Case 1: ¢;(x1),€;(x2) > 0. Then &;(x; ® x,) = +00, which implies &;((x; & x,) ®

X3) = +00. Since &;(x, ® x3) > &;(x,) > 0, we have that & (x; & (x, ® x3)) = +00.

* Case 2: ¢;(x1),€;(x3) > 0. Since ¢;(x1®x5) > ¢;(x1) > 0, then & ((x;®x,)Rx3) =
+00. Also, &;(x1 & (x, & x3)) = +oo0 because &;(xy & x3) > &;(x3) > 0.

* Case 3: ¢;(x;),€;(x3) > 0. Since ¢;(x1®x5) > ¢;(x1) > 0, then & ((x;®x,)Rx3) =
+00. And since &;(x; ® x3) = +oo, then &;(x; & (x, ® x3)) = +oo.

Finally, we suppose &;(xy), §;(xx) € Zsq, for k = 1,2, 3, such that &;(xg), ¢;(x;) > 0

implies k < 1. By Proposition 7.34, we obtain

Ei((x1 ®x2) ®x3) = &;(x1) + &;(x2) + &i(x3) = &(x ® (x, & x3))

and

We also have that

Ei((x1 ®x7)®x3) =

&i(x1 ® (x,®x3)) =

(€i(x1)®xp) ®x3
(x1 ®€i(x2)) ®x3
(X1 ®x;7) ®&;(x3)

€i(x1) ®(x, ®x3)
x1 ® (&(x2) ® x3)

X1 8 (%, ® €j(x3))

97

Pi((x1 ®x7) ® x3) = Pi(x1) + Pi(x2) + Pi(x3) = Pi(x1 & (x, ® x3)).

if &(xp) = &i(x3) =0
if f:’.l'(X2) >0, é',-(x3) =0
if £ (x3) > 0,

if &(xp) = &i(x3) =0
if é'i(XZ) >0, é'l'(x?,) =0

if é',-(x3) >0,
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and

(filx1)®xp) & x5 if (x1) >0

fill1 @x2) &x3) = 3 (x, & filx,)) @ x5 if @i(x1) = 0,(x2) > 0
(x1®x2) & fi(x3) if @(x1) = Pi(x2) > 0,
filx1) & (x2 & x3) if Pi(x1) >0

filx1 & (x2 & x3)) =S x1 & (filxz) @x3)  if @;(x1) = 0, 5(x5) > 0
X1 8 (%, & fi(x3)) if @i(x1) = @i(x2) = 0.

Hence, (&;((x1 §x2)8x3)) = &((x; & (x&x3)) and (fi((x1 &x7)®x3)) = fi(h(x1 &
(x, ®x3))). And therefore, ¢ is a quasi-crystal isomorphism. []

Due to the previous result, we may omit parenthesis for the quasi-tensor prod-
uct of seminormal quasi-crystals and simply write Q| ® Q, ® Q3 with elements
X1 ®x, & x3, for x; € Qy, x, € Q, and x3 € Q3.

From the proofs of Theorems 7.32 and 7.37, we deduce the following result

which generalizes Proposition 7.34.

Corollary 7.38. Let Qy,...,Q,, be seminormal quasi-crystals of the same type, and let
X1 €Q1,...,%, € Q,,. Then,

wt(x) ® - ®x,,) = wt(xg) +--- + wt(x,,,).
Also, for i €1, by setting

p=max{l <k <m|&(x;) >0} and

g =min{l <I<m|@;(x;) >0},
we get
(i) if p>q or &(xy) = +oo for some 1 < k < m, then
Ei(x1 & ®x,) = filx; & ®x,) = L

and
Ei(x1 Q- ®x,) = Pi(x1 &+ & x,,) = +00.

(ii) otherwise,

(X1 & 8xy) =X & O X, BEi(xp) D xpy & B,y
filx1 & ®xp) =x1 8- @ X1 & fi(x) & xy41 & By
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and

Ei(x @+ @xp,) = &i(xy) + -+ + Ei(xp)

Pi(x1 - ®x,) = (Pi(xq)+"'+(pi(xm)

Note that if Q,...,Q,, are seminormal crystals, then the rules for the quasi-
tensor product coincide with the rules for the tensor product described in Propo-
sition 4.17, except when lying in case (i). In this context, for x; € Qy,...,x,, € Q,,
and i € I, we say that x; ® --- ® x,,, has an i-inversion if there exist k < I such
that fj(x;) and é;(x;) are defined. Thus, the maps é;, f;, & and ¢; of Q; &---®Q,,
and the maps ¢, f;, & and ¢; of Q; ® ---® @,, are defined similarly in elements
without i-inversions. Also, note that the weight maps coincide in the sense that
wt(x; & ®x,,) = wt(x] ® - ®x,,), for any x; € Qq,...,x,, € Q.

In the following result we show that quasi-crystal homomorphisms between
seminormal quasi-crystals give rise to homomorphisms between quasi-tensor

products of their domains and images.

Theorem 7.39. Let Q;, Q,, Q] and Q} be seminormal quasi-crystals of the same type,
and let 1y : Q; — Q[ and 1, : Q; — Q) be quasi-crystal homomorphisms. Then, the

map P1Q1, : Q18Q, — Q1 &Q), defined by x18x, > Py (x1)®Py(x,) for each x1 € Qy
and x, € Q,, is a quasi-crystal homomorphism from Q; ®Q, to @ &Q}. Moreover, if 1y

and 1, are quasi-crystal isomorphisms, then ) ® 1, is a quasi-crystal isomorphism.
Proof. Let x; € Qq and x, € Q,. We have that
Wty (x1) @ (x7)) = wi(1hy (x1)) + Wt(h2(x2)) = wi(xy ) + Wi(xp) = wi(x1 @ x5).

Leti € I and k € {1,2}. Since &;(r(xx)) = &i(xx) and @;(r(xx)) = P;(xx), we
have that if ¢@;(x;), &;(x;) > 0, then

&i(1h1(x1) @ Pa(x2)) = fi(th1 (x1) ® 2 (x2)) = &i(x1 & x,) = fi(x B xp) = L
and
Ei(h1(x1) ® Pa(x2)) = Pi(P1(x1) ®Pa(x2)) = &(x1 ® x2) = Pi(x] ® x3) = +oo.

Otherwise, Since Qi and @, are seminormal, we have that é;(x;) € Qy if and only
if &;(r(xx)) € Qy, and thus, Py (é;(xx)) = & (Px(xy)). Hence,

\%

P1(€i(x1)) @ Pa(xa) if @Pi(x1) 2 €i(xp)

(1 & P2)(€i(x1 ®x2)) = L o )
P1(x1) @Pr(€i(x2)) if @ix1) < Ei(xp)
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Ei(1(x1) @ a(x)  if @i(1(x1)) = Ei(Pa(x2))
P1(x1) @€ (a(x2))  if @i (1P (x1)) < &i(Pha(x2))
= &i(1h1(x1) ® Pa(x,))

and

Ei(1h1 (x1) & o (x2)) = max{€; (11 (x1)), & (2 (x2)) — (Wi(ty (x1)), @) )}
= max{&;(x1), &(x2) — (Wt(x1), @) )}

= é'l-(xl ®x2).

Similarly, (1 &2)(fi(x18x2)) = fi(ih1 (x1)&2(x2)) and @ (1 (x1)@Ps(x7)) = Pi(x, &
x5). And therefore, 1| ® ¢, is a quasi-crystal homomorphism.

If 1 and ¥, are quasi-crystal isomorphisms, then {; ® ¥, is a bijective quasi-
crystal homomorphism between seminormal quasi-crystals. By Corollary 7.18,

1 ® 1, is a quasi-crystal isomorphism. O

7.4 The signature rule for quasi-tensor product

In this section we describe a combinatorial method that makes easier the com-
putation of the quasicrystal structure of the quasi-tensor product of seminormal
quasi-crystals. This method is essentially a combinatorial interpretation of Corol-
lary 7.38, and has a procedure similar to the signature rule for the tensor product
of seminormal crystals described in Section 4.4. Due to this analogy, the termi-
nology introduced in this section for the signature rule for quasi-tensor product
coincides with the terminology introduced for the signature rule for the tensor
product, since it is clear from the context which one is being considered.

Consider a zero monoid Z; with the following presentation
Zog=(—+|+—=0).

So, an element of Z, other than 0, has the form —a4b witha,b e L.

Let @ be a seminormal quasi-crystal. For each i € I define a map sgn?: Q — Z,
by
y 0 if &;(x) = +o0
Py =1" i(x)

—E(X)19i%) - otherwise,

for each x € Q. The map sgn? is called the i-signature map for the quasi-tensor
product &, and sgn?(x) is called the i-signature of x € Q. The signature map

interacts with the quasi-tensor product in the following way.
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Proposition 7.40. Let Q and Q' be seminormal quasi-crystals of the same type. Then,
sgn?(xébx’) = sgn?(x) sgn?(x'),
forallxe Q,x"e Q" andiel.

Proof. Letxe€ Q,x € Q" and i € I. By Corollary 7.38, if &;(x) = +oco (or equivalently,
@i(x) = +00), then & (x® x’) = +o0, and so,

sgn?(x)sgn?(x’) = Osgn?(x’) =0=sgn?(x&x).
Similarly, if &;(x’) = +oo, then sgn?(x@x’) =0= sgn?(x) sgn?(x’). Thus, assume
that ¢;(x), €;(x’) € Zso. If ¢;(x),€;(x”) > 0, then &;(x&®x’) = +o0, and
sgn‘?(x) sgn‘?(x') — &) @i(x) &) L @i(x)
— &) @i(x)-1_&(x)-1, ¢i(x)) — (g = sgn‘?(xééx’).
Finally, assume that either ¢;(x) = 0 or &;(x’) = 0. If ¢;(x) =0, then

& O/ — & Ei(x) L @i(x)) — _Ei()+Ei(x)  gi(x
sgn®(x)sgn®(x’) &) _EX) L @i(x) = &)+ L @i(x)

— _&i(x®x) 4 ¢i(x@x7) _ sgn®(3€®3€’)
i s

by Proposition 7.34. If &;(x") = 0, then

sgn?(x)sgn?(x’) — &), @i(0) §i(x) — _&(x)  Pilx)+pi(x)
— _é’,-(x®x’)+(;'5i(x®x’) — sgng’(xé)x')
1 ’

by Proposition 7.34. L

From the previous result, given seminormal quasi-crystals Q;,Q,,...,Q,, of the
same type and elements x; € Q1,x, € Qy,...,x,, € Q,,,, we can easily compute the

i-signature of x; ®x, ®--- & x,,, as
sgn; (X1 &% &+ & x,,) = sgny (x1)sgn; (x2) - -sgn7 (x;)

(iel). If sgn?(x1®x2®---®xm) =0, then & (x; ®x,®---®x,,) = P;i (X1 Qx,&---®x,,) =
+o00 which implies é;(x; ®x, &+ ®x,,) = fi(x1 &x, - & x,,) = L. Otherwise,
sgn?(xl &xy & ®x,y) = =47

for some a,b € Z5(. Then, &;(x; ®x, & ---®x,,) = a and ¢;(x; ®x, ®---®x,,) = b.
From Corollary 7.38, if a > 1, then

E(X1 88 ©xy) =X 8- O Xy ®E(Xp) DXpy1 @+ B Xy,
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where x, originates the right-most — in sgn?(xl Rxy&---®x,,). Also, if b > 1, then
fi(x18x,8 - ®xy) =x1 &+ X1 & fi(x) O X1 & D x,,

where x, originates the left-most + in sgn?(xl ®xrR---®x,,). This process is called

the signature rule for the quasi-tensor product.

Example 7.41. Consider the quasi-crystal sy & A, & A4 @ o4 & sy, where sy is the
standard quasi-crystal of type A4. We compute é&,, f,, & and ¢, on 381628283
using the signature rule. To keep track to which element originate each — and
+ we write a subscript with the position of the element, this is just an auxiliar
notation and the binary operation of Z should be applied ignoring the subscripts.
So we have that

Sgl’l?(3® 1 ®2®2®3) =—1t+3+t4—5 = —1+30 =0,
and therefore,

HB361626263)= 1, 5(38128283) = +oo,

£(381828283)=1, $2(38018282Q3) = +c0.

Now we compute &, f;, & and ¢ on 283 ®2&3& 1. Using the same notation as

above, we obtain that
Sgn?(2®3®2®3®1) =—1—3ts5,

and therefore,

5(203626301)=283616381, 5(263626361)=2,
f(283828381)=2838283&2, P1283820391) =1.

The signature rule for the quasi-tensor product can also be translated into the

following algorithm.

Algorithm 7.42. Input: Elements x; € Qq,x, € Q,,...,X,;, € Q,, of seminormal
quasi-crystals Q1,Q,,...,Q,, of the same type, and an index i € I.

Output: The values of é;, f;, &, and @; on x; & x, & -+ @ x,y,.

Procedure:

(1) Seta:=0,b:=0,p:=0,and g :=0.
(2) Foreachk=1,2,...,m, do:
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(i) If &€;(xg) = +00, or b >0 and &;(x;) > 0, then set a := —1, b := —1, and break
out of the loop.

(ii) If €;(xx) >0, set a:=a+ &;(x;) and p == k.
(iii) If @;(xx) >0, set b == b+ @;(xy).
(iv) If ¢;(xx)>0and g =0, set g := k.

(3) Ifa=—1, set &;(x®x,&- - -®x,,) := +oo0 and @;(x;&x,&---®x,,) := +00. Otherwise,
set £(x1 ®x, ®---Qx,,) :=aand @;(x; ®x, Q-+ ®x,,) :==D.

(4) Ifa>1,set &(x;®x,® - ®x,,) = X1 & - ®x,_; ®€;(x,)®X,41 & -&X,,. Otherwise,
set €;(x] ®x; Q@+ Qx,,) == L.

(5) Ifb > 1, set fi(x; @x,&---®x,,) = x1®---®xq_1®ﬁ(xq)®xq+1®---®xm. Otherwise,
set fi(x1 ®x, ®---Qx,,) = L.

(6) Return éi(xl ®XZ®®Xm), ﬁ(xl ®X2 ®®Xm), é"i(xl ®X2 ®®Xm), and
(pl‘(X1®X2®”'®Xm).
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8

CRYSTALIZING THE HYPOPLACTIC

MONOID

In this chapter we present a general construction for the hypoplactic monoid
analogous to the construction of the plactic monoid described in Chapter 5. To
solve the problem showed in Remark 6.17, we introduced in Chapter 7 the theory
of quasi-crystals in order to provide an algebraic framework, where a general
construction of the hypoplactic monoid could be given, and the construction of
the classical hypoplactic monoid described in [CM17] could be placed in context.
We now prove that indeed quasi-crystals provide this algebraic framework.

In Section 8.1 we present the definition of quasi-crystal monoid, which is the
basic concept for relating quasi-crystals and monoids. Then in Section 8.2, we
introduce the notion of free quasi-crystal monoid over a seminormal quasi-crystal,
and show that they satisfy a universal property. In Section 8.3, we present the
definition of quasi-crystal monoid congruence, which allows to consider quotients
of quasi-crystal monoids, and leads to the homomorphism theorems for quasi-
crystal monoids. Then in Section 8.4, we introduce the hypoplactic congruence
on a free quasi-crystal monoid, and study its properties. Finally, in Section 8.5
we show that the construction of the hypoplactic monoid of type R, is equivalent
to the construction of the classical hypoplactic monoid given in [CM17].

At the end of this chapter, we have proven that our approach using quasi-
crystals answers the problem described in Remark 6.17 without losing the con-

struction of the classical hypoplactic monoid from the crystal graph of type A,,.

8.1 Quasi-crystal monoids and homomorphisms

In this section we introduce the notion of quasi-crystal monoid, and present

some results showing how the quasi-crystal and monoid structures interact. In
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particular, we describe an analogue of the signature rule, resulting in an algorithm
to compute the quasi-crystal structure maps on a product based only on their
values on each parcel. Finally, we introduce the notion of a homomorphism
between quasi-crystal monoids, and obtain an algebraic framework that will be

studied on the subsequent sections.

Definition 8.1. Let ® be a root system with weight lattice A and index set I for
the simple roots (@;);c;. A ®-quasi-crystal monoid A of type ® consists of a set M
together with maps wt: M — A, &, fi : M — M U{L}, &,¢; : M — Z U {—c0, +c0}
(i € I) and a binary operation - : M x M — M satisfying the following conditions:

(i) M together with wt, ¢é;, ﬁ, & and ¢; (i € I) is a seminormal quasi-crystal;
(ii) M together with - is a monoid;

(iii) the map M ® M — M, given by x&®y +— x -y for x,y € M, is a quasi-crystal
homomorphism from 4 & AL to J.

Notice the similarities between the definition of quasi-crystal monoid and crys-
tal monoid (Definition 5.1), as the conditions are essentially the same. If instead
of ® we considered a notion of tensor product ® for quasi-crystals analogous to
the one given in Definition 4.13 for crystals, then we would get a generalization
of the definitions and results studied in Chapter 5. In particular, we would obtain
the notion of a plactic monoid associated to a quasi-crystal. Since our goal is to
introduce the notion of the hypoplactic monoid associated to a quasi-crystal, we
will only consider quasi-crystal monoids with respect to the notion of quasi-tensor
product ® introduced in Definition 7.33. Thus, we will omit ® and just say that
Jl is a quasi-crystal monoid.

In a quasi-crystal monoid the interaction between the quasi-crystal structure
maps and the binary operation satisfies rules similar to those satisfied by the quasi-
crystal structure maps of a quasi-tensor product, as we show in the following

result.
Lemma 8.2. Let Jl be a quasi-crystal monoid. For x,y € M, we have that
wt(xp) = wt(x) + wt(p),
and for i € 1, if ¢;(x),&;(y) > 0, then
&i(xy) = filxy) = L and &(xy) = Pi(xy) = +oo,

106



8.1. QUASI-CRYSTAL MONOIDS AND HOMOMORPHISMS

otherwise,
ey ifEm) =0 . iy if @ix)>0
i(xy) =4 . filky)=1" . o
x-&(y) if &(y)>0, x-fi(y) if gi(x) =0,
&i(xy) = &(x) + &(v), and  @i(xy) = @i(x) + ¢;(y),

wherex1 =1y = 1.

Proof. Define p : MM — M by Pp(x®y) = xy, for x,y € M. From Defini-
tion 8.1(iii), 1 is a quasi-crystal homomorphism from J & 4l to JL. Let x,y € M
and i € I. By Definition 7.12(ii), we get that

wt(xy) = wt(h(x ®y)) = wt(x @ p) = wt(x) + wt(p).

and similarly, &;(xy) = &(x®y) and @;(xy) = @;(x®y). From Definition 8.1(i), Ml
is seminormal (Definition 7.9), and by Theorem 7.32, Ml ® Jl is also seminormal.
Since &;(xy) = &;(x®p), we have that ¢; is defined on xy if and only if ¢; is defined
on x®y, and since ¢;(xy) = ¢;(x&v), f; is defined on xy if and only if f; is defined
on x®y. Then, we obtain that &(xy) = ¥(¢;(x ®p)) and fi(xy) = P(fi(x&v)), by
Definition 7.12(iii) and (iv). Therefore, the result follows directly from Proposi-
tion 7.34. [

The previous result can be generalized for getting the values of the quasi-
crystal structure maps on an element of the form x;---x,, based only on their

values on each xi, k = 1,...,m. This leads to an analogue of Corollary 7.38.

Proposition 8.3. Let Jl be a quasi-crystal monoid, and let x1,...,x,, € M. Then,
wt(xq - x,,) = Wt(xq) + -+ + Wt(x,,,).

Also, for i €1, by setting

p =max{l <k <m| &(xy) > 0} and

g =min{l <I <m|@;(x;) >0},
we have that
(i) if p>q or & (x;) = +oo for some 1 < k < m, then
Ei(xy - xy) = filxy X)) =L and  Ej(x1-- %) = @i(x1 -+ %x,) = +00;
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(ii) otherwise,
é’l-(xl xm) =Xy Xp_q - éi(xp) Xpi1 Xy
fi(xq - x) = xq X 'fi(xq) X1 Xy
and

Ei(xy - Xp) = Ei(x1) + -+ + (X)),

Pi(x1xp) = (pi(xq) +ot @i(x).
Proof. We proceed by induction on m. If m =1, then the result is trivial. If m =2,
then the result coincides with Lemma 8.2. Thus, assume as induction hypothesis

(IH) that the result holds for any xy,...,x, € M, k < m. Let v1,..., 9, Vi1 € M.

Since - is associative, we have that 1 - v, V01 = (V1 Vi) Vms1, Where

Wt((yl "'ym)ym-rl) = Wt(yl ym) +Wt(ym+1)l

and as wt(y; -+ v,,) = wt(yq) + -+ - + wt(y,,,) by (IH), we obtain that

WY1 Y Vme1) = WHDL) + -+ WEHDy,) + WEHDp41)-

Let i € I. If &;(yx) = +oo, for some k € {1,...,m}, then &(y;---y,,) = +o0, by (IH).
Hence,

Ei(W1 - VmVmr1) = E((V1 7 Vm) O V1) = +00,

whenever &;(yx) = +o0, for some k € {1,...,m,m+ 1}. So, assume that &;(yx) € Zs,
foreach k=1,...,m+1. Set

p=max{l <k <m+1]¢&(x;)>0}and

g=min{l <I<m+1|¢;(x;)>0}.
We consider the following cases

* Case 1: p > gq. In particular, p > 1 and q < m + 1, which implies that the

sets where the maximum and minimum are taken are nonempty, and so,

€i(vp), @i(vq) > 0. Take
p'=min{g+1 <k <p]|&(yc) > 0}.

Thus, &;(yx) =0, fork=g+1,...,p" - 1. By (IH),

Pi(9qYp—1) = PiYg) + -+ Gi(Yp-1) > O,
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and since &;(y,) > 0,

€W Vp) = (Vg Yp-1)Yp) = +00,

by Lemma 8.2. This implies that

Ei(wryp) = €191 (Vg 9pr)) = +00,

and finally,

&1 Ymr1) = E(@1 V) Wpra1 - Yinr1)) = +o0.

Therefore, by Definition 7.1(vi), &(y1 - V1) = ﬁ'(?l “Vms1) = L, and by
Definition 7.1(i), @;(y1 -+ Vims1) = +0.
Case 2: p < gq. Since @;(yx) =0, for k = 1,...,q — 1, we have by (IH) that

Ei(Y1-Yp-1) = E(W1) + -+ €i(Yp-1) and @i(y1---94-1) = 0. By Lemma 8.2, we
get that

EW1Yp-1Vp) = &1 Vpo1) +Ei(¥p) = Ei(¥1) + -+ + Ei(Dp),
and if &(y,) >0,
¢ (1 "'yp—lyp) =V Yp 'éi(yp)J
otherwise, &;(y,) = 0 which by the definition of p implies that p =1, and as

J is seminormal, é;(y;) = L. Since &;(yx) =0,fork=p+1,...,m+ 1, we have
by (IH) that & (41 ¥ms1) = 0. By Lemma 8.2, we obtain that

EW1 - YpYpet V1) = Ei(V1 ) + EWpr1 - Yma1)
= &)+ +E(yp)
and
&1 YpYp+1 - Yms1) = €1 Vp) Va1 Vma1
=91 Vp-1"€(Vp) Vp+1° Vms1-

Analogously, we have that

PiW1 - Yme1) = Pi(V1 - Vg-1) + Pi(¥g) + Pi(Vge1 - Yims1)
= (Pz(yq) +o+ Pi(Yime1)

and
fi1 Yme) =91 Vg1 - [i(¥g) - Vau1 -+ Vi1
by (IH) and Lemma 8.2.
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]

In the previous result we saw how the monoid operation interacts with the
quasi-crystal structure maps. Now we show that the monoid identity 1 also satis-

fies some properties.

Proposition 8.4. Let Jl be a quasi-crystal monoid where the monoid identity is de-
noted by 1. Then, wt(1) = 0, and for each i € I, either &;(1) = ¢;(1) = 0 or &;(x) = +oo,
for all x € M. Therefore, é;(1) = fi(1)= L, forall i €.

Proof. We have that
wt(l) =wt(1-1) =wt(1) +wt(1),

which implies that wt(1) = 0.

Let i € I. Suppose there exists x € M such that &;(x) # +co. Since J is semi-
normal, we have that &;(x), ¢;(x) € Zs( and so, é’i(éfi(x)(x)) = (pi(ﬁ(pi(x)(x)) = 0. Set
Y= éfi(x)(x) and z = ﬁ(pi(x)(x). Since &;(1y) = €;(y) = 0, we get by Lemma 8.2 that

&(1)=&(1)+&(y) = €&(ly) =&(y) =0,
and analogously,
@i(1) = @i(1) + ¢i(z) = Pi(12z) = ¢i(z) = 0.

Therefore, for any i € I, we have that &;(1), ¢;(1) € {0, +c0}, and so, é; and f; are
undefined on 1, because Jl is a seminormal quasi-crystal. O

Note that by Definition 7.1(vi), if for some i € I we have &;(x) = +oo, for all x €
M, then the quasi-Kashiwara operators ¢; and f; are undefined on every element
in M. Such a case have little interest to study in the context of this chapter, and
we say that such a quasi-crystal monoid is degenerate. Thus, we say that a quasi-
crystal monoid J is nondegenerate if £;(1) = ¢;(1) =0, for all i € I.

Due to the interaction between the binary operation - of a quasi-crystal monoid
Jl and the quasi-crystal structure of the quasi-tensor product Jl ® 4l required
by Definition 8.1(iii), we can extend the signature rule described in Section 7.4
to quasi-crystal monoids. Let x,y € M and i € I. Since &;(xy) = &(x®p) and

@i(xy) = ¢;(x ®y), we have that the i-signature of xy and x ® y coincide. Hence,
by Proposition 7.40,

sgn?(xy) = sgn?(x)sgn ().
Also, by Proposition 8.4, either sgn?(l) =€ or sgn‘?(z) =0, for any z € M. There-
fore, we obtained the following result, which can be seen as an improvement of

Proposition 7.40 for nondegenerate quasi-crystal monoids.
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Proposition 8.5. Let Jll be a quasi-crystal monoid, and let i € I. Then,

sgn?(xy) = sgn?(x)sgn?(y),

for any x,y € M. Moreover, sgn? is a monoid homomorphism from M to Z if and
only if &€(x) € Zs, for some x € M.

The signature rule for quasi-crystal monoids follows directly from the previ-
ous result and Proposition 8.3. Consider a quasi-crystal monoid JL. Let xq,...,x,, €
M and i € I. Then, we can compute the i-signature of x; ---x,, based only in the

i-signature of each x;, k =1,...,m, because
® & &
sgn; (x1 -+ Xp) = sgny(xq) - sgnz (x,,).

If sgn?(xl - Xp) = 0, then &j(xy---x,,) = @i(x1:--x,,) = +00 which implies that

€i(xy - xy) = fi(xq -+~ x,y) = L. Otherwise,

sgn‘?’(xl e Xpy) = _ayb
for some a,b € Z(. Then, &;(xy---x,,) = a and ¢;(x;---x,,) = b. The raising quasi-

Kashiwara operator ¢; is defined on x; ---x,, if and only if a > 1, in which case

Ei(xy - xy) = X1 T Xp-1 'éi(xp)'xpﬂ X

where x, originates the right-most — in sgn?(xl -++X;,). Similarly, the lowering

P
quasi-Kashiwara operator f; is defined on x; ---x,, if and only if b > 1, in which

case
fi(Xl xm) =X ...xq_l 'fi(xq) .xq+1 X

where x, originates the left-most + in sgnfg’(xl Xy )
The signature rule for quasi-crystal monoids can be translated in an algorithm

analogous to Algorithm 7.42.

Algorithm 8.6. Input: Elements xy,...,x,, € M of a quasi-crystal monoid Jl and
an index i € I.

Output: The values of ¢;, ﬁ, &,and @; on xq -+ x,,.

Procedure:

(1) Seta:=0,b:=0,p:=0,and q :=0.
(2) Foreachk=1,2,...,m, do:

(i) If &€;(xg) = +o0, or b >0 and &;(x;) > 0, then set a := —1, b := —1, and break
the cycle.
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(ii) If &€;(xx) >0, then set a :=a+ &;(xx) and p := k.
(iii) If @;(xx) > 0, then set b := b+ @;(xy).

(iv) If @;(xx) > 0 and g = 0, then set g := k.

(3) If a = -1, then set &;(x; ---x,,) := +00, and ¢;(x; ---x,,) := +oo. Otherwise, set

€i(x1 -+ xy) = aand @;(xy---x,) = b.

(4) If a > 1, then set &(x; -+ x;,) = X1+ Xp_1 - €(Xp) - Xpy1 - Xy Otherwise, set

éi(xy - xpy) = L.

(5) If b > 1, then set fi(x;---x,,) = X1t Xgo1 -ﬁ(xq)-xq+1---xm. Otherwise, set
filxy - xp) = L.

(6) Return &(x; -+ xy,), fi(x1 %), &(x1 -+ Xp), and @i(x1 -+ x,p).

Finally, we introduce the notion of a homomorphism between quasi-crystal

monoids.

Definition 8.7. Let ./l and Jl’ be quasi-crystal monoids of the same type. A quasi-
crystal monoid homomorphism 1 from Jl to Jl’, denoted by ¢ : M — J’, is a map
Y : M — M’ that satisfies the following conditions:

(i) ¥ is a quasi-crystal homomorphism;
(ii) 1 is a monoid homomorphism.
If 1 is also bijective, it is called a quasi-crystal monoid isomorphism.

Note that in the previous definition we only consider maps from M to M’, but
as we observed after Remark 7.13, when we state that 1 is a quasi-crystal homo-
morphism in condition (i) we mean that the map ¢": MU {1} > M'U{L}, given
by ¥’(L) = L and ¢’(x) = ¢(x), for each x € M, is a quasi-crystal homomorphism.

Also, if ¢ : Ml — M’ is a quasi-crystal monoid isomorphism, then ¢ is a quasi-
crystal isomorphism, by Corollary 7.18, and a monoid isomorphism. The converse
is immediate, because a monoid isomorphism implies the map to be bijective.
Hence, a map i : M — M’ is a quasi-crystal isomorphism if and only if 1 is
a quasi-crystal isomorphism and a monoid isomorphism. This implies that if
Y : M — M is a quasi-crystal monoid isomorphism, then 1! is a quasi-crystal

monoid isomorphism between (" and J.
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8.2 The free quasi-crystal monoid

In this section we first present a construction of a free quasi-crystal monoid. Then,
we study some properties satisfied by the free quasi-crystal monoids. In partic-
ular, we show that free quasi-crystal monoids satisfy a universal property com-
monly associated to the term free in algebra. Finally, by this universal property,
we present an alternative method of defining a free quasi-crystal monoid up to
isomorphism.
Let @ be a seminormal quasi-crystal. For k > 1, set
0¥ =0&--8Q.
_
k times

By Corollary 7.18 and Theorems 7.32 and 7.37, for k,I > 1 the map Q% $Q®' —
Q3+ given by

(61 & ®X) (Y1 & BY) > X O QX @Yy 8-~ B Y

for xq,..., Xk, v1,...,y1 € Q, is a quasi-crystal isomorphism.

Let € be an element that does not lie in Q. Set @®° to be the seminormal
quasi-crystal of the same type as @ formed by the set Q®° = {¢} and maps given
by wt(e) = 0, &(€) = fi(e) = L and &;(€) = ¢;(e) = 0 (i € I). Note that Q¢° & Q*0 is
quasi-crystal isomorphic to @®0, as both quasi-crystals consist of a single element
where the quasi-crystal structure maps coincide. For any x € Q and i € I, by
Theorem 7.32 and Proposition 7.34, we have that wt(x®e) = wt(x), &;(x®€) = &;(x)
and ¢;(x®€) = ¢;(x). Also, by the signature rule, since sgn?(e) = ¢, it is immediate
that ¢; (resp., f;) is defined on x & € if and only if é; (resp., f;) is defined on x.
And if so, &j(x & €) = &(x) & e (resp., fi(x®e) = fi(x) &e). Therefore, the map
Q& Q¥ — Q, given by p&e - v for each v € Q, is a quasi-crystal isomorphism.
Analogously, the map Q%°& Q — Q, given by e &y > v for each p € Q, is a
quasi-crystal isomorphism. Since the quasi-tensor product of quasi-crystals is
associative (Theorem 7.37), we get that Q8 & Q%0 and %0 & Q8K are isomorphic
to Q% for any k > 0.

The sets Q® and Q%! are disjoint, whenever k = I. Thus, we can extend the
maps wt, &, f;, & and ¢; (i € I) defined on each Q%K to the set

M:UQ®k

k>0

obtaining a seminormal quasi-crystal /(. By the quasi-crystal isomorphisms Q®¥&
Q¥ — Q®*+D (k,1 > 0) defined above, we get that .l becomes a quasi-crystal
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monoid with the binary operation - : M x M — M given by
(118 @xp) (31 & OY) = 31 G- B B & By
and
(X1 Q- ®x;)-e=€- (X1 Q- ®X) =x1 Q-+ R Xy,

for x1,..., %, v1,...,v; € Q. If we identify an element of the form x; & --- ® x; in
M with the word x; ... x; over the alphabet Q, we obtain a monoid isomorphism
between M and the free monoid Q" over Q, and through this identification we
can also define a quasi-crystal structure on Q*. Therefore, we constructed a quasi-

crystal monoid that leads to the following definition.

Definition 8.8. Let Q be a seminormal quasi-crystal. The free quasi-crystal monoid
@* over @ is a quasi-crystal monoid of the same type as @ consisting of the set
Q" of all words over Q, the usual concatenation of words, and maps defined as

follows. For i €1, set
éi(e) = file) = L, &i(e) = ¢i(e) =0,
where € denotes the empty word, and for u,v € Q*, set
wt(uv) = wt(u) + wt(v)
and consider the following cases
(i) if @;(u),&;(v) >0, set

éi(uv) = fi(uv) = L Ei(uv) = @;(uv) = +oo;

(ii) otherwise, set

{e'iw)v if ¢5;(1) > &(v)
éi(uv) =
uéi(v) if ¢;(u) <&(v),
Fuw) {f;@v i i) > 50

ufi(v) if ¢;(u) < &(v),
&(uv) = max{é;(u), &(v) - (wt(u),a))},
@1(uv) = max|@;(u) + (Wt(v), ), G (v)],

whereul = 1v=1.
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As we constructed the free quasi-crystal monoid @* based on the quasi-tensor
product of quasi-crystals (Definition 7.33), we described its quasi-crystal struc-
ture based on the definition of the quasi-crystal structure for a quasi-tensor prod-
uct (Theorem 7.32). Notice that we explicitly gave the values of the quasi-crystal
structure maps of @* on the empty word ¢, for letters the values follow from the
quasi-crystal structure of @, and for a word of the form uv they depend only on
the values of the quasi-crystal structure maps on u and v. Thus, the definition of
the quasi-crystal structure maps is not circular. Moreover, from Proposition 8.3
and Algorithm 8.6, we have how to get the values of the quasi-crystal structure

maps on w based on their values on its letters, which implies the following result.

Proposition 8.9. Let Q be a seminormal quasi-crystal. For any w e Q" and i € I, if
éi(w) € Q then |é;(w)| = |w|, and if fi(w) € Q* then |fj(w)| = |w|. Therefore, |u| = |v|,
whenever u and v lie in the same connected component of Q*.

Proof. Let w € Q* and i € I such that f; is defined on w, then by Definition 8.8,
we have that w # €, and so, w = x;...,x,,, for some xy,...,x,, € Q and m > 1. By

Proposition 8.3, there exists g € {1,...,m} such that

fl(w) = X1 Xg-1 (ﬁ(xq))xqﬂ e X

Since x; € Q, then ﬁ(xq) € Q, which implies that |fl(w)| = |w|. Hence, for any
we Q" and i € I, |f;(w)| = |[w|, whenever f;(w) € Q*. Similarly, for any w € Q* and
i €1, if ¢; is defined on w, then |¢;(w)| = |w|.

Finally, let u,v € Q" be such that # and v lie in the same connected component
of @*. Then, there exist gi,...,g € {&,f; | i € I} such that g;---g(u) = v. By
applying recursively what we have proven above, we obtain that |g;--- gx(u)| =
|u. O

Example 8.10. Consider the standard quasi-crystal o, of type A, as described in
Example 7.4(i). Let w € Aj,. The weight of w is given by

wt(w) = [w|yeq + [w]rep + -+ + W], ep.

Leti € {1,...,n—1}. If w has a decomposition of the form w = wyiw,(i + 1)ws,
for some wy, w,, w3 € A}, then &;(w) = ¢;(w) = +o0. Otherwise, &;(w) = |w|;;; and
¢;(w) = |wl|;. The raising quasi-Kashiwara operator ¢; is defined on w if and only
if w has a decomposition of the form w = u;(i + 1)u,, for some uy,u, € A;, with
luql; = |uzli1 =0, and if so, €;(w) = uyiu,. The lowering quasi-Kashiwara operator
f; is defined on w if and only if w has a decomposition of the form w = v,iv,, for

some v1,v, € A%, with |[v,|; = [v5];11 = 0, and if so, fi(w) = v1(i + 1)v,. Informally,
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provided that w does not have a decomposition of the form w = wyiw,(i + 1)ws,
we have that ¢;(w) is obtained by replacing the right-most i + 1 in w by i, and f;(w)
is obtained by replacing the left-most i in w by i + 1.

From Example 7.35, We have that the words of length 2 form the following
subgraph of the quasi-crystal graph of o.

1 2
11 21 31
2
1C 12 22— 32
2
13— 23 33
U

We characterized the quasi-crystal monoid @* over a seminormal quasi-crystal

Q as free, because of the following property.

Theorem 8.11. Let Q be a seminormal quasi-crystal, and let Ml be a quasi-crystal
monoid of the same type as Q, where (1) = ¢;(1) =0, for all i € I. Then, for each
quasi-crystal homomorphism 1 : @ — M satisfying Pp(Q) C M, there exists a unique
quasi-crystal monoid homomorphism 1) : @* — Jl such that (x) x), for all x € Q.

Proof. Let ¢ : @ — Jl be a quasi-crystal homomorphism such that ¥(Q) € M. So,
we can consider ¢ as a map from Q to M. It is well-known that there exists a
unique monoid homomorphism 1) : Q* — M such that 1)(x) = 1(x), for all x € Q.
We also have that 1) is given by

Pe)=1 and P(xy...x) = P(x1) - P(xy),

for x,...,X,, € Q. It remains to show that ¢ is a quasi-crystal homomorphism.

Leti e I. By Pr0p031t10n 8.4 and Definition 8.8, we have that wt(e) = 0 =

wt(1) fl =1 =61 fl ), and &;(€) = (p,()_O—E() (Pz( ). Let
Xiyeeey Xy € Q, m > 1, and set w = x;...x,,. We have that gﬁ(w) = P(x1) - P(xy),

where wt(i(xx)) = wt(xg), & (P(xr)) = € (xx) and @;((xx)) = @;(xx) for k= 1,...,m
because 1 is a quasi-crystal homomorphism. By Proposition 8.3, we obtain that

Wt(h(w)) = wt(ih(x1)) + -+ + WH(th(x,)) = WE(x7) + -+ + WE(x,,) = Wi(w),
and since
p=max{l <k <m|&(x;) >0} =max{l <k <m|&(¢(xy)) > 0}
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and
q=min{l </ <m|@;(x;) >0} =minf{l < <m|@;(P(x;)) >0},

we also get &;(p(w)) = &(w) and ¢;(p(w)) = @;(w). By the same proposition, if
é;(w) € Q7, then

éi(w) =x1...xp1(&(Xp))Xps1-- Xy

where ¢;(x,) € Q, because x, € Q, and since ¥ is a quasi-crystal homomorphism
and (Q) € M, we have that (x,), P(&(x,)) € M, which implies that 1 (¢;(x,)) =
€(¢(xp)), and so,

P(er(w)) = Plxy) - P(xp_1) - P(E(x)) - P(Xp1) - P(x)
=P(x1)- '¢(xp—l) ) ez(¢(xp)) ) ¢(xp+l)' ctp(xy) = ez(l[)(w))

Analogously, if fi(w) € Q*, then §(f;(w)) = f;(h(w)). [

The property described in the previous result can be used to define the free
quasi-crystal monoid up to isomorphism among nondegenerate quasi-crystal

monoids.

Corollary 8.12. Let Q be a seminormal quasi-crystal and J be a quasi-crystal monoid
of the same type such that Q C M. If for each nondegenerate quasi-crystal monoid AL’
and each quasi-crystal homomorphism 1 : Q — JM’ satisfying P(Q) € M’, there exists
a unique quasi-crystal monoid homomorphism ) : Ml — A’ such that P(x) = (x), for

all x € Q, then there exists a quasi-crystal monoid isomorphism between M and Q.

Proof. Define ¢ : Q — Q" by ¥(x) = x, for each x € Q. As the quasi-crystal struc-
ture maps of @* agree on words of length 1 with the quasi-crystal structure maps
of @, we have that 1 is a quasi-crystal homomorphism from @ to @*. Thus, there
exists a unique quasi-crystal monoid homomorphism ¢, : # — @* such that
1(x) = x, for all x € Q. In particular, by restricting 1, to Q, we get that the quasi-
crystal structure maps of Jl restricted to Q agree with the quasi-crystal structure
maps of Q, and so, the map ¢’ : Q — M, given by ¢’(x) = x for each x € Q, is
a quasi-crystal homomorphism. By Theorem 8.11, there exists a unique quasi-
crystal monoid homomorphism 1, : @* — Jl such that p,(x) = x, for all x € Q.
Then, ¢, o 1, is a quasi-crystal monoid homomorphism from @* to @* such that
Y1Y;,(x) = x, for any x € Q, and by Theorem 8.11, we obtain that 1| o 1), must be
the identity map on Q. Also, ¥, o 1 is a quasi-crystal monoid homomorphism
from Jl to J such that 1,1, (x) = x, for any x € Q, and by uniqueness, we get
that 1, o 1p; must be the identity map on M. Hence, 1, is a quasi-crystal monoid

isomorphism. O
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8.3 Congruences and quotients

In this section we introduce the notion of a congruence on a quasi-crystal monoid.
This leads to the definition of a quotient quasi-crystal monoid. We then show how
congruences relate with homomorphisms, and deduce a homomorphism theorem

for quasi-crystal monoids.

Definition 8.13. Let J( be a quasi-crystal monoid. A quasi-crystal monoid congru-

ence on Jl is an equivalence relation 6 C M xM satisfying the following conditions:
(i) if (x,v) € 0, then wt(x) = wt(y), &;(x) = €;(v) and @;(x) = ¢;(y) for all i € I;
(ii) if (x,p) € O and é;(x) € M, then (é;(x),é;(y)) € ;
(iii) if (x,v) € 0 and fi(x) € M, then (fi(x), f:(v)) € 6;
(iv) if (x1,91), (x2,92) € 0, then (x1x2,917>) € 0.

Let /L be a quasi-crystal monoid. It is immediate from the definition that
the equality relation A = {(x,x) | x € M} is a quasi-crystal monoid congruence
on Jl. We have that A C 0, for any quasi-crystal monoid congruence 6 on J.
Also, given a nonempty family © of quasi-crystal monoid congruences on J, it
is straightforward to show that ()@ is a quasi-crystal monoid congruence on J(.
From this and the following result, we are able to show that the quasi-crystal

monoid congruences on a quasi-crystal monoid form a lattice.

Lemma 8.14. Let Jl be a quasi-crystal monoid, and let R C M x M be a relation on M
such that for any (x,vy) € R and i € I, the following conditions are satisfied:

(i) wt(x) =wt(y), &(x) = &(v), and ¢;(x) = §:i(y);
(i) if é;(x) € M, then (é;(x),é;(v)) € R; and
(iii) if fi(x) € M, then (f;(x), fi(v)) € R.

Then, the monoid congruence Oy generated by R is a quasi-crystal monoid congruence
on J.

Proof. We check that in every step of constructing O from R, properties (i) to (iii)
are preserved. Set
Ry ={(ux,uy)|(x,v) e R, u e M}.

For (x,y) e R, u € M and i € I, since wt(x) = wt(p), &(x) = &€;(v) and ¢;(x) = ¢;(v),
we get that wt(ux) = wt(uy), & (ux) = &(uy) and ¢;(ux) = ¢;(uy), by Lemma 8.2.
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As J is seminormal, we have that é&;(ux) € M if and only if ¢;(uy) € M. And
if so, we obtain if ¢;(x) = 0 that & (ux) = &(u)-x and &;(uy) = €;(u) - y implying
(é;(ux),é;(uy)) € Ry, or otherwise, we obtain that é;(ux) = u - €(x) and ¢é;(uy) =
u-¢€;(y) implying (é;(ux), é;(u y)) € Ry, because (¢;(x), ¢ (y)) € R. Similarly, if f;(ux) €
M, we have either f;(ux) = fi(u)-x and f;(uy) = fi(u) -y, or f;(ux) = u - fi(x) and
fi(uy) = u - f;(y), which results in (f;(ux), fi(uy)) € R; in any case. Hence, Ry
satisfies conditions (i) to (iii).
Set
Ry ={(xv,yv) [ (x,y) € Ry, v € M}.

For (x,y) € Ry, v € M and i € I, we have that wt(x) = wt(y), &(x) = &(y) and
¢@i(x) = ¢;i(y). As shown for Ry, from Lemma 8.2 we can analogously deduce that
R, satisfies conditions (i) to (iii).

It is immediate that the reflexive closure
Rz ={(x,y) e M xM | (x,v) € R, or x =y}

of R, satisfies conditions (i) to (iii).
Set
Ry={(x,9) e M xM|(x,v) € R3 or (y,x) € R3},

which correspondes to the symmetric closure of R3. Since Rj satisfies condition (i),
so it does Ry. For (x,v) € R3, if é;(y) € M, then é;(x) € M, because &;(x) = &(p)
and Jl is seminormal, and so, (¢;(x),¢;(y)) € Rs. Similarly, if fi(y) € M, then
(fi(x), fi(v)) € R3. Hence, Ry satisfies conditions (ii) and (iii).

Flnally, Or corresponds to the transitive closure of Ry. For (x,y) € Oy, there
exist xg, x1,..., X, € M such that x = xq, v = x,,, and (xg, xx,1) € Ry, fork =0,...,m-1.

For i € I, since Ry satisfies condition (i), we get that
WH(x) = wt(xg) = WH(x1) = -+ = Wt(x,,) = WH(y),

and similarly, &;(x) = &;(y) and ¢;(x) = ¢;(). If é;(x) e M, then for k=0,...,m—-1,
since &;(x;) = &(x) and Jl is seminormal, we have that é;(x;) € M, and as Ry
satisfies condition (ii), (&;(xx), €;(xx41)) € Rg. Hence, (é;(x),é;(v)) = (€;(xo), é’l(xm)) €
Or. Analogously, as Ry satisfies condition (iii), if fi(x) € M, then (fi(x ﬁ ) € Og.
Therefore, Oy satisfies conditions (i) to (iii). Moreover, by construction QR is a
monoid congruence on M, and so, Oy is a quasi-crystal monoid congruence on
J. O

Theorem 8.15. Let JMl be a quasi-crystal monoid. Then, the quasi-crystal monoid

congruences on J form a lattice with respect to the partial order C of inclusion.
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Proof. Let © be the set of all quasi-crystal monoid congruences on Jl. Since the
equality relation A lies in ©, we have that © is nonempty. Clearly, C is a partial
order on ©. Let 6,0 € ©®. Since 6 N o is a quasi-crystal monoid congruence
and the largest set contained in 6 and o, we have that 6 N ¢ is the infimum of
0 and o in ©. Finally, the relation R = 6 U o satisfies conditions (i) to (iii) of
Lemma 8.14, and so, the monoid congruence Oy generated by R is a quasi-crystal
monoid congruence on Jl. Furthermore, 6y is the smallest equivalence on M
satisfying Definition 8.13(iv) and containing R. Hence, Oy is the supremum of 6
and o in ©. [

Let 6 be a quasi-crystal monoid congruence on a quasi-crystal monoid J.
From the conditions (i) to (iii) of Definition 8.13, it follows that the quasi-crystal
structure maps wt, é;, fi, & and @; (i € I) of M can be defined on the set of all
0-equivalence classes M/6 in a natural way, because they do not depend on the
equivalence class representative. If x,y € M are such that [x] = [y], then x 0 v,
and by Definition 8.13(i), wt(x) = wt(p), &(x) = &(y) and ¢;(x) = ¢;(v). As JM
is seminormal and &;(x) = &;(y), we have that ¢; is defined on x if and only if ¢;
is defined on y. And if so, by Definition 8.13(ii), we have that [&;(x)] = [é;()].
Similarly, by Definition 8.13(iii), [f:(x)] = [f;(v)], whenever f; is defined on x or v.
Finally, if x1,%,,91,9, € M are such that [x;] = [y;] and [x;] = [v,], then [xx;] =
[v192], by Definition 8.13(iv). Therefore, we obtain the following construction.

Definition 8.16. Let 6 be a congruence on a quasi-crystal monoid Jl. The quotient
quasi-crystal monoid of JL by 6 is a quasi-crystal monoid /6 of the same type as
J consisting of the set M/6 and maps given by

wt([x]) = wt(x) &i([x]) = [€i(x)] fillx]) = [fi(%)]
&i([x]) = &i(x) @i([x]) = @i(x) [x]- (] =[x-p],

where [1]=1,forx,ye M and i €.
The following result follows directly from the previous definition.

Lemma 8.17. Let O be a congruence on a quasi-crystal monoid M. Then, the map
w: M — M/, given by 1t(x) = [x] for each x € M, is a surjective quasi-crystal monoid
homomorphism from J to AL/6.

This leads to the following result that relates congruences and homomor-

phisms on quasi-crystal monoids.
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Theorem 8.18. Let Jl be a quasi-crystal monoid, and let 6 C M x M. Then, 6 is a
congruence on Jl if and only if there exist a quasi-crystal monoid M’ and a quasi-

crystal monoid homomorphism ¢ : M — MM’ such that 6 = ker .

Proof. If 0 is a quasi-crystal monoid congruence on J, set 7 : Ml — JL/O to be the
quasi-crystal monoid homomorphism defined in Lemma 8.17. Then, for x,y € M,
we have that 7(x) = nt(y) if and only if x 6 y, and so, 6 = ker .

Conversely, let ¢ : Ml — A’ be a quasi-crystal monoid homomorphism. Clearly
ker i is an equivalence on M. Let (x,y) € ker¢ and i € I. Since (x) = P(y), we
have that

wi(x) = wt((x)) = wt(ip(p)) = wt(p),
and similarly, &(x) = &(y) and @;(x) = ¢;(y). If é(x) € M, then é;(y) € M, be-

cause Jl is seminormal and &;(x) = &;(y). Also, since (M) C M’, we get that

P(€(x)), Y(é;(y)) € M’, and since 1 is a quasi-crystal monoid homomorphism,

P(&i(x)) = €i((x)) = &(P(y) = P(&(p)),

which implies that (&;(x), é(v)) € ker . Analogously, if f;(x) € M, then we deduce
that (ﬁ(x),ﬁ(y)) € ker¢. Finally, for (x1,v1), (x2,v,) € ker ¢, we have that

P(x1x2) = P(x1) - P(x2) = P(¥1) - P(2) = Y(¥192),

and thus, (x1x,,117,) € ker . Hence, ker i is a quasi-crystal monoid congruence
on JL. []

Now, we introduce the homomorphism theorems for quasi-crystal monoids.

Theorem 8.19. Let Jl and M’ be quasi-crystal monoids of the same type, and let
Y : M — M be a quasi-crystal monoid homomorphism. Then, for each quasi-crystal
monoid congruence 0 on Jl satisfying 0 C ker 1, there exists a unique quasi-crystal
monoid homomorphism  : M/6 — M’ such that P([x]g) = W(x) for any x € M.

Furthermore, if 1 is surjective, then there exists a unique quasi-crystal monoid
isomorphism 1 : M/ker p — M’ such that P([x]) = p(x), for all x € M.

Proof. Let O be a quasi-crystal monoid congruence on J such that 6 C ker.
For x,y € M, if [x]g = [v]g, then x 6 y, which implies that ¢(x) = ¢(y), because
0 C ker 1. Thus, we can defined a map ) : M/O — M’ by ([x]g) = 1 (x), for each
x € M. Since ¢ is a quasi-crystal monoid homomorphism, it is immediate from
Definition 8.16 that 1 is a quasi-crystal monoid homomorphism from .it/6 to J’ .

Assume that 0 = ker ¢ and that ¢ is surjective. Then, given x" € M’, there exists
x € M such that 1(x) = x’, and so, {([x]) = x. Also, if y,z € M are such that {([y]) =
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1([z]), then ¥ (v) = 1(z), or equivalently, (v,z) € ker ¢, which implies that [y] = [z].
Hence, 1 is bijective, and therefore, a quasi-crystal monoid isomorphism. O

Theorem 8.20. Let O and o be congruences on a quasi-crystal monoid A such that
O C 0. Define a relation o/6 on M/6 by

a/0 ={([x]e,[v]0) | (x,¥) € o}.

Then, /0 is a quasi-crystal monoid congruence on JM/6. Moreover, the map from
(M/6)/(0/0) to M/o, given by [[x]gls/e > [x]s for each x € M, is a quasi-crystal
monoid isomorphism between (M/0)/(c/0) and M/o.

Proof. Define a map n: M — M/o by n(x) = [x],, for each x € M. By Lemma 8.17,
7t is a quasi-crystal monoid homomorphism from J to J#l/c. By Theorem 8.19,
since O C o = ker r, we have a quasi-crystal monoid homomorphism 7 : #M/0 —
/o given by 7t([x]g) = [x],, for each x € M. Clearly, 7t is surjective. For x,y € M,
we have that 7t([x]g) = 7t([y]e) if and only if (x,y) € 0. Hence, ker7t = 6/0. By
Theorem 8.19, we obtain that the map (M/60)/(c/0) — M/o, given by [[x]g]s/0 —
[x], for each x € M, is a quasi-crystal monoid isomorphism between (/l/6)/(c/6)
and Jl/o. ]

8.4 The hypoplactic congruence

In this section we define the hypoplactic monoid associated to a seminormal quasi-
crystal. This definition is based on the framework introduced on the previous
sections, as the hypoplactic monoid will be obtained as a quotient quasi-crystal

monoid of the free quasi-crystal monoid by the following congruence.

Definition 8.21. Let Q be a seminormal quasi-crystal. The hypoplactic congruence
on Q% is a relation ~ on Q* given as follows. For u,v € Q*, u ~ v if and only if there

exists a quasi-crystal isomorphism ¥ : @*(u) — @*(v) such that {(u) = v.
To prove that < is a congruence on @* we first show the following result.

Lemma 8.22. Let Q be a seminormal quasi-crystal. For each u,v € Q%, the map from
(Q*(u)® Q*(v))(u®v) to Q*(uv), given by x®y +— xy, is a quasi-crystal isomorphism
between (Q*(u) ® Q*(v))(u &v) and Q*(uv).

Proof. Let u,v € Q*. Since @ is a quasi-crystal monoid, the map Q*& Q* — Q~,
defined by x ® y — xy for each x,y € Q*, is a quasi-crystal homomorphism (Def-

inition 8.1(iii)). Then, by Proposition 7.30 we have a surjective quasi-crystal
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homomorphism ¥ : (@* ® Q*)(u ® v) — Q*(uv) given by (x ® y) = xyp, for each
xRy e(Q' Q) udv).

By Definition 7.22, if x&y € (Q* & Q*)(u ®v), then there exist gi,..., gy € (¢}, f; |
i €I} such that x®y = g; -+ g,,(1 ®v), and by Definition 7.33, x = g{ ---g/(u) and
v =g/g (v) for some g{,...,8.,8,...,8 €1{81,.-.,8m}. Hence, x € Q*(u) and
v € Q*(v), and so, (Q*®Q*)(u&v) C Q*(u)&® Q*(v) which implies that (Q* & Q*)(u &
v) = (Q"(1)® Q*(v))(u &v). And therefore, (*®Q*)(u&v) and (Q* (1) ®Q*(v))(u&v)
correspond to the same quasi-crystal. In particular, 1 is a surjective quasi-crystal
homomorphism from (@*(u) & Q*(v))(u &v) to Q*(uv).

Finally, for x; ®y;, x,®y, € (Q*(1)&Q*(v))(u&v), we have by Proposition 8.9 that
Ix1| = x| and |y1] = |y,|- Thus, if x;y; = x,¥,, then x; = x, and y; = y, implying
x1 ®y; = x, ®y,. Hence, ¢ is injective. By Corollary 7.18, ¢ is a quasi-crystal
isomorphism between (Q*(u) & Q*(v))(u &v) and Q*(uv). O
Theorem 8.23. Let Q be a seminormal quasi-crystal. Then, the hypoplactic congruence

< on @ is a quasi-crystal monoid congruence on Q.

Proof. Let u,v,u’,v’ € Q" with u <~ v and u’ < v/, and so, there exist quasi-crystal
isomorphisms ¢ : @*(u) — @*(v) and ¢’ : @*(u’) — @*(v’) such that 1 (u) = v and
Y’(u’) = v’. We have that u ~ u as the identity map on Q*(u) is a quasi-crystal
isomorphism on @*(u). We also have that v < u since 1! is a quasi-crystal iso-
morphism between @*(v) and @*(u) satisfying ¢~ (v) = u. And finally, if v = ’,
we have that u <~ v/, because 1’ o 1 is a quasi-crystal isomorphism between Q*(u)
and @*(v’) that satisfies ’()(u)) = v’. Hence, < is an equivalence on Q*.

Let i € I. Since 1 is a quasi-crystal isomorphism, we get that
wt(u) = wt(p(u)) = wi(v),
and similarly, &;(u) = &;(v) and ¢;(u) = ¢;(v). If €;(u) € Q*, then

P(i(u) = &(P(u)) = &(v),

and since Q*(¢;(u)) = Q*(u) and Q*(¢;(v)) = Q*(v), we obtain é;(u) ~ &;(v). Analo-
gously, if f;(u) € Q*, then fi(u) < f;(v).

By Lemma 8.22, we have quasi-crystal isomorphisms 1, : Q*(uv) — (Q*(u) &
Q*(v))(u &v) and P, : (@ (1) & Q* (V")) (' &v’) — Q*(u’v’) such that ¥, (uv) =u&v
and P, (u’®v’) = u'v’. By Theorem 7.39, we have a quasi-crystal isomorphism
P &1’ between Q¥ (1) &@*(v) and Q*(u’) & Q*(v’) satisfying (Y &Y' )(udv) =u'&v’.
Set 13 to be the restriction of » & 1" to (Q*(u) & Q*(v))(u &v). By Proposition 7.25,
we get that 15 is a quasi-crystal isomorphism between (Q*(u) ® @Q*(v))(u ® v) and
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(@* (1) &Q*(v')) (1’ &v’). Then, 1, 01h3 01, is a quasi-crystal isomorphism between
@*(uv) and @*(u’v’) that satisfies

P31 (uv) = o3 (u @v) = thy(u’' &v') = u'v’.
Hence, uv <~ u’v’. Therefore, < is a quasi-crystal monoid congruence on @*. [
We have set the framework to present the following definition.

Definition 8.24. Let Q be a seminormal quasi-crystal, and let ~ be the hypoplactic
congruence on Q*. The quotient quasi-crystal monoid Q*/% is called the hypoplac-
tic quasi-crystal monoid, or simply the hypoplactic monoid, associated to @, and is
denoted by hypo(Q).

Note that although hypo(Q) is a quasi-crystal monoid, we are interested in
studying its properties as a monoid, and thus, we just refer it as the hypoplactic
monoid associated to Q. However, we will be constantly considering its quasi-
crystal structure, as it plays a fundamental role in the construction of hypo(Q),
and consequently, in its properties.

This terminology will make more sense in the following section, where we see
how the classical hypoplactic monoid can be placed in context as the hypoplactic
monoid associated to some quasi-crystal.

In a hypoplactic monoid the isolated elements (Definition 7.31) satisfy a com-

mutative law, as described in the following results.

Theorem 8.25. Let Q be a seminormal quasi-crystal. If u,v € Q* are such that uv is
an isolated element of Q*, then

UVW ~ UWV ~ WU,

forany w e Q"

Proof. Let u,v € Q* such that uv is an isolated element of @*. We only show that
uvw ~ uwv, as uwv ~ wuv follows analogously. Since uv is isolated, we have that
¢;(uv) = fi(uv) = L, for all i € I. Then, for each i € I, either &(uv) = ¢;(uv) = 0 or

& (uv) = @;(uv) = +oo, because Q" is seminormal. Set ] = {i € I | &;(uv) = 0} and

X={weQ |w =g gu(w), for some gl,...,gme{é'j,f} ljeT}}.

By Lemma 8.2, for any i € I \ ], since &;(uv) = +o0, we have that &;(u) = +oo,
&j(v) = +oo, or @;(u),&;(v) > 0. This implies by Proposition 8.3 that for any w’ € Q*,

the quasi-Kashiwara operators ¢; and f; are undefined on uvw’ and on uw’v, and

Ei(uvw’) = ¢;(uvw’) = & (uw'v)@;(uw'v) = +oo.
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By Lemma 8.2, for any j € J, we have that &;(u) = &;(v) = ¢;(u) = ¢;(v) = 0,
because &;(uv) = ¢;(uv) = 0. Thus, by Proposition 8.3, for gy,..., ¢, € {é},f}- lje]},
we have that g; -+ g, is defined on uvw or uwv if and only if g; ---g,, is defined on
w. And if so, g1 -+ gm(uvw) = uv(gy -+~ gm(w)) and gy -+~ gm(uwv) = u(gy -+~ gm(w))v,
where

(g1 gm(uvw)) = &;(w) = &;(g1 -+~ gm(uwv))
and
Pj(g1 - gm(uvw)) = j(w) = Pi(g1 -+ gm(uwv)).

Therefore, we have that

Q" (uvw) = {uvw’ | w’ € X},

Q" (uwv) = {uw'v |w’ € X},

and the map ¢ : Q*(uvw) —» Q*(uwv) given by Y(uvw’) = uw’v, for each v’ € X,
is a bijective quasi-crystal homomorphism from @*(uvw) to @*(uwv). By Corol-
lary 7.18, 1 is a quasi-crystal isomorphism between @*(uvw) and Q*(uwv). And
since (uvw) = uwv, we obtain that uvw ~ uwv. [

Theorem 8.26. Let Q be a seminormal quasi-crystal. If w € Q" is such that wu ~ uw,

for any u € Q*, then w is an isolated element of Q*.

Proof. Suppose there exists w € Q* such that w is not an isolated element of @*
and wu ~ uw, for any u € Q*. Since w is not isolated, take i € I such that ¢; or fl are
defined on w. As Q* is seminormal, if é; is defined on w, then &;(w), ¢;(w) € Zs,
where &;(w) > 0, and the element u = éfi(w)(w) satisfies &;(u) = 0 and @;(u) € Z..
By Lemma 8.2, &;(wu) = &;(w) € Zsg and &;(uw) = +o0, which contradicts the fact
that wu <~ uw. Analogously, if we have that f; is defined on w, then the element
V= ﬁ(pi(w)(w) is such that ¢;(wu) = +o0 and @;(uw) = ¢;(w) € Zsy. O

8.5 The hypoplactic monoid of type A,

In this section we show that the classical hypoplactic monoid hypo, of rank n
corresponds to the hypoplactic monoid hypo(s,,) associated to the standard quasi-
crystal o, of type R,,.

Recall that first notions of quasi-crystals and quasi-Kashiwara operators were
introduced in Section 6.4 based on the work by Cain and Malheiro [CM17]. From
this approach we obtained a construction of the classical hypoplactic monoid.
We now show that from this construction we also obtain the hypoplactic monoid

hypo(d,), and therefore, the monoids hypo, and hypo(d,) are the same.
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In this section, let < be the hypoplactic congruence on ;. Also, consider the
directed graph I/, and the partial maps ¢; and f; (i € {1,...,n—1}) introduced in
Section 6.4.

As we presented in Example 8.10, for w € A}, and i € {1,...,n — 1}, the quasi-
Kashiwara operators ¢; and f; are not defined on w, if w has an i-inversion (Defini-
tion 6.11). On the other hand, if ¢; is defined on w, then &;(w) is obtained from w
by replacing the right-most i + 1 by i. If f; is defined on w, then f;(w) is obtained
from w by replacing the left-most i by i + 1. Therefore, ¢; and f; coincide with the
partial maps ¢; and f;, respectively.

Given u,v € A}, and i €{1,...,n—1}, we have that u % vis anedge of I'" if and
only if fi(u) = v. Since f; and f; coincide, then if u # v, then u ' visan edge of

the quasi-crystal graph I;: of of; if and only if u L visan edge of I'". Hence,
I can be obtained from [;: by removing all loops. This leads to the following

result.
Lemma 8.27. Let u,v € A},. If u ~ v, then u ~hypo V-

Proof. Let ¥ : o}, (u) — o,(v) be a quasi-crystal isomorphism such that (u) =
v. By Lemma 7.24, ¢ is a graph isomorphism between I;: (1) and I: (v) that
preserves weights. Since I''(1) and I"(v) can be obtained from [: (1) and Ty: (v),
respectively, by removing all loops, then i is also a graph isomorphism between
I’(u) and I'(v). By Theorem 6.16, we obtain that u ~yp, v, [

We now show that the converse of the previous result also holds, which implies

that <~ and ~yyp, are the same relation on Aj,.

Lemma 8.28. Let u,v € A}, be such that u ~hypo V- Then, for eachie{l,...,n—1}, u

has an i-inversion if and only if v has an i-inversion.

Proof. Suppose there exist u,v € A}, and i € {1,...,n— 1} such that u ~hypos U has
an i-inversion, and v is i-inversion-free. By Theorem 6.16, there exists a weight-
preserving graph isomorphism ) between I'"(u) and I''(v) such that ¢(u) = v.
Since u has an i-inversion, we have that |u|; > 1, and since ¢ preserves weights,

wt(u) = wt(v), which implies that i occurs in v. As v is i-inversion-free, f; is

defined on v, and so, v —> fi(v) is an edge of I"". Since ¢ is a graph isomorphism

and ¥(u) = v, we get that u LI »~1(f;(v)) is an edge of I". A contradiction,

because u cannot be the start of an i-labelled edge in I/, as u has an i-inversion.
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Note that as ~pyp, is an equivalence, we have that u ~yyp, v if and only if
V ~hypo V- Thus, we would also obtain a contradiction if we suppose that u is

i-inversion-free and v has an i-inversion. ]
Theorem 8.29. We have that < = ~pyp,.

Proof. By Lemma 8.27, we have that ~ C ~y,.

Let u,v € A}, such that u ~hypo V- By Theorem 6.16, there exists a weight-
preserving graph isomorphism ¢ between I'’(u) and I'(v) such that ¢(u) = v.
Since the vertex sets of I"(1) and I'(v) coincide with the vertex sets of I (u)
and [: (v), respectively, we get by Proposition 7.23 that ¢ is a bijective map
between Aj (1) and Aj,(v). By Corollary 7.18, to show that i is a quasi-crystal
isomorphism between o} (1) and o;,(v), it suffices to show that ¢ is a quasi-crystal
homomorphism.

Let w € A}, (u). As i preserves weights, we obtain that wt(i(w)) = wt(w). Let
iefl,...,n—1}. If §(w) = +oo, then w has an i-inversion (Example 8.10), and
since w ~pypo P(w) (Theorem 6.16), P(w) also has an i-inversion, which implies
that &;((w)) = +oo. Similarly, if &;((w)) = +oo, then &;(w) = +00. Otherwise,
Ei(w), gi(w), & (P(w)), pi(Pp(w)) € Asg, and by Lemma 7.26 and Proposition 7.27,
we obtain that &;(w) = & (¢(w)) and ¢;(w) = ¢;(1(w)), because i-labelled paths in
I’(u) coincide with i-labelled paths in Iy (u), i-labelled paths in I"(v) coincide
with i-labelled paths in I (v), and i induces an one-to-one correspondence be-
tween i-labelled paths in I’(u) and i-labelled paths in I’(v). Finally, since f; and f;

coincide, if f; is defined on w, then f;(w) = f;(w), which implies that w - fi(w)

is an edge in I'’(u), and since ¢ is a graph isomorphism, (w) LR ¥(fi(w)) is an

edge in I"(v), and so,

fip(w)) = filp(w)) = P(fi(w)) = P(fi(w)).

Analogously, since €; and ¢é; coincide, if ¢; is defined on w, then (é;(w)) = &;(Pp(w)).
Hence 1 is a quasi-crystal homomorphism from o} (u) to s, (v).

By Corollary 7.18, 1 is a quasi-crystal isomorphism between o} (1) and o1, (v),
and ¢(u) =v. Hence, u < v. This implies that ~py,, € ~. [

From the previous result, we have that hypo, and hypo(d,) are the same
monoid. This justifies the terminology used in Definitions 8.21 and 8.24. More-
over, we now have a process of crystalizing the hypoplactic monoid which gives a
construction of the classical hypoplactic monoid from the standard crystal d,, (as
a quasi-crystal) of type A,,, and allows a similar construction of a monoid based

on any other seminormal crystal.
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THE HYPOPLACTIC MONOID OF TYPE

O

In Chapter 8 we described a method of obtaining a monoid from a seminormal
quasi-crystal. Then, in Section 8.5 we showed that this construction for the stan-
dard crystal o, of type A, results in the classical hypoplactic monoid of rank n.
A natural way of proceeding is to study the monoids that are obtained for other
seminormal quasi-crystals. In particular, for the standard crystals associated to
Cartan types other than A,,.

In this chapter we study the hypoplactic monoid hypo(%6,,) associated to the
standard crystal 6, of type C,. The chapter is split in two sections. In Sec-
tion 9.1, we make a detailed study of the hypoplactic monoid hypo(6,), where
we show that it does not have a finite presentation and it satisfies identities. The
results obtained for hypo(6,) give an understanding of the properties we can
expect hypo(6,,) to satisfy. Then, in Section 9.2, we study the hypoplactic monoid
hypo(€,,) for n > 3, where we characterize its commutative elements, and show
that it does not satisfy any identity. We also show that the hypoplactic monoid

hypo(6,,) contains a copy of the classical hypoplactic monoid of rank n — 1.

9.1 Thecasen=2

9.1.1 The definition of hypo(€6,)

In this section we describe how to obtain the hypoplactic monoid hypo(6;). This
construction follows from the theory introduced in Chapters 7 and 8 applied to
the standard quasi-crystal of type C,.

From Example 4.4(ii), we have that the standard quasi-crystal 6, of Cartan
type €, consists of an ordered set C, = {1 <2 < 2 < 1} and a quasi-crystal structure
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given as follows. The weight map wt : C, — Z? is defined by
wt(l) =eq, wt(2) = ey, wt(2) = —e; wt(1) = —e;.

The quasi-Kashiwara operators é,é,, fi, f» : C; — C, LI {1} are defined for the

following arguments

é1(2)=1, é(1) =2, & (2) =2,
A1) =2, h2)=1, h(2)=2.
The maps &1, &,, 1, P2 : C; = Zso U {+oo} are given by
€1(X) = Ogx + 07 1 &(x) =65,
(pl (x) = 51,x + 5§,x’ (PZ(x) = 52,x1

where 6%,( =1,if x=y,and 5}“ =0,if x =y, for x,y € C,.
Notice that given x,y € C,, if ¢;(x),& () > 0, then x € {1,2} and y € {2,1}. If
@2(x),&(y) > 0, then x = 2 and y = 2. This leads to a generalization of Defini-

tion 6.11 for words over C,.

Definition 9.1. A word w € Cj is said to have an 1-inversion if w admits a de-
composition of the form w = w;xw,yws, for some wy, wy, w3 € C;, x € {1,2} and
ye(2,1}.

A word w € Cj is said to have a 2-inversion if w admits a decomposition of the
form w = wy 2w, 2ws, for some wy, w,, ws € Cs.

For i € {1,2}, a word w € CJ is said to be i-inversion-free if w does not have an

i-inversion.

By Definition 8.1 and Proposition 8.3, we obtain the following description of

the free quasi-crystal monoid over 6,.

Definition 9.2. The free quasi-crystal monoid 6; over 8, consists of the set C; of
all words over C,, the concatenation of words, and a quasi-crystal structure given

as follows. For w € C7, the weight of w is
wi(w) = (jwly — [wly, [wly — [wl).
If w has a 1-inversion, then
é1(w) = g1 (w) = +oo,
otherwise,
&1 (w) = lwh + [wl, Pr(w) =wh + [wl

130



9.1. THE CASEn=2

The raising quasi-Kashiwara operator ¢; is defined on w if &;(w) € Z.(, and if
s0, &1(w) = w1 é;(x)w,, where w;, w, € C; and x € (2,1} are such that w = wyxw,
and |w,|, = [w,|y = 0.

The lowering quasi-Kashiwara operator f; is defined on w if ¢ (w) € Z+(, and
if so, fi(w) = wy f1(x)w,, where wy,w, € C5and x € {1,2} are such that w = wyxw,
and |w|; = [w;[7 = 0.

If w has a 2-inversion, then
&(w) = Pr(w) = +oo,
otherwise,

&(w) = wl, Pa(w) = |wl.

The raising quasi-Kashiwara operator ¢, is defined on w if &,(w) € Z.(, and if
s0, &(w) = wy 2w,, where wy,w, € C; are such that w = wy2w, and lws|5 = 0.
The lowering quasi-Kashiwara operator f> is defined on w if ¢r(w) € Z+g, and

if 50, fo(w) = wy 2w,, where wy,w, € C; are such that w = wy 2w, and |w,|, = 0.

From the signature rule (Algorithm 8.6), the quasi-Kashiwara operators ¢, and
f1 can be computed on a 1-inversion-free word w € C} as follows. If 2 or 1 occur
in w, let x be the right-most 2 or 1 occurring in w, then & (w) is obtained from w
by replacing the right-most x by & (x). If 1 or 2 occur in w, let p be the left-most 1
or 2 occurring in w, then f;(w) is obtained from w by replacing the left-most y by
A®).

Also from the signature rule (Algorithm 8.6), the quasi-Kashiwara operators
¢, and f, can be computed on a 2-inversion-free word w € Cj as follows. If 2
occurs in w, then é,(w) is obtained from w by replacing the right-most 2 by 2. If

2 occurs in w, then f,(w) is obtained from w by replacing the left-most 2 by 2.

Example 9.3. In 6, we have that

¢,(221211) = 211211, f1(221211) = 222211,

and since 221211 has a 2-inversion, &, and f, are undefined on it. Also,

¢,(121121212) =1121212, fi(1121212) = 1121212,
and as 1121212 has a 1-inversion, ¢; and f1 are undefined.

In Section 7.2, we showed that a seminormal quasi-crystal can be described by
its quasi-crystal graph (Definition 7.19). Thus, in the sequel, we will frequently re-
sort to the quasi-crystal graph Ie: of 65 to study the hypoplactic monoid hypo(%,).

In the following example, we present part of Ig:.
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Example 9.4. The empty word € is an isolated vertex in Ig: without loops. Letters
form the following connected component of [

1 2 — 1 —
1 2 2 1

Words of length 2 form the following three connected components of I:.

1 2 — 1 —

11 21 21 11

Jl 1

2 _

1C 12 22— 22 01 12

JZ lZ 2
— 1 —_ — 1 —
12—— 202 22——1
ll 1
2

111 21— 21 2>t 11

N

Note that 11 is an isolated vertex.

The connected component Ig: (121) of It containing 121 is the following.

1 2 1

no, Q 1 2 _Q
121 121 221 211 211

e

_ Y2 2
212 212 12

U U

1 1

The connected component Ig:(212) of Ig: containing 212 is the following.

1 1
Q 2 _Q 2 - —
212 212 212
e
— 2 - — 1 - — 1 — — 2 -
112 112 122 121 121
U U U
1 2 1

By Definitions 8.21 and 8.24, the hypoplactic monoid hypo(6,) is the quotient
monoid of C; by the hypoplactic congruence ~. Although we omit the weight
map wt (Definition 9.2) on the examples, recall that the quasi-crystal graph Iy:
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is a weighted labelled graph, and so, we can obtain ~ from 1“%;, by Theorem 7.29.
Thus, given two words u,v € C, we have that u <~ v if and only if there exists a
graph isomorphism ¢ between the connected components I: (1) and s (v) of I
such that (u) =v.

In the following result we can see that the hypoplactic congruence ~ respects

inversions.

Proposition 9.5. Let u,v € C; with u ~ v, and let i € {1,2}. Then, u has an i-
inversion if and only if v has an i-inversion.

Proof. If u has an i-inversion, then &;(u) = +oc0. Since u ~ v, then &;(v) = &;(u) =
+0co, which implies that v has an i-inversion.

The converse follows from the fact that u ~ v implies v ~ u. O

Like for the classical hypoplactic monoid, in the congruence classes of the
hypoplactic monoid hypo(6,) either all words have an i-inversion, or all words
are i-inversion-free (i € {1,2}). In particular, we have that 11 % € as expected by
Remark 6.17. On the other hand, 11 and € correspond to the same element in
the plactic monoid plac(6,) associated to the standard crystal of type C,. There-
fore, in contrast with the classical hypoplactic monoid, for type €, the plactic

congruence is not contained in the hypoplactic congruence.

9.1.2 Highest-weight words

In the study of plactic monoids for Cartan types [Lec02; Lec03], words of highest
weight are extremely relevant as they are used to identify connected components
of crystal graphs. An analogous relation was proven in [CM17] for the classical
hypoplactic monoid. Thus, in this section we characterize the highest-weight
words of 65, and check whether they satisfy properties similar to highest-words
in the mentioned contexts.

From Definition 7.6(i), we have that a word w € C; is of highest weight if ¢
and ¢, are undefined on w. Equivalently, w is of highest weight if the only edges

in [: ending on w are loops.

Proposition 9.6. Let w € C5. Then, w is of highest weight if and only if w satisfies the

following conditions:
(i) if 2 or 1 occur in w, then w has a 1-inversion;
(1) if 2 occurs in w, then w has a 2-inversion.
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Proof. First, assume that w is of highest weight. If 2 or 1 occurs in w, by Defini-
tion 9.2, we have that & (w) > 0. Since w is of highest weight, ¢; is not defined on
w, which implies that & (w) = +c0. Hence, w has a 1-inversion. Analogously, if 2
occurs in w, then ¢,(w) = +00, and so, w has a 2-inversion.

Conversely, assume that w satisfies (i) and (ii). From Definition 9.2, we have
that condition (i) implies & (w) € {0, +o0}, and so, €; is undefined on w. Similarly,
condition (ii) implies @,(w) € {0, +o0}, and therefore, &, is undefined on w. Hence,

w is of highest weight. O

In Example 9.4, we can see that 212 and 112 are highest-weight elements
of 6, which belong to the same connected component. We can also see that
211 and 212 are lowest-weight elements of 6;, which belong to the same con-
nected component. These facts mark a difference when compared to the crystal
graphs studied in [KN94], which lead to the construction of the plactic monoids
of Cartan types [Lec02; Lec03], where each connected component has exactly
one highest-weight element and exactly one lowest-weight element. Due to the
results in [CM17] and their reintrepretation in Section 8.5, we also have that the
connected components of the quasi-crystal monoid ¢}, have exactly one highest-
weight element and exactly one lowest-weight element.

Although we have that a connected component of 6; may have more than
one highest-weight element or more then a lowest-weight element, we still can

guarantee that it has at least one of each.

Proposition 9.7. Each connected component of 6, has at least one highest-weight

word and at least one lowest-weight word.

Proof. By Proposition 8.9, we have that words in the same connected component
have the same length. Since C, is finite, there are finitely many words of a given
length. Thus, connected components of 6, have finitely many words.

Let X C C} be a connected component of 6. Since Z? is the weight lattice of
type €, (Example 2.17) and X is finite, we can take a word w € X whose weight
wt(x) is maximal among weights of words in X with respect to the partial order
in Z? given in (2.3). If ¢; were defined on w, for some i € {1,2}, then é;(w) € X,
and by Proposition 7.5, wt(¢é;(w)) > wt(w), contradicting the maximality of wt(w).
Hence, w is of highest weight.

Analogously, we can take a word w’ € X whose weight wt(w’) is minimal
among weights of words in X, If ﬁ were defined on w’, for some i € {1, 2}, then
¢;(w’) € X, and by Proposition 7.5, wt(w’) > wt(é;(w’)), contradicting the minimal-

ity of wt(w’). And therefore, w is of lowest weight. O
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We have that we can take highest-weight words to index the connected com-
ponents of 6;, but this choice is not unique.
Due to the following result, highest weights (Definition 7.7(i)) have no mean-

ing in 6;.
Proposition 9.8. Any weight A € Z? is a highest weight in 65.

Proof. Let A = (A, Ay) with Ay,A, € Z. Fori=1,2,if A; >0,seta; = A; and b; =0,
otherwise, set 4; = 0 and b; = —A;. Then,

=by=b
wt(1”12“22 1 1) = (611 —bl,az —bz) = /\181 +/\2€2 =A

Set w =14 2227771277, Since wt(1221) = 0, we have that wt(w) = A. Also, w
has a 1-inversion and a 2-inversion, which implies that ¢, and ¢, are undefined

on w. ]

Finally, we show that highest-weight words and lowest-weight words are on

one-to-one correspondence in ;. First, consider the following notation.

Definition 9.9. For the empty word € € C} set € = €. For x € {1,2}, set x = x. Given

words u,v € C3, set uv = vu.

Notice that for a word w € C}, the word w can be obtained by exchange each
barred letter by its unbarred version and each unbarred letter by its barred version
in w, and then reversing the resulting word. Thus, it follows that w = w. For
example, 1212 = 2121.

Lemma 9.10. Let w € C5. Then, & (w) = ¢1(w) and &)(w) = ¢ (w).

Proof. If w has a 1-inversion, then there exist wj,w,, w3 € Cy, x € {1,2} and y €
{2,1} such that w = w; xw,yws. Then, w = w3yw,xw;, wherey € {1,2} and X € {2,1},
and so, w has a 1-inversion. Hence, & (w) = ¢ (w) = +co.

Since w = w, if w has a 1-inversion, then as we checked above, w also has a
l-inversion, and thus, & (w) = @1 (w) = +oo.

Otherwise, w and w are 1-inversion-free. Then,
&1(w) = lwly + [wly = [wlz + [wl; = ¢ (w).

Analogously, we have that w has a 2-inversion if and only if w has a 2-inversion,

and if so0, &(w) = ¢, (W) = +oo. Otherwise, & (w) = |wlz = [w]; = Po(W). [

Proposition 9.11. Let w € C5. Then, w is of highest weight if and only if w is of lowest
weight.
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Proof. If w is of highest weight, then ¢, and ¢, are undefined on w, which implies
that & (w), &,(w) € {0,4c0}. Then, by Lemma 9.10, we have that ¢;(w), ¢,(w) €
{0, +00}, which implies that f; and f, are undefined on w. Hence, w is of lowest
weight.

The converse implication is analogous, since if w is of lowest weight, we obtain
that ¢y (w), P,(w) € {0,+0}, and by Lemma 9.10, we deduce that w is of highest
weight. O

9.1.3 Isolated words

By Theorems 8.25 and 8.26 we have that the commutative elements of the hy-
poplactic monoid hypo(®6,) correspond to the isolated elements of 6, (Defini-
tion 7.31). In this section we identify the isolated elements, and consequently,

obtain some equalities in hypo(6,).

Theorem 9.12. Let w € C;. Then, w is an isolated word in 6, if and only if w satisfies

the following conditions:
(i) if 1 or 1 occur in w, then w has a 1-inversion;
(1) if 2 or 2 occur in w, then w has a 1-inversion and a 2-inversion.

Proof. Assume that w is an isolated word. If 2 occurs in w, then & (w), ¢, (w) > 0.
Since w is isolated, ¢; and f2 are undefined on w, which implies that & (w) =
¢>(w) = +00. Hence, w has a 1-inversion and a 2-inversion.

Analogously, if 2 occurs in w, then & (w), @1 (w) > 0, and as é, and f; are unde-
fined on w, then w has a 1-inversion and a 2-inversion.

If 1 or 1 occurs in w, then ¢; (w) > 0 or & (w) > 0. Since w is isolated, ¢; and f;
are undefined on w, and so, w has a 1-inversion.

Conversely, assume that w satisfies conditions (i) and (ii). If 2 or 2 occur in w,
then by (ii), €, &, f1 and f2 are undefined on w, because w has a 1-inversion and
a 2-inversion. If 1 or 1 occur in w and neither 2 nor 2 occur, then ¢, and f, are
undefined on w, as &,(w) = ¢(w) =0, and é; and fl are undefined on w, because

w has a 1-inversion, by (i). Finally note that the empty word is isolated. O

Recall that any edges starting or ending on an isolated word in [q: are loops.
Therefore, given two isolated words u,v € C5, we have that u < v if and only if

wt(u) = wt(v), & (u) = & (v) and &(u) = & (v).

Corollary 9.13. The central elements of ~ (€,) other than the identity € are of the
form llell or 1k 2k2§l2Tll,f0r some kq, ko, 11,1, > 0.
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Proof. Let w € C; be a commutative element in hypo(6,). By Theorem 8.26, w
is an isolated word in %’;" By Theorem 9.12, if 2 or 2 occur in w, then & (w) =
&(w) = +oo0. By taking ky = [w|; +1, ky = |lwl, + 1, [y =[wlf+1,and I, = |w|z + 1, we
get that
wt(1F12522T) = (k) = 1}, ky = 1) = wt(w),

where & (1% 2k2§llel) =¢y(1k 2k2§llel) = +00. And therefore, w < (1K k3 Th ).

If 1 or 1 occur in w and neither 2 nor 2, then & (w) = @ (w) = +oo0 and & (w) =
¢,(w) = 0. By taking k; =|w|; + 1 and [; = |[w|; + 1, we have that

wt(1RT) = (ky = 1, 0) = wt(w),

where & (19T") = @ (15T") = 400 and &(15T") = ¢,(151T") = 0. And thus,
w~ 1k1Tll. O]

9.1.4 A presentation

In this section we first check some relations on hypo(6,). This will lead to the
conclusion that hypo(6,) has no finite presentation. Then, we enumerate the con-
nected components of hypo(6,), which gives representatives for each hypoplactic

congruence class.

Lemma 9.14. Let u € {1,2}" and v € C}. If u ~ v, then v € {1,2}", and therefore,

luly = |y and |ul, = [v],.
Proof. We show that |[v|y = [v|; = 0 which implies v € {1, 2}". Since 2 does not occur

in u, we have that u is 2-inversion-free, and by Definition 9.2, &,(u) = |ul3 = 0.

Since u ~ v, we have by Proposition 9.5 that v is also 2-inversion-free, and so,

[Vl = &(v) = £(u) = 0

and

[vl2 = @2(v) = @o(u) = lul,.
The second formula implies that f'ul2 o "2|v|2( ). Note that the words fl ul2
and f| vy ) are respectively obtained from u and v by replacing each 2 by 2. In

particular f| |2( ) € {1,2}%, and so, "2|M|2( ) is 1-inversion-free and & ( ;'ulz(u)) =0.

Since flu|2 ~f|v|2( , we have that f| vy ) is 1-inversion-free and

e @), + A2 (0)f = & (77 () = & (2 () = .

As MZ( v) € {1,2,1}", we get that |f|v|2( )l = 0, and thus, |f|v|2 (v)lf = 0. And as
lvly = |f|v|2 v)|3, we obtain that [v|7 = 0. Finally, since u ~ v where u,v € {1, 2}*, we

have that wt(u) = wt(v) which implies |u|; = |v|;. O
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Lemma 9.15. Let u,v € {1,2}* and m € Zs,. Then, 2™1u # 2" v,

Proof. Suppose there exist u,v € {1,2}* and m € Zs such that 2"1u <~ 2"y So,
wt(2"1u) = wt(2"*1v) which implies that [v|; = |u|; + 1 and |u|, = [v|, + 1. In
particular, 2 occurs in u. Since 2 does not occur in u and v, then 2™1u and
2M+1y are 2-inversion-free, and so, @,(2™1u) = [2™1ul, = |u|, + m and @,(2™+1v) =

|2 1v|, = |v], + m + 1, where
2|u|2+m(2m ) 2 1f|u|2

and

) =2 Y ) = 2 R ),
Note that f| |2( u) and f"MZ( ) are respectively obtained from u and v by replac-
ing each 2 by 2. As flu|2 '2|v|2(v) , 2 1f|u|2 ) and 2" |vb(v) are 1-

inversion-free, and so,
fm+1 2 1f|“|2 _1 2f|u|2

and
m+1 vl —m+1 2|,

AT A w) =1 L (w).

Since |f|u|2 u)lz = ul, = |v|, +1, 2 occurs in f| ulz(yy ), which implies that 1 2f|u|2 (u)

has a 2-inversion. And since 2 does not occur in f| vl (v), we have that 2" |vlz(v)
is 2-inversion-free. By Proposition 9.5, this is a contradiction, because
. —m+1 =
1 2f|u|2 (1) = fm+1 |u|2+m(2m1u) - f1m+1 2|M|2+m(2rrz+1v) _m 2|V|2(v)
as 2M1u ~ 2Mtly, O

Lemma 9.16. Let u,v €{1,2}" and m € Z>y. Then, u21™ # 1M+l

Proof. Suppose there exist u,v € {1,2}* and m € Zs, such that u21™ <~ v1™*1, So,
wt(u21™) = wt(v1™*!) which implies that |u|; = [v|; + 1 and |v|, = |u|, + 1. Since

1m+1

2 does not occur in u and v, then 21" and v are 2-inversion-free, and so,

@2 (u21™) = |u21™|, = |ul, + 1 and @,(v1™*!) = [v1™*+|, = |v|,, where
"2|u|2+1( 21 ) IMIZ( )211’!’!

and
"2|u|2+1m( 1m+1):f'2|1/|2(v1m+1 f|V|2( 1m+1

Note that f|u|2( ) and fl |2( ) are respectively obtained from u and v by replac-
ing each 2 by 2. As flul2 2|v|2( ) € {1,2), Iu|2( )21™ and f|v|2 )1"+1 are 1-

inversion-free, and so,
f1|u|( "2|“|2(u)§1m) — ]'cl|u|f|u|2 21m

138



9.1. THE CASEn=2

and

fl|u|( "2|7/|2( )1m+1) 1|?/|( "2|V|2 1m+l fl|v|f|v|2 1m+1
because [u] = [ul; +[ul, = [v]; + 1 +[v], = 1 = [v|. Note that £*/A1*2(u) and " A2 (v)
are respectively obtained from u and v by replacing each 1 by 2 and each 2 by
1. Since |f1|u|f|”|2 = |u|; =|v|; +1, 2 occurs in fllulflu|2 , which implies that
"1|u|f|u|2 )21 has a 2 inversion. And since 2 does not occur in f1|v|f| "2 (1), we have
that f1|v|f|v|2 )1+l is 2-inversion-free. By Proposition 9.5, this is a contradiction,

because
f1|u|( 2|14|2(u)§1m — f'1|u|f|u|2+l ) f|u|f|u|2+l 1m+1) — f1|V|f|V|2( 1m+1
as 2™y < 2mtly, m

Lemma 9.17. Let mq,my, 1y, 1y, p1,P2 € Zsog with ny,ny > 1. Then, 1™ 2" 1P1 <

1"22"21P2 implies that m; = m,, ny = ny and py = p;.

Proof. Suppose that 1™12"1P1 < 1"22"21P2, Then, wt(1"12"11P1) = wt(1™22"21P2),
which implies that n; = n, and m + p; = m, + p,. Suppose m; # m,. Without loss

of generality, assume m; < m,. We have that

Tt g m gy = e gyt ey = g el promatm 41

and

f'1m2+n171f'2n1(1m22n21p2) _ f'lm2+n271f'n2(1m22n21p2)

= franel(mag ey = a2,
where @,(2MT" 2ma-mi=11p1=matmi+l) — o 1 and (21" 21P2) = +co. This

is a contradiction, because

o T gy =y =11 py=my+mi+1 _ 1m2+”1 . ”1(17”12”11!71)

1m2+”1 1f2”1(1m22n11P2) omy 72715 ps
as 1™ 2M1P1 L 1M 1P, O

The hypoplactic congruence on C, is not as trivial as the lemmas above could
suggest. In the following result, we present distinct words which represent the

same element in hypo(6,).

Lemma 9.18. Let my,my, ny,1,,p1,P2,91,92 € Zso with my,my,q1,9, > 1. Then,
1mM2mqP2a < 1"M22M21P2292 jf and only if my + py = my + py and ny +q; = ny +qo.
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Proof. If 1™ 2m1P1291 = 1M22121P2292 then wt(1™12M 1P121) = wt(1M22"21P2242),
which implies that m + p; = m, + p, and ny +qy = 1y + q5.

We now show that 1212 © 11+12k+1 £4r any k,l € Z(. Each connected compo-
nent 1"%5(12"112) and 11—62(11*12"“) is a path with 2k + 21 +5 vertices. So, we can de-
fine a bijection ¢ : C§(12k112) — C;(l”le*l) that maps each word w € C;(lellZ)
to the word p(w) € C3(1'+12K*1) such that the position of w in I‘%;(12k112) is the
same as P(w) in I‘C@;(ll+12k+1).

The paths F%;(12k112) and ch;(ll“Zk*l) start in 12%1/2 and 17121 respec-
tively, then followed by k+1 edges labelled by 2, followed by k+1+2 edges labelled
by 1, and finally, I + 1 edges labelled by 2. Also, in both paths there are loops
labelled by 1 from position 1 to k + 1 and from position 2k +1+ 5 to 2k + 21 +5,
and there are loops labelled by 2 from position k + 3 to 2k + 1 + 3. Hence, u LN

is an edge in R@;(IZI‘llZ) if and only if ¥(u) i ¥(v) is an edge of 116;(1”12]‘*1).

And since 1(12%172) = 1#12k+1 'where
wt(125172) = (1 + 1,k + 1) = wt(177125+1),

we have that i preserves weights. Therefore, ¢ is a quasi-crystal isomorphism,
which implies that 125172 < 1/+12k+1,

Finally, as ~ is a monoid congruence, we get that 1"12"11P1291 < 1"™1*P12M+0
and 1™22"21P2292 < 1™2*P22"2%92_ Since my + py = My + pp and ny + g1 = 1y + g, we
obtain that 112" 1P1241 < 1"22M2]P22492, []

With the relations proven above, we can show that hypo(6,) does not admit a

finite presentation.

Theorem 9.19. The hypoplactic congruence ~ on C} is not finitely generated. There-
fore, hypo(B,) has no finite presentation.

Proof. Let R be a finite subset of <, and denote by ~; the congruence on C;
generated by R. Thus, ~g € <. Let m € Z5, be maximal among the lengths of
words on either side of some pair in R.

First we show that for any subword u of 12112 with length at most m and
v e C,if u~v, then u =v. So, let u ~ v where v € C; and u is a subword of
121™*12 with length at most m, that is, 121"2 = w, uw, for some wy,w, € C : 2*
and |u| <m. By Lemma 9.14, v € {1, 2}". By definition, u lies in one of the following

cases.

* Case 1: u = 17 where p € Z. Since u ~ v, we have that wt(u) = wt(v) where

u,v €{1,2}*, and so, |v|; =|u|; =p and |v|, = |u|, = 0. Hence, v = 17 = u.
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» Case 2: u = 21P where p € Zs(. As in the previous case, we have that [v|; = p
and |v[, = 1. So, v = 1"121"2 for some ny,n, € Zs( such that n; + n, = p. By
Lemma 9.15, we have that 1"121"2 < 21P implies n; = 0. Hence, v = 217 = u.

» Case 3: u = 1P121P2 where py,p; € Zso with p; > 1. As in the previous case,
we have that v = 121" where ny + n, = p; + p,. By Lemma 9.14, 11212 <
1P121P2 and p; > 1 imply n; > 1. And by Lemma 9.17, 1"121"2 < 1P121P2 and
ny,p1 > 1 imply ny = p; and n, = p,. Hence, v = 1712172 = y.

Since ~g C <, we have that for any subwords u of 121"+!2 with length at most
mand v € C}, if u ~g v, then u = v. As R generates ~; and every pair (u,v) € R
satisfies |ul,|v| < m, then 121"*12 ~p w if and only if w = 121™*12, On the other
hand, 1217*+12 < 1"+222 by Lemma 9.18. Hence, ~g # ~. And therefore, ~ is not

finitely generated. O

Although, hypo(6,) does not have a finite presentation, we are able to describe
connected components of I, and thus, find representatives for the hypoplactic

congruence classes.

Lemma 9.20. Let u,v,w € {1,2,1}*. Then, 2ulviw2 ~ 1’““2’”2?“, for some

m,n,p € Zsy where either m =0 or p = 0.

Proof. If |uly + [vly +[wl = |uly +[vly +wl, set m = uly + vl +wl —|uly = vy - [wly
and p = 0. Otherwise, set m = 0 and p = |uly + [v|7 + |wlf — [ul; —|v|; — |w];. Also, set

n = |ul, + |v|, + |w|,. Since
luly + [l +wh = luly =l - lwly =m-p

and 2 does not occur in 2ulv1w?2, we have that

wt(2uTvlw2) = (m—p, n+2) = wt(1" 120277+,

Note that &;(w’) = +o0, for any w’ € C§(2uTvlw2), as f.zk(2uTv1w2), with
1 <k <n+ 2, has a decomposition of the form 2u’1v’, for some u’,v’ € C5. Since
f'zk(lm+12”+2Tp+l) = 1m+1§k2”+2_kTp+l, for any 1 < k < n+ 2, then &(w”) = +o0,
for all w” € C§(1m+12”+2TP+1). Also, é’%(ZuTvlw2) =0 = &(1™12"2p 1+ 1) and
$2(2uTv1w2) = n+ 2 = ¢,(1™122177). Thus, we have a quasi-crystal isomor-
phism €5 (2ulviw2) — C@;(l’”“Z””TpH), given by

Fr2uTv1w2) s 112 g2k TP

fork=0,...,n+ 2. And therefore, 2ulviw2 < 1m+12”+2Tp+1. O
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Theorem 9.21. Any connected component of 6, is quasi-crystal isomorphic to one

and only one of the following
(i) G(1™), m > 0;

(i) G5(2™ 12 12ms M ) my, ms, my > 0;

WI3+1

(i) C@;(lml“f"ﬁ ), My, my, mz > 0 with either my = 0 or mz = 0;

: 5 —ms+1=my+1 L
(iv) @51+ 12mr 1™ ™ i my, my,my > 0 with either my = 0 or my = 0,

and either m, = 0 or m3 = 0.

Therefore, the elements in these connected components form a minimal set of represen-

tatives for the hypoplactic congruence <~ on 65.

Proof. By Proposition 9.7, any connected component of 6; has at least a highest-
weight element. Let w be a highest-weight element of €;. If 2, 2 and 1 do not
occur in w, then w = 1", for some m > 0, and so, CGz(w) coincides with C6;(1”1)
Thus, assume that 2, 2 or 1 occur in w.

If 2 occurs in w, then w has a 2-inversion, because ¢, is defined on 2 and
w is of highest weight. This implies that 2 occurs in w, and as é; is defined
on 2, w has a 1-inversion. Hence, ¢;(w) = é(w) = 400, and so, w is an isolated
word. If [w|; > |wly, set my = |w|; —|w|; and my = 0, otherwise, set m; = 0 and
my = |wly—|wl;. If lw], > |wlz, set m, = |w|, —|w|z and m3 = 0, otherwise, set m, =0
and m3 = |wl5 - [w|,. Thus, w < P+l ML AL g therefore, in the
following we assume that 2 does not occur in w.

If 1 does not occur in w, then 2 occurs in w, and so, w must have a 1-inversion.

Thus,
w = 2k htlgkiqla  okuyqlnpkntllns ,

for some ky,...,k,,1;,...,1,;1 = 0. Set my =kg, my =l +---+1,, mg=ki +---+k,,
and my =1,,;. By Lemma 9.18, we have that w ~ 2" [matlpmstlymy that s, C@;(w)
is quasi-crystal isomorphic to 6;(2™11"212M311m4) Therefore, in the following
we assume that 1 occurs in w.

Note that w has a decomposition of the form w; 1w, 1w3 or w; 1w, 2ws3, for some
wi, Wy, w3 € {1, 2,T}*, because w is of highest weight. If w has a decomposition of
the form w; 1w, 1ws, for some wy, w,, w5 € {1,2,1}*, then w < 1%h 2|w|2T|wlT, because
11 is an isolated element (Theorem 8.25). If [w|; > |wlf, set m = |w|; — [w|y and m3,
otherwise, set m; = 0 and m3 = |[w|]; — |w|;. We have that 1|“’|1T|w|T < Mt
Set m, = |w|,. Thus, w < 1™+12mT™* that is, 65(w) is quasi-crystal isomorphic
to C@;(lmlﬂzmz_msﬂ).
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If w has a decomposition of the form w;2w,lw;lws2ws, for some words
ot ws, by Lemma 9.20. As
in the previous case, there exists my,m,, m3 > 0 with either m; = 0 or m3z = 0
such that w; Pkt gkt 2 TH e gmitlpm T4 Hence, 65(w) is quasi-crystal
isomorphic to G, (1m1+12m21m3+1)

Finally, if w does not lie in one of the cases above, then w has a decomposition
of the form Tku for some u € {1 2} and k > 1. Since f;u|2(Tku) = ka'zlulz(u) is

u u . . . .
1-inversion-free, we have that e1 1 f| |2 f| |2 ), which is 2-inversion-free,

Wy, Wy, w3, Wy, ws € {1,2,1}, then w < w151+ 2k+27

and so,
|u|2+k (2 f|u|2 _ ok,

Hence, the connected component of w is the same as 2Ku. Since 2%u is a highest-
weight element where neither 1 nor 2 occur, we have that 2ky < 2mi1me+lpms+lymy
for some my,m,, ms,my >0, as in a previous case. And therefore, Céz(w) is quasi-
crystal isomorphic to @5(211™M2+12ms+11ma),

Note that every word lying on some connected component on (iv) has 1-
inversions and 2-inversions. Any word lying on some component on (iii) has 1-
inversions and is 2-inversion-free. The only element on {1, 2}* lying on a connected
component on (ii) is its representative. From this facts and the Lemmas 9.15
and 9.16, it follows that there are no quasi-crystal isomorphic connected compo-

nents among (i) to (iv). [

By computing the elements in each connected component of the previous

theorem, we obtain the following consequence.
Corollary 9.22. Let w € C;. Then, one of the following statements holds:
(i) w127 2m1mpme1m,
(ii) w1272 1M " pms s,
(iii) w1 2m21ms2 1
(iv) w1 pmaq"p M yms,
(v) w1 2mT P mams,
(vi) w1 12" 2gms 4 yms
(vii) w1 127?12 ™ ms,
(viii) w < 1™M2"22msT"
(ix) w = 1mM2m "™,
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fOT some my, my, mMs, My, Msg, Mg, My € ZZO"

9.1.5 Identities

In this section we show that the hypoplactic monoid hypo(6,) satisfies some
identities.

First, we check some properties of the identities of hypo(6,).

Theorem 9.23. Let X be a finite alphabet, and let u,v € X*. If hypo(6,) satisfies the
identity u = v, then the following conditions are satisfied.

(i) |uly = ||y, forall x € X.

(i1) Until the first occurrence of a letter x € X in u and v, each letter of X occurs
exactly the same number of times in u and v, that is, if u = uyxu,, where uy,u, €
X* and x does not occur in uy, then v = vxv,, for some v{,v, € C* such that
[vl, = luly, for all y € X.

(i11) After the last occurrence of a letter x € X in u and v, each letter of X occurs exactly
the same number of times in u and v, that is, if u = uyxu,, where uy,u, € X* and
x does not occur in uy, then v = v1xv,, for some vy, v, € C* such that vy, = |u,l,,
forall y € X.

Proof. Let x € X.

(i) If we consider the map from X to Cj that sends x to 1 and each other letter
of X to €, we obtain that 11"k < 1Pk So, wt(1!“lx) = wt(1x) which implies that
|l = [Vl

(ii) If x occurs in u, then it also occurs in v, because |u|, = |v|,. And if so, there
exist uy,uy,v1,v, € X* such that u = uyxu,, v = v1xv, and x does not occur in u;
and v;. Given y € X, consider the monoid homomorphism # : X* — CJ induced
by (x) =1, P(y) = 2 and §(z) = ¢, for each z € X \ {x,y}. Then,

2 19p(uy) = P(u) < P(v) = 2" 1(v,),

which implies that |u;|, = [v1[,, by Lemma 9.15.

(iii) If u = uyxu,, for some u;,u, € X* where x does not occur in u,, then there
exist vy,v, € X* such that v = v;xv, and x does not occur in v,. Given y € X,
consider the monoid homomorphism 3 : X* — CJ induced by ¢(x) = 2, p(y) =1
and ¢(z) =€, for each z € X \ {x,p}. Then,

l,b(ul)21|”2|y = ¢(M) ~ 11[)(7}) - w(vl)21|v2|y;

which implies that |u|, = [v;],, by Lemma 9.16. O
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In a first approch to show that hypo(6,) satisfies the identity xyxyxy = xypyxxy,
we check in the following example that it holds when x and y are mapped to letters

in Cz.

Example 9.24. By Lemma 9.18, 65(121212) and 6,(122112) are quasi-crystal

isomorphic. This implies that

121212 122112, 121212 £ 122112,
212121 <~ 211221, 212121 ~211221.

Since 65(212121) and 65(211221) are quasi-crystal isomorphic, we have that

212121 ~ 211221, 212121 ~ 211221,
121212 122112, 121212 < 122112.

As 11 is an isolated element, we have that 111111 < 137° £ 111117 and
111111 ~ 13T3 2111111, Similarly, as 222 is an isolated element, we have that
222222 < 222222 and 222222 < 222222.

Theorem 9.25. The hypoplactic monoid hypo(6,) satisfies the identity xyxyxy =
XYYXXY.

Proof. Let u,v € C. If & (uvuvuv) € Z, for some i € {1,2}, then &(uvuvuv) =
351'(1/1) + 351'(7)), and

LEi(uvuvuv)
é; (

u)é.

L&
uvuvuv) = € ;

"uv'u’v’. Thus, we may assume that &;(uvuvuv) €

which is also of the form u’v
{0,400}, fori=1,2.

If 2 occurs in uv, then 2 also occurs in uv, because & (uvuvuv) € {0,+o0}.
So, both uvuvuv and uvvuuv have a decomposition of the form w12w2§w32w4,

wy, Wy, w3, w4 € C5. Hence,

13l +3[w +1 53fuly+3[v] 53N+ 3 Slulr+3Mvl+1

UVUVUD ~ ~ UVVUUD.

And so, assume that 2 does not occur in uv.
If 1 occurs in uv, then 1 occurs in uv, because &, (uvuvuv) € {0,400} and 2 does
not occur in uv. So, both uvuvuv and uvvuuv have a decomposition of the form

wy 1w,y 1ws, wy, wy, ws € {1,2,1}*, which implies that

13luli+3Mls 23|M|2+3|V|2T3|u|7+3|V|T X UVVUUD.

UVUVUD ~
And thus, assume that 1 does not occur in uv.
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If 2 occurs in uv, then 1 occurs in uv, because &; (uvuvuv) € {0,+o00} and 2 does
not occur in uv. So, uv = wylw, and uv = w32wy, for some wy, w,, w3, wy € {1, 2}".
And since u,v € {1,2}", by Lemma 9.18, then

wvuvuY = wy lw,uvws 2wy < wy 1W2wvwsh+lylwouvwsh+ly,

~wilwyvuws 2wy = uvvuuv.

Finally, if also 2 does not occur in uv, then u = 1% and v = 1/, for some k,1 > 0,

which implies that uvuvuv = uvvuuv. ]

9.2 Thecasen>3

In this section we study the hypoplactic monoid hypo(6,,) for n > 3. We generalize
some results obtained in Section 9.1 for hypo(6,). On the other hand, we present
results that do not hold for hypo(€,)) when n > 3. In particular, we prove that
hypo(6,,) does not satisfy any identity. Finally, we show that the hypoplactic
monoid hypo(€,) contains a copy of the classical hypoplactic monoid hypo,,_; of

rank n—1.

9.2.1 The definition of hypo(€,)

In this section we describe how to obtain the hypoplactic monoid hypo(%,,). This
construction follows from the theory introduced in Chapters 7 and 8 applied to
the standard quasi-crystal of type C,,.

From Example 4.4(ii), we have that the standard quasi-crystal 6, of Cartan

type C,, consists of an ordered set
C,={1<2<--<n<n<---<2<1},

and a quasi-crystal structure given as follows. The weight map wt: C, — Z" is
defined by

wt(x) = ey, wt(X) = —ey.

forxe{l,...,n}. For x e C,, and i € {1,...,n}, the quasi-Kashiwara operators é’l-,fl- :
C, - C, LU {L} are defined on x only in the following cases

i ifx=i+1

éi(x)=3i+1 ifx=iz7

n ifx=mnandi=mn,
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and
i+1 ifx=i%n
filx)=4i ifx=i+
n ifx=nandi=n.
Also,
Ei(X) = Oy i1 + 0,7 @i(x) = 0y + 0, 717

Notice that given x,y € C, and i <n -1, if ¢;(x),&;(y) >0, thenx e {i,i + 1} and
veli+1,i. If ¢,(x),é,(v) >0, then x = n and y = 71. This leads to the notion of

inversion on words over C,,.

Definition 9.26. Let i € {1,...,n}. A word w € C;, is said to have an i-inversion if
w admits a decomposition of the form w = wyxw,yws, for some w;, wy, w3 € Cj,
x€li,i+1}and yeli+ 1,i}.

A word w € C;, is said to be i-inversion-free if w does not have an i-inversion.

By Definition 8.1 and Proposition 8.3, we obtain the following description of

the free quasi-crystal monoid over G,,.

Definition 9.27. The free quasi-crystal monoid 6;, over 6, consists of the set C;,
of all words over C,, the concatenation of words, and a quasi-crystal structure

given as follows. For w € C;,, the weight of w is
wi(w) = (Jwly = [wlp, [wl - [wl, ..., [wly, = [wl7)-
For i €{l,...,n}. If w has an i-inversion, then
€i(w) = ¢i(w) = +oo,
otherwise,

E(w) = [wljyy + [wl, ¢i(w) = lwl; + lwl—.

The raising quasi-Kashiwara operator ¢; is defined on w if &;(w) € Z-, and if
50, &;(w) = w; &;(x)w,, where wy,w, € C; and x € {i + 1,1} are such that w = w; xw,
and |w,|;iy1 = [wyf; = 0.

The lowering quasi-Kashiwara operator f; is defined on w if ¢;(w) € Z, and if
50, fi(w) = wy fi(x)w,, where wy,w, € C? and x € {i,i + 1} are such that w = w;xw,
0.

and |w|; = |w1|iT1 =
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From the signature rule (Algorithm 8.6), the quasi-Kashiwara operators ¢; and
fi can be computed on an i-inversion-free word w € C;; as follows. If i + 1 or i
occur in w, let x be the right-most i + 1 or i occurring in w, then é;(w) is obtained
from w by replacing the right-most x by &;(x). If i or i + 1 occur in w, let y be the
left-most i or i + 1 occurring in w, then f;(w) is obtained from w by replacing the
left-most v by £;(v).

As we did for the study of the hypoplactic monoid hypo(6,), we will fre-
quently resort to the quasi-crystal graph I of 6, (Definition 7.19) to describe
on the hypoplactic monoid hypo(®6,,). For the hypoplactic congruence < on 8;,
(Definition 8.21), we have that two words u,v € C;, are hypoplactic congruent
u ~ v if and only if there exists a graph isomorphism 1 between the connected
components I (1) and Ig: (v) of Ig: such that (u) = v (Theorem 7.29). Note that
by graph isomorphism we require 1 to preserve weights.

The hypoplactic monoid hypo(6,) is the quotient monoid of C;, by the hy-
poplactic congruence ~ (see Definition 8.24).

In the following result we can see that the hypoplactic congruence ~ respects

inversions.

Proposition 9.28. Let u,v € C;, with u ~ v, and let i € {1,...,n}. Then, u has an

i-inversion if and only if v has an i-inversion.

Proof. If u has an i-inversion, then &;(u) = +co. Since u ~ v, then &;(v) = &(u) =
+00, which implies that v has an i-inversion.

The converse follows from the fact that u ~ v implies v ~ u. ]

This result is analogous to one obtained for the classical hypoplactic monoid
in Lemma 8.28, where either all words in a congruence class of the hypoplactic
congruence have an i-inversion, or all of them are i-inversion-free (i € {1,---,n}).

Also, the quasi-crystal graph Ig: can be obtained from the crystal graph I
of the free crystal monoid €, as we constructed the quasi-crystal graph T;: from
the crystal graph I (see Sections 6.4 and 8.5) By Propositions 5.2 and8.3, when
the quasi-crystal structure maps of 6; are defined on a word w, then the crystal
structure maps of 6; are also defined on w, and both structures coincide. There-
fore, for each i € {1,...,n}, if we remove the i-labelled edges starting or ending
on words with i-inversions from 1?6;, and then add i-labelled loops to each word
with an i-inversion, the resulting graph is Ii;.

Note that a word w in C;, may have unbarred numbers and barred numbers.

For the sake of simplicity, we introduce the following notation.
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Definition 9.29. Set € = ¢, and for each x € {1,2,...,n}, X = x. Given a word

W =X1X3...X,, With x1,x,,...,x,, € C,,, set W = X,,X;;_1 ... X1
This notation also preserves inversions on words.

Proposition 9.30. Let we C;, and i € {1,2,...,n}. Then, w has an i-inversion if and

only if w has an i-inversion.

Proof. If w has an i-inversion, then w = wixw,yw3, where wy,wy, w3 € C;,, x €
{i,i+1}and y € {i + 1,i}. Thus, w = wzpw,xw;, where X € {i,i + 1} and 7 € {i + 1,1},
and so, x has an i-inversion.

Conversely, if w has an i-inversion, as w = w, we deduce that w has an i-

inversion, by the proof of the direct implication. ]

In quasi-crystal monoid 6;, we have the following relation between a word
w € C;; and its barred version w.

Proposition 9.31. Let w € C;,. Then, wt(w) = —wt(w), and fori € {1,2,. } &(w) =
Qi(w ) and ¢;(w) = &;(w). Furthermore, if é;(w) is defined, then &;(w ﬁ ), and if
fi(w) is defined, then f;(w) = &(w).

Proof. If w=¢, then w = w, wt(w) =0, and &;(w) = ¢;(w) =0, forall i € {1,2,...,n},
and so, the result follows.
For letters the result is also immediate from the quasi-crystal structure of 6,,.

Let w = x7...x,,, for some x4,...,x,, € C,, where
wt(w) = wt(x,,) +--- + wt(X7) = —wt(x,,) — - —wt(x;) = —wt(w),

and for i € {1, 2,...,n}, from Definition 9.26 it follows that w has an i-inversion if
and only if w has an i-inversion, and if so, ¢;(w) = &;(w) = +o0. So, assume w and

w are i-inversion-free. Then,

Pi(w) = [wl; + Wl = [wl + [wliyg = &(w).
If é;(w) is defined, then &;(w) € Z-( and é;(w) = wé;(x)w,, for wy,w, € C;, and
x € {i+1,i} are such that w = wyxw, and |w,|;,1 = lw, |7 = 0. Thus, ¢;(w) € Z(, and

since w = wyxwy, where X € {i,i + 1} and |[w;|; = [w;|:=5 = 0, we have that

i+1

f wal X)wy wzmwl

= wléi(x)WZ = ¢;(w).

This implies f;(w) = &;(w).
Analogously, we deduce that &;(w) = ¢;(w), and if fi(w) is defined, then é;(w) =
fi(w). O
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. . i .
From the previous result, given u,v € C;, we have an edge u — v in the

quasi-crystal graph I if and only if we have an edge v LN

9.2.2 Highest-weight words

Note that the arguments in the proof of Proposition 9.7 can be used to show that
each connected component of 6; have at least one highest-weight word and at
least one lowest-weight word (Definition 7.6). Thus, in this section we character-
ize the highest-weight words of 6;,.

Proposition 9.32. Let w € C;,. Then, w is of highest weight if and only if for each letter
z > 2 occurring in w, there exists a decomposition w = wy xw,oyws with wy, w,p, w3 € C;,
either x =Z or x = €;(z), and either y =z or y = ﬁ(E), where i €{1,2,...,n} is such that
zeli+1,i).

Proof. Let z > 2 be a letter occurring in w. Seti €{1,2,...,n} such that ze {i + 1,?}.
Since w is highest-weight, then é;(w) is not defined, and since &;(w) > [w];,; +w|; >
0, we obtain that &;(w) = +oc0. Hence, w = wyxw,yws, for some wy,w,, w3 € C;,
x € {i,i+1} and yefi+ 1,i}. If z =i+ 1, then &(z) = i and f;(Z) = i, and so,
x € {¢;(2),z} and v € |z, f;(Z)}. Otherwise, z = i, and we have that ¢;(z) = i + 1 and
fi(z) = i + 1, which implies that x € {¢;(z),z} and v € {z, fi(2)}.

Conversely, let i € {1,2,...,n}. Suppose that ¢;(w) is defined. Then, ¢é;(w) =
u1€;(z)u,, where w = uy zu,, for some uy,u, € C;, and z € C,,. Since ¢;(z) is defined,
we have that z > 2, and so, there exists i € {1,2,...,n} such that z € {i + 1,?}. By
hypothesis, we have a decomposition w = wyxw,yw; with wy,w,, w3 € C;,, x €
{¢i(z),Z} and v € {z, fi(z)}. As shown above, we have that x € {i,i +1} and p €
{i +1,i}, and thus, fi(x) and ¢;(y) are defined, which implies that &;(w) = +oo.
A contradiction, because we supposed that é;(w) was defined. Therefore, w is
highest-weight. O

Example 9.33. The following words are highest weight: 1, 12, 11, 221, xXx, Xxx

Note that the word 12...n7...21 has weight 0 and i-inversions for each i =

1,...,n. So, we obtain the following result.
Proposition 9.34. Any weight A € Z" is a highest weight in 6;,.

Proof. Let A =(Ay,Ay,...,A,) € Z". Foreachi € {1,2,...,n}, set

A if A >0
a; =
0 otherwise,
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and
-A; ifA; <0
a; =
0 otherwise.
g+l T\ g —a7+1 . ..
The word w = 14%120+1 | pantlgemtl (2 T)a+1 | T s such that &(w) = +oo,

forallie{l,2,...,n}and
wt(w)=(ay+1-ag-1,...,a,+1—az—-1)=(A1,...,A,) = A,
because a; —a; = A, foralli=1,2,...,n. ]

The word 12...n71(n - 1)...T is also lowest weight, that is, fl is undefined for
alli=1,2,...,n. So, this word is an isolated element of C@,’; From a combinatorial

point of view, it is an isolated vertex in the quasi-crystal graph It:.

9.2.3 Isolated words

To deduce some relations on the hypoplactic monoid hypo(6,,), we now look on
isolated elements (Definition 7.31), also called isolated words, of 6;. By Theo-
rems 8.25 and 8.26 we have that the central elements of the hypoplactic monoid
hypo(®,,) correspond to the isolated words of ;.. In this section we identify the
isolated words, and consequently, obtain some equalities in hypo(6,). We also
describe in Theorem 9.39 a bijection between the central elements of hypo(€6,,)
and a pair of vectors (A, 0). Furthermore, in the proof of this theorem we present
an algorithm to compute all central elements of hypo(6,,).

An isolated word w € C;, corresponds to an isolated vertex in the quasi-crystal
graph Ig:. In other words, w is of highest- and of lowest weight in the quasi-
crystal C@ﬁ, that is, ¢; and ﬁ are undefined on w, for all i € {1,...,n}. Thus, we get
the following description.

Proposition 9.35. Let w € C;. Then, w is an isolated word if and only if w has an

(i —1)-inversion and an i-inversion, for all i € {1,...,n} such that i or i occur in w.

Proof. Letie{l,2,...,n}. If i occurs in w, then ¢;(w) > 0, and if alsoi > 2, &_;(w) >
0. Since w is an isolated word, f; and ¢;_; are undefined on w, which implies that
@i(w) = +o0 and €;_1(w) = +oo. Therefore, w has an (i — 1)-inversion and an i-
inversion.

If i occurs in w, then & (w) > 0, and if also i > 2, @;_1(w) > 0. This implies that
&i(w) = +oo and @;_(w) = +o0, because w is an isolated word. And so, w has an

(i — 1)-inversion and an i-inversion.
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Conversely, let i € {1,2,...,n}. Ifi, i+1, i+1 or i occur in w, then w has
an i-inversion, and so, ¢; and fl are undefined on w. Otherwise, we have that
&(w) = [wljy1 +|wl = 0 and @;(w) = [w|; +|w|-7 = 0, and so, &; and f; are undefined
on w. This implies that ¢; and f, are undefined on w, for all i € {1,...,n}. Hence, w

is an isolated word. O
Example 9.36. The following are isolated words: 11,122, 221, 333, 333.

Proposition 9.37. Let w € C;,. Then, w is an isolated word if and only if w is an

isolated word.

Proof. Givenie{l,2,...,n}, we have that i or i occur in w if and only if i or 1 occur

in w. Therefore, this result follows from Proposition 9.35. O

For each word w € C;, define a vector inv(w) = (01,05,...,9,) € {0,1}" where
0; = 1 if and only if w has an i-inversion. In other words,
5 0 ifé(w)eZ
" if E(w) = 4o
Lemma 9.38. Let u,v € C;, be isolated words. Then, u ~ v if and only if wt(u) = wt(v)

and inv(u) = inv(v).

Proof. By Definition 8.21, u ~ v if there exists a quasi-crystal isomorphism 1 :
G, (1) — 6, (v) such that ¥(u) = v. Since u and v are isolated words, we have
that C;(u) = {u} and C;(v) = {v}. Thus, there exists a quasi-crystal isomorphism
between 6;(u) and 6, (v) if and only if wt(u) = wt(v), &(u) = &(v) and @;(u) =
¢Q;(v), foralli e {1,2,...,n}. Let 81,9,,...,0, € {0,1} such that inv(u) = (01, 0,,...,0,).
Since u is an isolated word, for each i € {1,2,...,n}, either & (u) = ¢;(u) = 0 and
0; =0, 0r &(u) = ¢gj(u) = +oo and 9; = 1. Similarly, &;(v) = ¢;(v) € {0, +c0}, where
the value of &;(v) is determined by inv(v), i € {1,2,...,n}. Therefore, u ~ v if and

only if wt(u) = wt(v) and inv(u) = inv(v). [

By Theorems 8.25 and 8.26, we have that central elements of hypo(®6,,) corre-

spond to isolated words in ;.. Thus, we obtain the following result.

Theorem 9.39. The map that sends each isolated word w € C;, to (wt(w),inv(w)) is
a bijection between the set of central elements of hypo(€,,) and the set of pairs (A,0)
with A = (A, Ay,..., A,) € Z" and 6 = (81,09,...,0,) €10, 1}" verifying

(1) if A; #0, withi €{1,2,...,n}, then 6,_; = 0; = 1; and
(i1) if 6; =1, withi € {2,3,...,n}, then 6;_1 =1 or 9;;; = 1.
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Proof. Let w € C;, be an isolated word of 6;. Consider A, A,,..., A, € Z and
01,09,...,0, € {0,1} such that wt(w) = (A1, A5,..., A,,) and inv(w) = (61,09,...,0,).
If A; #0, for some i € {1,2,...,n}, then i or i occur in w implying that w has an
(i —1)-inversion and an i-inversion, by Proposition 9.35, and so, 9;_1 = 0; = 1.

If o; =1, for some i € {2,3,...,n}, then w has an i-inversion, and by Proposi-
tion 9.35, w has an (i — 1)-inversion or an (i + 1)-inversion, which implies that
0j_1 =1 or 0;.; = 1. Note that if i = n, then 5,,_1 = 1, as n+ 1 lies outside of the
range {1,2,...,n}.

Therefore, by Lemma 9.38, the map that sends each isolated word u € C;, to
(wt(u),inv(u)) is well-defined on hypo(6,,), because if u ~ v, where u and v are
isolated words, then wt(u) = wt(v) and inv(u) = inv(v). Also, by Lemma 9.38, we
have that ¢ is injective.

Let A = (A, Ap,...,A,) € Z" and 6 = (81,0,,...,0,) € {0,1}" satisfying condi-
tions (i) and (ii). The following algorithm returns a word w such that wt(w) = A

and inv(w) = 9.

(1) Setw:=¢€,1:=0, 99 :=0and 9,1 =0.

(2) If 6, =1and 6, =0, set w:=wll and i := 1;

(3) While there exists j < such that j >i and 6; =1, do:

=1

(a) Setj;and jp suchthati<j; <j,<m, 6jyy =---=0;_1=0,0;, =---=9;,

and 0j,,1 = 0;

(b) Set w:=w(j; +1)(j1 + 1)(j1 +2) -+ jojo(ja— 1)+ (j1 + 1)(j1 + 1) and i := jy;
(4) Fork=1,2,...,n,do:

(a) If Ak > O, set w = wk/\k;

(b) If A, <0, set w := w%_/\k;
(5) Return w.

Thus, w is an isolated vertex with wt(w) = A and inv(w) = 9. O

9.2.4 Knuth relations on hypo(6,,)

In this section we study whether the hypoplactic monoid satisfies Knuth relations
RpPlac(Rn) — lelacm”) U Rglac(ﬁ”) (Definition 3.6). In fact, we show that RPIac(Ax)

induces identities which are not verified for almost any elements of hypo(6,,).

Lemma 9.40. Let u,v € C;,. Then, u ~ v if and only if u ~ v.
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Proof. First, we show that for any w € C;;, the map from C;,(w) to C;,(w), defined by
w’ > w’, for each w’ € C},(w), is a bijection. Given g € {¢;, f; | i =1,2,...,n}, set g =
ﬁ, ifg=¢,org=¢;,if g= fl, i€f{l,2,...,n}. For any w € C;, By Proposition 9.31,
we have that g(w) is defined if and only if g(w) is defined. And if so, g(w) = M
Applying this recursively, for g,...,¢, € {¢;,f; | i = 1,2,...,n}, we obtain that
g1+ gm(w) is defined if and only if gy ---g,,,(w) is defined. And if so,

81 8m(W) = g1+ gm(w).

Thus,

Cy(@) = (W’ | w’ € Chu)).
Also, as W = w’, for any w’ € C;,, we get that the map from C;(w) to C;,(w), defined
by w’ + w’, for each w’ € C;(w), is a bijection.

Assume that u < v. Let ¥ : 6, (1) — 6;(v) be a quasi-crystal isomorphism
such that ¥(u) = v. Define ¢’ : C;,(u) — C;,(v) by ' (w) = W, for each w €
C;,(u). Since ¢’ can be obtained as the composition of bijections C;,(u) — C;,(u) —
C(v) = C;(v), where w —» w — p(w) — W = ¢’(w), for each w € C;,(u), we
have that 1’ is bijective. Let w € C},(u). As ¢ is a quasi-crystal isomorphism and

by Proposition 9.31, we get that

Wt (w)) = wt(P(@) = ~wt(P(@)) = ~wt(@) = wi(w),

and forie€{l,2,...,n},

and
¢i(Y'(w)) = ¢i(P(W)) = &(Y(w)) = & (W) = Pi(w).
Also, f;(w) is defined if and only if f;(1)'(w)), because @;(¢’'(w)) = @;(w). And if so,

Y(fiw)) = P(fi(w)) = Y(&W)) = &(YW)) = fi(pW)) = f;(p'(w)).

Analogously, ¢’(¢;(w)) = é;(’(w)), whenever é;(w) is defined. Therefore, 1’ is a

quasi-crystal isomorphism between 6; () and 6;,(v), where

(u)=".

Y'(@) = () =

<

Hence, u <~ v.
Conversely, if © ~ v, as u = 7 and v = 7, the result follows from the direct

implication proved above. O
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Note that 11 is an isolated word of €;.. Thus, by Theorem 8.25, we have that
11x <~ 1x1 ~ x11, for any x € C,,. However, this is a particular case which does not

hold in general, as shown in the following result.

Theorem 9.41. For any x,y € C,, with x #y and (x,v) = (1,1), we have that
(i) xyx # xxy;
(i1) xyy + yxy.

Proof. Let x,y € C, with x # y and (x,y) # (1,T). Set i,j € {1,2,...,n} such that
x € li,i}and y € {j, ]}.

(i) We consider the following cases.

* Case 1: x<j. So, x =1, as j < n. In the quasi-crystal graph, we have that

o T A no._. n-l i =g
iji —i(j+1)i ini iji

i+l . i . — . 1 . -.
—i(i+1)i — ((+ 1)+ 1)i — (i + 1)ii

and

N T j+1 no.._ n-1 i =g
iij —ii(j+1) iin i1]

i+l o i —

T D) = (4 )i D) —— i+ D+ D)+ 1),

Since ¢;_;((i + 1)ii) = +oo and @;_y((i + 1)(i + 1)(i + 1)) = 0, then (i + 1)ii #
(i+1)(i + 1)(i + 1), which implies that iji # iij and iji # iij. As either p = j
or y = j, we get that xpx % xxy.

e Case 2: X< j. Thus, x = i. In the quasi-crystal graph, we have that

-5 7 =, < j+1 n-1 - - n - n-1
iji —i(j+1)i ini ini
j — J-1 i+l - ——=
iji i(i+1)
and
. ] /. j+1 n-1 — n —— n-1
iij —i(j+1) in iin
J o= J-1 i+l =
i1] ii(i+1).

Since @;(i(i + 1)i) = +co and ¢;(ii(i + 1)) = 1, then i(i + 1)i # ii(i + 1), which
implies that iji # iij and iji # iij. As either v = j or y = j, we get that
XYx # xxy.
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* Case 3: x=9<n So,x=iand y = i. As (x,) # (1,1), we have that i > 2.
Since ¢;_;(iii) = +co and @;_; (iii) = 1, then xyx = iii # iii = xxv.

* Case 4: x =9 >n. Thus, y = j and x = j. Since q')'j(fjf) = 400 and (pj(ﬁj) =1,
then xyx = jjj # jjj = xxy.

* Case 5: p<i. So, y = j. In the quasi-crystal graph, we have that

G+1)j(i+1) 25 (j+2)j(+1) 25 (4 2)j( +2) 25

2 i—1)ji-1) S dji 1) S dji s
no_. n _._ n-1 i s, 1 T
njn njn ij(i+1) —iji

and

(+ 10+ 10 25 G420+ 1 25 G+ 20+ 2)] 25 -

S (=)= 1) (i = 1) i

n _ . n __. n-1 i T . i .
nnj nmj i(i+1)] —>iij.

Since ;((j+ 1)j(j +1)) = +oo and ;(j + 1)(j+1)j) = 1, then (j+ 1)j(j +1)
(j +1)(j +1)j, which implies that iji £ iij and iji # iij. As either x =i or
x =i, we get that xyx # xxy.

* Case 6: y <i. Thus, p = j. In the quasi-crystal graph, we have that

(j+1)jj 2, (G+1)j(+ 1) o (j+2)j(i+1) -,

- S - s i s

n ~ n  _~_ n-1 i
njn njn 1](z+1)—>1]1

and

j+1

GG+ D)GHD) = (j+ 1) +1)] 2 (j+2)(j + 1)] 2

22 (=)= 1] T il - 1] T i =

n _ < n __~ n-1 i T
nnj nmj (z+1)]—>11]

Since @j,1((j +1)jj) =1 and @j,1((j +1)(j +1)(j + 1)) = +oo, then (j +1)jj #
(j+1)(j+1)(j + 1), which implies that iji # iij and iji # iij. As either x = i

or x = i, we get that xpx % xxy.
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(ii) By Lemma 9.40, we have that xyy ~ yxyp if and only if ypx ~ yxy. Therefore,

the result follows from (i). O

Corollary 9.42. (i) For m,n > 2, there exists no injective monoid homomorphism
Y : hypo(d,,) = hypo(6,,) such that (x), P(y) € C,,, for some x,y € A, with x = y.
(i) For m > 3 and n > 2, no injective map from A,, to C, can be extended to a

monoid homomorphism from hypo(sd,,) to hypo(6,,).

Proof. (i) Suppose ¢ : hypo(d,,) — hypo(€,) is an injective monoid homomor-
phism such that (x), (y) € C,, for some x,y € A,, with x = y. Without loss of
generality assume x < p. If »(x) = 1 and () = 1, then

Y(xyxyxy) = 111111 = 1111 = P(xyxy),

a contradiction as 1 is injective. Otherwise, we have that (¢(x),(y)) = (1,1),
and since xyx = xxy in hypo(d,,), we get that P(x)(v)(x) = P(x)P(x)P(y) in
hypo(6,,), which is impossible by Theorem 9.41(i).

(ii) Suppose @ : hypo(s,;) — hypo(€,) is a monoid homomorphism where
its restriction [, is an injective map from A,, to C,. Take y € {2,3} such that
¥(y) = 1. Then, we have that ((1),9(y)) = (1,1). Since 1y1 = 11y in hypo(d,,),
we obtain that (1) (y)(1) = Y(1)(1)Y(y) in hypo(86,), which is impossible
by Theorem 9.41(i). ]

Theorem 9.43. For x,y,z € C,, with x # z, we have that

(1) yzx ~ yxzif and only if (y,x) = (l,T) or (y,z) =(1,1);
(i) xzy ~ zxy if and only if (x,y) = (1,1) or (z,v) = (1, 1);
Proof. Let x,y,z € C,. Without loss of generality, assume that x < z. Set i,j,k €
{1,...,n} such that x € {i,i}, v € {j, j} and z € {k, k}.
(i) Since 11 is an isolated element, then 11u < 1ul, for all u € C;. So, assume

that (y,x) = (1,1) and (y,z) # (1,1). We have the following cases.

e Case 1: y =xory =2z As (y,x) = (1,1) and (y,2) = (1,1), we have that
vzy # yyz and yyx + yxy, by Theorem 9.41(i).

e Case2:z<n,y#x,and j<iorj>k.So, x=iand z = k. In the quasi-crystal
graph, we have that
i i+1 k-2
yzx — pz(x+1) — -+ —> pz(z - 1)

and ‘ ‘
yxz%y(x+ 1)zi> iy(z—l)z.

157



CHAPTER 9. THE HYPOPLACTIC MONOID OF TYPE C,,

Since ¢y_1(yz(z—1)) =1 and ¢_1(y(z—1)z) = +o0, then yz(z—1) £ y(z - 1)z,
which implies that yzx £ yxz.

e Case 3: x<z<mn y=#x,and j<iorj>k. Thus,x:iandz:E. In the
quasi-crystal graph, we have that

yzxk;1>y(k—1)xk_—2>---i+—1>y(x+1)x;>yfx

and

yxzk;1>yx(k—1)ki>---”—l>yx(x+1);>y(x+l)(x+ 1).

Since @1 (yxx) = 6%@ €{0,1} and ¢;;1(y(x+ 1)(x+1)) = +oo, then pXxx #
y(x+1)(x + 1), which implies that yzx # pxz.

e Case 4: z=X,p=xand p = z. As x < z, we have that x =i and z = i. If
y # x+ 1, we have that ¢;(yxx) = 1 and ¢;(yxX) = +oo, which implies that
yxx # yxX. Otherwise, in the quasi-crystal graph we have that

_ n __ n-1 i+1 —
nxx — nxx — -+ — (x+ 1)xx

and
_ n _ _ n-1 i+1 _
nxx — nxx — - — (x + 1)xXx,

and since n # x + 1, we obtain that nxx # nxx, which implies that (x + 1)xx ~

(x + 1)x%x.

« Case5:Z<x<mn,andj>iorj<k. Thus,x=1iandz=k. In the quasi-crystal
graph, we have that

y(m)(x—l)i_—1>y(x—1)xi_—2>y(x—2)xi_—3>---Lyzx

and
yxili)yx(x— 1) :—2—>yx(x—2) Rk —k——>yxz.

Since ¢;(p(x—1)(x—1)) = 5y,iTl €{0,1} and @;(yxXx) = +o0, then y(x—1)(x —

1) # yxx, which implies that yzx # yxz.
« Case6: x>7,p#x,and j >iorj<k.So,x=iand z = k. In the quasi-crystal
graph, we have that
yzx L k(- 1) s L Rk D)

and ‘ .
yxz&y(i—l)%i---k;%y(k+l)ﬁ

Since @y(vk(k+1)) = 1 and @i (v(k +1)k) = +oo, then pk(k+1) % p(k+ 1)k,
which implies that yzx # yxz.
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e Case 7: x<y <kandp #z Thus, x =i and y = j. In the quasi-crystal graph,
we have that

i i+1 j-1
xzx —> (x+ 1)zx — - —> yzx

and
i i+1 j-1
xxz — (x+1)xz — -« —> pxz.
Since x < k, where z € {k,k}, we get that (x,z) # (1,1), and so, xzx ¥ xxz, by
Theorem 9.41(i). Hence, yzx # yxz.

« Case 8: x <y <k. So, x =i and v = j. In the quasi-crystal graph, we have
that

e =5 k4 1)x 2 2 T s T 2
k ﬁx k=1 ] ﬁx
and
ok — Fe(k + 1) 25 o 22 T 0 T s
k ixk k=1 7xj.

Since jjx # jxj, by Theorem 9.41(i), then jkx # jxk and jkx # jxk, which
implies that yzx # yxz.

« Case 9: Z<yp<i. Thus,p=jand z=k, where k <j. As (v,2) = (1,1), we get
that y > 2. In the quasi-crystal graph, we have that

(v - 1)x 2 yPx 2 p(p—Thx 2o - s pax

and
_ j1 _ j1 — j2 k
(y—1)xy VXY yx(y—1) — -+ — pzx.

By case 5, if x = i, or case 6, if x = i, we obtain that (y — 1)yx # (v — 1)x7,
which implies that yzx £ yxz.

* Case 10: Z<9 <i. So, p = j and z = k. In the quasi-crystal graph, we have
that

i+1 n-1 =

jzi ;jz(i+ 1) jzn . jzn n]

i = 5 o1 ==
]ZZ P ]Z]
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and

=. i, i+1 n-1 = n -_ n-1
jiz— j(i+1)z jnz jhz

i i—1

iz Tz
Since jzj # jjz, by Theorem 9.41(i), then jzi # jiz and jzi # jiz, which
implies that yzx # yxz.

(ii) By Lemma 9.40, we have that xzy ~ zxy if and only if yzx <~ yxz. Therefore,

the result follows from (i). [

9.2.5 From hypo, , to hypo(€,)

In this section we show that the hypoplactic monoid hypo(%6,,) of type €,, contains
a copy of the classical hypoplactic monoid hypo,,_; of rank n—1. In fact, we give
the explicit definition of an injective map ¥ : hypo,_; — hypo(%6,)) that satisfies
P(uv) = Pu)P(v).

In Section 8.5, we showed that the classical hypoplactic monoid hypo,_; cor-

responds to the hypoplactic monoid hypo(,,_;) of type A,,_;.

Theorem 9.44. Let n > 3. Defined a map ¢ : hypo(sd,_1) — hypo(86,) by p(w) =
wnnnn, for each w € A} _,. Then, 1 is injective and satisfies P(uv) = P(u)p(v), for
any u,v € A, _,.

Proof. Denote the quasi-crystal structure of &12_1 by wt, é’fﬂ, ;94,

e‘fﬁ and (pfg (ie
{1,...,n—2}), and denote the quasi-crystal structure of C@;‘Z by wt€, é';@, f;@, &ch and
¢ (iefl,...,n}).

Set X = {wnnnn|we A)_,}. Let we Aj_,. Note that for i <n -2, w has an i-
inversion if and only if w = wyiw,(i + 1)ws, for some wy, wy, w3 € A)_;. From
Example 8.10 and Definition 9.27, It follows that ¢%(w) = ¢®(w), for all g €
(wt, &, fi, &, @i | i = 1,...,n—2}. And since nun7 is an isolated word of €} with

wté(nnnn) = 0, we have that
wt & (wnnni) = wt€(w) = wt (w),

and forie{l,...,n—2},

é';@(wnﬁnﬁ) = é‘fﬂ(w)nﬁnﬁ, é‘%(wnﬁnﬁ) - g?“(w),

f;@(wnﬁnﬁ) = f'?g(w)nﬁnﬁ, @
Also, é’f_l(wnﬁnﬁ) = £6(
on wnnnn. And so, é';.@(w’),ﬁ.%(w’) eXu{l} forallw' e Xand je{l,...,n}.

wnnnn) = +oo. In particular, ffl and f,¢ are undefined
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Furthermore, for w € A} _,, define ¥, : A)_,(w) — Cj(wnnnn) by ¢, (u) =
unnnmn, for each u € A]_;(w). Note that 1p,, is injective. As we saw above, for u €
Al (w)andie{l,...,n-2}, we have that wt€(1, (1)) = wt (u), é";@(v,bw(u)) = é’fg(u)
and (Pi%(l/)w(u)) = (pfq(u). Since o), and 6, are seminormal, we have that é'fg is
defined on u if and only if é';@ is defined on ¢, (), and if so, é';@(v,l)w(u)) = gbw(é'fq(u)).
Similarly, we have that f;-gg is defined on u if and only if flCtg is defined on ¢, (1),
and if so, f;8(1p,, (1)) = P, (£ (u)).

Since nnnn is isolated, we get that C;,(wnnnn) C X. Given u’ € C;,(wnnnn), we
hve that if é']% or f]C@ are defined on u’, then 1 < j < n—2. This implies that u’ =
gig > -g:,(f"(wnﬁnﬁ), for some gy,..., g, € {é},f} |1 <j<n-2}. Therefore, u’ = ¢, (v),
for v =g... g% (w). Hence, 1, is bijective.

By ¥, we have shown that the connected component I (wnnni) can be ob-
tained from r‘di—l (w) by adding (n—1)-labelled and n-labelled loops to every vertex.

Letu,ve Aj_ ;. If " : ol _,(u) = o, _,(v) is a quasi-crystal isomorphism, we
have that 1, o 1’ 0 ;! is a quasi-crystal isomorphism between 6;(un7n) and
@, (vnnnn). Conversely, if 1" : 6, (unnnn) — G, (vnnunn) is a quasi-crystal isomor-
phism, then ¢,! 0 " 0 9, is a quasi-crystal isomorphism between sf; (1) and
d; ,(v). Therefore, u g, vif and only if unnnn ¢ vnnnn, which implies that
Y induces an injective map from hypo(d,,_;) to hypo(6,,).

Finally, as n7n7 is an isolated element with wt®(n7ni) = 0, we have that

(unnnn)(vnnnn) ~g, uv(nnnm)? A, UvNnnN,
that is, P(uv) = P(u)p(v), for any u,v € A]_;. O

Note that in the previous result i is not a monoid homomorphism, because
(e) = nmng, and since £¢(e) = 0 and &¢ (n7init) = +oco, we have that € #¢ nun.
Nonetheless, 1 is an injective semigroup homomorphism. And so, the semigroup

formed by the words wnnnn, w € A;,_,, consists of a copy of hypo(d,,_;).

161






10

LITTELMANN PATH MODELS

A path model to study a Littlewood-Richardson rule for symmetrizable Kac—
Moody algebras was introduced by Littelmann [Lit94; Lit95]. This model gives
rise to a plactic algebra [Lit96], and was shown to yield a crystal structure [Kas95].

In this chapter we describe to models based on the Littelmann paths. In
Section 10.1, we present the Littelmann path model for crystals, as it was intro-
duced in [Lit96]. In Section 10.2, we show that the Littelmann paths also yield a
quasi-crystal structure by restricting the root operators. Although the model for
quasi-crystals is deduced from the model for crystals, many of the good properties
that Littelmann paths satisfy are lost, as shown by Proposition 10.11. Due to this
fact, the Littelmann path model does not have an impact for quasi-crystal similar

to the impact that it has for crystals.

10.1 A model for crystals

In this section we construct a crystal monoid (Definition 5.1) based on the Lit-
telmann path model. We make an approach similar to the one in [Lit95], but
reinterpret with the definitions in [Lit96].

Given a root system @ with weight lattice A, set Ag = A®;Qand [0,1]g ={t €
Qlo<t<1).

Definition 10.1. Let @ be a root system with weight lattice A. A path is a
piecewise-linear, continuous map 7 : [0, 1]@ — Ag.

Let IT be the set of all paths 7 such that 7(0) = 0 and (1) € A, modulo pa-
rameterization, i.e. 7w = 7o ¢ for any piecewise-linear, continuous, nondecreasing,

surjective map ¢ : [0,1]p — [0,1]g. A path 7w € [T 1is called a Littelmann path.

The Littelmann path model gives rise to a crystal monoid whose underlying

set is I'T, which we describe below.
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CHAPTER 10. LITTELMANN PATH MODELS

The concatenation of paths = is a binary operation on the set of all paths, which

for paths 7y and 7, results in the path 7y * 71, given by

7ty (21) if0<t<1/2
(1) +m,(2t-1) if1/2<t<1,

(11 #T0p)(¢) =

for t € [0, 1]Q. By reparameterization, for any paths 7, t, and 73, we have that
(111 * 75) * 73 and 71 * (17, * 703) correspond to the same path, which we denote by
7y * 70y * 73, Also, if we consider a path 6 given by 0(t) = 0, for t € [0,1]g, then
for any path 7, the paths 6 * 7w and 7+ 6 correspond to 7, by reparameterization.
Therefore, the set of all paths together with * form a monoid.

Note that if 7t{, 71, € I'l, then the concatenation 7@ = 711 * 77, of 7t; and 7, also lies
in I'l, because 7(0) = 771 (0) = 0 and 7t(1) = 1 (1) +71t,(1) € A. Also, the path 6 given
by 0(t) =0, for t € [0, 1]Q, lies in I1. Hence, IT together with the concatenation of
paths * forms a monoid.

We now describe the crystal structure maps wt, &, f;, & and @; (i € I) of 1.

Definition 10.2. The weight map wt : Il — A is given by wt(m) = ®(1), for any
ntell

For each i € I, the simple reflection s; can be extended pointwise for paths as

follows. For a path 7t, we have that s;(7) is the path given by

)
-
—_

|
~
—

~
~
[l

%)
-
—_

S
—_

~
~
=

[l

m(t) = (m(t), a; )a;

for t € [0,1]g. If 7w € IT, then s;(n)(0) = 0 and s;(7)(1) = 7(1) — (m(1),a) )a; € A,
because (1t(1),a)’) € Z as (1) € A. This implies that s;(r) € IT, whenever 7 € I1I.

Let meITand i € I. Define AT : [0,1]p — Q by
Wi (t) =(n(t),a)) forte[0,1]g.

1

Set m! = min{h}(t) |t € [0,1]g}. If m} < -1, take t; minimal such that h'(t;) = m,
and take t; maximal such that h*(t) > m[ + 1 for t € [0, t(]g. In particular, t; <t
and h'(tg) = mj" + 1. Let tg = ug <u; <---<u, =t; be such that either

(LPel) hi'(ux_y)=hi(uy) and hl'(t) > hI(uy_y) for all t € [uy_y, u]q, or
(LPe2) hT is strictly decreasing on [uj_q, ux]q,

fork=1,...,p. Consider u_; =0 and u,,; = 1. For eachk =0,...,p + 1, define a
path m; by

T (t) = (g — tg— )t + tg_y) = (ug—y),  for t €[0,1]q. (10.1)

Thus, T =T * Tty % * Ty * Ty 1.
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Definition 10.3. The raising Kashiwara operators ¢&; : Il — ITU{L} (i € I) are
given as follows. For m € [T and i € I, if m]' > —1 set ¢;(7) = L. Otherwise, let
TU=Tlo*T0y %+ * 70, * Ty 1 as described above, and set &;(7t) = 7o * 1y * -+ * 1], * 1,
where 1, = 1y if hI' satisfies condition (LPel) on [u_y, ux]g, or 1 = s;j(mx) if b
satisfies condition (LPe2) on [uy_;, ui]g.

We proceed to define the lowering Kashiwara operators f; (i € I). Let 7t € IT and
iel. If hI'(1)-m > 1, take t, maximal such that h7'(¢)) = m[, and take t, minimal
such that h'(t) > m + 1 for t € [t;,1]g. In particular, ty <t and h'(t;) = m] + 1.
Let tg = ug <uy <---<u, = t; be such that either

(LPf1) h'(ug_q) = hi'(ug) and hi*(t) > hI(u_y) for all t € [uy_y, ux]g, or
(LPf2) hI is strictly increasing on [uy_y, ux]q,

fork=1,...,q. Letu_y =0, Ug1 = 1, and 7y asin (10.1), for k =0,1,...,q+1. Thus,

T(:T(()*T(l*"'*ﬂq*ﬂq+1.

Definition 10.4. The lowering Kashiwara operators fi:TI > TIu{L) (i el)are
given as follows. For m e ITand i € I, if h['(1)-m] <1 set fi(mr) = L. Otherwise, let
TU=To* Ty -+ * Ty * T,y as described above, and set fi(mt) = 1 % ML %o %1y * T,
where 7, = 1 if hI' satisfies condition (LPf1) on [uy_y, ui]q, or m = s;(my) if b
satisfies condition (LPf2) on [uj_y, ux]g.

Note that the rising and lowering Kashiwara operators can be obtained from
each other by path reversing. Given a path 7, define the reverse path = of © by
n(t) = m(1 - t) — (1), for t € [0,1]g. Then, for 7 € Il and i € I, we have that
film) = (&(m ).

Finally, for each i € I, define maps &;, @; : Il — Z U {—oco} by

&i(m) = —m! and @;(m) = (1) —mT,

1

for 7t € I'l. Then, we have the following results from [Lit94; Lit95; Lit96]

Theorem 10.5. The set of Littelmann paths I1 together with the maps wt, &, f;, & and

@; (i €1) forms a seminormal crystal.

Theorem 10.6. The map I1QI1 — I1 given by 11y @ Tty = 1y *10y, for my, My €11, is a

crystal homomorphism. And therefore, I1 is a crystal monoid.

Using the construction described in this section, we can obtain a crystal
monoid from any root system. Due to this connection, we have that the crys-

tal monoid reflects the properties of the root system. For example, we have that
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a path 7t € Il is of highest weight if and only if 7t is contained in the dominant
Weyl chamber. Moreover, P. Littelmann used this model to give a Littlewood—
Richardson rule for symmetrizable Kac—-Moody algebras [Lit94; Lit95], and a
plactic algebra for semisimple Lie algebras [Lit96].

In the following section, the crystal monoid obtained above will be denoted by
I1. Although the crystal monoid of Littelmann paths is usually denoted by IT, we
need this change to avoid ambiguity, as we will describe another structure whose

underlying set is also IT.

10.2 A model for quasi-crystals

In this section we show that the Littelmann path model gives rise to a quasi-
crystal monoid (Definition 8.1). We construct this quasi-crystal monoid based on
the crystal monoid presented in the previous section. This leads to a method of
obtaining a quasi-crystal monoid for any root system, which can be regarded as a
geometrical approach to quasi-crystals similar to the Littelmann path model for
crystals.

The crystal monoid IT of Littelmann paths over a root system gives rise to a
quasi-crystal monoid as follows. The weight map wt remains as in Definition 10.2,

while the maps &;, f;, & and @; (i € I) originate the following maps.

Definition 10.7. Let Il be the set of Littelmann paths for a root system ® with
weight lattice A and index set I for the simple roots («;);c;. For each i € I, define
maps &, f; : T - ITU{L} and &;,@; : TT — Z U {—co, +c0} as follows. For 1 € T, we
have that

(i) if there exist 71,7, € IT such that 7t = 71 * 11, and f;(111), €(7,) € I, then set

é;(m) = ﬁ(n) =1 and &i(1) = @;(1) = +00;

(i) otherwise, set

&(m) = &(m), and $i(1) = Pi(10).

We now proceed to check that IT together with the maps wt, ¢;, ﬁ, & and @,
(i € I) forms a seminormal quasi-crystal (Definitions 7.1 and 7.9). First, in the

following result we show an alternative description of Definition 10.7(i).
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Proposition 10.8. Let w € [T and i € I. Then, ¢;(1t) = +oo if and only if there exist
t1,ty,t3 € [0,1]q such that t; < t, < t3, m(ty) € A, hi'(ty) — hi(t;) > 1 and hI*(t3) -
h7(ty) < -1.

Proof. [=] Let 11,7, € IT be such that 7w = 7; * 71, and fi(my),é;(m,) € TI. As
T = Ty * Ty, there exist t; < t; < t3 such that hl'(t;) = m?l, 1t(t;) = 11(1), and
W (t3) = h;' (1) + m;?. We have that 7t(t,) = 7t;(1) € A, because nt; € I1. Since
fi(mt1) €11, then

Wi () =W (t)=h' =m. ' > 1.

i i =
Since é;(1t,) € I'1, then

W (ts) = h(ty) = h (1) +m. 2 —h ' =m)?> < —1.

i i i i

[<] Let ty,t5,t3 € [0,1]g, where t; < t; < t3, be such that n(t;) € A, hI'(t;) -
hi(t;) > 1 and hi'(t3) — hi'(t;) < —1. Define 7y, 715 : [0, 1]g — Ag by

T(l(t) :TC(tZt) and 7'(2(t):ﬂ((l—tz)t+t2)—7'((t2),

for t €[0,1]q. Clearly, T = 7ty 7, (up to reparametrization). We have that 7;(0) =
7,(0) = 0, and since 7(t,), (1) € A, we also have that 7t;(1) = 7®(t;) € A and
15(1) = (1) - 7(t,) € A. Hence, 71,7, € 1. As m; ' < h''(t)/ty) = hI'(t;), then
K1) -mt > hl(t))—hl(t) > 1,

1 1 -

which implies that f;(r;) is defined. Since

m;? < hP((t3 = 12)/(1 = 1)) = hfF(t3) = h (1) < -1,

;<
then ¢é;(m;) is defined. Therefore, ¢;(7) = +oo. [

Theorem 10.9. The set of Littelmann paths I1 together with the maps wt, é;, f;, & and

¢; (i €1) forms a seminormal quasi-crystal.

Proof. Note that if for i € I, a Littelmann path 7t € IT satisfies condition (i) of
Definition 10.7, then all conditions in Definitions 7.1 and 7.9 hold for 7w and i.
Otherwise, the maps ¢;, ﬁ, & and @; on 7t coincide with the maps ¢;, fi, & and @;,
respectively. By Theorem 10.5, IT is a seminormal crystal, and so, to prove the
statement it suffices to check that ¢;(rt) and f;(rr) do not satisfy Definition 10.7(i),
whenever defined. Equivalently, we have to check that for r e[l and i€, if =
has a decomposition of the form 7 = 7t; * 7t, with 111, 75, fi(71;), &;(11;) € T, so it

does é;(rt) and f;(r), whenever defined.

167



CHAPTER 10. LITTELMANN PATH MODELS

Let 7,711,705, € [T and i € I be such that 7w = 7t; * 7, and f;(m;), &;(1t,) € IT. First,
suppose that é;(rr) € IT. Since IT is a crystal monoid (Theorem 10.6), we have that

_ o eilm) ey i @i(1ty) 2 ()
é(m) =

1y *€i(13) if @i(1y) < &i(73).

If ¢;(1t1) > &;(mty), then &;(m) = &;(rty) * 1, where fi(&;(111)) = ; € I1. Otherwise, we
have é;(7t) = 71 * €;(11,) where éiz(nz) €I, because I is a seminormal crystal and
€i(ma) > @i(my) =2 1.

Finally, suppose that f;(r) € 1. Since I is a crystal monoid, we have that

x filrm)xmy  if @i(my) > &(my)
firy = g i
s fi(r) i @i < €(o).
If ¢;(1t1) < &(my thenﬁ —nl*f, (105) where é;( ﬁ (115)) = 1, € 1. Otherwise, we

have f;(n) = f(nl ) # 71, where f 711) € I1, because IT is a seminormal crystal and
(pz‘('f(])>g( )Zl O]

We now show that the seminormal quasi-crystal formed by Littelmann paths

together with the concatenation of paths is a quasi-crystal monoid.

Theorem 10.10. The set of Littelmann paths I1 together with wt, é;, fl, &, @;(iel),

and the concatenation of paths * is a quasi-crystal monoid.

Proof. By Theorem 10.9, it remains to show that Definition 8.1(iii) is satisfied,
that is, the concatenation of paths induces a quasi-crystal homomorphism from
I[T&IT to IT.

Let 7t, 7’ € Il. Since IT together with wt, ¢;, fi, &, @; (i € I), and the concate-
nation of paths # is a crystal monoid (Theorem 10.6), by Definition 10.7(ii), we
just need to check the cases where ¢;(7t) = +c0, @;(7’) = +o0, P;(T R TW’) = +00, OF
@;i(rt*1") = +o0.

Let i € I. We have the following cases.

» Case 1: @;(mr) = +co. Then, ¢;(1t & ') = +co0. By Proposition 10.8, there
exists tl,tz, i3 € [0,1]@, tl < t2 < t3, such that T((tz) c A, ]’l?(tz) - I’l:-((tl) >1
and h'(t3) — hi'(t,) < —1. Set uy,u,u3 € [0,1]g such that u; < u, < uz and
(rex70)(ug) = 7e(ty), for k = 1,2,3. Then, (rrx70')(up) € A, K™ (1) — ™ (1) >
1 and h?*"/(u3) —h?*”/(uz) < -1. Hence, by Proposition 10.8, ¢;(rc*1t") = +o0.

» Case 2: ¢;(1t") = +o00. So, @;(t ® 1’) = +00. By Proposition 10.8, there are
titaty €[0,1]g, t) <ty < t3, such that 7(t,) € A, h¥ (t,) — hF (t;) > 1 and
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( 3) — hf (ty) < —1. Take uj,uy,ujz € [0,1]g such that u; < u; < uz and
(n « 70 )(ug) = (1) + 7 (ty), for k =1,2,3. Then, (1t*7")(uy) = (1) + 7' (t5) € A,
as (1), 7' (t;) € A,

W (1) = W () = () + B (1) = () = B (1) > 1

and
WO (uz) — K™ (uy) = K1) + BT (t3) — hF(1) = BT (t,) < —1.

Thus, by Proposition 10.8, ¢;(7t* 1t") = +oo0.

Case 3: ¢;(m®71’) = +00, P;(7) # +00 and ¢;(1t") # +co0. By Theorem 7.32, we
must have @;(70), &;(1’) € Zs, because ¢;(1) # +oo and @;(1’) # +oo. Since I

is a seminormal crystal, then f;(rt),;(rc’) € I1, and so, ¢; (1 * 77’) = +c0.

Case 4: ¢;(rt*1") = +o00, ¢;(11) # +00 and @;(1t") # +oo. By Proposition 10.8,
there exist t,t,,t3 € [0,1]g, t; < t, < t3, such that (+7)(t,) € A, h?*"’(tz) -
h?*”’(tl) > 1 and h?*”/(tg;) - h?*"/(tz) < -1. Since ¢;(m) # +o00, we must have
(rex70’)(t3) = (1) +7"(u3), for some usz € [0,1]gp. And as ¢;(nc") # +00, we must
have (rt+70’)(t1) = m(u ), for some u; € [0,1]g. We consider the following two

subcases, depending of the form of (7t * 7’)(t;).

— Subcase 4a: (7 7)(t;) = 7(uy), for some u; € [u,1]g. Define paths
(1, T ¢ [0,1]@ — AQ bY

T(l(t) = TC(Mzt) and 7'(2(t) = T(((]. - l/lz)t + l/lz) - T((lxlz),

for t € [0,1]g. Clearly, @ = 7y * 7,. We have that 7;(0) = 75(0) = 0,
101(1) = 7(uy) = (re*70")(t,) € A, and 7t5(1) = (1) — (1= 7¢")(t,) € A, which

implies that 77;, 7, € I1. Since

R L) =m! "t > (1) =B (uy/uy) = h;?*ﬂ’(tz) - h?*“’(tl) >1,

1

then f;(m;) is defined. As ¢;(7) # +oo, we have that & (,) is undefined,
which implies that

hE(1) = h(uy) = B, 2 (1) > m; 2 > —1.

1 - 1

Since 7,5(1) € A, then h?z(l) € Z, and so, h7'(1) — hi'(u2) > 0. We have
that

R (1) = mit = hi' (1) = b (up) + B (uz) = B (uy)

1 1

> W (1) — W (uy) = K (£) = B (1) 2 1,
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and thus, fi(rc) is defined. Also, we have that
W)+ B (u3) = B (uy) = K7 (t3) = B () < —1,
which implies that
mf/ < hf/(u3) <-1,
and so, €;(7’) is defined. Hence, @;(7) = ¢;(1t) > 0 and &;(7’) = &(7’) > 0,
which implies that ¢;(t ® 7’) = +00.

— Subcase 4b: (1 *7’)(t;) = (1) + 7/(u,), for some u, € [0, u3]g. Define
paths 7t;, 75 : [0,1]g — Ag by

701 (t) = 7" (uyt) and 705(t) = 70 ((1 = up)t + uy) — 70 (uy),

for t € [0,1]g. Clearly, " = 7ty * ©,. We have that 7{(0) = 75(0) = 0
n(1) = 7'(uy) = (m+71')(ty) € A, and w)(1) = /(1) — (10 * 7W')(ty) € A,

which implies that 7}, 7t € IT. Since

i < (13— )/ (1= 1) = B (1) = B (u)

< HP(t3) = K (1) < -1,

then ¢;(r}) is defined. As (1) # +co, we have that f;(r}) is undefined,
which implies that

’ ’
TC s
1

W (uy) = h; (1) < h

7

(1)-m;' <1,

as m?l < h?l(O) = 0. Since 711(1) € A, then h?l(l) € Z, and so, hf/(uz) <0.
We have that

RE(1) + BT (1) = KT (uy) = K™ (1) = K7 (1) 2 1,
which implies that
W) = m™ > HY(1) = B (uy) = 1= B (up) > 1,
and thus, ﬁ(n) is defined. Also, we have that
BT (u3) = B (1) = BT (t3) = hP7 (1) < -1,
which implies that
m® <h¥(u3) < -1 -h" () < -1,

and so, &;(7’) is defined. Hence, @;(70) = ¢;(1t) > 0 and &;(7c’) = &(7’) > 0,
which implies that ¢;(t & 7t’) = +oo.
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10.2. AMODEL FOR QUASI-CRYSTALS

Note that in each case we get ¢;(T ® 7t’) = @;(1t* 77’) = +00. O]

The quasi-crystal monoid described in this section will be denoted by I1.

Although IT is constructed based on I'l, many properties of IT are not inherited
by I1. As a consequence, some structural results obtained based on IT do not have
an analogue based on I1. For example, we have the following result on highest

weights on IT which contrast with highest weights on IT.
Proposition 10.11. Any weight A € A is an highest weight in I1.

Proof. For each i € I, define a path m; : [0,1]g — Ag by m;(t) = ta;, for t € [0,1]g.
Since 7;(0) = 0 and 7;(1) = a; € A, we have that 7r; € Il. Note that h?i(t) = 2t,
for t € [0,1]p. Hence, ¢;(1;) = 2, which implies that f; is defined on 7;, and f;
is defined on f;(rt;). In fact, we have that ﬁZ(n)(t) = —ta;, for t € [0,1]g, and so,
fi(mt;) = —m;. Therefore, we obtain that

and &;(1t; * (—77;)) = +o0.
Define a path 7 by concatenating for each i € I the paths m; * (—m;). Hence,
wt(mr) = 0, and for any i € I, &;(7) = +o0.
Given A € A, define a path 1 : [0,1]g — Ag by 7(t) = tA, for t € [0,1]p. Note
that 7 € I1,
wt(n * 1) = wt(n) + wt(m) = A,

and for any i € I, &;(y * @) = +o0, which implies that ¢; is not defined on # * 7.

Therefore, 1 * 7t is an highest-weight element of I, and A a highest weight. O
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