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Abstract. We consider a velocity tracking problem for stochastic Navier--Stokes equations in
a 2D-bounded domain. The control acts on the boundary through an injection-suction device with
uncertainty, which acts in accordance with the nonhomogeneous Navier-slip boundary conditions.
After establishing a suitable stability result for the solution of the stochastic state equation, we prove
the well-posedness of the stochastic linearized state equation and show that the G\^ateaux derivative
of the control-to-state mapping corresponds to the unique solution of the linearized equation. Next,
we study the stochastic backward adjoint equation and establish a duality relation between the
solutions of the forward linearized equation and the backward adjoint equation. Finally, we derive
the first-order optimality conditions.
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1. Introduction. Optimal control problems for fluid flows have been extensively
studied in the literature and are of major importance in technology. Roughly speaking,
the control is exercised either within the domain occupied by the fluid, by some
distributed force (acting over the entire domain or over some specific region), or on
the boundary of the domain.

Distributed optimal control problems for Newtonian fluids, described by the deter-
ministic Navier--Stokes equations have been addressed in the literature, let us mention
[20], [24], [37], [38], and references therein (see also the recent related model [34]). The
deterministic case for distributed forces is quite well understood from the theoreti-
cal and numerical point of views. The boundary control problems are more singular
ones but of great importance because they appear in many technological applications,
namely where the control of the flow is implemented by an injection/suction device
placed on the boundary of the domain (see, for instance, [5], [6], [14], [16], [21], [24],
[26], [27]).
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 365

On the other hand, real world physical systems always experience random fluctu-
ations and inaccuracy of measurements, which are modelled by adding to the deter-
ministic partial differential equation suitable random internal/external forces or by
considering random initial data and boundary conditions. It is worth stressing that
the optimal control of a fluid flow in a stochastic environment is much more involved
that its deterministic analogous, and just few results are available in the literature.
Let us mention [3], [4], [7], [29], [30], [32], [33], where the authors solved stochastic
tracking control problems for Newtonian and non-Newtonian fluids in two dimensions
and three dimensions. In these works the control variables act in the interior of the
domain.

The authors in [39] studied a stochastic boundary control problem for the deter-
ministic steady Navier--Stokes equations, where the stochastic control is imposed just
on the boundary by a nonhomogeneous Dirichlet boundary condition. We recall that
the solution of the Navier--Stokes supplemented with the Dirichlet boundary condition
develops strong boundary layer for small values of the viscosity. Then in the last few
decades a great attention has been developed to the study of deterministic Navier--
Stokes equations supplemented with the Navier-slip boundary conditions. According
to the studies [8], [9], [10], [11], [12], [13], [14], [15], [16], [18], the nonhomogeneous
Navier-slip boundary conditions are compatible with the inviscid limit transition,
which suggests that, comparing with the nonhomogeneous Dirichlet boundary con-
ditions, the Navier-slip boundary conditions seems more appropriate to control the
evolution of turbulent flows typically associated with high Reynolds number (or small
viscosity).

The present work addresses an optimal boundary control problem for stochas-
tic Navier--Stokes equation driven by a multiplicative Gaussian noise, on a bounded
domain \scrO \subset \BbbR 2. The dynamical law reads\left\{             

dy= (\nu \Delta y - (y\cdot \nabla )y - \nabla \pi )dt+G(t,y)d\scrW t,

divy= 0,
in \scrO T = (0, T )\times \scrO ,

y \cdot n= a, [2D(y)n+ \alpha y] \cdot \bfittau = b on \Gamma T = (0, T )\times \Gamma ,

y(0,x) = y0(x) in\scrO ,

(1.1)

where y= y(t,x) is the two-dimensional (2D)-velocity random field, \pi = \pi (t,x) is the
pressure, \nu > 0 is the viscosity, and y0 is the initial condition that verifies

divy0 = 0 in \scrO .(1.2)

Here

D(y) =
1

2
[\nabla y+ (\nabla y)T ]

is the rate-of-strain tensor; n is the external unit normal to the boundary \Gamma \in C2

of the domain \scrO and \bfittau is the tangent unit vector to \Gamma , such that (n,\bfittau ) forms a
standard orientation in \BbbR 2. The positive constant \alpha is the so-called friction coefficient.
The quantity a corresponds to the inflow and outflow fluid through \Gamma , satisfying the
compatibility condition\int 

\Gamma 

a(t,x) d\gamma = 0 for any t\in [0, T ].(1.3)
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366 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

This condition means that the quantity of inflow fluid should coincide with the quan-
tity of outflow fluid. The boundary functions a and b will be considered as the control
variables for the physical system (1.1). The term G(t,y)\scrW t is a multiplicative white
noise.

The main goal is to minimize the following cost functional:

J(a, b,y) =\BbbE 
\int 
\scrO T

1

2
| y - yd| 2 dxdt+\BbbE 

\int 
\Gamma T

\biggl( 
\lambda 1

2
| a| 2 + \lambda 2

2
| b| 2
\biggr) 

d\gamma dt,

constrained to the stochastic Navier--Stokes equation (1.1), where yd \in L2(\Omega \times \scrO T ) is a
desired target field, \lambda 1, \lambda 2 > 0 and (a, b) will be taken is an appropriate space of admis-
sible controls. From physical point of view, the variables a and b describe the quantity
of the fluid crossing the boundary, and the vorticity component on the boundary (see
[8, Corollary 1] and [9]), respectively, which can be prescribed by the operational con-
troller of the physical system. In practice, the vorticity can be induced through some
mechanisms such as rotating container walls, moving walls, jet injection/suction (tan-
gentially to the wall), rough surfaces, electromagnetic forces (for conducting fluids),
and many others. On the other hand, the induction of vorticity in fluid dynamics is
crucial for optimizing certain industrial processes, enhancing mixing efficiency, and
controlling flow patterns in various applications. By precisely manipulating boundary
conditions to generate desired vorticity, engineers can improve the performance of
systems such as chemical reactors, aerodynamic surfaces, heating-ventilation-air con-
ditioning systems, etc. This control allows for efficient heat transfer, uniform mixing
of reactants, and improved stability of fluid flows. Optimal vorticity induction is also
essential also in environmental applications, such as pollutant dispersion and water
treatment processes, ensuring effective and sustainable solutions.

The first stage towards the resolution of this optimal control problem has been
already performed in the article [16], where the authors established the well-posedness
of the state system (1.1), and showed the existence of an optimal solution (a, b) in a
compact set of predictable stochastic processes verifying an exponential integrability
condition.

The plan of the present paper is as follows. Section 2 introduces the appropriate
functional spaces and recalls convenient results from [16] about the solvability of the
stochastic Navier--Stokes equations supplemented with the nonhomogeneous Navier-
slip boundary conditions. Section 4 presents a stability result for the solution of the
stochastic state equation. Next, we formulate the control problem in section 3.

Section 5 improves the integrability properties of the state, which is crucial in
section 6 to show the well-posedness of the linearized state equation. Then, we proceed
by studying the G\^ateaux differentiability of the control-to-state mapping in section 7.
Section 8 is devoted to the analysis of the backward stochastic adjoint equation.
Finally, section 9 is devoted to show a suitable duality relation between the solution
of the linearized equation and the solution of the adjoint equation, which is the main
ingredient to deduce the first-order-optimality conditions in section 10.

2. Functional setting and preliminary results to the state equation.
First, let us introduce the notations and present some results, used in the article.

Let us consider a real Banach space X, endowed with the norm \| \cdot \| X . The space
of X-valued measurable p-integrable functions, defined on the time interval [0, T ], is
denoted by Lp(0, T ;X) for p\geqslant 1.

The space Lp(\Omega ,Lr(0, T ;X)) for p, r \geqslant 1 of the processes v = v(\omega , t) with values
in X, defined on \Omega \times [0, T ] and adapted to the filtration \{ \scrF t\} t\in [0,T ], is endowed with
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 367

the norms

\| v\| Lp(\Omega ,Lr(0,T ;X)) =

\left(  \BbbE 

\Biggl( \int T

0

\| v\| rX dt

\Biggr) p
r

\right)  1
p

and

\| v\| Lp(\Omega ,L\infty (0,T ;X)) =

\Biggl( 
\BbbE sup

t\in [0,T ]

\| v\| pX

\Biggr) 1
p

for r=\infty ,

where \BbbE is the mathematical expectation with respect to the probability measure P,
defined on \Omega . By default we will omit the dependence on the parameter \omega \in \Omega in the
notation for processes v= v(\omega , t).

We use the standard notation for the Lebesgue spaces Lp(\scrO ) and the Sobolev
spaces Hp(\scrO ) with the norms denoted by \| \cdot \| p and \| \cdot \| Hp , respectively. The inner
product in L2(\scrO ) is denoted as (\cdot , \cdot ) with the associated norm \| \cdot \| 2. Let us introduce
the following divergence free spaces:

H = \{ v \in L2(\scrO ) : div v= 0 in\scrD \prime (\scrO ), v \cdot n= 0 inH - 1/2(\Gamma )\} ,
V = \{ v \in H1(\scrO ) : div v= 0 a.e. in\scrO , v \cdot n= 0 inH1/2(\Gamma )\} ,

where the following inner product

(v,z)V = 2(Dv,Dz) + \alpha 

\int 
\Gamma 

v \cdot z d\gamma 

is considered on the space V endowed with the norm \| v\| V =
\sqrt{} 

(v,v)V .
In what follows we will often use the results of continuous embedding

H1(0, T )\subset C([0, T ]), H1(\scrO )\subset L2(\Gamma ).(2.1)

Let us present the results of [28, pp. 62 and 69], [31, pp. 125], and [35, pp. 16--20] in
the next lemma.

Lemma 2.1. Let us introduce the notation

v\scrO =

\int 
\scrO 
v dx.(2.2)

For q\geqslant 2 and v \in H1(\scrO ) the Gagliano--Nirenberg--Sobolev inequality

| | v - v\scrO | | q \leqslant C| | v| | 2/q2 | | \nabla v| | 1 - 2/q
2 ,(2.3)

and the trace interpolation inequality

| | v - v\scrO | | Lq(\Gamma ) \leqslant C| | v| | 1/q2 | | \nabla v| | 1 - 1/q
2(2.4)

are valid. Moreover, any v \in V satisfies the Korn inequality

\| v\| H1 \leqslant C \| v\| V .(2.5)

Let us remark that

v\scrO = 0 \forall v \in V,
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368 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

since \int 
\scrO 
vj dx=

\int 
\scrO 
div (vxj) dx=

\int 
\Gamma 

xj(v \cdot n) d\gamma = 0 for j = 1,2.

Also for arbitrary v \in H2(\scrO ), z\in V integrating by parts, we have

 - 
\int 
\scrO 
\bigtriangleup v \cdot zdx= 2

\int 
\scrO 
Dv \cdot Dzdx - 

\int 
\Gamma 

2(n \cdot Dv) \cdot zd\gamma .(2.6)

Therefore,

 - 
\int 
\scrO 
\bigtriangleup v \cdot zdx= (v,z )V  - 

\int 
\Gamma 

b(z \cdot \bfittau )d\gamma (2.7)

if the function v fulfills the Navier-slip boundary conditions (see the system (1.1)).
We will frequently apply in our considerations the Young inequality

uv\leqslant 
up

p
+

vq

q
,

1

p
+

1

q
= 1 \forall p, q > 1.(2.8)

Let us define the norm and the absolute value of the inner product for a vector

h= (h1, . . . ,hm)\in Hm =

m - times\underbrace{}  \underbrace{}  
H \times \cdot \cdot \cdot \times H

with a fixed v \in H as

\| h\| 2 =

\Biggl( 
m\sum 

k=1

\| hk\| 22

\Biggr) 1/2

and | (h,v) | =

\Biggl( 
m\sum 

k=1

(hk,v)
2

\Biggr) 1/2

.(2.9)

Let

G(t,y) : [0, T ]\times H \rightarrow Hm with G(t,y) = (G1(t,y), . . . ,Gm(t,y))

be Lipschitz on y and satisfy the linear growth

\| G(t,v) - G(t,z)\| 22 \leqslant K \| v - z\| 22 ,
\| G(t,v)\| 2 \leqslant K (1 + \| v\| 2) \forall v,z\in H, t\in [0, T ],(2.10)

for some constant K > 0. Let

G(t,y)d\scrW t =

m\sum 
k=1

Gk(t,y)d\scrW k
t

be the stochastic noise, where \scrW t = (\scrW 1
t , . . . ,\scrW m

t ) is a standard \BbbR m-valued Wiener
process, defined on a complete probability space (\Omega ,\scrF , P ) and endowed with a filtra-
tion \{ \scrF t\} t\in [0,T ], such that \scrF 0 contains every P -null subset of \Omega .

Let us introduce the space of functions

\scrH p(\Gamma ) =
\bigl\{ 
(a, b) : | | (a, b)| | \scrH p(\Gamma ) <+\infty 

\bigr\} 
with the norm

| | (a, b)| | \scrH p(\Gamma ) = | | a| | 
W

1 - 1
p

p (\Gamma )
+ | | \partial ta| | 

H - 1
2 (\Gamma )

+ \| b\| 
W

 - 1
p

p (\Gamma )
+ \| b\| L2(\Gamma ) + | | \partial tb| | 

H - 1
2 (\Gamma )

.

Let p \in (2,+\infty ) be given and the data a, b, and u0 belong to the following Banach
spaces:

(a, b)\in L4(\Omega \times (0, T );\scrH p(\Gamma )), u0 \in L4(\Omega ;H),(2.11)

assuming that (a, b) is a pair of predictable stochastic processes.
Let us formulate the auxiliary result, demonstrated in [16].
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 369

Lemma 2.2. Let (a, b) be a given pair of functions, satisfying (2.11). Then there
exists a unique solution a of the Stokes problem with the nonhomogeneous Navier-slip
boundary condition\left\{    - \Delta a+\nabla \pi = 0, \nabla \cdot a= 0 in \scrO ,

a \cdot n= a, [2D(a)n+ \alpha a] \cdot \bfittau = b on \Gamma ,
a.e. in \Omega \times (0, T ),(2.12)

such that

| | a| | W 1
p (\scrO ) + | | \partial ta| | L2(\scrO ) \leqslant C| | (a, b)| | \scrH p(\Gamma ) a.e. in \Omega \times (0, T ).(2.13)

In particular, we have

a\in L4(\Omega ;C([0, T ];L2(\scrO )))\cap L4(\Omega \times (0, T );C(\scrO )\cap W 1
p (\scrO )),

\partial ta\in L4(\Omega \times (0, T );L2(\scrO )).
(2.14)

Here and below positive constants C depend on the data considered for our problem,
such as the domain \scrO , the regularity of \Gamma , the physical constants \nu , \alpha , and a given
time moment T .

Let us recall the concept of the solution of the stochastic differential system
(1.1) and the properties of this solution, studied in [16], that will be relevant in our
study of the control problem. Using the formula (2.7) and the solution a, founded
in Lemma 2.2, we can introduce the concept of the strong (in the stochastic sense)
solution to the system (1.1).

Definition 2.3. Assume that the data (a, b) and u0 satisfy the regularity (2.11).
An adapted stochastic process y = u + a with u \in C([0, T ];H) \cap L2(0, T ;V ), P -
a.e. in \Omega , is a strong solution of (1.1) with y0 = u0 + a(0) if

(y(t),\bfitvarphi ) =

\int t

0

\biggl[ 
 - \nu (y,\bfitvarphi )V +

\int 
\Gamma 

\nu b(\bfitvarphi \cdot \bfittau )d\gamma  - ((y \cdot \nabla )y,\bfitvarphi )

\biggr] 
ds+ (y0,\bfitvarphi )

+

\int t

0

(G(s,y(s)),\bfitvarphi ) d\scrW s for a.e. (\omega , t)\in \Omega \times (0, T ),(2.15)

holds for any \bfitvarphi \in V .

We notice that (2.10), (2.14), and u\in C([0, T ];H), P -a.e. in \Omega , yield\int T

0

\| G(s,y(s))\| 22 ds\leq K

\int T

0

(1 + \| y(s)\| 22)ds <\infty , P -a.e. in \Omega .

Then the stochastic integral\int t

0

G(s,y(s))d\scrW s, t\in [0, T ],

is well defined as a H-valued local martingale (cf. [19, pp. 99--100], and\int t

0

(G(s,y(s)),\bfitvarphi ) d\scrW s =

m\sum 
k=1

\int t

0

\bigl( 
Gk(s,y(s)),\bfitvarphi 

\bigr) 
d\scrW k

s for any \bfitvarphi \in V.

By the embedding result (2.1)2 we note that the boundary condition y \cdot n= a on
\Gamma , a.e. in \Omega \times (0, T ), is well defined for y= u+ a with u\in L2(0, T ;V ).

The following result has been proved in Theorem 3.5 of [16].
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370 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

Theorem 2.4. Assume that the data (a, b) and u0 satisfy (2.11). Then, a strong
solution y= u+ a to the system (1.1) exists, such that

u\in C([0, T ];H)\cap L4(0, T ;V ), P -a.e. in \Omega ,

and there exists a positive constant \widehat C0, such that for any t\in [0, T ],

\BbbE sup
s\in [0,t]

\xi 20(s)\| u(s)\| 
2
2 + \nu \BbbE 

\int t

0

\xi 20(s)\| u(s)\| 
2
V ds

\leqslant C

\biggl( 
\BbbE \| u0\| 22 +\BbbE 

\int t

0

\xi 20(| | (a, b)| | 2\scrH p(\Gamma )
+ 1)ds

\biggr) 
,

\BbbE sup
s\in [0,t]

\xi 40(s)\| u(s)\| 
4
2 + \nu 2\BbbE 

\biggl( \int t

0

\xi 20 \| u\| 
2
V ds

\biggr) 2

\leqslant C

\biggl( 
\BbbE \| y0\| 42 +\BbbE 

\int t

0

\xi 40(| | (a, b)| | 4\scrH p(\Gamma )
+ 1)ds

\biggr) 
(2.16)

with the function

\xi 0(t) = e
 - \widehat C0

\int t
0
(1+| | (a,b)| | 2\scrH p(\Gamma ))ds, P -a.e. in \Omega .(2.17)

Remark 2.5. It is worth mentioning that we do not know if the solution y,
provided by Theorem 2.4, is integrable with respect to the variable \omega \in \Omega , we just
have integrability of its multiplication by the weight \xi 0, which verifies 0 < \xi 0 \leq 1.
On the other hand, to tackle the control problem, the cost functional J must be well
defined, requiring the square integrability of y. The square integrability of y holds
under suitable integrability of the inverse of the weight. In section 3, we will impose
additional assumptions on the boundary conditions a, b, which are necessary to deduce
the first-order optimality condition, and also guarantee integrability of (\xi 0)

 - 1
.

3. Lipschitz continuity of the control-to-state mapping. This section
shows the Lipschitz continuity of the control-to-state mapping, which is the first step
to study the Gateaux derivative of this mapping. Here, we denote by

\widehat \varphi =\varphi 1  - \varphi 2

the difference of two given functions \varphi 1,\varphi 2.

Theorem 3.1. Under the assumption (2.11), (ai, bi) \in \scrA , and yi,0, i = 1,2, let
y1 = u1 + a1, y2 = u2 + a2 with

u1,u2 \in C([0, T ];H)\cap L4(0, T ;V ), P -a.e.in \Omega ,

be two solutions of (1.1) in the sense of the variational equality (2.15), satisfying the
estimates (2.16) with two corresponding boundary conditions a1, b1, a2, b2, and the
initial conditions

y1,0 = u1,0 + a1(0), y2,0 = u2,0 + a2(0).

Then there exists a constant \widehat C1 such that the following estimates hold:
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 371

\BbbE sup
s\in [0,t]

\xi 21(s)\| \widehat u(s)\| 22 + 2\nu \BbbE 
\int t

0

\xi 21\| \widehat u\| 2H1 ds(3.1)

\leqslant C

\Biggl\{ 
\BbbE \| \widehat u0\| 22 +

\biggl( 
\BbbE 
\int t

0

| | (\widehat a,\widehat b)| | 4\scrH p(\Gamma )
ds

\biggr) 1/2
\Biggr\} 
,

\BbbE sup
s\in [0,t]

\xi 41(s)\| \widehat u(s)\| 42 + 2\nu 2\BbbE 
\biggl( \int t

0

\xi 21\| \widehat u\| 2H1 ds

\biggr) 2

(3.2)

\leqslant C

\biggl\{ 
\BbbE \| \widehat u0\| 42 +\BbbE 

\int t

0

| | (\widehat a,\widehat b)| | 4\scrH p(\Gamma )
ds

\biggr\} 
,

where the function \xi 1 is defined as

\xi 1(t) = e - 
\int t
0
f1(s)ds,(3.3)

with f1 \in L1(\Omega \times (0, T )) given by

f1(t) = \widehat C1(\nu 
 - 1 + 1)

\Bigl( 
\| (a1, b1)\| 2\scrH p(\Gamma )

+ \| (a2, b2)\| 2\scrH p(\Gamma )
+ \| u1\| 2V + 1

\Bigr) 
.(3.4)

The constant \widehat C1 is defined by the relations (3.6)--(3.7).

Proof. Let us denote \widehat a the solution of the Stokes problem (2.12) with (a, b) =
(\widehat a,\widehat b). Recalling that y1 and y2 verify the system (1.1) in the sense of Definition 2.3,
we have

d (\widehat y(t),\bfitvarphi ) = \biggl[  - \nu (\widehat y,\bfitvarphi )V + \nu 

\int 
\Gamma 

\widehat b(\bfitvarphi \cdot \bfittau )d\gamma  - ( \widehat B,\bfitvarphi )

\biggr] 
dt

+ ( \widehat G,\bfitvarphi )d\scrW t \forall t\in [0, T ],\widehat y(0) = \widehat y0 \forall \bfitvarphi \in V, P -a.e.in \Omega ,

with \widehat B = (y1 \cdot \nabla )y1  - (y2 \cdot \nabla )y2, \widehat G(t) =G(t,y1(t)) - G(t,y2(t)).

Taking \bfitvarphi = ei for each i \in \BbbN , we can verify that the process \widehat u = \widehat y  - \widehat a satisfies the
system

d (\widehat u(t),ei) = \biggl[  - \nu (\widehat u+ \widehat a,ei)V  - ((y2 \cdot \nabla ) \widehat u,ei) + \int 
\Gamma 

\nu \widehat b(ei \cdot \bfittau )d\gamma + (U,ei)

\biggr] 
dt

+ ( \widehat G,ei)d\scrW t,\widehat u(0) = \widehat y0  - \widehat a(0),
with U= - [\partial t\widehat a+ ((\widehat u+ \widehat a) \cdot \nabla )y1 + (y2 \cdot \nabla )\widehat a] . Hence the It\^o formula gives

d
\Bigl( 
(\widehat u(t),ei)2\Bigr) = 2(\widehat u(t),ei) [ - \nu (\widehat u+ \widehat a,ei)V  - ((y2 \cdot \nabla ) \widehat u,ei)

+

\int 
\Gamma 

\nu \widehat b(ei \cdot \bfittau )d\gamma + (U,ei) ]dt

+ 2(\widehat u(t),ei) ( \widehat G,ei)d\scrW t + | ( \widehat G,ei)| 2 dt.

Summing these equalities over i\in \BbbN , we obtain

d
\Bigl( 
\| \widehat u\| 22\Bigr) + 2\nu \| \widehat u\| 2V dt= J dt + 2( \widehat G, \widehat u)d\scrW t,(3.5)
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372 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

where we denote

J =

\int 
\Gamma 

\Bigl\{ 
 - a2(\widehat u \cdot \bfittau )2 + 2\nu \widehat b(\widehat u \cdot \bfittau )

\Bigr\} 
d\gamma  - 2 ([\partial t\widehat a+ ((\widehat u+ \widehat a) \cdot \nabla )y1] , \widehat u)

 - 2 ((y2 \cdot \nabla )\widehat a, \widehat u) - 2\nu (\widehat a, \widehat u)V + \| \widehat G\| 22
= J1 + J2 + J3 + J4 + J5.

We have

J1 \leqslant (\| a2\| L\infty (\Gamma ) + \nu )\| \widehat u\| 2L2(\Gamma )
+C\nu \| \widehat b\| 2L2(\Gamma )

\leqslant h1(t)| | \widehat u| | 22 + \nu 

4
| | \widehat u| | 2V +C\nu \| \widehat b\| 2L2(\Gamma )

with

h1(t) =
C

\nu 
(\| (a2, b2)\| \scrH p(\Gamma ) + \nu )2 \in L1(0, T ), P -a.e. in \Omega ,

by (2.11). The term J2 is estimated as follows:

J2 \leqslant 2
\Bigl( 
\| \partial t\widehat a\| 2 + \| \widehat a\| C(\Omega )\| \nabla y1\| 2

\Bigr) 
\| \widehat u\| 2 + 2\| \nabla y1\| 2 \| \widehat u\| 24

\leqslant 2
\Bigl( 
\| \partial t\widehat a\| 2 + \| \widehat a\| C(\Omega )

\Bigr) 
(1 + \| \nabla y1\| 2)\| \widehat u\| 2

+ 2\| \nabla y1\| 2\| \widehat u\| 2\| \nabla \widehat u\| 2
\leqslant h2(t)\| \widehat u\| 22 +C\| (\widehat a,\widehat b)\| 2\scrH p(\Gamma )

+
\nu 

4
| | \widehat u| | 2V

with

h2(t) =C
\bigl( 
1 + (\nu  - 1 + 1)\| \nabla y1\| 22

\bigr) 
\in L1(0, T ), P -a.e. in \Omega ,

by (2.4) and (2.16). Using (2.3) with q= 4, we have

J3 = 2 [((\widehat u \cdot \nabla )\widehat a, \widehat u) + ((\widehat a \cdot \nabla )\widehat a, \widehat u) - ((y1 \cdot \nabla )\widehat a, \widehat u)]
\leqslant 2

\bigl[ 
\| \widehat u\| 24| | \nabla \widehat a\| 2 + \| \widehat a\| L\infty \| \nabla \widehat a\| 2\| \widehat u\| 2 + \| y1\| 4\| \nabla \widehat a\| 2\| \widehat u\| 4)\bigr] 

\leqslant C\| \widehat u\| 2\| \widehat u\| V | | \nabla \widehat a\| 2 +C\| \nabla \widehat a\| 22\| \widehat u\| 2
+ C\| y1\| 1/22 \| y1\| 1/2H1 \| \nabla \widehat a\| 2\| \widehat u\| 1/22 \| \widehat u\| 1/2V

\leqslant C(\nu  - 1 + 1)\| \nabla \widehat a\| 22\| \widehat u\| 22 + \nu 

8
\| \widehat u\| 2V + \| \widehat a\| 2L\infty 

+
C

\nu 
\| y1\| 2H1\| \widehat u\| 22 + \nu 

8
\| \widehat u\| 2V +C\| y1\| 2\| \nabla \widehat a\| 22

\leqslant h3(t)\| \widehat u\| 22 + \nu 

4
\| \widehat u\| 2V + \| (\widehat a,\widehat b)\| 2\scrH p(\Gamma )

+C\| y1\| 2\| (\widehat a,\widehat b)\| 2\scrH p(\Gamma )

with

h3(t) =C
\Bigl( 
(\nu  - 1 + 1)\| (\widehat a,\widehat b)\| 2\scrH p(\Gamma )

+ \nu  - 1\| y1\| 2H1

\Bigr) 
\in L1(0, T ), P -a.e. in \Omega .

Finally, we have

J4 \leqslant C\nu \| \widehat a\| 2H1 +
\nu 

4
| | \widehat u| | 2V \leqslant C\nu \| (\widehat a,\widehat b)\| 2\scrH p(\Gamma )

+
\nu 

4
| | \widehat u| | 2V

and

J5 \leqslant K| | \widehat u| | 22
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 373

by the assumption (2.10). Therefore, there exists a specific constant \widehat C1, such that\widehat C1 \geqslant \widehat C0 with \widehat C0 is introduced in (2.16)--(2.17) and

1

2
(h1(t) + h2(t) + h3(t) +K) \leqslant f1(t),(3.6)

where

f1(t) = \widehat C1(\nu 
 - 1 + 1)

\Bigl( 
\| (a1, b1)\| 2\scrH p(\Gamma )

+ \| (a2, b2)\| 2\scrH p(\Gamma )
+ \| u1\| 2V + 1

\Bigr) 
.(3.7)

Combining the above deduced estimates for Ji, i= 1, . . . ,5, we get

J \leqslant (h1(t) + h2(t) + h3(t) +K)\| \widehat u\| 22 + \nu | | \widehat u| | 2V
+ C

\Bigl\{ 
\nu \| \widehat b\| 2L2(\Gamma )

+ (1+ \nu )\| (\widehat a,\widehat b)\| 2\scrH p(\Gamma )
+ \| y1\| 2| | (\widehat a,\widehat b)| | 2\scrH p(\Gamma )

\Bigr\} 
\leqslant 2f1(t)\| \widehat u\| 22 + \nu | | \widehat u| | 2V +C (1 + \| y1\| 2)\| (\widehat a,\widehat b)\| 2\scrH p(\Gamma )

.(3.8)

Now introducing the function

\xi 1(t) = e - 
\int t
0
f1(s)ds(3.9)

and applying It\^o's formula to (3.5), we infer

d
\Bigl( 
\xi 21(t)\| \widehat u\| 22\Bigr) + 2\nu \xi 21(t)\| \widehat u\| 2V dt= \xi 21(t)J dt

+ 2\xi 21(t)(
\widehat G, \widehat u)d\scrW t  - 2f1(t)\xi 

2
1(t)| | \widehat u| | 22 dt.

Integrating it over the interval [0, t] and using the estimate (3.8), we derive

\xi 21(t)\| \widehat u(t)\| 22 + \nu 

\int t

0

\xi 21\| \widehat u\| 2V ds\leqslant \| \widehat u0\| 22 +C

\int t

0

\xi 21 (1 + \| y1\| 2) | | (\widehat a,\widehat b)| | 2\scrH p(\Gamma )
ds

+ 2

\int t

0

\xi 21(
\widehat G, \widehat u)d\scrW s,(3.10)

which implies

sup
s\in [0,t]

\xi 21(s)\| \widehat u(s)\| 22 + \nu 

\int t

0

\xi 21\| \widehat u\| 2V ds

\leqslant \| \widehat u0\| 22 +C

\int t

0

\xi 21 (1 + \| y1\| 2) | | (\widehat a,\widehat b)| | 2\scrH p(\Gamma )
ds

+ 2 sup
s\in [0,t]

\int s

0

\xi 21(
\widehat G, \widehat u)d\scrW r.

Taking the expectation in this inequality, using the assumption (2.10), and the
Burkholder--Davis--Gundy inequality,

\BbbE sup
s\in [0,t]

\bigm| \bigm| \bigm| \bigm| \int s

0

\xi 21(r)(
\widehat G, \widehat u) d\scrW r

\bigm| \bigm| \bigm| \bigm| \leqslant \BbbE 
\biggl( \int t

0

\xi 41 | (G(s,y1) - G(s,y2), \widehat u)| 2 ds

\biggr) 1
2

\leqslant 
1

2
\BbbE sup

s\in [0,t]

\xi 21(s)\| \widehat u(s)\| 22 +C\BbbE 
\int t

0

\xi 21(\| \widehat u\| 22 + \| \widehat a\| 22)ds,
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374 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

we deduce

1

2
\BbbE sup

s\in [0,t]

\xi 21(s)\| \widehat u(s)\| 22 + \nu \BbbE 
\int t

0

\xi 21\| \widehat u\| 2V ds

\leqslant C\BbbE 
\int t

0

sup
s\in [0,t]

\xi 21(s)\| \widehat u(s)\| 22 ds+C\BbbE \| \widehat u0\| 22

+C

\biggl( 
\BbbE 
\int t

0

\xi 21
\bigl( 
1 + \| y1\| 22

\bigr) 
ds

\biggr) 1/2\biggl( 
\BbbE 
\int t

0

\xi 21 | | (\widehat a,\widehat b)| | 4\scrH p(\Gamma )
ds

\biggr) 1/2

by (2.13). Then the Gr\"onwall inequality yields

\BbbE sup
s\in [0,t]

\xi 21(s)\| \widehat u(s)\| 22 + 2\nu \BbbE 
\int t

0

\xi 21\| \widehat u\| 2V ds

\leqslant C

\Biggl\{ 
\BbbE \| \widehat u0\| 22 +

\biggl( 
\BbbE 
\int t

0

\xi 21
\bigl( 
1 + \| y1\| 22

\bigr) 
ds

\biggr) 1/2\biggl( 
\BbbE 
\int t

0

\xi 21 | | (\widehat a,\widehat b)| | 4\scrH p(\Gamma )
ds

\biggr) 1/2
\Biggr\} 
,

which implies (3.1), applying (2.13), (2.16), (2.17), and the property that \xi 1 \leqslant 1 a.e.
in \Omega \times [0, T ].

On the other hand, taking the square of (3.10), we infer that

\BbbE sup
s\in [0,t]

\xi 41(s)\| \widehat u(s)\| 42 + \nu 2\BbbE 
\biggl( \int t

0

\xi 21\| \widehat u\| 2V ds

\biggr) 2

\leqslant C\BbbE \| \widehat u0\| 42 +C\BbbE 
\biggl( \int t

0

\xi 21 (1 + \| y1\| 2) | | (\widehat a,\widehat b)| | 2\scrH p(\Gamma )
ds

\biggr) 2

+C\BbbE sup
s\in [0,t]

\biggl( \int s

0

\xi 21(r)(
\widehat G, \widehat u)d\scrW r

\biggr) 2

\leqslant C\BbbE \| \widehat u0\| 42 +C\BbbE 
\int t

0

\xi 21
\bigl( 
1 + \| y1\| 22

\bigr) 
ds\times \BbbE 

\int t

0

\xi 21 | | (\widehat a,\widehat b)| | 4\scrH p(\Gamma )
ds

+C\BbbE sup
s\in [0,t]

\biggl( \int s

0

\xi 21(
\widehat G, \widehat u)d\scrW r

\biggr) 2

.

The assumption (2.10) and the Burkholder--Davis--Gundy inequality,

\BbbE sup
s\in [0,t]

\bigm| \bigm| \bigm| \bigm| \int s

0

\xi 21(r)(
\widehat G, \widehat u) d\scrW r

\bigm| \bigm| \bigm| \bigm| 2 \leqslant \BbbE 
\int t

0

\xi 41(s) | (G(s,y1) - G(s,y2), \widehat u)| 2 ds

\leqslant 
1

2
\BbbE sup

s\in [0,t]

\xi 41(s)\| \widehat u(s)\| 42 +C\BbbE 
\int t

0

\xi 41

\Bigl( 
\| \widehat u\| 42 + \| \widehat a\| 42\Bigr) ds,

allow one to deduce the following Gr\"onwall inequality:

1

2
\BbbE sup

s\in [0,t]

\xi 41(s)\| \widehat u(s)\| 42 + \nu 2\BbbE 
\biggl( \int t

0

\xi 21\| \widehat u\| 2V ds

\biggr) 2

\leqslant C\BbbE \| \widehat u0\| 42 +C\BbbE 
\int t

0

\xi 21
\bigl( 
1 + \| y1\| 22

\bigr) 
ds\times \BbbE 

\int t

0

\xi 21 | | (\widehat a,\widehat b)| | 4\scrH p(\Gamma )
ds

+C\BbbE 
\int t

0

\xi 41 \| \widehat a\| 42 ds+C\BbbE 
\int t

0

sup
r\in [0,s]

\xi 41(r)\| \widehat u(r)\| 42 ds,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

06
/0

5/
25

 to
 1

93
.1

36
.1

24
.1

52
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



OPTIMAL CONTROL OF NEWTONIAN FLUIDS 375

implying the inequality

\BbbE sup
s\in [0,t]

\xi 41(s)\| \widehat u(s)\| 42 + 2\nu 2\BbbE 
\biggl( \int t

0

\xi 21\| \widehat u\| 2V ds

\biggr) 2

\leqslant C

\biggl\{ 
\BbbE \| \widehat u0\| 42+\BbbE 

\int t

0

\xi 21
\bigl( 
1+\| y1\| 22

\bigr) 
ds\times \BbbE 

\int t

0

\xi 21 | | (\widehat a,\widehat b)| | 4\scrH p(\Gamma )
ds+C\BbbE 

\int t

0

\xi 41 \| \widehat a\| 42 ds

\biggr\} 
,

which gives (3.2), using (2.13), (2.16), (2.17), and \xi 1 \leqslant 1 a.e. in \Omega \times [0, T ].

4. Solvability of control problem. The main goal of this paper is to control
the solution of the system (1.1) by boundary values (a, b). From now on, we assume
these boundary values belong to the space of \scrH p(\Gamma )-valued bounded stochastic pro-
cesses (cf. [7], [29], [30]); namely we defined the space \scrA of admissible controls as a
bounded subset of L\infty (\Omega \times (0, T );\scrH p(\Gamma )), which is compact in L2(\Omega \times (0, T );\scrH p(\Gamma )).

The cost functional is given by

J(a, b,y) =\BbbE 
\int 
\scrO T

1

2
| y - yd| 2 dxdt+\BbbE 

\int 
\Gamma T

\biggl( 
\lambda 1

2
| a| 2 + \lambda 2

2
| b| 2
\biggr) 

d\gamma dt,(4.1)

where yd \in L2(\Omega \times \scrO T ) is a desired target field and \lambda 1, \lambda 2 > 0. We aim to control
the solution y through the minimization of the cost functional (4.1) over \scrA and
constrained to (1.1). More precisely, our goal is to solve the following problem:

(\scrP )

\left\{   minimize
(a,b)

\{ J(a, b,y) : (a, b)\in \scrA and

y is the solution of the system (1.1) for (a, b)\in \scrA \} .

Let us notice that for (a, b) \in \scrA , the solution y = u+ a of the state equation (2.15)
satisfies

y \in L4(\Omega ;C([0, T ];L2(\scrO )))\subset L2(\Omega \times \scrO T ),

ensuring that the cost functional (4.1) is well defined.
The existence result stated in Theorem 4.1 of [16] applies, and the optimal solution

belongs to \scrA , namely we have the next theorem.

Theorem 4.1. Let y0 verify the assumptions (2.11). Then there exists at least
one solution for the optimal control problem (\scrP ).

Remark 4.1. It is worth mentioning that the existence result established in [16]
does not require the admissible set \scrA to be bounded in L\infty (\Omega \times (0, T );\scrH p(\Gamma )). How-
ever, the deduction of first-order optimality conditions is more demanding, requiring
integrability of the G\^ateaux derivative of the control-to-state mapping. This will
be achieved proving an exponential integrability condition for the state in Proposi-
tion 5.1 below. For that we need \scrA to be bounded in L\infty (\Omega \times (0, T );\scrH p(\Gamma )). This
requirement comes from the structure of the stochastic Navier--Stokes equation with
multiplicative noise. Roughly speaking, this means that the control (in an optimal
way) the stochastic dynamics inside the domain, through the control actions on the
boundary, it is possible even if the control action have some randomness; however,
this randomness should be bounded (see the assumption (vi) on p. 40 of [29] and
the assumption on bounded controls given on p. 42 of [7]). A very particular case
corresponds to deterministic control actions.

The next sections are devoted to establishing first-order optimality conditions.
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5. Exponential integrability of the state. According to sections 2 and 3, let
y= u+a be the unique solution of the stochastic differential equation (1.1) satisfying
the estimates (2.16) and with data (a, b),u0 verifying (2.11). Hereafter, we assume
the following additional assumptions on the data:

(a, b)\in \scrA , | | u0| | 2 \in L\infty (\Omega ),(5.1)

in order to deduce a suitable exponential integrability condition for the stochastic
process y. We also introduce additional hypothesis on the diffusion operator G,
namely G is bounded by a positive constant L in the space H, such that

| | G (t,y) | | 22 \leqslant 
L

1 + | | y| | 22
for a.e. t\in [0, T ] \forall y \in H.(5.2)

Since \scrA is a closed subset of L\infty (\Omega \times (0, T );\scrH p(\Gamma )), we can take the real number

r\ast = sup
(a,b)\in \scrA 

2 \widehat C0

\Bigl( 
1 + | | (a, b)| | 2L\infty (\Omega T ;\scrH p(\Gamma ))

\Bigr) 
,

where the constant \widehat C0 is introduced in (2.17) of Theorem 2.4, and define the time
dependent functions \lambda \ast (t), \beta \ast (t) and the constants A\ast , B\ast by

\lambda \ast (t) =
\nu e - r\ast t

L
, A\ast =

\nu 2e - 2r\ast T

2L
,

\beta \ast (t) =
\nu e - 4(r\ast +L)t

8L
, B\ast =

\nu 2e - 8(r\ast +L)T

8L
.(5.3)

Let us note that there exists a constant \widehat C, depending only on \scrO , such that

| | v| | 42 \leqslant \widehat C| | v| | 22| | v| | 2V \forall v \in V,(5.4)

being a particular case of the inequality (2.3).
Let us mention that the main arguments to show the exponential integrability of

the stochastic process y rely on the structure of the first equation in (1.1) for y, and
on the martingale property of the exponential process.

Proposition 5.1. Assume that the data (a, b) \in \scrA , u0, and G satisfy (2.10),
(2.11), (5.1), and (5.2). Then there exist positive constants C, such that the following
estimates are valid:

\BbbE exp
\Bigl( 
\lambda \ast (t)e

 - tr\ast \| u(t)\| 22
\Bigr) 
\leqslant C, \BbbE exp

\biggl\{ 
A\ast 

\int t

0

\| u\| 2V ds

\biggr\} 
\leqslant C,

\BbbE exp(\beta \ast (t)e
 - 4(r\ast +L)t \| u(t)\| 42)\leqslant C, \BbbE exp

\biggl\{ 
B\ast 

\int t

0

\| u\| 22 \| u\| 
2
V ds

\biggr\} 
\leqslant C,

\BbbE exp

\biggl( 
B\ast \widehat C
\int t

0

\| u\| 42 ds
\biggr) 
\leqslant C \forall t\in [0, T ],(5.5)

with \lambda \ast , A\ast , \beta \ast ,B\ast , and \widehat C defined by (5.3) and (5.4).
Proof. First step. Deduction of the estimates (5.5)1,2. Since y is the solution of

the state system (1.1), which exists by Theorem 2.4, then taking the test function
\bfitvarphi = u in (2.15) with u= y - a, we obtain the inequality

d
\Bigl( 
\| u\| 22

\Bigr) 
+ \nu \| u\| 2V dt\leqslant 2 \widehat C0

\Bigl( 
| | (a, b)| | 2\scrH p(\Gamma )

+ 1
\Bigr) 
(| | u\| 22 + 1)dt

+ 2(G(t,y),u) d\scrW t,(5.6)
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 377

as it was done in the article [16] (see the deduction of the formula (3.11) in the article
[16]). Integrating over the time interval (0, t), we can write

\| u(t)\| 22 + \nu 

\int t

0

\| u\| 2V ds\leqslant \kappa 

\int t

0

\| u\| 22 ds+ (C\kappa + g(t)),(5.7)

where

\kappa = 2r\ast \geq 2 \widehat C0\| 1 + | | (a, b)| | 2\scrH p(\Gamma )
\| L\infty (\Omega T ), C\kappa = \| u0\| 22 + \kappa T,

g(t) =

\int t

0

f(s)d\scrW s, f(s) = 2(G(s,y),u) .

The relation (5.7) corresponds to the following differential inequality:

z\prime \leqslant \kappa z + (C\kappa + g(t)) for z(t) =

\int t

0

\| u\| 22 ds,(5.8)

which can be integrated by Gr\"onwall's lemma. Hence using Fubini's theorem, we get

z(t) =

\int t

0

\| u\| 22 ds\leqslant C\kappa 

\biggl( 
e\kappa t  - 1

\kappa 

\biggr) 
+ e\kappa t

\int t

0

e - \kappa sg(s)ds

=C\kappa 

\biggl( 
e\kappa t  - 1

\kappa 

\biggr) 
+

\int t

0

\biggl( 
e\kappa (t - s)  - 1

\kappa 

\biggr) 
f(s)d\scrW s.

Substituting it into the right-hand side of (5.7), we deduce that

\| u(t)\| 22 + \nu 

\int t

0

\| u\| 2V ds\leqslant C\kappa e
\kappa t +

\int t

0

e\kappa (t - s) f(s)d\scrW s.(5.9)

Setting F (s) = e - \kappa sf(s) and multiplying the inequality (5.9) by \lambda e - \kappa t with some
\lambda > 0, we infer that

\lambda e - \kappa t \| u(t)\| 22 + \nu \lambda e - \kappa t

\int t

0

\| u\| 2V ds\leqslant \lambda C\kappa +
\lambda 2

2

\int t

0

| F (s)| 2 ds

+

\biggl( 
\lambda 

\int t

0

F (s)d\scrW s  - 
\lambda 2

2

\int t

0

| F (s)| 2 ds
\biggr) 
.

The boundedness (5.2) for G implies that

| F (t)| 2 = e - 2\kappa t| (G(t,y),u) | 2 \leqslant L\| u(t)\| 22 \leqslant L\| u(t)\| 2V \forall t\in (0, T ).

In addition, for \lambda \ast (t) =
\nu e - \kappa t

L , we have

max
\lambda 

\biggl( 
\nu \lambda e - \kappa t  - L\lambda 2

2

\biggr) 
=

L\lambda 2
\ast 

2
\geqslant 

\nu 2e - 2\kappa T

2L
=A\ast \forall t\in [0, T ].

Hence, we obtain

\lambda \ast e
 - \kappa t \| u\| 22 +A\ast 

\int t

0

\| u\| 2V ds\leqslant \lambda \ast C\kappa +

\biggl( \int t

0

(\lambda \ast F ) d\scrW s  - 
1

2

\int t

0

(\lambda \ast F )
2
ds

\biggr) 
.

Taking the exponential function and the expectation in the last deduced inequal-
ity, we obtain

\BbbE exp

\biggl( 
\lambda \ast e

 - \kappa t \| u(t)\| 22 +A\ast 

\int t

0

\| u\| 2V ds

\biggr) 
\leqslant H1 \times exp

\biggl\{ \int t

0

(\lambda \ast F ) d\scrW s  - 
1

2

\int t

0

(\lambda \ast F )
2
ds

\biggr\} 
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378 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

with H1 = exp(\lambda \ast C\kappa ) < \infty by the assumption (5.1). Since the expectation of the
right-hand side is equal to 1 due to the Levy equality, we derive

\BbbE exp

\biggl( 
\lambda \ast e

 - \kappa t \| u(t)\| 22 +A\ast 

\int t

0

\| u\| 2V ds

\biggr) 
\leqslant H1,

which gives (5.5)1,2
Second step. Deduction of the estimates (5.5)3,4,5. Using the inequality (5.6) and

applying the It\^o formula, we ensure

\| u\| 42 + 2\nu 

\int t

0

\| u\| 22 \| u\| 
2
V ds\leqslant \| u0\| 42

+ 4

\int t

0

\widehat C0(| | (a, b)| | 2\scrH p(\Gamma )
+ 1)\| u\| 22 (| | u\| 

2
2 + 1)ds

+ 4

\int t

0

\| u\| 22 (G(t,y),u) d\scrW s +

\int t

0

4 (G(s,y),u)
2
ds

\leqslant \| u0\| 42 +
\int t

0

4
\Bigl( \Bigl\{ 

2 \widehat C0(| | (a, b)| | 2\scrH p(\Gamma )
+ 1)

\Bigr\} 
+L

\Bigr) 
| | u\| 42 ds

+

\int t

0

\Bigl( \Bigl\{ 
2 \widehat C0(| | (a, b)| | )2\scrH p(\Gamma )

+ 1
\Bigr\} 
+ 1
\Bigr) 
dt

+ 4

\int t

0

\| u\| 22 (G(s,y),u) d\scrW s,

by the inequality a\leqslant a2 + 1
4 and the assumption (5.2). Therefore,

\| u(t)\| 42 + 2\nu 

\int t

0

\| u\| 22 \| u\| 
2
V ds\leqslant \kappa 

\int t

0

\| u\| 42 ds+ (C\kappa + g(t)),(5.10)

where

\kappa = 4(r\ast +L) , C\kappa = \| u0\| 42 + (r\ast + 1)T,

g(t) =

\int t

0

f(s)d\scrW s, f(s) = 4\| u\| 22 (G(s,y),u) .

The expression (5.10) can be written as the differential inequality (5.8) for

z(t) =

\int t

0

\| u\| 42 ds.

Hence, comparing with (5.9), Gr\"onwall's inequality gives

\| u(t)\| 42 + 2\nu 

\int t

0

\| u\| 22 \| u\| 
2
V ds\leqslant C\kappa e

\kappa t +

\int t

0

e\kappa (t - s) f(s)d\scrW s.(5.11)

Let us denote by F (s) = e - \kappa sf(s) and multiply (5.11) by \beta e - \kappa t with \beta > 0, we obtain

\beta e - \kappa t \| u(t)\| 42 + 2\nu \beta e - \kappa t

\int t

0

\| u\| 22 \| u\| 
2
V ds(5.12)

\leqslant \beta C\kappa +
\beta 2

2

\int t

0

| F (s)| 2 ds+
\biggl( 
\beta 

\int t

0

F (s)d\scrW s  - 
\beta 2

2

\int t

0

| F (s)| 2 ds
\biggr) 
.
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 379

The boundedness (5.2) for G implies that

| F (t)| 2 \leqslant 16\| u\| 42 (G(t,y),y - a)
2 \leqslant 16\| u(t)\| 42

\Biggl( 
L\| y(t)\| 22
1 + | | y| | 22

+C

\Biggr) 
\leqslant D\ast \| u(t)\| 22 \| u(t)\| 

2
V with D\ast = 16L+C for a.e. t\in (0, T ).

On the other hand for \beta \ast (t) =
2\nu e - \kappa t

D\ast 
, we have

max
\beta 

\biggl( 
2\nu \beta e - \kappa t  - D\ast \beta 

2

2

\biggr) 
=

D\ast \beta 
2
\ast 

2
\geqslant 

4\nu 2e - 2\kappa T

2D\ast 
=B\ast \forall t\in [0, T ].

Due to these relations, (5.12) yields

\beta \ast e
 - \kappa t \| u(t)\| 42 +B\ast 

\int t

0

\| u\| 22 \| u\| 
2
V ds

\leqslant \beta \ast C\kappa +

\biggl( \int t

0

(\beta \ast F ) d\scrW s  - 
1

2

\int t

0

(\beta \ast F )
2
ds

\biggr) 
.

Taking the exponential function and the expectation in the last deduced inequality,
we obtain

\BbbE exp

\biggl( 
\beta \ast e

 - \kappa t \| u(t)\| 42 +B\ast 

\int t

0

\| u\| 22 \| u\| 
2
V ds

\biggr) 
\leqslant H2 \times \BbbE exp

\biggl( \int t

0

(\beta \ast F ) d\scrW s  - 
1

2

\int t

0

(\beta \ast F )
2
ds

\biggr) 
=H2

with H2 = exp(\beta \ast C\kappa )<\infty by the assumption (5.1). Also, using the inequality (5.4),
we conclude that

\BbbE exp

\biggl( 
B\ast \widehat C
\int t

0

\| u(t)\| 42 ds

\biggr) 
\leqslant \BbbE exp

\biggl( 
B\ast 

\int t

0

\| u\| 22 \| u\| 
2
V ds

\biggr) 
\leqslant H2.

The last two inequalities are the estimates (5.5)3,4,5.

6. Linearized state equation. In this section we also assume that G(t,y) is
G\^ateaux differentiable in the variable y \in H:

lim
s\rightarrow 0

G(t,y+ sv) - G(t,y)

s
=\nabla yG(t,y)v for each t\in [0, T ],

such that the function \nabla yG(t,y) is continuous and bounded in the second variable
y, namely

| | \nabla yG(t,x) - \nabla yG(t,y)| | 2 \rightarrow 0 when | | x - y| | 2 \rightarrow 0 \forall t\in [0, T ],

| | \nabla yG(t,y)v| | 2 \leqslant C| | v| | 2, v \in H,

| | \nabla yG(t,y)v| | V \leqslant C| | v| | V , v \in V,(6.1)

for some positive constant C. Due to Propositions A.2, A.3 of [1] we have that G(t,y)
is Fr\'echet differentiable in the second variable y:

G(t,x+ y) - G(t,y) - \nabla yG(t,y)x= o (t,\| x\| 2) , where lim
s\rightarrow 0

o (t, s)

s
= 0(6.2)

for any x, y \in H, t\in [0, T ].
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380 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

Let y be the solution of the state system (1.1). The corresponding linearized
system for (1.1) can be written as the following Oseen's type system:\left\{           

dz= (\nu \Delta z - (z\cdot \nabla )y - (y\cdot \nabla )z - \nabla \pi )dt+\nabla yG(t,y)zd\scrW t in\scrO T ,

div z= 0,
z \cdot n= f, [2D(z)n+ \alpha z] \cdot \bfittau = g on \Gamma T ,

z(0) = 0 in\scrO 

(6.3)

with the boundary data, satisfying the assumption

(f, g)\in \scrA .(6.4)

Let f be the solution of the system (2.12) with the data (a, b) replaced by (f, g).
Then the function f satisfies the estimates (2.13), namely

| | f | | W 1
p (\scrO ) + | | \partial tf | | L2(\scrO ) \leqslant C| | (f, g)| | \scrH p(\Gamma ) a.e. in \Omega \times (0, T ),

hence f has the following regularities:

f \in L4(\Omega ;C([0, T ];L2(\scrO )))\cap L4(\Omega \times (0, T );C(\scrO )\cap H1(\scrO )),

\partial tf \in L4(\Omega \times (0, T );L2(\scrO )).(6.5)

Definition 6.1. A stochastic process z= \~z+ f with \~z\in L2(0, T ;V ), P -a.e. in
\Omega , is a strong solution of (6.3) with z(0) = 0 if the following equation holds:

(z(t),\bfitvarphi ) =

\int t

0

\biggl[ 
 - \nu (z,\bfitvarphi )V +

\int 
\Gamma 

\nu g(\bfitvarphi \cdot \bfittau )d\gamma  - ((z \cdot \nabla )y+ ((y \cdot \nabla )z,\bfitvarphi ))

\biggr] 
ds

+

\int t

0

(\nabla yG(s,y)z,\bfitvarphi ) d\scrW s \forall \bfitvarphi \in V, a.e. in \Omega \times (0, T ).

In what follows we will establish the solvability of the system (6.3).

Proposition 6.2. Let y be the solution of the state system (1.1) with the bound-
ary data (a, b) \in \scrA , which was constructed in Theorem 2.4. Let (f, g) satisfy the
assumption (6.4). Then there exists a unique solution z= \~z+ f for the system (6.3),
such that

\~z\in C([0, T ];H)\cap L2 (0, T ;V ) , P -a.e. in \Omega .

Moreover, there exists a positive constant \widehat C2, such that

\BbbE sup
s\in [0,t]

\xi 22(s)\| \~z(s)\| 
2
2 + \nu \BbbE 

\int t

0

\xi 22 \| \~z\| 
2
V ds

\leqslant C\BbbE 
\int t

0

\xi 22 (1 + \nu ) | | (f, g)| | 2\scrH p(\Gamma )

\bigl( 
1 + \| y\| 22

\bigr) 
ds(6.6)

\BbbE sup
s\in [0,t]

\xi 42(s)\| \~z(s)\| 
4
2 + \nu 2\BbbE 

\biggl( \int t

0

\xi 22 \| \~z\| 
2
V ds

\biggr) 2

\leqslant C

\biggl( 
\BbbE 
\int t

0

\xi 22 (1 + \nu ) | | (f, g)| | 2\scrH p(\Gamma )

\bigl( 
1 + \| y\| 22

\bigr) 
ds

\biggr) 2

(6.7)
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 381

with

\xi 2(t) = e - 
\int t
0
f2(s)ds(6.8)

and

f2(t) = \widehat C2(\nu 
 - 1 + 1)

\Bigl( 
1 + \| u\| 2V + | | (a, b)| | 2\scrH p(\Gamma )

\Bigr) 
,

where \widehat C2 is defined according to the relations (6.12)--(6.13).

Proof. The existence of a solution for the system (6.3) will be shown by Galerkin's
method.

The injection operator I : V \rightarrow H is a compact operator. Therefore, there exists
a basis \{ ek\} \infty k=1 \subset V of eigenfunctions

(v,ek)V = \lambda k (v,ek) \forall v \in V, k \in \BbbN ,(6.9)

which is an orthonormal basis for H, such that the sequence \{ \lambda k\} \infty k=1 of eigenvalues
verifies the following properties:

\lambda k > 0 \forall k \in \BbbN and \lambda k \rightarrow \infty as k\rightarrow \infty .

To justify it, we refer to a similar situation, which was considered in Lemma 2.2. of
[17], Theorem 1 of [36], see also [22, pp. 297--307, Theorem 2, p. 300, and Theorem 5,
p. 305].

The ellipticity of (6.9) and the regularity \Gamma \in C2 imply that \{ ek\} \subset H2(\scrO ) \cap V ,
hence the sequence \{ ek\} \infty k=1 forms the eigenfunctions of the Stokes problem:\Biggl\{ 

 - \Delta ek +\nabla \pi k = \lambda kek, divek = 0 in \scrO ,

ek \cdot n= 0, [2D(ek)n+ \alpha ek] \cdot \bfittau = 0 on \Gamma .

Let us fix an arbitrary n \in \BbbN and consider the finite-dimensional subspace Vn =
span\{ e1, . . . ,en\} of V. Let

zn = \~zn + f with \~zn(t) =

n\sum 
k=1

r
(n)
k (t) ek\~zn \in Vn

be a solution of the following finite-dimensional problem:

\left\{           
d(zn,ek) =

\bigl[ 
 - \nu (zn,ek)V + \nu 

\int 
\Gamma 
g(ek \cdot \bfittau )d\gamma  - ((zn \cdot \nabla )y+ ((y \cdot \nabla )zn,ek))

\bigr] 
dt

+(\nabla yG(t,y)zn,ek) d\scrW t a.e. in \Omega \times (0, T ),

\~zn(0) = \~zn,0, k= 1,2, . . . , n,

(6.10)

where \~zn,0 is the orthogonal projections in H of \~z0(x) = - f(0,x) onto the space Vn.
The problem (6.10) is a system of n-stochastic linear ordinary differential equa-

tions, which has a unique global-in-time solution \~zn = zn  - f , as an adapted process
in the space C([0, T ];Vn). We can write the equation in (6.10) as

d (\~zn,ei) =

\biggl[ 
 - \nu (\~zn + f ,ei)V + \nu 

\int 
\Gamma 

g(ei \cdot \bfittau )d\gamma 

+ ( - \partial tf  - ((\~zn + f) \cdot \nabla )y - (y\cdot \nabla ) (\~zn + f) ,ei)

\biggr] 
dt

+ (\nabla yG(t,y) (\~zn + f) ,ei) d\scrW t.
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382 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

Step 1. Deducing the estimate (6.6). The It\^o formula gives

d
\Bigl( 
(\~zn ,ei)

2
\Bigr) 
= 2(\~zn,ei)

\biggl[ 
 - \nu (\~zn,ei)V  - \nu (f ,ei)V + \nu 

\int 
\Gamma 

g(ei \cdot \bfittau )d\gamma 

+ ( - \partial tf  - ((\~zn + f) \cdot \nabla )y - (y\cdot \nabla ) (\~zn + f) ,ei)

\biggr] 
dt

+ 2(\~zn,ei) (\nabla yG(t,y) (\~zn + f) ,ei) d\scrW t

+ | (\nabla yG(t,y) (\~zn + f) ,ei) | 2 dt,

where the module in the last term is defined by (2.9). Summing these equalities over
i= 1, . . . , n, we obtain

d
\Bigl( 
\| \~zn\| 22

\Bigr) 
+ 2\nu \| \~zn\| 2V =

\biggl[ \int 
\Gamma 

\bigl\{ 
 - a(\~zn \cdot \bfittau )2 + 2\nu g(\~zn \cdot \bfittau )

\bigr\} 
d \gamma 

\biggr] 
dt

 - 2 (\partial tf + ((\~zn + f) \cdot \nabla )y,\~zn) dt

 - 2 ((y \cdot \nabla ) f ,\~zn)dt - 2\nu (f ,\~zn)V dt

+

n\sum 
i=1

| (\nabla yG(t,y) (\~zn + f) ,ei) | 2 dt

+ 2(\nabla yG(t,y) (\~zn + f) ,\~zn) d\scrW t

= J dt+ J6 d\scrW t,(6.11)

with J = J1 + J2 + J3 + J4 + J5.
Let us estimate the terms Ji, i= 1, . . . ,5. First, we have

J1 \leqslant (\| a\| L\infty (\Gamma ) + 1)\| \~zn\| 2L2(\Gamma )
+C\nu \| g\| 2L2(\Gamma )

\leqslant C

\biggl( 
\| a\| 

W
1 - 1

p
p (\Gamma )

+ 1

\biggr) 
| | \~zn| | 2| | \nabla \~zn| | 2 +C\nu \| g\| 2L2(\Gamma )

\leqslant h1(t)| | \~zn| | 22 +
\nu 

4
| | \~zn| | 2V +C\nu \| g\| 2L2(\Gamma )

with

h1(t) =C\nu  - 1

\biggl( 
\| a\| 2

W
1 - 1

p
p (\Gamma )

+ 1

\biggr) 
\in L1(0, T ), P -a.e. in \Omega ,

by the assumption (2.11) and

J2 \leqslant C
\Bigl( 
\| \partial tf\| 2 + \| f\| C(\scrO )\| \nabla y\| 2

\Bigr) 
\| \~zn\| 2 + \| \nabla y\| 2 \| \~zn\| 24

\leqslant C
\Bigl( 
\| \partial tf\| 2 + \| f\| C(\scrO )

\Bigr) 
(1 + \| \nabla y\| 2)\| \~zn\| 2

+ \| \nabla y\| 2\| \~zn\| 2\| \nabla \~zn\| 2
\leqslant h2(t)\| \~zn\| 22 +

\nu 

4
| | \~zn| | 2V + \| (f, g)\| 2\scrH p(\Gamma )

with

h2(t) =Cmax(\nu  - 1,1)
\bigl( 
1 + \| \nabla y\| 22

\bigr) 
\in L1(0, T ), P -a.e. in \Omega ,

by the estimates (2.16).
Reasoning as above and using (2.3) for q= 4, we have

\| y\| 4 \leqslant C
\Bigl( 
| | y| | 1/22 | | \nabla y| | 1/22 + | | y| | 2

\Bigr) 
,
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 383

that implies

J3 \leqslant C\| y\| 4| | \nabla f\| 2\| \~zn\| 4 \leqslant C| | \nabla f\| 2\| y\| 4| | \~zn| | 1/22 | | \nabla \~zn| | 1/22

\leqslant C| | \nabla f\| 22\| y\| 2 +
C

\nu 
(\| y\| 22 + \| \nabla y\| 22) +

\nu 

4
| | \~zn| | 2V .

Hence

J3 \leqslant C\| (f, g)\| 2\scrH p(\Gamma )
\| y\| 2 + h3(t)\| \~zn\| 22 +

\nu 

4
| | \~zn| | 2V

with

h3(t) =
C

\nu 

\bigl( 
| | y| | 22 + \| \nabla y\| 22

\bigr) 
\in L1(0, T ), P -a.e. in \Omega ,

by the estimate (2.16)1.
The terms J4 and J5 are estimated as

J4 \leqslant C\nu \| f\| 2V + | | \~zn| | 2V +
\nu 

4
| | \~zn| | 2V

\leqslant C\nu \| (f, g)\| 2\scrH p(\Gamma )
+

\nu 

4
| | \~zn| | 2V

and

J5 =

n\sum 
i=1

| (\nabla yG(t,y) (\~zn + f) ,ei) | 2 \leqslant C| | \nabla yG(t,y) (\~zn + f) | | 22

\leqslant C| | \~zn + f | | 22 \leqslant C| | \~zn| | 22 +C\| (f, g)\| 2\scrH p(\Gamma )

by the assumption (6.1).
The above deduced estimates for the terms Ji, i= 1, . . . ,5, and (6.11) imply the

existence of some positive constant \widehat C2 such that

J \leqslant 2f2(t)\| \~zn\| 22 +C
\Bigl[ 
(1 + \nu ) | | (f, g)| | 2\scrH p(\Gamma )

(1 + \| y\| 2)
\Bigr] 
+ \nu | | \~zn| | 2V(6.12)

with

f2(t) = \widehat C2(\nu 
 - 1 + 1)

\Bigl( 
1 + \| u\| 2V + | | (a, b)| | 2\scrH p(\Gamma )

\Bigr) 
\in L1(0, T ).(6.13)

Introducing the function

\xi 2(t) = e - 
\int t
0
f2(s)ds for t\in [0, T ],

the It\^o formula gives

\xi 22(t)\| \~zn(t)\| 
2
2 + \nu 

\int t

0

\xi 22 \| \~zn\| 
2
V ds

\leqslant C

\int t

0

\xi 22

\Bigl[ 
(1 + \nu ) | | (f, g)| | 2\scrH p(\Gamma )

\bigl( 
1 + \| y\| 22

\bigr) \Bigr] 
ds

+ 2

\int t

0

\xi 22(t) (\nabla yG(t,y) (\~zn + f) ,\~zn) d\scrW t.(6.14)

For each n\in \BbbN , let us define the function

d(t) = \xi 22(t)\| \~zn(t)\| 
2
2 + \nu 

\int t

0

\xi 22 \| \~zn\| 
2
V ds, a.e. in \Omega \times (0, T ),
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384 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

and consider the sequence \{ \tau nN\} N\in \BbbN of the stopping times

\tau nN (\omega ) = inf\{ t\geqslant 0 : d(t)\geqslant N\} \wedge T, P -a.e. \omega \in \Omega .(6.15)

For 0\leqslant s\leqslant \tau nN \wedge t, we have

\xi 22(s)\| \~zn(s)\| 
2
2 + \nu 

\int s

0

\xi 22(r)\| \~zn\| 
2
V dr

\leqslant C

\int s

0

\xi 22

\Bigl[ 
(1 + \nu ) | | (f, g)| | 2\scrH p(\Gamma )

\bigl( 
1 + \| y\| 22

\bigr) \Bigr] 
dr

+ 2

\int s

0

\xi 22(r) (\nabla yG(r,y) (\~zn + f) ,\~zn) d\scrW r.(6.16)

The Burkholder--Davis--Gundy inequality gives

\BbbE sup
s\in [0,\tau n

N\wedge t]

\bigm| \bigm| \bigm| \bigm| \int s

0

\xi 22(r) (\nabla yG(t,y) (\~zn + f) ,\~zn) d\scrW r

\bigm| \bigm| \bigm| \bigm| 
\leqslant \BbbE 

\Biggl( \int \tau n
N\wedge t

0

\xi 42(s) | (\nabla yG(s,y) (\~zn + f) ,\~zn)| 2 ds

\Biggr) 1
2

\leqslant \BbbE sup
s\in [0,\tau n

N\wedge t]

\xi 22 \| \~zn\| 2

\Biggl( \int \tau n
N\wedge t

0

\xi 22 \| \~zn + f\| 22 ds

\Biggr) 1
2

\leqslant 
1

2
\BbbE sup

s\in [0,\tau n
N\wedge t]

\xi 22(s)\| \~zn\| 
2
2 +C\BbbE 

\int \tau n
N\wedge t

0

\xi 22

\biggl( 
1 + | | \~zn| | 22 + | | f | | 2

W
1 - 1

2
2 (\Gamma )

\biggr) 
ds

by the assumption (6.1). Substituting this inequality in (6.16), we derive

1

2
\BbbE sup

s\in [0,\tau n
N\wedge t]

\xi 22(s)\| \~zn(s)\| 22 + \nu \BbbE 
\int \tau n

N\wedge t

0

\xi 22 \| \~zn\| 
2
V ds\leqslant C\BbbE 

\int \tau n
N\wedge t

0

\xi 22 \| \~zn\| 
2
2 ds

+C\BbbE 
\int \tau n

N\wedge t

0

\xi 22

\Bigl[ 
(1 + \nu ) | | (f, g)| | 2\scrH p(\Gamma )

\bigl( 
1 + \| y\| 22

\bigr) \Bigr] 
ds.

Let 1[0,\tau n
N ] be the characteristic function of the interval [0, \tau nN ]. Then the function

f(t) =\BbbE sup
s\in [0,t]

1[0,\tau n
N ]\xi 

2
2(s)\| \~zn(s)\| 22

fulfills the Gr\"onwall type inequality

1

2
f(t)\leqslant C

\int t

0

f(s)ds+C\BbbE 
\int t

0

\xi 22

\Bigl[ 
(1 + \nu ) | | (f, g)| | 2\scrH p(\Gamma )

\bigl( 
1 + \| y\| 22

\bigr) \Bigr] 
dr,

which implies that

\BbbE sup
s\in [0,\tau n

N\wedge t]

\xi 22(s)\| \~zn(s)\| 
2
2 + \nu \BbbE 

\int \tau n
N\wedge t

0

\xi 22 \| \~zn\| 
2
V ds

\leqslant C\BbbE 
\int t

0

\xi 22

\Bigl[ 
(1 + \nu ) | | (f, g)| | 2\scrH p(\Gamma )

\bigl( 
1 + \| y\| 22

\bigr) \Bigr] 
ds.(6.17)

Now let us justify the limit transition as N \rightarrow \infty in the estimate (6.17). By (2.11),
(2.16)1, (6.4), and (6.17) we have

\BbbE sup
s\in [0,\tau n

N\wedge T ]

d(s)\leqslant C
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 385

for some constant C being independent of N and n. Let us fix n \in \BbbN . Since \~zn \in 
C([0, T ];Vn), then d(\tau nN )\geqslant N and

\BbbE sup
s\in [0,\tau n

N\wedge T ]

d(s)\geqslant \BbbE 

\Biggl( 
sup

s\in [0,\tau n
N\wedge T ]

1\{ \tau n
N<T\} d(s)

\Biggr) 
=\BbbE 

\Bigl( 
1\{ \tau n

N<T\} d(\tau nN )
\Bigr) 
\geqslant NP (\tau nN <T ) .

Hence P (\tau nN <T )\rightarrow 0, as N \rightarrow \infty , this means that \tau nN \rightarrow T in probability as N \rightarrow \infty .
Therefore, there exists a subsequence \{ \tau nNk

\} of \{ \tau nN\} (which may depend on n), such
that

\tau nNk
(\omega )\rightarrow T for a.e. \omega \in \Omega as k\rightarrow \infty .

So zn = \~zn+f is a global-in-time solution of the stochastic differential equation (6.10).
In addition, the sequence \{ \tau nN\} of the stopping times is monotone on N for each fixed
n, so we can apply the monotone convergence theorem in order to pass to the limit in
the inequality (6.17) as N \rightarrow \infty , thereby deducing the estimate (6.6), which is valid
for \~zn.

Step 2. Deducing of the estimate (6.7). For each n \in \BbbN , let us consider the
function

d(t) = \xi 42(t)\| \~zn(t)\| 
4
2 + \nu 2

\biggl( \int t

0

\xi 22 \| \~zn\| 
2
V ds

\biggr) 2

a.e. in \Omega \times (0, T ),

and the sequence \{ \tau nN\} N\in \BbbN of the stopping times

\tau nN (\omega ) = inf\{ t\geqslant 0 : d(t)\geqslant N\} \wedge T, P -a.e. \omega \in \Omega .

Taking the square of (6.14), for 0\leqslant s\leqslant \tau nN \wedge t we infer that

\xi 42(s)\| \~zn(s)\| 
4
2 + \nu 2

\biggl( \int s

0

\xi 22(r)\| \~zn\| 
2
V dr

\biggr) 2

\leqslant C

\biggl( 
\BbbE 
\int t

0

\xi 22

\Bigl[ 
(1 + \nu ) | | (f, g)| | 2\scrH p(\Gamma )

\bigl( 
1 + \| y\| 22

\bigr) \Bigr] 
ds

\biggr) 2

+ 8

\biggl( \int s

0

\xi 22(r) (\nabla yG(r,y) (\~zn + f) ,\~zn) d\scrW r

\biggr) 2

.(6.18)

The Burkholder--Davis--Gundy inequality gives

\BbbE sup
s\in [0,\tau n

N\wedge t]

\bigm| \bigm| \bigm| \bigm| \int s

0

\xi 22(r) (\nabla yG(t,y) (\~zn + f) ,\~zn) d\scrW r

\bigm| \bigm| \bigm| \bigm| 2
\leqslant \BbbE 

\int \tau n
N\wedge t

0

\xi 42(s) | (\nabla yG(s,y) (\~zn + f) ,\~zn)| 2 ds

\leqslant 
1

2
\BbbE sup

s\in [0,\tau n
N\wedge t]

\xi 42(s)\| \~zn\| 
4
2

+C\BbbE 
\int \tau n

N\wedge t

0

\xi 42(1 + | | \~zn| | 42 + | | f | | 4
W

1 - 1
2

2 (\Gamma )
)ds

by the assumption (6.1). Using this inequality and (6.18), we derive
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386 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

1

2
\BbbE sup

s\in [0,\tau n
N\wedge t]

\xi 42(s)\| \~zn(s)\| 42 + \nu 2\BbbE 

\Biggl( \int \tau n
N\wedge t

0

\xi 22 \| \~zn\| 
2
V ds

\Biggr) 2

\leqslant C\BbbE 
\int \tau n

N\wedge t

0

\xi 42 \| \~zn\| 
4
2 ds

+C

\biggl( 
\BbbE 
\int t

0

\xi 22

\Bigl[ 
(1 + \nu ) | | (f, g)| | 2\scrH p(\Gamma )

\bigl( 
1 + \| y\| 22

\bigr) \Bigr] 
ds

\biggr) 2

.

Hence the function

f(t) =\BbbE sup
s\in [0,t]

1[0,\tau n
N ]\xi 

4
2(s)\| \~zn(s)\| 42

fulfills the Gr\"onwall type inequality

1

2
f(t)\leqslant C

\int t

0

f(s)ds+C

\biggl( 
\BbbE 
\int t

0

\xi 22

\Bigl[ 
(1 + \nu ) | | (f, g)| | 2\scrH p(\Gamma )

\bigl( 
1 + \| y\| 22

\bigr) \Bigr] 
ds

\biggr) 2

,

which implies that

\BbbE sup
s\in [0,\tau n

N\wedge t]

\xi 42(s)\| \~zn(s)\| 
4
2 + \nu 2

\Biggl( 
\BbbE 
\int \tau n

N\wedge t

0

\xi 22 \| \~zn\| 
2
V ds

\Biggr) 2

\leqslant C

\biggl( 
\BbbE 
\int t

0

\xi 22

\Bigl[ 
(1 + \nu ) | | (f, g)| | 2\scrH p(\Gamma )

\bigl( 
1 + \| y\| 22

\bigr) \Bigr] 
ds

\biggr) 2

.(6.19)

Following the same approach as in Step 1, for each fixed n we can show that there
exists a subsequence \{ \tau nNk

\} of \{ \tau nN\} , such that

\tau nNk
(\omega )\rightarrow T for a.e. \omega \in \Omega as k\rightarrow \infty .

Accounting that the sequence \{ \tau nN\} is monotone on N and applying the monotone
convergence theorem in the inequality (6.19) as N \rightarrow \infty , we deduce the estimate (6.7),
which is valid for \~zn.

Step 3. Passing to the limit in (6.10).
Let us consider the function \widetilde h= \widehat C0(1 + | | (a, b)| | 2\scrH p(\Gamma )

) + f2 with the constant \widehat C0

and the function f2, defined by (2.17) and (6.13). Since\int T

0

\widetilde h(s) ds\leqslant C(\omega )<+\infty for a.e. \omega \in \Omega 

by (2.11) and (6.13), there exists a positive constant K(\omega ), which depends only on \omega ,
satisfying

0<K(\omega )\leqslant \xi (t) = e - 
\int t
0
\widetilde h(s) ds \leqslant 1 for a.e. (\omega , t)\in \Omega \times [0, T ].(6.20)

The estimate (6.6), written for \~zn, gives that

\BbbE sup
t\in [0,T ]

\| \xi (t)\~zn(t)\| 22 + \nu \BbbE 
\int T

0

\| \xi \~zn\| 2V dt\leqslant C(6.21)

for some constant C, which is independent of the index n.
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 387

Therefore, (6.20)--(6.21) imply that there exist a suitable subsequence \~zn, which
is indexed by the same index n (to simplify the notation), and a function \~z, such that

\xi \~zn \rightharpoonup \xi \~z weakly in L2(\Omega \times (0, T );V ),

\xi \~zn \rightharpoonup \xi \~z *-weakly in L2(\Omega ,L\infty (0, T ;H)).(6.22)

The limit function \~z satisfies the estimates (6.6) and (6.7) by the lower semicontinuity
of integral in the L2-space and (6.17).

Since zn solves (6.10), then It\^o's formula gives that for P -a.e. in \Omega and any
t\in [0, T ], we have\left\{               

d
\bigl( 
\xi 2(zn,\bfitvarphi )

\bigr) 
= \xi 2[ - \nu (zn,\bfitvarphi )V + \nu 

\int 
\Gamma 
g(\bfitvarphi \cdot \bfittau )d\gamma 

 - ((zn \cdot \nabla )y,\bfitvarphi ) - ((y \cdot \nabla )zn,\bfitvarphi ) - 2\widetilde h (zn,\bfitvarphi )]ds
+\xi 2 (\nabla yG(t,y)zn,\bfitvarphi ) d\scrW t \forall \bfitvarphi \in Vn,

zn(0) = 0,

that is \bigl( 
\xi 2(t)zn(t),\bfitvarphi 

\bigr) 
=

\int t

0

\xi 2(s)[ - \nu (zn(s),\bfitvarphi )V + \nu 

\int 
\Gamma 

b(s)(\bfitvarphi \cdot \bfittau )d\gamma 

 - ((zn \cdot \nabla )y,\bfitvarphi ) - ((y \cdot \nabla )zn,\bfitvarphi ) - 2\widetilde h(s) (zn(s),\bfitvarphi )]ds
+

\int t

0

\xi 2 (\nabla yG(s,y)zn,\bfitvarphi ) d\scrW s.

Multiplying the last obtained equality by arbitrary fixed \eta \in L2(\Omega ), and taking the
expectation, we derive

\BbbE \eta 
\bigl( 
\xi 2(t)zn(t),\bfitvarphi 

\bigr) 
=\BbbE \eta 

\biggl\{ \int t

0

\xi 2[ - \nu (zn,\bfitvarphi )V + \nu 

\int 
\Gamma 

b(\bfitvarphi \cdot \bfittau )d\gamma 

 - ((zn \cdot \nabla )y,\bfitvarphi ) - ((y \cdot \nabla )zn,\bfitvarphi ) - 2\widetilde h (zn,\bfitvarphi )]ds
+

\int t

0

\xi 2 (\nabla yG(s,y)zn,\bfitvarphi ) d\scrW s

\biggr\} 
.

Using that the right side of the last equation is continuous in the time variable t\in [0, T ]
and applying (6.22), we pass to the limit n \rightarrow \infty in this equality and easily deduce
that

\BbbE \eta 
\bigl( 
\xi 2(t)z(t),\bfitvarphi 

\bigr) 
=\BbbE \eta 

\biggl\{ \int t

0

\xi 2[ - \nu (z,\bfitvarphi )V + \nu 

\int 
\Gamma 

b(\bfitvarphi \cdot \bfittau )d\gamma 

 - ((z \cdot \nabla )y,\bfitvarphi ) - ((y \cdot \nabla )z,\bfitvarphi ) - 2\widetilde h (z,\bfitvarphi )]ds
+

\int t

0

\xi 2 (\nabla yG(s,y)z,\bfitvarphi ) d\scrW s

\biggr\} 
\forall \bfitvarphi \in V.

Since \eta \in L2(\Omega ) is arbitrary, then we have the validity of the equality\bigl( 
\xi 2(t)z(t),\bfitvarphi 

\bigr) 
=

\int t

0

\xi 2
\biggl[ 
 - \nu (z,\bfitvarphi )V + \nu 

\int 
\Gamma 

b(\bfitvarphi \cdot \bfittau )d\gamma 

 - ((z \cdot \nabla )y,\bfitvarphi ) - ((y \cdot \nabla )z,\bfitvarphi ) - 2\widetilde h (z,\bfitvarphi )\biggr] ds
+

\int t

0

\xi 2 (\nabla yG(s,y)z,\bfitvarphi ) d\scrW s,
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388 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

that is

d
\bigl( 
\xi 2(z,\bfitvarphi )

\bigr) 
= \xi 2

\biggl[ 
 - \nu (z,\bfitvarphi )V + \nu 

\int 
\Gamma 

g(\bfitvarphi \cdot \bfittau )d\gamma 

 - ((z \cdot \nabla )y,\bfitvarphi ) - ((y \cdot \nabla )z,\bfitvarphi ) - 2\widetilde h (z,\bfitvarphi )\biggr] ds
+ \xi 2 (\nabla yG(t,y)z,\bfitvarphi ) d\scrW t.

Moreover, if we use It\^o's formula

d (z,\bfitvarphi ) = d
\bigl[ 
\xi  - 2\xi 2 (z,\bfitvarphi )

\bigr] 
= \xi 2 (z,\bfitvarphi )d

\bigl( 
\xi  - 2
\bigr) 
+ \xi  - 2d

\bigl[ 
\xi 2 (z,\bfitvarphi )

\bigr] 
,

we obtain that the limit function z in the form z= \~z+ f fulfills the stochastic differ-
ential equation

\left\{           
d(z,\bfitvarphi ) =

\bigl[ 
 - \nu (z,\bfitvarphi )V + \nu 

\int 
\Gamma 
g(\bfitvarphi \cdot \bfittau )d\gamma  - ((z \cdot \nabla )y,\bfitvarphi ) - ((y \cdot \nabla )z,\bfitvarphi )

\bigr] 
dt

+(\nabla yG(t,y)z,\bfitvarphi ) d\scrW t \forall \bfitvarphi \in V a.e. in \Omega \times (0, T ),

z(0) = 0.

(6.23)

The uniqueness result follows from the linearity of this system by taking into account
the estimates (6.6)--(6.7).

7. G\^ateaux differentiability of the control-to-state mapping. To derive
the necessary conditions for first-order optimality, it is necessary to study differen-
tiability of the Gateau cost functional, which is based on Gateau derivative mapping
control to state.

To deduce the necessary first-order optimality conditions, it is necessary to study
the G\^ateaux differentiability of the cost functional J , which is based on the G\^ateaux
derivative of the control-to-state mapping. Introducing additional assumptions, in
this section we show that the G\^ateaux derivative of the control-to-state mapping
(a, b)\rightarrow y, at a point (a, b), in any direction (f, g), exists and is given by the solution
of the linearized system (6.3).

Proposition 7.1. Assume

A\ast \geqslant 32max
\Bigl( \widehat C1, \widehat C2

\Bigr) 
\times max

\bigl( 
\nu  - 1,1

\bigr) 
(7.1)

with A\ast given by (5.3) and \widehat C1, \widehat C2 as in Theorem 3.1 and Proposition 6.2. Let
(a, b), (f, g)\in \scrA , y0 as in (5.1) and consider the data

a\varepsilon = a+ \varepsilon f, b\varepsilon = b+ \varepsilon g \forall \varepsilon \in (0,1).(7.2)

Let (y, q), (y\varepsilon , q\varepsilon ) be the solutions of (1.1) corresponding to (a, b,y0) and (a\varepsilon , b\varepsilon ,y0),
respectively. Then the following representation holds:

y\varepsilon = y+ \varepsilon z+ \varepsilon \bfitdelta \varepsilon with lim
\varepsilon \rightarrow 0

\BbbE 
\int T

0

\| \bfitdelta \varepsilon \| 2V ds= 0,(7.3)

where

z\in C([0, T ];H)\cap L2(0, T ;V ), P -a.e. \omega \in \Omega ,

is the solution of (6.3) satisfying the estimate (6.6).
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 389

Proof. Let us define z\varepsilon =
y\varepsilon  - y

\varepsilon and \pi \varepsilon =
q\varepsilon  - q
\varepsilon . By direct calculations we can check

that the pair (z\varepsilon , \pi \varepsilon ) fulfills the following system in the distributional sense:\left\{                     

dz\varepsilon = (\nu \Delta z\varepsilon  - (y \cdot \nabla )z\varepsilon  - (z\varepsilon \cdot \nabla )y\varepsilon  - \nabla \pi \varepsilon )dt

+
1

\varepsilon 
(G(t,y\varepsilon ) - G(t,y)) d\scrW t, divz\varepsilon = 0 in \scrO T ,

z\varepsilon \cdot n= f, [2D(z\varepsilon )n+ \alpha z\varepsilon ] \cdot \bfittau = g on \Gamma T ,

z\varepsilon (0,x) = 0 in \scrO 

(7.4)

and \bfitdelta \varepsilon = z\varepsilon  - z satisfies the system\left\{                     

d\bfitdelta \varepsilon = (\nu \Delta \bfitdelta \varepsilon  - (y \cdot \nabla )\bfitdelta \varepsilon  - (\bfitdelta \varepsilon \cdot \nabla )y - (z\varepsilon \cdot \nabla ) (y\varepsilon  - y) - \nabla (\pi \varepsilon  - \pi ))dt

+Rd\scrW t, div\bfitdelta \varepsilon = 0 in \scrO T ,

\bfitdelta \varepsilon \cdot n= 0, [2D(\bfitdelta \varepsilon )n+ \alpha \bfitdelta \varepsilon ] \cdot \bfittau = 0 on \Gamma T ,

\bfitdelta \varepsilon (0,x) = 0 in \scrO ,

(7.5)

where

R=
1

\varepsilon 
[G(t,y\varepsilon ) - G(t,y)] - \nabla yG(t,y)z

=
1

\varepsilon 
[G(t,y+ \varepsilon z) - G(t,y)] - \nabla yG(t,y)z+

1

\varepsilon 
[G(t,y\varepsilon ) - G(t,y+ \varepsilon z)] .

The It\^o formula, applied to the stochastic differential equation of (7.5), gives

d
\bigl( 
| | \bfitdelta \varepsilon | | 22

\bigr) 
+ 2\nu | | \bfitdelta \varepsilon | | 2V dt=

\biggl( 
 - 
\int 
\Gamma 

a(\bfitdelta \varepsilon \cdot \bfittau )2 d\gamma  - (2 (\bfitdelta \varepsilon \cdot \nabla )y,\bfitdelta \varepsilon )

\biggr) 
dt\prime 

+
1

\varepsilon 
( - 2 ((y\varepsilon  - y) \cdot \nabla ) (y\varepsilon  - y) ,\bfitdelta \varepsilon ) dt(7.6)

+ \| R\| 22 dt+ 2(R,\bfitdelta \varepsilon ) d\scrW t

= (I1 + I2 + I3 + I4)dt+ 2(R,\bfitdelta \varepsilon ) d\scrW t.

Applying the inequalities (2.3), (2.4), (2.8), and (2.13), the following estimates hold:

I1 \leqslant C\| a\| L\infty (\Gamma )\| \bfitdelta \varepsilon \| 2L2(\Gamma )
\leqslant C\nu  - 1| | a| | 2

W
1 - 1

p
p (\Gamma )

| | \bfitdelta \varepsilon | | 22 +
\nu 

3
| | \bfitdelta \varepsilon | | 2V ,

I2 \leqslant C\| y\| H1\| \bfitdelta \varepsilon \| 24 \leqslant C\nu  - 1
\Bigl( 
\| u\| 2H1 + | | (a, b)| | 2\scrH p(\Gamma )

\Bigr) 
\| \bfitdelta \varepsilon \| 22 +

\nu 

3
| | \bfitdelta \varepsilon | | 2V ,

and

I3 =
2

\varepsilon 
(((y\varepsilon  - y) \cdot \nabla )\bfitdelta \varepsilon , (y\varepsilon  - y)) - 2

\int 
\Gamma 

f (y\varepsilon  - y) \cdot \bfitdelta \varepsilon d\gamma 

\leqslant 
2

\varepsilon 
\| y\varepsilon  - y\| 2\| y\varepsilon  - y\| V \| \bfitdelta \varepsilon \| V + \| f\| L\infty (\Gamma )\| y\varepsilon  - y\| 1/22 \| y\varepsilon  - y\| 1/2V \| \bfitdelta \varepsilon \| V

\leqslant 
C\nu  - 1

\varepsilon 2
\| y\varepsilon  - y\| 22\| y\varepsilon  - y\| 2V +C\nu  - 1| | f | | 

W
1 - 1

p
p (\Gamma )

\| y\varepsilon  - y\| 2\| y\varepsilon  - y\| V +
\nu 

3
| | \bfitdelta \varepsilon | | 2V .
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390 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

Due to (2.10), (6.1), and (6.2) we have

I4 = \| R\| 22 \leqslant 
2

\varepsilon 2
\| o (t,\| \varepsilon z\| 2)\| 

2
2 + 2K\| \bfitdelta \varepsilon \| 22 a.e. in [0, T ]\times \Omega (7.7)

with

2

\varepsilon 2
\| o (t,\| \varepsilon z\| 2)\| 

2
2 = \| z\| 22

\bigm\| \bigm\| \bigm\| \bigm\| o (t,\| \varepsilon z\| 2)\| \varepsilon z\| 2

\bigm\| \bigm\| \bigm\| \bigm\| 2
2

 - \rightarrow 0 as \varepsilon \rightarrow 0 a.e. in [0, T ]\times \Omega ,

and

2

\varepsilon 2
\| o (t,\| \varepsilon z\| 2)\| 

2
2 \leqslant C\| z\| 22,

where C is a constant independent of \varepsilon .
Considering the above deduced estimates for the terms Ii, i= 1, . . . ,4, we ensure

that the following estimate holds:

I1 + I2 + I3 + I4 \leqslant 

\biggl[ 
2h(t)| | \bfitdelta \varepsilon | | 22 +

C\nu  - 1

\varepsilon 2
\| y\varepsilon  - y\| 22\| y\varepsilon  - y\| 2V

+ C\nu  - 1| | f | | 
W

1 - 1
p

p (\Gamma )
\| y\varepsilon  - y\| 2\| y\varepsilon  - y\| V + \nu | | \bfitdelta \varepsilon | | 2V

+
2

\varepsilon 2
\| o (t,\| \varepsilon z\| 2)\| 

2
2

\biggr] 
dt,(7.8)

where

h(t) =C(\nu  - 1 + 1)
\Bigl( 
1 + \| u\| 2V + | | (a, b)| | 2\scrH p(\Gamma )

\Bigr) 
(7.9)

for some positive constant C. We can choose C in (7.9) and \widehat C2 in (6.13) in such a
way that these constants are the same. Therefore, we can consider that the functions
h(t), f2(t) are equal.

Now let us introduce the function

\beta (t) = e - 
\int t
0
2max(f1(s),f2(s))ds

with f1 and f2 defined in (3.4) and (6.13) for the data (a\varepsilon , b\varepsilon ), y0 and (a, b), y0,
respectively. Considering the equality (7.6), the It\^o formula yields

\beta 2(t)\| \bfitdelta \varepsilon (t)\| 22 + \nu 

\int t

0

\beta 2 \| \bfitdelta \varepsilon \| 2V ds

\leqslant C

\int t

0

g\varepsilon (s)ds+

\int t

0

\beta 2

\biggl( 
2

\varepsilon 2
\| o (s,\| \varepsilon z\| 2)\| 

2
2

\biggr) 
ds+ 2

\int t

0

\beta 2 (R,\bfitdelta \varepsilon ) d\scrW s,(7.10)

where

g\varepsilon (t) = \beta 2(t)\nu  - 1

\biggl( 
1

\varepsilon 2
\| y\varepsilon  - y\| 22\| y\varepsilon  - y\| 2V + | | f | | 

W
1 - 1

p
p (\Gamma )

\| y\varepsilon  - y\| 2\| y\varepsilon  - y\| V
\biggr) 
.

On the other hand, using the H\"older inequality and (3.1), (3.2), (6.4), and (7.2), we
derive

\BbbE 
\int t

0

g\varepsilon (s)ds\leqslant C\varepsilon 2 \forall t\in [0, T ],
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 391

and the Lebesgue dominated convergence theorem gives

\BbbE 
\int t

0

\beta 2

\biggl( 
2

\varepsilon 2
\| o (s,\| \varepsilon z\| 2)\| 

2
2

\biggr) 
ds\rightarrow 0 as \varepsilon \rightarrow 0.

Therefore, applying the mathematical expectation to (7.10) and taking the limit, as
\varepsilon \rightarrow 0, we deduce

lim
\varepsilon \rightarrow 0

\BbbE \beta 2(t)\| \bfitdelta \varepsilon (t)\| 22 = 0, lim
\varepsilon \rightarrow 0

\BbbE 
\int t

0

\beta 2 \| \bfitdelta \varepsilon \| 2V ds= 0 \forall t\in [0, T ].(7.11)

Taking into account (5.5)2, (7.1), and the definition of \beta , we have \BbbE 
\bigl( 
\beta  - 8(T )

\bigr) 
< \infty .

Hence the H\"older inequality and the monotonicity of \beta give

\BbbE 
\int T

0

\| \bfitdelta \varepsilon (s)\| 2V ds\leqslant \BbbE 

\Biggl[ 
\beta  - 2(T )

\int T

0

\beta 2(s)\| \bfitdelta \varepsilon (s)\| 2V ds

\Biggr] 

\leqslant 

\Biggl[ 
\BbbE 

\Biggl( \int T

0

\beta 2(s)\| \bfitdelta \varepsilon (s)\| 2V ds

\Biggr) \Biggr] 1
2 \bigl[ 

\BbbE 
\bigl( 
\beta  - 8(T )

\bigr) \bigr] 1
4(7.12)

\times 

\left[  \BbbE \Biggl( \int T

0

\beta 2(s)\| \bfitdelta \varepsilon (s)\| 2V ds

\Biggr) 2
\right]  1

4

,

then using sequentially the relation in (7.3), (7.2), (3.2), and (6.7), we deduce the
following uniform estimate with respect to \varepsilon :

\BbbE 

\Biggl( \int T

0

\beta 2(s)\| \bfitdelta \varepsilon (s)\| 2V ds

\Biggr) 2

\leqslant 4\BbbE 

\Biggl( \int T

0

\xi 21(s)

\bigm\| \bigm\| \bigm\| \bigm\| y\varepsilon  - y

\varepsilon 

\bigm\| \bigm\| \bigm\| \bigm\| 2
V

ds

\Biggr) 2

+ 4\BbbE 

\Biggl( \int T

0

\xi 22(s)\| z\| 2V ds

\Biggr) 2

\leqslant C,

since \beta \leqslant \xi 1, \xi 2 for \xi 1 and \xi 2 defined by (3.3) and (6.8). Using this estimate together
with (7.11), we see that the inequality (7.12) yields (7.3).

8. Adjoint equation. This section is devoted to the study of the adjoint system.
Let y be the solution of the state equation (1.1) corresponding to the given data

(a, b,y0), then the adjoint system is given byIn\left\{             

 - dp= [\nu \Delta p+ 2D(p)y - \nabla \pi +U] dt

+\nabla yG(t,y)Tqdt - qd\scrW t, divp= 0,
in\scrO T ,

p \cdot n= 0,
\bigl[ 
2D(p)n+ (\alpha + a

\nu )p
\bigr] 
\cdot \bfittau = 0 on \Gamma T ,

p(T ) = 0 in\scrO .

(8.1)

In next section 9, we will prove that the adjoint state p and the linearized state z
are related through the duality relation (9.1). In order to give a meaning to boundary
terms that will appear in that relation, it is necessary to have the H2-regularity of
the adjoint state p, that we demonstrate in the following proposition.
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392 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

Proposition 8.1. Let (a, b), u0 satisfy (5.1), and let y be the solution of the
state system (1.1), constructed in Theorem 2.4. Assume that

U\in L4(\Omega \times (0, T );L2(\scrO ))

is a predictable stochastic process. In addition, we assume that

min

\biggl( 
A\ast ,B\ast ,

B\ast \widehat C
\biggr) 
\geqslant 24max( \widetilde C1, \widetilde C2)max(\nu  - 2,1)(8.2)

with A\ast , B\ast , \widehat C defined by (5.3) and \widetilde C1, \widetilde C2 defined by the expressions (8.9), (8.13)
below.

Then, there exists a predictable stochastic process (p,q,\pi ), such that

p\in L\infty (0, T ;L2(\Omega ;V ))\cap L2(\Omega \times (0, T );H2(\scrO )), q\in L2(\Omega \times (0, T );V ),(8.3)

\pi \in L2(\Omega \times (0, T );H1(\scrO )),

which fulfills the system (8.1) for P -a.e. in \Omega . Moreover, the following estimates hold:

sup
t\in [0,T ]

\BbbE 
\Bigl( 
\| p(t)\| 22

\Bigr) 
+\BbbE 

\int T

0

(\nu \| p\| 2V + \| q\| 22)dt\leqslant C

\Biggl( 
\BbbE 
\int T

0

| | U| | 42 dt

\Biggr) 1
2

,

(8.4)

sup
t\in [0,T ]

\Bigl( 
\BbbE \| p(t)\| 2V

\Bigr) 
+\BbbE 

\int T

0

(\nu \| p\| 2H2 + \| \nabla \pi \| 2 + \| q\| 2V )dt\leqslant C

\Biggl( 
\BbbE 
\int T

0

| | U| | 42 dt

\Biggr) 1
2

.

Proof. The proof is divided into three steps.

Step 1. Finite-dimensional approximations. The existence of a solution for the
system (8.1) will be shown by Galerkin's method. Here, we introduce a basis \{ hk\} \subset 
H2(\scrO )\cap V of eigenfunctions of the Stokes problem with the homogeneous Navier-slip
boundary conditions\left\{    - \Delta hk +\nabla \pi k = \lambda khk, divhk = 0 in \scrO ,

hk \cdot n= 0,
\bigl[ 
2D(hk)n+

\bigl( 
\alpha + a

\nu 

\bigr) 
hk

\bigr] 
\cdot \bfittau = 0 on \Gamma .

(8.5)

Let

pn(t) =

n\sum 
j=1

s
(n)
j (t)hj \in C([0, T ];Vn) and qn =

n\sum 
j=1

q
(n)
j (t)hj

be the solution of the following backward stochastic system:\left\{                   

 - d (pn(t),hk) + \{ \nu (pn, hk)V  - (2D(pn)y,hk)

 - (U,hk) +
\int 
\Gamma 
a(pn \cdot \bfittau )(hk \cdot \bfittau )d\gamma \} dt

= (\nabla yG(t,y)Tqn,hk)dt - (qn,hk) d\scrW t,

pn(T ) = 0, k= 1,2, . . . , n, P -a.e. in \Omega a.e. on (0, T ).

(8.6)
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 393

Following [23, Prop. 6.20], the system (8.6) of n linear stochastic differential equations
has a unique global-in-time solution (pn,qn), which is an adapted process verifying

(pn,qn)\in Lr(\Omega ;C([0, T ];Hn))\times Lr(\Omega T ;Lr(\scrO )), 1\leqslant r <\infty .(8.7)

Step 2. Uniform estimates. Now, we show the first uniform estimates for (pn,qn)
with respect to n. The It\^o formula gives

 - d
\Bigl( 
(pn,hk)

2
\Bigr) 
+ 2(pn,hk)

\biggl\{ 
\nu (pn, hk)V  - (2D(pn)y,hk)

 - (U,hk) +

\int 
\Gamma 

a(pn \cdot \bfittau )(hk \cdot \bfittau )d\gamma 
\biggr\} 
dt

= 2(pn,hk)
\bigl( 
\nabla yG(t,y)Tqn,hk

\bigr) 
dt - 2 (pn,hk) (qn,hk) d\scrW t  - | (qn,hk) | 2 dt.

Summing these equalities over k= 1, . . . , n, we obtain

 - d
\bigl( 
\| pn\| 22

\bigr) 
+
\bigl( 
2\nu \| pn\| 2V + \| qn\| 22

\bigr) 
dt=

\biggl\{ 
2
\bigl( \bigl( 
(\nabla pn)

T
\bigr) 
y+U,pn

\bigr) 
 - 
\int 
\Gamma 

a(pn \cdot \bfittau )2 d\gamma + 2
\bigl( 
\nabla yG(t,y)Tqn,pn

\bigr) \biggr\} 
dt - 2 (qn,pn) d\scrW t

= [J1 + J2 + J3]dt - 2 (qn,pn) d\scrW t.(8.8)

Let us estimate the terms J1, J2, and J3. Knowing that divpn = 0, applying the
Gagliardo--Nirenberg--Sobolev inequality (2.3) with q= 4 and Young's inequality (2.8),
we obtain

J1 = - 2 ((\nabla y)pn,pn) + 2(U,pn)\leqslant C\| y\| H1 \| pn\| 24 +C\| U\| 2\| pn\| 2
\leqslant C\| y\| H1\| pn\| 2\| \nabla pn\| 2 +C\| U\| 2\| pn\| 2
\leqslant C(\nu  - 1\| y\| 2H1 + 1)\| pn\| 22 +

\nu 

2
| | pn| | 2V + \| U\| 22,

and

J2 \leqslant C\| a\| L\infty (\Gamma )\| pn\| 2L2(\Gamma )
\leqslant C\| a\| 

W
1 - 1

p
p (\Gamma )

| | pn| | L2(\Omega )| | \nabla pn| | L2(\Omega )

\leqslant C\nu  - 1\| a\| 2
W

1 - 1
p

p (\Gamma )
| | pn| | 2L2(\Omega ) +

\nu 

2
| | pn| | 2V .

Also we have

J3 = 2| 
\bigl( 
\nabla yG(t,y)Tqn,pn

\bigr) 
| \leqslant C| | \nabla yG(t,y)Tqn| | 2| | pn| | 2

\leqslant 
1

2
| | qn| | 22 +C| | pn| | 22

by the assumption (6.1). Therefore, gathering the deduced estimates for the terms
J1, J2, J2, we obtain the existence of a positive constant \widetilde C1, such that

J1 + J2 + J3 \leqslant 2r1(t)| | pn\| 22 + \| U\| 22 +
1

2
| | qn| | 22 + \nu | | pn| | 2V(8.9)

with

r1(t) = \widetilde C1max
\bigl( 
\nu  - 1,1

\bigr) \Bigl( 
1 + | | (a, b)| | 2\scrH p(\Gamma )

+ \| u\| 2V
\Bigr) 
\in L1(0, T ), P -a.e. in \Omega ,

depending only on the data (2.11) of our problem by (2.16).
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394 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

Let us consider the function

\beta 1(t) = e
\int t
0
r1(s)ds

and apply the It\^o formula

d
\bigl( 
\beta 2
1 | | pn\| 22

\bigr) 
= \beta 2

1d
\bigl( 
| | pn\| 22

\bigr) 
+ 2r1\beta 

2
1 | | pn\| 22 dt.

Using the equality (8.8), integrating over the time interval (t, T ) and using the estimate
(8.9), we deduce the estimate

\beta 2
1(t)\| pn(t)\| 22 +

\int T

t

\beta 2
1

\biggl( 
\nu \| pn\| 2V +

1

2
\| qn\| 22

\biggr) 
ds(8.10)

\leqslant 
\int T

t

\beta 2
1\| U\| 22 ds - 2

\int T

t

\beta 2
1 (qn,pn) d\scrW s.

Let us notice that the assumptions (8.2) imply

A\ast \geqslant 16 \widetilde C1max
\bigl( 
\nu  - 1,1

\bigr) 
,

which gives \BbbE 
\bigl[ 
\beta 8
1(T )

\bigr] 
< \infty . Therefore, taking into accounting (8.7), the H\"older in-

equality yields

\BbbE 
\int T

0

\bigl( 
\beta 2
1 (qn,pn)

\bigr) 2
ds\leqslant C

\Biggl( 
\BbbE 
\int T

0

\beta 8
1 ds

\Biggr) 1
2
\Biggl( 
\BbbE 
\int T

0

\| qn\| 82 ds

\Biggr) 1
4

\times 

\Biggl( 
\BbbE 
\int T

0

\| pn\| 82 ds

\Biggr) 1
4

<Cn <\infty ,

which ensures that the stochastic process Mt =
\int T

t
\beta 2
1 (qn,pn) d\scrW s is a square inte-

grable martingale. Hence, taking the expectation in (8.10), we infer that

\BbbE 
\Bigl( 
\beta 2
1(t)\| pn(t)\| 22

\Bigr) 
+\BbbE 

\int T

t

\beta 2
1

\biggl( 
\nu \| pn\| 2V +

1

2
\| qn\| 22

\biggr) 
ds

\leqslant \BbbE 
\int T

t

\beta 2
1\| U\| 22 ds for t\in (0, T ).

Since \forall t\in [0, T ], \beta 1(t) \geqslant 1, this deduced estimate implies

sup
t\in [0,T ]

\BbbE 
\Bigl( 
\| pn(t)\| 22

\Bigr) 
+\BbbE 

\int T

0

\biggl( 
\nu \| pn\| 2V +

1

2
\| qn\| 22

\biggr) 
ds

\leqslant \BbbE 
\int T

0

\beta 2
1\| U\| 22 ds\leqslant C

\bigl( 
\BbbE 
\bigl[ 
\beta 4
1(T )

\bigr] \bigr) 1
2

\Biggl( 
\BbbE 
\int T

0

\| U\| 42

\Biggr) 1
2

,

then the first estimate of (8.4) holds.
Step 3. Improvement of the uniform estimates. Let us show the second a priori

estimate of (8.4) for (pn,qn) with a better regularity. Let us consider Galerkin's
approximation pn that verifies (8.6). For each n\in \BbbN , the function pn(t, \cdot )\in H2(\scrO )\cap Vn

a.e. in \Omega , being a linear combination of \{ hk\} \subset H2(\scrO ) \cap V . The eigenfunctions
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 395

\{ hk\} \infty k=1 of problem (8.5) fulfill the homogeneous Navier-slip boundary condition in
the system (8.5); therefore, the integration by parts of (8.6) yields the equality

 - d (pn(t),hk) =

\Biggl\{ 
([\nu \Delta pn + 2D(pn)y+U] ,hk) - 

\int 
\Gamma 

a(pn \cdot \bfittau )(hk \cdot \bfittau )d\gamma 

+
\bigl( 
\nabla yG(t,y)Tqn,hk

\bigr) \Biggr\} 
dt - (qn,hk) d\scrW t

(8.11)

for k= 1,2, . . . , n.
Let us introduce the Helmholtz projector \BbbP n : L2(\scrO ) - \rightarrow Vn of V and define the

function

Ahk = \BbbP n ( - \bigtriangleup hk) = - \bigtriangleup hk +\nabla \pi k \in Vn with \pi k \in H1(\scrO ),

defined in (8.5). Multiplying (8.11) by the eigenvalue \lambda k of the problem (8.5), we have

 - d (pn(t),hk)V = \lambda k

\Biggl\{ 
([\nu \Delta pn + 2D(pn)y+U] ,hk) - 

\int 
\Gamma 

(apn) \cdot hk d\gamma 

+
\bigl( 
\nabla yG(t,y)Tqn,hk

\bigr) \Biggr\} 
dt - (qn,hk)V d\scrW t,

accounting that pn, hk are tangent to the boundary \Gamma and

(pn, \lambda khk) = (pn,hk)V = (Apn,hk) , (qn, \lambda khk) = (qn,hk)V .

The It\^o formula gives

 - d
\Bigl( 
(pn,hk)

2
V

\Bigr) 
= 2\lambda k (Apn(t),hk)

\Biggl\{ 
([ - \nu Apn + 2D(pn)y+U] ,hk)

 - 
\int 
\Gamma 

(apn) \cdot hk d\gamma +
\bigl( 
\nabla yG(t,y)Tqn,hk

\bigr) \Biggr\} 
dt

 - 2\lambda k (Apn(t),hk) (qn,hk) d\scrW t  - (qn,hk)
2
V dt.

Dividing this equality by \lambda k and summing over k= 1, . . . , n, we obtain

 - d
\Bigl[ 
\| pn\| 2V

\Bigr] 
+
\bigl( 
2\nu | | Apn| | 22 + | | qn\| 2V

\bigr) 
dt= 2

\Biggl\{ 
(2D(pn)y,Apn) + (U,Apn)

 - 
\int 
\Gamma 

(apn) \cdot Apn d\gamma +
\bigl( 
\nabla yG(t,y)Tqn,Apn

\bigr) \Biggr\} 
dt(8.12)

= [I1 + I2 + I3 + I4]dt - 2 (qn,pn)V d\scrW t.

Let us estimate the terms I1, I2, I3, and I4. We have

I1 \leqslant C\| y\| 6\| Dpn\| 3 \| Apn\| 2.

Using the Gagliardo--Nirenberg--Sobolev inequality (2.3) with q = 6 and with q = 3,
respectively,

\| y\| 6 \leqslant Cf(t)\equiv C(\| y\| 1/32 \| \nabla y\| 2/32 + \| y\| 2),
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396 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

and

\| Dpn\| 3 \leqslant C
\Bigl( 
\| Dpn\| 2/32 \| \nabla (Dpn)\| 1/32 + \| Dpn\| 2

\Bigr) 
,

we get

I1 \leqslant Cf(t)
\Bigl( 
\| pn\| 2/3V \| Apn\| 1/32 + \| pn\| V

\Bigr) 
\| Apn\| 2

\leqslant 2Cmax(\nu  - 2,1)
\bigl( 
f3(t) + f2(t)

\bigr) 
\| pn\| 2V +

\nu 

3
\| Apn\| 22.

Applying Young's inequality (2.8), we can show

f3(t) + f2(t)\leqslant C(\| y\| 2\| \nabla y\| 22 + \| y\| 32 + \| \nabla y\| 22 + 1)

\leqslant C(\| u\| 22\| u\| 2V + \| u\| 42 + | | (a, b)| | 4\scrH p(\Gamma )
+ 1);

therefore there exists a positive constant C, such that

I1 \leqslant 2h(t)\| pn\| 2V +
\nu 

3
\| Apn\| 22

with

h(t) =Cmax(\nu  - 2,1)(1 + | | (a, b)| | 4\scrH p(\Gamma )
+ \| u\| 22\| u\| 2V + \| u\| 42)\in L1(0, T ), P -a.e. in \Omega ,

by the estimates (2.16).
Also we have

I2 =

\int 
\scrO 
U\cdot Apndx\leqslant \| U\| 2\| Apn\| 2 \leqslant C\nu  - 1\| U\| 22 +

\nu 

3
\| Apn\| 22

and

I3 = - 
\int 
\Gamma 

(apn) \cdot Apn d\gamma \leqslant \| a\| L\infty (\Gamma )\| pn\| H1/2(\scrO )\| Apn\| H - 1/2(\scrO )

\leqslant C\| a\| 
W

1 - 1
p

p (\Gamma )
\| pn\| H1\| Apn\| 2 +

\nu 

4
\| Apn\| 22

\leqslant 2C\nu  - 1\| a\| 2
W

1 - 1
p

p (\Gamma )
\| pn\| 2V +

\nu 

3
\| Apn\| 22

by Theorem 1.5, p. 8 of [25].
The term I4 is estimated as

I4 = 2| 
\bigl( 
\nabla yG(t,y)Tqn,pn

\bigr) 
V
| \leqslant C| | \nabla yG(t,y)Tqn| | V | | pn| | V

\leqslant 
1

2
| | qn| | 2V + 2C| | pn| | 2V

by (6.1).
Therefore, substituting the above deduced estimates for the terms I1, I2, I3, I4

in (8.12) we obtain that there exists a positive constant \widetilde C2, such that

 - d
\Bigl( 
\| pn\| 2V

\Bigr) 
+

\biggl( 
\nu | | Apn| | 22 +

1

2
| | qn\| 2V

\biggr) 
dt

\leqslant 
\bigl( 
2r2(t)\| pn\| 2V + \| U\| 22

\bigr) 
dt - 2 (qn,pn)V d\scrW t(8.13)
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 397

with

r2(t) = \widetilde C2max(\nu  - 2,1)(1 + | | (a, b)| | 4\scrH p(\Gamma )
+ \| u\| 22\| u\| 2V + \| u\| 42)\in L1(0, T ),

P -a.e. in \Omega , by (2.16).
Introducing the function

\beta 2(t) = e
\int t
0
r2(s)ds

and applying the It\^o formula

d
\bigl( 
\beta 2
2 | | pn\| 2V

\bigr) 
= \beta 2

2d
\bigl( 
| | pn\| 2V

\bigr) 
+ 2r2\beta 

2
2 | | pn\| 2V dt

to (8.13), we obtain that

\beta 2
2(t)\| pn(t)\| 2V +

\int T

t

\beta 2
2

\biggl( 
\nu | | Apn| | 22 +

1

2
| | qn\| 2V

\biggr) 
ds

\leqslant 
\int T

t

\beta 2
2\| U\| 22 ds - 2

\int T

t

\beta 2
2 (qn,pn)V d\scrW s(8.14)

by (8.13).
Let us notice that the assumptions (8.2) ensure that

min

\biggl( 
B\ast ,

B\ast \widehat C
\biggr) 
\geqslant 24 \widetilde C2max(\nu  - 2,1),

which imply \BbbE 
\bigl[ 
\beta 8
2(T )

\bigr] 
< \infty . Then the regularity property (8.7) and the H\"older in-

equality give

\BbbE 
\int T

0

\bigl( 
\beta 2
2 (pn,qn)

\bigr) 2
ds\leqslant C

\Biggl( 
\BbbE 
\int T

0

\beta 8
2 ds

\Biggr) 1
2
\Biggl( 
\BbbE 
\int T

0

\| qn\| 82 ds

\Biggr) 1
4

\times 

\Biggl( 
\BbbE 
\int T

0

\| pn\| 82 ds

\Biggr) 1
4

<Cn <\infty ,

then the stochastic processMt =
\int T

t
\beta 2
2 (qn,pn) d\scrW s is a square integrable martingale.

Thus, taking the expectation of (8.14), we derive

\BbbE 
\Bigl( 
\beta 2
2(t)\| pn(t)\| 2V

\Bigr) 
+\BbbE 

\int T

t

\beta 2
2

\biggl( 
\nu \| Apn\| 22 +

1

2
\| qn\| 2V

\biggr) 
ds

\leqslant \BbbE 
\int T

t

\beta 2
2\| U\| 22 ds

\leqslant C
\bigl( 
\BbbE 
\bigl[ 
\beta 4
1(T )

\bigr] \bigr) 1
2

\Biggl( 
\BbbE 
\int T

0

\| U\| 42

\Biggr) 1
2

for t\in (0, T ),

which implies

sup
t\in [0,T ]

\BbbE 
\Bigl( 
\| pn(t)\| 2V

\Bigr) 
+\BbbE 

\int T

0

\biggl( 
\nu \| Apn\| 22 +

1

2
\| qn\| 2V

\biggr) 
ds

\leqslant C

\Biggl( 
\BbbE 
\int T

0

\| U\| 42

\Biggr) 1
2

,
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398 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

since \beta 2(t) \geqslant 1 \forall t\in [0, T ].
Step 4. Passage to the limit. The following inequality:

\| pn\| H2 \leqslant C(\| Apn\| 2 + \| apn\| H1/2(\Gamma ))(8.15)

holds due to the regular properties of the Stokes operator A (see Theorem 9 of [2] and
Theorem 2 of [36]).

Therefore, the estimates (8.4) imply that there exists a suitable subsequence of
\{ (pn,qn)\} , such that

pn \rightharpoonup p *- weakly in L\infty (0, T ;L2(\Omega ;H)),

weakly in L2(\Omega \times (0, T );V ),

qn \rightharpoonup q weakly in L2(\Omega \times (0, T );H)

and

pn \rightharpoonup p *- weakly in L\infty (0, T ;L2(\Omega ;V )),

weakly in L2(\Omega \times (0, T );H2(\scrO )),

Apn \rightharpoonup Ap weakly in L2(\Omega \times \scrO T ),

qn \rightharpoonup q weakly in L2(\Omega \times (0, T );V ).

Taking the limit transition in the system (8.6), written in the distributional sense,
we derive that the limit pair (p,q) is the solution of the following integral system:

(p(t),\bfitphi ) +

\int T

t

\biggl\{ 
 - (2D(p)y,\bfitphi ) + \nu (p, \bfitphi )V  - (U,\bfitphi ) +

\int 
\Gamma 

a(p \cdot \bfittau )(\bfitphi \cdot \bfittau )d\gamma 
\biggr\} 

ds

=

\int T

t

\bigl( 
\nabla yG(t,y)Tq,\bfitphi 

\bigr) 
ds - 

\int T

t

(\bfitq ,\bfitphi ) d\scrW s a.e. in \Omega ,

which is valid for all t\in [0, T ], \bfitphi \in V.
By the result given on the p. 208 of [35], we deduce the existence of the pressure

\pi \in H - 1(0, T ;L2(\scrO )), a.e. in \Omega . Moreover, reasoning as in Proposition 1.2, p. 182 of
[35] and using the inequality

\| p\| H2 + \| \nabla \pi \| 2 \leqslant C
\bigl( 
\| Ap\| 2 + \| ap\| H1/2(\Gamma )

\bigr) 
,(8.16)

by Theorem 9 of [2], we derive that \pi \in L2(0, T ;H
1(\scrO )).

In addition, it follows that the triple (p,q, \pi ) satisfies the estimates (8.4) by the
lower semicontinuity of integral in the L2-space.

9. Duality property. In the next proposition we present the duality property
for the solution z of the linearized equation (6.3) and the adjoint triplet (p,q, \pi ),
being the solution of (8.1).

Proposition 9.1. For P -a.e. in \Omega the solution z of the system (6.3) and the
solution (p, \pi ) of the adjoint system (8.1) verify the following duality relation:\int T

0

(z,U) dt=

\int T

0

\int 
\Gamma 

\{ \nu g(p \cdot \bfittau ) + f [\pi  - (p \cdot y) - 2\nu (D(p)n) \cdot n ]\} d\gamma dt

+

\int T

0

[(q,z) + (\nabla yG(t,y)z,p)] d\scrW t.(9.1)
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OPTIMAL CONTROL OF NEWTONIAN FLUIDS 399

Proof. Taking \bfitvarphi = p\in L2(0, T ;V ) in Definition 6.1, we obtain the equality

(dz,p) =

\biggl[ 
 - \nu (z,p)V + \nu 

\int 
\Gamma 

g(p \cdot \bfittau )d\gamma  - ((z \cdot \nabla )y,p) - ((y \cdot \nabla )z,p)

\biggr] 
dt

+ (\nabla yG(t,y)z,p) d\scrW t.(9.2)

Multiplying (8.1) by  - z, we have

(dp,z) = [ - (\nu \Delta p,z) - (2D(p)y,z) + (\nabla \pi ,z) - (U,z)] dt

 - 
\bigl( 
\nabla yG(t,y)Tq,z

\bigr) 
dt+ (q,z) d\scrW t a.e. in \Omega \times (0, T ).(9.3)

Using that the functions y, z, and p are divergence free, the equality (2.6) and the
integration by parts give the following three relations:

 - \nu (\Delta p,z) = - \nu 

\int 
\Gamma 

2 (D(p)n) \cdot zd\gamma + 2\nu (Dp,Dz) ,

 - (z, (2D(p)y)) = ([(y \cdot \nabla )z+ (z \cdot \nabla )y] ,p)

 - 
\int 
\Gamma 

((y \cdot n) (p \cdot z) + (z \cdot n) (p \cdot y)) d\gamma 

and

(z,\nabla \pi ) =

\int 
\Gamma 

(z \cdot n)\pi d\gamma .

Using these equalities in the right-hand side of (9.3), we derive

(dp,z) = \{ ([(y \cdot \nabla )z+ (z \cdot \nabla )y] ,p) + 2\nu (Dp,Dz) - (U,z)\} dt

+

\biggl( \int 
\Gamma 

[(z \cdot n)\pi  - \{ (y \cdot n) (p \cdot z) + (z \cdot n) (p \cdot y) + (2\nu D(p)n) \cdot z\} ] d\gamma 
\biggr) 

dt

 - 
\bigl( 
\nabla yG(t,y)Tq,z

\bigr) 
dt+ (q,z) d\scrW t.(9.4)

Hence, applying the It\^o formula

d (p,z) = (dp,z) + (p, dz) + (dp, dz) ,

we deduce

d (z,p) =

\Biggl\{ 
 - (U,z) + \nu 

\int 
\Gamma 

[g(p \cdot \bfittau ) - \alpha (z \cdot \bfittau )(p \cdot \bfittau ) + (z \cdot n)\pi 

 - \{ (y \cdot n) (p \cdot z) + (z \cdot n) (p \cdot y) + (2\nu D(p)n) \cdot z\} ] d\gamma 

\Biggr\} 
dt

+ [(q,z) + (\nabla yG(t,y)z,p)] d\scrW t.

Due to the boundary conditions for y, z, and p

y \cdot n= a, z \cdot n= f, p \cdot n= 0,

(2\nu D(p)n) \cdot \bfittau = - \nu 
\Bigl( a
\nu 
+ \alpha 

\Bigr) 
(p \cdot \bfittau ),

we obtain
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400 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

d (z,p) =

\Biggl\{ 
 - (U,z) +

\int 
\Gamma 

\nu g(p \cdot \bfittau ) - \nu \alpha (p \cdot \bfittau )(z \cdot \bfittau ) + f\pi 

 - \{ a(p \cdot \bfittau )(z \cdot \bfittau ) + f(p \cdot y) + ((2\nu D(p)n) \cdot n)f

 - \nu 
\Bigl( a
\nu 
+ \alpha 

\Bigr) 
(p \cdot \bfittau )(z \cdot \bfittau )\} d\gamma 

\Biggr\} 
dt

+ [(q,z) + (\nabla yG(t,y)z,p)] d\scrW t

=

\biggl\{ 
 - (U,z) +

\int 
\Gamma 

[\nu g(p \cdot \bfittau ) + f\pi  - \{ f(p \cdot y) + ((2\nu D(p)n) \cdot n)f\} ] d\gamma 
\biggr\} 

+ [(q,z) + (\nabla yG(t,y)z,p)] d\scrW t

by (9.2), (9.4). Integrating this equality over the time interval (0, T ), we obtain the
duality property (9.1).

10. Main result. First-order optimality condition. Let us consider\widehat Cmax = 24 max
\Bigl( \widehat C1, \widehat C2, \widetilde C1, \widetilde C2

\Bigr) 
\times max

\bigl( 
\nu  - 2,1

\bigr) 
with the constants \widehat C1, \widehat C2, \widetilde C1, \widetilde C2 defined in Theorem 3.1 and Propositions 6.2 and 8.1.
In what follows we will assume that

min

\biggl( 
A\ast ,B\ast ,

B\ast \widehat C
\biggr) 
\geqslant \widehat Cmax,(10.1)

where A\ast , B\ast , and \widehat C defined by (5.3) and (5.4).
Let us point that the assumptions (5.1), Theorem 2.4, and Propositions 5.1, 6.2, 8.1

with the help of H\"older's inequality imply that the stochastic processes y, z and p,
q, \pi , being the solutions for the systems (1.1), (6.3), and (8.1), have the following
regularity:

y \in L4(\Omega ;C([0, T ];L2(\scrO )))\cap L4(\Omega \times (0, T );H1(\scrO )),

z\in L2(\Omega ;C([0, T ];L2(\scrO )))\cap L2(\Omega \times (0, T );H1(\scrO ))

and

p\in L2(\Omega ;C([0, T ];V )\cap L2(0, T ;H
2(\scrO ))), q\in L2(\Omega \times (0, T );V ),

\pi \in L2(0, T ;H
1(\scrO )).

Now, we demonstrate the main result of the article, establishing the first-order
necessary optimality condition for the problem (\scrP ).

Theorem 10.1. Under the assumptions of Theorem 4.1, let us assume that (\widehat a,\widehat b, \widehat y)
is an optimal solution of problem (\scrP ). Then P -a.e. in \Omega there exists a unique solution
(\widehat p,\widehat q,\widehat \pi ) of the adjoint system\left\{                 

 - d\widehat p= [\nu \Delta \widehat p+ 2D(\widehat p)\widehat y - \nabla \widehat \pi + (\widehat y - yd)] dt

+\nabla yG(t, \widehat y)T \widehat qdt - \widehat qd\scrW t, div \widehat p= 0 in\scrO T ,

\widehat p \cdot n= 0,
\bigl[ 
2D(\widehat p)n+ (\alpha + \widehat a

\nu )\widehat p\bigr] \cdot \tau = 0 on \Gamma T ,\widehat p(T ) = 0 in\scrO ,

(10.2)

verifying the optimality condition

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

06
/0

5/
25

 to
 1

93
.1

36
.1

24
.1

52
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



OPTIMAL CONTROL OF NEWTONIAN FLUIDS 401

\BbbE 
\int 
\Gamma T

\{ (f  - \widehat a)[\widehat \pi  - (\widehat p \cdot \widehat y) - (2\nu D(\widehat p)n) \cdot n] + \nu (g - \widehat b)(\widehat p \cdot \bfittau )

+ \lambda 1\widehat a (f  - \widehat a) + \lambda 2
\widehat b(g - \widehat b)\} d\gamma dt\geqslant 0(10.3)

for all (f, g)\in L4(\Omega \times (0, T );\scrH p(\Gamma )).

Proof. Let (\widehat a,\widehat b, \widehat y) be a solution of the problem (\scrP ).

According to Theorem 2.4 and Proposition 7.1, for any (a, b)\in L4(\Omega \times (0, T );\scrH p

(\Gamma )) the corresponding state system (1.1) has a unique solution y and the control-to-
state mapping

(a, b)\rightarrow y

is the G\^ateaux differentiable at (\widehat a,\widehat b).
For \varepsilon \in (0,1) and (f, g)\in L4(\Omega \times (0, T );\scrH p(\Gamma )), let us set

a\varepsilon = \widehat a+ \varepsilon (f  - \widehat a), b\varepsilon =\widehat b+ \varepsilon (g - \widehat b).
We consider the strong solution y\varepsilon of (1.1) with the boundary conditions (a\varepsilon , b\varepsilon ) (see
Definition 2.3). Since (\widehat a,\widehat b, \widehat y) is the optimal solution and (a\varepsilon , b\varepsilon ,y\varepsilon ) is admissible
triple, using the convexity of the functional J , we have

lim
\varepsilon \rightarrow 0+

J(a\varepsilon , b\varepsilon ,y\varepsilon ) - J(\widehat a,\widehat b, \widehat y)
\varepsilon 

\geqslant 0,

that, taking into account Proposition 7.1, gives the inequality

\BbbE 
\biggl[ \int 

\scrO T

\widehat z \cdot (\widehat y - yd) dxdt+

\int 
\Gamma T

\Bigl\{ 
\lambda 1 \widehat a(f  - \widehat a) + \lambda 2

\widehat b(g - \widehat b)\Bigr\} d\gamma dt

\biggr] 
\geqslant 0,(10.4)

where

\widehat z= lim
\varepsilon \rightarrow 0+

\widehat y\varepsilon  - \widehat y
\varepsilon 

is the unique strong solution of the system\left\{           
d\widehat z= (\nu \Delta \widehat z - (\widehat z\cdot \nabla ) \widehat y - (\widehat y\cdot \nabla )\widehat z - \nabla \pi )dt+\nabla yG(t, \widehat y)\widehat zd\scrW t in\scrO T ,

div \widehat z= 0,\widehat z \cdot n= f  - \widehat a, [2D(\widehat z)n+ \alpha \widehat z] \cdot \bfittau = g - \widehat b on \Gamma T ,\widehat z(0) = 0 in\scrO 

in the sense of Definition 6.1.
On the other hand, if we consider the system (8.1) with

U= \widehat y - yd, a= \widehat a, and y= \widehat y,
then Proposition 8.1 implies that there exists the adjoint state pair (\widehat p,\widehat \pi ), which
verifies (10.2), P -a.e. in \Omega . Since the duality property (9.1) is valid for

z= \widehat z, U= \widehat y - yd, and (p, \pi ) = (\widehat p,\widehat \pi ),
we deduce the equality
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402 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO\int 
\scrO T

\widehat z \cdot (\widehat y - yd) dxdt

=

\int 
\Gamma T

\Bigl\{ 
\nu (g - \widehat b) (\widehat p \cdot \bfittau ) + (f  - \widehat a) [\pi  - (\widehat p \cdot \widehat y) - 2\nu (n \cdot D(\widehat p)) \cdot n]\Bigr\} d\gamma dt

+

\int T

0

[(\widehat q,\widehat z) + (\nabla yG(t, \widehat y)\widehat z, \widehat p)] d\scrW t.

Substituting this equality into (10.4) and taking the expectation, we obtain the opti-
mality condition (10.3).

Remark 10.1. The condition (10.1) in Theorem 10.1 can be interpreted as follows:
(a) Under the presence of strong noise (corresponding to high values of L), the

fluid behavior can be optimally controlled through the injection/suction device mod-
elled by the Navier-slip boundary conditions if the fluid is very viscous.

(b) Under very small random disturbances (corresponding to small enough values
of L), the condition (10.1) holds for high viscosity values \nu , then the fluid behavior
can be optimally controlled.

REFERENCES

[1] B. Andrews and C. Hopper, The Ricci Flow in Riemannian Geometry, Lecture Notes in
Math. 271, Springer-Verlag, Berlin, Heidelberg, 2011.

[2] C. Amrouche and A. Rejaiba, Stationary Stokes equations with friction slip boundary con-
ditions, Monograf\'{\i}as Matem\'aticas, Garc\'{\i}a de Galdeano, 39 (2014), pp. 23--32.

[3] P. Benner and C. Trautwein, Optimal control problems constrained by the stochastic Navier-
Stokes equations with multiplicative L\'evy noise, Math. Nachr., 292 (2019), pp. 1444--1461,
https://doi.org/10.1002/mana.201700185.

[4] P. Benner and C. Trautwein, A Stochastic maximum principle for control problems con-
strained by the stochastic Navier-Stokes equations, Appl. Math. Optim., 84 (2021), pp.
1001--1054, https://doi.org/10.1007/s00245-021-09792-6.

[5] T. L. Black and A. J. Sarnecki, The Turbulent Boundary Layer with Suction or Injection,
Aeronautical Res. Council Rep. Memoranda, 3387 (1958), London, 1965.

[6] A. L. Braslow, A history of suction-type Laminar-Flow control with emphasis on flight re-
search, NASA History Division, (1999).

[7] H. I. Breckner, Approximation and Optimal Control of the Stochastic Navier-Stokes Equa-
tions, Ph.D. thesis, Halle (Saale), Germany, 1999.

[8] N. V. Chemetov and S. N. Antontsev, Euler equations with non-homogeneous Navier-
slip boundary condition, Phys. D, 237 (2008), pp. 92--105, https://doi.org/10.1016/
j.physd.2007.08.012.

[9] N. V. Chemetov and F. Cipriano, Well-posedness of stochastic second grade fluids, J. Math.
Anal. Appl., 454 (2017), pp. 585--616, https://doi.org/10.1016/j.jmaa.2017.04.060.

[10] N. V. Chemetov and F. Cipriano, Optimal control for two-dimensional stochastic sec-
ond grade fluids, Stochastic Process. Appl., 128 (2018), pp. 2710--2749, https://doi.org/
10.1016/j.spa.2017.09.016.

[11] N. V. Chemetov and F. Cipriano, Boundary layer problem: Navier-Stokes equations
and Euler equations, Nonlinear Anal. Real World Appl., 14 (2013), pp. 2091--2104,
https://doi.org/10.1016/j.nonrwa.2013.03.003.

[12] N. V. Chemetov and F. Cipriano, The inviscid limit for the Navier-Stokes equations
with slip condition on permeable walls, J. Nonlinear Sci., 23 (2013), pp. 731--750,
https://doi.org/10.1007/s00332-013-9166-5.

[13] N. V. Chemetov and F. Cipriano, Inviscid limit for Navier--Stokes equations in domains
with permeable boundaries, Appl. Math. Lett., 33 (2014), pp. 6--11, https://doi.org/
10.1016/j.aml.2014.02.012.

[14] N. V. Chemetov and F. Cipriano, Injection-suction control for two-dimensional Navier-
Stokes equations with slippage, SIAM J. Control Optim., 56 (2018), pp. 1253--1281,
https://doi.org/10.1137/17M1121196.

[15] N. V. Chemetov, F. Cipriano, and S. Gavrilyuk, Shallow water model for the lake with fric-
tion and penetration, Math. Methods Appl. Sci., 33 (2010), pp. 687--703, https://doi.org/
10.1002/mma.1185.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

06
/0

5/
25

 to
 1

93
.1

36
.1

24
.1

52
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y

https://doi.org/10.1002/mana.201700185
https://doi.org/10.1007/s00245-021-09792-6
https://doi.org/10.1016/j.physd.2007.08.012
https://doi.org/10.1016/j.physd.2007.08.012
https://doi.org/10.1016/j.jmaa.2017.04.060
https://doi.org/10.1016/j.spa.2017.09.016
https://doi.org/10.1016/j.spa.2017.09.016
https://doi.org/10.1016/j.nonrwa.2013.03.003
https://doi.org/10.1007/s00332-013-9166-5
https://doi.org/10.1016/j.aml.2014.02.012
https://doi.org/10.1016/j.aml.2014.02.012
https://doi.org/10.1137/17M1121196
https://doi.org/10.1002/mma.1185
https://doi.org/10.1002/mma.1185


OPTIMAL CONTROL OF NEWTONIAN FLUIDS 403

[16] N. V. Chemetov and F. Cipriano, A boundary control problem for stochastic 2D-Navier-
Stokes equations, J. Optim. Theory Appl., (2024), pp. 1--33, https://doi.org/10.1007/
s10957-024-02416-3.

[17] T. Clopeau, A. Mikelic, and R. Robert, On the vanishing viscosity limit for the 2D incom-
pressible Navier-Stokes equations with the friction type boundary conditions, Nonlinearity,
11 (1998), pp. 1625--1636, https://doi.org/10.1088/0951-7715/11/6/011.

[18] J. M. Coron, On the controllability of the 2D incompressible Navier-Stokes equations with the
Navier-slip boundary conditions, ESAIM Control Optim. Calc. Var., 1 (1996), pp. 35--75.

[19] G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge Uni-
versity Press, 2014.

[20] J. C. de los Reyes and K. Kunisch, A semi-smooth Newton method for control constrained
boundary optimal control of the Navier-Stokes equations, Nonlinear Anal., 62 (2005), pp.
1289--1316, https://doi.org/10.1016/j.na.2005.04.035.

[21] J. C. de los Reyes and I. Yousept, Regularized state-constrained boundary optimal con-
trol of the Navier-Stokes equations, J. Math. Anal. Appl., 356 (2009), pp. 257--279,
https://doi.org/10.1016/j.jmaa.2009.02.042.

[22] L. C. Evans, Partial Differential Equations, Grad. Stud. in Math. 19, AMS, 1998.
[23] G. Fabbri, F. Gozzi, and A. Swiech, Stochastic Optimal Control in Infinite Dimension,

Probability and Stochastic Modelling, Springer, 2017.
[24] A. Fursikov, M. Gunzburger, L. S. Hou, and S. Manservisi, Optimal Control Problems for

the Navier-Stokes Equations, Lectures on Applied Mathematics, Springer, Berlin, 2000,
pp. 143--155.

[25] V. Girault and P.-A. Raviart, Finite Element Methods for Navier-Stokes Equations, Theory
and Algorithms, Springer-Verlag, Berlin, Heidelberg, New York, 1986.

[26] M. Gunzburger, L. Hou, and T. Svobodny, Analysis and finite element approximation
of optimal control problems for the stationary Navier-Stokes equations with Dirich-
let controls, Mod\'el. Math. Anal. Num., 25 (1991), pp. 711--748, https://doi.org/
10.1051/m2an/1991250607111.

[27] M. Gunzburger and S. Manservisi, The velocity tracking problem for Navier-Stokes
flows with boundary control , SIAM J. Control. Optim., 39 (2000), pp. 594--634,
https://doi.org/10.1137/S0363012999353771.

[28] O. A. Ladyzhenskaya, V. A. Solonnikov, and N. N. Uraltseva, Linear and Quasilinear
Equations of Parabolic Type, Transl. Math. Monogr. 23, American Mathematical Society,
Providence, RI, 1968.

[29] H. Lisei, A minimum principle for the stochastic Navier-Stokes equation, Stud. Univ. Babe\c s-
Bolyai Math., 45 (2000), pp. 37--65.

[30] H. Lisei, Existence of optimal and Epsilon-optimal controls for the stochastic Navier-
Stokes equation, Nonlinear Anal., 51 (2002), pp. 95--118, https://doi.org/10.1016/S0362-
546X(01)00814-8.

[31] L. Nirenberg, On elliptic partial differential equations, Ann. Sc. Norm. Super. Pisa, 13 (1959),
pp. 115--162.

[32] S. S. Sritharan, An introduction to deterministic and stochastic control of viscous
flow , in Optimal Control of Viscous Flow, SIAM, Philadelphia, 1998, pp. 1--42,
https://doi.org/10.1137/1.9781611971415.ch1.

[33] Y. Tahraoui and F. Cipriano, Optimal Control of Third Grade Fluids with Multiplicative
Noise, preprint, https://doi.org/10.48550/arXiv.2306.13231, 2023.

[34] Y. Tahraoui and F. Cipriano, Optimal control of two dimensional third grade fluids, J. Math.
Anal. Appl., 523 (2023), 127032, https://doi.org/10.1016/j.jmaa.2023.127032.

[35] R. Temam, Navier-Stokes equations, Theory and Numerical analysis, AMS Chelsea Publishing,
Providence, RI, 2001.

[36] V. E. \v S\v cadilov and V. A. Solonikov, On a boundary value problem for a stationary system
of Navier-Stokes equations, Proc. Steklov Inst. Math., 125 (1973), pp. 186--199.

[37] F. Tr\"oltzsch and D. Wachsmuth, Second-order sufficient optimality conditions for the
optimal control of Navier-Stokes equations, ESAIM: COCV, 12 (2006), pp. 93--119,
https://doi.org/10.1051/cocv:2005029.

[38] D. Wachsmuth and T. Roub\'{\i}\v cek, Optimal control of incompressible non-Newtonian fluids,
Z. Anal. Anwend, 29 (2010), pp. 351--376, https://doi.org/10.4171/zaa/1412.

[39] W. Zhao and M. Gunzburger, Stochastic collocation method for stochastic optimal
boundary control of the Navier-Stokes equations, Appl. Math. Optim., 87 (2023), 6,
https://doi.org/10.1007/s00245-022-09910-y.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

06
/0

5/
25

 to
 1

93
.1

36
.1

24
.1

52
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y

https://doi.org/10.1007/s10957-024-02416-3
https://doi.org/10.1007/s10957-024-02416-3
https://doi.org/10.1088/0951-7715/11/6/011
https://doi.org/10.1016/j.na.2005.04.035
https://doi.org/10.1016/j.jmaa.2009.02.042
https://doi.org/10.1051/m2an/1991250607111
https://doi.org/10.1051/m2an/1991250607111
https://doi.org/10.1137/S0363012999353771
https://doi.org/10.1016/S0362-546X(01)00814-8
https://doi.org/10.1016/S0362-546X(01)00814-8
https://doi.org/10.1137/1.9781611971415.ch1
https://doi.org/10.48550/arXiv.2306.13231
https://doi.org/10.1016/j.jmaa.2023.127032
https://doi.org/10.1051/cocv:2005029
https://doi.org/10.4171/zaa/1412
https://doi.org/10.1007/s00245-022-09910-y

	Introduction
	Functional setting and preliminary results to the state equation
	<?LDGXML	?>3. Lipschitz continuity of the control-to-state mapping
	Solvability of control problem
	Exponential integrability of the state
	Linearized state equation
	G&#x00E2;teaux differentiability of the control-to-state mapping
	Adjoint equation
	Duality property
	Main result. First-order optimality condition
	References

