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Abstract. We consider a velocity tracking problem for stochastic Navier—Stokes equations in
a 2D-bounded domain. The control acts on the boundary through an injection-suction device with
uncertainty, which acts in accordance with the nonhomogeneous Navier-slip boundary conditions.
After establishing a suitable stability result for the solution of the stochastic state equation, we prove
the well-posedness of the stochastic linearized state equation and show that the Gateaux derivative
of the control-to-state mapping corresponds to the unique solution of the linearized equation. Next,
we study the stochastic backward adjoint equation and establish a duality relation between the
solutions of the forward linearized equation and the backward adjoint equation. Finally, we derive
the first-order optimality conditions.

Key words. stochastic Navier—Stokes equations, Navier-slip boundary conditions, stochastic
backward equation, first-order optimality conditions

MSC codes. 60H15, 6D55, 93E20, 49K45

DOI. 10.1137/23M1623069

1. Introduction. Optimal control problems for fluid flows have been extensively
studied in the literature and are of major importance in technology. Roughly speaking,
the control is exercised either within the domain occupied by the fluid, by some
distributed force (acting over the entire domain or over some specific region), or on
the boundary of the domain.

Distributed optimal control problems for Newtonian fluids, described by the deter-
ministic Navier—Stokes equations have been addressed in the literature, let us mention
[20], [24], [37], [38], and references therein (see also the recent related model [34]). The
deterministic case for distributed forces is quite well understood from the theoreti-
cal and numerical point of views. The boundary control problems are more singular
ones but of great importance because they appear in many technological applications,
namely where the control of the flow is implemented by an injection/suction device
placed on the boundary of the domain (see, for instance, [5], [6], [14], [16], [21], [24],
26], [27)).
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On the other hand, real world physical systems always experience random fluctu-
ations and inaccuracy of measurements, which are modelled by adding to the deter-
ministic partial differential equation suitable random internal/external forces or by
considering random initial data and boundary conditions. It is worth stressing that
the optimal control of a fluid flow in a stochastic environment is much more involved
that its deterministic analogous, and just few results are available in the literature.
Let us mention [3], [4], [7], [29], [30], [32], [33], where the authors solved stochastic
tracking control problems for Newtonian and non-Newtonian fluids in two dimensions
and three dimensions. In these works the control variables act in the interior of the
domain.

The authors in [39] studied a stochastic boundary control problem for the deter-
ministic steady Navier—Stokes equations, where the stochastic control is imposed just
on the boundary by a nonhomogeneous Dirichlet boundary condition. We recall that
the solution of the Navier—Stokes supplemented with the Dirichlet boundary condition
develops strong boundary layer for small values of the viscosity. Then in the last few
decades a great attention has been developed to the study of deterministic Navier—
Stokes equations supplemented with the Navier-slip boundary conditions. According
to the studies [8], [9], [10], [11], [12], [13], [14], [15], [16], [18], the nonhomogeneous
Navier-slip boundary conditions are compatible with the inviscid limit transition,
which suggests that, comparing with the nonhomogeneous Dirichlet boundary con-
ditions, the Navier-slip boundary conditions seems more appropriate to control the
evolution of turbulent flows typically associated with high Reynolds number (or small
viscosity).

The present work addresses an optimal boundary control problem for stochas-
tic Navier—Stokes equation driven by a multiplicative Gaussian noise, on a bounded
domain O C R2. The dynamical law reads

dy = (vAy — (y-V)y — V) dt + G(t,y) AV,
in OT = (O,T) X O,

(1.1) divy =0,
y-n=a, [2D(y)n+ay]-T7=0 on I'r=(0,T) x T,
v(0,x) =yo(x) in O,

where y = y(¢,x) is the two-dimensional (2D)-velocity random field, 7 = 7 (¢,x) is the
pressure, v > 0 is the viscosity, and yg is the initial condition that verifies

(1.2) divyo=0 in O.
Here
1 T
D(y)=35[Vy +(Vy)']
is the rate-of-strain tensor; n is the external unit normal to the boundary I' € C?
of the domain O and 7 is the tangent unit vector to I', such that (n,7) forms a
standard orientation in R2. The positive constant « is the so-called friction coefficient.

The quantity a corresponds to the inflow and outflow fluid through I, satisfying the
compatibility condition

(1.3) /a(t,x) dy=0 for any t € [0,T).
r
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This condition means that the quantity of inflow fluid should coincide with the quan-
tity of outflow fluid. The boundary functions a and b will be considered as the control
variables for the physical system (1.1). The term G(¢,y)W; is a multiplicative white
noise.

The main goal is to minimize the following cost functional:

1 A A
§|y7yd|2 dxdt+IE/ <1|a|2+22b|2> ddt,

J(a,b,y) —E /
't 2

Or

constrained to the stochastic Navier—Stokes equation (1.1), where y4 € L2(2xOr) is a
desired target field, A1, A2 > 0 and (a,b) will be taken is an appropriate space of admis-
sible controls. From physical point of view, the variables a and b describe the quantity
of the fluid crossing the boundary, and the vorticity component on the boundary (see
[8, Corollary 1] and [9]), respectively, which can be prescribed by the operational con-
troller of the physical system. In practice, the vorticity can be induced through some
mechanisms such as rotating container walls, moving walls, jet injection/suction (tan-
gentially to the wall), rough surfaces, electromagnetic forces (for conducting fluids),
and many others. On the other hand, the induction of vorticity in fluid dynamics is
crucial for optimizing certain industrial processes, enhancing mixing efficiency, and
controlling flow patterns in various applications. By precisely manipulating boundary
conditions to generate desired vorticity, engineers can improve the performance of
systems such as chemical reactors, aerodynamic surfaces, heating-ventilation-air con-
ditioning systems, etc. This control allows for efficient heat transfer, uniform mixing
of reactants, and improved stability of fluid flows. Optimal vorticity induction is also
essential also in environmental applications, such as pollutant dispersion and water
treatment processes, ensuring effective and sustainable solutions.

The first stage towards the resolution of this optimal control problem has been
already performed in the article [16], where the authors established the well-posedness
of the state system (1.1), and showed the existence of an optimal solution (a,b) in a
compact set of predictable stochastic processes verifying an exponential integrability
condition.

The plan of the present paper is as follows. Section 2 introduces the appropriate
functional spaces and recalls convenient results from [16] about the solvability of the
stochastic Navier—Stokes equations supplemented with the nonhomogeneous Navier-
slip boundary conditions. Section 4 presents a stability result for the solution of the
stochastic state equation. Next, we formulate the control problem in section 3.

Section 5 improves the integrability properties of the state, which is crucial in
section 6 to show the well-posedness of the linearized state equation. Then, we proceed
by studying the Gateaux differentiability of the control-to-state mapping in section 7.
Section 8 is devoted to the analysis of the backward stochastic adjoint equation.
Finally, section 9 is devoted to show a suitable duality relation between the solution
of the linearized equation and the solution of the adjoint equation, which is the main
ingredient to deduce the first-order-optimality conditions in section 10.

2. Functional setting and preliminary results to the state equation.
First, let us introduce the notations and present some results, used in the article.

Let us consider a real Banach space X, endowed with the norm ||-|| . The space
of X-valued measurable p-integrable functions, defined on the time interval [0, 7], is
denoted by L,(0,7;X) for p> 1.

The space L,(€2, L-(0,T; X)) for p,r > 1 of the processes v =v(w,t) with values
in X, defined on €2 x [0,7] and adapted to the filtration {7}, (o 7}, is endowed with
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the norms

T =

P
T

i ,
VI, 020 05 = E( / il dt)

and

”VHLP(Q,LOO(O,T;X)) = (E sup ||VH§( ) for r =00,
t€[0,7]

where E is the mathematical expectation with respect to the probability measure P,
defined on ). By default we will omit the dependence on the parameter w € €2 in the
notation for processes v=v(w,1).

We use the standard notation for the Lebesgue spaces L,(O) and the Sobolev
spaces HP(O) with the norms denoted by | - ||, and || - || g», respectively. The inner
product in L2(O) is denoted as (+,-) with the associated norm || -||2. Let us introduce
the following divergence free spaces:

H={veLly0):divv=0 inD'(O), v-n=0 in H Y3},
V={veH'(0):divv=0ae inO, v.n=0 in HY/*(I)},

where the following inner product

(v,z)V:Q(Dv,Dz)+a/v~zdfy
r

is considered on the space V' endowed with the norm ||v||y = /(v, V), .
In what follows we will often use the results of continuous embedding

(2.1) HY0,T)cC([0,T]),  H'(O)C Ly(T).

Let us present the results of [28, pp. 62 and 69], [31, pp. 125], and [35, pp. 16-20] in
the next lemma.

LEMMA 2.1. Let us introduce the notation

(2.2) vo:/ v dx.
o
For q>2 and v € H*(O) the Gagliano—Nirenberg—Sobolev inequality
2 1-2
(2:3) v =volly < CIIVIE Vvl ™",
and the trace interpolation inequality
1 1-1

(24) v =vollz,m < ClIvIE Vvl
are valid. Moreover, any v €V satisfies the Korn inequality
(255) IVl <Cllvlly -

Let us remark that

vo=0 Vvev,
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since
/vj dx:/ div (vz;) dx:/mj(v-n) dy=0 for j=1,2.
o o r

Also for arbitrary v € H2(0), z €V integrating by parts, we have

(2.6) —/ Av-de:2/ Dv-Dzdx—/Z(n-Dv)-zdw.
o o r
Therefore,
(2.7) —/ Av-zdx:(v,z)v—/b(z~7')d~y
o r

if the function v fulfills the Navier-slip boundary conditions (see the system (1.1)).
We will frequently apply in our considerations the Young inequality
u? v 1 1
(2.8) w < — 4+ —, —+-=1 Vp,g>1.
p q p q
Let us define the norm and the absolute value of the inner product for a vector
m—times

——f
h=(hy,...,h,)eH"=H x---x H
with a fixed ve H as

m 1/2 m 1/2
(2.9) [, = (Z ||th|§> and | (h,v)[= ( (hmV)z) :
k=1

k=1
Let

G(t,y):[0,T] x H—H™ with G(t,y)=(G'(t,y),...,G™(t,y))
be Lipschitz on y and satisfy the linear growth
IG(t,v) = G(t,2)ll; < K |[v — 23,
(2.10) 1G], <K (L+]vl,)  Vv.zeH, te[0,T],

for some constant K > 0. Let
m

G(ty)dW: =Y _ G*(ty)dWf
k=1
be the stochastic noise, where W, = (W}, ..., W) is a standard R™-valued Wiener
process, defined on a complete probability space (2, F, P) and endowed with a filtra-
tion {7 };c(o 7)> such that Fo contains every P-null subset of €.
Let us introduce the space of functions

Hp(T) = {(a,b) :[|(a, b)l[5, (r) < +oo}

with the norm

I[(a;0)[l3, 0y =Ilal| .-
W,

P

0 1 b 1 b O 1.
0l oy 10 g By + 10

Let p € (2,+00) be given and the data a,b, and ug belong to the following Banach
spaces:

(2.11) (a,b) € Ly(2 x (0,T);Hp(T)),  ug € Ly( H),

7

assuming that (a,b) is a pair of predictable stochastic processes.
Let us formulate the auxiliary result, demonstrated in [16].
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LEMMA 2.2. Let (a,b) be a given pair of functions, satisfying (2.11). Then there
exists a unique solution a of the Stokes problem with the nonhomogeneous Navier-slip
boundary condition

—Aa+Vr=0, V-a=0 inQO,

(2.12) a.e. in Qx(0,T),
a-n=a, [2D(@)n+aa]l-T=b onT,

such that

(2.13) ||a|\wp1(0) +19¢al| 1,0y < Cl(a,b)|[3, 1) a-e. in Qx(0,T).

In particular, we have

(2.14) ac Ly(Q0([0,T); L2(0))) N La(2 x (0,T);C(O) N WZ}((’))),

' drac Ly(Q x (0,T); Ly(0)).

Here and below positive constants C' depend on the data considered for our problem,
such as the domain O, the regularity of I, the physical constants v, «, and a given
time moment T'.

Let us recall the concept of the solution of the stochastic differential system
(1.1) and the properties of this solution, studied in [16], that will be relevant in our
study of the control problem. Using the formula (2.7) and the solution a, founded
in Lemma 2.2, we can introduce the concept of the strong (in the stochastic sense)
solution to the system (1.1).

DEFINITION 2.3. Assume that the data (a,b) and ug satisfy the regularity (2.11).
An adapted stochastic process' y = u -+ a with u € C([0,T]; H) N L2(0,T;V), P-
a.e. in ), is a strong solution of (1.1) with yo=ug + a(0) if
t
50.9) = [ |v@el + [1le ndr - (- Dye) | ds+ (o)

t
(2.15) +/ (G(s,y(s)), ) dW; for a.e. (w,t)€Qx(0,T),

0

holds for any p € V.
We notice that (2.10), (2.14), and ue€ C([0,T]; H), P-a.e. in Q, yield

T T
/ 1G(s.y(s)) |2 ds < K / L+ [y()[2)ds <o,  P-ave. in Q.
0 0

Then the stochastic integral
t
[ cty@naw., tepa,
0
is well defined as a H-valued local martingale (cf. [19, pp. 99-100], and

| @Gy v =Y [(6Hs.v9).0) oW forany oV
0 =1 /o

By the embedding result (2.1)2 we note that the boundary condition y -n=a on
T, a.e. in Q x (0,T), is well defined for y =u+a with ue Ly(0,T;V).
The following result has been proved in Theorem 3.5 of [16].
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THEOREM 2.4. Assume that the data (a,b) and ug satisfy (2.11). Then, a strong
solution y =u+ a to the system (1.1) ewists, such that

ueC([0,T); HYNL4(0,T;V), P-a.e. in £,

and there exists a positive constant CA'O, such that for any t €[0,T),

t
E sup €3(s) [[u(s)|2+ vE / €2(s) Ju(s)| ds
s€[0,t] 0

t
<0(E||uo||§+E/0 f§<|<a,b>|ip<p)+1>ds),

2

t
E sup €4(s) [u(s)[lt +1°E ( [ &l ds)

s€10,t]
t
(2.16) < (Elvoll+ [ b, o +1)ds)
with the function
(2.17) &)= e~ fg(HH(a’b)H%p(”)ds, P-a.e. in .

Remark 2.5. Tt is worth mentioning that we do not know if the solution y,
provided by Theorem 2.4, is integrable with respect to the variable w € 0, we just
have integrability of its multiplication by the weight &y, which verifies 0 < & < 1.
On the other hand, to tackle the control problem, the cost functional J must be well
defined, requiring the square integrability of y. The square integrability of y holds
under suitable integrability of the inverse of the weight. In section 3, we will impose
additional assumptions on the boundary conditions a, b, which are necessary to deduce
the first-order optimality condition, and also guarantee integrability of (50)71 .

3. Lipschitz continuity of the control-to-state mapping. This section
shows the Lipschitz continuity of the control-to-state mapping, which is the first step
to study the Gateaux derivative of this mapping. Here, we denote by

P=¢1— 2

the difference of two given functions 1, @s.

THEOREM 3.1. Under the assumption (2.11), (a;,b;) € A, and y; o, i = 1,2, let
y1=ui +ai, y2 =up +az with

111,112EC([O,T];H)QL;;(O,T;V), P-a.e.in Q,

be two solutions of (1.1) in the sense of the variational equality (2.15), satisfying the
estimates (2.16) with two corresponding boundary conditions ay, by, aa, ba, and the
initial conditions

yi0=ui+ai(0), V2,0 =gz, + a2(0).

Then there exists a constant 61 such that the following estimates hold:
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t
(3.1) E sup €2(s) |(s)|2 + 20E / €22 ds
s€[0,t] 0
t 1/2
<c{E||ao|§+(E/0 ||<a,b>|;zpmds) }
t 2
(3.2) B s €105 [5(3) 13 + 207 ( / &/l ds)
s€|0,t 0

t
o~ 4 o~ T
<C{E|uo||2+E/0 ||<a,b>||;:p(p>ds}7

where the function & is defined as

(3.3) Gt)=e" Js F1(s)ds

with f1 € L1(Q x (0,T)) given by

34 AO=Cio 1) (bl ) + a2, b2) 3y, + il +1).

The constant C, is defined by the relations (3.6)—(3.7).

__Proof. Let us denote a the solution of the Stokes problem (2.12) with (a,b) =
(@,b). Recalling that y; and ys verify the system (1.1) in the sense of Definition 2.3,
we have

A1), ) = [—u<>7,¢>v+u [y - (350)] i

+(G,p)dW, Vte[0,T),
y(0) =¥o Vo eV, P-ae.inQ,
with

B=(y1-V)y1—(y2-V)y2, G(t) = G(t,y1(t) — G(t,y2(1)).

Taking ¢ = e; for each 7 € N, we can verify that the process U = y — a satisfies the
system

d(u(t),e;) = [V (W+a,e), —((y2-V)u,e;) + /F vb(e; - T)dy + (U, e;) | dt
+ (G, e;) AWy,
u(0) =yo —a(0),
with U=—[ga+ ((U+3a)-V)y1 + (y2- V)a]. Hence the It6 formula gives
a((@(1),e0)) =2(a(0),e) [-v (G +8,e5)y, — (2 V)ie))

+/Fy3(ei -7)dy + (U, e;)] dt
+2(U(t), e;) (G, e;) AW, + |(G,e;)| dt.

Summing these equalities over 7 € N, we obtain

(3.5) d(||ﬁ||§) +ov |42 dt = J dt +2(G, &) dW;,
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where we denote
J:/ [Cas(@- 7 +2b(@-7) b dy —2(98+ (G+8)-V)yi]. )
r

~ 2((y2- V)&, 1) — 20 (& 1)y + | G3
=h+J+ I3+ I+ Js.
We have
J1 < (lag)l ooy +)AN7, 0y + CVIIBIZ, )
~ Vi~ ~
<ha@[S + Z Il + Vb, )
with
C 9 .
=;(||(a2,b2)\|q{p(p) +v)*€L1(0,T), P-ae. inQ,

by (2.11). The term J5 is estimated as follows:

hi(t)

J2 <2 (Ilatﬁllz + lallc@ I Vy ||2) [Gll2 +2(|Vy1 2 03
<2 (Ilatﬁllz + IIﬁllc@) (L4 [IVy1ll2) [[a]l2
+ 2[[Vy1l2[ull2 Va2
<ha(®)[[8]3+ CII@ BBy, ) + TlEIR
with
ho(t)=C (1+ (v ' +1)|Vy1]3) € L1(0,T), P-ae. in €,
by (2.4) and (2.16). Using (2.3) with ¢ =4, we have

Js=2[((W-V)a,u)+((@-V)a,u) - ((y1-V)a,u)]
<2[[[al3l[Vall2 + [[al| .. [Vallzl[@ll2 + [y 4] Vall2|a]|s)]
< Clal:l[allv|[vall: + ClIVal3]a]

+ Cllyalls 2y 7 Va2l )1/
< O™ + 1) VAIIEI + S8 + a7
+ %nylnipnané + S8l + Cllya = val3
< ha(®)[813+ I3 + 1@ D), ) + Cliyall2ll@ D),
with
hs(t) = C ((zrl + 1)@ D)3, ) + y*1||y1||§,1) €L,(0,T), P-ae. inQ.
Finally, we have
< Cvlfal +ZIRIR < Cv 11@B)I, ) + 7118l
and

J5 < K|[lf3
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by the assumption (2.10). Therefore, there exists a specific constant 61, such that
Cy > Cy with Cy is introduced in (2.16)—(2.17) and

(36) 5 (1) + ha(t) + h(t) + K) < i),

where

(3.7) Al =Civ™ +1) (||(a1751)H§1p(r) + ||(a2752)”§1,,(r) + lua I3 + 1) .
Combining the above deduced estimates for J;, i=1,...,5, we get

T < () + b () + h(t) + K) 3 + vI[al13
+ OBl sy + A+ I@ DB oy + 11211 @ D) By o)}
(38)  <2AOIEIE+wEE +C 0+ lyal) @D

Now introducing the function
(3.9) &(t)=eJo hlo)ds
and applying It6’s formula to (3.5), we infer
a(EWTI3) +2weR () I8l d =20 de
+267(1)(G,T) dW; — 2£1(£)&7 ()[4 [3 dt.

Integrating it over the interval [0,¢] and using the estimate (3.8), we derive
2 2 ' 2 2 2 ' 2 V12
1RO +v [ IR ds < Gl +C [ € 0+ Iyill)1@5) By
(3.10) +2 [ (G, 8)dW,,

which implies

t
sup €2(s) [(s)]2 + v / €2 ds

s€[0,t]

t
o~ 2 o~
< l[Gol2+C / € (1+ lyll2) [1@ D)2, r ds

+28up/§2Gu

s€[0,t]

Taking the expectation in this inequality, using the assumption (2.10), and the
Burkholder—Davis—Gundy inequality,

Esuop]/gl )(G,3) dW, <E(/ £41(G(s,y1) - G(5,y2), 8) ds)
SG t
1
<§]E sup & (s)[u(s ||2+C]E/ (a5 + |1al3) ds
s€0,t]
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we deduce

t
2 sup €2(5) [a(s)13 +E [ &G} s
s€[0,t] 0

t
<CE [ sup (s)[(s)[3ds + CE [l
0

s€[0,t]

ro(e [ @ ain) )/( B [ 1D, )1/2

by (2.13). Then the Gronwall inequality yields

t
E sup Sf(S)Hﬁ(S)H;Jr%E/ &tlally ds
0

s€0,t]

¢ 1/2 t 1/2
<0{an|§+(E/0 &0+ lg) ds) (& [ 1D b ) }

which implies (3.1), applying (2.13), (2.16), (2.17), and the property that & <1
in Q x [0,77].
On the other hand, taking the square of (3.10), we infer that

2

E sup £4(s) [6(s)|4 + v°E ( / s%nm%fds)

s€[0,t]

t 2
< CE|[fo]|! + CE ( [ & 0+ vl @D, ds)

2
+ CE sup (/ E(r éﬁdw)

s€0,t]

t
~ 14 o~
<CRall+ O [ 6 (14 Ial3) ds x B [ €@ DIl
s 2
+ CE sup (/ £2(G,1) dWr> :
s€[0,t] 0
The assumption (2.10) and the Burkholder-Davis—-Gundy inequality,

E sup
s€[0,t]

/g1 NG, 1) dW,

<IE/ &1(s) [(G(s,y1) — G(s,y2),0)|* ds

t
~ ~4 ~14
<3E swp laE)E+CE [ & (1513 + @) ds
s€0,t] 0

allow one to deduce the following Gronwall inequality:

2

1 R b
LB sup €(s)[a(s)])L + v E < / s%||u||2vds)

2 s€0,t]

t t
~ 14 ~
<C]E||11<J||2+C]E/0 & (1+ lly1l3) ds X]E/O &111@. b)ll5, (r) ds

t t
4+ CE / ¢4 |a)l} ds + CE / sup E4(r) a1} ds,
0

0 relo,s]
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implying the inequality
2

t
E sup &f(s) |[U(s)ll; +2v°E </ §fllﬁ|3/d5)
0

s€0,t]
t t t
~ 4 o~ ~4
<0{E||uo|2+E / € (14]ly1 ) ds x E / €)@ D)4, (r ds+CE / £%||a||2ds},

which gives (3.2), using (2.13), (2.16), (2.17), and & <1 a.e. in Q x [0,T7. |

4. Solvability of control problem. The main goal of this paper is to control
the solution of the system (1.1) by boundary values (a,b). From now on, we assume
these boundary values belong to the space of H,(I")-valued bounded stochastic pro-
cesses (cf. [7], [29], [30]); namely we defined the space A of admissible controls as a
bounded subset of Lo (2 x (0,T"); Hp(I')), which is compact in Lo(2 % (0,T); H,(T)).

The cost functional is given by

(4.1) J(a,b,y):IE/ %|y—yd\2dxdt+E/

OT FT

Al 9 A2y,
— —1b]* ) dvdt
(Gl + 210%) v
where yq € La(Q x Or) is a desired target field and A, Ao > 0. We aim to control
the solution y through the minimization of the cost functional (4.1) over A and
constrained to (1.1). More precisely, our goal is to solve the following problem:

minimize{J(a,b,y): (a,b) € A and
(P)y @
y is the solution of the system (1.1) for (a,b) € A}.

Let us notice that for (a,b) € A, the solution y = u+ a of the state equation (2.15)
satisfies

v € Ly(;,C([0,T]; L2(0))) C L2(2 x Op),

ensuring that the cost functional (4.1) is well defined.
The existence result stated in Theorem 4.1 of [16] applies, and the optimal solution
belongs to 4, namely we have the next theorem.

THEOREM 4.1. Let yo verify the assumptions (2.11). Then there exists at least
one solution for the optimal control problem (P).

Remark 4.1. Tt is worth mentioning that the existence result established in [16]
does not require the admissible set A to be bounded in Lo (2 x (0,T); H,(I")). How-
ever, the deduction of first-order optimality conditions is more demanding, requiring
integrability of the Gateaux derivative of the control-to-state mapping. This will
be achieved proving an exponential integrability condition for the state in Proposi-
tion 5.1 below. For that we need A to be bounded in Lo (2 x (0,T);H,(I")). This
requirement comes from the structure of the stochastic Navier—Stokes equation with
multiplicative noise. Roughly speaking, this means that the control (in an optimal
way) the stochastic dynamics inside the domain, through the control actions on the
boundary, it is possible even if the control action have some randomness; however,
this randomness should be bounded (see the assumption (vi) on p. 40 of [29] and
the assumption on bounded controls given on p. 42 of [7]). A very particular case
corresponds to deterministic control actions.

The next sections are devoted to establishing first-order optimality conditions.
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5. Exponential integrability of the state. According to sections 2 and 3, let
y =u+a be the unique solution of the stochastic differential equation (1.1) satisfying
the estimates (2.16) and with data (a,b),ug verifying (2.11). Hereafter, we assume
the following additional assumptions on the data:

(5.1) (a,b) € A, [luoll2 € Loo(€2),

in order to deduce a suitable exponential integrability condition for the stochastic
process y. We also introduce additional hypothesis on the diffusion operator G,
namely G is bounded by a positive constant L in the space H, such that

L
1+ |lyl3

Since A is a closed subset of Lo, (2 x (0,T);H,(I")), we can take the real number

(5.2) IIG (t,y) |5 < for a.e. t€[0,7] VyeH.

Ty = sup 2@0 <1+|I(a,b)||2 . >,
(a;b)eA Lo (75H,(T))

where the constant 50 is introduced in (2.17) of Theorem 2.4, and define the time
dependent functions A.(t), B«(t) and the constants A, B, by

lleir*t V2672T*T
* - A* = T a5
Au(?) L’ 2L
V€74(T*+L)t V2678(r*+L)T
(53) Bult)= =47 Bem—g——

Let us note that there exists a constant 6’, depending only on O, such that
(5.4) Ivllz <CIvIBIIVIE — vveV,

being a particular case of the inequality (2.3).

Let us mention that the main arguments to show the exponential integrability of
the stochastic process y rely on the structure of the first equation in (1.1) for y, and
on the martingale property of the exponential process.

PROPOSITION 5.1. Assume that the data (a,b) € A, ug, and G satisfy (2.10),
(2.11), (5.1), and (5.2). Then there exist positive constants C, such that the following
estimates are valid:

E exp (/\* (t)e b

t
ulf) <C. Bew{a. [ fult asf<c,
0
t
E exp(f, (t)e 4=+t Hu(t)||;1) <O, E exp{B*/ ||u||§ HUH%/ ds b <C,
0

B, [!
(5.5) E exp (é/ u||‘;ds)<c vt e (0,77,
0

with Ay, A, B.,B., and C defined by (5.3) and (5.4).

Proof. First step. Deduction of the estimates (5.5)1 2. Since y is the solution of
the state system (1.1), which exists by Theorem 2.4, then taking the test function
@ =uin (2.15) with u=y — a, we obtain the inequality

2 2 A
a (I1ll3) + v lhall} dt <2 (11(a,b) 3, () + 1) (luall3 + 1) e
(56) + 2 (G(t7Y)7u) thy
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as it was done in the article [16] (see the deduction of the formula (3.11) in the article
[16]). Integrating over the time interval (0,t), we can write

t t
(5.7) [u()|3+v / [ull? ds < / [ull5 ds + (Ci + g(2)),
where

/ fs)dWs,  f(s)=2(G(s.y)u).

The relation (5.7) corresponds to the following differential inequality:

~ 2
k=21, > 2Co[[1 + [|(@. )13, (o) 1@y, O = [0l + 4T,

(5.8) Y <het (Cotglt))  for z(t):/o a2 ds,

which can be integrated by Grénwall’s lemma. Hence using Fubini’s theorem, we get

/ ||u||2ds<c( L) e [ atsyas
0
_1 I{(tfs)_l
:c,g< . )+/O (n )f(s)dWs.

Substituting it into the right-hand side of (5.7), we deduce that

t t
(5.9) [a(®l3 +v [l ds<Cue 4 [ et (s aw
0 0

Setting F'(s) = ™" f(s) and multiplying the inequality (5.9) by Ae™*! with some
A >0, we infer that

t )\2 t
e " ||u(t)H;—|—1/)\e*“t/ ||u||%, ds§/\0,§+?/ |F(s)]*ds
0 0

+ ()\/OtF(s)dWS - A;/Ot |F(s)|2ds> .

The boundedness (5.2) for G implies that
[P0 =e > (G(t,y),w) P < Llu®)] < Lllu)lly, vte(0,7T).

—kt

In addition, for A, (t) = “—, we have

LAQ 7 L>\§ o V2672nT
2 ) 2 7 2L

max (V)\e’"‘t - =A, Vte[0,T].

Hence, we obtain

t t 1 t
deefull A [l as<nCor ([ oemam - [y as).
0 0 0

Taking the exponential function and the expectation in the last deduced inequal-
ity, we obtain

t
exp (e @l + 4. [ ull as)
0
t 1 t
< Hj x exp{/ (AF) dW, — 5/ (A F)? ds}
0 0
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with Hy; = exp (A.Cx) < 0o by the assumption (5.1). Since the expectation of the
right-hand side is equal to 1 due to the Levy equality, we derive

t
E exp <A 1 + A [l ds) <,
0

which gives (5.5)1 2
Second step. Deduction of the estimates (5.5)3.45. Using the inequality (5.6) and
applying the It6 formula, we ensure

t
[l +2V/O Fall3 ]y, ds < [fuol3
t
+4/0 Co(ll(@,b)[[3,, (ry + 1) ull3 ([[ull3 + 1) ds
+4/0t a2 (G(t,y),u) dWS+/Ot4(G(s,y)7u)2 ds
t
. N
<l |4 ({2Collie by ey + 1)+ ) 1l s
+/ ({2Co (@03, ) +1} +1) at
+4/ Jull? (G(s. ). w) D,
by the inequality a < a? + % and the assumption (5.2). Therefore,
t t
G.10) a3+ [ il as < [l s+ (0, g(0),
where
k=4(r.+L),  Cu=|uoll+(r+ DT,
g(t)= Otf(S)dWs, f(s)=4ull3 (G(s,y),u).
The expression (5.10) can be written as the differential inequality (5.8) for

t
= [ Il as.
0

Hence, comparing with (5.9), Gronwall’s inequality gives

t t
(5.11) \|u(t)||§+2y/ [V dsgcﬁenmr/ (=9 f(s5)dW
0

0

Let us denote by F'(s) =e™ " f(s) and multiply (5.11) by Be~*! with 8 > 0, we obtain

t
— 4 — 2 2
(5.12)  Be "™ [u(t)ll; +2vpe ”t/o [[ully [[ully ds

t
</3cn+ﬁ;/0 |F(s)|2ds+(5/ s) W, —7/ (s |2ds>
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The boundedness (5.2) for G implies that

1+ lyl3
<Dy Ju@®)|3 lu(®)|?  with D, =16L+C for a.e. t € (0,T).

PO <16l (G(t,y),y — @) < 16 ()} (L”y“)” s c)

On the other hand for f,(t) = 26, we have

D.j? _ D*Bf S 4p2e—26T
2 T2 7 92D,

=B, Vte[0,T).

max [ 2vBe™" —
g (209

Due to these relations, (5.12) yields
t
e 4 21112
Bee™ [lu(t)ll; +B*/0 [all3 [[ully ds

t t
<B.Cro+ ( /O (8.F) W, — /O (B.F)? ds).

Taking the exponential function and the expectation in the last deduced inequality,
we obtain

t
_ 4 2 2
E oxp (ﬂ*e o+ B ||u||2||u|vds)

t
0

t
< Hy x Eexp (/ @.F)aw, -5 | @.Fy ds) — 1,
0

with Hy =exp (8:Cx) < oo by the assumption (5.1). Also, using the inequality (5.4),
we conclude that

B, [! t
Bex (5 [ Il as) <Bexo (5. [ pull ull s ) <
0 0

The last two inequalities are the estimates (5.5)3.4.5. 1]

6. Linearized state equation. In this section we also assume that G(t,y) is
Gateaux differentiable in the variable y € H:

s—0 S

=VyG(t,y)v for each te0,T],

such that the function VyG(¢,y) is continuous and bounded in the second variable
y, namely

IVyG(t,x) — VyG(t,y)||l2—0 when ||x—y|l2—0 vt e [0,T],

IVyG(t,y)vll2 <Cllvll2,  veH,
(6.1) IVy Gt y)vilv <Clivllv,  vevV,

for some positive constant C. Due to Propositions A.2, A.3 of [1] we have that G(¢,y)

is Fréchet differentiable in the second variable y:
t
(62)  G(t:x+y) = G(ty) — VyG(t.y)x=o(t[x],), where lim Q =0
s—

for any x,y € H, t€][0,T].
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Let y be the solution of the state system (1.1). The corresponding linearized
system for (1.1) can be written as the following Oseen’s type system:

dz=(vAz— (2:V)y — (y-V)z —Vn)dt + V,G(t,y)zdW; inOr,

divz=0,
(6.3) z-n=f, 2D(z)n+az]-T=g on I'p,
2(0)=0 in O

with the boundary data, satisfying the assumption

(6.4) (f,9) € A.

Let f be the solution of the system (2.12) with the data (a,b) replaced by (f,g).
Then the function f satisfies the estimates (2.13), namely

fllw20) + 10|, 00) < CH(f 9|3, r)  ae. in Q% (0,T),
hence f has the following regularities:

fc Ly(Q;C([0,T]; L2(0))) N Ly(2 x (0,T); C(O) N H(0)),
(6.5) Of € Ly(Q2 x (0,T); Ly(0)).

DEFINITION 6.1. A stochastic process z=7z+f with z € Ly(0,T;V), P-a.e. in
Q, is a strong solution of (6.3) with z(0) =0 if the following equation holds:

(2(t), @) = / [—uw)v " / vo(e-T)dy— (2~ V)y + ((y - V)z ) | ds
+ /t (VyG(s,y)z,p) AWV, Vo eV, ae. inQx(0,T).
0

In what follows we will establish the solvability of the system (6.3).

PROPOSITION 6.2. Lety be the solution of the state system (1.1) with the bound-
ary data (a,b) € A, which was constructed in Theorem 2.4. Let (f,g) satisfy the
assumption (6.4). Then there exists a unique solution z=12z+f for the system (6.3),
such that

zeC([0,T;H)N Ly (0,T;V), P-a.e. in .
Moreover, there exists a positive constant 62, such that

t
E sup €2(s) |a(s)|2 + vE / €2 [z ds

s€l0,t]
t
(6:) <CE [ G+l 9l (1+ I¥17) ds
0 t ,
E sup €4(s) [E(s)]! + v2E ( [ el ds)
s€[0,t] 0
t 2
6.7) <o (& [ Gurnl ol e 0+ Iv13) ds)
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with
(6.8) Eo(t) = e Jo F2(s)ds
and
£2(t) = Cow™ 1) (1 + ulif + 11(@,0) By vy )

where Cy is defined according to the relations (6.12)~(6.13).

Proof. The existence of a solution for the system (6.3) will be shown by Galerkin’s
method.

The injection operator I :V — H is a compact operator. Therefore, there exists
a basis {ey},—; CV of eigenfunctions

(6.9) (v,er)y =Mk (v, ep) VYveV,keN,

which is an orthonormal basis for H, such that the sequence {\;}7°, of eigenvalues
verifies the following properties:

A >0 VEeN and M, — o0 as k— oo.

To justify it, we refer to a similar situation, which was considered in Lemma 2.2. of
[17], Theorem 1 of [36], see also [22, pp. 297-307, Theorem 2, p. 300, and Theorem 5,
p. 305].

The ellipticity of (6.9) and the regularity I' € C? imply that {e,} C H*(O)NV,
hence the sequence {ek},fil forms the eigenfunctions of the Stokes problem:

—Aey + Vi, = ey, diver =0 in O,
e, 'n=0, [2D(ex)n+aer]-7=0 onT.
Let us fix an arbitrary n € N and consider the finite-dimensional subspace V,, =
span{ey,...,e,} of V. Let
Zn=%,+f  with Z,(t)=> 1" (t) exzn € Vi
k=1

be a solution of the following finite-dimensional problem:

(6.10)
d(zn,er) = [—V (zn, )y +v [pgler-T)dy = ((2n - V)Y + ((y - V)Zn,ex)) | di

+(VyG(t,y)zn, er) AWV, a.e. in Q x (0,7),

Zn(0) =2y 0, k=1,2,...,n,

where Z, ¢ is the orthogonal projections in H of zo(x) = —f(0,x) onto the space V,,.

The problem (6.10) is a system of n-stochastic linear ordinary differential equa-
tions, which has a unique global-in-time solution z,, = z,, — f, as an adapted process
in the space C([0,T];V,,). We can write the equation in (6.10) as

d(2n,ei) = _V(in+faei)v+y/g(ei'7)d’y
r

+ (=0 — (20 +£) V)y = (y'V) (2, + ), &) | dl
+ (VyG(t,y) (Zn + ). ;) AWV;.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/05/25 to 193.136.124.152 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

382 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO
Step 1. Deducing the estimate (6.6). The It6 formula gives
d ((Zn ,ei)Q) =2(Zn, ;) { V(Zn,ei), —v(f,e)y, + 1// gle; - T)dy
r

(O — (3 1+ £) )y — (yV) (o + £) >} dt

+2(zn,€;) (VyG(t,y) (2, +1),e;) AWV,
+ | (VYG(tay) (in + f) 7ei) |2 dta

where the module in the last term is defined by (2.9). Summing these equalities over

i1=1,...,n, we obtain

d(uznng) w7, |2 = UF {~a(@n 7)° +209(z, - 7)) dw] dt

-2 (@f + ((in + f) v) yvzn) dt
—2((y - V)£, 2,) dt — 20 (£,2,),, dt

+ 3 [(VyGlty) (@ + 1) ,e:) [ dt

i=1
+2 (vyG(tv Y) (in + f) s Zn) dw,
(6.11) =Jdt + Jg AV,
with J=J1 +Jo+J3+ Js+ Js5.
Let us estimate the terms J;, ¢ =1,...,5. First, we have

Ji < (lallz ey + DIzl ) + CVIgllL,

<C(|a|| +1)|zn|2|vzn|2+0vgm
w, P (I)

P

- |2
< ha(t)||2n] 15 + leznll%/ +CvligllE,
with

hi(t)=Cv~! (||a2 1+ 1) € L1(0,T), P-a.e. in
w, 7 (r)

by the assumption (2.11) and
1< C (108l + 18l e 911 Wzl + 193] 12011
<0 (Ials + o)) (@ +195[) 1241l
+IVyl2llznll2[[VZnl2
< ha(8)]12nll3 + Zl\inlﬁz +I(f,9) 3, r)
with
ha(t) = Cmax(v=',1) (1+ ||Vy|3) € L1(0,T), P-ae. in €,

by the estimates (2.16).
Reasoning as above and using (2.3) for ¢ =4, we have

1/2 1/2
Iylla < (Iyll3 219311 + lyllz)
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that implies
J3 < Cllyllal[VE[2)1Znlls < CUVEl2llyllal|2a] 13 ([VZn]3
<C|IVE3llyll2 + §<||y||§+ 19y13) + 1zl -
Hence
I3 <Oy, Iy ll2 + ha(8) 12013 + 2 120
with

ha(t) =

C .
— (Iyll3+1IVyl3) € L1(0,7),  P-ae. in O,

by the estimate (2.16);.
The terms J4 and J; are estimated as
~ vV, .
Ty S CVIEIE + 117l + %117l
12
<Cv (£, 93, @) + ZHZnII%/

and

Js=> |(VyG(t,y) (zn +£),e) > < C||VyG(t,y) (zn + ) I3
=1

< Cllzn +£113 < Cllzal3 + CII(f 9) 13, ()

by the assumption (6.1).

The above deduced estimates for the terms J;, i =1,...,5, and (6.11) imply the

existence of some positive constant Cs such that

612)  T<2a0Eal3+C [+ ) 1.9l ) O+ Iyl)] + lzal
with
613) ) =00+ 1) (14 [l + @) ) € L1(0.7).

Introducing the function
Gty =e Jo 20 for 1 e 0,7,

the It6 formula gives
t
G013 +v | €1l ds
t
<0 [ @[+l 0+ IyIE)] ds

(6.14) 2 / ) (V4 Glt,) (3 +£),52) DV

For each n € N, let us define the function

t
d(t) =& (1) ||in(t)||§+V/ &1zl ds,  ae. inQx(0,7),
0
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and consider the sequence {73} nen of the stopping times
(6.15) Tn(w)=inf{t >0:d(t) > N} AT, P -ae. wef

For 0 <s <15 At, we have
€2(s) ()% + v / () a2 dr
<c [ gla+nlolm 0+ I¥13)] ar

(6.16) +2 [ G0 (9 G(ny) (3 +1).2) W
0
The Burkholder-Davis—Gundy inequality gives

E sup
s€[0, 7R AL

/O ") (VyCltry) (3 +£) ) AW,

<E (/OTN &(5)[(VyG(s,y) (@n + ), 20) [ d8>

s€[0, TR At

‘r]\';/\t 9
<E sup & [zl / €2 |z + £]2 ds
0

1 B T]\';/\t _
<3E s o)l +CE [ 55(1+||Zn||3+||f||2 )ds
0 W2 Z(F)

2 s€[0,7L At]

by the assumption (6.1). Substituting this inequality in (6.16), we derive

n
TN

1 ~ TN AL ~ t ~
SE s @Olm3eE [ @l ds<cr [ @l ds
0 0

s€[0,7 At]

TN AL
+CE [ @ [0+ 109 ) (05 Iv1B)] ds
Let 1jg -] be the characteristic function of the interval [0,7%]. Then the function

ft)=E sup 11,2185 (s)[|2n(s)|3
s€[0,t]

fulfills the Grénwall type inequality

1 K K 2 2 2
310<C [ f6)as+C8 [ &[0+ 0I170lym 0+ IvIE)] o

which implies that

TK,/\t
E sup  €2() |Zn(s)|2+ vE / & |an|% ds
0

s€[0,7 At]

(6.17) <CE [ &[40 19y m) (L4 I¥15)] ds.

Now let us justify the limit transition as N — oo in the estimate (6.17). By (2.11),
(2.16)4, (6.4), and (6.17) we have

E sup d(s)<C
s€[0, 7R AT
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for some constant C' being independent of N and n. Let us fix n € N. Since z, €
C([0,T); Va), then d(ty) > N and

s€[0, 7R AT s€[0, T/ NAT]

E sup d(s)>E ( sup 1{7—}\",<T}d(5)>
—E (1{7%0} d(rm) >NP(rh <T).

Hence P (7% <T) — 0, as N — oo, this means that 7% — T in probability as N — co.
Therefore, there exists a subsequence {7y, } of {7%} (which may depend on n), such
that

T, (W) =T fora.e. weQ ask—oo.

So 2z, = Z, +f is a global-in-time solution of the stochastic differential equation (6.10).
In addition, the sequence {73} of the stopping times is monotone on N for each fixed
n, so we can apply the monotone convergence theorem in order to pass to the limit in
the inequality (6.17) as N — oo, thereby deducing the estimate (6.6), which is valid
for z,,.

Step 2. Deducing of the estimate (6.7). For each n € N, let us consider the
function

¢ 2
10 =01z +0* ([ G1alf ) acwax©.)
0
and the sequence {7} }yen of the stopping times
Tn(w)=inf{t >0:d(t) > N} AT, P -ae. we

Taking the square of (6.14), for 0 < s <73 At we infer that
S 2
- 4 -2
&) a1+ ([ &0 lml ar)
t 2
<c (= [ @[as ol 0+ v as)

(6.18) +8 (/Osgg(r) (VyG(1,y) (Zn +£),2n) dWT)Q.

The Burkholder-Davis—Gundy inequality gives

2

E sup / &(r) (VyG(t,y) (Zn +£),2,) AV,
se0,7eAt] [Jo
7';\1,/\1: 9
<E / €4(5)|(Vy G(5,y) (Bn + £) ) ds
0

1 4
<SE s ed(s) Il
s€[0,7RAt]

TN AL
+CE [T lmal A,y )ds
0 w, *(I)

by the assumption (6.1). Using this inequality and (6.18), we derive
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2

1 I 4 .2 T o
SE  sup  &(s)[[Zn(s)2 + V7E ; & lznlly ds

s€[0,7At]

‘r;\’}/\t 4
<CE / €42 ds
0
2

t
0 (B [ & [a4n1t0B e 0+ IvIB)] ds)
Hence the function

) =E sup 1j 2185 (s)]|2n(s)ll5
s€10,t]

fulfills the Gronwall type inequality

gw<c | s+ C =/ &[0+ 109 By (1 + I913)] d)

which implies that
2

TN AL
E sup  &5(s)[Zn(s)]5 + v (E/ & llznlly ds)
0

s€[0,73 At]
: 2
(6.19) <C (E/O & [+ U3y, oy (1 + 1y13)] dS) :

Following the same approach as in Step 1, for each fixed n we can show that there
exists a subsequence {7y, } of {7y}, such that

T, (W) =T for a.e. we ask— oc.

Accounting that the sequence {7} } is monotone on N and applying the monotone
convergence theorem in the inequality (6.19) as N — oo, we deduce the estimate (6.7),
which is valid for z,,.
Step 3. Passing to the limit in (6.10). R
Let us consider the function h = Cy(1 +||(a, b)”?-tp(r)) + f2 with the constant Cj
and the function fo, defined by (2.17) and (6.13). Since

T
/ h(s) ds < C(w) < +o0 for a.e. we
0

by (2.11) and (6.13), there exists a positive constant K (w), which depends only on w,
satisfying

(6.20) 0< K(w)<Et)=eJo his) ds for a.e. (w,t) € Qx[0,T).

The estimate (6.6), written for z,, gives that

T
(6.21) B sup [0z (Ol+E [ ll¢al} dt<C
te[0,T] 0

for some constant C', which is independent of the index n.
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Therefore, (6.20)—(6.21) imply that there exist a suitable subsequence Z,, which
is indexed by the same index n (to simplify the notation), and a function z, such that

€7, — €7 weakly in  L?(Q x (0,T);V),
(6.22) £z, — &7 *weakly in  L2(Q, L°°(0,T; H)).

The limit function z satisfies the estimates (6.6) and (6.7) by the lower semicontinuity
of integral in the Lo-space and (6.17).
Since z,, solves (6.10), then Itd’s formula gives that for P-a.e. in Q and any
€ 10,77, we have

d(&(zn,p)) =&~V (2n, )y +v [ gl T)dy
—((2 - V)y, ) = ((y - V)zn, ) — 2h (Zn, )] ds

+§2 (vyG(ta Y)Zna ‘p) th VLP S Vn,
that is

) / Elv ()¢l +v [ Melp-T)dr

— (20 - V)y, @) = ((y - V)20, ) = 2h(3) (zn(5), )] ds
+/ 52 (VyG(s,y)zn,cp) dWs
0

Multiplying the last obtained equality by arbitrary fixed n € L?(£2), and taking the
expectation, we derive

E 1 (& (t)z En{/ v (0 /Fb(wﬂdv
— (20 V)Y, @) = (¥ - V)20, @) — 21 (2, )] ds
+/0 § (vyG(SaY)Zny‘P) dW&}

Using that the right side of the last equation is continuous in the time variable ¢ € [0, T
and applying (6.22), we pass to the limit n — oo in this equality and easily deduce

that
2 2[ T
E 1 (£2(t)a(t En{/§ /Fb(cp ) dy
— (2 V)y, ) — ((y - V)2, ) — 21 (z,p)] ds

+ / € (VyG(s.y)z 0) dws} o
0

Since n € L?(Q) is arbitrary, then we have the validity of the equality

(@ 0alt).0) = [ a?[—uz,wv v [ sem iy
(- V)y @) — (- V)z.p) — 2 (z,w} ds

t
+/ & (VyG(s,y)z,p) AWV,
0
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that is
1) =€~ vaely +v [ oo
N

—((z-V)y, @) = ((y - V)z,) = 2h(2,¢) | ds
+ 62 (VyG(ta y)Z7 (‘P) th
Moreover, if we use It6’s formula

d(z,p)=d [ (2,9)] =& (2,9)d (£7°) +£72d[€* (z.)],

we obtain that the limit function z in the form z =z + f fulfills the stochastic differ-
ential equation

(6.23)
d(z,0) = [-v(z,0)y +V [rgle - T)dy = ((z-V)y, ) — ((y - V)z,¢) ] dt
+(VyG(t,y)z, @) dWV; VeV ae. inQx(0,T),

z(0) =0.
The uniqueness result follows from the linearity of this system by taking into account

the estimates (6.6)—(6.7). d

7. Gateaux differentiability of the control-to-state mapping. To derive
the necessary conditions for first-order optimality, it is necessary to study differen-
tiability of the Gateau cost functional, which is based on Gateau derivative mapping
control to state.

To deduce the necessary first-order optimality conditions, it is necessary to study
the Gateaux differentiability of the cost functional J, which is based on the Gateaux
derivative of the control-to-state mapping. Introducing additional assumptions, in
this section we show that the Gateaux derivative of the control-to-state mapping
(a,b) =y, at a point (a,b), in any direction (f,g), exists and is given by the solution
of the linearized system (6.3).

PROPOSITION 7.1. Assume

(7.1) A, > 32max (51, 62) X max (1/_1, 1)

with A, given by (5.3) and 6’1, Cs as in Theorem 3.1 and Proposition 6.2. Let
(a,b), (f,g9) €A, yo as in (5.1) and consider the data

(7.2) a.=a+ef, b.=b+eg Ve € (0,1).

Let (y,q), (ye,qe) be the solutions of (1.1) corresponding to (a,b,yo) and (ac,be,yo),
respectively. Then the following representation holds:

T
— ; 3 2 —
(7.3) Vye=y+ez+ed. with gl_I}(l)E/O 10|y, ds=0,

where
zeC([0,T]; H)NLy(0,T;V), P-ae. weL,

is the solution of (6.3) satisfying the estimate (6.6).
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Proof. Let us define z. = Y>=¥ and m. = =1, By direct calculations we can check
that the pair (z¢, ) fulfills the following system in the distributional sense:

dz.. = (VAZE - (y : V) Ze — (Ze : V) Ye — VWe)dt
1
+g (G(t,ye) — G(t,y)) AV, divze=0 in Op,

z.-n=f [2D(zs)n+az.]- =9 on Ip,

z.(0,x)=0 in O
and d. = z. — z satisfies the system

dé. = WAs.— (y V). — (0. V)y— (2. V) (ye —y) =V (me —m))dt

+RAW,, divs.=0 in Or,

(7.5)
d.-n=0, [2D(d.)n+ad.]-7=0 on TIrp,
5.(0,x)=0 in O,
where
R=-[G(t,y.) — G(t,y)] — VyG(t,y)z

M| =0 | =

(G(t,y +e2) - G(t,y)] - VyG(t,y)z + é (G(t,y:) = G(t,y +e2)].

The It6 formula, applied to the stochastic differential equation of (7.5), gives
(1518 + 28 = (- [ alo mar- 206 9)y.80) ) ar
r

1
(7'6) + - (_2 ((Ys - Y) : V) (ys - Y) 766) dt
+ |R|Zdt +2(R,d.) AW,
=L+ L+ I3+ 14)dt+2(R,d:) dWV,.

Applying the inequalities (2.3), (2.4), (2.8), and (2.13), the following estimates hold:

— v
L < C||a||Loo(F)H5s||%2(r) <Cv 1||@||iV1 %(F)Hfseﬂg + §||5e||%/7

— 1%
1 < Clly s 18213 < o (Jalld + 11, ),y ) 18213 + 5 118211

and
2
Iszg(((}’s—Y)'V)557(YE—Y))—2 Ff(YE_Y)'(ssd’y
2 1/2 1/2
<2y = yllallye =y 18l + Loy Iye = y152lye = Y1216 v
Cy~! _ v
Sz Iy =lElys =yIF +Cv I s ye = Yllalys —ylv + 181
W, P(T)
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Due to (2.10), (6.1), and

—

6.2) we have

2 .
(7.7) Ii=|RJf; < = llo(t, llezll,) 13+ 2K]: 5 ae. in [0,7] x Q
with
2 t 2
Zlo(t, llezlly) 12 = |12l oltllezlla) |° o psc 0 ae in [0,7]x 9,
€2 lezllz l,

and
2 2 2
= llo(t, llezlly) 15 < Cllzll3,
€

where C' is a constant independent of ¢.
Considering the above deduced estimates for the terms I; i=1,...,4, we ensure
that the following estimate holds:

L+L+13+1s< Qh(t)H(sEH%JrC%;Hys—yHgHys—yH%/
O AL s llye = vlallye — yllv +vll8 I
w, P (1)
(75 + Slo(eleall,) ],
where
(7.9) B(t) = (v +1) (14 [l +[1(e, D)3, ) )

for some positive constant C. We can choose C in (7.9) and Cs in (6.13) in such a
way that these constants are the same. Therefore, we can consider that the functions
h(t), f2(t) are equal.

Now let us introduce the function

B(t) = e,fot 2max(f1(s),f2(s)) ds

with f; and f defined in (3.4) and (6.13) for the data (ac,b:), yo and (a,b), yo,
respectively. Considering the equality (7.6), the It6 formula yields

t
P80 +v [ 51617 ds
0
t t 2) t
@10 <C [ aist [ (Slotleal)13) asv2 [ .00 am.
0 0 0
where
_ 1
ge(0) = 320 (=~ 1By =51 171y Iy = ¥lallye— vl ).
W, P(I)

On the other hand, using the Hélder inequality and (3.1), (3.2), (6.4), and (7.2), we
derive

t
E/ ge(s)ds < Ce? vt e [0,T],
0
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and the Lebesgue dominated convergence theorem gives

¢ 2
E/ 52 (EQHO(S, llez]|,) ||§> ds—0 as e —0.
0

Therefore, applying the mathematical expectation to (7.10) and taking the limit, as
e — 0, we deduce

t
(7.11) lim EB%(t) |- (t)]2 =0, limE/ B85, ds=0 vt e [0,T).
e—0 e—0 0

Taking into account (5.5)2, (7.1), and the definition of 3, we have E (5_8(T)) < o0.
Hence the Holder inequality and the monotonicity of 3 give

T
E / 16.(5)]13 ds <E
0

T
B-2(T) / 52(s) 6.(5)[1% ds]
(7.12) <[E</O 52(8)||55(s)|‘2/ds>
T B
x E(/ /82<s>||«sg<s>|2vds> ,

then using sequentially the relation in (7.3), (7.2), (3.2), and (6.7), we deduce the
following uniform estimate with respect to e:
5 2
ds
1%

T 2 2 ’ T 2 Ye Y
E(/ ﬁ(S)Ilﬁe(s)Ilvd8> <4E</0 (o) | Y=
T 2
4 4E ( / (s)|z2 ds> <c,

since § < &1, & for & and & defined by (3.3) and (6.8). Using this estimate together
with (7.11), we see that the inequality (7.12) yields (7.3). d

1
2

[E(3-58(1)]*

8. Adjoint equation. This section is devoted to the study of the adjoint system.
Let y be the solution of the state equation (1.1) corresponding to the given data
(a,b,yo), then the adjoint system is given byln

—dp=[vAp+2D(p)y — Vn+ U] dt

in OT,
(8.1) +VyG(t,y)"qdt —qdW,,  divp=0,
p-n=0, [2D(p)n+(a+%)p} -7=0 on I'r,
p(T)=0 inO.

In next section 9, we will prove that the adjoint state p and the linearized state z
are related through the duality relation (9.1). In order to give a meaning to boundary
terms that will appear in that relation, it is necessary to have the H?2-regularity of
the adjoint state p, that we demonstrate in the following proposition.
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PROPOSITION 8.1. Let (a,b), ug satisfy (5.1), and let y be the solution of the
state system (1.1), constructed in Theorem 2.4. Assume that

Ue Ly(2x(0,T); L2(0))

s a predictable stochastic process. In addition, we assume that
. B* ~ —2
(8.2) min | A,, By, vl > 24max(Cy,Co) max(r==,1)

with A,, B,, C defined by (5.3) and Cy, Cy defined by the expressions (8.9), (8.13)
below.
Then, there exists a predictable stochastic process (p,q,n), such that

(83)  PELao(0,T;La(V)) N Lo (Q % (0,T); H(O)), q€ La(2 % (0,T); V),
7€ La(Q x (0,7); H(0)),

which fulfills the system (8.1) for P-a.e. in ). Moreover, the following estimates hold:

(8.4)

T T
sup E (1)) +E <up||€-+||q||§>dt<c<1€ / ||U||3dt> ,

t€[0,T]
1
2

T T
sup (E[p(0)}) +E <up||ip+|vﬂ||2+||q||2v>dt<c<ra / |U||3dt>

te[0,T]

Proof. The proof is divided into three steps.

Step 1. Finite-dimensional approximations. The existence of a solution for the
system (8.1) will be shown by Galerkin’s method. Here, we introduce a basis {hy} C
H?(0)NV of eigenfunctions of the Stokes problem with the homogeneous Navier-slip
boundary conditions

—Ahy + Vg, = A\phy, divh, =0 in O,
(8.5)
h, -n=0, [ZD(hk)n—i—(a—l—%)hk]-T:O on I

Let

Pa(t)= s (O €C(0.T):Va) and @u=_q;" (1)h,
j=1 j=1
be the solution of the following backward stochastic system:
—d(pn(t),hi) + {v (Pn; hi)y — (2D(py)y, hy)
—(U,hy) + Jpa(py - 7)(hy - 7)dy}dt

= (VyG(t,y)"qn, hy) dt — (qn, hi) AWV,

pn(T) =0, k=1,2,...,n, P-ae. in Q ae. on (0,7).
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Following [23, Prop. 6.20], the system (8.6) of n linear stochastic differential equations
has a unique global-in-time solution (py,,qy), which is an adapted process verifying

(8.7) (Pn,an) € Lr(Q;C([0,TT]; Hy)) X Li(Q1; Lr(0)),  1<7r <00

Step 2. Uniform estimates. Now, we show the first uniform estimates for (p,,q»)
with respect to n. The It6 formula gives

= ((ar80)”) + 200 h0) {1 (P 1)y~ (2D(p2)y )

- (Uahk)Jr/Fa(pn'T)(hk 'T)d’y}dt
=2(pn,hy) (VyG(t,y) dn, hy) dt —2(pn,hy) (an, hy) AWV — | (an, hy) | dt.

Summing these equalities over k=1,...,n, we obtain

—d([lpall2) + 2vipally + lla.l3) dt = {2 ((VPa)")y +U,pys)

- / a(pn . 7-)2 dry +2 (vyG(tv}I)T(hupn) } dt —2 (CI'mpn) th
r
(88) :[J1+J2+J3]dt72(qnapn) dWy.

Let us estimate the terms Ji, Js, and Js. Knowing that divp, = 0, applying the
Gagliardo—Nirenberg—Sobolev inequality (2.3) with ¢ = 4 and Young’s inequality (2.8),
we obtain

J1==2((Vy) P, Pn) +2(U,ps) < Cllyllz [IpalZ + ClU 2] pnll2
<Cllyllapnll2llVPnllzs + ClU|2[[pall2

_ v
SO HylE + Dlpallz + §||pn|‘\2/ +U]3,
and

Jo <CllallL .y IPallZ,r) < Cllall .-

P

n Vpa
(F)HP ||L2(S2)H p ||L2(Q)

1
P
<Cval? 2 v 2
<Cvall® | HPnHL2(sz)+2Hanv-
W, P(I)

p

Also we have
J3 =2 (VyG(t,y) an, Pn) | < Cl|Vy G(t,y) dnll2|[Pnll2
1
< llaal 3+ Cllpal3

by the assumption (6.1). Therefore, gathering the deduced estimates for the terms
Ji, Ja, Jo, we obtain the existence of a positive constant C7, such that

1
(8.9) Jid Ty + Ty <21 (@)lpalz + U5 + S llanl 3 + vlpally
with
ri(t) = Crmax (v=',1) (1 +11(a,b)[3, ) + ||uH2v) €L1(0,T), P-ae inQ,

depending only on the data (2.11) of our problem by (2.16).
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Let us consider the function
Bilt) =l i)
and apply the Ito formula

d (B7|[pnll3) = B7d (|lpnll3) + 2r1 57 |Ips 13 dt.

Using the equality (8.8), integrating over the time interval (¢,7") and using the estimate
(8.9), we deduce the estimate

r 1
(5.10) SO a0l + [ 52 (vl + Sl ) ds
t
T T
<[ BIVds =2 [ 8 (@) W
t t

Let us notice that the assumptions (8.2) imply
A, >16C max (1/71, 1) ,

which gives E [8§(T')] < oo. Therefore, taking into accounting (8.7), the Holder in-

equality yields
T ) T T
2 [ (5 (@npa) ds<c<ﬂa / B§d8> (E / ||qn|2ds>
0 0 0

. !
y <IE/ pn|§ds> <C, < oo,
0

which ensures that the stochastic process M; = j;T B2 (Qn, Pn) dWs is a square inte-
grable martingale. Hence, taking the expectation in (8.10), we infer that

1
4

N

T
1
(0 Ipa@1) + [ 52 (vipall + 5llaul3) @
T
<]E/ B?||U3ds for t € (0,T).
¢
Since Vt € [0,T], B1(t) > 1, this deduced estimate implies
2 r 2 1 2
swp B (I, O13) +E [ (1ol + 5la3) as
te[0,T) 0

1
2

T L T
<E/O BiIU|3ds < C (E[BL(T)])? (E/O IIUI§> :

then the first estimate of (8.4) holds.

Step 3. Improvement of the uniform estimates. Let us show the second a priori
estimate of (8.4) for (pn,d,) with a better regularity. Let us consider Galerkin’s
approximation p,, that verifies (8.6). For each n € N, the function p,,(t,-) € H*(O)NV,,
a.e. in ), being a linear combination of {hy} C H?(O) N V. The eigenfunctions
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{h;};, of problem (8.5) fulfill the homogeneous Navier-slip boundary condition in
the system (8.5); therefore, the integration by parts of (8.6) yields the equality

—d(pn(t),hy) = { ([vApn +2D(pn)y + U], hy) — / a(pn - 7)(hy - 7)dy
(8.11) r
+ (VyG(t,y) an, hy) }dt — (qn, hy) dW,

for k=1,2,...,n.
Let us introduce the Helmholtz projector P, : L2(O) — V,, of V' and define the
function

Ahy =P, (-Ahy)=—-Ahy +Vr, €V,  with 7€ HY(O),

defined in (8.5). Multiplying (8.11) by the eigenvalue Ay of the problem (8.5), we have
—d (pn(t)7hk)v = )\k{ ([VApn + 2D(pn)y + U] ahk) - / (apn) -hy, d’Y
r

+ (VYG(tyy)an7hk) }dt — (qn,hk)v thv

accounting that p,, hy are tangent to the boundary I' and

(p’mAkhk) = (pnahk)v = (Apnyhk:) ) (q’ruAkhk) = (thk)v .

The It6 formula gives

—d ((pn, hk)Qv) =2\ (Apn(t), hy) { ([=vApn +2D(pn)y + U] hy)

— / (apn) - hydy + (VyG(t,y) dn, hy) }dt
I
— 20k (AP (1), hy) (n, hy) AW, — (g, hy)3 dt.

Dividing this equality by A\r and summing over k=1,...,n, we obtain

—d[lpall} ] + (2011 4pal 3 + llanllf) dt = 2{ (2D(pn)y, Apn) + (U, Ap,)

(8.12) — /F(apn) - Apndy + (VyG(t,y) dn, Apn) }dt
=l + s+ I3+ Is]dt — 2(Qn,Pn)y dWs.
Let us estimate the terms Iy, Iy, I3, and Iy. We have
I <Cllyllsl[Ppnlls [ Apnll2-

Using the Gagliardo-Nirenberg-Sobolev inequality (2.3) with ¢ = 6 and with ¢ = 3,
respectively,

Iylls <Cf&)y=Clyly* 19yl + llyll),
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and
1Dpulls <€ (IDpal* IV (Dpa) I + |1 Dpull2)
we get
1< Cf (1) (Ipally 1 4Palls”® + allv ) [ Apall:
<2Cmax(v 1) (£20) + £0) lIpall} + 51 4pal3-

Applying Young’s inequality (2.8), we can show

FO+ 20 <CUylvyl3 + )z + 1IVylz +1)
< O(lulllally + l[allz + [1(a,b)l13, @y + 1);

therefore there exists a positive constant C, such that
1 <2h(0)]lpalfy + 51 4pall3
with
h(t) = Cmax(v=2, 1) (1 + |l(a,b)|[3,, ) + [lull3[lull} + [[u]3) € L1(0,T), P-ae. inQ,

by the estimates (2.16).
Also we have

_ v
12=/ U-Ap,dx < ||[U|]2[[Apn[l2 < Cv 1||UII§+§||ApnII§
1)
and

L=— / (aDn) - APn dy < lall ety [l 217200 | APl 11720
14
<Cllall -y pulla [4pal + 21 Apa3
w, P(I)

_ 14
<20y |al? F)Hpn||3/+§|\z4pn|\§

-1
b P

by Theorem 1.5, p. 8 of [25].
The term I, is estimated as

I4 = 2| (vyG(t7Y)TQn7pn)V | < OHvyG(ta y)anHVHanV
1
< 5llanll +2C1pnll
by (6.1).

Therefore, substituting the above deduced estimates for the terms Iy, Io, I3, I4
in (8.12) we obtain that there exists a positive constant Cs, such that

2 1
~a(Ipall) + (V140 8+ 5llanli ) d

(8.13) < (2r2()llpally + U13) dt — 2(an, pa)y AW,
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with
ro(t) = Comax(v =2, 1)(1+||(a,b)[3,, ) + [al3 0]l + [lull3) € L, (0,T),

P-ae. in Q, by (2.16).
Introducing the function

Bo(t) = eJo 2(s)ds
and applying the It6 formula

d(B3llpnlly) = B3d (|lpnlly) + 2263 |[pall} dt

to (8.13), we obtain that
2 2 4 2 2 1 2
B0 a0l + [ 5 (lApalB + 50l ) ds
t

T T
(8.14) </ ﬁ§||UH§ds—2/ B2 (cns D)y AWV
t t

by (8.13).
Let us notice that the assumptions (8.2) ensure that

B, ~
min (B*, 5) >24Cy max(V*Q, 1),

which imply E [85(T)] < co. Then the regularity property (8.7) and the Holder in-

equality give
1
T 4
(E / ||qn|§ds>

T T
E [ <ﬁ§<pn,qn>>2ds<c(xa / ﬁ3d8>

] ,
x (E/ pn|§ds> <Co<oo,
0

4
then the stochastic process My = ftT 2 (Qn, Pn) dW; is a square integrable martingale.
Thus, taking the expectation of (8.14), we derive

W=

T 1
B (B0l 0I2) + 2 [ 5 (v1apa I+ lanli )

T
<k [ sulzas
t 3

1 T
<o)} (E / ||U||%> for £ (0.7),
0
which implies

T
E HIZ) +E Ap, |2+ X 2 ) d
sup E([|p.(t)[y ) + | v pn||2+2||qn||v s

t€[0,T)

1
2

T
<c (E / ||U§> ,
0
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since fa(t) > 1 Vt € [0,T).
Step 4. Passage to the limit. The following inequality:

(8.15) [pnllmz < C([APnll2 + lapnllmi/2(r))

holds due to the regular properties of the Stokes operator A (see Theorem 9 of [2] and
Theorem 2 of [36]).
Therefore, the estimates (8.4) imply that there exists a suitable subsequence of

{(Pn,an)}, such that
Pr—P *- weakly in Lo (0,T; La(Q2; H)),
weakly in L2 (Q x (0,T); V),
qn —q weakly in Lo(Q2 x (0,7); H)
and
Pn—P *~ weakly in Lo (0,7T; La(Q; V),
weakly in Lo (Q x (0,T); H*(0)),
Ap, = Ap weakly in Lo(Q2 x Or),
(2% (0,7); V).

Taking the limit transition in the system (8.6), written in the distributional sense,
we derive that the limit pair (p,q) is the solution of the following integral system:

an —q weakly in Lo

T
e0.0)+ [ {— 2D}y 8)+7 (b, 8), — (U.0)+ [ alp- T)(¢~T)dv} s
:/t (V G(t, y) q.’)) ds—/ (q,¢) dWj a.e. in Q,

t

which is valid for all t € [0,T], ¢ € V.

By the result given on the p. 208 of [35], we deduce the existence of the pressure
7€ H1(0,T; L2(0)), a.e. in Q. Moreover, reasoning as in Proposition 1.2, p. 182 of
[35] and using the inequality

(8.16) Ipllz= + V7|2 < C (|APl2 + lapll a2 (ry)

by Theorem 9 of [2], we derive that 7w € Ly(0,T; H(O)).
In addition, it follows that the triple (p,q, ) satisfies the estimates (8.4) by the
lower semicontinuity of integral in the Ls-space. a0

9. Duality property. In the next proposition we present the duality property
for the solution z of the linearized equation (6.3) and the adjoint triplet (p,q,7),
being the solution of (8.1).

PROPOSITION 9.1. For P-a.e. in § the solution z of the system (6.3) and the
solution (p, ) of the adjoint system (8.1) wverify the following duality relation:

T T
/0 (2,U) dt:/O /F{ug<p-r> Cf - (p-y) — 20 (D(p)n) -n]} dydt

T
(9.1) + / (@,2) + (VyG(t,y)z,p)] dW,.
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Proof. Taking ¢ =p € L2(0,T; V) in Definition 6.1, we obtain the equality
(dz,p) = [—V(z,p)v +V/9(p-7)dv— (z-V)y,p) = ((y-V)z,p) | dt
N
Multiplying (8.1) by —z, we have

(dp,z) = [~ (vAp,z) — (2D(p)y,z) + (Vm,z) — (U,z)] dt
(9.3) — (VyG(t,y)Tq, z) dt + (q,z) AW, a.e. in Q x (0,7).

Using that the functions y, z, and p are divergence free, the equality (2.6) and the
integration by parts give the following three relations:

—v(Ap,z) = —1//F 2(D(p)n) -zdy + 2v (Dp, Dz),

~ (2, 2D()y) = ((y- V)2 + (2 V) y],p)
- [ en+ @) ooy i
and
(2, V) = /F (z-n) 7 dy.
Using these equalities in the right-hand side of (9.3), we derive
(dp,z) ={([(y - V)z+(2-V)y].p) +2v (Dp,Dz) — (U,z)} dt

+ ([l wa w2+ @ -y + oD 2] b ) at
(9.4) — (VyG(t,y)"q,2) dt + (q,2) dW.
Hence, applying the It formula

d(p,z) = (dp,z) + (p,dz) + (dp,dz),

we deduce

d(z,p){(U,Z)+V/F[g(p~7')Oé(Z'T)(p~T)+(Z~n)7T

—{(y'n)(p-2)+(z-n)(p-y)+ (2vD(p)n) - z}] dv} dt
+[(a,2) + (VyG(t,y)z, p)] dV;.
Due to the boundary conditions for y, z, and p

y-n=a, z-n=f, p-n=0,
(2vD(p)n)-T=—-v (%—&—a) (p-7),

we obtain

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/05/25 to 193.136.124.152 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

400 NIKOLAI V. CHEMETOV AND FERNANDA CIPRIANO

d<z7p>={—<U,z>+/rug<p-f>—ua(p-f><z-f>+f7r
—{alp-T)(z-7) + f(p-y) + (20D(p)n) m) f
—v (% +a)(p-7)(z: T)}d’y} dt
+l(@2) + (VyG(t.y)z.p)] AW,
~{- )+ o)+ g1 1y + (D) 1) 1)) 0

+ [(q,z) + (vyG(t7Y)Z7p)] th

by (9.2), (9.4). Integrating this equality over the time interval (0,7"), we obtain the
duality property (9.1). |

10. Main result. First-order optimality condition. Let us consider

~

Cmax = 24 max (61, 62, 51, 52) X max (Z/_Q, 1)

with the constants 51,52, 51, C~’2 defined in Theorem 3.1 and Propositions 6.2 and 8.1.
In what follows we will assume that

B, ~
(10.1) min (A*7 B., 6) 2 Chaxs

where A,, B,, and C defined by (5.3) and (5.4).

Let us point that the assumptions (5.1), Theorem 2.4, and Propositions 5.1, 6.2, 8.1
with the help of Holder’s inequality imply that the stochastic processes y, z and p,
q, m, being the solutions for the systems (1.1), (6.3), and (8.1), have the following
regularity:

y € Ly(C([0,T); L2(0))) N Ly(Q2 x (0,T
7€ Ly(C([0,T); Lo(0))) N La(Q x (0,T); H(0))

—~
~
[ai
—~
N
N

and

p € La(QC([0, T V)N La(0, T3 H*(0))), @€ La(2 % (0,T); V),
T € Lo(0,T; HY(0)).
Now, we demonstrate the main result of the article, establishing the first-order

necessary optimality condition for the problem (P).

THEOREM 10.1. Under the assumptions of Theorem 4.1, let us assume that (Zi,/b\, y)
is an optimal solution of problem (P). Then P-a.e. in Q there exists a unique solution
(P,q,7) of the adjoint system

—dp=[vAp+2D(p)y — V7 + (¥ —ya)] dt

+VyG(t,y) qdt —qdWy, divp=0 inOr,
(10.2)
p-n=0, [2D(ﬁ)n+(a+%)ﬁ] 7=0 on I'p,
p(T)=0 inO,

verifying the optimality condition
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E | {(f-dF~ (65~ @DEm) n]+v(g-b)E-7)
T
(10.3) +Ma(f —a) + Asb(g—b) }dvydt =0
for all (f,g) € La(Q2 x (0,T); H,(T)).

Proof. Let (fi,g, y) be a solution of the problem (P).

According to Theorem 2.4 and Proposition 7.1, for any (a,b) € L4(Q x (0,T"); Hp
(T")) the corresponding state system (1.1) has a unique solution y and the control-to-
state mapping

(a,b) =y
is the Gateaux differentiable at (6,3).
For e € (0,1) and (f,g) € La(Q x (0,T); H,(T')), let us set

-~

ac=d+e(f—a), b.=b+e(g—b).

We consider the strong solution y. of (1.1) with the boundary conditions (a.,b.) (see
Definition 2.3). Since (a,b,y) is the optimal solution and (ac,b.,ye) is admissible
triple, using the convexity of the functional J, we have

lim J(aeabsays) B J(aaba y)

e—0+ e

that, taking into account Proposition 7.1, gives the inequality

(10.4) E[/@T2~(§yd)dxdt+/ {x\la(f6)+>\25(9A)}d'ydt]20,

I'r
where

~ 1. Ye Y
z = lim
e—0t 5

is the unique strong solution of the system

d2 = (VAZ — (2V)F — (3-V) % — V) dt + VyG(t,§)2dW; inOr,

divz =0,
z-n=f—a, 2D@Z)n+az]-T=g-—0 on I'p,
z(0)=0 inO

in the sense of Definition 6.1.
On the other hand, if we consider the system (8.1) with

U:S’\_y(h 0/267 and yzya

then Proposition 8.1 implies that there exists the adjoint state pair (p,7), which
verifies (10.2), P-a.e. in . Since the duality property (9.1) is valid for

Z:/Z\7 U:§_Yd7 and (paﬂ-):(ﬁaﬁ)?

we deduce the equality
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[ 3 - va) i
Or

[ {rla-D @+ == 65 20 (0 DE) -} e

T
+ / (@2) + (VyG(t,9)2.5)] dWi.
0

Substituting this equality into (10.4) and taking the expectation, we obtain the opti-
mality condition (10.3). |

Remark 10.1. The condition (10.1) in Theorem 10.1 can be interpreted as follows:
(a) Under the presence of strong noise (corresponding to high values of L), the

fluid behavior can be optimally controlled through the injection/suction device mod-
elled by the Navier-slip boundary conditions if the fluid is very viscous.

(b) Under very small random disturbances (corresponding to small enough values

of L), the condition (10.1) holds for high viscosity values v, then the fluid behavior
can be optimally controlled.
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