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is a submatrix of size 2 containing the three perturbed entries and not containing a diagonal
entry. In this paper we describe the relations among x, y, z with which A always has its principal
right eigenvector efficient. Previously, and only for a few cases of this problem, R. Fernandes
and S. Furtado (2022) proved the efficiency of the principal right eigenvector of A. In this
paper, we continue to use the strong connectivity of a certain digraph associated with A and
its principal right eigenvector to characterize the vector efficiency. For completeness, we show
that the existence of a sink in this digraph is equivalent to the inefficiency of the principal right
eigenvector of A.

1. Introduction

The Analytic Hierarchy Process (AHP), [18,19], is one of the most used processes in decision making. Since 1977, several authors
studied this process and introduced new concepts. The AHP is a method of multi-criteria decision making of pairwise comparison
alternatives, [20], where Saaty proposed the construction of a pairwise comparison matrix A whose entry (i, j) indicates the strength
which alternative i dominates alternative j relatively to a fixed criterion/alternative.

Formally, a matrix A =[a;;] € M,, (the set of n X n real matrices) with positive entries is said to be a pairwise comparison matrix
(PC matrix), or a reciprocal matrix, if a;; = l/aj,- foralli,j=1,...,n In particular, a; =1 forall i=1,...,n. APC matrix A€ M, is
said to be transitive or consistent if a; %k = Qi foralli,j,k=1,...,n. It is well known that a consistent matrix A € M, can be written
as ww™!, for some positive vector w = [ wyp ow, ]T, with

wh=[wrh ] &

Any n X n PC matrix is consistent if n =2, but for n > 2 this is not generally true.
As many times a pairwise comparison matrix A is not consistent, Saaty proposed a unit positive right eigenvector associated with
the largest eigenvalue of A to the vector that gives the priorities for the alternatives relatively to the fixed criterion/alternative.
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Consequently, with this vector a consistent matrix for the problem can be constructed as we mentioned before. However, as he noted
with his consistency ratio, sometimes this vector is not a good choice for the vector of priorities. More precisely, if the consistency
ratio is less than or equal to 10% then the proposed vector is acceptable. Otherwise, we need to reestimate the elements of the matrix
A to realize a better vector. Since Saaty’s work, other methods to estimate and to analyze the vector of priorities appeared in the
literature, [3,4,6,8,10,17]. One of these methods is the efficiency of the vector for A, see [7] and the references therein.

A positive vector w = [wl W, ] is said to be efficient for a PC matrix A = [q;;] € M,, if there is no other vector w' =
’ 11T h th
[w] - w]]| such that
wf w; .
aij—m Saij—w— foralllgl,an,

J J
with the inequality being strict for at least one pair (i, j). Otherwise, we say that w is an inefficient vector for A. Note that if w is
efficient for A then any positive multiple of w is also efficient.

In [5], a characterization of the efficiency of a vector w was presented in terms of a certain digraph associated with A and w,
which we denote throughout by G4, and describe in detail in the next section.

The principal right eigenvector of a PC matrix A is the right eigenvector associated with the largest eigenvalue (the Perron
eigenvalue) having its first component equal to one. The study of the efficiency of the principal right eigenvector for a PC matrix
has been done just in some special cases. In [1] and [2], simple and double perturbed consistent matrices were considered. In [11] a
similar study has been made for some triple perturbed consistent matrices and examples for which the principal right eigenvector is
inefficient have been done. On the other hand, the description of all efficient vectors have been done for simple, [9], double, [13],
and some triple, [12], perturbed consistent matrices. More recently, in [15,14] the authors proved the efficiency of any Hadamard
weighted geometric mean of the columns of a reciprocal matrix.

In this paper we continue the study of the efficiency of the principal right eigenvector of a PC matrix A € M, obtained from
a consistent matrix by perturbing three entries, called triple perturbed consistent matrices. More precisely, we consider the case in
which three entries and their reciprocals are perturbed, as long as there is a 2 X 2 submatrix containing three of the perturbed entries
and not containing a principal entry of A.

In the process, we obtain a result about the no existence of a source in G, ,, when w is an inefficient principal right eigenvector
of A.

Since the efficiency of a vector for a PC matrix A can be analyzed considering a permutation similarity of A followed by a
similarity by a diagonal matrix with positive diagonal, [11], we will mainly focus on n X n PC matrices of the form

[1 1 1 « o 1y x]
Z,(x,y,z) = 2o o 1 (2
111 111
Ly 111
Yy
i é 1 A

with x,y,z> 0.
PC matrices as (2) can occur in real life. For example, consider some criterion C, like the weight or the price, and 4 alternatives,
X1, X9, X3, X4, such that
C(x;) > C(xy) > C(x3) > C(xy),

where C(x;) denotes the value of the alternative x; for the criterion C, with i = 1,2,3,4. If the numbers C(x;), with i =1,2,3,4, are
so close that we only consider the pairs

(C(x1), C(x3)), (C(x1),C(x4)), (C(x7),C(x4))
and their inverses having different coordinates then the PC matrix is the matrix in (2), with n =4.

The paper is organized as follows. In Section 2, we introduce some definitions and known results in the literature related with
the problem we study, which we also describe in detail. In Section 3, we state our main results and we present illustrative examples.
In Section 4, we prove our main results. We conclude this paper with some final remarks and open questions in Section 5.

The calculations in this paper were made with the help of the software Maple and Octave.

2. Background

From Perron-Frobenius Theorem for positive matrices [16], it is known that a PC matrix A = [g; j] € M, has a positive eigenvalue
r such that r is a simple eigenvalue and any associated right eigenvector has nonzero entries with constant sign. This eigenvalue
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r is the largest eigenvalue of A and r > n. As usual, we call the eigenvalue r the Perron eigenvalue of A and the associated right
eigenvector with the first component equal to 1 the principal right eigenvector of A.

In [5], a characterization of the efficiency of a vector w = [ wyp ow, ]T for a PC matrix A € M, was presented using the
following digraph G, ,, associated with A and w: the vertex set of G, ,, =(V,E) is V ={1,...,n} and the edge set is

oL Wi L
E=qG)D:—2a;i#j .
wj

It follows that if % = a;; then the edges (i, j) and (j,i) are in G4 ,,..

J
Throughout this paper, sometimes we denote by i — j the edge (i, j).
In [5] the following result was given.

Theorem 1. Let A € M, be a PC matrix. A positive vector w is efficient for A if and only if G, ,, is a strongly connected digraph.
More recently, [12] verify that the last result is the same as the following.

Theorem 2. Let A€ M, n > 3, be a PC matrix. A positive vector w is efficient for A if and only if there is a directed Hamiltonian cycle in
Gy

The last two Theorems are the keys to proving the main results of this paper. Moreover, they have been used in many other
papers on the efficiency of a positive vector for a PC matrix.

The study of the efficiency of the principal right eigenvector of a PC matrix obtained from a consistent one by perturbing one
entry and its reciprocal entry was made in [1]. In [2], the authors studied the problem when two entries and their reciprocals were
perturbed. In [11], the problem was considered when three entries and their reciprocals were perturbed in such a way that after a
permutation similarity following by a similarity by a diagonal matrix we get the matrix in (2). That study was made with a PC matrix
A having the three perturbed entries in positions (i, j), (i, k) and (¢, k), with i, j, k,Z being distinct, that is, are contained in the 2 x 2
submatrix of A determined by rows i,# and columns j, k, which does not contain any diagonal entry of A. However, the main result
obtained in [11] was the following and did not cover all cases of these kind of matrices.

Theorem 3. Let n>4 and Z,(x,y, z) be the matrix in (2), with x, y,z > 0. If either (i) x <y,z <1, or (ii) 1 <y, z < x, then the principal
right eigenvector of Z,(x,y, z) is efficient.

As mentioned in [11], other possible structures may occur for triple perturbed consistent matrices, which can be reduced by
permutation similarity to the cases in which three of the perturbed entries lie in distinct off-diagonal positions (i, j), (i3, j5), (i3,j3)
satisfying one of the following: (i) iy,i,,i3,/;,J,,j3 are pairwise distinct (which implies that the matrix has size at least 6), (ii)
iy =iy =1i3 and iy, jq, jo, j3 are pairwise distinct (which implies that the matrix has size at least 4) and (iii) i; = i, and the number of
distinct integers among i,,i3, j, jp,j3 is 5 (which implies that the matrix has size at least 5).

In this paper we describe the relations among x, y,z that imply the efficiency of the principal right eigenvector of the triple
perturbed consistent matrix Z,(x, y, z), presented in (2).

3. Main results

We next give the main results of this paper. The proofs of these results are given in Section 4.
The first one focus in our problem when the size of the triple perturbed consistent matrix is 4.

Theorem 4. Let n =4 and Z,(x, y, z) be the matrix in (2), with x, y, z > 0. If neither

(i) min{l,x} <min{y,z} <max{l,x} <max{y,z}, nor
(i) min{y,z} <min{l,x} <max{y,z} <max{l,x},

then the principal right eigenvector of Z,(x, y, z) is efficient.
In Table 1 we show with some examples that, for n = 4, the converse of Theorem 4 does not hold. More precisely, if n =4,

» min{l,x} <min{y, z} <max{1,x} <max{y,z}, or
* min{y,z} <min{1,x} <max{y, z} <max{l,x},

then the principal right eigenvector of Z,(x, y,z) may or may not be efficient. For this reason, we created Table 1 with the 8 cases
that can occur. It is worth mentioning that the cases x <z <1<yand y < x <z <1 appeared in Table 2 of [11].



R. Fernandes and S. Palheira International Journal of Approximate Reasoning 170 (2024) 109204

Table 1

Efficiency of the principal right eigenvector of Z,(x, y, z).
relations among 1, x,y, z x y z efficiency
P
PO
T A
R
x<y<l<z 02 05 253 g:s
x<z<1<y 02 g; 05 Is\(]:s
y<x<z<l 02 8jg 0.5 g;
z<x<y<l 02 05 83 ;Zs

Table 2

Efficiency of the principal right
eigenvector of Z;(2,3,z) and of
Z,(1/3,1/2,1/z).

z Z,(2,3,z)  Z,2,3,2)"

4.64 efficient efficient
4.65 inefficient efficient
5.54 inefficient inefficient
7.13 efficient inefficient

As Z,(x,y, )l = Z,(1/x,1/y,1/z) we could be led to believe that the efficiency of the principal right eigenvector of Z,(x,y, z)
is the efficiency of the principal right eigenvector of Z,(1/x,1/y,1/z). In Table 2 we analyze in more detail the efficiency of the
principal right eigenvector of Z4(3,2,z) and of Z,(1/3,1/2,1/z) by considering several cases of z.

When the matrix Z,(x,y,z) has size at least 5, the relation among 1,Xx,y, z, called the magnitude of x,y, z, that implies the
efficiency of the principal right eigenvector is not so constrained as when the matrix has size 4.

Theorem 5. Let n > 5 and Z,(x, y, z) be the matrix in (2), with x, y, z > 0. If neither

(i) 1<z<x<y, nor
(ii)) z<1<y<x, nor
(iii) z<x<y<1, nor
(iv) x<z<1<y,

then the principal right eigenvector of Z,(x, y, z) is efficient.

In Table 3 we show with some examples that, for n > 5, the converse of Theorem 5 does not hold. More precisely, if n =5,

+ 1<z<x<y,or
+ z<1<y<x,or
+ z<x<y<l,or
+ x<zZ1<y,

then the principal right eigenvector of Z5(x, y, z) may or may not be efficient.

As there are cases where the magnitude of x, y, z implies the efficiency of the principal right eigenvector of Z5(x, y, z) and does
not imply the efficiency of the principal right eigenvector of Z,(x,y,z), we analyzed the case n =4 and the matrix obtained from
Z,(x,y,z) by adding a new row and a new column with all entries equal to one. For these cases, we studied the relations of the order
of the weights of the corresponding components of the principal right eigenvectors in each of the matrices. In Table 4 we show with
some examples from Table 1 that, for fixed x, y, z with inefficiency of the principal right eigenvector of Z,(x,y,z) and efficiency
of the principal right eigenvector of Z5(x,y,z), the relations of the order of the weights of the corresponding components of the
principal right eigenvectors of these two matrices may or may not change. Let
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Table 3

Efficiency of the principal right eigenvector of Z5(x, y, z).
relations among 1, x,y,z X y z efficiency
l<z<x<y 5 113 2 ;‘;S
z<1<y<x 5 2 8;1 ;ZS
z<x<y<l1 02 0.5 g:gz ;Zs
e

Table 4
Change in the relations of the order of the weights of the corresponding components of w in Z,(x, y, z), for n =4,5.

x y z efficiency of w relations among components of w»  change in magnitude
3 ) 465 in Z,(x,y,z), No Wy > W, > wsy > Wy No
’ in Zs(x,y,z), Yes wy, > w; > w, > ws
3 048 2 %n Z,(x,y,z), No W3 > Wy > W,y > wy No
in Z5(x,y,z), Yes Wy > W, > W,y > Ws
02 05 826 nZuxxaNoowy>uws>w>w, Yes
in Z5(x,y,z), Yes Wy > Ws > Wy > W
02 014 05 in Z,(ep.2) No 03> w4 > 10, > 0, No
in Z5(x,y,z), Yes Wy > Ws > Wy > W,
_ T
w= [Wl Wy = Wy Wn]

be the principal right eigenvector of Z,(x, y, z), with n =4 and n = 5. Note that, in our study, the correspondence of w,, w,, w; and
wy in the vector w of Z,(x,y, z) are, respectively, w;, w,, w, and wjs in the vector w of Z5(x, y, z).

We finish this section with a result about the characterization of the digraph G, (., ;) ,, when w is the principal right eigenvector
of Z,(x,y,z) and is inefficient.

Theorem 6. Let n >4, Z,(x,y,z) be the matrix in (2), with x,y,z > 0, and w be the principal right eigenvector of Z,(x,y,z). Then the
vector w is inefficient for Z,(x, y, z) if and only if the digraph Gz (. .- ,, has a sink.

Theorem 6 is equivalent to the next result where there is a unique coordinate of the principal right eigenvector that is undervalued
relative to the product of any of the other coordinates with the respective entry of Z,(x,y, z).

Theorem 7. Letn >4, Z,(x,y,2z) = [a; ;1 be the matrix in (2), with x,y,z >0, and w = [ w w, ]T be the principal right eigenvector
of Z,(x,y,z). Then the vector w is inefficient for Z,(x, y, z) if and only if there is exactly one p, with 1 < p < n, such that % <ap, for all

1<s<n, s#p.
Next corollary is an easy consequence of Theorem 6.

Corollary 8. There are no n > 4 and x, y, z > 0 such that the digraph G Z, (2w has a source, where Z,(x, y, z) is the matrix in (2) and w
is its principal right eigenvector.

It is worth of mention that the propriety “the digraph G, ,, has a sink” does not hold for any PC matrix A and its inefficient
principal right eigenvector. For example, consider the PC matrix

_[2,3,2,4.65) | Z,(3,2,465) ] _

A= Z,(3,2,4.65) | Z,(3.2.4.65) |

[a,-j].

Let r, ry, rp, r3 be the eigenvalues of Z,(3,2,4.65) where r is the Perron eigenvalue of Z,(3,2,4.65). Then, the eigenvalues of A
are 2r, 2ry, 2r,, 2r3, 0, 0, 0, 0 and 2r is the Perron eigenvalue of A. By Table 1, the principal right eigenvector of Z,(3,2,4.65),
w= [wl w, Wy Wy ]T is inefficient. Using Theorem 6, the digraph Gz, (3 4.5),, has a sink. Denote the sink as vertex k. So,
we get w' = [wl W, Wy Wy wWs Wg W; Wg ]T, with ws = wy, wg = w,, w; = w; and wg = wy, is the principal right
eigenvector of A. Since ﬁ =1=a;;,4, for 1 <i <4, we conclude there are arcs from the vertex i to the vertex i +4 and from the
vertex i +4 to the vertex i, for 1 <i <4. So, there is no sink in G4 ,+. On the other hand, as k is the sink in Gz, 3 465),

not a directed path from k to k+ 1 in G4,/ (note that I:—’/‘ <ay; and wu’j—j“ <yyq;, for j#k,k+4 and 1 < j <8). Therefore, G4

is not a strongly connected digraph and w' is inefficient by Theorem 1.
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4. Proof of the main results

In this section we prove Theorems 4, 5 and 6 presented in Section 3.
Suppose that n > 4. By r we denote the Perron eigenvalue of the matrix Z,(x,y, z), with x,y,z > 0. A positive right eigenvector
of Z,(x,y,z) associated with r is the vector
T
w=[w1 wy, - w w]

n—1 n

Since (Z,(x,y,z) —rl,)w =0, a calculation shows that

n—2
(= rwy +wy + Y w; + yw,_; +xw, =0 ©)
i=3
n—2
wy+ (1 =nw, + ) w; +w,_; +zw, =0 4
i=3
n—2
wy +w, + 2 wi+(1-nw;+w,_; +w,=0 5)
i=3,i#j
1 n=2
;w1+w2+2wi+(l—r)wn_1+w,,=0 6
i=3
1 1 n=2
—w; + —w, + + +(1- =0, 7
LRt Zw, W, +0-nw, )

i=3
in which, if n =4 then 2:':_32 w; =0 and equation (5) is empty. Moreover, the equation (5) is for all j, with 3 <j <n—2.
If n > 5, subtracting both hand-sides of equation (5) with j =3 from those of equation (5) with j #3 and 4 <j <n -2, we get
wj = Wws.

So, we can rewrite equations (3) to (7).

(1= rw; +w, + (n—dHw; + yw,_; + xw, =0 ®
w+ (1 =rw,+(n—4w;+w,_; +zw, =0 (C)]
wi+wy,+m—4-rws+w,_;+w,=0 (10
iw1+w2+(n—4)w3+(l—r)wn_l+w,,=0 a1
%wl+iw2+(n—4)w3+wn_1+(1—r)w,,=0, (12)

in which, if n =4, equation (10) is empty.
In the next equations the expression (£) — s(j) means the result of subtracting both hand-sides of equation () from those of
equation (j), multiplied by s.

8)—-(9) rw, —w)+@y-Hw,_; +(x—2w,=0 13)
8)—(10) riws—wp)+@y-Hw,_; +(x-DHw,=0 (14)
(8)—y(11) ryw,_ —wp) + (1 = y)(w, + (n —Hws) + (x — yw, =0 (15)
8)—x(12) r(xw, —wp) + (1 - ;) wy + (1 =x)((n—=Hw;3)+(y—x)w,_ =0 (16)
9) = (10) (w3 —wy)+(z—Dw, =0 17)
©@-01 r(wn_l—w2)+<1—§>w1+(z—l)wn=0 (18)
9 -2z(12) r(zw, — w,) + (l - §> w;+(1-z2)((n—-DHws;+w,_1)=0 (19)
(10)-(11) r(w,_; —w3)+ <1—§>w120 (20)
1 1
10) - (12) r(wn—w3)+(1—;)w]+<1—z)w2:0 o35
(1) —-(12) r(wn—wn,1)+(1—1>w1+(1—1)w2=0 22)
y X z
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in which, if n =4, equations (14), (17), (20) and (21) are empty.
We next give same lemmas from which our results easily follow.

Lemma 9. Let n >4 and Z,(x, y, z), with x, y, z > 0, be the matrix presented in (2). Let w be a positive right eigenvector associated with the
Perron eigenvalue of Z,(x, y, z).

If1<yand z <x then the edge (1,2) isin Gz (., -) w-

If y<min{1,x} then the edge (1,n— 1) isin Gz () ur

Ifn=4and x <min{y,z} or n>5 and x <min{1l, y, z} then the edge (1,n) is in GZ"(X’y’Z)’w.
If 1 <min{y, z} then the edge 2,n—1)isin Gz (.-

If z<min{1,x} then the edge (2,n) is in GZ,,(x,y,z),w-

Ify<xand1<zthentheedge (n—1,n)isin Gz ().

A wh =

Proof. Let

T
W=[W1 Wy = Wy Wn]

and r be the Perron eigenvalue of Z,(x, y, z). Recall that r > n> 0 and w is a positive right eigenvector.

1. Since 1 <y and z < x, using equation (13) we conclude that w, —w; <0. This implies Z—; > 1 and consequently we get the result.

2. Since y <min{1,x}, using equation (15) we conclude that yw,_; — w; <0. This implies % > y and consequently we get the
result.

3. If n=4 and x <min{y,z} or n>5 and x <min{1, y, z}, using equation (16) we conclude that xw, — w; <0. This implies % >x
and consequently we get the result.

4. Since 1 <min{y, z}, using equation (18) we conclude that w,_; — w, <0. This implies % > 1 and consequently we get the
result.

5. Since z <min{1,x}, using equation (19) we conclude that zw, — w, < 0. This implies % > z and consequently we get the result.

Wp_1

n
wy

6. Since y <x and 1 < z, using equation (22) we conclude that w, — w,_; <0. This implies
result. []

> 1 and consequently we get the

With an analogous proof we have the next lemma.

Lemma 10. Let n >4 and Z,(x,y,z), with x,y,z > 0. Let w be a positive right eigenvector associated with the Perron eigenvalue of
Z,(x,y,2).

. Ify<land x<zthentheedge (2,1)isin Gz (., ) .-

. Ifmax{l,x} <y thentheedge (n—1,1)isin Gz (v, )

If n=4 and max{y,z} <x or n>5 and max{1,y, z} < x then the edge (n, 1) is in GZ,,(x,y,z),w'
. If max{y, z} <1 then the edge (n — 1,2) is in GZ,,(x,y,z),w'

. If max{1,x} <z then the edge (n,2) isin G 7 ( , -) -

Ifx<yand z<1 then the edge (n,n—1)is in Gz (x ;2.

oA WN =

For n > 5, we have two other lemmas.

Lemma 11. Let n > 5 and Z,(x,y,z), with x,y,z > 0. Let w be a positive right eigenvector associated with the Perron eigenvalue of
Z,(x,y,2).

If 1 <min{x,y} then, for 3 <i<n -2, the edge (1,i) is in GZ,,(x,y,z),w'
If1<zthen, for 3<i<n-2, theedge (2,i)isin Gz (.

If y<1 then, for 3<i<n-2, the edge (n—1,i) is in GZ,,(x,y,z),w-

If max{x,z} <1 then, for 3 <i<n—2, the edge (n,i) is in GZ,,(x,y,z),w'

AN N =

Proof. Let

T
W=[W1 Wy = Wy Wn]

and r be the Perron eigenvalue of Z, (x, y, z). Recall that r > n > 0, w is a positive right eigenvector and w; = ws, for 3<i<n-2.
1. Since 1 <min{x, y}, using equation (14) we conclude that w; — w; <0. This implies % > 1 and consequently we get the result.
3

7
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2. Since 1 < z, using equation (17) we conclude that w; — w, < 0. This implies % > 1 and consequently we get the result.
3

3. Since y <1, using equation (20) we conclude that w5 — w,_; <0. This implies w;

L > 1 and consequently we get the result.
3

4. Since max{x,z} <1, using equation (21) we conclude that w; — w, < 0. This implies ZT” > 1 and consequently we get the
3
result. [

With an analogous proof we have the next lemma.

Lemma 12. Let n > 5 and Z,(x,y,z), with x,y,z > 0. Let w be a positive right eigenvector associated with the Perron eigenvalue of
Z,(x,y,2).

If max{x,y} <1 then, for 3 <i<n-—2, the edge (i, 1) is in GZ,,(x,y,z),w'
If z<1 then, for 3 <i <n-—2, the edge (i,2) is in GZ,,(x,y,z),w‘
If1<ythen for3<i<n-2, theedge (i,n—1)isin Gz r ).

If 1 <min{x, z} then, for 3 <i <n—2, the edge (i,n) is in GZ,,(x,y,z),w-

AN W=

Proof of Theorem 4. Let
T
w=[W1 wy, ws w4]
be a positive right eigenvector associated with the Perron eigenvalue of Z,(x, y, z). If neither

(i) min{l,x} <min{y, z} <max{1l,x} <max{y,z}, nor
(i) min{y,z} <min{l,x} <max{y,z} <max{l,x},

then the relations among 1, x, y, z verify one of the following cases:

Case 1 If | <min{y,z} <max{y,z} <x or x <min{y, z} <max{y,z} <1 then by Theorem 3 we get the result.
Case 2 If max{1l,x} <min{y,z} then by Lemmas 9 and 10 we conclude that the digraph G, WCE 2w contains the directed Hamilto-
nian cycle

1-4-52-53->1.

Case 3 If y<min{l,x} <max{l,x} <z then by Lemmas 9 and 10 we conclude that the digraph GZAW‘Z),W contains the directed
Hamiltonian cycle

1-53-54-52->1.

Case 4 If z <min{l,x} <max{l,x} <y then by Lemmas 9 and 10 we conclude that the digraph GZAW‘Z),W contains the directed
Hamiltonian cycle

1-2-54-53->1.

Case 5 If max{y,z} <min{l,x} then by Lemmas 9 and 10 we conclude that the digraph G ZyGopDw contains the directed Hamilto-
nian cycle

1-3-2-4->1.
Using Theorem 2, for Cases 2 — 5 we get the result. []

Proof of Theorem 5. Let

T
w= [wl Wy - W, wn]

be a positive right eigenvector associated with the Perron eigenvalue r of Z,(x,y,z), with n > 5. Recall that if n > 5 then w; = w3,
for4<i<n-2,and 3 —iandi— 3 are edges of Z,(x,y, z). Therefore, if we find a directed cycle among the vertices 1,2,3,n—1,n
of Z,(x,y,z) then we get a directed Hamiltonian cycle in Z,(x, y, z). If neither

(i) 1<z<x<y,nor
(i) z<1<y<x,nor
(iii) z<x<y<I1,nor
(iv) x<z<1<y,

then the relations among 1, x, y, z verify one of the following cases:
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Case 1 If | <min{y,z} <max{y,z} <xor x <min{y,z} <max{y,z} <1 then by Theorem 3 we get the result.
Case 2 If x <1 <min{y,z} then by Lemmas 9, 10, 11 and 12 we conclude that the digraph G (, , ., ,, contains the directed cycle

l>n->2-3->n-1-1.

Case 3 If 1 <x <min{y,z} then by Lemmas 9, 10, 11 and 12 we conclude that the digraph G , , ., contains the directed cycle

1-3->n->2->n-1->1.

Case 4 If y <1< x <z then by Lemmas 9, 10, 11 and 12 we conclude that the digraph G . , ., , contains the directed cycle

l-n-1-3->n-2->1.

Case 5 If y<x <1<z then by Lemmas 9, 10, 11 and 12 we conclude that the digraph G , , ., , contains the directed cycle

lon-1-n-2-3->1.

Case 6 If z<1<x <y then by Lemmas 9, 10, 11 and 12 we conclude that the digraph G . , ., , contains the directed cycle

Z),Ww

153-52->n->n-1-1.

Case7 If z<x <1<y then by Lemmas 9, 10, 11 and 12 we conclude that the digraph G , , ., , contains the directed cycle

1-2->n-3-n-1-1.

Case 8 If max{y,z} <1< x then by Lemmas 9, 10, 11 and 12 we conclude that the digraph G Z,(x.y.2)w contains the directed cycle

l->n-1-3-2->n->1.

Case 9 If max{y,z} <x <1 then by Lemmas 9, 10, 11 and 12 we conclude that the digraph G (, ;) , contains the directed cycle
l-n-1-2-n-3->1.

Using Theorem 2 we get the result for Cases 2 — 9.

Case 10 If 1 <y <x <z then by Lemmas 9, 10, 11 and 12 we conclude that the digraph G , , . ,, contains the directed cycle

3—->n—-1->n-2-3and the edge | - 3.

Suppose that the vertex 1 is a source in Gz (. )7 ,- This implies that 1 > n—1,1—>nand 1 -2 are edges in Gz (. ,,

Z),Ww*
Therefore,
W w wy
>y, — > X, — > 1.
Wy wy wy

Since w; > yw,_;, using equation (15) we conclude that (x — y)w, > (y — 1)(w, + (n — Hw3) > (y — Dw;.
Since w; > xw,,, using equation (16) we conclude that (1 — —> wy > (x = D((n=DHw3)+ (x = w,_; > (x = yw,_;
Since w; > w,, using equation (13) we conclude that (y — Dw,_; > (z — x)w,,.
Consequently,

L= = 0w, > L= D= 0wy > (= Dx = P,y > (2= D= Yoy

So, we get the contradiction > 1. Therefore, 1 is not a source in G Z,(xy,2)a0 @nd Dy Theorem 1 we get the result.
Case 11 If y <1<z <x then by Lemmas 9, 10, 11 and 12 we conclude that the digraph Gz (. -, contains the directed cycle

3->n—->1-n-1-3and the edge 2 - 3.

Suppose that the vertex 2 is a source in Gz (. ), - This implies that2 > n—1,2 >nand 2 - 1 are edges in Gz (. ;.2 -

Therefore,
Wy wy Wy
>1, —=>z —=>1.
Wy wy wy

Since w, > w,_;, using equation (18) we conclude that (z — Dw, > (i - l) w

Since w, > zw,, using equation (19) we conclude that (1 - —> w;>zZ=-D)((n=Hwy+w,_1)>(z-Dw,_;.
Since w, > w, using equation (13) we conclude that (1 — y)w,_; > (x — 2)w,.
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Consequently,
1 1 1
—(x=-2)z-NDHw,> —1-y(x—-2)w; >-1-y)(z-Dw,_;
X Xy y
1
> —(x —-z)(z-Dw,.

So, we get the contradiction > —. Therefore, 2 is not a source in G (. ,, ), and by Theorem 1 we get the result.
Case 12 If y<x <z <1 then by Lemmas 9 10, 11 and 12 we conclude that the digraph Gz (., ) ., contains the directed cycle

352> 1-n-1-3and the edge n - 3.

Suppose that the vertex n is a source in Gz (. ;- ,- This implies that n > n—1,n—2 and n —> 1 are edges in Gz (. ;. -

Therefore,
ooy Byl S 1
w,_ wy, z wy;  x
Since w, > w,_;, using equation (22) we conclude that (— - 1) wy > (— - i) w;.

Since zw, > w,, using equation (19) we conclude that (— - 1) w; > =-2)((n=Hws+w,_1) >0 -2)w,_;.
Since xw, > w;, using equation (16) we conclude that (x — y»)w,_; > (1 - —) w,y, + (1 =x)(n—4w;z > (1 - f) w,.

Consequently,

L(z - x)(1 = 2)w, > %(x - (z—=x)w; > L(1 - z2)(x = yw,_;
Xz X<y Xy
> L(z —x)(1 = 2)w,.

xyz

So, we get the contradiction 1 > —. Therefore, n is not a source in G (. ,, ), and by Theorem 1 we get the result.
Case 13 If x <y <1 < z then by Lemmas 9 10, 11 and 12 we conclude that the digraph Gz (., ) ., contains the directed cycle

3-51->n—>2->3andtheedgen—1-3.

Suppose that the vertex n — 1 is a source in G (, ;) ,- This implies that n — 1 > n, n—1—2and n—1— 1 are edges in
Gz (x.y.z).0- Therefore,

w,,_ wy,_
n—1 >1, n—1 =

wy wy y

Since w,_; > w,, using equation (22) we conclude that (1 - —) wy > ( i) wi.

Since w,_; > w,, using equation (18) we conclude that (; - 1) w; > (z—-Nw,.
Since yw,_; > w,, using equation (17) we conclude that (y — x)w, > (1 — y)(w, + (n — Hws) > (1 — y)w,.
Consequently,

—(z— 1)(1—y)W2> (y x)(1 = yw; > —(Z—l)(y X)W,
> —(z - DA = yw,.
Xy
So, we get the contradiction % > % Therefore, n— 1 is not a source in Gz (., -, and by Theorem 1 we get the result. []

Proof of Theorem 6. Let

w=[w1 wy - w w]T

n—1 n

be a positive right eigenvector associated with the Perron eigenvalue r of Z,(x,y,z), with n > 4. Recall that if n > 5 then w; = w3,
for4<i<n-2,and3 —iandi— 3 areedgesof Gz (, -

Suppose that G (., -y, has a sink. By Theorem 1, w is inefficient for Z,(x, y, 2).

Conversely, suppose that w is inefficient for Z,(x, y, z). We will consider n =4 and n > 5.

Suppose n =4. By Theorem 4, w is inefficient for Z,(x, y, z) in the following cases:

Casel If 1<y<x<zorz<x<y<I then by Lemmas 9 and 10, the subgraph of Gz, , ., generated by vertices 2,3,4 has a
directed Hamiltonian cycle. Since w is not efficient for Z,(x, y, z), the vertex 1 of G, (, ;. is a source or a sink. Suppose

that 1 is a source. This implies that 1 -2, 1 — 3 and 1 — 4 are edges in G,(, ) ,- Therefore,

10
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wy wy wy
—>1, —>y, —>x
] w3 Wy
Since w; > w,, using equation (13) we conclude that (y — 1)ws; > (z — x)wy.
Since w; > yws, using equation (15) we conclude that (x — y)w, > (y — Dw,.
Since w; > xw,, using equation (16) we conclude that (1 - f) wy > (X — y)ws.

Consequently, if | <y<x<z,

= Dx = w3 > (z = x)(x = Y)wy > (z = x)(y — Dw, > z(x = y)(y — Dwys

orifz<x<y<l1,

= Dx = pws < (z = x)(x = »wy < (z = x)(y — Dw, < z(x — y)(y — Dw;.

So, we get the contradiction 1 > zif 1 <y<x<zorl<zif z<x<y<1. Therefore, 1 is not a source in GZAX%Z),W and by
Theorem 1, the vertex 1 is a sink.

Case2 If 1 <z<x<yor y<x<z<I1 then by Lemmas 9 and 10, the subgraph of GZ4(x,y,z),w generated by vertices 1,2,3 has a
directed Hamiltonian cycle. Since w is not efficient for Z,(x, y, z), the vertex 4 of G,(, ;. Is a source or a sink. Suppose
that 4 is a source. This implies that 4 > 1, 4 — 2 and 4 — 3 are edges in G,(, - ,- Therefore,

w w w
e - S

= =so s

w,  x wy, z w;
Since xw, > w,, using equation (16) we conclude that (% - 1) wy > (y — x)ws.

Since zw, > w,, using equation (19) we conclude that (z — 1)w; > (1 - f) w;.

Since w, > w3, using equation (22) we conclude that (l - 1) wy > (1 - 1) ws.
X y z

Consequently, if 1 <z<x <y,
%w—m@—ww>w—ﬂu—nw>iu—m@—mw>§u—@@—n%
orify<x<z<l,
%(x —-z)(z—Dw, <(y—x)(z—-Dw; < %(x —-z2)(y—x)w; < g(x - z)(z = Dw,.

So, we get the contradiction 1 > yif 1 <z<x<yor 1<yif y<x<z<I. Therefore, 4 is not a source in GZ4(x,y,z),w and by
Theorem 1, the vertex 4 is a sink.

Case3 If y<1<z<xorx<z<1<y then by Lemmas 9 and 10, the subgraph of Gz, ), generated by vertices 1,3,4 has a
directed Hamiltonian cycle. Since w is not efficient for Z,(x, y, z), the vertex 2 of G, (), Is a source or a sink. Suppose
that 2 is a source. This implies that 2 — 1, 2 — 3 and 2 — 4 are edges in G, , ., ., Therefore,

w w w
=251, 251, 2>z
w) ws wy
Since w, > w,, using equation (13) we conclude that (1 — y)w; > (x — 2)w,.
Since w, > wj, using equation (18) we conclude that (z — w, > (i - l) w;.

Since w, > zw,, using equation (19) we conclude that (1 - f) wy > (z = Dw;s.

Consequently, if y< 1<z <x,

(A=y(z-Dw;>(x—-2)(z-Dws>(x—2) <i — 1> wp > i(z— DA = ywy

orifx<z<1<y,
(1—y)(z—1)w3<(x—z)(z—1)w4<(x—z)<§—1> wy < %(z—l)(l—y)w}

So, we get the contradiction 1 > 2 if y<1<z<xor 1< if x<z<1<y. Therefore, 2 is not a source in G and
y y Z4(x,y,2),w
by Theorem 1, the vertex 2 is a sink.

Case4 If z<1<y<xorx<y<1<z then by Lemmas 9 and 10, the subgraph of Gz, , ., generated by vertices 1,2,4 has a
directed Hamiltonian cycle. Since w is not efficient for Z,(x, y, z), the vertex 3 of G, (, ;. ), is a source or a sink. Suppose
that 3 is a source. This implies that 3 > 1, 3 — 2 and 3 — 4 are edges in Gz,(, . ,- Therefore,

w w w
—3>1, —3>1, Sl
wy y wy Wy

Since yws; > w,, using equation (15) we conclude that (y — D)w, > (x — y)w,.

11
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Since w; > w,, using equation (18) we conclude that (1 — z)w, > (1 - i) wi.

Since w; > w,, using equation (22) we conclude that (— - l) wy > ( 1) w.
Consequently, if z<1<y<x,

(y—1)(1—z)w2>(x—y)(1—z)w4>(x—y)<1——>w1>xy ——1)(1—%)1/02

orifx<y<1<z,

(y—l)(l—z)w2<(x—y)(1—z)w4<(x—y)<l——> 1 <Xxy ——1)(1—%)1/02.

So, we get the contradiction 1 > ; ifz<1<y<xorl <3 2 if x <y <1 < z. Therefore, 3 is not a source in Gz, (x.y.z)w0 and
by Theorem 1, the vertex 3 is a sink.

Suppose n > 5. By Theorem 5, w is not efficient for Z,(x, y, z) in the following cases:
Case 1 If 1 <z<x <y then by Lemmas 9, 10, 11 and 12 we conclude that the digraph G . , ., , contains the directed cycle

3—-n—-1-1-2-3and the edge 3 - n.

By Theorem 1, the vertex » is a sink.
Case 2 If z< 1< y<x then by Lemmas 9, 10, 11 and 12 we conclude that the digraph G . , ., , contains the directed cycle

1-3—>2->n—1andtheedge3 >n-—1.

By Theorem 1, the vertex n — 1 is a sink.
Case 3 If z<x < y<1 then by Lemmas 9, 10, 11 and 12 we conclude that the digraph G , , ., , contains the directed cycle

2—->n—->n—1-3-2and the edge 3 > 1.

By Theorem 1, the vertex 1 is a sink.
Case 4 If x <z <1<y then by Lemmas 9, 10, 11 and 12 we conclude that the digraph G (. , ., ,, contains the directed cycle

l1->n—-3->n—-1-1and the edge 3 — 2.
By Theorem 1, the vertex 2 is a sink. []

5. Conclusions

In this paper we focus on matrices obtained from consistent matrices by perturbing three entries and the corresponding reciprocal
entries, so that there is a 2 X 2 submatrix containing three of the perturbed entries and not containing a diagonal entry. We prove
for which magnitudes of the perturbed entries, the principal right eigenvector of this matrix is efficient. Moreover, we show that
the inefficiency of the principal right eigenvector of our studied matrices is equivalent to the existence of a sink in the digraph
associated with the matrix and the principal right eigenvector. We also present an example of a PC matrix A having its principal
right eigenvector w inefficient such that the digraph G, ,, does not have a sink.

When the magnitude of the three perturbed entries, x, y, z, of the matrix Z,(x, y, z), presented in (2), does not imply the efficiency
of the principal right eigenvector of Z,(x, y, z), an open question is to find a process to approach the matrix Z,(x, y, z) by a matrix
A having its principal right eigenvector efficient. Furthermore, the principal right eigenvectors of these two matrices, Z,(x, y, z) and
A, must have corresponding components verifying the same relation among them.
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