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T́ıtulo

Uma abordagem de sistemas dinâmicos para compreender o controlo motor

Resumo

Uma das principais funções do cérebro é o controlo dos movimentos. Nas

larvas de peixe-zebra, os movimentos são controlados por entradas de-

scendentes do tronco cerebral para a medula espinal. A forma como estas

entradas controlam os diferentes parâmetros do movimento não é com-

pletamente compreendida. As abordagens categóricas anteriores limitam

a capacidade de modelar eficazmente os esquemas de controlo cont́ınuo.

Aqui, adoptamos uma abordagem da teoria do controlo ótimo para a mod-

elação comportamental e defendemos que os movimentos podem ser en-

tendidos como a sáıda de um sistema dinâmico controlado. Utilizando um

rico conjunto de dados comportamentais, o nosso objetivo é identificar

os sinais de controlo latentes e a dinâmica subjacente que constituem o

repertório locomotor das larvas de peixe-zebra. Aprender a dinâmica de

um sistema que funciona com dados não observados é um problema dif́ıcil

de identificação de sistemas. Abordamos este último usando o método

iLQR-VAE, proposto por Schimel, M., et al. (ICLR, 2022), que combina

inferência variacional com controle de feedback ideal para aprender um

sistema dinâmico latente orientado por entrada que captura a sáıda do

comportamento. Os nossos resultados demonstram que este repertório

pode ser eficazmente gerado através de um sinal de controlo esparso que

conduz a uma RNN latente. Além disso, o espaço latente da rede codifica

as carateŕısticas cinemáticas da natação e preserva as estruturas das cat-

egorias de movimentos previamente definidas. Curiosamente, verificamos

que a dinâmica latente para a geração de movimentos da cauda é partil-

hada com a dinâmica da barbatana peitoral para determinados tipos de

bout. Esta estrutura permitiu-nos compreender como o espaço de controlo
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mudou para reconstruir o comportamento que foi exposto a perturbações

farmacológicas, fornecendo um método para avaliar como o controlo foi

atribúıdo a drogas que podem alterar a função neural. Curiosamente, a

transparência do peixe-zebra permite medições da atividade neural em

todo o cérebro. Embora estas medições exijam normalmente que o peixe

esteja com a cabeça fixa, o que limita o seu repertório locomotor, pudemos

aqui utilizar o sistema dinâmico treinado no comportamento de natação

livre e efetuar inferências sobre os movimentos com a cabeça fixa sob a

restrição dessa dinâmica. Isto permitiu-nos comparar o espaço de controlo

dos movimentos de cabeça fixa com o comportamento de natação livre.

Realizámos análises preliminares para explorar a relação entre os sinais de

controlo inferidos e a atividade neuronal. A nossa abordagem baseada em

modelos oferece um novo paradigma para a separação da atividade neu-

ronal supra-espinal de peixes fixados à cabeça com base em parâmetros

do comportamento naturalista de natação livre.
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Abstract

A key function of the brain is to control movements. In larval zebrafish,

movements are controlled by descending input from the brainstem to the

spinal cord. The way these inputs control different parameters of move-

ment is not completely understood. Prior categorical approaches limit the

ability to model continuous control schemes effectively. Here, we take an

optimal control theory approach to behavioral modeling and argue that

movements can be understood as the output of a controlled dynamical

system. Using a rich behavioral dataset, our goal is to identify both the

latent control signals and the underlying dynamics that make up the lo-

comotor repertoire of the zebrafish larvae. Learning the dynamics of a

system driven by unobserved inputs is a challenging system identification

problem. We addressed the latter using the iLQR-VAE method, proposed

by Schimel, M., et al. (ICLR, 2022), which combines variational inference

with optimal feedback control to learn a latent input-driven dynamical

system that captures behavior output. Our findings demonstrate that

this repertoire can be effectively generated through a sparse control sig-

nal driving a latent RNN. In addition, the network’s latent space encodes

kinematic swim features and preserves structures of previously defined

bout categories. Interestingly, we see that the latent dynamics for gen-

erating tail movements are shared with pectoral fin dynamics for certain

bout types. The generative nature of this framework provided a method

to evaluate how inferred control attributed to behavioral changes under

pharmacological manipulations. Interestingly, zebrafish transparency al-

lows for measurements of brain-wide neural activity. While these typically

require the fish to be head-fixed, which limits their locomotor repertoire,

we were able here to use the dynamical system trained on free-swimming

behavior, and perform inference on head-restrained movements under the

constraint of those dynamics. This allowed us to compare the control

space of head-fixed movements with free-swimming behavior. We con-
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ducted preliminary analyzes to explore the relationship between inferred

control signals and neuronal activity. Our model-based approach offers

a new paradigm for uncovering supraspinal neuronal activity from head-

fixed fish based on parameters from naturalistic free-swimming behavior.
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Overview of the Thesis

This thesis is structured into six chapters. The first chapter provides an

introduction to motor control. It outlines a review of the different per-

spectives of motor control and neural basis, and provides a brief overview

of the methods to learn dynamical systems from data. The chapter also

introduces the zebrafish as a model organism for studying motor control

in neuroscience.

The second chapter presents the foundation of optimal control and a

Python package that implements a differentiable version of the iterative

Linear Quadratic Regulator (iLQR) algorithm.

The next two chapters, three and four, present the application of the iLQR

integrated with Variational Autoencoder (VAE) to learn a sparse control

model for zebrafish locomotion. The third chapter focuses on interpreting

the sparse control space and relating it to environment and other features

of behavior. While the fourth chapter concentrates on interpreting the

dynamics of the network and understanding how the network computes

different movements. We show how the control drives different dynamics

for swim types and how it is modulated by pharmacological perturbations.

The fifth chapter applies the models from chapter three to neural data

and relates the control space to neural activity patterns in the hindbrain.

The sixth, and final, chapter provides a summary discussion of the thesis

and outlines future directions for the work.
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1.1 Chapter Summary

This chapter provides an introduction to the motor system. In Section 1.2,

we outline the structural organization of the motor system, describing key

regions in the brain and nervous system responsible for controlling and

generating behavior. In Section 1.3, we outline the different perspectives

on modeling how neural responses shape movement and the impact it has

had on understanding the neural computation in generating movement.

Then, Section 1.4 discusses the idea of optimal control and how moving

the body to achieve a goal can be framed as a control problem. Section 1.5

addresses locomotion and how rhythmic behaviors are orchestrated from

central pattern generators and the brainstem control that shapes these

patterns. Afterward, Section 1.6 describes different computational meth-

ods to learn these patterns of behavior as dynamical systems, including

the framework central to this thesis, iLQR-VAE. Then, in Section 1.7,

we discuss the larval zebrafish as a biological model in neuroscience and

our understanding of the underlying neural basis for locomotion. Finally,

we outline the thesis objectives in Section 1.8 and bridge the dynamical

systems framework to behavior in the larval zebrafish.

2



Figure 1.1. The neuronal organization underpinning control of locomotion
in vertebrates. This schematic was adapted from (Grillner, 2003).

1.2 Control of our motor system

To survive, it is essential to interact with the world, and we do so primarily

through movement. Acting appropriately requires us to integrate sensory

information and select the correct motor program through our motor sys-

tem. The generation of movement relies on the coordinated contraction

of muscle ensembles and is mediated through motor neurons. Strikingly,

the spinal cord can generate stereotyped motor patterns, even when in-

put from the brain is removed (Brown, 1911; Mori, 1987). However, these

movements deteriorate when faced with perturbations or tasks that require

integration of sensory information from the surroundings (MacKay-Lyons,

2002). This suggests that the brain has an important role to control move-

ments in a constantly changing environment.

Control is one of the brain’s key roles in the motor system. It is crucial

for performing and coordinating complex tasks. There are two forms of

control: feedback (Scott, 2004), and feedforward (Wolpert et al., 1995).

Feedback involves adjusting our actions based on sensory receptors mea-

suring the outcome. Feedforward, which is more proactive, allows the

body to anticipate and predict the sensory outcome before it occurs.
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1.2.1 Organization of the nervous system for movement

The structure of the nervous system, essential for movement generation,

is highly conserved in vertebrates. In general, the system is organized as

shown in Figure 1.1, with the cortex, basal ganglia, and thalamus in the

forebrain; the Diencephalic Locomotor Region (DLR) and Mesencephalic

Locomotor Region (MLR) in the midbrain; and the nucleus of the Medial

Longitudinal Fasciculus (nMLF) and Reticulospinal (RS) neurons in the

hindbrain, which descend to the spinal cord (Grillner & El Manira, 2020).

Motor Cortex The motor cortex has long-range direct projections to

the spinal cord (directly activating motor neurons as well as brainstem

interneurons Bhattacharjee et al. (2020); Pearson (2000)) and plays a role

in precise movements. Its activity is heavily modulated during intricate

movements or when altering a typical movement trajectory to overcome

an obstacle.

Basal Ganglia The basal ganglia receives input from the cortex, tha-

lamus, and dopamine system. It is involved primarily in the selection

of actions, the association of actions with rewards, and the initiation of

movement. It projects continuous inhibition to the MLR and DLR until

disinhibition of these regions allows a specific pattern of behavior to be

generated.

Diencephalon & Mesencephalon These regions are responsible for

initiating and maintaining repetitive locomotion. Spontaneous actions

and simple goal-directed behaviors, such as foraging, are regulated in the

DLR region (Squire et al., 2008). The DLR and MLR project excitatory

outputs to RS neurons in the brainstem (Ryczko et al., 2015). Importantly,

different input gains for MLR modulate the walking gait from trot to

gallop (Capelli et al., 2017; Grillner & El Manira, 2020).
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Brain stem and spinal cord The brainstem and spinal cord are essen-

tial for driving basic motor programs in most vertebrates (Lemieux & Bret-

zner, 2019; Ryczko, 2022). RS neurons and the nMLF have excitatory pro-

jections that activate spinal Central Pattern Generator (CPG)s (Grillner,

1985).

Cerebellum The cerebellum is a densely packed crystalline structure of

specialized neurons that plays an important role in motor coordination.

It dynamically receives detailed information from the spinal cord about

ongoing movements and therefore plays a crucial role in motor adaptation.

The cerebellum is believed to predict likely errors and makes compensatory

adjustments (Wolpert et al., 1998).

1.3 Neural response to motor output

The brain is composed of complex networks of neurons that communi-

cate with each other to generate patterns of activity. These patterns of

activity shape how information is processed and computed to generate

behavior. Extensive work throughout the past century has focused on un-

derstanding how neurons output these patterns of activity across multiple

scales and levels of abstraction; with efforts scaling from the biophysical

Hodgkin-Huxley modeling action potentials to rate-based network models

that capture rich dynamics of neural populations.

A key question in neuroscience is how neural responses are related to

movement. The motor control community has long debated how the brain

represents movement and encodes these representations. This debate has

given rise to two distinct perspectives for understanding the mechanisms

of neural population responses during motor tasks: the representational

approach and the dynamical systems approach (Shenoy et al., 2013). Most

of this debate has been largely focused on the motor cortex, specifically the
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primary motor cortex (M1), which is responsible for generating motor com-

mands and executing movements. However, the views have been adopted

across different brain regions, scales, and functions, from the spinal cord

to the visual system.

1.3.1 Representation view

The classical representational approach examines how neurons encode task

parameters and how their tuning influences the accuracy of neural repre-

sentation. Typically, the neural code in a specific region is characterized

by the tuning of individual neurons. A tuning curve illustrates how a neu-

ron’s firing rate, r(t), depends on a particular set of parameters thought

to be encoded in the brain,

rn(t) = fn(param1, param2, . . . ) (1.1)

These parameters can be sensory, cognitive, or motor features, such as

the direction of movement (Georgopoulos et al., 1982), the orientation

of a visual stimulus (Hubel & Wiesel, 1959), or the frequency of a

sound (Goldberg & Brown, 1969). This paradigm has been explored from

singular neurons (Georgopoulos et al., 1982) to population-wide neural

encoding (Georgopoulos et al., 1986).

A significant success of this framework was demonstrated by Hubel and

Wiesel (1959, 1968, 1962), showing that the firing rates of V1 neurons were

largely inactive unless aligned with the retinal position and edge orienta-

tion of an object. This provided a tuning curve and offered a quantita-

tive description of the relationship between neuronal activity and stimulus

features. This paved the way for identifying the encoding related to dis-

tance (Riehle et al., 1994) and direction (Maunsell & Van Essen, 1983),

amongst other modalities.
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In the context of motor control, Georgopoulos et al. (1982, 1983, 1986)

demonstrated that motor cortex cells exhibit strong directional prefer-

ences. These preferences are distributed across the population, allowing

the decoding of motor output direction by measuring neuronal activity

collectively.

Subsequent work within this framework demonstrated population encod-

ing for various motor-related processes, including directional target predic-

tion (Georgopoulos et al., 1989), directional transformations (Lurito et al.,

1991), storing memories of stimulus target direction and planned move-

ments (Smyrnis et al., 1992), sensory-motor transformations (Funahashi

& Takeda, 2002), limb spatial location (Graziano et al., 2004), movement

kinematics such as speed and direction (Moran & Schwartz, 1999; Tankus

et al., 2009; Fu et al., 1995), and muscle activity (Crutcher & Alexander,

1990; Morrow et al., 2007).

However, the relationship between M1 neurons and the wide range of

parameters they encode has made it difficult to reach a consensus on

their functional role in motor control, unlike the more straightforward

neural population encoding observed in the visual cortex. Furthermore,

a key limitation of population encoding in this context is its inability to

explain the temporal evolution of neural responses that lead to motor

output (Churchland & Shenoy, 2007; Kaufman et al., 2016; Russo et al.,

2018).

1.3.2 Dynamical systems view

A broader framework, inspired by engineering and physical sciences, uses

dynamical systems to model the neural responses underlying motor out-

puts. Rather than identifying specific parameters tuned to the neural pop-

ulation response, this approach focuses on understanding how the activity
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of the population varies over time, r(t), and corresponds to time-varying

motor outputs, m(t),

m(t) = Φ[r(t)] (1.2)

while the mapping function Φ captures all the non-linear interactions of

circuits between the cortex and muscle activity. This approach bypasses

the assumption of a direct one-to-one relationship between neural pop-

ulation activity and muscle forces by abstracting these interactions into

a functional mapping. Notably, it complements the representational ap-

proach by embedding tuning properties within a broader dynamical frame-

work. Under the dynamical systems model, the evolution of population

activity is determined by its time derivative, ṙ, scaled by time constant τ .

The dynamics is governed by the current activity state, the local recurrent

dynamics of the network (represented by h()) and external input u(t),

τ ṙ(t) = h(r(t)) + u(t) (1.3)

External inputs provide flexibility to the framework, allowing it to repre-

sent intercommunication between neural populations (Russo et al., 2020;

Shenoy & Kao, 2021), behavior and stimulus parameters (Churchland &

Shenoy, 2007; Saxena et al., 2022), or optimal feedback control (Scott,

2004).

The dynamical systems framework has been able to describe multiple

phases and transitions of the delay-reach task, which were limited by

the representational approach (Churchland et al., 2012). Churchland and

Shenoy (2007) showed the complex temporal activity patterns of M1 neu-

rons during a delayed-reach behavioral task with slightly different reach

speeds (Churchland, Yu, et al., 2006). In the population dynamics frame-
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work, Churchland and Shenoy (2007) could recover the spatial tuning of

preferred directions like Georgopoulos et al. (1982) but also predict the

temporal patterns of activity averaged across similar types of reaches and

speeds.

Modeling neural populations as a dynamical system, as shown in Equa-

tion (1.3), explains how neural state-space trajectories evolve over time,

shaped by recurrent interactions that create flow fields in the activity

space. Studies suggest that the intrinsic recurrent dynamics of the motor

cortex act as a reservoir of rotations that form a basis set for generating

complex patterns, which control muscle output during movement execu-

tion (Sussillo et al., 2015; Michaels et al., 2016; Vyas et al., 2020; Rouse et

al., 2022). One hypothesis is that the role of external input is to initialize

the neural state within the flow field, after which the recurrent dynamics

generate the necessary rotations for the motor task (Sussillo et al., 2015).

This initialization corresponds to the motor preparation period before the

”go” cue in delay-reach tasks (Churchland, Santhanam, & Shenoy, 2006).

Kaufman et al. (2014) described the dynamics of this phase as the neu-

ral population transitioning through a null-space manifold, priming the

state for motor execution along the potent-space. The null-space con-

sists of specific directions in neural state space where output variance

remains constant, allowing trajectories to evolve in these directions with-

out directly driving motor commands. Conversely, the potent-space is

orthogonal to the null-space and represents directions where neural activ-

ity directly projects to motor output.

Another intriguing aspect is the large population activity of Condition-

independent signals (CIS), which are recruited to transition from a

preparatory to movement command, rather than in relation to an ex-

ternal parameter (Kaufman et al., 2016). CIS is a result of externally

delivered trigger signals that drive a switch in neural dynamics to gen-
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erate movement, that is, to drive the state to a fixed point with specific

rotation dynamics (Sussillo et al., 2015). These rotational dynamics

do not obviously map to representational or movement parameters, but

can be seen as a basis set in constructing complex temporal patterns in

generating muscle activity.

Exploration of the geometric properties of the neural population dynamics

provides a language to understand the neural computation at hand in gen-

erating motor output (Durstewitz et al., 2023). The large dimensionality

of M1 can mitigate ‘tangling’ - a phenomenon that arises in input-driven

systems when trajectories overlap thus supporting stable and distinct mo-

tor outputs. Russo et al. (2018) quantified the tangling of population

trajectories in the motor cortex and found that low tangling in M1 is cru-

cial for robust output generation through internal dynamics. This low

degree of tangling suggests that M1 primarily sustains and shapes inter-

nal dynamics, rather than directly encoding external inputs or muscle

output (Russo et al., 2018; Pandarinath, Ames, et al., 2018; Saxena et al.,

2022).

Separate from the delay-reach task, Russo et al. (2020) studied a cycling

task and noticed a different type of population dynamics in the M1 that

was not relevant for tracking the task. M1 neurons had high ”divergence”,

meaning that similar initial states led to very different trajectory. Impor-

tantly, supplementary motor area (SMA) had low divergence and could

track the closed-loop context. This population projects to M1, illustrating

an alternative perspective in which the motor cortex continuously receives

persistent inputs from other brain regions to guide motor output, rather

than simply setting an initial state. This was also supported in works from

Sauerbrei et al. (2019). These studies illustrate the importance of u(t) in

Equation (1.3) encoding intra-regional communication in motor system.

10



1.4 Optimal Control in Motor System

Another class of dynamical system models used in motor control, sep-

arate from M1 responses, is optimal feedback control models. Optimal

controllers have been used to understand how the brain governs motor

control and coordination (Scott, 2004). This framework provides insights

into how the brain functions as a controller to achieve task-related goals

efficiently and robustly.

1.4.1 Control Theory and the Brain as a Feedback Con-

troller

In control theory, the body’s musculoskeletal system is modeled as a plant

governed by physical laws. Applying a sequence of torques to the limbs

generates trajectories that execute behavior for a given task. The brain is

conceptualized as the controller that computes and generates these torques

to achieve the desired trajectory.

To achieve task-related goals, the brain relies on feedback for control.

A key framework for providing sensorimotor feedback within realistic

timescales involves internal models (Wolpert et al., 1995; Kawato, 1999).

1. Inverse models reverse the causal flow, computing the motor com-

mand to achieve the desired state trajectory.

2. Forward models predict the sensory consequences of motor com-

mands, allowing rapid optimization of control signals during motor

preparation before they are executed (Churchland, Yu, et al., 2006).
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1.4.2 Optimal Feedback Control: A Shift in Perspective

Optimal feedback control has become an influential framework in motor

control, particularly due to its ability to explain trial-to-trial variability in

motor tasks while consistently achieving goals (Todorov & Jordan, 2002).

Unlike earlier models that assumed the brain explicitly plans and controls

precise trajectories, optimal feedback control suggests that hand or limb

trajectories emerge naturally from the optimal control laws of a task. This

means that variability arises because the controller ignores noise in the

trajectory that does not interfere with task performance.

Optimal control provides a mathematical framework to find the optimal

sequence of inputs u to the underlying dynamical system x(t), which

minimizes a cost function J(x,u) that usually measures the goal of the

task.

1.4.3 Key Features of Optimal Feedback Control

Optimal State Estimation Optimal feedback control is based on an

accurate estimate of the current state of the system. This state estimate

is generated from two sources: afferent feedback from sensory receptors

and efferent copies of motor commands, which predict the sensory conse-

quences of actions. The state estimate integrates information about the

body, movements of the limbs, and external environment, allowing the

controller to distinguish between errors that affect the performance of the

task and those that do not (Scott, 2004).

Optimal Control Laws The controller transforms state variables (e.g.,

position, velocity, acceleration) into motor commands based on behavioral

goals. This involves solving an optimization problem to adjust feedback

gains in a way that minimizes a performance metric, such as the energy

expenditure or time required to complete a task.
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Minimal Intervention Principle An essential property of optimal

feedback control is the “minimal intervention principle” (Todorov & Jor-

dan, 2002). This principle states that only noise or errors that interfere

with task performance are corrected, while redundant variations are ig-

nored. This feature explains inter-trial variability in motor output: noise

that does not compromise task goals is left uncorrected, leading to vari-

ability that appears random but is actually optimized for efficiency. It

also ensures robustness in systems subject to noise in both motor outputs

and sensory inputs (Scott, 2004).

1.4.4 Implications for Motor Coordination

Optimal feedback control highlights the brain’s role as an adaptive and

efficient controller, modifying feedback signals to achieve optimal perfor-

mance metrics. In contrast, some dynamical system models portray the

motor cortex as largely autonomous (Sussillo et al., 2015; Churchland et

al., 2012), optimal control emphasizes that dynamics are input driven via

sensory feedback integrated from other brain regions (Sauerbrei et al.,

2019; Kalidindi et al., 2021) Bridging these ideas with the emergent dy-

namics described in Section 1.3.2, an optimal feedback controller may rely

on neural population dynamics to implement or refine control laws. In

this view, recurrent interactions in the motor cortex could serve as a sub-

strate through which feedforward predictions and real-time feedback are

integrated.

1.5 Locomotion

1.5.1 Rhythmic locomotion via central pattern generators

In the absence of sensory input or supraspinal control, the spinal cord can

generate rhythmic patterns of movement, such as walking, swimming, and
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Figure 1.2. Conserved brainstem locomotor circuits across vertebrates.
This schematic was adapted from (Ryczko, 2022).

crawling (Dubuc et al., 2023; Grillner & Zangger, 1975; Grillner, 1981).

In both vertebrates and invertebrates, there are intrinsic networks of in-

terneurons that produce distinct sequences of activity, which project to

motor neurons while inhibiting neurons that would counteract these move-

ments (Marder & Bucher, 2001). These networks, known as Central Pat-

tern Generators (CPGs), are crucial for driving motor patterns (Grillner,

1985; Delvolvé et al., 1999; Stein, 2004; Cohen & Wallén, 1980).

CPGs in the spinal cord coordinate rhythmic movements and are acti-

vated by descending control from the brainstem (Selverston & Moulins,

1985). This descending control shapes how CPGs are activated and initi-

ates the movement. Sensory feedback is used to regulate periodic move-

ments (Katz, 1996), while for ballistic movements, predictive control of the

model (feedback) is used to account for the timing constraints (Squire et

al., 2008).

Dynamical systems had already been adopted to understanding low-level

neural control and modeling the CPG in the spinal cord. CPGs generate

rhythmic patterns that shape muscle activity to encode locomotion, such

14



as crawling, swimming, and walking. This phenomenon is conserved across

vertebrates (Grillner, 1985; Delvolvé et al., 1999; Stein, 2004; Cohen &

Wallén, 1980) and invertebrates (Berkowitz & Laurent, 1996; Marder et

al., 2005). Although sensory feedback can modulate CPG activity, much

of the pattern generation stems from intrinsic connectivity and descending

reticulospinal drive.

1.5.2 Brainstem control of locomotion

Stimulating the spinal cord alone, without brain involvement, is sufficient

to generate complex patterns of muscle activity and behavior. However,

for locomotion to be appropriate for the environment, descending inputs

from Reticulospinal (RS) neurons are required. These RS neurons relay

locomotor commands from the MLR and nMLF. The midbrain and hind-

brain regions are responsible for the initiation of movement and gait con-

trol (Orlovskĭı et al., 1966). The Mesencephalic Locomotor Region (MLR)

is a part of the midbrain and is responsible for initiating movement and

controlling gait (Ml et al., 1966). Increased stimulation to the MLR has

shown to increase the speed of the rhythmic motor pattern and eventu-

ally switch gaits. The MLR projects downstream to the reticulospinal

neurons in the hindbrain, which relay locomotor commands to the spinal

cord (Grillner, 2008).The MLR and reticulospinal neurons are structures

widely conserved in vertebrates (Ryczko, 2022); see Figure 1.2.

1.6 Learning dynamics of behavior

Section 1.3.2 discussed the neural dynamics view in governing behavior.

Dynamic equations are often generalized by:
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ẋ = f(x, u) (1.4)

y = g(x) (1.5)

where x is the latent/neural state of the system, u is the control input, f is

the dynamics function, and g is the output function where y is the readout

of the observed behavior. A key challenge in understanding behavior is

to learn the dynamics of the system from the observed data. Often this

requires us to learn f and g from the data, and fit it to a set of parameters

θ, such that

ẋ = f(x, u; θ) and y = g(x; θ) (1.6)

It is often infeasible to measure all neural activity with high spatial and

temporal resolution. Therefore one must look elsewhere, such as restrict-

ing measurements to a small regions of the brain, or strictly measuring

the behavior of the animal. Advancements in behavioral tracking, e.g.,

SLEAP (Pereira et al., 2022) and DeepLabCut (Nath et al., 2019), have

made it possible to acquire long behavior recordings with high dimension-

ality of the data. Furthermore, naturalistic behaviors can be captured

with detailed posture recordings to track the dynamics of the system.

With rich behavioral datasets and high throughput, new methods have

been developed to learn the underlying dynamics of the data.

1.6.1 Data-driven methods

Delayed-embedding Delay embedding methods are commonly used to

model time series of observations from systems whose underlying state is

not fully observed. These methods model the dynamics in an augmented
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space in which the state is extended to include multiple time points, and in

which the dynamics are assumed to take a more simple form but can still

be mapped to the dynamics of the original system (Takens, 2006). This

approach was implemented in Ahamed et al. (2020), where postural time

series data from C. Elegans were time-embedded to construct a highly

predictive state space. However, delay embedding methods are often sen-

sitive to the choice of embedding parameters (Tan et al., 2023). Moreover,

this autonomous view of dynamics fails to consider the impact of unknown

control signals that may arise either endogenously (e.g., hunger, motiva-

tion) or exogenously (e.g., oxygen levels, temperature), otherwise infer

from the residuals (Fieseler, Zimmer, & Kutz, 2020; Brunton, Brunton,

Proctor, Kaiser, & Kutz, 2017).

1.6.2 Model-based methods

Latent dynamical system models

Alternatively, one can take a generative approach and model observa-

tions as arising from a latent dynamical system, whose parameters can be

learned from data.

Switching linear dynamical systems In the context of behavioral

data modeling, switching Linear Dynamical System (LDS) models have

been particularly popular and are at the core of some of the most widely

used algorithms for behavioral segmentation (Datta et al., 2019). These

models assume the existence of a hidden, discrete state that parametrizes

the processes generating the data, with the system using different dynam-

ics depending on the value of the hidden state. For instance, MoSeq (Datta

et al., 2019) employs an auto-regressive generative process coupled with

a sticky Hidden Markov Model (HMM). An alternative strategy employs

adaptive segmentation algorithms that rely on statistical model testing
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instead of explicit state transitions (Costa et al., 2019). Such models have

been used to successfully segment behavioral time series in various con-

texts (Batty et al., 2019; Johnson et al., 2020), and relating switches in

behavior to concurrent neural recordings has yielded interesting insights

into the way the brain controls behavior (Markowitz et al., 2023). How-

ever, a potential limitation of switching LDS models is their reliance on

multiple underlying dynamical systems, which complicates the interpreta-

tion of the learned dynamics.

Input-driven latent dynamics Another approach to modeling behav-

ioral dynamics, which accounts for potential discontinuities caused by fac-

tors such as transient changes to the environment and changes in strategies

from the brain, is to use input-driven latent dynamical systems models.

However, learning these dynamics while simultaneously modeling the un-

observed inputs driving them is a highly challenging and often degenerate

problem. Two methods, LFADS (Pandarinath, O’Shea, et al., 2018) and

iLQR-VAE (Schimel et al., 2022), have recently been proposed to ad-

dress this issue and have shown promising results on various synthetic

and real-world datasets. Both of these methods harness the framework of

variational inference by formulating the learning problem as a Variational

Autoencoder (VAE) (Kingma & Welling, 2013), and approximating the

posterior distribution over unobserved inputs with a Gaussian distribu-

tion. The key difference between the two methods is the way in which the

posterior inputs are computed: in LFADS, the posterior mean is amortized

using a bidirectional Recurrent Neural Network (RNN), while iLQR-VAE

uses iterative Linear Quadratic Regulator (iLQR) (Li & Todorov, 2004)

to obtain the inputs most likely to have generated the observations, given

the model parameters. Additionally, iLQR has been shown to work with

several choices of priors over the inputs (and in particular with sparse pri-

ors), while LFADS has largely been used with a choice of auto-regressive
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prior. Although to our knowledge, there have been very few examples of

work modeling behavioral observations using such input-driven, latent dy-

namical models, we note that Wimalasena et al. (2022) used AutoLFADS

(Keshtkaran et al., 2022) to model muscle activity in mice and monkeys.

Importantly, however, they made the assumption that the muscles were

driven by continuous auto-regressive inputs, as required by the LFADS

formulation.

1.7 The larval zebrafish model

In the following section, we shift our attention from modeling strategies

to a specific experimental model, larval zebrafish, where these tools and

theoretical frameworks can be directly applied to investigate locomotor

behavior and its neural basis.

1.7.1 Behavior

Larval zebrafish have long been studied as a biological model in motor

system neuroscience due to their genetic accessibility and rapid devel-

opment (Budick & O’Malley, 2000), allowing them to perform complex

tasks (Dreosti et al., 2015; Marques et al., 2019; Markov et al., 2021;

Petrucco et al., 2023; Yang et al., 2024). The larvae move in discrete

episodes of propulsion known as swim bouts (see Figure 1.3), which typ-

ically last between 200-300 ms. Most of their behavior can be described

by measuring tail angle along segments of tail; see Figure 1.4. In contrast

to adult zebrafish, which is also studied and exhibits an anguilliform gait,

larval zebrafish typically employs a carangiform gait (Agha et al., 2024).

This form of locomotion concentrates undulatory movements mainly in

the rear portion of the tail, thereby optimizing for efficient acceleration

and propulsion (Kuo & Eliasmith, 2005).
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Figure 1.3. Larval zebrafish move with short tail bursts for stabilization.
(Left) Tail angle tracked across segments during bouts. (Right) Fish x-y
coordinates during tail movements, dots every 10 ms.

Figure 1.4. (A) Dorsal image of the posture of a 7 dpf larval zebrafish.
(B) Behavior tracking software measures the segment angle with respect
to the swim bladder. Seven tail segment angles captures a compressed
representation of the image posture in (A). It is possible to acquire long
tail recordings (∼ 1hr) at fast acquisition (700 Hz) with the aid of online
segment tracking extraction. (C) The angle of each track segment pro-
duces a time series. The ensemble of these segments is an abstraction of
swim which reflects the behavior of the fish in time. (D) The kymograph
representation of these tracked segments show coupling of the tail angle
oscillations, and uncovers a group wave that propagates backwards along
the fish. This explains how side-to-side tail oscillations generate a forward
propulsion in the movement of the fish.
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1.7.2 Neural basis of locomotion

A combination of genetic tools and optical techniques has enabled non-

invasive neuronal recordings of the whole brain in larval zebrafish (Ahrens

et al., 2013). Transgenic lines that specifically label hindbrain neurons,

like nMLF and RS neurons, have provided insight into the functional

role of neural circuits that control locomotion in zebrafish (Severi et al.,

2014, 2018; Kimura et al., 2013). Through these techniques, early studies

showed that Mauthner cells and their homolog pairs are responsible for

initiating escape swims (O’Malley, Kao, & Fetcho, 1996). Since then, stud-

ies have continued to further our understanding of hindbrain neurons that

modulate kinematic characteristics of movement, such as onset (Severi et

al., 2018; Berg et al., 2023), amplitude of turn (Orger et al., 2008; Huang

et al., 2013; Thiele et al., 2014), frequency of beat of the tail (Severi et al.,

2014; Carbo-Tano et al., 2023), duration of swimming (Berg et al., 2023),

and swimming speed (Kimura et al., 2013; Severi et al., 2014; Berg et

al., 2023). Behavioral set-ups with closed-loop paradigms have been used

to see how sensory inputs modulate behavioral response, and how sen-

sory integration of hindbrain neurons determines the appropriate motor

command for the fish to swim (Dunn et al., 2016; Severi et al., 2014).

In particular, this circuit identification approach to kinematic features is

widely adopted in the larval zebrafish community. Although larval ze-

brafish do not have a motor cortex, the structures of the midbrain and

hindbrain are conserved with those of other vertebrates, and kinematic fea-

ture analysis has helped develop our understanding of the neural basis for

locomotor control (Carbo-Tano et al., 2023). However, these approaches

are largely driven by kinematic features relevant to the task which are

chosen subjectively based on perceived importance. A dynamical systems

approach enables generative methods that can propose hypotheses for the

underlying computation of locomotion (Vyas et al., 2020). Finally, in
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Figure 1.5. Model proposal: Input-driven dynamical system of behavior
in the larval zebrafish.

the absence of a dynamical model, proposing hypotheses on how behavior

adapts to perturbations or how actions are compensated for becomes a

challenge.

1.8 Thesis objectives

The present work was designed to identify the behavior of the larval ze-

brafish as a dynamical system controlled by sparse input. We first outline

the optimal control framework and an implementation of the differentiable

iLQR algorithm in JAX, DiffiLQRAX (Mullen & Schimel, 2025). Opti-

mal control is central to inferring which external inputs are necessary to

generate desired behaviors in the zebrafish.

To learn the dynamics of the zebrafish, we used the iLQR-VAE framework.

This fitted distributions over the measured tail angle of swims through

a sparse, low-dimensional control space. This framework allowed us to

learn a mapping across two different spaces: upstream control from the

downstream tail dynamics; see Figure 1.5.

We aimed to make sense of the learned dynamics through the sparse con-

trol space. We evaluated how the sparse control mapped to kinematic

features of movement linking representation of behavior. We also tested
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if the control could predict features the model was not trained on, such as

navigational features or dynamics of pectoral fin movements.

To understand the computation of the learned dynamics, we fitted the

behavior using the iLQR-VAE with a linear network model. We used

balanced model reduction to compress the underlying dynamics. We then

explored how different dynamical components were recruited in movement

generation. Using a dataset with pharmacological manipulation, we illus-

trated via model reduction that the learned dynamics were invariant to

the perturbation despite changes in behavior. However, the control space

showed significant differences in their sparsity to generate the same be-

havior type.

The final objective was to compare the inferred control space of the model

to neuronal recordings in the hindbrain of larval zebrafish. We applied the

model to free-swimming behavior and embedded head-restrained move-

ments within this space to relate the findings to naturalistic behaviors.

23



Chapter 2

DiffiLQRAX: Efficient and

scalable differentiable

controller
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2.1 Summary

In this chapter, we describe a non-linear control algorithm and its imple-

mentation, DiffiLQRAX , in Python using the JAX library. Section 2.3

outlines the mathematical framework for the package. Specifically, in Sec-

tions 2.3.1 and 2.3.2 we introduce the mathematical framework of the Lin-

ear Quadratic Regulator (LQR) problem, then we adapt the LQR problem

for non-linear problems using the iterative Linear Quadratic Regulator

(iLQR) method in Section 2.3.3. Finally, we introduce the theory of par-

allelizing sequential algorithms using associative dynamic programming in

Sections 2.3.4 to 2.3.6.

In Section 2.4, we describe the high-level design structure of the soft-

ware package and the use of the different modules to solve the LQR and

iLQR problems. We illustrate in Sections 2.5.1 and 2.5.2 the solutions

to the solvers are numerically sound and have been compared with other

well-known methods to solve such problems. In Section 2.5.3, we com-

pare the time profile with the sequential and parallel solvers. Then we

demonstrated how the differentiable solvers can be integrated in common

deep-learning tools such as VAEs with toy examples, in Section 2.5.4.
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2.2 Introduction

The underlying principle of optimal control is to steer a system to a target

with minimal cost. Thus, optimal control has an important role in systems

stabilization, state feedback and probabilistic inference (Todorov, 2006;

Schimel et al., 2022). This field of engineering has been applied to many

areas, such as autonomous vehicles (Varma et al., 2020), robotics (Recht,

2019), earth science (Soldatenko & Yusupov, 2021; Minchala-Avila et al.,

2015), and finance (Fotoohi Bafghi et al., 2022; Soner, 2004). Importantly,

optimal control has seen traction in systems neuroscience (Castiñeiras &

Renart, 2022; Hennequin et al., 2014).

The optimal control sequence can be efficiently obtained for problems with

distinct structures, such as solving the Linear Quadratic Regulator (LQR)

problem using quadratic programming to minimize a quadratic cost under

a linear equality constraint. The challenge arises when the system is non-

linear, and the cost function is non-convex. In this case, the optimal

control sequence can be approximated using iterative methods, such as

iterative Linear Quadratic Regulator (iLQR) (Li & Todorov, 2004) and

Adaptive Dynamic Programming (ADP) (Bian et al., 2014). Automatic

Differentiation (autodiff) and Graphical Processing Unit (GPU) scalability

have enabled the development of efficient numerical solvers for optimal

control problems.

The JAX (Bradbury et al., 2018) Python library is widely adopted in the

ML community due to its Numpy-like syntax, GPU scalability, functional

programming style with Just-In-Time (JIT) compilation, and autodiff.

Unlike other frameworks such as TensorFlow and PyTorch, JAX allows

users to customize low-level functions, such as defining specific backward

and forward gradients. These features make JAX an ideal environment

for developing and creating open source software (DeepMind et al., 2020).
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Dynamic Programming (DP) can solve recursive problems with linear time

complexity, like with the Hamilton-Jacobi-Bellman equation (Todorov,

2008). However, the sequential nature of recursive problems typically

resists parallelization. Blelloch (1989) introduced associative scanning, a

paradigm that enables parallelization of sequential algorithms providing

the operator is associative. This approach has recently been applied in

deep learning, including in linear RNNs (Gonzalez et al., 2024; Smith et

al., 2023), Kalman smoothers (Sarkka & Garcia-Fernandez, 2021), and

other networks (Feng et al., 2024).

We develop a differentiable, non-linear optimal control package, DiffilQRAX1,

which leverages the JAX library to solve optimal control problems. We

follow the functional programming style and implement an LQR solver

that solves the Riccati equations using DP. Exploiting JAX’s autodiff

capabilities, we implement an iLQR solver that approximates the optimal

control sequence for non-linear systems. Iteratively solving the local

LQR problem until a local optimum is achieved. There is an additional

back-tracking line search feature for faster convergence. Both the LQR

and iLQR solvers are fully differentiable, and gradients are implicitly

obtained, reducing memory overhead due to excessive rollouts (Blondel

et al., 2021; Schimel et al., 2022; Amos & Kolter, 2017). Differentiable

solvers allow for integration with deep learning models and can be used

as inference layers in variational auto-encoders (Kingma & Welling, 2013;

Schimel et al., 2022). Finally, we implement an associative DP solver

that parallelizes the Bellman equation (Sarkka & Garcia-Fernandez,

2023), enabling efficient computation of the optimal control sequence for

large-scale problems to be scalable on GPU.

1https://diffilqrax.readthedocs.io
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2.3 Background

In general, a control optimization problem consists of a cost function, J ,

and a dynamical constraint, ft, that describes how the state evolves at

time t,

minimize
{u0,...,uT−1}

J (x, u) = ℓf (xT ) +
T−1∑
t=0

ℓt(xt, ut) (2.1)

subject to xt+1 = ft(xt, ut), t = 0, . . . , T − 1 (2.2)

x0 = xinit (2.3)

where ℓt(·, ·) is the momentary cost function at time t for a given input

ut ∈ Rm and state xt ∈ Rn. The goal is to find an optimal state feedback

law u∗t (xt), that minimizes the cost function J given the control sequence

u∗ = {u∗0, . . . , u∗T−1}.

2.3.1 Dynamic programming

Dynamic Programming (DP) is a special case of optimization that ex-

ploits the self-consistent structure of the optimal solution in a sequential

problem. Given the principle of optimality, optimal control is obtained

by recursively sweeping back through time using the previous optimal so-

lution to solve the current subset of problems (Kirk, 2012). Therefore,

DP constrains the problem so that the optimal control sequence u∗0:T−1 is

derived by reducing the minimization over the entire sequence of controls

to a sequence of minimization over a single control.

Providing that the optimization of the cost in the control problem satisfies

a Bellman equation, DP can be used to solve the optimization. We define

a Value function at time t, V(xt, t), as
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V(xt, t) = min
ut∈U
{ℓt(xt, ut) + V(xt+1, t+ 1)} (2.4)

this is the optimal (minimal) cost-to-go from time t to the terminal time T .

In order to initialize the Value function, the terminal boundary condition

is defined as, V(xT , T ) = ℓT (xT ). Therefore, we can dynamically sweep

back through time.

Using the Value function, we can find the optimal control law, by finding

the argmin of the Value function,

ut(xt) = arg min
ut∈U
{ℓt(xt, ut) + V(xt+1, t+ 1)} (2.5)

and successively compute the optimal trajectory {x∗t:T } in a single forward

pass,

x∗t+1 = ft(x
∗
t , u

∗
t (x

∗
t )) = f∗t (x∗t ). (2.6)

2.3.2 Linear quadratic program

Linear Quadratic Regulator (LQR) is a particular class of optimal con-

trol problems that are well-structured and can be solved efficiently using

quadratic programming. For the LQR problem, the ℓt term in Equa-

tion (2.1) is defined as

ℓt(xt, ut) =

[
xt

ut

]T [
Qt St

ST
t Rt

][
xt

ut

]
+

[
xt

ut

]T [
qt

rt

]
(2.7)

and terminal cost term,

ℓT (xT ) = xTTQTxT + xTT qT (2.8)
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The state cost Qt = QT
t ≽ 0 and input cost Rt = RT

t ≻ 0 are respectively

positive semi-definite and positive definite, and both symmetric matrices,

which ensure stability and uniqueness. The ft terms in Equation (2.2) are

defined as,

xt+1 = Atxt +Btut (2.9)

The optimization is constrained by the causal linear dynamics, where the

successive state xt+1 ∈ Rn is determined by the state space matrix A ∈
Rn×n and the input matrix B ∈ Rn×m, which act on the current state

xt ∈ Rn and control ut ∈ Rm, respectively. The state space matrix A and

input matrix B can be time-varying.

LQR Value function

The objective of the Value function, V(x, t), is to minimize the cost-to-go

from time t to the terminal time T , that is,

V(x, t) = min
ut:T

{lf (xT ) +

T−1∑
t

lt(xt, ut)} (2.10)

The principal of optimality in Equation (2.4) allows us to solve the LQR

problem by recursively solving the Value function backwards in time.

Therefore, the Value function at time t in Equation (2.10) can be rewritten

as a Bellman equation,

V(x, t) = min
ut

[xt
ut

]T [
Qt St

ST
t Rt

][
xt

ut

]
+

[
xt

ut

]T [
qt

rt

]
+ V(xt+1, t+ 1)


(2.11)
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where the Value function has a boundary condition at the final timepoint

t = T , that is,

V(x, T ) =
1

2
xTTVT vT + xTT vT (2.12)

parameterized by the terminal state cost, VT = QT and vT = qT . Impor-

tantly, to solve the LQR with DP we need the Value function to maintain

the same structure at all timepoints, t. Therefore to solve the Value func-

tion, V(xt, t), let,

V(xt, t+ 1) =
1

2
xTt+1Vt+1xt+1 + xTt+1vt+1 (2.13)

and substituting into Equation (2.11) yields,

V(x, t) = min
ut

(
1

2

[
xt

ut

]T [
Qt +AT

t Vt+1At St +AT
t Vt+1Bt

ST
t +BT

t Vt+1At Rt +BT
t Vt+1Bt

][
xt

ut

]
+

[
xt

ut

]T [
qt +AT

t vt+1

rt +BT
t vt+1

])
(2.14)

= min
ut

(
1

2

[
xt

ut

]T [
Qxx

t Qxu
t

Qux
t Quu

t

][
xt

ut

]
+

[
xt

ut

]T [
qxt

qut

])
(2.15)

having re-arranged variables x and u in terms of time t, and ag-

gregated the block matrix and vector terms in Equation (2.14) to

Qxx
t , Qxu

t , Qux
t , Quu

t , qxt , q
u
t . The optimal inputs minimize this function

using a state feedback law, u∗t (xt),

u∗t (xt) = Ktxt + kt (2.16)
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where Kt = −Quu−1

t Qux
t and kt = −Quu−1

t qut are the optimal gain and bias

terms. By substituting the optimal state feedback law Equation (2.16) into

Equation (2.15), we can obtain the optimal Value function at time t,

V(xt, t) =
1

2
xTt Vtxt + xTt vt (2.17)

preserving the structure of the Value function as in Equation (2.13). Once

we have solved the Value function at time t, we can compute the gains

K and k at time t − 1, thereby determining the optimal control policy

and finding the entire optimal control sequence backward in time. De-

tails of solving the Value function and gain matrices can be found in

Appendix A.1.

2.3.3 Iterative linear quadratic regulator

The iterative Linear Quadratic Regulator (iLQR) is an extension of the

LQR that solves optimal control problems with a nonlinear cost, con-

strained by nonlinear dynamics. The iLQR algorithm is an iterative

method that solves LQR problems around a local trajectory by updat-

ing the control sequence with optimal deviations until the cost converges

to a local optimum. Input deviations minimize a local quadratic approx-

imation of the cost and can therefore be interpreted as a quasi-Newton

gradient descent method on the input sequence (Xie & Gang, 2021).

The general form of the iLQR problem is defined as,

minimize
u,x

J (x, u) =

T−1∑
t=0

C(xt, ut) + Cf (xT )

subject to xt+1 = f(xt, ut), t ∈ [0, T ]

(2.18)
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At each iteration i = 1, 2, 3, . . . of the iLQR algorithm, the cost and

dynamics functions are locally approximated around the current state x(i)

and input u(i) sequence. The initial x(i) trajectory is obtained by applying

the initialized control sequence u(i) to the dynamics.

The linearized dynamics, f̂ , is defined as,

f̂ (i)(δxt, δut) = f(x
(i)
t , u

(i)
t ) +Atδxt +Btδut (2.19)

where A = ∇xf and B = ∇uf are the Jacobians of the dynamics function

f (Li & Todorov, 2004). Similarly, the cost function is linearized Ĵ as,

Ĵ (i)(δxt, δut) = J (x
(i)
t , u

(i)
t )+

1

2

[
δxt

δut

]T [
Cxx
t Cxu

t

Cux
t Cuu

t

][
δxt

δut

]
+

[
δxt

δut

]T [
Cx
t

Cu
t

]
(2.20)

where δx and δu are deviations from the trajectories. The cost parameters

are Hessians and Jacobians around the state and input trajectories, Cxx =

∇2
xC, Cuu = ∇2

uC, Cux = ∇uxC, Cx = ∇xC, Cu = ∇uC, and Cxx = ∇2
xC.

To ensure there exists a global optimal in the cost Levenberg-Marquardt

regularization is enforced on the cost matrices Cxx and Cuu (Tassa et al.,

2012). Therefore, we add a small non-negative offset ζ along the diagonal,

Cxx ← Cxx + ζI, such that Cxx ≻ 0 and Cuu ≻ 0.

Equations (2.19) and (2.20) have the same form as the LQR in Equa-

tions (2.7) to (2.9). However, now evaluating the linear-quadratic problem

for small deviations around the input and state trajectories. Therefore,

inputs can be improved by solving LQR and finding optimal input pertur-

bations around the current i-th iterations, hence,
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u
(i+1)
t = u

(i)
t + δu∗t (2.21)

This can generate another trajectory with a forward rollout, and the pro-

cess of local approximations can be repeated until the input sequence

converges to a local optimum. The optimal input deviation, δu∗t , is ob-

tained, similar to solving the LQR Value function in Equation (2.11), but

this time is around state deviations,

V(δxt, t) = min
δut

1

2

[
δxt

δut

]T [
Cxxt Cxut
Cuxt Cuut

][
δxt

δut

]
+

[
δxt

δut

]T [
Cxt
Cut

]
+

V(f(xt + δxt, ut + δut), t+ 1)}

(2.22)

and,

δu∗t = Ktδxt + kt (2.23)

which is then used to update Equation (2.21) (Aaqaoui & Mohammed,

2024; Li & Todorov, 2004). The updated state trajectory x(i+1) and the

control input sequence u(i+1) can be acquired once all gain terms have been

collected. The non-linear cost value is evaluated using the new i+ 1 itera-

tion of the state and input trajectories. These steps are repeated until the

costs reach a convergence threshold; further details are in Appendix A.4.

2.3.4 Associative dynamic programming

Dynamic programming is a sequential algorithm where the solution is ob-

tained in linear time O(T ). Blelloch (1989) developed the associative scan

algorithm that allows the parallelization of certain sequential algorithms,
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Figure 2.1. (A) The flow of information in a sequential recursive algo-
rithm (left) is based on its left-neighboring element. In contrast, the as-
sociative algorithm (right) computes values in parallel and stores them in
intermediate layers. (B) An example of an associative algorithm is prefix
summation. Parallelization occurs in two steps, the up-sweep (left) and
the down sweep (right).

reducing the time complexity toO(log T ). Associative scans can be formed

if the function is a binary operator, i.e. f : X ×X → X , and the operator

is associative, e.g. (a⊕ b)⊕ c = a⊕ (b⊕ c).

Prefix sum algorithm

The first demonstration of this case was the all-prefix summation (Blelloch,

1989). Given an array length N ,

[a1, a2, . . . , aN−1] (2.24)

the associative binary operator ⊕ sequentially scans through the array,

producing

[a1, (a1 ⊕ a2), . . . , (a1 ⊕ a2 ⊕ · · · ⊕ aN−1)] (2.25)

The associative scan consists of two phases, the up-sweep (reduction) and

down-sweep (Sengupta et al., 2006); see Algorithm 1. As schematized

in Figure 2.1b, for the up-sweep phase, each pair of elements is summed
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Algorithm 1 Parallel all-prefix sum algorithm. The up-sweep phase fol-
lowed by the down sweep phase

1: procedure up-sweep
2: for d := 0 to log2 n− 1 do
3: for all k from 0 to n− 1 by 2d+1 do in parallel
4: a[k + 2d+1 − 1] := a[k + 2d − 1] + a[k + 2d+1 − 1]
5: end for
6: end for
7: end procedure

8: procedure down-sweep
9: for d := log2 n− 1 to 0 do

10: for all k from 0 to n− 1 by 2d+1 do in parallel
11: t := a[k + 2d − 1]
12: a[k + 2d − 1] := a[k + 2d+1 − 1]
13: a[k + 2d+1 − 1] := t+ a[k + 2d+1 − 1]
14: end for
15: end for
16: end procedure

in parallel, with their intermediate results stored to form a new, sparse

partial layer. This process is repeated: the elements of each new partial

layer are summed and stored until the sequence is reduced to a final sum.

The down-sweep phase uses a different parallel operator, which requires

both partial sums and odd-indexed values, but follows the same commu-

nication pattern. Note, as shown in Figure 2.1b, the final sum from the

up-sweep is replaced with 0 before the down-sweep. This operator takes

two inputs and produces two outputs: the left output is the right input

copied over, and the right output is the sum of both inputs (Blelloch,

1990).
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2.3.5 Parallel LQR backward pass (Riccati recursion)

Section 2.3.2 has shown that the value function can be solved using the

Bellman equation, a first-order recurrence equation; see Equation (2.4).

Hence, optimal control can be obtained using the state feedback law;

see Equation (2.5). Blelloch (1989) showed that first-order recurrence

equations can be framed as a prefix sum operation, and thus, solved in

parallel using the associative scan algorithm; see Appendix A.5.1 for more

details.

Therefore, given the minimization operator is associative, an alternative

to solving the value function sequentially in reverse time is to follow a

method similar to the Blelloch (1989) prefix summation algorithm. In this

approach, partial value functions, known as Conditional Value Function

(CVF), are independently solved in parallel, and these partial solutions

are then combined to recover the full value function. Since the Riccati

recursion operator is associative (Sarkka & Garcia-Fernandez, 2023), we

can generate a set of sub-problems to find the CVF.

Conditional Value function The CVF is the cost function of the opti-

mal trajectory from xi to xk, and is denoted as Vi→k(xi, xk). It is defined

as,

Vi→k(xi, xk) = minimize
ui:k−1

k−1∑
t=i

lt(xt, ut)

subject to xt+1 = Atxt +Btut + at, t ∈ [i, k − 1]

(2.26)

Due to the principle of optimality, we can partition the Value function

into CVFs, minimized over given states. Therefore, combination of the

CVF can be written as,
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Vi→k(xi, xk) = min
xj

{Vi→j(xi, xj) + Vj→k(xj , xk)} (2.27)

where i < j < k ≤ T and so we can obtain the Value function at time

t = i from the CVFs by minimizing over state xk,

V(xi, i) = min
xk

{Vi→k(xi, xk) + V(xk, k)}. (2.28)

The minimization in Equation (2.28) also returns the minimizing state

xk. According to the principle of optimality, this value represents the

state at time step k, situated on the optimal trajectory from xi to time T .

Likewise for Equation (2.27), minimizing over xj forms part of the optimal

trajectory from xi to xk.

Value functions associative operator The associative elements for

the parallel backward scan are the CVFs. As in Equation (2.27), the min-

imization function over the state xj is the binary and associative operator;

see proof for associativity in Appendix A.5.2. For shorthand notation, the

set of CVFs elements, ai, are defined as,

ai = Vi→i+1(xi, xi+1) (2.29)

and are initialised for i ∈ [0, 1, . . . , T ]. Noting that the terminal CVF

element is defined as VT→T+1(xT , xT+1) := V(xT , T ). Then to roll out the

parallel scan as in Equation (2.27), elements are combined as,

ai ◦ ai+1 ◦ · · · ◦ ak−1 = Vi→k(xi, xk) (2.30)

where the associative min operator is denoted as ◦. The terminal element

can be used to recover the Value function as,
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ak ◦ ak+1 ◦ · · · ◦ aT = V(xk,K) (2.31)

corresponding to the value function recursion in Equation (2.28). For

further details see Appendix A.5.2.

2.3.6 Parallel LQR forward pass (State integration)

Once the value functions are solved and optimal control law obtained,

the optimal trajectory can be recovered, i.e. {x∗} = (x∗0, . . . , x
∗
T ). Equa-

tion (2.6) can be written as a composition of functions,

x∗k+1 = (f∗k ◦ f∗k−1 ◦ · · · ◦ f∗0 )(x0) (2.32)

where f∗k is the optimal control law at time k. As shown in Appendix A.5.1,

linear state dynamics is a first-order recurrence problem that can be solved

in parallel.

The optimal control law can be written as an effective autonomous dy-

namical system when considering the optimal gains from Equations (2.9)

and (2.16),

f∗k = F̃kxk + c̃k (2.33)

where,

F̃k = Ak −BkKk (2.34)

c̃k = ak +Bkkk (2.35)
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Conditional optimal trajectory The conditional optimal trajectory

function is a fragment of the optimal trajectory. For example the opti-

mal trajectory from xi to xk, driven by dynamic function f∗i→k(xi, xk), is

composed by the functional composite

f∗i→k = (f∗k−1 ◦ · · · ◦ f∗i+1 ◦ f∗i )(xi) (2.36)

= F̃i→kxi + c̃i→k (2.37)

The optimal trajectory driven by f∗i→k(xi, xk), can be composed of partial

conditional optimal trajectories functions f∗i→j(xi, xj) and f∗j→k(xj , xk).

Therefore, the conditional coefficients in Equation (2.37) can be combined

as,

F̃i→k = F̃j→kF̃i→j (2.38)

c̃i→k = F̃j→k c̃i→j + c̃j→k (2.39)

where i < j < k ≤ T , details shown in Appendix A.5.1.

2.4 Design principle

DiffiLQRAX follows the functional programming style as in the JAX li-

brary. The main design principle is to create a generic, associative, and

differentiable solver for the LQR and iLQR problems Table 2.1. Each

solver is optimized for specific purposes: generic solver for CPU, differen-

tiable solver for optimization layer in deep networks or meta-learning, and

associative for scalable parallel computation on GPU.

The LQR solvers, require specification of the cost and dynamics parame-

ters, as in Equations (2.7) to (2.9), and the solver will return the optimal

state trajectory, x, control sequence, u, and costate trajectory, λ, see List-

ing 1.
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Table 2.1. Selection of DiffiLQRAX solvers and optimal device to run
solvers

Solver type Module Optimal device Arguments

Generic lqr CPU LQRParams

ilqr CPU ThetaParams, System
Differentiable dlqr CPU/GPU LQRParams

dilqr CPU/GPU ThetaParams, System
Associative plqr GPU LQRParams

pilqr GPU ThetaParams, System

Listing 1 The format of LQR solver which applies to generic, associative,
and differentiable.

1 import jax.numpy as jnp

2 from diffilqrax.typs import LQRParams

3 from diffilqrax import lqr

4

5 lqr_params = LQRParams(x_init=jnp.zeros(3), lqr=mat_params)

6 opt_xs, opt_us, opt_adjoints = lqr.solve(lqr_params)

The iLQR solvers follow a similar structure to LQR, except that the solver

requires the non-linear dynamics and cost functions to be defined in the

System class. These functions will be Taylor approximated around the

nominal input and state trajectories, where the local LQR problem is

solved. Listing 2 also shows that optional line search hyperparameters

can be passed to speed up convergences Section 2.5.2.

Control flow in DiffiLQRAX Solvers To utilize the power of JAX JIT-

compilation and XLA compiler, control flows are defined in a specific form.

Firstly, if-else statements are replaced with vmap and jax.lax.cond

functions. Secondly, for loops are replaced with jax.lax.scan function.

This allows the JIT compiler to parallelize the computation and optimize

the code for the target device. Finally, iterative solvers that rely on a
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Listing 2 The format of iLQR solver which applies to generic, associative,
and differentiable.

1 import jax.numpy as jnp

2 import jax.random as jr

3 from diffilqrax import ilqr

4 from diffilqrax.typs import iLQRParams, Theta, ModelDims, System

5 from diffilqrax.utils import initialise_stable_dynamics, keygen

6

7 dims = ModelDims(8, 2, 100, dt=0.1)

8

9 key = jr.PRNGKey(seed=234)

10 key, skeys = keygen(key, 5)

11

12 Uh = initialise_stable_dynamics(next(skeys), dims.n, dims.horizon, 0.6)[0]

13 Wh = jr.normal(next(skeys), (dims.n, dims.m))

14 theta = Theta(Uh=Uh, Wh=Wh, sigma=jnp.zeros(dims.n), Q=jnp.eye(dims.n))

15 params = iLQRParams(x0=jr.normal(next(skeys), dims.n), theta=theta)

16 Us = jnp.zeros((dims.horizon, dims.m))

17 # define linesearch hyper parameters

18 ls_kwargs = {

19 "beta":0.8,

20 "max_iter_linesearch":16,

21 "tol":1e0,

22 "alpha_min":0.0001,

23 }

24 def cost(t, x, u, theta):

25 return jnp.sum(x**2) + jnp.sum(u**2)

26

27 def costf(x, theta):

28 return jnp.sum(x**2)

29

30 def dynamics(t, x, u, theta):

31 return jnp.tanh(theta.Uh @ x + theta.Wh @ u)

32

33 model = System(cost, costf, dynamics, dims)

34

35 (opt_xs, opt_us, opt_adjoints), total_cost = ilqr.ilqr_solver(params, model, Us,

**ls_kwargs)↪→
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convergence criteria rely on a while loop. As this loop could be infi-

nite it is not possible to reverse differentiate through the solver. Instead,

we replace the jax.lax.while loop with a jax.lax.scan and additional

max iteration parameter. In this case there is a conditional step function

that returns identity if the convergence criteria is met, otherwise continues

with the iterative step function.

2.5 Results

DiffiLQRAX was developed to provide a light-weight and efficient solver

for the LQR and iLQR problems (Mullen & Schimel, 2025). We tested

the performance of the solver on a range of control problems. The bulk of

the solver was developed using DP techniques, to reduce the complexity

of the problem. We validated the solution by comparing the results with

other methods and analyzing the convergence of the solver.

2.5.1 Optimal solution of LQR solver

The LQR algorithm relies on two recursive passes, Algorithm 2. First, the

backward pass that starts from the terminal cost and sweeps back through

time solving for the optimal gains. Then, the forward pass integrates

through the dynamics using the optimal feedback rule.

We ensured the LQR solution of the DiffiLQRAX solver was numerically

sound by (1) benchmarking its solution against alternative methods and

(2) verifying that its solution satisfied the KKT optimality conditions; see

Appendix A.2. The generic LQR solver is the core of DiffiLQRAX library,

as the non-linear, differentiable, and associative versions adopt a lot of the

functionality from the sequential backward-forward Riccati sweep version.
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Algorithm 2 Riccati Recursion for Solving LQR with KKT Conditions

1: procedure Backward pass
2: VN ← Qf

3: vN ← qf
4: for n = N − 1→ 0 do
5: R̃n ← Rn +BT

n Vn+1Bn

6: Kn ← −R̃−1
n (Sn +BT

n Vn+1An)
7: Vn ← Qn +AT

nVn+1An −KT
n R̃nKn

8: kn ← −R̃−1
n (sn +BT

n (Vn+1an + vn+1))
9: vn ← qn +AT

n (Vn+1an + vn+1)−KT
n R̃nkn

10: end for
11: λ0 ← V0x0 + v0
12: end procedure

13: procedure Forward pass
14: for n = N − 1→ 0 do
15: un ← Knxn + kn
16: xn+1 ← Anxn +Bnun + an
17: λn+1 ← Vn+1xn+1 + vn+1

18: end for
19: end procedure

Numerical Stability To encourage stability in the solver, we add

Levenberg-Marquardt regularization to enforce non-zero diagonal on R̃

before inversion (Tassa et al., 2012). We also explicitly symmetrize the

block-diagonal quadratic coefficients in Equation (2.15) to ensure that

AT = A is preserved after numerical operations.

Comparison of DiffiLQRAX solver with direct inversion and con-

jugate gradient methods

We compared the solution of the DiffiLQRAX solver with the direct inver-

sion and conjugate gradient methods; see Figure 2.2. The exact solution of

the LQR problem can be obtained by aggregating the cost and dynamic
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Figure 2.2. Generic DiffiLQRAX LQR solver solution compared to invert-
ing the KKT matrix directly (using JAX.numpy.linalg) and via conjugate
gradients (using jaxopt (Blondel et al., 2021)). The DiffiLQRAX solution
was equivalent to both methods within relative error of 10−6 and abso-
lute error of 10−8. Top row shows the evolution of the state trajectory
of x without input, with DiffiLQRAX solution, direct inversion and conju-
gate gradient, respectively. Bottom row shows the evolution of the input
trajectory of u with DiffiLQRAX solution, direct inversion and conjugate
gradient, respectively.
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Figure 2.3. Generic DiffiLQRAX LQR solver solution satisfies the KKT
optimality conditions. The top row shows the evolution of the optimal
state trajectory, x, the optimal input trajectory, u, and costate trajectory,
λ. The bottom row shows the Lagrangian constraints evaluated at each
time step, for optimality conditions all constraints should be zero.

constraints to form a band-diagonal KKT matrix, Appendix A.2. The

KKT matrix can then be inverted directly or implicitly using conjugate

gradient methods. After jit-compiling the LQR solver obtained the opti-

mal solution 376 ms ±27.7 ms per loop (µ±σ of 7 runs, 1 loop each). The

direct inversion method took 230 ms ±18 ms per loop (µ± σ of 7 runs, 1

loop each) and the conjugate gradient method took 307 ms ±15.8 ms per

loop (µ± σ of 7 runs, 1 loop each). Although the other methods outper-

formed the DiffiLQRAX solver, the complexity scales with O((Tnm)3), so

the solver is more efficient for large-scale problems.

Solution validation with Lagrangian optimality conditions

We then confirmed that the DiffiLQRAX inferred control sequence met

the KKT optimality conditions. In the LQR case, satisfying the KKT

condition is Sufficient Optimal Condition (SOC). The KKT conditions are

used to verify the solution of an optimization problem with both equality

and inequality constraints satisfying Necessary Optimal Condition (NOC).

With access to the LQR parameters, we explicitly computed the partial
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derivatives of the Lagrangian with respect to the state, input and costate

corresponding to the KKT equations; see Appendix A.2 for details. The

optimality conditions are satisfied when the Lagrangian constraints are

zero, see Figure 2.3.

2.5.2 iLQR solver: optimal control of coupled pendulum

We extended the generic LQR solver to handle non-linear problems by

iteratively solving local LQR subproblem, resulting in the iLQR solver.

While the core computations remain similar to the LQR solver, the key

difference is that the non-linear dynamics and cost functions are linearized

and quadratized around an initial state and input sequence.

At each iteration, the state and control variables are updated, and the cost

is recalculated. The updated cost is then compared to the previous one to

assess convergence. To improve the convergence rate, like Schimel et al.

(2022), we added a line search algorithm. This also prevents overshooting

when dealing with very non-convex problems.

Backtracking line search An additional feature to improve conver-

gence to a local optimum in the iLQR algorithm is to apply a 1D line

search on the linear gain term of Equation (2.23). The line search back-

tracking algorithm finds the optimal step size in the gain update to prevent

overshooting in the perturbation update (Tassa et al., 2012). This becomes

useful when the control problem is highly non-convex. Equation (2.23) is

adapted to have an addition hyperparameter, α, such that

δu∗t = Ktδxt + αkt (2.40)

The backtrack line search performs a series of forward rollouts using Equa-

tion (2.6) with the function f(x, u∗(x, α)), and the cost J (x, u;α) is eval-
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uated. Initially set with α = 1., that is, the largest step size, then geo-

metrically decrements until the local minimum is found.

2.5.3 Parallelization of LQR solver

In order to define an associative algorithm, we need to define (1) pairwise

elements parsed for parallel computation, and (2) the binary associative

operation to combine the results of the parallel computation. The JAX

library has an associative scan function that scans through tuples and

computes the operator in parallel alike the prefix summation in Algo-

rithm 1.

Value function associative elements and combinatorics operator

Sarkka and Garcia-Fernandez (2023) showed the combinatorics rules can

be obtained by maximizing the dual function of the LQR problem. Given

two elements obtained from the LQR parameters, their combination ob-

tained from Equations (2.27) and (2.28) is characterized by Listing 3. De-

tails of this derivation can be found in (Sarkka & Garcia-Fernandez, 2023)

which outlines the use of the dual function solution of the Lagrangian.

Importantly, the associative elements defined as in Equation (2.29) need

a terminal element which also yields the Value function Equation (2.31).

These elements are defined in Listing 4.

Forward pass associative elements and combinatorics operator

Similarly to the backward pass, the associative optimal trajectory defines

the forward elements and combinatorics rules. The generic elements use

the value function to obtain the optimal gains, and then the LQR param-

eters are rearranged to form the optimal state dynamics as in Sarkka and

Garcia-Fernandez (2023). The first associative element includes the initial

state, implemented as shown in Listing 5.
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Listing 3 Element combination rule for associative scan of value functions.

1 from jax import vmap

2 from jax.numpy import eye

3 from jax.scipy.linalg import solve

4

5

6 @vmap

7 def assoc_riccati_operator(elem1, elem2):

8 A1, a1, BRinvB1, v1, V1 = elem1 # unpacking elements

9 A2, a2, BRinvB2, v2, V2 = elem2

10

11 I = eye(x_dim) # state dimension

12

13 I_BRinvB1V2 = I + BRinvB1 @ V2

14 temp = solve(I_BRinvB1V2.T, A2.T).T

15 A = temp @ A1

16 a = temp @ (a1 + BRinvB1 @ v2) + a2

17 BRinvB = temp @ BRinvB1 @ A2.T + BRinvB2

18

19 I_V2BRinvB1 = I + V2 @ BRinvB1

20 temp = solve(I_V2BRinvB1.T, A1).T

21 v = temp @ (v2 - V2 @ a1) + v1

22 V = temp @ V2 @ A1 + V1

23 return A, a, BRinvB, v, V

24

25

26 # parallellised riccati scan

27 def parallel_riccati_scan(model: LQRParams):

28 first_elements = build_associative_riccati_elements(model)

29

30 final_elements = associative_scan(

31 assoc_riccati_operator, first_elements, reverse = True

32 )

33 vs = final_elements[-2]

34 Vs = final_elements[-1]

35 return vs, Vs, v[0] + V[0]@model.x0
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Listing 4 Defining associative elements from LQR parameters to solve
value functions in parallel.

1 from typing import Tuple

2 from jax import vmap, Array

3 import jax.numpy as jnp

4 import jax.scipy as jsc

5

6 from diffilqrax.typs import LQRParams

7

8

9 def build_associative_riccati_elements(

10 model: LQRParams,

11 ) -> Tuple[Tuple[Array, Array, Array, Array, Array]]:

12 """Join set of elements for associative scan."""

13 last_elem = last_riccati_element(model)

14 generic_elems = generic_riccati_element(model)

15 return tuple(

16 jnp.concatenate([jnp.expand_dims(last_e, 0), gen_es])

17 for gen_es, last_e in zip(generic_elems, last_elem)

18 )

19

20

21 # last riccati element

22 def last_riccati_element(model: LQRParams):

23 """Define last element of Riccati recursion"""

24 n_dims = model.lqr.Q.shape[1]

25 A = jnp.zeros((n_dims, n_dims), dtype=float)

26 a = jnp.zeros((n_dims,), dtype=float)

27 BTRinvB = jnp.zeros((n_dims, n_dims), dtype=float)

28 v = -model.lqr.qf

29 V = model.lqr.Qf

30 return A, a, BTRinvB, v, V

31

32

33 # generic riccati element

34 def generic_riccati_element(model: LQRParams):

35 """Generate generic Riccati element"""

36 n_dims = model.lqr.Q.shape[1]

37 A = model.lqr.A

38 a = model.lqr.a

39 R_invs = vmap(jsc.linalg.inv)(model.lqr.R)

40 BTRinvB = jnp.einsum("ijk,ikl,iml->ijm", model.lqr.B, R_invs, model.lqr.B)

41 v = -model.lqr.q

42 V = model.lqr.Q

43 return A, a, BTRinvB, v, V

50



Listing 5 Defining associative elements from LQR parameters to solve
optimal trajectory in parallel.

1 from typing import Tuple

2 from functools import partial

3 from jax import Array, vmap, tree_map

4 import jax.numpy as jnp

5 import jax.scipy as jsc

6

7 from diffilqrax.typs import LQRParams, LQR

8 pop_first = partial(tree_map, lambda x: x[1:])

9

10 def generic_lin_dyn_elements(lqr: LQR, v:Array, V:Array):

11 A, B, R, a = lqr.A, lqr.B, lqr.R, lqr.a

12 pinv = jsc.linalg.inv(B.T@V@B + R)

13 # define gain coeffs

14 Kv = pinv@B.T

15 Kc = Kv@V

16 Kx = Kc@A

17 Ft = A - B@Kx

18 ct = a + B@Kv@v - B@Kc@a

19 return Ft, ct

20

21 def first_lin_dyn_element(model: LQRParams, v0:Array, V0:Array, alpha:float):

22 A, B, R, a = model.lqr.A[0], model.lqr.B[0], model.lqr.R[0], model.lqr.a[0]

23 pinv = jsc.linalg.inv(B.T@V0@B + R)

24 Kv = pinv@B.T

25 Kc = Kv@V0

26 Kx = Kc@A

27 F0 = A - B@Kx

28 c0 = a + alpha*(B@Kv@v0 - B@Kc@a)

29 return jnp.zeros_like(V0), F0@model.x0 + c0, (Kx, Kv, Kc)

30

31

32 def build_associative_lin_dyn_elements(model: LQRParams, vs, Vs, alpha:float):

33 """Join set of elements for associative scan."""

34 first_elem = first_lin_dyn_element(model, vs[1], Vs[1], alpha) #this is at

k+1↪→
35 generic_elems = vmap(generic_lin_dyn_elements, in_axes =

(LQR(0,0,0,0,0,0,0,0,None,None), 0, 0))(pop_first(model.lqr), vs[2:],

Vs[2:])

↪→
↪→

36 return tuple(jnp.r_[jnp.expand_dims(first_e, 0), gen_es]

37 for first_e, gen_es in zip(first_elem, generic_elems))

51



Figure 2.4. GPU runtime comparison of sequential (solid lines) and par-
allel LQR (dashed lines) solver of combined control law and optimal tra-
jectory. Tested with different state dimensions, n, and input dimensions
m = n.

Evaluation of parallel vs sequential LQR solver

As the LQR problem is unique and both results were equivalent, we

used this experiment to compare the computational speed. The com-

putational speed was calculated by averaging over 5 trials excluding time

for jit-compilation. We tested parallel and sequential LQR solvers using

a NVIDIA A100-SXM4 with 80GB memory.

We compared the sequential and parallel LQR algorithms (including the

backward and forward pass) using random state dynamics initialized with

spectral radius 0.6, and cost,

Qk = 10In×n, Rk = Im×m. (2.41)

The results compare the problem with different horizons, T = {100, 101, . . . , 105}
in Figure 2.4 . The parallel LQR solver is faster than the sequential solver

in all dimensions by a factor of 100.
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2.5.4 Integrate differential optimal control layer in VAE

We demonstrated that iLQR can be used as an optimization algorithm.

When made differentiable, it can be integrated into a Variational Autoen-

coder (VAE), allowing the system’s dynamics and cost to be learned from

data. Since iLQR is iterative, direct differentiation is computationally ex-

pensive because all iterations must be unrolled during back propagation.

However, Amos and Kolter (2017) showed that the KKT conditions can

be used for implicit differentiation through the solver, which avoids un-

rolling all the solver’s iterations. Later, Schimel et al. (2022) introduced

an efficient method to back-propagate the implicit gradients by defining

the adjoints of the KKT as another LQR problem, thus preventing the

need to invert large matrices. This breakthrough made it feasible to in-

tegrate the differentiable iLQR solver as an optimization layer within a

VAE model.

We replicated the work of Schimel et al. (2022) and demonstrated that the

DiffiLQRAX library can be integrated with a VAE built in JAX. We also

extended this work by adapting the differentiable iLQR to use associative

scan, a key improvement. This approach enables GPU-scaled paralleliza-

tion, making it efficient to infer from samples with long horizons, capturing

more information about long-term dynamics.

iLQR-VAE model

Variational Autoencoder (VAE) are a probabilistic family of models used

to learn the underlying distribution of data via a low-dimensional latent

probability space (Kingma & Welling, 2013; Pandarinath, O’Shea, et al.,

2018). The model is composed of two parts: a generative model and a

recognition model. Once the VAE is trained on data, inferences can be

made on unseen data embedding them in the latent space. Also, sampling

53



from the latent space can generate new data samples. Schimel et al. (2022)

proposed iLQR-VAE that learns to capture observational time series of

input-driven latent dynamics. This relies on the use of the iLQR algorithm

as part of the recognition model.

Generative model The generative model is characterized by a set of

equations,

xt+1 = fθ(xt, ut) (2.42)

ot|xt ∼ pθ(ot|xt) (2.43)

ut ∼ pθ(ut) (2.44)

where, xt ∈ Rn is the latent state at time t, ut ∈ Rm is the control input,

and ot ∈ Rno is the observation. The latent dynamics transition function

fθ is parameterized by θ. The dynamics are deterministic which generates

a sequence of states x = {x0, . . . , xT } given an initial state x0 and input

sequence u = {u0, . . . , uT−1}. The observations are captured over the

distribution pθ(ot|xt) with a state readout function gθ(xt) = Cxt + b.

Here, we modeled the observational distribution as Gaussian, pθ(ot|xt) =

N (gθ(xt),Σ
2).

Variational Inference With a set ofN observationsO = {o(1), . . . ,o(N)}
the objective of the model is to maximize the marginal log-likelihood, L,

L =

N∑
n=1

log pθ(o
(n)) =

N∑
n=1

log

∫
pθ(o

(n)|x(u))pθ(u)du (2.45)

however, the integral in Equation 2.45 is often intractable. To avoid this,

we introduce a variational distribution qϕ(x|u) parameterized by ϕ that ap-
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proximates the true posterior distribution pθ(x|u). The approximate pos-

terior modifies the loss to be a lower bound on the marginal log-likelihood,

 L(ϕ, θ|O) =

N∑
n=1

Eqϕ(u|o(n))

[
T∑
t=1

log pθ(o
(n)
t |zt) + log pθ(ut)− log qϕ(ut|o(n))

]
≤ log pθ(O)

(2.46)

where  L is known as the Evidence Lower Bound (ELBO). The model is

trained by maximizing the ELBO with respect to both θ and ϕ parameters

which is a proxy for maximizing the log-likelihood.

Recognition model The recognition model is parameterized as

qϕ(u|o(n)) = N (u∗(o(n)),ΣS ⊗ ΣT ) (2.47)

u∗(o(n)) = iLQR(o(n), θ) (2.48)

= arg max
u

[
T∑
t=1

log pθ(o
(n)
t |u) + log pθ(ut)

]
(2.49)

The iLQR-VAE differs from the standard VAE by using the iLQR al-

gorithm to find the Maximum A Posteriori (MAP) rather than another

mapping function of observation to latent space. The iLQR algorithm is

used to find the optimal control sequence ut that minimizes the cost func-

tion given the current dynamics parameters θ. The MAP estimate is then

centered around a Gaussian distribution with the mean as the optimal

control sequence, u∗, and the covariance are composed of spatial factors,

ΣS , and temporal factors, ΣT
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Figure 2.5. VAE-iLQR model fit with Gaussian prior recovers un-
derlying rotational dynamics. (A.) A linear RNN trained by maximis-
ing ELBO loss converges over each epoch iteration. (B.) An example of
an observed trajectory (top) that is reconstructed from the trained model
(middle). The inferred control (bottom) used to generate the trajectory
showed similar onset to the true external impulse (black). (C.) The eigen-
values of the model (red) show that the model learns similar dynamics to
that of the toy model (black).

Recovery of underlying dynamics and control of toy model

To demonstrate the differentiable iLQR algorithm in DiffiLQRAX can be

used as an inference layer for the VAE model, we trained the model on

a toy dataset generated from a 2D linear dynamical system. Trajectories

were generated from a 2D linear system which received a random impulse

force, they were then projected onto a 10-dimensional observable space

and corrupted with Gaussian noise. We fitted a linear RNN with a Gaus-

sian prior on the input space; see Figure 2.5a. We were able to recover

similar eigenvalues as the true latent dynamics of the toy model, shown

in Figure 2.5c. Post-training, the iLQR could be used to infer optimal

control sequences to generate unseen data samples, Figure 2.5b. If the

generative model in the VAE was linear, the associative iLQR could be

used for training datasets with longer time sequences.
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2.6 Discussion

In summary, DiffiLQRAX is an open source software package that takes ad-

vantage of modern computer technology for efficient and scalable optimiza-

tions. This toolbox is designed to solve linear and non-linear optimization

problems with equality constraint using LQR. This toolbox differs from

other Python LQR packages in that it is differentiable and therefore can be

integrated in deep learning networks which had been demonstrated using

the Schimel et al. (2022) VAE model. Additional features like back-track

linesearch (Tassa et al., 2012), using the DP back propagate gradients

(Schimel et al., 2022), and associative LQR (Sarkka & Garcia-Fernandez,

2023) significantly optimized time expense in the solver and integration

with other deep learning models.

A drawback with the current iLQR-VAE model is that the iLQR solver

finds the optimal solution and sets this sequence as the mean of a pre-

defined Gaussian distribution through time. This assumes that the co-

variance does not change through time and space and is not necessarily

a good representation of the posterior distribution. As the LQR has a

duality to the Kalman smoother (Todorov, 2008), where the cost Hessians

and the Kalman covariance estimate both solve the Ricatti equations.

The LQR inference could also estimate the covariance of input sequence

avoiding the need to impose an outer-product Gaussian spatial-temporal

product. Furthermore, it would be beneficial for the community to have

the additional functionality of a Kalman filter and smoother in the toolbox

for state estimation.

Some current drawbacks of the DiffiLQRAX toolbox is numerical stability.

As the network state space increases, numerical errors are propagated in

the matrix inversion regardless of adding the Levenberg-Marquardt reg-

ularization. An additional challenge is that the GPU-accelerated LQR

solver consumes a lot of memory, so while it is time efficient, compu-
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tational resources are compromised, and an economical computer would

struggle to see the time benefit when running large models.

2.7 Acknowledgements

The toolbox was jointly developed with M. Schimel and inspired from T.

C. Kao. The associative programming method of LQR was sketched out

by works from S. Sarkka and A. F. Garcia-Fernandez.

58



Chapter 3

Learning sparse encoding of

movement in Larval

Zebrafish
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3.1 Chapter Summary

A quantitative description of behavior is essential to understand the func-

tions of the brain. It is believed that behavior is divided into stereotyped

units of movement, known as motor primitives, which are combined to pro-

duce a wide and flexible range of behavior. The larval zebrafish’s ballistic

swimming behavior already provides a simple way to discretize behavior

into motifs, known as bouts. However, these bouts vary within differ-

ent behaviors. Traditionally, gross kinematic features are used to describe

bout movements, but it is unclear which features are necessary to describe

the full behavioral repertoire and whether they are directly encoded in the

brain. A more general approach is to learn a dynamical system that can

capture the variability of tail dynamics.

In this chapter, we fitted an input-driven generative model capable of

capturing the behavioral repertoire of the larval zebrafish. We estimated

the model’s parameters using iLQR-VAE, which performed variational in-

ference through optimal control, namely the iterative Linear Quadratic

Regulator (iLQR) algorithm. The iLQR algorithm constrained the in-

ferred control to be sparse while effectively reconstructing the observed

tail movements. We showed that most movements are driven by sparse

control inputs to the network. We detailed how the initial control peak

encodes kinematic features of movement and is predictive of navigational

parameters that were not used in training the model. Finally, we demon-

strated that the latent dynamics used to generate tail movements were

also involved in producing fin dynamics for certain behaviors. Overall, this

chapter presents a framework to understand locomotor behavior through

the lens of a low-dimensional control space.
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3.2 Introduction

In recent years, there has been a resurgence in the study of neuroethol-

ogy, which focuses on understanding the structure of behavior in natural

environments and the underlying neural mechanisms (Anderson & Per-

ona, 2014; Datta et al., 2019). This renewed interest is in part driven

by advancements in optical technology that enable large-scale neuronal

recordings (Steinmetz et al., 2018), as well as the development of pio-

neering computer vision tools capable of capturing detailed descriptions

of animal movements (Pereira et al., 2020, 2022; Stih et al., 2019). At the

same time, new methods are being devised to interpret complex patterns

of brain-wide neural activity (Stringer et al., 2024; McInnes et al., 2018;

Cunningham & Yu, 2014). A growing field within this area, known as

computational ethology, is developing unsupervised methods to classify

and quantify the behavioral repertoires of animals (Wiltschko et al., 2015;

Datta et al., 2019).

The larval zebrafish was the first vertebrate in which it was possible to

make whole-brain neuronal recordings (Ahrens et al., 2013). As a re-

sult, the zebrafish has become an important model organism for studying

the neural basis of behavior in “naturalistic” settings (Privat & Sumbre,

2020; Mu et al., 2020). The larvae move in discrete bursts of propul-

sion, known as bouts, which are highly varied in order to execute a range

of behaviors (Marques et al., 2018). The short bursts of tail oscillations

address the challenge of determining the timescale and timing for segment-

ing motifs, which is a common issue for animals with continuous motion

where motifs are not as clearly deliminated one from the next (Stephens,

Johnson-Kerner, Bialek, & Ryu, 2008; Wiltschko et al., 2015; Berman,

Choi, Bialek, & Shaevitz, 2014). Therefore each swim bout can be treated

as a distinct unit of behavior. The next challenge is classifying these units

of behavior. Studies by Marques et al. (2018); Mearns et al. (2020); John-
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son et al. (2020) used unsupervised techniques to capture and classify the

variability of bout types. These studies have shown that different bout

types are associated with different contexts, such as prey capture, escape,

and navigation.

However, these methods have some drawbacks. First, there is disagree-

ment among the methods regarding the number of bout types, and they

are constrained by specific tasks, limiting their generalization. Second,

these methods rely on selecting gross kinematic features of bouts, which

introduces bias in classification. Finally, these methods are not generative,

meaning that they cannot produce similar bouts to simulate behavior.

These challenges motivated us to model behavior using a more flexible

dynamical system. We adopted the iLQR-VAE framework from Schimel

et al. (2022) to learn the underlying latent dynamics that capture the nat-

uralistic behavior space of free-swimming zebrafish. Additionally, bouts

generated from this dynamical system are initiated with sparse external

input or, alternatively, upstream control.

Learning a dynamical system that recapitulates the behavioral repertoire

addresses the three highlighted challenges. On condition that the training

data included a large sample of fish and stimuli, the trained dynamics

will generalize across all bout types, and thus unobserved bouts can be

smoothly interpolated between existing bout types. This removes the need

to specify the number of bout types. The training uses the raw tail an-

gle recordings, which over-comes the need to select kinematic features of

movement as relevant in describing behavior. iLQR-VAE learns a low-

dimensional, smooth control space that can be sampled to generate new

bouts, also bridging the challenge between analyzing behavior as a cate-

gorical or continuous problem.
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Figure 3.1. Range of visual and acoustic stimuli to mimic differ-
ent environments, encouraging the fish to display a variety of
behaviors. From left to right: forward-moving and rotating gratings to
elicit the Opto-motor Response (OMR); an approaching fixed-size dot in
a virtual open-loop setup, evoking escape sequences; a dot that gradu-
ally increases in size, with the looming dot eliciting an escape response; a
transition from a light to a dark environment; a beep sound triggering an
acoustic startle response.

3.3 Background

3.3.1 Visual stimuli to replicate environmental contexts

In order to elicit the full repertoire of zebrafish behavior, we presented a

range of visual stimuli to the fish. The stimuli were designed to replicate

different environmental situations they encounter in the wild. The stimuli

presented consisted of:

1. OMR grating, the fish prefers to align to the grating and mini-

mize optical flow, and therefore elicits a series of forward or turn

swims (Orger et al., 2000; Naumann et al., 2016).

2. Chasing dot (approaching) the fish avoids the dot stimuli with a

sequence of escape and burst swims (Groneberg et al., 2020).

3. Looming dot (radially expanding), the fish frequently responds

with an O-bend or spot avoidance turn (Dunn et al., 2016).
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Figure 3.2. Tracked tail angle contain a variety of kinematic features that
differ in different contexts to ensure the motor output facilitates the goal.
The tail segments time series can be further abstracted to a vector of
kinematic parameters, e.g., tail beat frequency, maximum tail amplitude.
Unsupervised bout classification determined from bout kinematic features
using this key for different bout types.

4. Light to dark transition triggers an O-bend turn at the on-

set (Burgess & Granato, 2007).

5. Sound beep triggers an acoustic startle response Marques et al.

(2018).

3.3.2 Balanced training dataset

To train the model, we used a dataset collected by Pedro Tomás

Silva (Jouary et al., 2024). The dataset was collected using a high-speed

camera recording at 700 frames per second and tracked seven tail segments

along the fish body. A total of 120 fish were exposed to different visual

stimuli, as detailed in Section 3.3.1. Tail tracking data was segmented

and classified into 11 distinct bout types using Marques et al. (2018)

bout classification algorithm, Figure 3.2. We excluded capture swim

categories, as they were largely absent from this dataset. We then equally
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sampled 1200 bouts of each category and truncated to length 200 ms,

accumulating a dataset of 36000 swim bouts.

3.3.3 Details of the generative model

The generative model, which captures the dynamics of the observed data,

is governed by a deterministic latent dynamical system, for more details

see Section 2.5.4. We selected a Minimal Gated Unit (MGU) RNN to fit

the larval zebrafish dataset (Zhou et al., 2016). The deterministic latent

dynamics in Equation (2.42) are defined as,

ft+1 = σ(Ufxt) (3.1)

x̂t+1 = ρ(Uh(ft+1)⊙ xt) +Wut+1 (3.2)

xt+1 = (1− ft+1)⊙ xt + ft+1 ⊙ x̂t+1 (3.3)

where the non-linearity functions σ and ρ were defined as tanh functions.

Additionally, the generative model has a sparsity prior on the external

input ut, where the inputs are sampled from a Student-t distribution,

defined as,

pθ(ut) =
Γ [(ν +m)/2]

Γ [ν/2] (νπ)m2|S|

[
1 +

1

ν
uTt Sut

]−(ν+m)/2

(3.4)

where S is a diagonal matrix with sparsity coefficients, m is the number of

input dimensions, and ν is the degrees of freedom. Penalizing non-sparse

control encourages the dynamics to be stored in the network, rather than

the inputs driving dynamics and reflecting the bout.
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Table 3.1. Benchmark model parameters (mean ± SEM)

n m MGU Linear R2 ||u||1/||u||∞
60 5 ✓ - 0.974 21.7
60 10 ✓ - 0.975 13.9
90 5 ✓ - 0.976 7.88
90 10 ✓ - 0.976 9.43
90 15 ✓ - 0.976 4.59
120 5 ✓ - 0.976 8.26
120 10 ✓ - 0.983 ± 0.000 2.29 ± 0.05
120 15 ✓ - 0.986 ± 0.000 4.71 ± 0.03
120 20 ✓ - 0.974 3.78
120 10 - ✓ 0.971 ± 0.000 2.75 ± 0.03
80 10 - ✓ 0.979 ± 0.00 3.06 ± 0.08
60 10 - ✓ 0.985 ± 0.00 3.97 ± 0.10
40 10 - ✓ 0.986 ± 0.00 5.76 ± 0.20
20 10 - ✓ 0.987 15.84
18 10 - ✓ 0.985 ± 0.002 23.5 ± 6.2
15 10 - ✓ 0.985 ± 0.000 28.7 ± 5.2

3.4 Results

3.4.1 Model selection

The dimensionality of the state space and control space was investigated

to determine which models could reconstruct the variety of behavior, and

do so in a sparse manner. We performed a grid search over the number

of states and controls, and compared the R2-score of tail reconstruction

and the sparsity of the control space. As shown in Table 3.1, across the

parameters space, the generative model recaptured the entire bout space

with R2-score> 0.97. However, sparser control was favored with a larger

network and control space. We selected a model with state dimension

n = 120 and control size m = 10 as it achieved the high R2-score of 0.983
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Figure 3.3. Impulse-like control sufficient at generating bout in
learnt dynamics. Example of single bout reconstructed with impulse-
like control and fitting with R2 = 0.99.

with the sparsest control ||u||1/|u||∞ = 2.29 to generate bouts throughout

the dataset, an example bout shown in Figure 3.3.

Model robustness

The model fitted the data and inferred sparse control to generate bouts.

To ensure that the model’s solution was robust to input perturbations,

we smoothed the inferred control signal used to generate a bout in Fig-

ure 3.4a. Throughout the broadening of the input peak, bouts were still

recapitulated.

We compared the embedding of swims in the latent space with multiple

RNNs of same dimensionality but trained with different initializations; see

Figure 3.4b-d. We observed similar embedding in 2 dimensions using a

dynamical adaptation of Canonical Component Analysis (CCA) known as

SVCCA (Raghu et al., 2017).

3.4.2 Sparse control representation of zebrafish behavior

A key feature of the iLQR-VAE model is that it produces a model that can

generate entire bouts from a sparse control signal Schimel et al. (2022).

The ballistic nature of bouts encouraged most of the external inputs in

the model to be captured at the beginning of a bout, as shown in Fig-

ure 3.5. Across the entire dataset reconstructing the tail angle solely from
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Figure 3.4. Robustness of the learned model. (a) Smoothing
the input signal to generate movements using a Gaussian kernel σ =
{1.00, 1.68, 2.83, 4.76, 8.00} had small effect on reconstructing the original
movement. (b) Using SVCCA to compare the initial latent state represen-
tation of two independently initialized models (blue) and a control with
shuffled labels for the initial state of the same model (orange). (c) The
similarity matrix of the top 3 principal components of the initial state
across 5 independently initialized models. (d) A comparison of sparsity
and reconstruction for these models when trained on the full bout dataset
(F) and the dataset excluding a specific swim type during training (E).

68



Figure 3.5. The initial control peak is essential for generating ballistic
bouts and align with the onset. Additional peaks contribute to the finer
control of locomotion. Left to right, illustrates the true observed bout,
the generated bout with a single peak, generated bout from two peaks,
the generated bout from the full control sequence.

the initial peak of the control signal resulted in a R2 score of 0.82. Fig-

ure 3.5 has a secondary smaller peak in constructing the bout, simulating

the bout without this additional input mode misses the finer, subsequent

dynamics of the tail movement. The additional input peaks could reflect

feedback correcting for tail dynamics, or the generation of more complex

movements.

Therefore, after the initial control peak, the dynamics of the generated

swim bout can be approximated as an autonomous system. We can

interpret the initial control spike as setting the initial state of the net-

work (Kaufman et al., 2014), which then evolves autonomously to gener-

ate the rest of the bout. In Figure 3.6b, we aligned all bouts on the initial

peak of the control signal, then obtained the 120-dimensional state of the

RNN.

With the prior classification method of Marques et al. (2018), we sorted the

inferred control peaks on different bout types. Distinct control patterns

reflected different bout types, Figure 3.6a. This reflects similar concepts

in the literature that describe locomotion generation as being coordinated

by distributed networks of hindbrain neurons (Gahtan et al., 2002; Carbo-

Tano et al., 2023). Figure 3.6a shows that there is not a single control that
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Figure 3.6. Recruitment of distinct control pattern in generating
different bout types. (a) The average activation during the first peak
of each bout category of tail movement. (b) 2-D projection of the 10-
dimensional peak in control signal.

is specific to one bout type. Rather, the controls are recruited collectively

in constructing different bout types, and individual control components

are dominant for different types of swims. The initial input peak provides

a low-dimensional sparse description of movement that can be smoothly

interpolated to generate a wide range of swim bouts. Aligning swim bouts

after the initial inferred control peak, we projected the 120-dimensional

state into a 2-D PC space, Figure 3.6b. The PC map shows distinct

clusters that corresponded to different bout types. We benchmarked the

model’s ability to classify bout types depending on the network state,

Figure 3.7. Interestingly, from a single snapshot of the network’s state,

the model discriminated bout types better than if the entire posture time

series was used to classify bouts.

3.4.3 Decoding kinematic features of movement from con-

trol

Previous studies have successfully classified swims into bout types by clus-

tering on kinematic features of the swim (Marques et al., 2018). We used
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Figure 3.7. Non-linear network classification out-performs pos-
ture space and other models. Performed a linear bout classification
to labeled bout types of the network state at different timepoints. There
was a period where the non-linear network start out-performed the entire
time series of the tail posture.

Figure 3.8. Linear decoding of tail oscillations features following
the first control peak of the network. Linear regression with L1-Norm
constraint of the initial network state (state reached after the peak control
signal) to predict the tail beat frequency (R2 = 0.85) and maximum tail
beat amplitude (R2 = 0.96).
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Figure 3.9. Tail amplitude and tail beat frequency encoded in
latent space. The first PC encode for the maximum tail amplitude of the
generated swim (left). The second PC encodes for the tail beat frequency
(right).

a different approach that learned a dynamical system trained on many

tail angle time series. We tested the model’s ability to decode kinematic

features of movements from the inferred control signal. This would demon-

strate that the low-dimensional control space learned a representation that

captures information relevant to the kinematics of the swim bout. The

network state after the initial peak of the control signal was able to linearly

predict the tail beat frequency (R2 = 0.85) and the maximum tail beat

amplitude (R2 = 0.96), as shown in Figure 3.8. Furthermore, the latent

trajectories projected in the PC space showed that the first PC captured

the right-left tail amplitude, and the second PC captured the tail beat fre-

quency, as shown in Figure 3.9D. This suggests that the model captures

information relevant to the kinematics of the swim bout.

3.4.4 Linear decoding of swim trajectory given initial con-

trol peak

We have shown the capability of sparse control in capturing kinematic

swim features and classifying swim types. All of these features are implic-
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Figure 3.10. Linear decoding of navigation features following the
first control peak of the network. Schematic outlining navigation
features swim bout decodes to achieve target future positions, turn direc-
tion θ, swim distance r, swim yaw ϕ. Initial state decode swim direction
with R2 = 0.95 (a), swim distance with R2 = 0.85 (b), swim yaw with
R2 = 0.97 (c), and turn direction with R2 = 0.99.

itly encoded in the tail angle trajectories and thus in the training. We con-

sidered the control signal’s ability to predict features not directly encoded

in the tail angle, and that were not explicitly used for training. For exam-

ple, goal-directed movements depend on control of trajectory parameters.

These include the change in heading direction, ϕ, angle from the starting

position, θ, and distance to the target, r. These parameters should be ad-

equate for it to generate the necessary bout to perform the goal-directed

task successfully, see Figure 3.10. We fitted a linear regression model to

predict the swim direction (R2 = 0.95), swim distance (R2 = 0.85), and

swim yaw (R2 = 0.97) from the initial position of the network. This

approach did not require the model to resolve the inverse problem, but

relied solely on the initial state following the first input peak. We believe

that this method might be ineffective for highly controlled swims, such
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as capture swims, which require continuous sensory feedback. However,

this approach provides a simple strategy for controlling spatial navigation

composed of stereotyped, ballistic swims.

3.4.5 Synchronization of tail and pectoral fin dynamics in

larval zebrafish locomotion

The primary role of the pectoral fins in larval zebrafish is respiration and

motor balance (Hale, 2014). The pectoral fins move in synchrony with

the body during locomotion; however, they are not essential for driving

movement (Green & Hale, 2012). While the fins help maintain body ori-

entation and stability (Ehrlich & Schoppik, 2019), different combinations

of body and fin movements generate distinct trajectories. For example,

during steering maneuvers, fin activity increases while the body’s contribu-

tion decreases (Ehrlich & Schoppik, 2019). During steady swimming, the

pectoral fins move rhythmically (Green et al., 2011; Budick & O’Malley,

2000) and can function either independently or in synchrony with each

other.

While we previously explored how upstream descending control drives

CPGs that activate body movement, we were interested in how these

CPGs are shared across pectoral fin movements. We addressed this using

a dataset of 64 larval zebrafish swimming spontaneously for 10 minutes,

collected by Katharina Kötter, Portugues lab. Pectoral fins were tracked

relative to the body centerline as well as the tracked tail angles, shown

in Figure 3.11. We performed inferences using the pre-trained RNN from

Section 3.4.1 to generate latent trajectories and reconstruct the corre-

sponding tail movements. In these bouts, the initial tail beat aligned with

a half-beat of the pectoral fin, with right-to-left leading bouts showing a

corresponding left-to-right pectoral fin beat (Green et al., 2011), as illus-

trated in Figure 3.11b.
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Figure 3.11. Tracking pectoral fin dynamics across different bout
types. (A) Pectoral fin tracking was performed using SLEAP (Pereira et
al., 2022) to track the position of the right (red) and left (blue) pectoral
fins relative to the body centerline (yellow). (B) The top row shows 200 ms
bout traces of the 7th segment tail angle during spontaneous swimming.
Each bout was categorized into a bout type using Megabouts. Below are
the corresponding left (red) and right (black) segmented fin traces. The
fin and tail traces were upsampled from 500 Hz to 700 Hz.
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Figure 3.12. Latent trajectory reconstruction of pectoral fin dy-
namics highlights movement coupling with body dynamics in
specific swim bout types. (A) Are examples of the predicted pectoral
fin time series (red) and the actual pectoral fin time series (black) from
latent trajectories used to construct for a swim bout. (B) Examples of the
swim bout corresponding to the pectoral fin dynamics in (A). (C) The R2

reconstruction of pectoral fin dynamics value was calculated for each swim
type. More propulsive swims, such as burst and escapes, have higher R2

values, indicating that the latent dynamics in generating movement are
more predictive of the pectoral fin dynamics. Highlighting regime where
the body movement is coupled with fin movement.

To investigate whether pectoral fins shared similar underlying dynam-

ics used to generate tail movements, we linearly projected inferred latent

dynamics onto pectoral fin dynamics using L2-regularization (test MSE

= 0.0082; train MSE = 0.0278). Notably, pectoral fins display distinct

gaits, often tucking along the body during high-velocity swimming for hy-

drodynamic efficiency (Thorsen et al., 2004). We compared pectoral fin

reconstruction across different swim types. In Figure 3.12, slow swimming

modes, including approach swims, Slow 1 and 2, and J-turns, showed low

R2 scores, suggesting an uncoupled dynamic from that of tail movements.

This significant variability in slow swims indicated an independent up-

stream control distinct from tail kinematics.
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3.5 Discussion

In this chapter we demonstrated that a range of movements in the larval

zebrafish can be captured from a single dynamical system. External con-

trol input used to drive these movements were mostly sparse and centered

around the onset of the movement. Using the observation that most con-

trol was recruited during the onset, essentially initiating the movement,

we were able to define an initial state of the network for movement gen-

eration. Regression analysis revealed that the initial control peak could

predict kinematic features of the movements, suggesting that for ballis-

tic movements, the initial control peak captures essential features of the

movement.

A significant contribution of our model is its ability to infer control that

aligns with existing bout classification methods (Marques et al., 2018;

Johnson et al., 2020; Mearns et al., 2020). The ability of the state net-

work to better classify bout types compared to the entire tail angle time

series underscores the potential of our approach to simplify complex be-

havioral time series data into a single vector-encoded representation. The

approach offers a promising avenue for future behavioral modeling stud-

ies, particularly in terms of simplifying complex kinematic data into more

manageable representations (Wiltschko et al., 2015; Berman et al., 2014).

Additionally, the generative nature of the model allows for synthetic be-

havior to be generated and manipulated, providing a platform for future

studies to explore the effects of different control inputs on the locomotor

repertoire.

Moreover, the low-dimensional vector representation of behavior our

model produces provides a novel approach to behavior classification. This

representation effectively discards the traditional problem of discretizing

behavior over time, which often involves cumbersome kinematic feature

extraction or clustering. Instead, our model presents a framework where
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behavior can be characterized by a reduced set of continuous parameters.

This advance is particularly valuable for overcoming the limitations of

traditional kinematic clustering methods, which often struggle to capture

the continuous nature of movement over different timescales. By doing

so, our model not only enhances classification but also contributes to a

more holistic understanding of how animals organize their behaviors in

response to varying environmental and internal cues.

An advantage of our approach is that there is a separation between the

upstream driving inputs and dynamics. By having a general dynamical

system flexible to capture a wide range of movements, distinct control

sequences can be mapped to different bout types. This reflects a similar

structure to the brain’s descending control to CPGs in movement genera-

tion (Grillner & El Manira, 2020). The sparsity constraint on the inputs

helped further isolate the control from dynamics, instead of the inputs

driving most of the dynamics. The choice of sparse control was not just

an engineering decision but based on empirical finding which demonstrated

impulses of electrical stimulation to nMLF (Severi et al., 2014), and RS

neurons elicit distinct locomotor patterns (Xu et al., 2021). One caveat

is that the trained non-linear model, although capturing a range of move-

ments, may be too flexible and so inferred control cannot be translated to

descending control neurons in the hindbrain. An improvement would be

to train the dynamics on behavior and neural data such that the learning

implicitly captures neural activity, similar to other recent works that have

used joint behavior-neural model in reconstructing behavior Hurwitz et al.

(2021); Gondur et al. (2024); Abbaspourazad et al. (2023). Alternatively,

the dynamical system could have a bio-inspired architecture (Knüsel et al.,

2020) where the parameters learned reflect descending coupled-oscillators.

In conclusion, this approach offers a versatile tool for both understanding

and classifying behavior in a way that is biologically plausible and compu-
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tationally efficient. Future studies may expand on this framework by ex-

ploring its application to other species and behavioral paradigms (Ahamed

et al., 2020; Markov et al., 2021), ultimately enriching our understanding

of the principles governing animal movement and control.
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Chapter 4

Interpretable dynamics of

movement generation in

Larval Zebrafish
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4.1 Chapter Summary

An important aspect of system identification is the ability to interpret

the dynamics of the system. In the context of linear dynamical systems,

matrix decomposition provides a way to interpret the dynamics of the

system as collective modes. These collective modes can be used to see how

the system behaves under different conditions. Furthermore, regions in

the state space that are hard to steer or readout can be identified through

the controllability and observability Gramians of the system. Often, we

can compress the system to discard these regions with little input-output

variance using balanced model reduction to form a minimal model of our

linear dynamical system.

In this chapter, we discuss methods for interpreting linear dynamical sys-

tems using matrix decomposition and balanced model reduction. We fit

a linear RNN to larval zebrafish behavior using the iLQR-VAE and de-

rive a reduced model that highlights distinct dynamical modes recruited

for generating different types of swims. Moreover, this reduced model re-

flects a compressed signature of the underlying dynamics of the behavior.

We used this signature to compare changes in behavior dynamics in fish

exposed to ethanol. We showed that while the model learned a similar

reduced representation, the inferred control space was adjusted with more

persistent activity to capture ethanol-induced movements.
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4.2 Introduction

The brain’s ability to encode and process information stems from its net-

work’s rich variety of temporal activity patterns. Recurrent network mod-

els have proven to be a powerful tool for modeling non-linear dynamics

of neural and behavioral processes (Sussillo et al., 2015; Hennequin et

al., 2014). They show a range of output patterns, including transient

and persistent dynamics, as well as periodic and chaotic behaviors (Vyas

et al., 2020; Vogels et al., 2005). Often they are trained on measured

neural and behavior datasets and, therefore, inherit their dynamical prop-

erties (Sussillo & Barak, 2013; Sussillo et al., 2015; Mante et al., 2013;

Churchland et al., 2012). Much of the functional properties are encoded

in the network architecture, yet mapping structure to function is often a

challenge (Mastrogiuseppe & Ostojic, 2018; Litwin-Kumar et al., 2017).

Interpreting the RNN’s solution is important in understanding how differ-

ent model components contribute to its output. One approach is to force

the RNN to preserve a network structure that can be factorized into differ-

ent modes (Dubreuil et al., 2022), or have known fixed points (Linderman

et al., 2016). For linear dynamical systems, the state dynamics can be fac-

torized into interpretable components using matrix decomposition meth-

ods, such as spectral decomposition and Schur decomposition (Hennequin

et al., 2012). Factorizing the state dynamics reduces the problem to un-

derstanding how a set of modes evolve and interact with each other. Of-

ten, sorting these modes provides a systematic way to discard redundant

modes, further reducing the dimensionality of the problem (Schmid, 2022;

Kutz et al., 2016).

We fitted an expressive linear RNN to model the dynamics of zebrafish be-

havior using iLQR-VAE (Schimel et al., 2022). Then, we applied balanced

model reduction to reduce an over-parameterized model to a minimal form,

and interpreted the dynamics of the system. Initially, the trained network
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had a high degree of non-normal dynamics but after model truncation the

dynamics were normal. This allowed us to interpret the dynamics of the

reduced system using spectral decomposition. We compared the spectral

frequencies of the reduced model to identify the dominant modes of the

system and their recruitment for different bout types. The spectral decom-

position of the reduced model provided a compressed representation of the

underlying dynamics of the behavioral dataset. We used this to investigate

differences in underlying dynamics between datasets with pharmacological

manipulations, specifically ethanol-treated fish, using a dataset collected

by Lackner (2018). Balanced model reduction showed that the reduced

dynamics of the drug-induced model was similar to those of the untreated

control model. We performed cross-model inferences and showed the aver-

age inferred control for the Slow 2, routine turns, and long-latency C-starts

in ethanol-treated swims were significantly more persistent than the un-

treated cohort. This reverse engineering approach provides a method for

learning interpretable dynamics from high-dimensional models and can

be used to investigate the effects of pharmaceuticals on neural control of

behavior.

4.3 Background

In this section, we provide an overview of methods used to interpret dy-

namics fitted to non-linear systems. Next, we briefly highlight the archi-

tecture of the linear iLQR-VAE model used to capture the behavior of

zebrafish. Finally, we outline the method used to reduce the linear model

using balanced model reduction.

4.3.1 Understanding the language of dynamics

Complex patterns of activity generated by non-linear systems are best de-

scribed by their dynamical structures, such as line attractors, fixed points,
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and limit cycles. Identifying these features provides a language for describ-

ing the properties of the system (Durstewitz et al., 2023). Interpreting

the dynamics of non-linear systems often requires methods that identify

regimes where the dynamics can be linearly approximated. In such cases,

standard linear methods can be applied to analyze the system’s dynamics;

see Appendix B.1. Here are a few methods used to linearly approximate

non-linear systems.

Fixed point detection One approach is to find fixed points in the

system, that is, when the dynamics are stationary, ẋ = f(x∗, t) = 0.

Qualitative properties of the fixed points can be obtained, such as the

stability of the fixed points (Golub & Sussillo, 2018; Mante et al., 2013;

Duncker & Sahani, 2021). Furthermore, the local dynamics around the

fixed points can be linearly approximated using their Jacobians. Sussillo

and Barak (2013) developed a method to scan for slow points in the state

space of a non-linear dynamical system and detect fixed points for such

analysis.

Piecewise linear systems Another method for interpretable dynamics

is training a piecewise switching Linear Dynamical System (sLDS) (Smith

et al., 2021). Smith et al. (2021) trains in parallel to the RNN, a sLDS

network which approximates the RNN dynamics and an auxiliary function

producing the RNN’s fixed-points. The loss has a regularization term that

forces the sLDS to jump to different fixed points in the RNN. This method

integrates the fixed point detection and linear approximation into a single

model (Sussillo & Barak, 2013).

Delay-embedding linear manifolds Is a method that uses time-delay

embedding to find a shadow manifold of the non-linear dynamics. Accord-

ing to Taken’s theorem (Takens, 1981), increasing the spatial dimension-
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ality with time-delays of the measurement, untangles the non-linearity of

the dynamics, allowing for a linear shadow manifold to be formed. This is

a common method in time series analysis and has been used in, for exam-

ple, weather, economics, and neuroscience (Ahamed et al., 2020; Brunton

et al., 2017).

Training large enough linear RNN to approximate non-linear be-

havior Similar to delayed-embedding, which increases the dimensional-

ity of the state space, we proposed to train a high-dimensional linear RNN

with “plenty of room” to capture the non-linear dynamics (Mullen et al.,

2024). This approach starts with a highly expressive linear RNN to learn

the complex behavior. Given the high dimensionality of the model, inter-

pretability can only be achieved once the model is compressed. Balanced

model reduction (Moore, 1981) is a PCA-type method that preserves axes

of maximal variance in the input-output space of the LDS. So, as in PCA,

regions of the state space that have minimal input-output variance are

discarded.

4.3.2 Modeling behavior dynamics with iLQR-VAE

We use iLQR-VAE (Schimel et al., 2022) to model the dynamics of the

behavior of zebrafish. As outlined in Section 2.5.4, the generative model

has a sparse input prior, as in Equation (3.4), and a linear Gaussian

readout. However, in this case, the deterministic linear latent dynamics

are modeled as

xt+1 = fθ(xt, ut) = Axt +But (4.1)

where xt ∈ Rn is the state vector at time t, ut ∈ Rm is the control input at

time t, and A ∈ Rn×n and B ∈ Rn×m are the state transition and control
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matrices, respectively. The latent trajectories are projected on the tail

from a Gaussian distribution,

ot ∼ N (Cxt,Σ) (4.2)

where ot ∈ Rno is the observation at time t, C ∈ Rno×n is the observa-

tion matrix and Σ ∈ Rno×no
is the observation noise covariance matrix.

The parameters (A ∈ Rn×n, B ∈ Rn×m, C ∈ Rno×n) describe the linear

dynamical system.

4.4 Balanced model reduction

The Linear Dynamical System (LDS), outlined in Equations (4.1)

and (4.2) are characterized by parameters (A ∈ Rn×n, B ∈ Rn×m,

C ∈ Rno×n). Methods like Schur decomposition or eigen decomposition

can be used to interpret the state dynamics, A; see Appendix B.1 for

more details. However, these methods do not capture the extent to

which inputs affect the system and how sensitive observations are to

dynamical changes in the network. We can investigate this relationship

using controllability and observability, which identify properties of how

the input matrix B and the readout matrix C propagate through the

state dynamics A, for details see Appendix B.2. A basis can be found

that rotates the LDS to optimally capture the input-output relationship

of the state space model, this is known as balanced realization.

Balanced model reduction is performed in two stages; in the first step, the

original dynamics (A, B, C) are transformed into an equivalent balanced

system (Ã, B̃, C̃). That is, a dynamical system with the same transfer

function as the original model, but in which each mode is as controllable
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as it is observable. In the second stage, this balanced realization of the

original system is truncated to a desired order r < n (Laub et al., 1987).

4.4.1 Balanced realization

Balancing the system in Step 1 relies on computing its observability and

controllability Gramians (Scherpen, 2011). Those are positive-definite ma-

trices defined, respectively, as

Wo =

∫ ∞

0
eA

T tCTCeAtdt, (4.3)

Wc =

∫ ∞

0
eAtBBT eA

T tdt. (4.4)

They capture the information about the state space directions in which

the system is most sensitive to inputs, and those in which it is most likely

to elicit outputs. More precisely, the top eigen modes of Wo correspond to

the most observable directions of the system, that is, the directions that

will lead to the most variance in the output when the network is initialized

along them. The top eigen modes of Wc are the most controllable direc-

tions of the linear system, that is, correspond to directions along which

the dynamics can be steered with minimal input energy cost (Kao & Hen-

nequin, 2019). Importantly, given (A, B, C), Wo and Wc can be computed

in closed form as solutions to two dual Lyapunov equations,

ATWo +WoA = −CTC (4.5)

AWc +WcA
T = −BBT . (4.6)
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Balanced realization relied on a T basis transformation such that both

Gramians are diagonal and equivalent, that is,

W̃o = W̃c = Σ2 = diag(σ21, σ
2
2, . . . , σ

2
n) (4.7)

where W̃o = T TWoT , W̃c = T−1Wc(T
−1)T , and σi, i = 1, . . . , n are the

ordered, positive Hankel Singular Values (HSV) of the system; see Ap-

pendix B.3 for details in finding the basis T .

4.4.2 Balanced Truncation

The HSVs have the same role for the dynamical system as singular values

do for constant, finite-size matrices. Thus, in the same way as the decay of

singular values can be used to choose the cutoff point of dimensionality in

PCA, evaluating the HSV spectrum provides a principled way of deciding

the dimension of truncation r. Once r has been set, the system is truncated

by selecting the first r× r block of Ã, Ã(r), the first r rows of B̃, B̃(r), and

the first r columns of C̃, C̃(r). The dynamics of the reduced dynamical

system can then be summarized as,

x̃
(k)
t+1 = fθ(x̃

(k)
t , u

(k)
t ) = Ã(r)x̃

(k)
t + B̃(r)u

(k)
t . (4.8)

The removal of dimensions that are uncontrollable and unobservable pro-

vides a simple, yet effective way to reduce the latent dynamics of the

system to a minimal form that can be interpreted and analyzed with more

ease.
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Figure 4.1. Example case of balanced ordered model reduction
in systems identification and recover true dimensionality of sys-
tem. (A) Latent coupled oscillator driven by unknown sparse forcing
inputs. The control signal u is fed to coupled pendulums parameterized
by z. iLQR-VAE learns from observations O and can reconstruct Ô after
training. Here, blue and orange are used to denote the two input channels
of the model, and the two observed outputs of the model. (B) Spectrum
of the Hankel Singular Values (HSV). (C) Ground truth eigenvalues of the
dynamics (blue), and eigenvalues of the truncated model (orange).

4.4.3 Balanced model reduction recovers the true dimen-

sionality for a toy model

We illustrate the application of balanced model reduction as a method to

recover the true dimensionality using a toy example. Specifically, we con-

sidered a toy example of a 2-dimensional latent coupled oscillator driven

by unknown sparse forcing inputs; see Figure 4.1. We fitted an expres-

sive 20-dimensional linear model and then reverse-engineered the trained

model to find the minimal ordered model that captures the full dynam-

ics of the true system. As shown in Figure 4.1B, the HSVs indicate the

input-output variance of the system, and the sudden drop after the fourth

component suggests that much of the dynamics can be captured in four

components, consistent with the true system. The HSVs can be system-

atically used to determine the truncation dimension, r, of the balanced

model.
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Figure 4.2. Comparative input sparsity distribution through the
linear model compared with the non-linear model. Mean ± stan-
dard deviation across the dataset of the normalized L2-norm of u aligned
on the first peak. (right) MGU RNN learns a more transient input to
generate movements across the dataset compared to LDS (left). However,
both models show that most of the input energy is contained in the first
peak to generate bout.

4.5 Results

Here, we fitted the linear model to two different larval zebrafish datasets.

The first was the balanced dataset described in Section 3.3.2. The other

was a dataset of spontaneous behavior of ethanol-treated zebrafish larvae

collected by (Lackner, 2018).

4.5.1 Linear model captures zebrafish behavior with sparse

control

We fitted the iLQR-VAE to capture the behavior repertoire of the ze-

brafish, as in Chapter 3. However, we used a linear network of 120 di-

mensions with 10 control inputs to capture the system dynamics instead

of the non-linear MGU network. The trained linear model was still ca-

pable of reconstructing bouts with sparse control Figure 4.2. Similar to
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Figure 4.3. Henrici’s departure metric is a measure of non-normal dy-
namics. It compares the ratio of the Frobenius norm of the diagonal to
the full matrix measuring the remainder that lies in the triangle. The
measurements taken at different ranks of balanced truncation show that
minimal models display normal dynamics, but this drifts to non-normal
dynamics as the rank tends closer to the full-rank model.

the non-linear model, most of the driving input was centered on the first

peak to generate bouts. However, there were usually additional peaks to

complete the bout compared to the non-linear model in Chapter 3.

4.5.2 Rank of balanced truncation changes dynamical

regime

The ballistic nature of zebrafish locomotion is characterized by oscillations

with transient growth followed by longer decay (Marques et al., 2018).

The transient dynamics are usually captured by the non-normal dynamics

in the Linear Dynamical System (LDS). We investigated the degree of

non-normal dynamics in the trained model and after different orders of

balanced truncation using the Henrici’s departure metric. As shown in

Figure 4.3, the full-rank model exhibited a high degree of non-normal

dynamics, but balanced truncation forced the dynamics to become more

normal with increasing rank of truncation.
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Figure 4.4. System analysis and dynamics comparison for model
reduction methods. (A-C) The respective modes of the HSVs, the
controllability and observability Gramians. The red vertical line indicates
the threshold for mode truncation, which is set at mode 18. (D-G) Are
the reconstructions of an example bout tail angle using of the full-rank
model (D), the balanced model (E), the spectral decomposition on the
full-rank model (F), and the Schur decomposition on full-rank model (G).
The balanced, spectral and schur decomposition were all truncated to
18 modes. Each reconstruction shows the state trajectories (top), tail
angle dynamics (middle), and control input u over time (bottom) for the
respective methods.

4.5.3 Interpretable network dynamics in minimal zebrafish

model

We selected the order of truncation to be 18, based on the drop-off of Han-

kel Singular Values (HSV)s in Figure 4.4a. The HSV spectrum is sorted

by input-output variance of the balanced state space, which is weighted by
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the controllability and observability Gramians; see Figure 4.4b–c. The re-

duced 18-dimensional balanced model was capable of reconstructing most

bouts from the dataset, with a R2-score= 0.69 ± 0.15 compared to the

full-rank model with R2-score= 0.93 ± 0.05. However, this excluded es-

cape swims, such as long- and short-latency C-starts, which it struggled to

reconstruct with the original inputs. A possible explanation could be the

discarding of high-frequency modes in balanced model truncation (Green

& Limebeer, 2012).

In order for the model to generate a swim bout, the inferred input must

be projected into the state space, and complex interactions form patterns

of activity that are eventually read out onto the tail segments; see Fig-

ure 4.4d. The trajectories of the latent states are often mixed in complex

patterns due to the canonical structure of the state dynamics. The bal-

anced transformation in Figure 4.4e rotates the state space to align the

network in directions that capture the maximal input-output variation,

which also unmixes the latent trajectories into balanced modes. In this

example, there are two distinct balanced modes: one that captures a sym-

metric oscillation, and the other displays an oscillation with a decaying

bias.

As Figure 4.3 suggested, the full-rank model was non-normal, we applied

Schur decomposition directly to the full-rank state dynamics matrix and

then truncated the model at rank 18 in Figure 4.4g. Despite not con-

straining the decomposition on it’s controllable and observable regions, the

Schur modes reflected a similar pattern to the balanced model reduction

in Figure 4.4e, with transient growth and decay in the state space. This

could not be observed when directly applying spectral decomposition to

the full-rank state dynamics in Figure 4.4f. However, the non-uniqueness

of Schur decomposition made it difficult to interpret and select the order-

ing of the eigenvalues.
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Figure 4.5. Comparative eigen spectrum of the full-rank (open-dots) and
reduced model (gray dots). The full range of frequencies are shown in
the left figure, which highlights the reduced model filters out high fre-
quency oscillations. The lower frequencies in the reduced model have
similar timescales as the full-rank model (right).

4.5.4 Spectral decomposition on reduced model reveal

principal oscillators in zebrafish behavior

The normal dynamical regime of the reduced balanced model, shown in

Figure 4.3, justified the use of spectral decomposition to further under-

stand the different modes used to capture the dataset. The spectral de-

composition of the reduced model identified 10 unique modes, excluding

the complex conjugates; see Figure 4.5. The oscillatory modes in the fre-

quency range of 20-50 Hz align with empirical observations of the tail

oscillations (Severi et al., 2014), and cover a range of long time-constant

frequencies, similar to the full-rank model. The decay time constants of

these modes range from 17-92 ms Figure 4.6. The spectral decomposition

of these modes in Figure 4.6 can be superposed to generate different bouts.

The contribution of each mode can be obtained by projecting the input

through each eigenvector. We explored the contribution of each mode

for Routine turns and Slow 2 swims, common in exploration and naviga-

tion (Marques et al., 2018; Mearns et al., 2020; Johnson et al., 2020). We

found that both swim types recruit similar oscillatory modes, but strik-

ingly, the routine turns additionally recruit a slow decaying flip mode. This
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Figure 4.6. (Top) Distribution of the L2-norm of each mode across routine
turns (Green) and slow swims (Blue). (Bottom) Projection of impulse
response into the readout for each of the 10 modes (8 complex conjugate
eigenvalues and 2 real eigenvalues).

finding matches empirical observation in Huang et al. (2013), where ab-

lations of ventromedial spinal projection neurons (vSPNs) RoV3, MiV1,

MiV2 prevent fish from executing turns, so they respond with forward

swims instead. This suggests that the flip mode is essential for the fish to

execute turns, and oscillatory modes are recruited for both swim types.

4.5.5 Ethanol pharmaceutical perturbation shifts the dom-

inant modes of zebrafish behavior

Zebrafish are used for drug screening, but often with behavioral finger-

prints that only allow you to identify phenotypes (Wiltschko et al., 2020;

Rihel et al., 2010). Previous works have highlighted that pharmacolog-

ical perturbations, such as ethanol, modulate neural control of behav-

ior (Dreosti et al., 2015; Bergeron et al., 2014; Ikeda et al., 2013; Guo

et al., 2015). Previously, we demonstrated that balanced model reduc-

tion provides a compressed representation of the underlying dynamics of

zebrafish locomotion, essentially a fingerprint for behavior. Furthermore,

using our method, we can perform inference to obtain the control that
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Figure 4.7. Comparison of bout types across fish pre-treated and
post-treated with ethanol drug. Three bout categories (slow 2, rou-
tine turns and long-latency C-starts) were pulled from the pre-treated (top
row) and post-treated (bottom row) datasets. The corresponding average
7th segment tail angle overlaid on the individual traces. After 1% ethanol
drug treatment, bout types appear to last longer than the pre-treatment
control bouts.

drives a behavior. This can be used as a means to see how drug-induced

neural perturbations alter the control of behavior.

We used a dataset collected by S. Lackner that recorded 20 fish during

spontaneous behavior under acute 1% ethanol exposure (Lackner, 2018).

As bout classification mostly depends on kinematic features from the first

half beat, bouts could be reliably labeled at pre- and post-treatment de-

spite kinematic changes occurring to the overall movement. As shown

in Figure 4.7, within bout types, ethanol-treated bouts tended to extend

with higher tail activity and were less stereotyped.

Due to the distinct differences in locomotion across bout types, we investi-

gated if the underlying dynamics across treated and untreated fish differed.

We fitted two separate linear models with 120 latent dimensions and 10

control inputs. One model was trained on 15,000 bouts pre-ethanol treat-

ment (control cohort) and the other on 15,000 bouts post-ethanol treat-
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Figure 4.8. The reduced model eigen spectrum of the ethanol-
treated cohort shares similar dynamical modes with the un-
treated cohort. (A) The HSVs for both ethanol and control indicate
a comparable decay of significance and similar minimal dimensionality
size. The rank of truncation was set at 18, as indicated by the red vertical
line. (B) The reduced eigen spectrum of the untreated control (black)
and ethanol-treated (blue) groups showed similar frequency characteris-
tics. (C) From left to right: inferred control energy to generate bouts
in the entire datasets for the untreated control, ethanol-treated group,
ethanol-treated group using the untreated dynamics, and the difference in
energy between the two inferences. Bouts were sorted by their classified
right-left bout types. Inputs to generate the control dataset are sparser
than the ethanol-treated data.
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ment. Both successfully reconstructed bouts with R2-score= 0.98 ± 0.05

and R2-score= 0.98 ± 0.07, respectively. The full-rank models exhibited

normal dynamics, with Henrici’s departure metrics of 0.12 (untreated) and

0.08 (treated). Due to their similar HSV spectra, both were reduced to

18 modes; see Figure 4.8. The reduced models’ spectral decomposition

in Figure 4.8b displayed similar dynamical modes, indicating that similar

dynamics were shared across the control and drug-induced models. There-

fore, we performed inferences on the ethanol-induced dataset but now used

the control model dynamics. Surprisingly, the control model was able to

reconstruct the ethanol-induced bouts with R2-score = 0.97 ± 0.08. For

the dataset, similar inferred input energy was recruited to generate the

same bout under the two different dynamics; see Figure 4.8c.

As the treated and untreated models shared similar underlying dynamics,

we compared how the control signals attribute to differences in bout types

illustrated in Figure 4.7. Using the control model, we inferred the inputs

to generate slow 2, routine turns, and long-latency C-starts (LLC)s; see

Figure 4.9. The inferred control used to generate slow 2 and LLCs had a

more persistent input compared to the control dataset.

4.6 Discussion

In this chapter we demonstrated that a linear dynamical system with

sparse driving inputs could be trained to model the tail dynamics of the

larval zebrafish behavioral repertoire. Furthermore, we decomposed the

LDS and compressed a 120 state network to 18 dimensions using balanced

model reduction. This reduced subspace was found to capture most of the

variance in both the control input and the tail output spaces, highlighting

its effectiveness in preserving key dynamical features of the original much

larger system.
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Figure 4.9. Persistent control required to generate ethanol-
treated bout types. (A-C) The average activity of each input com-
ponent used to generate Slow 2 (blue), Routine turns (green) and Long-
latency C-starts (yellow), respectively, for ethanol-treated fish which is
compared with the untreated cohort (black). All input components for
slow 2 and long-latency C-start persist longer in the ethanol treated-
fish. (D-F) The distribution of input sparsity, a two-tailed Mann-Whitney
U test showed significant differences in the sparsity in control between
pre- and post-treated ethanol fish. (D) For S2 swims U = 969830.0,
p = 3.0 × 10−22 (npre = 2179; npost = 1119). (E) For RT swims
U = 969830.0, p = 3.0 × 10−22 (npre = 1519; npost = 1184). (F) For
LLCs swims U = 51897.0, p = 1.1× 10−42 (npre = 219; npost = 1133).
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Furthermore, using spectral decomposition in the balanced subspace, we

identified a set of oscillatory modes recruited within the neural network.

The frequencies of these modes reflected a frequency range similar to that

observed in the swimming behavior of the larvae (Severi et al., 2014; Mar-

ques et al., 2018). We illustrated how various control signals corresponding

to different bout types recruited modes within the reduced model by dif-

ferent amounts to produce bouts. Similarly to ablation experiments from

Huang et al. (2013), inferred control for routine turn swims recruited more

decaying flip modes compared to Slow 1 forward swims. In reflection, the

spectral decomposition of the reduced model is equivalent to selecting kine-

matic features of movement. In this case, the inferred control recruits the

spectral modes, with different frequencies and timescales, by a different

order depending on the movement. However, instead of previous meth-

ods that choose the kinematic features, such as tail beat frequency, these

features are extracted in an unsupervised manner, based on the training

dataset and the learned model.

Pharmacological manipulations alter the function of neural processes,

which can lead to changes in outputted behavior. Bout categorization can

help identify shifts in phenotypes after drug treatment (Rihel et al., 2010;

Lackner, 2018). An advantage of our method is that it separately models

the dynamics and control. Therefore, we have a way of grading the bouts

depending on the driving control sequence. Training models individually

with datasets of fish pre- and post- ethanol treatment, we showed that

both models shared similar underlying dynamics. This suggested that

the differences in behavior stemmed from the control inputs rather than

the learned dynamics. This was validated when we compared the inferred

control using the dynamics of the control model across the two cohorts

for different bout types. Ethanol-induced movements required persistent

control and there was greater variability in control patterns to generate

the same bout types. Our method of inferring control, constrained by the
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control cohort dynamics, provides a systematic framework for relating

how drugs might act on locomotor output. This application could be

extended to datasets with photo-stimulation and ablation of hindbrain

neurons (Kimura et al., 2013; Jia & Wyart, 2024).
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Chapter 5

Neural correlates to

dynamical motifs of Larval

Zebrafish
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5.1 Summary

Optical techniques enable non-invasive, brain-wide neural recordings in

larval zebrafish. However, this preparation often requires the fish’s head

to be immobilized, which limits the range of naturalistic behaviors that

can be studied. A common approach to relate head-fixed to free-swimming

assays is to identify characteristic parameters of movement that describe

behavior. We present an alternative approach that categorizes head-

restrained movements into bout types using a preliminary dataset. We

make the assumption that head-restrained movements share similar dy-

namics to free-swimming movements. We perform inferences on head-

restrained movements subject to freely swimming dynamical system, then

use the head-restrained control to assign to a bout type.

In this chapter, we outline the head-fixed neural dataset and the variety

of movements in the head-fixed preparation in Sections 5.3.1 and 5.3.2.

In Section 5.3.3, we define a metric that characterizes the ballisticity of

movements, which was used to filter movements generated by sparse con-

trol. Then, we demonstrate two approaches to bridge head-fixed move-

ments to the free-swimming behavioral space. In Section 5.3.4, we first

project the initial control state of head-fixed movements into the embed-

ding space of the free-swimming. There, we could classify them to specific

free-swimming bout types. In Section 5.3.5 we produced neural activity

maps conditioned on labeled bout types. The other approach, in Sec-

tion 5.4, uses the similarity of the control space to hierarchically cluster

head-restrained movements into specific movements.
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5.2 Introduction

Movement is generated through the influence of descending Reticulospinal

(RS) neurons in the hindbrain (Grillner & El Manira, 2020), which, in ze-

brafish, form a bottleneck for information flow from the brain to the spinal

cord. These neurons in larval zebrafish form a set of stereotyped nuclei in

the hindbrain and mainly project to CPGs in the spinal cord responsible

for driving oscillatory movements. Transgenic tools have allowed targeted

labeling of these neurons, and together with optical techniques, specific

RS neurons can be manipulated or activated to understand their role in

controlling movements (Kimura et al., 2013).

Functional neural recordings have some challenges and trade-offs in larval

zebrafish. Recently, Kim et al. (2017); Cong et al. (2017) have demon-

strated wholebrain imaging for free-swimming larvae, using a tracking mi-

croscope. This has enabled free-swimming behavior while simultaneously

acquiring neural recordings (Marques et al., 2019). However, these micro-

scopes use single-photon illumination, which could produce responses di-

rectly through light-sensitive areas in the brain (Kokel et al., 2013), or visi-

ble light could interfere with the visual response from the arena (Portugues

et al., 2014). A more common approach requires tethering the head with

agarose, therefore restricting the ability to move freely while acquiring

wholebrain neural recording. This was first demonstrated during escape

response to a tactile stimulus. Calcium imaging, together with optical ab-

lations of the Mauthner cells and descending homolog pairs of MiD2 and

MiD3, revealed their role in shaping features of escape responses, such as

latency and sensitivity (O’Malley et al., 1996; Liu & Fetcho, 1999).

A challenge with head-restrained preparations is that mapping movements

to the bout types displayed in free-swimming fish is not straightforward,

as their swims are more varied, as their are swims more variable than the

ballistic swims displayed in free-swimming fish. This issue is addressed by
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finding the relevant kinematic parameters of movement for the behavioral

task. These parameters of movement (Carbo-Tano et al., 2023), or the

initiation of movement (Orger et al., 2008; Berg et al., 2023; Severi et al.,

2018), can be measured in both the head-restrained and free-swimming

assay, bridging the two preparations and allowing for neural recordings.

This approach has deepened our understanding on RS neurons control

of kinematic characteristics of swims. We understand that ventromedial

V2a hindbrain neurons are involved in the turn amplitude (Orger et al.,

2008; Huang et al., 2013; Kimura et al., 2013). They are also impor-

tant for maintaining forward swimming and receive upstream excitatory

inputs from the MLR (Carbo-Tano et al., 2023). Studies have identi-

fied that the nucleus of the Medial Longitudinal Fasciculus (nMLF) reg-

ulates swim frequency (Severi et al., 2014; Thiele et al., 2014; Berg et

al., 2023). In addition, neurons in the nMLF are activated during the

onset of forward swimming (Severi et al., 2018). The rapid development

of the larvae has revealed the layered organization of V2a neurons, which

develop laterally in the hindbrain. This highlighted that functional circuit

develop later on to allow for more flexible behaviors (Pujala & Koyama,

2019). Taken together, these observations suggest a complex distributed

network throughout the hindbrain is employed to generate different bout

types (Carbo-Tano et al., 2023; Gahtan et al., 2002).

The model in Chapter 3 had two key insights that relates to previous work

on neural control of locomotion. First, the external driving input used to

generate the bout was concentrated at the onset of the bout (Severi et

al., 2018; Xu et al., 2021). Secondly, a distributed combination of control

was required to generate different types of movement (Carbo-Tano et al.,

2023). This aligns with the idea that populations of hindbrain neurons

are responsible for generating different bout types, and different control

inputs store information on kinematic features of movement, e.g., turn

amplitude or tail beat frequency. Based on Chapter 3, we hypothesize that
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the dynamics of head-restrained movements are captured within the same

dynamic subspace that governs free-moving behaviors. This addresses

an overarching challenge in the field of bridging free-swimming behaviors

with head-restrained studies. However, instead of linking behavior to the

kinematic features of movement, we linked behavior to the inferred control

under the same underlying dynamics.

In this study, our aim is to show that inferred control can be used to em-

bed head-restrained bouts into a free-moving latent space. In preliminary

analysis of a small dataset we found that head-restrained bouts can be

classified as specific movement types. Furthermore, we demonstrate that

by labeling these bout types, we can generate neural maps of the hindbrain

neurons responsible for driving these movements. This approach provides

an alternative framing of behavior in head-restrained conditions that re-

lates movements to the underlying dynamics of free-swimming behaviors

via the low-dimensional control space.

5.3 Results

5.3.1 Head-fixed behavioral and neuronal dataset

For this study, we took a dataset collected in the Bianco lab that is part

of the thesis of Lau (2019). This dataset simultaneously recorded tail-

tracking and hindbrain neural activity. The neural data was collected

using a two-photon (2P) microscope, spanning 13 planes at a frequency

of 4.8 Hz per plane. Each plane was separated by 5 µ m, with the reticu-

lospinal population spanning a depth of 100 µm.

The head-restrained dataset was composed of 2237 bouts, lasting from

100-1500 ms, of a single fish. The 400 fps tail tracking was upsampled to

700 fps to match the frame rate of our free-swimming datasets.
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Figure 5.1. Examples of the variety of head-fixed bouts. Head-
fixed behavioral assay changes the behavioral conditions, so not just bal-
listic swims (left) are exhibited but also prolonged swims (middle) and
bouts with struggle swims (right). Below show the inferred control used
to generate the corresponding bout above using the free-swimming model
in Chapter 3.

5.3.2 Inferring control of head-fixed movement under free-

swimming dynamics

The head-fixed preparation alters the behavior of the zebrafish, in that

more types of swims are observed beyond the stereotyped set of swims

observed in free-swimming assays; see Figure 5.1. The most common ob-

servations are that swims tend to be sustained for prolonged periods, and

that occasionally we observe struggle-like swims; illustrated in Figure 5.1.

Struggles are produced mainly in head-restrained conditions, as the fish

tries to escape from the agarose gel. The agarose gel also restricts the abil-

ity to produce O-bend swims, a common swim driven by sudden light-dark

transitions (Beppi et al., 2021; Marques et al., 2018).

We used the pre-trained model in Chapter 3 that could reconstruct free-

swimming movements to infer the control of head-restrained bouts. The

iLQR algorithm (details in Section 2.7) is used to infer the best sequence

of control inputs to reconstruct head-restrained; see Figure 5.1. All head-
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Figure 5.2. Distribution of control sparsity for freely swimming
and head-fixed data. The distribution of input sparsity to generate
bouts with the head-restrained (orange) and free-swimming (blue) data.

restrained bouts were reconstructed with a R2-score > 0.94. However,

unlike free-swimming movements, head-restrained bouts required more

persistent control to drive the dynamics. As shown in Figure 5.1, head-

restrained movements have more extended bouts compared to the ballistic

free-swimming dataset.

5.3.3 Sparse control identifies naturalistic swims in head-

restrained condition

Bouts in free-swimming conditions were typically ballistic and, thus, were

generated from a single control peak. This provided a criteria to ex-

tract head-restrained movements that were similar to free-swimming move-

ments. We quantified the degree of ballisticity of movements, by calcu-

lating the ratio of the initial control peak to the total control input. The

heavy tail in the ballisticity distribution for the head-restrained dataset,

Figure 5.2, indicated the presence of naturalistic swims that coincide with

both datasets. We used the lower bound of the free-swimming distribution

to define a threshold of 0.4 to filter the head-restricted dataset, reducing

the dataset from 2237 to 456 bouts.
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Figure 5.3. Head-restrained swim embedded in free-swimming la-
tent space. (A) An example of a ballistic head-restrained bout generated
from sparse control, generating latent dynamics that project onto the tail,
reconstructing the tail’s behavior. (B) The low-dimensional embedding
space of the network for free-swimming behavior. The colored points are
the initial state of free-swimming movements after the initial control. The
The white point is the projection of the head-restrained movement in (A)
into the free-swimming embedding space.

The filtered dataset only contained ballistic bouts that were largely gen-

erated from the initial control peak; an example is shown in Figure 5.3A.

We could then obtain the initial network state set by the control peak.

Therefore, the initial state of the head-restrained bout could be projected

in the free-swimming PC space, Figure 5.3B. As this embedding preserves

bout types, see Section 3.4.2, we could assign head-restrained swims to

the most likely bout type in the embedding space.

5.3.4 Classifying head-restrained bouts to free-swimming

bout types

We can describe the similarity across initial control patterns in gener-

ating movement by projecting the initial state onto the free-swimming

PC embedding. We used nearest-neighbor clustering of the first 3 PCs

of the initial state to assign a bout type to head-restrained bouts; see
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Figure 5.4. Free-swimming bout classification on head-restrained
movements. (A) Bar plot showing the count of different right and left
bout types from the head-restrained data. (B) Head-restrained bouts
were classified in the free-swimming embedding space (gray data points
show free swimming distribution). Each head-restrained movement’s ini-
tial state were projected into the PC-space (color dot). We used nearest-
neighbor clustering on the first 3 PCs of the initial state to assign a bout
type to head-restrained bouts. The color corresponds to the free-swimming
bout type that was closest to the head-restrained bout. (C) Plots show
the 7th segment tail angle of the clustered head-restrained movements.
We excluded long-latency C-starts and O-bends due to the limited data
points.
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Figure 5.4b. The space of the head-restrained bouts with ballistic inputs

was tightly constrained to regions of typical forward swims (bursts and

slow swims) and turns (routine, J, high-angle turns); see Figure 5.4a-b.

There was little overlap of control used to initiate O-bends, spot avoid-

ance turns, and long-latency C-starts, which was anticipated due to the

physical constraints of the head-fixed setup.

The assignment of bout type in Figure 5.4c showed that the classification

could distinguish between turns and forward swims, and also within bout

types. Slow 1 have a smaller first tail beat amplitude than the Slow 2 but

similar tail beat frequency; however, burst swims have higher tail beat

frequency, all reflected in the clustered head-restrained movements. There

is also a growth in the amplitude of the first tail beat from the J turn to

the routine turn to the high-angle turns. Most struggle swims were filtered

out because the controls to reconstruct bouts were not ballistic. However,

the remaining struggle swims in Figure 5.4 were assigned to areas where

SLCs were located in the free-swimming dataset. This was likely due to

the fact that they were not captured in the free-swimming dataset.

5.3.5 Neural activity maps for head-restrained swims re-

veal distinct populations recruited for different swim

types

We have demonstrated that ballistic head-restrained movements can be

assigned bout type labels using their inferred control signal. Rather than

previous methods that sought neural activity patterns for specific kine-

matic features, we could identify neural activity patterns for specific bout

types.

We extracted typical types of forward swim: slow 1, slow 2, and burst

swims. Slow 1 and slow 2 swims have similar dynamics except for the

amplitude of the tail beat. However, burst swims are distinctly different
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to slow swims in their tail beat frequency as well as tail amplitude. As a

proof of concept, we compared the average neural activity patterns in the

hindbrain for slow and burst swims, Figure 5.5. The mean neural activity

maps in Figure 5.5 showed that slow swims recruit a distinct population

of neurons that appear to be located in the nMLF. Whereas, burst swims

recruit a different population of neurons that appear to be situated in the

ventromedial region. Both patterns show symmetric activity on the left

and right sides of the hindbrain. We compared left-right turns consisting

of bout types routine, J-turn, and high angle turns, Figure 5.6. The aver-

age neural activity maps show lateralization in the nMLF and symmetric

activity in the ventromedial section of the hindbrain.

5.4 Neuronal population structure differs from

inferred control structure of movements

Here, instead of using our prior knowledge of free-swimming bout cat-

egories to cluster head-restrained movements, we used the similarity of

the control space to cluster head-restrained movements. Chapter 3 high-

lighted that the inferred control separated different dynamical properties

of movement. We used this finding as a method to analyze neural popu-

lation activity in the hindbrain. As a proof of concept, rather than using

the entire dataset, we explored this approach using plane 8, as it was a

plane with the most number of bouts. This plane had 143 swims during

acquisition and 40 segmented ROIs that have structured patterns of neural

activity across groups of bouts; see Figure 5.7E.

We examined the neuronal population similarity, Figure 5.7 D - F, and the

inferred control similarity matrices, Figure 5.7 A - C, to identify the bouts

encoded at the population level. Both similarity matrices displayed a

block-diagonal structure, suggesting that distinct patterns were active for
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Figure 5.7. Population-level similarity of neural ROI space and
inferred control space. (A-C) Bouts in Plane 8 were sorted by the Eu-
clidean distance similarity of the initial inferred control peak. (A) Shows
raster plot of neural ROI activity across bouts, (B) pairwise similarity
matrix of initial inferred control, and (C) is the initial control peak for
each component to generate each bout. (D-F) Is the same as (A-C) but
instead sorted Cosine distance of neural ROI activity. (D) ROI activity
across bout, (E) pairwise similarity matrix of ROIs, and (F) initial control
component for bout generation.
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groups of movements. In particular, the sorted control space in Figure 5.7

B separated the movements of the right-left into two quadrants. The

left-right direction was previously identified as being encoded by the 8th

control component. Within these two main clusters there were sub clusters

with more detailed kinematic similarities. However, in the neural ROI

similarity matrix, while clusters of bouts were observed in ROI activity,

there was no clear distinction between right and left movements.

We exploited the inferred control space to identify the dynamical struc-

ture of HR movements by performing hierarchical clustering, Figure 5.8,

on the similarity matrix in Figure 5.7B. We selected 15 clusters based on

the elbow point of the cluster distance across the total range of clusters

available; see Figure 5.8A. The extracting bouts of each group revealed

that groups 2 to 8 contained swims initiated by the left half beat. Specif-

ically, fast forward swims were identified in clusters 2 to 4, slow forward

swims in clusters 7 and 8, and turns in clusters 5 and 6. Clusters 9–15

represented rightward swims, with clusters 11 and 12 displaying fast for-

ward swims, cluster 13 slow forward swims, and clusters 10, 14, and 15

turns.

To discover common structures in the control and neuronal spaces, we

reordered the neuronal similarity matrix based on the sorting of the control

similarity matrix, Figure 5.8D. While similarity between the two spaces

was not entirely consistent, clusters 2–4 and 11–13 appeared mutually

similar. However, due to the limited number of bouts, it is not possible to

confirm the consistency of these clusters. For completeness, we projected

the total activity of each ROI for each cluster into the neural space, shown

in Figure 5.9, to highlight the distribution of activity for different types

of movements.
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Figure 5.8. Hierarchical clustering of head-restrained movements
in the control space. (A) The number of clusters were selected based
on the elbow of cluster distance. 15 clusters were chosen, indicated by red
vertical line. (B) Dendrogram of the bouts grouped based on the Euclidean
distance of the initially inferred control, truncated after 15 branches. X-
axis indicate the number of bouts labeled for each cluster. (C) Inferred
control pairwise Euclidean distance with hierarchical clusters from (B)
overlaid and labeled. (D) The neural ROI pairwise cosine distance sorted
using inferred control ordering to identify whether there are clusters in
common. (E) The 7th segment tail angle for bouts from each cluster in
(C) is shown. Clusters 2–8 correspond to leftward bouts, and clusters
9–15 to rightward bouts. Cluster 1 appears to extract bouts with tracking
errors or struggle swims.
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Figure 5.9. ROI cumulative activity for each input cluster. The
ROI map corresponds to a cluster extracted from the similarity matrix of
input bout types.
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5.5 Discussion

As a first attempt, we demonstrated a possible avenue for bridging

head-restrained to free-swimming behavior using a model trained on free-

swimming locomotion. By filtering head-restrained bouts of a ballistic

nature similar to free-swimming movements, we successfully classified

bouts with common initiating control of bout types relevant to free-

swimming behaviors (Marques et al., 2018). This sets a path for future

studies in head-fixed preparations to label more complex tasks, such as

sequences or adaptations of bout types in head-fixed assays.

The main limitation of this analysis was that it was performed using a

single fish, and the neural imaging was acquired over single planes. Con-

sequently, in addition to relying solely on ballistic bouts, the bout infer-

ences could only be analyzed for single planes, reducing the number of

bouts for a given ROI by 13-fold. This could potentially explain the lack

of ipsilateral activity in RS neurons during right-left turns, which have

been previously identified (Orger et al., 2008; Huang et al., 2013).

With a larger dataset, neural maps could be pooled for individual bouts

rather than agglomerating turns, as Lau (2019) has shown that J-turns

recruit a distinct population of neurons compared to routine turns and

high-angle turns. Although slow forward swims recruit the nMLF, align-

ing with studies from Carbo-Tano et al. (2023) and (Severi et al., 2014),

this result was not consistent for burst swims, creating a contradiction. In

addition to acquiring datasets collected across multiple fish, two-photon

light sheet microscopy would provide fast volumetric imaging without vis-

ible light disturbing the fish’s behavior (Wolf et al., 2015; de Vito et al.,

2022).

We demonstrated the low-dimensional input space encoded using the dy-

namical structure of head-fixed behavior, could be used to cluster bouts
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based on similarity of control inputs. However, this input structure lacked

similarity to clusters identified in the neural space. This suggested that

the model found a solution to capture movement independent of the hind-

brain neurons. While this again could be an artifact of limited data, an

alternative explanation might be that the non-linear mapping from con-

trol space to tail observation in the model was too flexible which led to a

different solution to hindbrain neural recordings. A future direction would

be to constrain the model to be biologically inspired. For example, studies

have constrained the dynamical system to be a set of descending coupled

oscillators (Kuo & Eliasmith, 2005; Ijspeert et al., 2007). This way the

inferred control would be constrained and generate oscillatory dynamics

similar to our understanding of CPGs.
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Chapter 6

General Discussion
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6.1 Summary

We used optimal control theory to model behavior in larval zebrafish as a

controlled dynamical system. The underlying input-driven dynamics were

identified using the iLQR-VAE method (Schimel et al., 2022). This frame-

work allowed us to compartmentalize the model into two components: a

reservoir of dynamics that captures the broad space of movements and

a low-dimensional control space that selects the dynamics for movement

production (Mullen et al., 2024). The sparsity constraint in the latent in-

put was critical to ensure that the dynamics were learned in the network

rather than being driven by the control. Therefore, this helped separate

the control space from the dynamics space. The low-dimensional control

space reflects a biological concept similar to the descending control from

the brainstem to the spinal cord. Throughout this thesis, we explored

parallels of this unique feature in our model to understand how inferred

control mapped to different aspects of behavior.

First, we demonstrated the link between dynamics and behavioral rep-

resentation by showing that the initial control for movement production

correlated with global kinematic features of movement. This bridge has

been made in the dynamical system view that models the response of M1

to behavioral variables (Churchland et al., 2012; Pandarinath, O’Shea,

et al., 2018). We showed that the tail beat frequency and tail amplitude

could decode from the initial control. Although we did not explicitly relate

the control to stimulus features, experimental studies have shown that tail

beat frequency and bout speed are correlated with grating speed (Severi

et al., 2014; Naumann et al., 2016), and that turn angle is coupled to the

stimulus angle (Orger et al., 2008). We also found that the initial control

was predictive of the bout type (Marques et al., 2018). The classification

of bout types were defined by clustering on the kinematic features of the

behavior (Marques et al., 2018; Johnson et al., 2020; Mearns et al., 2020).
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A key distinction of our method was that bouts could be generated by

smoothly sampling through the 10-dimensional control space. As most

of the control is encoded in the initial control peak, movements could be

represented as a control state. This addresses issues with pure discrete

classifications which do not allow for continuous variation (Datta et al.,

2019). Furthermore, this space is compatible with different bout classifi-

cation methods, as it was trained on a diverse set of behaviors (Johnson

et al., 2020; Mearns et al., 2020).

Second, having a single model fitted to the behavioral repertoire of ze-

brafish larvae allowed us to make inferences and find embeddings in the

control space for other datasets. We demonstrated this advantage by infer-

ring latent dynamics from movements with pectoral fin and tail tracking.

There has been a discussion about the control of pectoral fins and if control

is shared with the tail (Budick & O’Malley, 2000; Green et al., 2011; Danos

& Lauder, 2007). We highlighted that the latent dynamics could not pre-

dict fin movements for slow swims, suggesting that there were independent

control modes, whereas faster burst swims shared latent dynamics. Fur-

thermore, we aligned behavioral datasets with neural recordings using the

pre-trained model. The behavioral datasets with neural recordings were

acquired under head-fixed conditions. We made the assumption that the

dynamics of head-fixed movements constrained to a subspace of the free-

swimming dynamics, as the set-up prevented the ability to elicit O-bends

and extended bouts were an artifact of the head being tether (Portugues

& Engert, 2011; Jouary et al., 2024). We used the inferred control as a

method to exclude bouts that were extended and not like the more ballistic

free-swimming bouts. By embedding sparse head-restrained bouts in the

free-swimming PC space we were able to classify head-fixed movements

into free-swimming bout types based on the similarity of their initial con-

trol. Despite the preliminary nature of our findings and the limited dataset

available, we introduced a novel approach for examining the neural control
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of naturalistic behaviors, by enabling the classification of head-fixed move-

ments according to free-swimming bout types (Cong et al., 2017; Marques

et al., 2019).

Moving away from understanding the inferred control space, we demon-

strated an approach to interpret the learned dynamics by fitting the be-

havior to a linear network. This allowed us to reduce the dimensionality

of the network using balanced model reduction (Padoan et al., 2021), and

find a minimal model that could recapture behavior. This reduced model

provided a compressed representation of the underlying dynamics, so we

could identify important dynamical modes recruited in the construction

of different movements (Stephens et al., 2008; Ahamed et al., 2020). Ze-

brafish larvae have become a popular model for drug discovery due to

their rapid development and genetic tractability (Patton et al., 2021). We

used balanced model reduction to show that the underlying dynamics of

behavior were invariant when manipulated with ethanol drug. However,

the control in driving different bout types were altered. We demonstrated

that while kinematic analysis identified phenotypical changes under drug

screening, the inferred control can provide insights into what aspects of

behavioral control are modulated due to drugs.

Throughout this work, we developed an open source Python software pack-

age, DiffiLQRAX , which implemented the iLQR algorithm (Mullen &

Schimel, 2025). The package contains ReadtheDocs documentation and

used case examples to encourage usability. While there existed quadratic

programming solvers for optimal control (Amos & Kolter, 2017), the JAX

library had functionality for associative scanning. We explored a parallel

version of the LQR problem using associative programming that could

parallelize linear dynamics and the recursive Value function (Sarkka &

Garcia-Fernandez, 2023). This was advantageous for GPU scalability and

reducing the time complexity of tradition LQR solvers (Sarkka & Garcia-
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Fernandez, 2023). Associative scan algorithms have gained popularity

in the machine learning community for their ability to parallelize oper-

ations in linear systems (Sarkka & Garcia-Fernandez, 2021), and some

non-linear problems (Feng et al., 2024; Gonzalez et al., 2024). In addi-

tion, DiffiLQRAX is a differentiable solver, so it could be incorporated into

other JAX-based machine learning frameworks (Bradbury et al., 2018).

6.2 Future outlook

The application of dynamical systems approaches to model behavior was

largely inspired by work in the motor cortex community (Shenoy et al.,

2013). Optimal feedback control has been used to describe inter-areal

communication between motor areas (Sauerbrei et al., 2019; Athalye et

al., 2023). Where studies with optogenetics and multi-regional record-

ings have shown that the motor cortex is not entirely autonomous but

receives thalamic input for accurate movement execution (Sauerbrei et

al., 2019; O‘Shea et al., 2022). Our model frames motor control at a

different level that focuses on control as a feedforward process, whereby

inputs descend from the hindbrain to the spinal cord. But there is a caveat

that the control in our model does not incorporate feedback, despite ex-

periments showing that interneurons have recurrent connections between

RS neurons(Vishwanathan et al., 2024). One way that feedback might be

represented in our sparse control space could in be the additional peaks

used to generate bouts. An approach to test this would be to use a dataset

with optogenetic stimulation that could perturb RS neurons (Kimura et

al., 2013; Jia & Wyart, 2024), or have a closed-loop stimulus and manip-

ulate the gain of the stimulus feedback (Markov et al., 2021).

The iLQR-VAE method learns a non-linear mapping between the latent

control and the dynamics of behavior. This bypasses the need to fit neural

activity to behavior, which can be a challenging problem (Pandarinath,
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O’Shea, et al., 2018). We expected that the inferred latent control should

map to populations of neurons in the hindbrain. A challenge with this

approach was that the RNN was too flexible, so it could not easily reflect

a similar solution to the hindbrain neural activity. One approach to ad-

dress this would be to learn a joint behavior and neural model (Hurwitz

et al., 2021; Kudryashova et al., 2023; Gondur et al., 2024). Neural dy-

namics “stitching” has been proposed as a way to improve generalization

by fitting the latent dynamics to multiple datasets during learning Turaga

et al. (2013); Pandarinath, O’Shea, et al. (2018). In this case, the neu-

ral dataset would have a readout to the behavior coupled with ROI re-

construction. An alternative would be to define the network to incor-

porate more biologically plausible structures, such as coupled descending

oscillators. Studies have demonstrated these oscillator-inspired models on

crawling Drosophila (Pehlevan et al., 2016), walking and swimming sala-

manders (Ijspeert et al., 2007) and swimming zebrafish (Kuo & Eliasmith,

2005), to name a few. So, fitting behavior to this dynamical system would

have biophysical constraints in the model. Incorporating these constraints

into the model would learn a control space more aligned to neural control

of behavior.

We only briefly touched on how the inferred control is reflected in hind-

brain neural activity. This was due to two limitations; the first was that

the size of the dataset was too small to apply any statistics as it was

collected from a single fish and the two-photon imaging restricted neu-

ral recording to be acquired on single planes. In contrast, light-sheet

microscopy can acquire volumetric images of neural activity (Keller &

Ahrens, 2015; Hoffmann et al., 2023). This would allow all neural ROIs

to be recorded during each tracked bout, increasing the number of bouts

for a given ROI. The other drawback was the temporal resolution of the

neural dataset. Although light-sheet microscopy would additionally en-

hance the rate of acquisition, calcium indicators have a slow decay time,
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and so the temporal resolution would still be limited. Advancements in

genetic tools have developed genetically encoded voltage indicators with

faster kinetics (Miyazawa et al., 2018; Wang et al., 2023). This would

make it possible to capture the fast dynamics of neural activity in the

hindbrain and relate it to the inferred control space.

The larval zebrafish was an ideal model organism for studying behavior as

their swims are naturally segmented into bouts. The iLQR-VAE method

has also proven to be a flexible tool to learn controlled dynamics of con-

tinuous locomotion such as that of C. Elegans (Mullen et al., 2024). There

has been extensive work quantifying the behavioral dynamics of C. Ele-

gans (Stephens et al., 2008; Ahamed et al., 2020). An advantage with

C. Elegans is that all of their neurons can be labeled and recorded from,

so behavior can be mapped to brain states (Kato et al., 2015). Another

interesting avenue would be to apply the method to other model organ-

isms that are very closely related to the zebrafish, such as the Danionella,

which have a similar reticulospinal organization, but with different loco-

motor patterns. For example, the locomotion of Danionella is does not

occur in discrete bouts, but is more continuous (Rajan et al., 2022).

With larger computational resources and exploiting the associative scan-

ning of the DiffiLQRAX solver, it would be interesting to train the behavior

on longer sequences of data, not just individual bouts. This would allow

the inferred control to capture information about the previous bouts and

interbout interval (Johnson et al., 2020; Dunn et al., 2016). We could

then explore how the control sequences change over long timescales and

see if there are temporal correlations in control for sequences of bout

types (Sridhar et al., 2024; Costa et al., 2024).

On the software side, there are several extensions that could be made

to DiffiLQRAX . The first would be to integrate the software with other

physics simulators, such as Mujoco and Open-Sim (Todorov et al., 2012;
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Delp et al., 2007). This would enhance usability and contributions, as

there is a large community of researchers who use these simulators. Sec-

ondly, incorporate inequality constraints into the solver (Howell et al.,

2019). This would allow optimal control to drive dynamical in closed en-

vironments and is important for robotics applications. Finally, it would be

useful to add a Kalman smoother to DiffiLQRAX for state estimation. This

functionality would be parallel to iLQR, but would allow for optimizing

the state space rather than the control from partial observations.
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Appendix A

Further derivations iLQR

A.1 Detailed derivation of the LQR problem
solved by dynamic program

There exists a particular class of control problems that minimizes a
quadratic cost that is constrained by linear dynamics, known as a linear
quadratic program. This is formally written as

minimize
{u0,...,uT−1}

J (x, u) = lf (xT ) +

T−1∑
t=0

lt(xt, ut) (A.1)

subject to xt+1 = Atxt +Btut, t = 0, . . . , T − 1 (A.2)

x0 = xinit (A.3)

lt denotes the momentary cost function at time t, the quadratic terms are
defined as,

lt(xt, ut) =

[
xt
ut

]T [
Qt St
ST
t Rt

] [
xt
ut

]
+

[
xt
ut

]T [
qt
rt

]
(A.4)
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and
lT (xT ) = xTTQTxT + xTT qT (A.5)

The optimization is constrained by the forward linear dynamics, where
the successive state xt+1 ∈ Rn is determined by the state space matrix
A ∈ Rn×n and the input matrix B ∈ Rn×m, which act on the current
state xt ∈ Rn and control ut ∈ Rm, respectively. The state space matrix
A and the input matrix B can vary over time.To ensure uniqueness and
convergence, the cost matrices are constrained with the state cost Qt =
QT

t ≽ 0 and input cost Rt = RT
t ≻ 0.

The LQR can be solved using DP using the Riccati equation (Kirk, 2004),
provided that the Value function at each time point has the same structure.
The Value function is defined as the minimum cost-to-go from time t to
T given the state xt and the control ut at time t. The Value function at
time t is defined by,

V(xt, t) = min
ut

([
xt
ut

]T [
Qt St
ST
t Rt

] [
xt
ut

]
+

[
xt
ut

]T [
qt
rt

]
+ V(xt+1, t+ 1)

)
(A.6)

which is bounded by the terminal cost state in Equation (A.5),

V(xT , T ) =
1

2
xTTVT vT + xTT vT (A.7)

where VT = QT and vT = qT . Here, we shall outline the proof that the
value function has the same structure using proof by induction. That
is, given the Value function at time T , has the quadratic structure as in
Equation (A.7), and we show that the Value function at time T − 1 has
the same structure too, then the Value function holds for all time points.
Therefore, substituting Equation (A.7) into Equation (A.6) and using the
linear dynamics constraint to evaluate all variables at t, yields,
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V(xT−1, T − 1) = min
uT−1

([
xT−1

uT−1

]T [
QT−1 ST−1

ST
T−1 RT−1

] [
xT−1

uT−1

]
+

[
qT−1

rT−1

]T [
xT−1

uT−1

]

+
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xT−1

uT−1
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AT

T−1VTAT−1 AT
T−1VTBT−1

BT
T−1VTAT−1 BT

T−1VTBT−1

] [
xT−1

uT−1

]
+

[
xT−1

uT−1

]T [
AT

T−1vT
BT

T−1vT

])
(A.8)

= min
uT−1

([
xT−1

uT−1

]T [
QT−1 +AT

T−1VTAT−1 ST−1 +AT
T−1VTBT−1

ST
T−1 +BT

T−1VTAT−1 RT−1 +BT
T−1VTBT−1

] [
xT−1

uT−1

]
+

[
xT−1

uT−1

]T [
qT−1 +AT

T−1vT
rT−1 +BT

T−1vT

])
(A.9)

= min
ut

([
xT−1

uT−1

]T [
Qxx

T−1 Qxu
T−1

Qux
T−1 Quu

T−1

] [
xT−1

uT−1

]
+

[
xT−1

uT−1

]T [
qxT−1

quT−1
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(A.10)

where Qxx
T−1, Q

xu
T−1, Q

ux
T−1, Q

uu
T−1, q

x
T−1, q

u
T−1 aggregates the terms in the

matrix form. Then minimizing the Value function with respect to uT−1,
that is, ∂V

∂uT−1
= 0, gives,

0 =
∂V

∂uT−1
= Quu

T−1uT−1 + (Qux
T−1xT−1 + quT−1) (A.11)

which can be re-arranged to give the input state feedback law,

uT−1 = KT−1xT−1 + kT−1 (A.12)

defined by,

KT−1 =−Quu−1

T−1 Q
ux
T−1

=− (RT−1 +BT
T−1VTBT−1)

−1(ST
T−1 +BT

T−1VTAT−1) (A.13)

kT−1 =−Quu−1

T−1 q
u
T−1

=− (RT−1 +BT
T−1VTBT−1)

−1(rTT−1 +BT
T−1vT ) (A.14)
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With the state feedback law, for completeness, the Value function can
be expressed only in terms of the state xT−1 as by substituting Equa-
tion (A.12) into Equation (A.8) to give,

V(xT−1, T − 1) =

[
xT−1

KT−1xT−1 + kT−1

]T [
Qxx

T−1 Qxu
T−1

Qux
T−1 Quu

T−1

] [
xT−1

KT−1xT−1 + kT−1

]
+

[
xT−1

KT−1xT−1 + kT−1

]T [
qxT−1

quT−1

]
(A.15)

=
1

2
xTT−1VT−1xT−1 + xTT−1vT−1 + const.

where,

VT−1 =Qxx
T−1 +KT

T−1Q
ux
T−1 +Qxu

T−1KT−1 +KT
T−1Q

uu
T−1K

T
T−1 (A.16)

vT−1 =qxT−1 +KT
T−1Q

uu
T−1kT−1 + kTT−1q

u
T−1 (A.17)

which returns the Value function at time T −1 with the same structure as
in Equation (A.7). Therefore, the Value function holds for all time points
with quadratic structure,

V(x, t) =
1

2
xTt Vtxt + xTt vt. (A.18)

Using the terminal Value function boundary condition, we can obtain all
the gain terms, {K} and {k}, for the optimal control law, following the
same procedure as Equations (A.12), (A.13), (A.15) and (A.16) at each
time point t starting from T ; illustrated in Algorithm 3. With the optimal
gains, the optimal trajectory can then be computed using the optimal
feedback law in Equation (A.12).
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Algorithm 3 Riccati Recursion for Solving LQR with KKT Conditions

1: procedure Backward pass
2: VN ← Qf

3: vN ← qf
4: for n = N − 1→ 0 do
5: R̃n ← Rn +BT

n Vn+1Bn

6: Kn ← −R̃−1
n (Sn +BT

n Vn+1An)
7: Vn ← Qn +AT

nVn+1An −KT
n R̃nKn

8: kn ← −R̃−1
n (sn +BT

n (Vn+1an + vn+1))
9: vn ← qn +AT

n (Vn+1an + vn+1)−KT
n R̃nkn

10: end for
11: λ0 ← V0x0 + v0
12: end procedure

13: procedure Forward pass
14: for n = N − 1→ 0 do
15: un ← Knxn + kn
16: xn+1 ← Anxn +Bnun + an
17: λn+1 ← Vn+1xn+1 + vn+1

18: end for
19: end procedure

A.2 Lagrangian method to solve LQR

The quadratic and linear terms in Equation (A.1) can be collected and
redefined in block matrix form as,

minimize
z

ϕ =
1

2
zTHz + gTz

subject to Fz − b = 0
(A.19)

where H and F are sparse block diagonal matrices, and g, b, z = [x u]
are the linear terms concatenated through time, explicitly,
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z =



x0
u0
x1
u1
...

xT−1

uT−1

xT


, H =



Q0 S0 0 0 · · · 0 0 0
ST
0 R0 0 0 · · · 0 0 0
0 0 Q1 S1 · · · 0 0 0
0 0 ST

1 R1 · · · 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 · · · QT−1 ST−1 0
0 0 0 0 · · · ST

T−1 RT−1 0
0 0 0 0 · · · 0 0 QT


, g =



q0
r0
q1
r1
...

qT−1

rT−1

qT



F =


A0 B0 −I 0 · · · 0 0 0
0 0 A1 B1 · · · 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 · · · AT−1 BT−1 −I
0 0 0 0 · · · 0 0 AT

 , b =



0
a0
a1
...

aT−1

aT


The Lagrangian, L, of Equation (A.19) is given as,

L(z,λ) =
1

2
zTHz + zTg + λT (Fz − b) (A.20)

Where the Lagrange multiplier, λ, is a vector of the same dimension as
the equality constraints, and characterizes the costate dynamics of the
system (Amos & Kolter, 2017).

The quadratic optimization in Equation (A.19) can be directly minimized,
by solving the Lagrangian in Equation (A.20) with the Karush-Kuhn-
Tucker (KKT) condition that satisfies Sufficient Optimal Conditions
(SOC). That is, the partial derivatives of Equation (A.20) satisfies the
KKT conditions of stationarity and primal feasibility, as,

∇zL(z,λ) = Hz∗ + g + F Tλ∗ = 0 (A.21)

∇λL(z,λ) = Fz∗ − b = 0 (A.22)

yielding,
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[
H −F T

−F 0

] [
z
λ

]
= −

[
g
b

]
(A.23)

The KKT condition states that if solution z∗ exists, then there also exists
a vector λ∗ that satisfies the KKT conditions in Equation (A.23) (Amos
& Kolter, 2017; Schimel et al., 2022). Equation (A.23) can be solved by
matrix inversion,

[
z∗

λ∗

]
= −

[
W F T

F 0

]−1 [
g
b

]
(A.24)

to obtain the optimal trajectory and inputs given the costs and dynamics.

The time duality of the system, expressed via state (forward) and costate
(reverse) equations, emerges when Equation (A.20) rewritten in terms of
time-dependent components from Equations (A.4) and (A.5). The partial
derivatives of the Lagrangian subjected to conditions for optimality yields,

∇xtL(z,λ) = Qtxt + qt + Stut +AT
t λt+1 − λt = 0 (A.25)

∇xTL(z,λ) = QfxT + qT − λT = 0 (A.26)

∇λ0L(z,λ) = x0 − x0 = 0 (A.27)

∇λt+1L(z,λ) = Atxt +Btut + at − xt+1 = 0 (A.28)

∇utL(z,λ) = ST
t xt +Rtut + rt +BT

t λt+1 = 0 (A.29)

a set of equations that can be solved to obtain the optimal trajectory
and inputs (Amos & Kolter, 2017; Schimel et al., 2022). Hence, Equa-
tions (A.27) and (A.28) reveals the state equations,

xt+1 = Atxt +Btut + at (A.30)

subject to initial value boundary condition x0 = x0. Contrary, Equa-
tions (A.25) and (A.26) describe reverse time dynamics, or the costate
equations,
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λt = Qtxt + qT + Stut +AT
t λt+1 (A.31)

with terminal boundary condition, λT = QfxT + qT . The partial deriva-
tives of the Lagrangian provide necessary (but not sufficient) conditions
for optimality.

One caveat with the method that uses the Lagrangian and conditions of
optimality is that inverting the matrix in Equation (A.24) scale insuf-
ficiently, the complexity of this method is O[T 3(m + n)3]. In contrast,
Equation (A.24) can be solved using DP with complexity O[T (m + n)3].
Wright (1996) showed the KKT system can be written as a band-diagonal
matrix, which can be solved using a linear complexity algorithm, using
Riccati recursion to factorize the KKT system.

A.3 LQR tracking

Currently, we have discussed the case when LQR solver is used to find the
optimal trajectory that minimizes quadratic state and input cost. The
LQR algorithm can also be used to track a target trajectory with linear
dynamics,

x̃t+1 = Atx̃t +Btũt (A.32)

where x̃t is the target trajectory and ũt is the target input. The dynamics
can be transformed to project the perturbed dynamics from the target
trajectory,

δxt+1 = Atδxt +Btδut (A.33)

that is, the target trajectory and inputs are replaced with deviations from
the actualized trajectory, δxt = xt−x̃t, and inputs, δut = ut−ũt (Anderson
& Moore, 2007). The momentary cost function, in Equation (A.4), is also
transformed to the cost around deviations,
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lt(xt, ut) =

[
δxt
δut

]T [
Qt St
ST
t Rt

] [
δxt
δut

]
+

[
δxt
δut

]T [
qt
rt

]
(A.34)

and
lT (xT ) = δxTt QT δxt + δxTt qT (A.35)

The LQR algorithm finds an optimal policy that minimizes the state de-
viation based on the state deviation feedback, δut, which is derived from
the state deviation, δxt, and the gain in the state deviation feedback, Kt,
as,

δu∗t = Ktδxt + kt (A.36)

similar to Equation (A.12). But the additional step of updating the target
input using the optimal state-deviation feedback, as,

u∗t = ũt + δu∗t (A.37)

The LQR problem characterised by deviations, Equations (A.33)
to (A.35), is known as a local LQR problem. This is because the
cost and dynamics are centered about the target trajectory. In other
words, we are finding optimal state feedback perturbation around the
target trajectory. This paradigm can be extended to non-linear dynamics
where small perturbations around the trajectory can be approximated
using Taylor expansion. With a tracked trajectory x̃ = {x̃0, x̃1 . . . x̃T }
generated through the nonlinear dynamics, such that,

x̃t+1 = f(x̃t, ũt) (A.38)

we can approximate the dynamics around the target trajectory using a
first order Taylor expansion, with respect to xt and ut, yielding,

This case requires a first order Taylor expansion about the target trajec-
tory, with respect to xt and ut, yielding,
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f(xt, ut) ≈ f(x̃t, ũt) +
∂f

∂xt

∣∣∣∣
x̃t,ũt︸ ︷︷ ︸

Ã

δxt +
∂f

∂ut

∣∣∣∣
x̃t,ũt︸ ︷︷ ︸

B̃

δut (A.39)

and rearranging the terms and substituting Equation (A.38), we arrive at
the same tracking problem in Equation (A.33),

δxt+1 = Ãtδxt, B̃tδut (A.40)

here, the Jacobian is approximated as the state transition matrix Ãt and
input matrix B̃t (Tedrake, 2023).

For completeness, in the case when we have a global LQR problem, the dy-
namics are linearized about the actual state and input values. Therefore,
we need to factor the offsets of the target trajectory from the actual state
and input values, and so, the linearization of the non-linear dynamics is
given by,

f(xt, ut) ≈ f(x̃t, ũt) +
∂f

∂xt

∣∣∣∣
x̃t,ũt

(xt − x̃t) +
∂f

∂ut

∣∣∣∣
x̃t,ũt

(ut − ũt) (A.41)

=

(
f(x̃t, ũt)−

∂f

∂xt

∣∣∣∣
x̃t,ũt

x̃t −
∂f

∂ut

∣∣∣∣
x̃t,ũt

ũt

)
︸ ︷︷ ︸

ã

+
∂f

∂xt

∣∣∣∣
x̃t,ũt︸ ︷︷ ︸

Ã

xt +
∂f

∂ut

∣∣∣∣
x̃t,ũt︸ ︷︷ ︸

B̃

ut

(A.42)

= ã+ Ãxt + B̃ut. (A.43)

The offset correction holds for higher order terms in the Taylor expan-
sion. The linear cost terms qt and rt are also corrected for the offsets in
the quadratic terms of the Taylor expansion in the state and input tra-

jectories, for example, q̃ = ∂c
∂xt

∣∣∣
x̃t,ũt

− x̃Tt ∂2c
∂x2

t

∣∣∣
x̃t,ũt

− ũTt ∂2c
∂ut∂xt

∣∣∣
x̃t,ũt

, and

r̃ = ∂c
∂ut

∣∣∣
x̃t,ũt

− ũTt ∂2c
∂u2

t

∣∣∣
x̃t,ũt

− x̃Tt ∂2c
∂xt∂ut

∣∣∣
x̃t,ũt

.
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Local and Global LQR problems

The subtle difference between the local and global LQR problems lies in
where the optimal values are evaluated. For example, in iterative methods
like iLQR, each iteration solves a LQR problem around a nonlinear input
and state trajectory. After convergence, when evaluating the adjoints and
approximated LQR parameters, it is important to account for the offsets
in the state and input trajectories, and a final global LQR problem should
be solved. Moreover, when handling gradients of the LQR problem, the
actual gradients should be derived from the global LQR problem, which
accounts for these offsets (Schimel et al., 2022).

A.4 Iterative LQR: non-linear optimal control

An extension from the optimal trajectory tracking with non-linear dynam-
ics, is adapting the framework to handle non-linear cost functions. This
time, the optimization problem is given as

minimize
u,x

J (x, u) = Cf (xT ) +
T−1∑
t=0

Ct(xt, ut)

subject to xt+1 = f(xt, ut), t ∈ [0, T ]

(A.44)

The iLQR algorithm locally approximates the cost and the dynamics func-
tion around the current state x and u. The non-linear dynamics can be
linearly approximated as

x̃t+1 = f(x̃t, ũt)

f(xt, ut) ≈ f(x̃t, ũt) +
∂f

∂xt

∣∣∣∣
x̃t,ũt︸ ︷︷ ︸

Ã

(xt − x̃t) +
∂f

∂ut

∣∣∣∣
x̃t,ũt︸ ︷︷ ︸

B̃

(ut − ũt) (A.45)

after rearranging, yields,
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f(δxt, δut) ≈ Ãδxt + B̃δut (A.46)

which approximates perturbations with linear dynamics, the state and
input matrices correspond with the Jacobians of the non-linear dynam-
ics (Li & Todorov, 2004). Equally, the cost function is approximated to a
quadratic function via a second-order Taylor expansion,

J (δxt, δut) = J (x
(i)
t , δu

(i)
t ) +

T−1∑
t=0

1

2

[
xt
ut

]T [Cxxt Cxut
Cuxt Cuut

] [
xt
ut

]
+

[
xt
ut

]T [Cxt
Cut

]
(A.47)

where Cxx = ∇2
xC, Cuu = ∇2

uC, Cux = ∇uxC, Cx = ∇xC, Cu = ∇uC, and
Cxx = ∇2

xC. Now, Equations (A.46) and (A.47) form a local LQR problem.
Therefore, from an initialised control sequence and current iteration i,
an optimal input perturbation, δu∗, can be used to update the control
sequence for the next iteration i+ 1, as

u
(i+1)
t = u

(i)
t + δu∗t (A.48)

This can generate another trajectory with a forward rollout, and the pro-
cess of local approximations can be repeated until the input sequence
converges to a local optimum.

Similar to LQR, the non-linear iLQR control problem can also be solved
using dynamic programming by recursively solving the Value function
backwards. The terminal boundary condition is initialized as

V(δxT , T ) =
1

2
δxTTVT δxT + δxTT vT (A.49)

=
1

2
δxTTCxxT δxT + δxTTCxT (A.50)

in general, the Value function is described as,
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V(δxt, t) =
1

2
δxTt Vt+1δxt + δxTt vt+1 (A.51)

which is the minimization of δu from the current to the terminal input in
the sequence. This is expressed in recursive form as

V(δxt, t) = min
δut

{
1

2

[
δxt
δut

]T [Cxxt Cxut
Cuxt Cuut

] [
δxt
δut

]
+

[
xt
ut

]T [Cxt
Cut

]
+

V(f(xt + δxt, ut + δut), t+ 1)}
(A.52)

substituting Equation (A.51) in Equation (A.52), the Value function can
be re-arranged in terms of δxt and δut,

V(δxt, t) ≈ min
δut

{
1

2

[
δxt
δut

]T [Cxxt Cxut
Cuxt Cuut

] [
δxt
δut

]
+

[
δxt
δut

]T [Cxt
Cut

]
+

1

2

[
δxt
δut

]T [
ÃT

t Vt+1Ãt ÃT
t Vt+1B̃t

B̃T
t Vt+1Ãt B̃T

t Vt+1B̃t

] [
δxt
δut

]
+

[
δxt
δut

]T [
ÃT

t vt+1

B̃T
t vt+1

]}
(A.53)

thus collecting the terms yield,

V(δxt, t) ≈ min
δut

{
1

2

[
δxt
δut

]T [
Qxx

t Qxu
t

Qux
t Quu

t

] [
δxt
δut

]
+

[
δxt
δut

]T [
qxt
qut

]}
(A.54)

where,

Qxx
t = Cxxt + ÃT

t Vt+1Ãt Quu
t = Cuut + B̃T

t Vt+1B̃t Qxu
t = Cxut + ÃT

t Vt+1B̃t

qxt = Cxt + ÃT
t vt+1 qut = Cut + B̃T

t vt+1

The argmin of δut, i.e. the optimal input perturbation minimizes the
Value function via the feedback law,
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δu∗t = −(Quu
t )−1 (Qux

t δxt + qut ) (A.55)

δu∗t = Ktδxt + kt (A.56)

where the gains are denoted as K = −(Quu
t )−1Qux

t and k = −(Quu
t )−1qut .

Substituting the optimal input perturbations in Equation (A.54) and re-
arranging in the form of the Value function of,

V(δxt, t) =
1

2
δxTt Vt+1δxt + δxTt vt+1 (A.57)

gives,

δVt =
1

2
KT

t Q
uu
t Kt (A.58)

Vt = Qxx
t +KT

t Q
uu
t Kt +KT

t Q
ux
t +Qxu

t Kt (A.59)

vt = qxt +KT
t Q

uu
t kt + kTt q

u
t +Qxu

t kt. (A.60)

The updated state trajectory x(i+1) and the control input sequence u(i+1)

can be acquired once all the gain terms have been collected. The control
gains can update the input sequence with the the optimal input pertur-
bations,

δxt = x
(i+1)
t − x(i)t (A.61)

u∗t = u
(i)
t +Kt(x

(i+1) − x(i)) + kt︸ ︷︷ ︸
δu∗

t

(A.62)

xt+1 = f(xt, u
∗
t (xt)). (A.63)

The non-linear cost value can be evaluated using the new i + 1 iteration
of the state and input trajectories.
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An additional feature to reduce the number of iteration until convergence
to a local optimum in the iLQR algorithm is to apply a 1D line search
on the linear gain term of Equation (A.56). The linesearch backtracking
algorithm finds the optimal step size in the gain update to prevent over-
shooting in the perturbation update (Tassa et al., 2012). This becomes
useful when the control problem is highly non-convex. Equation (A.56) is
adapted to have an addition hyper parameter, α, such that,

δu∗t = Ktδxt + αkt (A.64)

Backtrack line search performs as a series of forward rollouts using Equa-
tion (A.64) with the function f(x, u∗(x, α)) and the cost J (x, u;α) evalu-
ated (Park et al., 2020). Initially set with α = 1., that is the largest step
size, then geometrically decrements until the local minimum is found.

A.5 Details of Associative scan

We highlight further results from the work of Blelloch (1990) on associative
algorithms and recurrence equations, focussed on Section 1.4.

An associative algorithm is possible providing:

1. the function is a binary operator, e.g., f : X × X → X ,

2. and the operator is associative, e.g., (a⊕ b)⊕ c = a⊕ (b⊕ c).

For example, given an array length N ,

[a1, a2, . . . , aN−1] (A.65)

and a binary operator • sequentially scan through the array, yielding

[a1, (a1 • a2), . . . , (a1 • a2 • · · · • aN−1)] (A.66)

providing the operator • satisfies the conditions above, this output se-
quence can be computed in parallel. The implementation requires:
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1. defining the initial value,

2. defining the associative elements,

3. defining the binary associative operator.

A.5.1 Recurrence equation

For a sequence of length N , a recurrence is a set of equations of form,

xi = fi(xi−1, . . . , xi−m) m ≤ i < N (A.67)

with an initial set of known values x0 . . . xm−1.

The scan operation, common in functional programming, is a special case
of recursion. The scan operation is defined as

xi =

{
a0 i = 0

xi−1 ◦ ai 0 < i < N
(A.68)

with the binary operator ◦, and the initial value a0. Typically, the binary
operator is a summation ⊕, or a multiplication ⊗. Blelloch (1989) demon-
strated parallelization of Equation (A.68) as the all-prefix summation,
which returned a cumulative sum sequence using the ⊕ binary associative
operator on a fixed length array.

First order recurrence

A more advanced case of recursion is the first order linear recurrence.
This has important applications in integration and linear dynamical sys-
tems (Smith et al., 2023). The equation set of first-order recurrence is
defined as

xi =

{
b0 i = 0

(xi−1 ⊗ ai)⊕ bi 0 < i < n
(A.69)
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where ai and bi are a set of constants. In order to parallelize this equa-
tion, we need to rewrite Equation (A.69) in a form like Equation (A.68).
The operators in Equation (A.69) have important properties to help re-
formulate the first order recurrences into an associative algorithm that
are:

1. ⊕ is associative, (a⊕ b)⊕ c = a⊕ (b⊕ c);

2. ⊗ is semi-associative, (a⊗ b)⊗ c = a⊗ (b⊙ c);

3. ⊗ is distributive across, ⊕, a⊗ (b⊕ c) = (a⊗ b)⊕ (a⊗ c).

The constants ai and bi inEquation (A.69) are grouped as tuple, ci, that
is, ci := [ci,a, ci,b] = [ai, bi]. Blelloch (1990) defined the associative oper-
ator, •, to act on each component of the tuple and store an intermediate
component. The new binary operator • acts on ci tuple as

ci • cj = [ci,a ⊙ cj,a, (ci,b ⊗ cj,a)⊕ cj,b] (A.70)

where the second component reflects the first order recurrence in Equa-
tion (A.69) computation and the first component operator ⊙ is associative.

The proof of associativity for operator • is as follows,

(ci • cj) • ck = [ci,a ⊙ cj,a, (ci,b ⊗ cj,a)⊕ cj,b] • ck
= [(ci,a ⊙ cj,a)⊙ ck,a,

(((ci,b ⊗ cj,a)⊕ cj,b)⊗ ck,a)⊕ ck,b]
= [ci,a ⊙ (cj,a ⊙ ck,a), Associative ⊙

(((ci,b ⊗ cj,a)⊕ cj,b)⊗ ck,a)⊕ ck,b]
= [ci,a ⊙ (cj,a ⊙ ck,a),

((ci,b ⊗ cj,a)⊗ ck,a)⊕ (cj,b ⊗ ck,a)⊕ ck,b] Property 3

= [ci,a ⊙ (cj,a ⊙ ck,a),

((ci,b ⊗ cj,a)⊙ ck,a)⊕ (cj,b ⊗ ck,a)⊕ ck,b] Property 2

= ck • [cj,a ⊙ ck,a, (cj,b ⊗ ck,a)⊕ ck,b]
= ci • (cj • ck)
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If we define an ordered set as ci = [yi, xi], yi already satifies recurrence
condition in Equation (A.68),

yi =

{
a0 i = 0

yi−1 ⊙ ai 0 < i < n
(A.71)

Blelloch (1990) showed that ci more generally obeys the recurrence con-
dition in Equation (A.68). If s0 is initialized as

c0 = [y0, x0] = [a0, b0] = c0 (A.72)

Using the proof of associativity of the first order recurrence equation can
show how the binary operator can be parallelized,

ci = [yi, xi] (A.73)

= [yi−1 ⊙ ai, (xi−1 ⊗ ai)⊕ bi] (A.74)

= [yi−1 ⊙ ci,a, (xi−1 ⊗ ai)⊕ ci,b] (A.75)

= [yi−1, xi−1] • ci (A.76)

= ci−1 • ci (A.77)

thus matching the form of Equation (A.68).

Associative forward integration of linear dynamics

This principle applied to the forward integration of a linear dynamical
system, xi+1 = Axi + Bui with n = 4 time steps. At each timepoint the
state integrates the dynamics and external input, starting from an initial
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state x0,

x1 = Ax0 +Bu0

x2 = Ax1 +Bu1 = A2x0 +ABu0 +Bu1

x3 = Ax2 +Bu2 = A3x0 +A2Bu0 +ABu1 +Bu2

x4 = Ax3 +Bu3 = A4x0 +A3Bu0 +A2Bu1 +ABu2 +Bu3

Substituting ai = A and bi = Biui and applying the conditions of Equa-
tions (A.70) and (A.71) we arrive at

c0 = [y0, x0] = [Ix0, x0]
c1 = [y1, x1] = c0 • c1 = [Ix0, x0] • [A,Bu0]

= [Ax0, Ax0 +Bu0]

c2 = [y2, x2] = c1 • c2 = [Ax0, Ax0 +Bu0] • c2
= [Ax0, Ax0 +Bu0] • c2
= [A2x0, (A2x0 +ABu0) +Bu1]

c3 = [y3, x3] = c2 • c3 = [A2x0, A
2x0 +ABu0 +Bu1] • c3

= [A2x0, A
2x0 +ABu0 +Bu1] • [A,Bu2]

= [A3x0, A3x0 +A2Bu0 +ABu1 +Bu2]

Where the second element of the set s encodes the integration of the state
dynamics with external input u. In summary, the parallel implementation
of forward dynamics of integration requires the following steps:

1. Initialization - compute in parallel all ai and bi terms;

2. Parallel scan - call forward scan routine passing the binary operator
rule and initialized set;

3. Extraction - return the second term from scan routine.
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A.5.2 Associative reverse integration of value function

The optimal control sequence is shaped by the gains which are computed
by solving the Value functions. Value functions obey the principal of
optimality that follows a first order recurrence in reverse time; see Equa-
tions (A.6) and (A.18). Appendix A.1 demonstrate how the Value function
can be solved and is summarized by their self-consistent structure,

V(xt, t) = xtVtxt + vTt xt (A.78)

and, optimal state feedback law,

uk = −Kx
kxk + kvkvk+1 + kckak (A.79)

where,

Kx
k = (BT

k V
−1
k+1Bk +Rk)−1BT

k Vk+1A (A.80)

kvk = (BT
k V

−1
k+1Bk +Rk)−1BT

k (A.81)

kck = (BT
k V

−1
k+1Bk +Rk)−1BT

k Vk+1. (A.82)

The principle of optimality in Equation (A.18), frames the solution to the
value function as a first-order recurrence in reverse time, similar to Equa-
tion (A.69). Sarkka and Garcia-Fernandez (2023) proposed solving partial
value functions independently and described the combination method to
solve for the full value function. Defining the associative elements and
combinatorics enabled the prefix summation algorithm to parallelize the
backward scan through the Riccati recursion, similar to Equation (A.71).
Provided the Riccati recursion is associative, we can generate a set of
sub-problems to find the Conditional Value Function (CVF).

Conditional Value function The Conditional Value Function is the
cost function of the optimal trajectory from xi to xk, and is denoted as
Vi→k(xi, xk). It is defined as

178



Vi→k(xi, xk) = minimize
uk:i−1

i−1∑
t=k

lt(xt, ut)

subject to xt+1 = Atxt +Btut + at, t ∈ [k, i− 1]
(A.83)

The Conditional Value Function can be solved recursively using the Bell-
man equation, similar to the value function. Due to the principal of op-
timality, that any subsequence of an optimal trajectory is optimal, means
that any segment of that path must also be optimal for the corresponding
sub-problem. Therefore, we can partition the Value function into condi-
tional value functions, minimized over given states.

Therefore, combination of the CVF can be written as

Vi→k(xi, xk) = min
xj

{Vi→j(xi, xj) + Vj→k(xj , xk)} (A.84)

where i < j < k ≤ T and so the Value function can be obtained via the
CVFs as,

V(xk, k) = min
xi

{Vk→i(xk, xi) + V(xi, i)} (A.85)

where, k < i ≤ T . The minimization in Equation (A.85) also returns the
minimizing state xi. According to the principle of optimality, this value
represents the state at time step i, situated on the optimal trajectory from
xk to time T . Likewise for Equation (A.84), minimizing over xj yields the
optimal trajectory from xi to xk.

Associative operator of conditional Value function and value
function The associative elements, s, of the parallel scan are defined
as CVF, that is,

si = Vsi(x, x′) (A.86)
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For two elements, e.g. si = Vsi(x, x′) and sj = Vsj (x′, x′′), the binary
associative operator for DP is defined as,

si ◦ sj=̂min
x′
{Vsi(x, x′) + Vsj (x′, x′′)} (A.87)

given the min operator is associative, the associativity holds for ◦ in Equa-
tion (A.87). Below, outlines a quick proof,

(si ◦ sj) ◦ sk = min
x′
{Vsi(x, x′) + Vsj (x′, x′′)} ◦ sk (A.88)

= min
x′′
{min

x′
{Vsi(x, x′) + Vsj (x′, x′′)}+ Vsk(x′′, x′′′)} (A.89)

= min
x′
{Vsi(x, x′) + min

x′′
{Vsj (x′, x′′)}+ Vsk(x′′, x′′′)} (A.90)

= si ◦ (sj ◦ sk) (A.91)

The set of elements si can be initialized for k ∈ [S, . . . , T ] in parallel as,

sk = Vk→k+1(xk, xk+1) (A.92)

with a terminal element VT→T+1(xT , xT+1) := VT (xT ). Then, as shown in
the prefix summation section Algorithm 1, the forward sweep is combined
as,

sS ◦ sS+1 ◦ · · · ◦ sk−1 = VS→k(xS , xk) (A.93)

reflecting the recursion of the CVF in Equation (A.84), and the backward
sweep as,

sk ◦ sk+1 ◦ · · · ◦ sT = V(xk, k) (A.94)

corresponding to the recursion of the value function in Equation (A.85).
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Appendix B

Linear systems and matrix
decomposition

B.1 Matrix decomposition in linear systems

A common technique to understand the computations of the state matrix
is to identify the structure using types of matrix decomposition. There are
two main types of matrix decomposition: spectral and Schur decomposi-
tion. Spectral decomposition finds a set of oscillations that independently
describe the dynamics of the system. Schur decomposition finds a set
of modes but also these mode have feedforward dynamics. While there
modes are not independent, they are orthogonal which can be a more effi-
cient way to describe dynamics. Therefore, it avoids the overlap of modes
in generating trajectories in the state space.

B.1.1 Spectral decomposition

One of the most common matrix decompositions for square matrices is the
spectral decomposition. This decomposition finds a solution to A ∈ Rn×n

matrix defined as,

Avi = λivi (B.1)
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where the direction, vi, is invariant under the transformation of A and
the magnitude is scaled by the eigenvalue λi. The spectral decomposition
finds a complete set of n solutions for A,

V Λ =

v1 · · · vn



λ1 0 · · · 0
0 λ2 · · · 0
...

. . .
...

0 · · · 0 λn

 (B.2)

thus, each column vector of V ∈ Rn×n is an eigenvector of A and an
element of diag(λ1, λ2, . . . , λn) is the corresponding eigenvalue which de-
scribes decay rate and the oscillation. This transformation is also known
as diagonalization,

A = V ΛV −1 (B.3)

which reduces the dimensionality of interpretation from n × n to n as
collective modes along the diagonal. Moreover, spectral decomposition
eigenvectors can be sorted by the magnitude of the eigenvalues to identify
the most dominant modes of the system. If A is symmetric, that is,
A = AT , the eigenvectors are orthogonal, and thus V TV = I, hence it is
unitary V T = V −1.

For completeness, Singular Value Decomposition (SVD) is an extension
of spectral decomposition to non-square matrices. This decomposes a
matrix, M ∈ Rn×m, into two unitary matrices U and V ,

M = UΣV T (B.4)

where, U ∈ Rn×n and V ∈ Rm×m are the left and right singular vectors,
respectively, and Σ ∈ Rn×m is a diagonal matrix of singular values. SVD
can translate as a generalization of Equation (B.3) by forcing M to be
square and symmetric so that A = MTM the eigenvalues Λ = Σ2.
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B.1.2 Schur decomposition

In the case where A is not symmetric, AAT ̸= ATA, this informs us that
the eigenvectors are not orthogonal and so dynamics are non-normal. Non-
normal eigenvectors with different magnitudes can drive transient growths
and decays, even in the stable dynamical regime. Sometime, using spectral
decomposition can be misleading and inefficient in capturing the dynamics
of the system, as there is competition amongst similar modes to capture
the state dynamics. In this case, we can use the Schur decomposition to
identify feedforward modes in the system.

A = UTUT (B.5)

where U is a unitary matrix, i.e., UUT = I, and T is an upper triangular
matrix (Hennequin et al., 2012). The Schur decomposition forces the
vector basis U to be orthogonal, and the diagonal elements of T are the
eigenvalues of A. At the expense of the an orthogonal basis set, the off-
diagonal elements of T are non-zero, which can be used to identify the
feedforward modes of the system.

B.2 State controllability and observability

The controllability of the LDS is determined by, both, the coupling of the
state dynamics A, and, the number of control inputs in the LDS m. The
controllability matrix C measures the behavior in which the input matrix
propagates through the state dynamics A, defined as,

C(A B) =
[
B AB · · · An−1B

]
(B.6)

where C ∈ Rn×(m∗n). If the control can reach all directions in the A
subspace, the LDS is completely controllable, thus the C will have column
rank n. In such case, any state in the network from an initial state can
eventually be reached by an arbitrary input signal {u}.

In contrast, the observability matrix O assesses whether all states within
the LDS can be realized from its measured observable o. O measures how
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much information can be retrieved from the readout matrix C about the
state dynamics A, defined by,

O(C;A) =


C
CA

...
CAn−1

 (B.7)

where O ∈ R(no∗n)×n. The LDS is observable providing O has full rank n,
otherwise regions in the state space cannot be reached via observations o.
Observability is important in order to control the LDS.

B.3 Identification of balanced model transforma-
tion

In order to find balanced basis transform, T for the LDS, we employed
the framework from (Laub et al., 1987). Due to the LDS state dynamics
being constrained to be asympotically stable, both, Wc andWo are positive
definite. Therefore, we can compute the Cholesky factors of the Gramians,

Wc = LcL
T
c , (B.8)

Wo = LoL
T
o (B.9)

where Lc and Lo are the lower triangles of the respective factorization.
Using the product of the two Cholesky factors, LT

c Lo, we computed the
singular value composition,

LT
c Lo = UΛV ∗ (B.10)

where U ∈ Rn×n and V ∗ ∈ Rn×n are right and left basis, respectively,
and Λ ∈ Rn×n is a diagonal matrix where Λ = Σ2 corresponding to the
Hankel Singular Values (HSV)s. From this decomposition, the balancing
transformation can be obtained, yielding,
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T = LcV Λ
1
2 (B.11)

T−1 = Λ− 1
2U∗LT

o . (B.12)

This basis is then projected on the LDS, yielding a system to that of
Equation (4.8).
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Appendix C

Background on variational
auto-encoder

C.1 Variational auto-encoder

In these sections we shall hightlight on the background and basic theory
of the Variational Autoencoder (VAE) model (Kingma & Welling, 2013).
VAEs are a family of models that are used to approximate the true dis-
tribution of observed data p(o) via a latent variable, x. Unlike traditional
auto-encoder models, VAE encode a set of distributions as the latent vari-
ables, such that, smooth, continuous sampling from the latent space gen-
erate observations belonging to observed data, classifying VAEs as a type
of generative model. The approximated distribution of the observed data
is known as the marginal likelihood or evidence, defined as

pθ(o) =

∫
pθ(o|z)pθ(x)dx (C.1)

here, pθ(x) represents the latent variable priors, and pθ(o|x) is the like-
lihood. However, marginalizing the joint distribution p(x, o) in eq. (C.1)
quickly becomes intractable due to the need to integrate over all latent
variables x (Dayan et al., 1995). The VAE can be split into two modules.
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First, the generative model, which generates samples of the evidence us-
ing the prior belief of the latent variables pθ(x) and the likelihood pθ(o|x).
The other, is the recognition model that infers posterior pθ(x|o), that is,
the latent state given the observations. The posterior is defined as,

pθ(x|o) =
pθ(o|x)pθ(x)

pθ(x)
(C.2)

where the normalization term is obtained by pθ(o) =
∫
pθ(o, x)dx, but

become intractable as the dimension of x scales.

VAEs learn the distribution of observed data p(o) through a distribution
of latent variables. Samples can then be generated from the learned la-
tent distributions, and the model can be used to evaluate the likelihood
of observed samples. Rather than directly finding the posterior pθ(x|o),
as in eq. (C.2), a variational method approximates the posterior using a
family of exponential distributions qϕ(x|o), parametrized by ϕ. The pos-
terior approximation results in maximizing a lower bound of the marginal
likelihood, as a proxy for maximizing the marginal likelihood, which is
known as the Evidence Lower Bound (ELBO),  L. This is maximized to fit
the evidence and match the approximate posterior with the ground truth.

C.2 Evidence lower bound

Here, demonstrates that maximizing the ELBO implicitly optimizes the
posterior matching term of our variational distributions. Note, Jensen’s
inequality states, ψ (E[X]) ≤ E[ψ (X)]. As shown in the derivation,
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log pθ(o) = log pθ(o)

∫
qϕ(x|o)dx︸ ︷︷ ︸

=1

(C.3)

= log

∫
pθ(o)qϕ(x|o)dx (C.4)

= Eqϕ(x|o) log[pθ(o)] (C.5)

= Eqϕ(x|o) log

pθ(o, x)

pθ(x|o)
qϕ(x|o)
qϕ(x|o)︸ ︷︷ ︸

=1

 (C.6)

= Eqϕ(x|o) log

[
pθ(o, x)

qϕ(x|o)

]
+ Eqϕ(x|o) log

[
qϕ(x|o)
pθ(x|o)

]
(C.7)

= Eqϕ(x|o) log

[
pθ(o, x)

qϕ(x|o)

]
+Dkl (qϕ(x|o)||p(x|o)) (C.8)

log pθ(o) ≥ Eqϕ(x|o) log

[
pθ(o, x)

qϕ(x|o)

]
=  L(ϕ, x|o) (C.9)

the first term in eq. (C.8) is the approximated log marginal likelihood
sampled from the approximated posterior. The second term is the mode-
matching Kullback-Leibler (KL) divergence of the true and approximated
posterior. This is a non-negative, asymmetric score of the similarity of
two probability distributions.

The ELBO can be interpreted as maximizing likelihood pθ(o|x) while
matching prior beliefs of the latent distributions. It can be split into
two components,

 L(ϕ, x|o) = Eqϕ(x|o) [log pθ(o|x) + log pθ(x)− log qϕ(x|o)] (C.10)

= Eqϕ(x|o) [log pθ(o|x)]︸ ︷︷ ︸
Reconstruction

− DKL(qϕ(x|o)||pθ(x))︸ ︷︷ ︸
Prior matching regularization

(C.11)
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the first term characterizes the expected log-likelihood which ensures the
learned distributions can reconstruct the original data, via the latent bot-
tleneck. The second term measures the similarity of the variational dis-
tributions to prior belief are preserved over the latent variables (Kingma
& Welling, 2013). This term encourages the model to learn the distribu-
tion based on the prior, and prevents prior collapsing to a Dirac function,
therefore, samples are generated through a larger manifold in the latent
space.

C.3 Variational inference

Amortized variational inference trains a model to predict the ϕ parameters
that generalizes across all observations. Amortized variational inference
finds a mapping function, that is the recognition model, from the observed
sample to the latent state. We define our variational class as qϕ(xn|on) =
q(xn|f recϕ (on)). Therefore, the ELBO is adapted as,

 L(θ, ϕ|D) =

N∑
n=1

Eqϕ(xn|on) [log pθ(on, xn)− log qϕ(xn|on)] (C.12)

here, the subscript n denotes individual samples, and the joint distribution
is equivalent to the prior and likelihood in eq. (C.10).

C.4 Gradients through the VAE

Gradients of the ELBO in eq. (C.10) need to be back-propagated through
the generative and recognition model in order to find the optimal param-
eters ϕ and θ. The gradient of  Lwith respect to θ can be moved inside the
expectation and evaluated from Monte Carlo samples of the variational
posterior, xs ∼ qϕ(x|o), thus,

∇θ  L(θ, ϕ|o) = Eqϕ(x|o) [∇θ{log pθ(o, x)− log qϕ(x|o)}] (C.13)

≈ Eqϕ(x|o) [∇θ log pθ(o, x
s)] (C.14)
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where the second term can be ignored there is no dependency

However, the gradients of  L, with respect to the inference parameters ϕ,
cannot be moved inside the expectation as x is stochastic and dependent on
ϕ. This requires the reparametrization trick where the recognition model
defines a new function, g(.), which is differentiable, and takes an additional
stochastic parameter ϵ. As an example, x ∼ N (µ,Σ) is transformed to
x = µ + Σϵ, where ϵ ∼ N (0,⊮). This yields, Eqϕ(x|o)[f(x)] = Ep(ϵ)[f(x)].
Now, the gradient with respect to ϕ can be moved inside the expectation
but with a change in variables,

log qϕ(x|o) = log p(ϵ)− log

[
det

(
∂x

∂ϵ

)]
(C.15)

where ∂x
∂ϵ is the Jacobian (Kingma & Welling, 2013).
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