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Abstract 7
/.

It is often the case iﬁ' symmetric games in normal form that the only
existing pura-strategy equilibria are asymmetric. If there is an asymmetric
equilibrium for a model with N "equal” players, then there are multiple
equflibria, only differing on the "name” of the players *assigned” to each one
of the actions which together form an equilibrium. A natursl question to
ask is, then, how to select among these equilibria. In this note, we show
that in symmetric games with a large number of players, an asymmetric
~ pure-strategy eq’ﬁilibrium can be thought of as the approximate outcome of
the play of a specific symmetric mixed-strategy equilibrium. ' '
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i. Introductian

It is often the case in symmetric games in nq;nrmal form (i.0. games with
a syﬁhetric péyof f matrix), that the only existing pure-strategy equilibria
are asymmetr;‘;;:;. Examples of this are models of entry into an industiry '(cf
- Dixit and Shapirc (1388)), models of price-dispgf‘sion( (cf Saiup and Stiglitz
(1976)), and models of information about prices {cf Grossman and Stiglitz
(1976)). - - | -

If there is an aSymmetric Qﬁuilibr‘ium for a model with N "equal® .
- 'players, Ithen there are multiple equilibria, only differing on the "ﬁarne“ of
the playars "assigned“‘ to each’ ona of the actions which toga{hnr form an
équilibrium. A natural qu_estign to ask is, than,'hmu to se‘iect among these
equilibria. If the number of ﬁlapnr‘s is small, one can assume ihat there is
Isume communication and coérdination mechanism which will lead the players
to a specified equilibrium. (Saé for example Farrell (1987).) However, if
the number.of players is large, communication and coordination are not so
" simple, and another machanism should. be found.

In this note, we show that in symmetric games with a large number of
playeré, an asymmetric pure—strétegy equilibr'iumv can be thought of as the
approximate outcome of the play of a specific symmetric mixed-strategy
equilibrium. In this mixed-strafegp equilihr‘iulm, each player choses_' action
~ &; wilh probability close to the fraction of players choosing that ac{ion in
the_ asymmetric pure-strategy equilibr‘ium. The idea is that, with large

numbers, ex-ante probability and ex-post frequenty are approximately the



sama. Schmeidler (1973) presents a result (Theorem 2) similar to tho ona
in this note, but for the case of nonatomic gomes, whereas we deol with

.games with a finite number of players.

2. The theorem

The result presented below is only valid for a specific class o.f models,
which we will desciba next. While the assumptions made may seem {co

resirictive, they turn out to be satis{ ied.by the examples refered to b_'efar‘e.

-

Furthermore, tha result can be extended to a broader class, 6f models, but at
/

¥

the cost of a more complicated proof.

" Wa consider a game mitﬁ complete information and a finite set of
players N={1,...,N}. The sai of pure-strategies of each player is given by
8={0,1}). The payoff for choosing action i is assumed to depand only on the
fraction of players choosing each action. Without loss of generality, we can
 write 1 i(p) (i=1,2) for* the payof{ of ‘choosing action i giun.n that a iracti_nn

p of players choose *1." We assume that 1y is increasing, am;i T4y decreasing
with p. (Therefora AT=Ty-114 is increasing with p.) Defina T1=(11q, 1),

- To simplify notation, we write "x(N} — y" to imply that Mm, x(N)=y
and "x(N) & y" to imply that Li{go- P{|x(N)-y| >€}=0 (convergence in

probability). We can then state the following result.

Theorem. Suppose there is a sequence of games (N,S,1), N=N¢No,...,



N—+00, such t.hat for aach N; there oxists a uniqua (aSymrhniric)
pure-strategy equilibrium with Np* players choosing action *1* and N(1-p*)
.choosing action "0." Then, | | l

(-i.) there exists a Nash mixed-strategy equilibrium in which each player
chooses strategy "1" with probability f(N);

(ii) the outcome of each play is, with probability t;.;r‘ea.ltt-'ar.~ than 1-8(N), a
Nash €-equilibrium with €=€(N) and a {raction p(N) of players choosing |
strategy *t"; -

- G BN — px, BN & p*,. 8(N) — 0, and €(N) - 0.

Prooi. Suﬁposo each play;er* chooses a mixed-stratagy ifi which he or
she plays "1" with pr‘obabliljty.ﬁ. A necessary and suff iciént condition for p °
to be an optimal stratogy is .that .tha 'nxpoctod. payofiis of playing "0" and "1°

are the same:

Ef 1ol BON- 1D/M]] = €[4 [(BN- 1)+ 1)), | (1)
where p is the fraction of gther players actually choosing *1,” given that
each choosas *1* with probability . The number of pther players choosing
“1°, n, has a binomial distribut ion: |

n: B(N~-1,8) (n=0,1,...N~1)

with  E()=P(N-1) and U(n)%ﬁ( 1-p)(N- 1)=6(N— 1),



where 0=p(1-p). Therefore, p has also & binomial distribution, with
E(P)=p and U(P)=G/(N-1).

- fin increase in § shifts the distribution of _6 to the right, .in a8 continuous
way, in the sense. of {irst-order stochastic dominance.  Given the '_
monotonicity of ;(p), we conclude that Elfg(p)] ‘is continuous  and

increasing, and E[f14(p)] continuous and dacreasing with §. Clearly, if §

- equals zero (one), so will p equal zero.(one). Given the monotonicity of

11;(p) and the fact that thera bis an interior Nash Qquilibr'iym’, ;Toto)iﬂt(llﬂ)
and-ﬂg((N—l)fN)Zﬂ i(N).  Together, these facts imply _tI;at there exists a’
unique solution to (1).. L‘et- us fefer to it -as P=p(N). Rlso, deiine
SGO=BNCE-BND). |

Now suppose all players choosa action *1* with probability p(N). Then,

we can apply Chebysheuv's inequality to get
PN < BN) < PHNT 1 2 1-1102, (2)
where

pHN)=B(N)-r2G(N)/N

and pHN)=R(N)+r2a(N)/N,



tor any given positiva r.

Define
€(N) = max { 10 1(p") - ‘n"g(pl') . ‘n’n(pH) -1 1(PH) } ' | - @)
Ny = 1rz A - (4)
r=NY, where 0 ¢ ¥ < 1/2. - - (5)

By (2) and definitions (3)—(4) the second part of the theorem follows.

CIaarlp, r — +00, and thus 8(N) — O.

On the other hand, given (5) and the fact that G(N) is bounded, the

-

order of magnituda of r2G(N)/N is lass than zaro. Thereford,
' /

L

S

BHN) — BN) and pHN) — BON), S ®

which shows that p & B. Since payoffs are bounded and coniinuuus, we

have, by Slutsky's theorem [see Greenberg and Webster (1983, p. 8],

ElTrol BINY(N- 1)/N]] & ﬁg[ﬁtn)(n- 1N} — 1plIN)]

and  ElT[(BINI(N- 1+ 1/N] & m[(ﬁ(n)(n-l)u)m—a 114((BN)),
'mhich implies that

Aﬂ[ﬁ(N)l*—"ﬂ1[(I5(N)]-1Tg[_ﬁ(N)] Ho0. - (@



Given that (N,p*,7) is a Nash equilibrium,

tiglp*] > T[N N

Cand  1i4lpR] 2 Tipllp*N- 1IN,
e players cﬁ’dbsing *0" or "1" have no incentive to deviate. Therefore,

AT(p*)=111(p")-11g(p*) — 0. | R " (8)

_Put{ing together (?) and (8), and recalling that AT is monotonic, we

conlude that B o | ' 7
\ : /

¥

p(N)-p* & 0.

Finally, (3), (63 and (7) imply that e(N)— o. N

3. 'Aemarks

1. There are several alternstive ways of in‘terpr'eling_the result
-presanted abova. One is the following. In general, mixed-stratagy
equilibria imply ex-post regret:.after having lliibser'ued the other plq;yer's‘-
actions, some players will regret the choice they have made. With & large ~

number of players, however, the outcome of each play (of a mixed-strategy




7
equilibrium) is close to an €-Nash equilibrium, and therefore it implias no

ex~-post regret (ir! an approximate sense).

2. A second elternative interpretation of the theorem is that, with a
large numbar of players, mixed-strategy equilibria are clnsﬁ to correlated
eqﬁilibria. Recall Harsanyi's "purification® argurr;ent: a rﬁixeﬁ-strategy
equilibrium can be interpreted as the reduced form of é game with
incomplete information. Each player observes the realization of random
shacks which affact thair cun pap_of fs, and which are each player's private
information. If these disturbénces are independent across players; then as

-

the number of players increasas players can "know" (in a statistical sense)
" >
the other players' random ‘'shocks, -and act as if they were correlating their

stra[agiés. ‘ | - .

3. Finally, note that with a large number of players, the sets of
equilibrium payoffs of mixed- and pure-strategy equilibria are the same.
" This may hava interesting implications in the area of repeated games (cf

fibreu, Pearce, and Stacchetti (1986)).
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Abstract //

Kreps and Sheinkmari {1983) claim that price competition with
capacity precommitment is equiualeht to quantity competition. Davidson
and Deneckere (1986) showed that K-§'s result depends crucially on the
assumptiun' of how excess demand is rationed. In general,‘ they claim, the
‘outcome of K-S's tum—stagé game is likely to be more competitive than the
Cournotl outcome predicted by K-5. This note shows that in the context of
af initely' repeated game, D-D's assumption about demand rationing may
-imply an outcome which is less competitiva than the one implied by K-S's
assumption. The argument follows Benoit and Krishna's (1984) cibseruation
on collusion in f initely repeated games.
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2.
The model of pricé competition with capacity constraints usés first

introduced by Edgeworth. More recent treatments are due tc-a Kreps and
Sheinkman (1383) and Davidson and Deneckere (1986). It is consider'éd to be
a mur-e‘real_istic model than the "extremes” of ﬁuantity competition (Cournot
model} and price competition without cabacity constrints (Bertrand model).

| Kreps and Sheihkman (K-8) presented the following twn-—e:.tage duopoly
model. In the first stage, firms simulianeously choose their capacities, and
then, in the second stage, 'they simultaneously choose ;)f‘iCQS. it is shown
_ that, given certain assumptions, the outcome of this supergame is the same -
~ as the outcome of a one—shnli_. Cnl;frnnt game in capacities.

Davidson and Deneckérg (D-D) pointed out that K~S‘§-’ésult depends
crutially on the assump,t'ion 0t how demand is rationed -u.]hen the low-price
f i_rh caﬁnot meet market demand. If instead of the K-5 rationing rule we
adopt the ﬁne proposed by Beckmann, the outcome of the two-stage game may
be quite different. In fact, D.—D show that, in general, equilibria wijll be
asymmetric, mith one firm choosing a low capacity (approximately the one in

“the K-S equilibf"ium) and the other a large one.

Therefore, D-D conclude that assuming the Baeckmann contingent demand
curﬁe, the outcome of the capacity precommitment game is far more
competitive than was predicted by K-S. 1

The main point of this note is that D-D's equilibrium is a "two-edge
sword.” On the one hand, the average equilibrium price is lower than in K-S,
which implies a more competitive outcome. On the other hand, equilibria _e;r‘e

asymmetric, which may lead to a less competitive putcome. In fact, as was



3

pointed out by Benoit énd Krishna (1984), the existence of muuiﬁle
équilibr'ia in a one-shot géme may generate ‘ngm" equiliﬁria ;uhen the
cne-shot game is repeated a finite number of htimes.’ 1f we consider D-D's
two-stage game as Benoit and Krishna's one-sh;:t game, and repeat it é finite
nqmber of' times, the outcome may well Be less competitive I(on average) than
in K-8.2 - |

[0 see hnui this works, let us consider the simple case presented by D-D
in Section 3 of their paper. Demand is given by IO(p)='.l—p and there are no
__'.,'_j.icosté. D-D find a unique pair of asymmetric sblutions, which involve firms
| bhoosing capacity levels rul.ighlyh equal to .43 and .86, and gaining prof itg of

e

~.06B and .111, respectiueiy. This contrasts with the Cqu’t:not outcome (the
outcome of K-8's model),'wher'e capacity if {fixed at the level of .33 and
pr_"e;fits.are .1083 for each firm. o ) )

Now consider a different game made up of N repetitions of the two-stage
capacity precommitment game. In the case bf K-5's model, given that there is
only one equilibrium in the stage-game, the equilibrium of the N-times

repeated game iﬁill be the repetition of the stage-game equilibrium.
However, the same is not true for D-D's model. In fact, we can prove the
foellowing. |

| .
Claim. Consider the two-stage D-D model repeatad N times. Then, if N5,
there exists an equilibrium for which average prof it {with no discounting) is

ﬁ {. 126X(N-5)+.0836%6}.



The values of this expression for N=10, N=20, and N=100 are,
respectively, .104, (115, and .123, which compares with .11] for the K-8

model.

Proof. The equilibrium which yields the payoff given by the expression is
the following. In eder‘y stage before the last {ive, both firms choose half
the monopoly capacity and fix .the monoply price. This yields a pr‘bf it of
-.125 {or each firm. At each of the last four stages, f.ir‘ms play the D-D |
_asymmetric equilibrium, choosing randomly which one takes each position.
| This yields an average prof 1t of..OBSS. Gi'uen that this is a yash
equitibrium in the stage-game, there is no problem of enl_,f-t':l'r:cing it in the
repeated game. On the other hand, if any {irm deuiatesfin any of the
plj‘évious stages, it will be punished by having to choose the low Capacity
in'D-D's eduilibrium for the remainder of the repeated game.3
We now have only to shom that firms have no incentive to deuviate {rom

choosing half the monopoly capacity. if they do so, the maximum they can
get in that staﬁe is less than the monopoly profit. Therefore, the
| one-stage gain is less than half the monopoly profit, i.e. less than .126.
On the other hand, they loose at legast five times the difference betméen
the average profit in D-D's equilibrium (.0836) énd the lowest payotf in
D-D's equilibrium (.056). One can easily check that losses outweight

gains, which completes the prooi. il



" Notes

1. l_f, on the other -hand,-the one'—shot. game has only one equilibr'ium,. the

" only equilibrium in the finitely r‘épgated game is the r'ebetition of the

3 one-shot game. . '

2; It should be notaed that t!}is is a different typa of repeated Qame thgn o

the one presented by Benoit and Krishna (1987). In the Tatter, capacity is
fixed In the first stage and then a repeated price game s played. In our .

" model, both capacity and 'pripes are fixed in éac_:h period.' ELu:th‘a.rmoce, oup

game is repeated on.lp a finite number of limés, as oppoqpﬂ/tb Bqnoit and |

Krishna's infinitely repeated game.

3." Note that this is subgame perfect.

3
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s

_ We consider a symme-t_r'—ic two-stage Cournot duopoly ii'a ushich firms must
precommit to a given techriology. "1 some conditions are satisf jed, the only
aquil'ibrit;lm solution consists of a firm choosing a “large-firm® technology
and producing 3 large quantity, and the other firms choosing a "small-f irm'_
technology and broducing' a small quantity. The conditions for this result
essentially imply that there are non-convexities in the enuelope average
cost function.
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i. Introduction

Traditional oligopoly theory has in general consideﬁed symhetric

| oligopoly models which yield symmetric solutions. 'l:he rationale for this
appr‘oach' is that if we assume all § ifms have the same npporiunitins, then
most likely their actions will also be the same.

Reality is quite different from the symmetric-setup/ spmméiricmutcoma
oligopoly. In most oligopolies, large ahcl small firms .s_ubsist together. How
can this be ba explained by oligopoly theory?

A first way of getting theory cleser to reality is to depart from the
-assumption that the model is s;etup in a symmetric way. F?_r'”' example, there
may be first-mover aduarytage‘s to early entrants, or one 2){ the firms may
have ext;lusiua access to a lower cost -technclﬁgp.- I this 'is the case, one can -
_easily derive an asymr__netriﬁ outcome as being the the-oretically redsanab!e
one. |

However, ii is possible to find reasonable asymmetric outcomes even
~ starting from a symmetric model. This has been tha object of recant
literature in industrial orgamzatmn For example, Katz and Shapiro (IQBS)
have shown that in a duopoly for a product with netmor‘k nxtar‘nalltms there
may be equilibria in which one of the firms has a much larger "network” than
the other, or euen a da factp monopoly. Davidson and Denekera { 1985)
considered the case when two firms compete in prices after having commited '

to a certain capacity level. They show that in some cases an asymmatric

solution, with a8 "large” firm and a "small”® firm, may arise.



2,

In this papar, iﬁn considar a very simpla motive mhy’ asymmetric -
equilib}'ia may arise in a symmetf‘ic Cournot ducpoly. Besides choosing
quantities, firms must choose one of 'tum available tecmmogies-to produce it.
| One of the technologies has a low marginal cost but' implies the payment cf a
high fixed cost; wa call it tha “largé-{irm' taechnology. Tho.nthnr technology
has a low fixed cost, but marginal cost is higtjér; we call it_the "small-firm"
technology. Ona can think of retail sales as an example of this: 'r'etaii stores
may invest in having-their ocwn transpdr‘tation force (a_ fixed cost), thus
lowering the cost of acquisition of retail goads.

In some cases, the unique pure-strategy equilibrium market-structure
consists of a firm choosing th’e "large-firm“ technology arid ‘producing a large
quaniity, and the other f ;r,m choosing the *small-firm" teéhnnlogy and

producing a small quantity, o - : -

2_. The model

" The main feature of our model is that before playing a C(‘.'JUI"l'IUt game each'
firm has to choose the technology it wants to employ in production. Lle
assume that at each stage decisions are taken simultanecusly, and restrict
ourselues to pure sirategies.

Each technology is characterized by a cost function C(q)=F+cq, or by the
pair (F;c). We assume firms can choose between two technalogies. By payir{g

a fixed cost F;, firms can produce at marginal cost ¢;, i=1,2. To avoid



trivialities, and mftﬁout loss of generality, we aséana F;(Fz and cy>c,.
Therefure, technnlog:es 1 ond 2 are the "small- ~firm" and ‘large-firm
‘technologies, respectively.

The inverse market demand function is given by p—Q-Q where p is the
marknt price and CJ—E:q1 -

We start by con&der‘xng the solution of all subgames beglnmng at stage

two, when technology choices have already been made. Each § ir'm soluas tha

usual prof it maximization problem:
axq (A-a-g-cdag. . | ¢}
| The firs} ordef' cqndition 'to.thls_ pfoplem is given by-
‘_ Qi=(f-\—qj—ci)/2 (_i,)=1,-2;l_ﬂj : - (2)
Solving ._the systﬁm (2), we ge;
q; = (Ree;-2c;)/3. @

- Finally, total profit is given by

ﬂ; = (n+ci-2ci)2l3 - F;. _ : (4)



4
We now turn to tha solution of the completo tiwo-stage game. The main r'asult

is that Tor a-given set of values of ci and f; the solution is an asymmetric

equilibrium.

Prop ggigi-on. Thare exists a unique (up to relabeling of plapér-s) asymmetric
equilibrium for the ttﬁo—sta'ge game of technol_ogv chﬁice anci Cournot
competition if and only if |
- 3(Fp-Fy) | - |
cp ¢ A - —————— < ¢y . | (6)
| 4 (01-02) - /
ey

E[;o_o_f_. i-:quatinn (4) shows the su.bgauhm nquilihfium papuffs' givan that firms
chose technologies i and j. In order for (i,j) {o be an. equilibrium of the
completa gama, it has to be thel case that none of the firms hés aﬁ incentive
to deviate from‘ its technology choice.

For firm i, this implias
(A+c;-2c:)%/3 - F; > (R+c;-2¢;)%/3 - F; (6)
which is equivalent to

(Q+Cj)2 - 4(ﬂ+0i)ci + 4Ci2 - 3F; > (ﬂ*-Cj)z - 4(94-05)85 + 4052 - 3F5’.



3(F;-Fi)/4 > (Asc;)es-cy) + e - 2,
and S(FJ-FI)/4 > (ﬂ+ci—ci-ci](ci—ﬁj] = I;QQCi)(ci-ci). ) (?)

Substituting 1 and 2 for i and j in (?), wa got (5). B

3. Remarks -

We have shown that in seme circunstances a quantity-setting duopoly

with technology pmcnmmitmeﬁt may only have an asymmetrie” m;uilibrium (in
4

pure strategies). How likq_!y 15 an equilibrium like this_ta occur? By looking
at (8), we can see that the farther apart cq and c; are, the more likely tha
conditions are met. On thé other hand, Fq and F» must be neither too close
nor too far épart, such that both inegualities in (5) are satisfied. That is,
the two technul;:lgies must be sufficiently differeptiated, but at the same time

On the other hand, we must note that the assumption of t-her'e- being u.nly
two available technologies' is erucial for the results of our model.
Alternatively, we can assume that there exist "medium-size® technologies, but
thase ara dominated by tha "iar‘gé-firm' and "small-firm" technologies. In
oiher words, it is essential for our purposes that the envelope aue.l."age cost

function be pon-cgpuex. Whether this is a reasonable assumption is a mattir_ |

for empirical investigation.
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