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Abstract  This paper investigates the probability of 
failure of shallow foundations under centered load-
ing and in undrained conditions, designed with the 
Load and Resistance Factor Design (LRFD) method. 
The study uses Random Finite Element Limit Analy-
sis (RFELA), accounting for the spatial variability 
of undrained shear strength. A recently developed 
RFELA framework is employed to efficiently evalu-
ate bearing capacity. The method combines upper 
bound finite element limit analysis with random field 
theory. It generates representative trial collapse mech-
anisms and maps plastic dissipation across the spatial 
domain, allowing for the extrapolation of collapse 
loads to millions of random field realizations. This 
strategy allows sufficiently accurate estimation of 
failure probabilities at small additional computational 

cost. Several design scenarios are systematically ana-
lyzed, considering variability of the undrained shear 
strength, spatial correlation lengths, load ratios, and 
sets of partial factors. The study examines different 
approaches for determining characteristic soil prop-
erties and tested two alternative methods for estimat-
ing failure probabilities. The results show that proper 
local soil characterization for determining charac-
teristic values of the undrained shear strength has a 
relevant impact on design reliability. Furthermore, 
the findings indicate that standard partial factors may 
lead to inconsistent probabilities of failure. A new set 
of partial factors is proposed, providing more consist-
ent failure probabilities across different load ratios 
and soil variability.

Keywords  Shallow foundations · Undrained 
behavior · Load and resistance factor design method · 
Probability of failure · Soil variability · Random finite 
element limit analysis (RFELA)

Abbreviations 
B	� Footing width
COVln su

	� Coefficient of variation of the logarithm of 
the undrained shear strength

COVsu
	� Coefficient of variation of the undrained 

shear strength
F	� Total vertical load (sum of permanent and 

variable loads)
Fk
collapse

	� Collapse load corresponding to the k-th 
trial mechanism

Armando N. Antão, Nuno Guerra and Mário Vicente da 
Silva have contributed equally to this work.

A. N. Antão (*) · M. V. da Silva 
CERIS, Civil Engineering Department, NOVA School 
of Science and Technology, NOVA University Lisbon, 
2829‑516 Caparica, Portugal
e-mail: amna@fct.unl.pt

M. V. da Silva 
e-mail: vicente.silva@fct.unl.pt

N. Guerra 
Civil Engineering Department, NOVA School 
of Science and Technology, NOVA University Lisbon, 
2829‑516 Caparica, Portugal
e-mail: nguerra@fct.unl.pt

http://crossmark.crossref.org/dialog/?doi=10.1007/s10706-026-03729-y&domain=pdf
https://orcid.org/0000-0003-2835-2780
https://orcid.org/0000-0001-8380-9902
https://orcid.org/0000-0003-0800-6979


	 Geotech Geol Eng (2026) 44:218218  Page 2 of 16

Vol:. (1234567890)

Fd	� Design value of the action (load)
FS	� Factor of safety
G	� Permanent load
Gk	� Characteristic value of the permanent load
kn	� Statistical coefficient (fractile of the 

t-distribution) for characteristic value 
determination

NE	� Total number of finite elements in the 
mesh

Pf 	� Probability of failure
Q	� Variable load
Qk	� Characteristic value of the variable load
Rd	� Design value of the resistance
sud	� Design value of the undrained shear 

strength
suk	� Characteristic value of the undrained shear 

strength
su	� Undrained soil shear strength
�G	� Partial factor for permanent loads
�Q	� Partial factor for variable loads
�Rv	� Partial factor for the resistance (resistance 

factor approach)
�su	� Partial factor for the undrained shear 

strength (material factor approach)
Γ
2	� Sensitivity index

D
k
e
	� Normalized plastic dissipation in element e 

for mechanism k
𝜖̇k	� Plastic strain-rate tensor for mechanism k
�ln su

	� Mean of the logarithms of the undrained 
shear strength

�su
	� Mean of the undrained shear strength

�ln su	� Correlation function for the log-normal 
random field

�su	� Standard deviation of the undrained shear 
strength

�h	� Horizontal correlation length
�v	� Vertical correlation length
Ωe	� Domain of the e-th finite element

1  Introduction

It is well known that properties of natural soils can 
vary spatially in a significant way. This spatial 
variability can therefore have an important influence 
on the performance of geotechnical works, whether 
in terms of their deformability or of their resistance, 
and has only begun to receive more careful attention 
in recent decades.

Some pioneering works on this variability or on 
the use of calculation tools that take this variability 
into account can be cited (Alonso 1976; Lump 
1966; Vanmarcke 1977). However, the first works 
concerning geotechnical structures in which the 
variability of soil properties is explicitly simulated 
can be traced, to the authors’ knowledge, to the works 
of Fenton and Griffiths (2001; 1996). Since then, with 
a consistent increase in the few last years, several 
authors have carried out different types of calculations 
that take into account the spatial variability of soil 
properties (Chwała 2020; Chen et  al. 2022; Cheng 
et  al. 2023a, b; Fan et  al. 2024; Cheng et  al. 2024; 
Griffiths et al. 2025; Liu et al. 2025; Fan et al. 2025).

Alonsosps16
Generally, hundreds or thousands of simulations 

are needed for an accurate estimation of the mean and 
standard deviation of the distribution of the collapse 
loads of a structure; in some cases (Cheng et al. 2022; 
Kounlavong et  al. 2025), a few hundred runs were 
reported to suffice.

The probabilities of failure are dominated by tail 
events in the distributions of the safety margin (or 
of the safety factor). For determining probabilities 
of failure on the order of 10−2 , 10,000 samples were 
considered adequate (Siacara et al. 2024). For lower 
probabilities of failure such sample sizes are typically 
insufficient.

In the cases of these lower probabilities, to 
obtain estimates with reasonable confidence, crude 
Monte Carlo usually requires a very large number 
of simulations. For instance, when analyzing the 
probability of failure in cases where this should be 
less than 10−4 (EN 1997–1 2004), failure is so rare 
that it is unlikely to be observed in a small sample 
size, making accurate estimation difficult without 
substantially increasing the number of runs (or using 
variance-reduction techniques). For this purpose Li 
et  al. (Li et  al. 2025) used 106 realizations (in some 
cases 107 ) to support their conclusions on slope 
stability.

Therefore, the probability of failure is often 
estimated by fitting distributions to the data resulting 
from the calculations performed, as in Simões et  al. 
(Simões et  al. 2020). In their procedure, a statistical 
distribution is fitted to the available data and the 
probability of failure is then obtained by using the tail 
values given by this distribution. Unfortunately, this 
fitting, despite ensuring a good approximation of the 
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existing data, translates into an extrapolation in the tail 
zone that may induce significant errors in the estimated 
probability of failure.

The aim of the present work is to achieve a good 
representation of those tails for a design case of a 
continuous footing supported by a soil responding 
under undrained conditions. This is obtained by 
performing a massive number of collapse calculations 
using a methodology recently presented by Vicente da 
Silva and Antão (Da Silva and Antão 2025b), in which 
the estimation of the collapse loads is performed with 
modest computational cost, allowing for the execution 
of several millions of calculations.

2 � Problem Definition and Methodology

2.1 � The Problem

The geometry and loading of the case study are illus-
trated in Fig.  1. The case study deals with a continu-
ous footing of width B equal to 3m , supported by a 
soil that, when subjected to loading, is considered to 
respond under undrained conditions. The force F is ver-
tical, centered and is due to a permanent load, G, and to 
a variable load, Q.

The undrained soil shear strength is modeled by 
Tresca’s criterion, and the value of this shear strength, 
su , varying spatially, has a lognormal distribution with 
mean �su

 and standard deviation �su.
The correlation function of the undrained shear 

strength at two points A and B is of the Markov type:

where ‖AB‖h is the horizontal distance between the 
two points A and B, ‖AB‖v is the vertical distance 

(1)

�ln su(A,B) = exp

⎡⎢⎢⎢⎣
−2

�����
�
‖AB‖h
�ln su,h

�2

+

�
‖AB‖v
�ln su,v

�2⎤⎥⎥⎥⎦

between the same points, �ln su,h and �ln su,v are the 
horizontal and vertical correlation lengths of the 
associated variable ln su . It should be noted that 
although �ln su and �su differ, they are quite similar 
(Puła and Griffiths 2021). In the following, the 
symbols �h and �v will be used instead of �ln su,h and 
�ln su,v , respectively.

Assuming a set of values of �su
 , �su , �h and �v , the 

spatial distribution of the undrained shear strength is 
determined by assigning a value of su to each cell in 
an orthogonal grid that spatially covers the soil zone 
whose strength properties are to be modeled. In the 
present work, two alternative methods are employed 
in this process: a Cholesky-based method enhanced 
with the Latin Hypercube Sampling (LHS), used 
according to a description by Olsson et  al. (2003) 
and the method of Local Average Subdivision (LAS), 
based on the numerical implementation provided by 
Fenton (2025), following the work by Fenton and 
Griffiths (Fenton and Griffiths 2008).

The procedure described allows a certain number 
of realizations (or samples) to be obtained. The 
domain of the samples measures 6B horizontally by 
3B vertically. It is discretized in statistical squared 
elements of 0.2 × 0.2m2 , resulting in a 90 × 45 
orthogonal grid. This constitutes the statistical mesh. 
A previous study (Simões et  al. 2020) showed that, 
for the isotropic case, results obtained for mesh size 
equal to B/10 were practically equal to the ones 
obtained for B/20, for the correlation lengths being 
considered. In the present study a conservative 
value of B/15 was adopted. Also, for another type of 
problem (compressive strength), other authors (Huang 
and Griffiths 2015) reached similar conclusions.

Figure  2 shows two realizations obtained with 
the LHS method, for �su

= 100 kPa , coefficient of 
variation COVsu

= �su∕�su
= 0.50 , �v = 1m and 

�h = 45m . This mean value was used throughout the 
present paper; the results, however, are not dependent 
on this value. Following Phoon and Kulhawy (Phoon 
and Kulhawy 1999), calculations were made using 
two values of �v : 1 and 6m , corresponding to a low 
and to a high value of this parameter, and the value 
of �h = 45m was considered in all calculations, as 
it corresponds to the lower range of this parameter, 
which is expected to have the largest influence on the 
results. For each sample, a collapse load is obtained.

We highlight as relevant differences between the 
two methods of sample generation that LHS, while Fig. 1   Geometrical and loading conditions
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computationally more intensive, generates greater 
sample diversity, reducing the number of simula-
tions needed for a representative statistical coverage, 
whereas LAS focuses solely on reproducing spatial 
correlations in the soil properties.

The key question we aim to answer is whether 
when applying a load defined by a safety code such 
as the Eurocode  7 (EC7) (EN 1997–1 2004), the 
safety margins are in accordance with what is defined 
by this code. The methodology used to answer this 
question is presented in the following subsections.

2.2 � Design Values

In this work the Load and Resistance Factor Design 
method is used. The safety of a footing against 
vertical bearing failure of the soil is verified if:

where Fd and Rd are the design values of the action 
and of the resistance, respectively, obtained by 
applying appropriate partial factors.

These partial factors are applied to actions, to 
material properties and/or to resistances. Considering 
a permanent and a variable load, both vertical, with 
characteristic values Gk and Qk , the design value of 
the action is:

where �G and �Q are the partial factors for permanent 
and variable loads, respectively.

(2)Fd ≤ Rd

(3)Fd = �GGk + �QQk

The bearing capacity for the case represented 
in Fig.  1, where no embedment of the footing is 
considered, and the loading is vertical and centered, 
can be determined using the exact solution given by:

A characteristic value of this bearing capacity can be 
determined if a characteristic value of su , suk , is used 
in the previous equation. The design value of the 
resistance, Rd , can be determined using the Material 
Factor Approach (MFA), where a partial factor �su is 
applied to suk:

and therefore Rd becomes:

Alternatively, Rd can be determined using the 
Resistance Factor Approach (RFA), where a partial 
factor �Rv is applied to the resistance:

Equations (6) and (7) show that for the simplified 
problem being analyzed, the partial factors �su and 
�Rv affect Rd in the same way. Therefore, only the 
formulation of Eq.   (6) will be considered in this 
work.

(4)qr = (2 + �)su

(5)sud = suk∕�su

(6)Rd = B(2 + �)
suk

�su

(7)Rd =

(
B(2 + �)suk

)
1

�Rv

Fig. 2   Examples of two realizations of the undrained shear strength distribution, using LHS
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2.3 � Characteristic Values of the Strength Parameter

As the Lognormal distribution is considered for su , 
the characteristic values of the strength parameter, 
suk , are determined using the following equation 
(Orr et al. 2025):

where �ln su
 is the average of the logarithms of su , 

COVln su
 is the coefficient of variation of ln su , and 

kn is a coefficient that depends on the number of 
values used to calculate �ln su

 and on the level of the 
knowledge of COVln su

.
Two main situations are studied. In the first one, 

a single value of suk is used for all samples and is 
obtained from the values of �su

 and COVsu
 used 

for generating the samples. In the second one, a 
different value of suk , obtained from simulating soil 
characterization, is used for each sample.

2.3.1 � Situation 1: Single Value of s
uk

In this situation, the values of both �su
 and COVsu

 
are taken equal to the ones used for generating 
the samples ( �su

 and COVsu
 are input parameters 

for generating the samples; �ln su
 and COVln su

 are 
determined from these (Fenton and Griffiths 2008). 
For this situation, kn is determined considering 
previous knowledge of the coefficient of variation, 
and is taken equal to Orr et al. (2025):

where N95 is the 95% quantile of the standard normal 
distribution, equal to 1.645, n is set equal to 30 
(NP122 2010) and Γ2 is a sensitivity index. This 
index accounts for the sensitivity of the limit state to 
the spatial variability of the soil (Vanmarcke 1980):

where � is the scale of fluctuation and L is the extent 
of the volume of the soil involved in the limit state. 
Three different values of Γ2 are considered:

(8)suk = exp
[
�ln su

(
1 − knCOVln su

)]

(9)kn = N95

√
Γ2 +

1

n

(10)Γ
2
=

�

L

•	 Γ
2
= 0 , which assumes that L is very large when 

compared to � and that therefore the limit state 
is quite insensitive to the soil spatial variability, 
meaning that the characteristic value is taken as 
an estimate of the mean value;

•	 Γ
2
= 1 , which assumes that � and L are of similar 

magnitudes, meaning that the limit state is 
very sensitive to the soil spatial variability and 
therefore the characteristic value corresponds to 
the 5% (or 95% ) fractile values;

•	 Γ
2 is an intermediate value, where, in the case 

under analysis, the relevant value of � is �v 
and L is assumed equal to 0.7B, which is the 
approximate depth of the theoretical mechanism 
for homogeneous soil. For the case study 
under analysis, when �v is 1m , Γ2 is equal to 
1m∕(0.7 × 3m) = 0.48 ; when �v is 6m , Γ2 given 
by Eq. (10) would lead to a value greater than 1, 
and therefore the limit state is considered very 
sensitive to the soil spatial variability and a value 
of Γ2 equal to 1 is assumed.

For this first situation, where, as described, the 
values of �su

 and COVsu
 are taken equal to the ones 

used for generating the samples, for each value of 
Γ
2 considered, a single value of suk is assumed for 

all samples. For the mean value of su considered in 
the present work ( 100 kPa ) the characteristic values 
suk are presented in Table 1 for the different values 
of COVsu

 and Γ2 used.

2.3.2 � Situation 2: s
uk

 Determined from Simulating 
Soil Characterization, in Each Sample

In this second situation, soil characterization is 
simulated for each sample, assuming the values of 
the undrained shear strength in a vertical line below 
the center of the footing, down to a depth D = B.

Table 1   Values of s
uk
(kPa) for �

s
u
= 100 kPa obtained for the 

first situation studied

COV
s
u

0.1 0.2 0.3 0.4 0.5

Γ
2
= 0 96.57 92.40 87.70 82.70 77.61

Γ
2
= 1 84.22 70.42 58.63 48.75 40.60

Γ
2
= 0.48 88.47 77.65 67.77 58.96 51.26
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Figure  3 shows the zone of the statistical mesh 
underneath the foundation and the collection points 
for the undrained shear strength values; for this 
situation the number of points, n, is equal to 15. It 
should be noted that the values are directly taken 
from the random field realizations, with no simula-
tion of characterization errors considered. The fig-
ure shows an example for COVsu

= 0.5 and �v = 1m.
For each sample the average of the undrained 

shear strength and the coefficient of variation are 
determined from the values taken from the simulation 
of soil characterization, and Eq.  (8) is applied, 
resulting in different values of suk . For this situation, 
kn is determined assuming no prior knowledge of the 
coefficient of variation and it is determined using:

where tn−1
95

 is Student’s t-factor, evaluated for a 95% 
confidence level and n − 1 degrees of freedom, and 
n is the number of values of the undrained shear 
strength taken from each simulation of characteriza-
tion. The same three values of the sensitivity index 

(11)kn = tn−1
95

√
Γ2 +

1

n

shown in Table  1 are also considered in the second 
situation.

The graphic in Fig.  3 includes the values of the 
average of the undrained shear strength and the 
characteristic value considering Γ2

= 0.

2.4 � Design Values of the Action and of the 
Resistance

The inequality (2) defines which set of actions is 
applicable to ensure safety. In this work it will be 
assumed that design is performed considering 
the equality in the above mentioned inequality. 
In this case, having determined the characteristic 
value of the strength property and considering that 
the variable load can be written as a factor of the 
permanent load ( Q = XG , with X ≥ 0) ), from Eqs 
(3) and (6) the maximum value of permanent load 
that would ensure safety when using MFA would 
be:

Fig. 3   Simulation of characterization
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2.5 � Random Finite Element Method

The force given by Eq. (12) represents the 
maximum permanent load that satisfies the safety 
criterion. To determine the “real” bearing capacity 
of each sample, a recently developed random finite 
element limit analysis (RFELA) method, proposed 
by Vicente da Silva and Antão (Da Silva and 
Antão 2025b), is applied. The method consists of 
a three-step procedure, the first of which involves 
generating a representative set of trial collapse 
mechanisms.

These mechanisms are obtained using a strict 
upper bound finite element limit analysis (FELA) 
tool (Vicente da Silva et al. 2020), which enables the 
determination of collapse loads and corresponding 
failure mechanisms for various geometries and both 
isotropic and anisotropic criteria, specifically under 
undrained loading conditions, and shows a good 
agreement with lower-bound calculations (Santana 
et al. 2018; Viana et al. 2019; Antão et al. 2019, 2021; 
Da Silva and Antão 2025a).

This exclusive FELA-based approach is based on 
triangular meshes with quadratic approximations 
for the velocity field (Antão et  al. 2012) and has 
previously been applied to media with property 
distributions similar to those considered in the present 
work (Simões et al. 2014, 2020; Rogério et al. 2024). 
However, a drawback of relying solely on FELA, as 
in our earlier applications, is the computational time 
required to determine collapse loads. Although it is 
a highly effective analysis method, it does not allow 
more than a few hundred thousand calculations to be 
performed within a reasonable time frame.

Therefore, within the current framework, a diverse 
and representative set of random field realizations is 
generated using the LHS method to ensure adequate 
diversity. In the present case, 4051 LHS samples 
are generated, and the corresponding collapse loads 
and failure mechanisms are determined through 
FELA, which serve as the trial collapse mechanisms. 
The number of samples represents the minimum 
required by the LHS methodology for the statistical 

(12)Gmax
MFA

=

B (2 + �)
suk

�su(
�G + �QX

)
mesh, equal to the number of statistical elements 
plus one ( 90 × 45 + 1 = 4051 in the present study). 
By adopting this approach, the number of FELA 
computations and consequently the associated 
computational effort is substantially reduced.

We note that, where when the RFELA framework 
was first introduced (Da Silva and Antão 2025b), the 
same footing problem was analyzed in terms of the 
accuracy of the collapse load estimation. That study 
showed that the adopted number of 4051 mechanisms 
leads to highly accurate collapse load estimates, with 
relative errors below 1% when compared with a full 
upper-bound FELA analysis using a similar finite 
element mesh. This provides supporting evidence that 
the chosen set of trial mechanisms is sufficient for the 
level of accuracy required in the present work.

In the second step of the procedure, the plastic 
dissipation associated with the failure mechanisms 
is mapped into the cells of the 90 × 45 orthogonal 
grid used to generate the spatial distribution of soil 
properties. Additionally, as part of this step, the 
plastic dissipation in each cell is normalized by the 
respective undrained shear strength.

In the third and final step, the mapped and 
normalized plastic dissipations associated with each 
trial mechanism are used to extrapolate, accurately 
and efficiently, the upper bound collapse loads for 
any other sample with the same statistical properties 
as the initial LHS samples, namely, the same mean, 
standard deviation, and correlation lengths.

In practical terms, for each trial mechanism k, 
obtained from a full FELA analysis, the collapse load 
Fk
collapse

 of a footing resting on weightless soil 
governed by the Tresca criterion can be expressed in 
terms of the total plastic dissipation as (Vicente da 
Silva et al. 2020):

with

where NE denotes the total number of finite elements, 
sk
u,e

 is the undrained shear strength associated with 
the e-th finite element, and Ωe is its corresponding 
domain. Furthermore, Dk

e
 represents the normalized 

(13)Fk
collapse

=

NE∑
e=1

sk
u,e
D

k
e

(14)D
k
e
= ∫

Ωe

tr(|𝜀̇ k|) dΩ
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plastic dissipation, where tr(|𝜀̇ k|) denotes the sum 
of the absolute values of the principal strain-rate 
components associated with the velocity field of the 
k-th collapse mechanism.

Note that this velocity field is isochoric to 
satisfy the normality flow rule and is scaled such 
that the external forces produce a unit work rate, 
which is standard practice in FELA optimization. 
Consequently, the collapse load can be estimated 
for any other spatial distribution of undrained shear 
strength by replacing in (13) the term sk

u,e
 with the 

new shear strength values snew
u,e

 . The accuracy of 
this estimate depends on how different the new 
shear strength field is compared to the original 
one, especially in the regions of higher plastic 
dissipation. This procedure enables the efficient 
evaluation of collapse loads for a large number of 
realizations without additional FELA computations. 
Further details on the RFELA formulation and 
implementation of this approach can be found in 
Vicente da Silva and Antão (2025b).

In the present work, this extrapolation was 
performed for 1, 10, or 100 million samples, 
depending on the case under analysis. To provide 
context, computing the collapse loads for one million 
samples required only 3 to 4 min. The LAS method 
was employed to generate the large number of 
samples required due to its computational efficiency.

2.6 � Calculation of the Probability of Failure

To estimate the probability of failure of the 
foundation, the performance function used was the 
factor of safety FS, determined for each sample, 
defined as the quotient between the true ultimate 
load supported by the footing, Fu , estimated from the 
RFELA computations for each sample, and the force 
to which the foundation can be subjected according to 
the design, Fact:

The acting force Fact is considered non-deterministic, 
meaning that the applied force has a particular 
distribution based on Gmax

MFA
 (Eq. (12)). The permanent 

load is assumed to follow a normal distribution, and 
the variable load a Gumbel distribution. The acting 
force can therefore be calculated as:

(15)FS =
Fu

Fact

where the values 0.1 and 0.35 correspond to the 
coefficients of variation assumed in this work for the 
permanent and variable loads, respectively, obtained 
from the literature (Bartlett et al. 2003; Teixeira et al. 
2011). In this equation, N(�;�) denotes a realization 
of a normally distributed random variable with mean 
� and standard deviation � , while Gumbel(�;�) 
denotes a realization of a Gumbel-distributed random 
variable with the given mean and standard deviation.

Once the FS values are determined for all samples, 
the probability of failure ( Pf  ) is defined as the 
probability of the factor of safety being less than or 
equal to one:

This probability is estimated in two ways. First, 
by dividing the number of samples in which 
FS ≤ 1 by the total number of samples. Second, a 
lognormal distribution is fitted to the values of FS, 
and the probability of failure is calculated from this 
distribution. The choice of the lognormal distribution 
is justified because it provides the best fit among the 
normal, lognormal, gamma, Weibull, and exponential 
distributions, measured by the Root Mean Square 
Error parameter.

3 � Overview of the Simulation Program

In summary, as previously described, the calculations 
are performed for: B = 3m ; �su

= 100 kPa ; COVsu
 

ranging from 0.1 to 0.5; �v = 1m and 6m ; �h = 45m ; 
and Γ2

= 0 , 1, and 0.48.
Two distinct approaches for determining the 

characteristic values of su are considered (Sect. 2.3): 
one based on the mean and coefficient of variation 
used to generate the samples (Table  1), and the 
other based on the mean and coefficient of variation 
obtained from the characterization simulation on each 
sample.

As described in Sect.  2.6, two methods for 
estimating the probability of failure are applied: 
a direct method and a method based on fitting a 
statistical distribution.

(16)
Fact = N(Gmax

MFA
;0.1Gmax

MFA
) + Gumbel(XGmax

MFA
;0.35XGmax

MFA
)

(17)Pf = P(FS ≤ 1).
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Additionally, the cases are analyzed for two sets 
of partial factors, representing the two relevant 
combinations prescribed by Eurocode 7, namely:

•	 Set 1: �G = 1.0 ; �Q = 1.3 ; �su = 1.4;
•	 Set 2: �G = 1.35 ; �Q = 1.5 ; �su = 1.4.

For each of the analysis cases defined above, the 
computations were carried out for different values 
of the load ratio Q∕(G + Q) . This ratio represents 
the proportion of the variable load relative to the 
total applied load (permanent plus variable) and 
ranges from 0 to 0.9 in increments of 0.05, with 
the additional case 0.99 also included. A direct 
relationship can be defined between the load ratio and 
the scalar parameter X, specifically:

4 � Illustrative Example

This initial example corresponds to the following 
case:

•	 COVsu
= 0.3 ; �v = 6m ; Γ2

= 0;

(18)X =
Q∕(G + Q)

1 − Q∕(G + Q)

•	 suk determined from the mean and the coefficient 
of variation obtained from the simulation of char-
acterization on each sample;

•	 Set 1 of partial factors is used.

Results for this case, obtained from the initial 4051 
samples and from the 100 million samples are 
presented in Fig. 4 as a function of Q∕(G + Q) . These 
results were obtained from 100 simulations of the 
acting force, Fact , as given by Eq. (16). Probabilities 
of failure are shown for both direct calculations and 
for the fitted lognormal distribution.

Figure 4 shows that the 100 sets of simulations of 
Fact produce similar results for 100  M samples, but 
results in much greater variation for 4051 samples. 
With a very large number of samples, the FS distribu-
tion is essentially stable, whereas this is clearly not 
the case for 4051 samples.

It can also be seen that the fitted distribution for 
4051 samples cannot reproduce the results of the 
probability of failure obtained directly from these 
samples. In addition, even the fitted distribution for 
100  M samples does not match the direct results. 
Indeed, it closely follows the average of the fitted 
distribution for 4051 samples, under-predicting the 
probability of failure for some values of Q∕(G + Q) 
and over-predicting it for others.

Finally, the direct results from 4051 samples do 
not match those from 100 M samples, particularly for 
the lower values of Q∕(G + Q).

It can therefore be concluded that, of the four 
approaches shown in Fig.  4, only the direct results 
from 100 M samples can provide reliable conclusions. 
In the following section, the analyses are presented 
for this approach only.

It should be noted that sample sizes of 1  M and 
10  M realizations were also tested. Although often 
adequate, these sizes did not consistently ensure 
stable results across all cases. Consequently, 100  M 
samples were adopted throughout. It is worth 
emphasizing again that the RFELA framework 
employed is fully capable of handling samples of this 
magnitude with very high computational efficiency.

Fig. 4   Example of the calculations of the probability of fail-
ure for COV

s
u
= 0.3 ; �

v
= 6m ; Γ2

= 0 , s
uk

 determined from the 
mean and the coefficient of variation obtained from the simu-
lation of characterization on each sample and for the set 1 of 
partial factors
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5 � Results

5.1 � Set 1 of Partial Factors

The results presented in Fig. 5 were obtained for the 
first set of partial factors (where �G = 1.0 , �Q = 1.3 
and �su = 1.4 ) and for the characteristic value of su 
based on the mean and coefficient of variation of the 
undrained shear strength used to generate the sam-
ples, as shown in Table 1. For this figure and for the 
following figures of the same type, three calculations 
are shown considering the variation of the acting 
force (Eq.  (16)) instead of the 100 that were shown 
in Fig.  4. In most cases presented, in particular for 
the most relevant ones (higher probability of failure), 

the three results are indistinguishable; however, when 
the probability of failure becomes very small (on 
the order of 10−7 or lower) this is no longer the case, 
showing a lower accuracy.

The analysis of Fig. 5 shows that the value of COVsu
 

influences the probability of failure in all cases. A 
larger value of COVsu

 leads to greater probabilities of 
failure. For small values of Q∕(G + Q) the differences 
are of several orders of magnitude. For Γ2

= 0 , the 
probabilities of failure for the most relevant cases 
( COVsu

≥ 0.3 ) are greater than 10−4 . For Γ2
= 0.48 

or 1 the probability of failure is still high, although 
not as high as for Γ2

= 0 . For the large values of 
COVsu

 the probability of failure is fairly independent 
of Q∕(G + Q) ; for the lower values of COVsu

 , the 

Fig. 5   Probabilities of failure obtained for the first set of partial factors and for the characteristic value of s
u
 based on the mean and 

COV
s
u
 used to generate the samples
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probability of failure increases with Q∕(G + Q) 
except for the lower values of this parameter.

Figure 6 shows the results obtained for the same 
set of partial factors but with suk determined from 
the average and COVsu

 obtained from the simulation 
of characterization on each sample. For Γ2

= 0 the 
value of COVsu

 influences the probability of failure 
but only for low to medium values of Q∕(G + Q) . 
For these cases the probabilities of failure are high 
for the greater values of COVsu

 . For the greater val-
ues of Q∕(G + Q) , the probability of failure becomes 
independent of COVsu

 and large in all cases.
For Γ = 0.48 or 1 the probability of failure 

is globally less dependent on COVsu
 , but this 

dependency exists even from values of Q∕(G + Q) 

greater than around 0.2. In this range the probability 
of failure is higher for the lower values of COVsu

 and 
it reaches quite high values for the larger Q∕(G + Q)

.
When comparing the results from Fig. 7 with those 

from Fig.  6, it can be seen that the probabilities of 
failure are lower for the latter, which means that, as 
could be expected, local soil characterization leads to 
a safer design.

5.2 � Set 2 of Partial Factors

The results presented in Fig.  7 were obtained for 
the second set of partial factors (where �G = 1.35 , 
�Q = 1.5 and �su = 1.4 ) and for the characteristic 

Fig. 6   Probabilities of failure obtained for the first set of partial factors and for the characteristic value of s
u
 determined from the 

mean and COV
s
u
 obtained from the simulation of characterization on each sample
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value of su based on the mean and COVsu
 used to gen-

erate the samples. Figure 8 shows the results obtained 
for the same set of partial factors but with suk deter-
mined from the mean and COVsu

 obtained from the 
simulation of characterization on each sample.

The analyses of these figures show that the curves 
follow similar trend to those from Figs.  5 and  6, 
with lower probabilities of failure. This reduction 
was expected as the second set of partial factors 
are globally higher. However, there are still many 
situations in which the probability of failure is higher 
than 10−4.

5.3 � Comments

From this analysis, it can be said that considering 
the characteristic value of su based on the average 
and coefficient of variation used to generate 
the samples, which would be equivalent to not 
conducting any local characterization and relying on 
a good prior knowledge of the soil, is not adequate. 
Conducting local characterization is, as expected, 
very important to perform appropriate design. The 
following is therefore based on the results where such 
characterization was performed.

When using the first set of partial factors, estimates 
of the characteristic value based on the average 
( Γ2

= 0 ) lead to probabilities of failure that are very 

Fig. 7   Probabilities of failure obtained for the second set of partial factors and for the characteristic value of s
u
 based on the mean 

and COV
s
u
 used to generate the samples
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dependent on the coefficient of variation for the 
lower values of Q∕(G + Q) and, for most situations 
analyzed, it is greater than 10−4 . Estimates based on 
the appropriate sensitivity index ( Γ2

= 0.48 or 1) 
result in low probabilities of failure for Q∕(G + Q) 
less than 0.25. For these cases, it is interesting to 
notice that the higher probabilities of failure are 
obtained for the lower coefficients of variation. In 
an ideal design method, the probability of failure 
would be independent of the value of the coefficient 
of variation, as this coefficient would have been 
adequately considered when determining the 
characteristic value of the soil strength.

When using the second set of partial factors, 
it seems possible to use the estimates of the 
characteristic values based on the average ( Γ2

= 0 ) 
and on the more appropriate sensitivity index 
( Γ2

= 0.48 or 1). For the first case, however, the 
probability of failure is, again, very dependent on 
the coefficient of variation for the lower values of 
Q∕(G + Q) . Those probabilities are lower than 10−4 
for Q∕(G + Q) < 0.3 . For the second case ( Γ2

= 0.48 
or 1) the probabilities of failure are lower than 10−4 
for Q∕(G + Q) less than 0.5, for COVsu

= 0.1 , and for 
Q∕(G + Q) less than 0.65, for COVsu

= 0.3.
All results seem to indicate that, for the greater 

values of Q∕(G + Q) , the variable action should be 
affected by a greater partial factor. On the other 

Fig. 8   Probabilities of failure obtained for the second set of partial factors and for the characteristic value of s
u
 determined from the 

mean and COV
s
u
 obtained from the simulation of characterization on each sample
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hand, for Γ2
= 0.48 or 1, the obtained probabilities 

of failure for the lower values of Q∕(G + Q) are very 
low. This leads to the possibility of defining a new 
set of partial factors that, for this case ( Γ2

= 0.48 
or 1), would result in probabilities of failure less 
dependent on Q∕(G + Q) . Towards this objective the 
authors concluded that the coefficient �Q would have 
to be dependent on Q∕(G + Q) . The following set is 
therefore proposed (see also Fig. 9):

(19)�G = 1.0

This set, combined with local characterization and 
appropriate values of Γ2 , leads to reasonable prob-
abilities of failure for coefficients of variation of 0.3 
to 0.5, as this range is the most relevant for the und-
rained shear strength (Schneider et  al. 2013). Fig-
ure 10 shows those probabilities of failure.

6 � Concluding Remarks

A simple problem of the bearing capacity of a 
shallow foundation subjected to centered and 
vertical loading, supported by soil responding under 
undrained conditions, was studied. For this problem, 
the probabilities of failure were determined, 
considering the variability of the undrained shear 
strength and its spatial distribution, different levels 
of knowledge of the soil properties, and different 
sets of partial factors.

It was shown that the probabilities of failure are 
not adequately predicted when using a relatively 
small number of samples combined with fitting 
a statistical distribution function to the results of 
those samples. The calculations were therefore 
performed using a methodology that allows a large 
number of samples without the need for any fitting.

The initial sets of partial factors cannot ensure a 
relatively constant probability of failure for a wide 
range of Q∕(G + Q) . In some cases, they are greater 
than 10−4 , and in other cases, they reach very low 
values. To address these issues, a proposal for a 
new set of partial factors was made. Although this 
set of partial factors is derived from the simple 
case of a foundation resting on the soil surface, 
in the authors’ opinion it should be expected that 
in the case of a small depth of the foundation, the 
relatively small contribution to the bearing capacity 
of soil above its base under undrained conditions 
would not affect the results in a significant way, 
particularly if the strength of the soil above the 
foundation base is to be neglected in the analysis.

(20)�Q = 1.0 for Q∕(G + Q) ≤ 0.1

(21)
𝛾Q = 0.605 ln[Q∕(G + Q)] + 2.4 for Q∕(G + Q) > 0.1

(22)�su = 1.25

Fig. 9   Proposed partial coefficients (see Eqs. 19–22) for char-
acteristic values of s

u
 determined using appropriate values of 

Γ
2

Fig. 10   Probabilities of failure resulting from the proposed set 
of partial factors (see Eqs. 19–22 and Fig. 9) and for s

uk
 deter-

mined from the average and from the coefficient of variation 
obtained from the simulation of characterization on each sam-
ple
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It was also shown that local characterization, 
combined with the use of the sensitivity index, 
results in a characteristic value of the undrained 
shear strength that leads to an adequate design.
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