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Abstract

Electricity is a very special commodity since it is economically non-storable, and thus

requiring a constant balance between production and consumption. At the corporate level,

electricity price forecasts have become a fundamental input to energy companies’ decision

making mechanisms [22, 45]. Electric utilities are higly vulnerable to economical crisis,

since they generally cannot pass their excess costs on the wholesale market to the retail

consumers [77] and, since the price depends on variables like weather (temperature, wind

speed, precipitation, etc.) and the intensity of business and everyday activities (on-peak vs.

off-peak hours, weekdays vs. weekends, holidays and near-holidays, etc.) it shows specific

dynamics not observed in any other market, exhibiting seasonality at the daily, weekly

and annual levels, and abrupt, short-lived and generally unanticipated price spikes.

These extreme price volatility make price forecasts from a few hours to a few months

ahead to become of particular interest to power portfolio managers. An utility company or

large industrial consumer who is able to accurately forecast the wholesale prices and it’s

volatility, can adjust its bidding strategy and its own production/consumption schedule

in order to reduce the risk or maximize the profits in day-ahead trading.

In this work I discuss the dynamics of the Iberian electricity day-ahead market (OMIE),

review the state-of-the-art forecasting techniques and introduce a new approach to Electric-

ity Price Forecasting, by forecasting the underlying dynamics, the market demand/supply

curves. With this method it is possible to predict not only the electricity prices for the

next hours, but also the market curves, which can then be used for risk management and

a more accurate schedule of generation units. I analyze the model results and benchmark

them against other models in the industry.
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Resumo

A eletricidade é uma commodity muito especial, uma vez que não é possível armazená-la, e

por isso, requer um constante equilíbrio entre a produção e consumo. ao nível empresarial,

a previsão de preços de eletricidade tornou-se um input fundamental para os mecanismos

de tomada de decisão das companhias [22, 45]. As empresas de eletricidade são altamente

vulneráveis a crises económicas, uma vez que, em geral, não conseguem passar os seus

custos excessivos para o mercado retalhista [77] e, uma vez que o preço depende de

variáveis como meteorologia (temperatura, velocidade do vento, precipitação, etc.) e da

intensidade de negócio e das atividades do dia-a-dia (pico vs vazio, dias da semana vs

fim-de-semana, feriados e pontes, etc.) apresenta uma dinâmica que não é observada em

mais nenhum mercado, com sazonalidade diária, semanal e anual, e com picos de preço

abruptos de pouca duração e, em termos gerais, impossíveis de antecipar.

Esta volatilidade de preços torna a previsão de preços particularmente interessante

para gestores de portfólio, seja a curto ou a longo prazo. Uma companhia de eletricidade

ou grande consumidor industrial que seja capaz de prever corretamente os preços do

mercado grossista e a sua volatilidade, pode ajustar a estratégia de oferta da sua produção/

seu consumo de maneira a reduzir o risco ou maximizar os ganhos no mercado à vista.

Neste trabalho abordo a dinâmica do mercado de eletricidade ibérico (Operador

de Mercado Iberico - Polo Español (OMIE)), revendo o estado da arte dos métodos de

previsão de preços de eletricidade, e introduzo uma nova técnica de previsão de preços

de eletricidade, através da previsão da sua dinâmica subjacente, as curvas de mercado da

procura e oferta. Com este método é possível prever, não só o preço de eletricidade para

as próxima shoras, mas também as próprias curvas de oferta, o que pode ser utilizado

na gestão de risco ao melhor a capacidade de programar as suas unidades de geração.Os
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resultados do modelo são analisados e comparados com outros modelos já utilizados na

industria.

Palavras-chave: Previsão de Preço de Eletricidade, curvas de mercado, preço de eletrici-

dade, OMIE, Vector Autoregression
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1

The Iberian Electricity Market

The energy markets are commodity markets that deal exclusively with the supply and

trade of energy, which can refer to electricity or any other source of energy. Although each

commodity is managed and dealt in its own market, they are highly connected and have

many similarities, leading the industry to believe that we are in the presence of a bigger

and much complex unique system [79].

This becomes clear when thinking that all commodities are used to meet the same

fundamental needs: heat, light and transport. Electricity, in addition to meeting these

needs, is also used to maintain and support the information infrastructure in which the

modern society is built on. The energy commodities compete as substitutes for each other,

while at the same time, are important sources of production of other energy commodities.

The proportions in which each energy commodity is used vary from location to location

and over time, depending on their availability and production costs. The final energy mix

is the result of interactions between market forces and political processes, and one has to

understand the entire dynamic system.

Electricity stands out from other commodities because it has specific physical and

economical characteristics. You can’t see, smell or touch it, and you can’t even guarantee

it’s motion from one point to another in the same way as other commodities all because

of the complex physics laws that govern it. It is economically non-storable and the

power system requires a constant balance between production and consumption. At the

same time, its demand and production is dependent on many changeable variables, like

temperature, wind-speed or solar radiation, or even the hours of the day or the days

of the week where business and everyday activities are more intense. These unique

characteristics lead to a very volatile market of high importance for governments, industry

1



CHAPTER 1. THE IBERIAN ELECTRICITY MARKET

and consumers, with price dynamics that are not observable in any other market.

1.1 Liberalisation of Energy Markets

A strong drive for liberalisation of the energy markets, specifically electricity markets,

started at the end of the millennium, with purpose of reducing prices and increasing

competitiveness between parties [74]. In addition to this assumed advantages, this market

paradigm had other strengths: it lowered the risk of over-investment and possible price

disparities; but, on the other hand, one can find shortcomings for this approach: the

domestic consumer can be disadvantaged, as the costs of supply can be easily passed

onto them; and absence of incentives for technological innovation or new investments on

generation capacity. Due to this limitations on the liberalised markets, there are still four

prime justification for regulatory intervention [130]:

1. Significant economies of scale and scope that favor large integrated utilities

2. The natural monopoly character of electricity transport and distribution

3. Segments of the electricity value chain that are regarded as indivisible

4. The belief that private investment will not occur without long-term hedging.

In the European Union, the liberalisation of the many electricity markets over Europe

has been directed by the European Comission directives promulgated in 1996, 2003,

2009 [44, 42, 43]. They aimed at a gradual market opening, supported by the increasing

interconnection capacity between the different electricity markets, that would eventually

lead to a common electricity market in Europe. For the countries of the Iberian Peninsula it

was no different, there was a phased and meticulously prepared plan for the liberalization

of the market that led to the signing of a collaboration protocol in 2001 between the

Republic of Portugal and the Kingdom of Spain for the creation for the Iberian electricity

market (Mercado Ibérico de Eletricidade (MIBEL)), with its effective start on 2007.

1.2 The Iberian Case

As already stated, the creation of the MIBEL, on the 1st of july 2007, was the product of

the cooperation between the administrations of Portugal and Spain with the integration

of the electrical systems of both countries as the main objective[105].

2



1.2. THE IBERIAN CASE

In the process of liberalisation the activities related to network activities, transport and

distribution, were considered natural monopolies, meaning that, because of the high fixed

costs involved, the existence of only one supplier can prove more efficient than two or

more, leading to less costs [78, 120]. Because of this they are object of economic regulation,

leaving only the production and commercialization open to competition, leading to the

creation of organized markets where this activities could relate.

The production of electricity is associated with the existence of a wholesale market,

where every producer can place its energy and every supplier can supply itself with the

energy needed to provide to final client. On the other hand, the commercialization is

associated with the existence of a retail market where every supplier compete to secure a

customer base.

Electricity trading in the wholesale market can take many forms, from trading for the

day-ahead, or closer to real time with intraday trading, to longer term trading, through

the forward market or through bilateral contracts. All these legal mechanisms for trading

on the organized market led to the creation of two distinct divisions, one for managing

the derivate market (Operador de Mercado Iberico - Polo Português (OMIP), Portuguese

division) and the other for managing the day-ahead and intraday market (Operador de

Mercado Iberico - Polo Español (OMIE), Spanish division). The markets are managed with

respect to transmission constraints between both countries and in case of congestions, the

single market is split into submarkets [23].

1.2.1 The day-ahead market

The liberalisation and reorganization of the electric sector changed the way generation

companies and supplier companies interact, bringing about the need for regulated markets.

As already stated, one of the mechanism that was created are spot markets, know as pool

markets (because it includes all the producers and suppliers of the system), with the

primary objective of achieving the balance between production and demand. The day-

ahead markets are the main object of the spot-markets, named due to take place on the

day before the scheduled delivery. They help optimizing the system on the short term

by facilitating generation companies to correctly schedule their units, specifically their

slower-start units [131, 31].

Startup is costly, and the value of committing (starting) a unit of generation depends on

the cost of power produced by many other producers. The theory of perfect competition

3



CHAPTER 1. THE IBERIAN ELECTRICITY MARKET

assumes that there is a price that clears the market when suppliers take that price as

given [59, 101]. In this case a competitive market is efficient, but if production costs are

nonconvex, there may be no market clearing price, and when there is none, economic

theory does not guarantee efficiency. Startup costs and no-load costs are nonconvex and

some constraints on generation output cause similar problems.

A market clearing price is a single price that causes supply to equal demand. On

electricity markets this might not happen, since start-up costs are high and mostly fixed,

there might not be one price at which the demand is equalled, if only a small amount

of energy, in volume or in time, is needed, it might not be possible for generators to sell

energy without incurring in losses. In fact, this costs also depend on the other generation

companies, since it’s cheaper for only one producer to meet the demand than it is for two

producers, along these lines, it is cheaper for a producer to produce for two hours than it

is to produce for one hour, since it can spread the start-up costs for a longer time, and this

is where the nonconvexity arises [131].

The design of the day-ahead market aims to minimize the inefficiency that comes with

nonconvex costs as it can provide a reliable dispatch, increasing reliability and minimizing

the risk for producers. Since this is a pool market where every producer is included, the

percentage of slower-start units is small, reducing the nonconvexity of the problem and

allows for small corrections in the closer to real-time markets, it also helps minimizing

the risk since the market firms the operation for the next day, reducing the uncertainty

around the operation between consequent time intervals.

In addition to the presented arguments, the day-ahead market also has the bene-

fits of providing market signals to demand-side management providers (encouraging

greater participation), reducing price volatility when compared to a real-time market and

increasing liquidity by creating an arbitrage opportunity with other markets.

1.2.2 Why auctions?

As practical economic approaches, the auctions are used in electricity markets trading.

There has been a growing interest in the use of auctions in the electricity industry as a

way to promote efficient procurement and foster competition in all sectors: generation,

transmission, and distribution. Throughout the world, auctions have been employed in

diverse settings ranging from the hourly dispatch of generators in day-ahead markets to

long-term contracts for the concession rights to build and operate hydroelectric, wind
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1.2. THE IBERIAN CASE

or solar plants plants or transmission assets. They were introduced in electric systems

during the liberalisation of the industry as they are very efficient and have low costs and

could easily be implemented by independent system operators as a dispatch process for

the day-ahead markets[102, 114].

The auction leads to awarding some participants attend a financial program and

compete according to market rules. Any auction is based on three fundamentals, (1)

bidding, (2) clearing, and (3) pricing rules. The bidding rules determine the quality and

quantity of submitted bids. The clearing rules determine how to settle the market, choose

the awarded participants and determine the amount of traded product. The pricing rules

determine at what price the production will be traded[102, 114].

Auctions have been used extensively outside of the power sector as a procurement

mechanism formany years. While the existence of auctions dates back to 500 B.C. in Greece,

its use in network industries has been pioneered by telecommunications companies to

assign and trade bandwidth. The gas and oil industries rely on auctions to define prices

and allocate exploration rights. In the electricity industry, auctions have been used in

different parts of the world as the basis for trading energy and capacity, transmission

congestion rights, ancillary services, and other products.

An auction is a transparent mechanism that should achieve a fair, open, and timely

procurement process, reducing opportunities for corruption. These are widely sought

after features that minimize the likelihood of future challenges to the selection process

and its outcome, avoiding post-auction delays.

There are many kinds of auction designs used in electricity markets around the world.

The first group is named sealed-bid auctions, including firstprice sealed bid auctions,

Uniform Price Auctions (UPA), and Pay-As-Bid Auctions (PABA). The second group is

dynamic pricing auctions, in particular, descending clock auctions for electricity markets.

The third group is the hybrid auctions containing a combination of the mentioned auctions,

e.g., descending clock auction followed by PABA, or firstprice sealed-bid stage followed

by an iterative descending auction, and sequential auctions[102].

1.2.3 Uniform price auction

The MIBEL Day-ahead market is based in a UPA. The UPA is a kind of sealed-bid auction

that doesn’t discriminate the price over the different players and incentives the use of

marginal price as the base for the competitive pricing. In UPA, all of the winners would
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be paid at a single pre-determined price, Market Clear Price (MCP), irrespective of what

they had bidded, and the last winner bidder, which is called marginal unit, will get exactly

the bidded price.

This auction is a generalization from the Vickrey auction [140] and was introduced

by Friedman in the 1960s [49]. The pricing rule and the whole process of clearing the

market is simple and straightforward, it is based on the equilibrium between production

and demand. The independent system operator aggregates the supply offers and demand

bids and arranges them in the form of ascending and descending curves, as shown in Fig.

1.1. The intersection of these two curves will determine the market price and the cleared

quantity, which satisfies the aggregated cost of winner sellers and demand of winner

buyers, respectively [129].

All sales occur at market price, meaning that every producer and every supplier will

be paid the same per MWh. The shaded area in Fig. 1.1 shows the total revenue of winner

producers. The upper area of the shaded area represents the surplus of buyers, i. e. the

extra income generated because the MCP is higher than their bids.

Figure 1.1: Ilustration of a Uniform Price Auction

Although in the UPA, there is only one MCP, the fact that the market consists of
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two countries, Portugal and Spain, means that there are physical constraints regarding

transmission, and, in case of congestions, the market is split into two submarkets. This

will lead to two distinct MCP. The zonal pricing scheme divides an electrical network into

several zones, where in each zone, the probability of congestion is ignored and the price

is unique.

Considering the concept of UPA, the winner sellers will receive the highest accepted

price automatically, so there is not a loss for none of the sellers if they had bided their

marginal cost [116]. On the other hand, the buyers will pay the least possible value for

their traded good. Since the electricity price is the same for all winners whose offers are

less than the MCP, the producers tend to be more honest regarding price bidding. If a

producer bids at a higher price than its actual marginal price, it might not be cleared and

miss out the opportunity of participation in the market; on the other hand, if it bids at a

lower price than its actual marginal cost, it may incur in loss. Consequently, bidding their

marginal cost is the best strategy for the power plants to assure that they will not suffer

economically. It also help guarantee that the Independent System Operator (ISO) will find

the least price in which the demand is satisfied. This is the reason why the UPA is well-

known as an efficient pricing mechanism. It is stated that the UPA is a transparent pricing

mechanism which leads to the efficient selection of the least-cost producers and social

welfare maximization. Furthermore, the UPA creates opportunity and incentivizes small

producers to take part and take advantage of the higher prices determined by large-scale

producers.

However, the probability of gaming still exists, which can reduce the overall efficiency

[41]. It is stated by Nazemi and Mashayekhi [112] that only producers that their cost is

near to the MCP will exercise market power and have the incentive to bid dishonestly, yet

others will not risk losing the market participation opportunity by offering at above of their

actual cost. In addition, the existence of subsequent markets, like the intraday-market,

creates a chance for arbitrage which also reduce efficiency.

1.3 The importance of Electricity Price Forecasting

In the current deregulated scenario, the forecasting of electricity demand and price has

emerged as one of the major research fields [21]. The liberalisation was intended to
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encourage competition among companies in order to decrease the cost of electricity. Unfor-

tunately, occurrences that were of no concern or rarely happened in the regulated market,

such as outages, possible blackouts and price peaks are now subject of increasing concern.

Moreover, deregulation increases electricity prices uncertainty, giving an increased role

on forecasting.

Precision in forecasting these electricity prices is very important, since a higheraccuracy

reduces the risk of under (or over) estimating the revenue from the production units for

the companies and provides better risk management [15]. Forecast errors have significant

implications for profits, market shares and ultimately shareholder value[21]. In actual

electricity markets, price curve exhibits considerably richer structure than load curve

and has the following characteristics: high frequency, nonconstant mean and variance,

multiple seasonality, calendar effect, high level of volatility and high percentage of unusual

price movements. These characteristics arise from the properties of the electricity and

also by the fact that the market equilibrium is influenced by both load and generation

side uncertainties [21]. Therefore, electricity price forecasting is essential for all market

participants for their survival. Even accurate load forecasts cannot guarantee profits and

the market risk due to trading is considerable because of extreme volatility of electricity

prices.

In the short-term, a producer needs to forecast electricity prices to be able to derive

its bidding strategy and to optimally schedule its electric energy resources [37]. In a

regulated environment, traditional generation scheduling of energy resources was based

on cost minimization, satisfying the electricity demand and all operating constraints [47]

and therefore, the key issue was how to accurately forecast electricity demand. In a

deregulated environment, since generation scheduling of energy resources, such as hydro

[26] and thermal resources[104], is now based on profit maximization[48], it is an accurate

price forecasting that embodies crucial information for any decision making. Suppliers

end up by needing short-term price forecasts exactly for the same reasons as producers.

In the next chapter, I make a thorough analysis of the state of the art of Electricity Price

Forecast (EPF), analysing the most recent evolution in the methods and models presented

in the literature. This will be the starting line for the work presented in this thesis, where

I embrace the challenge of EPF and try new approaches for forecasting while giving a

special attention to the implication on the risk management and scheduling of production

units.
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2

Electricity Price Forecast

2.1 Introduction

Over the last years different methods and approaches have been tried for electricity price

forecasts with varying degrees of success. The increasing number of studies published

has been highly motivated not only by industry needs, but also by the challenges that the

electricity markets present, making it a challenging field to work on.

Despite the increasing interest, the large amount of electricity markets and their

different complexity make it difficult to compile all the existing models in literature and

compare them with each other. Market configuration has a high influence in the price

formation, price caps/floors or the existence of capacity or balancing markets and ancillary

services can highly influence the price formation and the way that all market players act.

In addition, the geographical characteristics also play a major role, the generation mix or

grid design of each market is enough to completely alter the performance of the models

when applied to different markets.

Nonetheless, electricity price forecasting has been of the most importance for the

industry as it plays a major role in minimizing the risks that each player is exposed to.

In this chapter I make the main focus the forecasting of the day-ahead electricity price

and make a review of the literature, more specifically, I approach the different methods

used and the most recent trends in the field.

2.2 Predictive framework for EPF

Recalling the previous chapter, the MCP is obtained from all demand and supply offers

on an organized auction. The main reason behind this auction is the system operators
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requiring advance notice in order to verify that the schedule is feasible and falls within

transmission constraints. This auction happens once a day and results in prices for all

periods of the following day (typically 24 hours).

This means that, when forecasting or modelling the day-ahead market one has to take

into account that all contracts of the next day are determined at the same time with exactly

the same market information. There are two interesting effects that result from this: first,

the dynamics of hourly price does not behave as a pure time series process, instead, these

prices may be seen as daily arrays of 24 hours [70]. They only approximate a time series

because most of the underlying dynamics in the bids are in fact time series (demand, wind

production, solar production, etc.). Second, the prices have no relation to the real values

observed in the electrical system - demand or renewable energy sources production - but

instead are highly dependent on what the market foresaw as expected for the next day.

This mean that forecasts of these variables will work better as exogenous variables for the

models than the actual observed values.

Regarding predictive models, most of the literature refers to point forecasts, where the

target is the actual day-ahead price. The point forecast can be obtained using different

techniques, by modelling the hourly price in the past and forecasting for the next hours

or by simulating the supply and demand curve for the next hours and obtaining the price

by intercepting both curves. Nevertheless, models where the demand and supply curves

are the object of modelling are still to be found among the main EPF authors and journals.

In this work, I model the supply and demand curve and forecast this curves for the next

hours.

A more recent line of work around EPF has been probabilistic forecasting, where the

result is nota single value (point) buta Prediction Interval (PI), thatpredicts the distribution

of individual future and bears the same relationship that a frequentist confidence interval

or a Bayesian credible interval bears to an unobservable population parameter. The

increased interest in this branch of EPF is a direct consequence of the renewable integration,

existance of smart grids, and distributed generation, where uncertainty and probabilistic

forecasting play a big role. Probabilistic forecasting can offer an improved assessment of

future uncertainty, a broader ability to plan different strategies for the range of possible

outcomes and an increased effectiveness of submitted bids.
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2.2.1 Forecasting horizons

The literature separates the forecasting horizons in 3 groups: short, mid and long-term,

but there is no actual agreement as to what actually the thresholds should be. Short-term

often refers to forecasts that range from the next-day to a few days ahead and is the

main forecasting tool in day-to-day market operations, being used to assure an optimized

bidding strategy for all assets. Mid-term time horizons suggest from a few days or

weeks to a few months ahead and are mainly used for budget and balance sheet control,

elaboration of business plans, risk management and derivative trading. Long-term forecast

can range from a few months to dozens of years ahead and its main objective is investment

profitability analysis and planning.

The forecasting method used can change significantly for the different horizons. Longer

periods often require forecasts to be anchored in structural variables, like commodity

prices, installed capacity, energy consumption growth, network design changes, regulatory

changes and so on, while short periods ahead are mostly dependent on high volatility

variables, like meteorological data or electricity demand changes from business work day.

2.2.2 Forecasting evaluation

Most literature agrees in the forecasting evaluation methods and metrics and sometimes

even provide different metrics for their forecasts. Measuring point forecasting accuracy is

based on absolute errors 𝐴𝐸ℎ =
��𝑃ℎ − 𝑃̂ℎ ��, where 𝑃ℎ is the actual and 𝑃̂ℎ is the predicted

price for the period ℎ. Obviously, the accuracy will increase with lower 𝐴𝐸ℎ . For hourly

forecasts, it’s quite commons to see a Mean Absolute Error (MAE) as the mean of the

absolute errors over the forecast period 𝑇:

𝑀𝐴𝐸 =
1
𝑇

𝑇∑
ℎ=1

��𝑃ℎ − 𝑃̂ℎ �� (2.1)

Since electricity prices can change significantly from market to market, absolute errors

are quite hard to compare between different datasets. Many authors use measures based

on absolute percentage errors: 𝐴𝑃𝐸ℎ = 𝐴𝐸ℎ/𝑃ℎ. By far, the most popular is the Mean

Absolute Percentage Error (MAPE), which is computed as the mean of absolute percentage

errors over 𝑇:
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𝑀𝐴𝑃𝐸 =
1
𝑇

𝑇∑
ℎ=1

����𝑃ℎ − 𝑃̂ℎ𝑃ℎ

���� (2.2)

The MAPE measure is suitable for markets where prices are significantly higher than

zero, but it can be misleading when applied to most electricity prices. In particular, when

electricity prices are close to zero, MAPE values become very large, regardless of the actual

absolute errors. On the other hand, when electricity prices spike, the resulting MAPE

values are small, irrespective of the absolute differences. In a balance sheet impact point

of view, this is inaccurate, as a badly forecasted price spike might have a much bigger

finantial impact than a poorly forecasted price close to zero.

The most common approach to tackle the comparison issues between different models

and different price scales is to normalize the absolute error by the average price obtained

in the evaluation interval 𝑇. This yields the Weighted Mean Absolute Error (WMAE):

𝑊𝑀𝐴𝐸 =
1
𝑇

𝑇∑
ℎ=1

��𝑃ℎ − 𝑃̂ℎ ��
𝑃̄𝑇

(2.3)

where 𝑃̄𝑇 = 1
𝑇

∑𝑇
ℎ=1 𝑃ℎ is the mean price in the time interval 𝑇.

In more statistical and econometric papers it is also common to see 𝑙2-type norms,

with the most common one being the Root Mean Square Error (RMSE):

𝑅𝑀𝑆𝐸 =

√√√
1
𝑇

𝑇∑
ℎ=1

(
𝑃ℎ − 𝑃̂ℎ

)2
(2.4)

Like in all the above absolute error based measures, the squared differences can be

normalized by the square of the actual price or by the square of the mean price over the

period 𝑇.

2.3 Forecasting methods overview

The field of EPF aims at predicting the spot prices in markets, however, given the diversity

of trading regulations available across the globe, EPF always has to be tailored to the

specific market, which renders the field of EPF very diverse. In this section I will make an

overview of the most common methods and aim at reviewing the state-of-art models.
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Electricity price forecasts models can be separated in four distinct families: Statistical,

Fundamental, Machine Learning and Hybrid. Statistical models are quite common in the

literature andcome from direct application of statistical techniques, they include regression

type models, autoregressive type time series models and reduced-form models. While

the first two types are still famous among authors. mostly in hybrid models, the latter has

decreased in popularity.

Fundamental models try to describe the price dynamics by modelling important

physical and economic factors and simulate the operation of a system of heterogeneous

agents interacting with each-other, although favoured in the industry, this models are

often used for mid or long-term forecasts, as they perform poorly on the short-term.

Machine Learning are models which combine elements of learning, evolution and

fuzziness to create approaches that are capable of adapting to complex dynamic systems.

There has been an increased interest in machine learning models because of their capability

to capture non-linear behaviour.

Finally, hybrid models try to combine two or more techniques from the other families

for EPF, they have increased in popularity because of their ability to capture the pros of

different models, minimizing the cons. Since their classification is almost impossible they

have a family of their own.

2.3.1 Statistical models

Historically, the first statistical EPF techniques consisted on replicating statistical meth-

ods of load forecasting, by a simple substitution of loads or temperatures for electricity

prices, the researchers were able to obtain EPF models. As time passed, more and more

contemporary statistical, econometric or signal processing techniques were introduced to

this area.

Statistical methods forecast the current price by using a mathematical combination of

the previous prices and exogenous factors, typically consumption and production figures,

or weather variables. The two most important categories are additive, where the predicted

price is the sum of the components, and multiplicative models, where the predicted price

is the product of a number of factors. Note, however, that the two are closely related: a

multiplicative model for prices can be transformed into an additive model for log-prices.

Most models in this family rely on linear regression and represent the target variable ,

i.e. the price 𝑝ℎ for time (hour) ℎ, by a linear combination of independent variables (the
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predictors):

𝑝ℎ = 𝜃ℎXℎ + 𝜖ℎ (2.5)

where 𝜃ℎ = [𝜃ℎ,0 , 𝜃ℎ,1 , . . . , 𝜃ℎ,𝑛] is a vector of coefficients specific to hour ℎ, Xℎ

= [1, 𝑋ℎ,1 , 𝑋ℎ,2 , . . . , 𝑋ℎ,𝑛] is a vector of inputs and 𝜖ℎ is an error term.

Statistical models are attractive because some physical interpretation may be taken

from their results, thus allowing the user to understand their behavior. They are often

criticized for their limited ability to model the nonlinear behavior of electricity prices and

related fundamental variables, nonetheless, in practical applications, their performances

are comparable to those of their non-linear alternatives.

Similar-day methods

In most EPF papers, the author refers to a benchmark model, this model is called a similar-

day method. It is based on searching historical data for a day with similar characteristics

to the predicted day and use this historical values as forecasts for the future. We may

include day of the week, day of the year, holidays, weather conditions or consumption

levels as similar characteristics.

One of the more common applications of the similar-day approach was introduced by

[1] and is called the naïve method. The procedure is so basic that it became a must have

benchmark for all methods in literature, if your method can’t outperform the naïve then

it’s just simply not good enough. The procedures consists in taking the day of the week

from the previous week and apply it to the next one, this way a Monday will be equal to

last Monday, a Tuesday to last Tuesday, and so on.

Regression models

Regression is one of the most widely used statistical techniques. The general purpose of

multiple regression is to learn more about the relationships between several independent

or predictor variables and a dependent or criterion variable. Multiple regression is based

on least squares: the model is fitted such that the sum-of-squares of the residues is

minimized.

Regression models are so common and popular in EPF that it is almost impossible

to make a full review on all of them. Besides that, most papers use regression models

14



2.3. FORECASTING METHODS OVERVIEW

combined with some other methods, normally more sophisticated. It is also hard to

separate regression and auto-regressive models since most of them use some kind of

lagged electricity price as regressors. Nonetheless, there are papers that introduced some

kind of innovation to the field and deserve to be mentioned.

One of the first application of regression models in EPF was proposed by [85]. In this

approach, a regression model is used in combination with wavelet decomposition, i.e., the

coefficients are estimated using wavelet decomposition detail series. The day-ahead price

forecast is then given by previous day’s low frequency and the predicted high frequency

components. Similar techniques are also found in [36] and [126].

Most of the innovations that followed involved some kind of model combination, for

instance, the authors of [82] consider regression models with Fractional Autoregressive

Integrated Moving Average (ARIMA) models and Generalized Autoregressive conditional

hesteroskedasticity (GARCH) disturbances. The regressors capture seasonal cycles, hol-

iday effects and possible interventions on the mean and variance. An algorithm which

switches between neural networks, fuzzy regression and a standard regression based on

some rules can be found in [13] . A two-step method for EPF, where a time varying regres-

sion is used to explain nonstationary influences from load and wind power generation

and in a second step, an autoregressive model and exponential smoothing is applied to

account for residual autocorrelation and seasonal dynamics was used by the authors of

[76] .

In the last few years the most relevant contribution to EPF has been the appearance

of linear regression with a large number of input features that utilize some kind of

regularization technique. If the number of regressors is to large, using Least Absolute

Shrinkage and Selection Operator (LASSO) or the elastic net. By using a penalty factor

jointly with minimizing the Residual Sum of Squares (RSS) one can turn some of the

coefficients to zero and effectively eliminate redundant regressors. These regularized

regression models exhibit superior performance [134, 162, 135, 91, 161, 160].

Another innovation in this family is the use of different calibration windows on the

same model and combining them afterwards, it has been proven that this approach

outperforms the predictions obtained for the best ex-post selected calibration window [69,

100] .
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Autoregressive-type models

Autoregressive models take into account the time correlations of the data we are studying,

the 𝑋𝑡 is expressed linearly in terms of it’s 𝑝 past values (autoregressive parameter), and

in terms of 𝑞 values of the noise (moving average part):

𝜙(𝐵)𝑋𝑡 = 𝜃(𝐵)𝜖𝑡 (2.6)

Where 𝐵 is the backward shift operator 𝐵ℎ𝑋𝑡 = 𝑋𝑡−ℎ , 𝜙(𝐵) is the notation for 𝜙(𝐵) =

1−𝜙1𝐵−· · ·−𝜙𝑝𝐵𝑝 , and 𝜃(𝐵) is a notation for 𝜃(𝐵) = 1+𝜃1𝐵+· · ·+𝜃1𝐵
𝑞 , where 𝜙1 , . . . , 𝜙𝑝

and 𝜃1 , . . . , 𝜃𝑞 are the coefficients of the model. This is called the Autoregressive Moving

Average (ARMA) model and its stylized ARMA(𝑝, 𝑞).

The ARMA model assumes that the time series is stationary. If it is not, a transformation

of the time series is required to assure stationarity. One of the simplest way to ensure

stationarity is differencing. [20] introduced a new model where differencing was explicitly

included and named it AutoRegressive Integrated Moving Average ARIMA. The ARIMA

has three types of parameter: the (𝜙1 , . . . , 𝜙𝑝), the number of differencing passes 𝑑 and

the moving average parameter 𝜃1 , . . . , 𝜃𝑞):

𝜙(𝐵)∇𝑑𝑋𝑡 = 𝜃(𝐵)𝜖𝑡 (2.7)

where ∇ℎ𝑥𝑡 = (1 − 𝐵ℎ)𝑥𝑡 = 𝑥𝑡 − 𝑥𝑡−ℎ is the lag-h differencing operator.

For time series where seasonality has high periods, differencing for a small number

of times might not be enough to ensure stationarity. In particular, for electricity prices

or load one can find seasonality with 24 hour and 168 hours, representing a daily and a

weekly cycle. This requires to difference at very long lags. This process is known as a

Seasonal Autoregressive Integrated Moving Average (SARIMA) and the general notation

is ARIMA(𝑝, 𝑑, 𝑞) × (𝑃, 𝐷, 𝑄)𝑠 . The term (𝑝, 𝑑, 𝑞) represents the order of the non-seasonal

part, while (𝑃, 𝐷, 𝑄)𝑠 represents the order of the seasonal part. 𝑠 represents the period

for the seasonal pattern. The SARIMA model can be written as:

𝜙(𝐵)Φ(𝐵𝑠)∇𝑑∇𝐷𝑠 𝑋𝑡 = 𝜃(𝐵)Θ(𝐵𝑠)𝜖𝑡 (2.8)

Looking to the notation one can note that it’s quite easy, although extensive, to

transform a model ARIMA or SARIMA in a ARMA model in the variable 𝑋̃𝑡 = ∇𝑑∇𝐷𝑋𝑡 .
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This time-series models relate the variable in study into its own past, and do not ex-

plicitly receive information contained in other exogenous time series. However, electricity

prices are highly influenced by other factors like load profiles and weather conditions. To

capture the behaviour between prices, past values and exogenous fundamental variables,

time series model with input variables can be used. These models are generalization

of the ARMA models discussed and are referred to as Autoregressive Moving Average

Exogenous (ARMAX) models. One can write the expression for this model taking (2.6):

𝜙(𝐵)𝑋𝑡 = 𝜃(𝐵)𝜖𝑡 +
𝑘∑
𝑖=1

𝜓𝑖(𝐵)𝑉 (𝑖)
𝑡 (2.9)

where 𝑉 (1) , . . . , 𝑉 (𝑘) are the exogenous variables, 𝜓𝑖(𝐵) = 𝜓𝑖
0 + 𝜓𝑖

1𝐵 + · · · + 𝜓𝑖
𝑟𝑖
𝐵𝑟𝑖 , with 𝑟𝑖

being the order of the exogenous variables and 𝜓𝑖
𝑗
the corresponding coefficients.

Autoregressive-type models represent the backbone of all time series models of electric-

ity prices. The authors of [39] apply variants of AR(1) model and general ARMA processes

to forecast the german European Energy Exchange (EEX) market. They conclude that

modelling each hour of the day separately provides slightly better forecasts that modelling

the entire time series. They also included a probabilistic process for the detection of

extreme price events that leads to an improvement in the forecasting of univariate models.

In a related study, [144] use various autoregression schemes for modelling and fore-

casting prices in the California market. They observe that an autoregressive model with

lags of 24, 48 and 168 hours where each hour of the day is modelled separately, performs

better than the single large SARIMA specification for all hours proposed in [38]. A similar

simple Autoregressive model (with lags of 24, 48 and 168 hours) to account for residual au-

tocorrelation and seasonal dynamics, with the inclusion of load forecasts, was successfully

used for short-term EPF [76].

A wavelet-ARIMA technique was proposed in [36], which consists of decomposing

the price series using a discrete wavelet transform, modelling the resulting detail and

approximation series using ARIMA processes to obtain 24 hourly predicted values, and

then applying the inverse wavelet transform, to yield the predicted prices for the next

twenty-four hours. The performance of the wavelet-ARIMA technique is generally better

than that of a standard ARIMA process.

In the same spirit, [128] propose a hybrid method for forecasting day-ahead electricity

prices, in which a wavelet transform provides a set of ‘better-behaved’ time series, an
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ARIMA model is used to generate a linear forecast, and then a Radial Basis Function (RBF)

network is used to correct the estimation error of the wavelet-ARIMA forecast.

A set of 24 hourly ARIMA models for weekdays (which are calibrated only to weekday

prices) and a set of 24 hourly ARIMA models for weekends (which are calibrated to

weekday and weekend prices) was proposed by [53]. This model may be treated as a

generalization of the approach advocated by [39] and [106], where each hour of the day is

modelled by a separate AR-type model.

An interesting methodology was decribed in [90] which combines elements of time

series and multi-agent modelling. They forecast 24 hourly prices for the next day using

an ARIMA model applied to the conjectural variations of the firms participating in the

Spanish power market. They find that this model performs slightly better than a pure

ARIMA model. Further applications of SARIMA models in EPF include the studies by

[10], [32], [40], and [132]. In these studies, the SARIMA are used as benchmarks for

more complicated models involving neural networks, support vector machines or GARCH

components.

2.3.2 Fundamental models

The next class of models, known as fundamental or structural models, tries to capture

the basic physical and economic relationships which are present in the day-ahead market.

The functional associations between fundamental drivers (loads, weather conditions,

system and power plant parameters, etc.) are theorized, and the fundamental inputs are

modelled and predicted independently, often via statistical or machine learning techniques.

Moreover, many of the EPF approaches considered in the literature are hybrid solutions

with time series, regression and neural network models using fundamental factors, like

loads, fuel prices, wind power or temperature, as input variables [58, 81, 94, 145].

Many of these models are often developed as proprietary, and therefore, their details

are not disclosed publicly. In fact, one can find several providers of software for long-term

EPF with parameter-rich fundamental models. At the academic level, most of the results

published relate to hydro-dominant power markets, since the functional behaviour of

hydro power plants bidding it’s easier to emulate in this models than with statistical ones.

In particular, [75] presents a supply–demand model for the Norwegian power market from

a time before the common Nordic market Nordic POOL (NORDPOOL) had started. He

uses hydro inflow, snow and temperature conditions to explain spot price formation. The
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authors of [45] develop a hybrid fundamental model and calibrate it to data from Electric

Reliability Council of Texas (ERCOT), New York Pool (NYPOOL) and Pennsylvania-New

Jersey-Maryland Interconnection (PJM). They start with the processes for the primary

drivers (such as fuels, outages and temperature/demand), then construct the bid stack

transformation and obtain electricity prices. The simulated price processes exhibit spikes,

mean reversion, fat tails of the price distributions, and a correct forward price volatility

structure.

An even more parameter-rich fundamental model for the Nordic market was built

[139], considering stochastic climate factors like temperature and precipitation, they

model the hydrological inflow and snow-pack development that affect hydro power

generation, the major source of electricity in Scandinavia. They derive the electricity price

from 27 parameters and 29 formulas defining relationships between the fundamental

variables. Their model is able to capture the observed fundamentally motivated market

price movements on a monthly scale.

Under the fundamental models, there is a subclass of simpler structural models that

can be built from empirical analysis of market supply and demand curves. The first

approach was made by [14], he builds the day-ahead spot price process by applying the

inverse of the Box-Cox transformation to an Ornstein-Uhlenbeck process. As a result,

Barlow obtains a jumpless spot price model that can exhibit spikes.

The authors of [80], with a similar approach, define a hockey-stick shaped supply

curve that matches the empirically observed curves better than the inverse of the Box-Cox

transformation. They combine this with an inelastic vertical demand curve with horizontal

stochastic variations driven from and Ornstein-Uhlbeck process.

A fundamental model for spot electricity prices, based on stochastic processes for the

underlying factors like fuel prices, demand and generation capacity availability, as well

as a parametric form for the bid stack function that maps these price drivers to the power

price can be found in [65]. Using observed bid data, they find high correlations between

the movements of bids and the corresponding fuel prices. [24] use a stochastic model of

the bid stack that translates the demand and the prices of fuel commodities into electricity

spot prices. The stack structure allows for a range of generator parameters. The derived

spot price process captures important behaviour of historical electricity prices, including

both spikes and the complex dependence upon its underlying supply and demand drivers.

Furthermore. In a similar context, [6] develop a structural risk-neutral model in which a
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scarcity function is introduced to allow for deviations of the spot price from the marginal

fuel price, thus leading to price spikes. They focus on pricing and hedging electricity

derivatives, and show that, when far from delivery, electricity futures behave like a basket

of futures on fuels.

2.3.3 Machine Learning models

Machine learning is the study of computer algorithms and techniques to make descisions

or predictions by the use of data. Is a very diverse group that has been developed to solve

problems which traditional methods (e.g., statistical) cannot handle efficiently. It combines

elements of learning, evolution and fuzziness to create approaches that are capable of

adapting to complex non-linear dynamic systems, and because of that are regarded as

‘intelligent’ .

From all the Machine Learning, Artificial Neural Networks (ANN), fuzzy systems,

Support Vector Machine (SVM) and evolutionary computation (genetic algorithms, evolu-

tionary programming, swarm intelligence) are definitely the main classes. This models

are sophisticated and flexible enough to handle complex systems and non-linearity. This

makes them very promising for short-term EPF, specially in complex markets, with effects

from varied sources. Although artificial neural networks have probably received the most

attention [3, 143], other non-parametric techniques, such as fuzzy logic, genetic algorithms,

evolutionary programming and swarm intelligence, have also been applied, but typically

in hybrid constructions.

With the increase of computational power available to the common user, in the last six

years there has been a growing interest in Deep Neural Network (DNN), a neural network

with a more complex structure, with several hidden layers. However, despite this trend,

most of the published studies are quite limited, with poor benchmarks and usually avoid

state-of-the-art statistical methods.

Artificial Neural Networks

Every ANN model can be classified in terms of its architecture and learning algorithm.

The architecture describes the neural connections, and the learning algorithm provides

information on how the ANN adapts its weights for every training vector, however, the

analysis and explanation of all the different topologies is beyond the scope of this thesis.
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ANN models has been widely employed in EPF. One output node has been used to

forecast the next hour’s price (see e.g. [57, 99]), the price ℎ hours ahead (see e.g[8, 67,

123], the next day’s peak price [12], the next day’s average on-peak price [61], or the next

day’s average baseload price[118]. Using models with several output nodes it’s possible

to forecast a vector of prices, typically 24 nodes for forecasting the next day’s complete

price profile [150].

Multi-Layer Perceptron (MLP) have also been used on EPF, as they proved to be good

at capturing global data trends. [4] use back-propagation as a training algorithm, while

[27, 119, 123] use the Levenberg–Marquardt algorithm. [9] argues that it trains a network

10–100 times faster than back-propagation. [10] propose a hybrid system in which a

Real-Coded Genetic Algorithm (RCGA) with an enhanced stochastic search capability is

used to train a MLP and show that this method can provide more accurate results for

the Spanish market than a standard ARIMA model, a wavelet-ARIMA model or a fuzzy

ANN.

[54] use a combination of univariate MLP networks, in which three auxiliary networks

forecast maximum, minimum and medium values of the price, and then this information

is fed to five principal MLP networks in order to forecast the electricity price. [67] use a

market concentration index, a measure of the oligopolistic structure of the power market,

as an input variable for a MLP, and show that it has a considerable impact on the forecasts.

A hybrid ANN model that involves wavelet decomposition, a mixed data model that

includes time and wavelet-domain features, a relief algorithm for feature selection, and

a multilayer perceptron for forecasting and cross-validation can be found in [83]. They

propose a model in which the numbers of hidden and input neurons are adjusted based

on an iterative procedure, after which an evolutionary algorithm is used to make further

adjustments to the weights of the network in the neighbourhood of the weights found

initially. The auhtors of [28] model the residuals of an ARIMA model using a ANN with

past prices as inputs. The auhtors of [128] construct a hybrid wavelet-ARIMA-Radial

Basis Function network, in which a RBF network corrects the estimation error of the

wavelet-ARIMA forecast. Like in [68], a particle swarm optimization is used to optimize

the network structure.

Other examples of articial neural networks use on EPF are [33, 40, 52, 54, 99, 119, 150,

60, 95, 152].
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2.3.3.1 Support vector machines

The SVM is a classification and regression tool that has been initially proposed on Vapnik’s

statistical learning theory [137]. Unlike Artificial neural netwroks, which try to explain

complex functions of the input space, SVM performs a non-linear mapping of the data

into a high dimensional space, then uses simple linear functions to create linear decision

boundaries in the new space. An attractive feature of SVM is that it gives a single solution

that is characterized by the global minimum of the optimized function, rather than multiple

solutions associated with local minima, as do ANNs.

In electricity price forecasting, SVM are normally seen in hybrid models, however, in

one of the first papers on this topic, [125] compares a multi-layer Perceptron and a SVM

with exactly the same inputs, and conclude that the SVM has a more consistent behaviour

while requiring less time for optimal training. Also, [156] employ a SVM to forecast the

value of the spot price. The use self-organizing map classifiers to cluster hourly electricity

price data according to their similarity, then employing SVM to predict the prices within

each subset were also used in EPF [46, 113].

The authors of [32] propose a hybrid model called Support Vector Autoregressive

Integrated Moving Average (SVARIMA). this model combines support vector regression

to capture the nonlinear patterns and ARIMA models. The results demonstrate that the

SVARIMA model outperforms some of the existing ANN approaches and traditional

ARIMA models.

Fuzzy neural networks

Fuzzy logic is a generalization of the usual Boolean logic where the input has certain

qualitative ranges associated with it, for example, a temperature may be low, medium or

high instead of the traditional Boolean 0 or 1. Fuzzy logic allows outputs to be deduced

from fuzzy or noisy inputs with no need to specify a precise mapping of inputs to outputs.

Following the logical processing of fuzzy inputs, a defuzzification process may be used in

order to produce precise outputs (e.g., prices for particular hours). Fuzzy Neural Networks

(FNN) combine the learning and computational power of traditional ANNs with fuzzy

logic [88, 124].

One of the first applications of fuzzy logic to EPF can be found in [66], which utilize

fuzzy-c-means for classifying historical data into three distinct clusters representing peak,
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medium and off-peak, and then employ a ANN for forecasting. The tecnhique has been

used by more authors [136]. The authors of [123] build an Adaptive-Network-Based Fuzzy

Inference System (ANFIS), which combines an adaptive mechanism with Sugenotype rules

and uses a combination of the least squares method and back-propagation for training

the membership function and the linear combination parameters. They show that the

ANFIS performs better than a multi-layer perceptron. A FNN with an inter-layer and

a feed-forward architecture was proposed by [8] and uses a new hypercubic training

mechanism. The method is shown to predict Spanish hourly day-ahead electricity prices

better than ARIMA, wavelet-ARIMA, MLP or a RBF network. A hybrid approach was

proposed in [25], which combines a wavelet transform, particle swarm optimization and

an adaptive-network-based fuzzy inference system.

Deep learning methods

Deep learning is a family of machine learning methods closely related to artificial neural

networks, in which several layers of neurons are used, hence the name “deep”. The

existence of many layers allows for the search of more features in the input data, since

each layer can identify different signals.

The first published Deep Learning (DL) paper[142] proposes a DNN using stacked de-

noising autoencoders. The new method is compared against machine learning techniques

but also against two statistical methods. In the second published deep learning study

[92], a DNN for modeling market integration is proposed. Afterwards, four DL models

(a DNN, two Recursive Neural Network (RNN)s, and a Convolutional Neural Network

(CNN)) was built the results compared between them using a whole year of data against

a benchmark of 23 different models, including 7 machine learning models, 15 statistical

methods and a commercial software [91]. Moreover, among the statistical methods, the

comparison includes the fARX-Lasso and fARX-EN which are among the state-of-the-art

statistical methods. The study shows that the deep learning algorithms perform slightly

better than the others.

The studies that followed focused on one of three topics: evaluating the performance of

different deep recurrent networks [133, 35, 159, 108]; proposing new hybrid methods based

on RNNs and Long Short-Term Memory (LSTM) Recurrent Neural Networks [155, 89,

148]; or employing regular DNN models [35]. In detail, [133] studies the use of RNNs for

forecasting electricity prices and compares the result against a simple statistical methods (a
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SARIMA model, a Markov regime-switching model, and a self exciting threshold model).

A similar approach where a hybrid deep learning method composed of a CNN and a

LSTM is used for forecasting electricity prices[89, 155]. [87] proposes a series of DL models

and compares them for a year of data against several advanced statistical methods such

as LASSO and a simpler ANN method. Although the great approach and the thorough

comparison of state-of-art models, the study focuses on intraday electricity prices, while

most of the literature considers forecasting day-ahead electricity prices.

More recently the application of deep learning models can be found in [34, 30, 158,

109, 107, 149, 103, 29, 73, 5, 7, 127].

Deep Learning became popular buzzword, being the techniques seen as the state-of-

the-art. However they impose a severe computational burden, their relative performance

is not well tested, the training process is described by many hyper-parameters which the

optimal values are unknown, thus requiring a lot of effort to tune and apply.

2.3.4 Hybrid

Within the field of EPF, the research area that had the biggest contribution has been hybrid

forecasting methods, in fact, most of the approaches already discussed here are actually

hybrid in some sense.

Hybrid models are very complex forecasting frameworks that are composed of several

algorithms and techniques. Usually, they comprise different models for different compo-

nents or modules of a forecasting technique, which can be data decomposition, feature

selection, data clustering, some heuristic optimization of hyperparameters or prediction

ensemble.

In terms of decomposition methods, the most widely used technique is the wavelet

transform [30, 111, 151, 117, 16, 11, 50, 153]. Alternatives methods include empirical mode

decomposition [64, 154], variational mode decomposition [141, 93], and singular spectrum

analysis [138, 147].

For feature selection, the most commonly used algorithms are correlation analysis [16,

64, 84, 17, 86] and the mutual information technique [50, 84, 50, 121, 2]. Other algorithms

include classification and regression trees with recursive feature elimination or Relief-F

[110].

For clustering data, the algorithms are usually based on k-means [55, 72], self-

organizing maps [111, 55, 56], enhanced game theoretic clustering [55] or fuzzy clustering
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[50, 71].

For the optimization of hyperparameters, the most used algorithm is particle swarm

optimization [151, 11, 93, 121, 71], but other approaches can also be found like differential

evolution [141], genetic algorithm [121], backtracking search [121], deterministic annealing

[71], bat algorithm [16], vaporization precipitation-based water cycle algorithm [17],

cuckoo search [147, 86] or honey bee mating optimization [117].

As for forecast ensemble, its use became more popular has combining forecasts is

less risky in practice than to select an individual forecasting method. Although used in

other fields, they have only been employed in EPF quite recently by [18, 98, 115, 122] by

providing empirical support for the benefits of combining forecasts in obtaining better

predictions of electricity spot prices.

I have to mention here that combining forecasts is related to the concept of committee

machines [62], which is also referred to as ensemble averaging. A committee machine is

composed of multiple networks. The individual ANNs are trained, perform predictions

and then are updated in such a way as if they were stand-alone. Then, a ‘weight calculator’

generates weighting coefficients by which individual predictions are combined linearly

in a ‘combiner’ neuron. [61] were the first authors to use committee machines for EPF.

They combine a RBF network, which uses 23 inputs and six clusters, and a multi-layer

predictor, which uses 55 inputs and eight hidden neurons, to compute daily average

on-peak electricity prices for New England. They consider three committee machines:

one with simple arithmetic averaging, one where the correlation matrix used to determine

weighting coefficients is re-calculated whenever new prediction errors become available,

and one newly developed combiner.

Only recently have we seen new approaches on forecast ensembling by using multi-

layer predictors [111, 16, 11, 64, 138, 147, 84, 17, 2, 157], followed by the adaptive network-

based fuzzy inference system [111, 154, 121], radial basis function network [117, 71, 157],

and autoregressive models like ARMA or ARIMA [117, 154, 157, 151]. Other models

include LSTM [30], linear regression [110], extreme learning machine [151, 110], CNN

[110], Bayesian neural network [55, 56], exponential GARCH [154], echo state neural

network [141], Elman neural networks [51], and support vector regressors [157].
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2.4 Industry Applications

There is a significant discrepancy between the recent advances in EPF at an academic level

and at an industrial level. In fact, despite all the models that have been developed and

published by the academy, most models used for industry application are much simpler.

This is understandable as the industry has different objectives from the academy.

Most of the models discussed are complex, hard to optimize and computation heavy.

If the industry requires fast inputs for decision making it becomes hard to use these

models on a daily basis. It also requires a specific level of expertise to be able to correctly

tune and maintain most models, specially artificial neural networks and deep learning

models, which may be hard (and expensive) to find. Besides, because of the lack of

a common framework for studying and benchmarking EPF models in the literature, it

becomes unclear for decision makers if the time and money needed will have the expected

return. Nonetheless, Electricity Price Forecasting is of major importance in the industry

and requires constant investment.

The most used models in industry are statistical models, in particular autoregressive

dynamic models, which are an extension of the ARIMA models where the exogenous

variable is also a time series forecast. In this case, the use of lagged values for the exogenous

variable improves the performance of the overall model. Using the notation introduced

in 2.3.1 we can write the model has:

𝜙(𝐵)𝑋𝑡 = 𝜙(𝐵)𝑉𝑡 + 𝜖𝑡 (2.10)

A curious fact about this models (and most statistical ones) is that the number of

exogenous or explanatory variables 𝑉 used can affect the model performance. It has been

prooven that a model with fewer exogenous variable performs better than one that uses

all possible explanatory variables. These has been the motivation for the development of

new hybrid methods that focus on regressor selection already discussed. These leads to a

large number of models available to the industry.

The difficulty found in choosing the right model for the right situation raised the need

for methods that combined forecasts with the most used approach being the ensemble

averaging. Although ensemble averaging had the advantages of minimizing the risk of

having a poor forecast (it’s never as bad as the worst available single forecast) it also

makes it impossible to have the best forecast possible (it’s always worse that the best single
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forecast available). The pursue for a method that could lead to the best average possible

while minimizing the risk of taking a poor forecast lead to new techniques, in particular

the use of random forests and Extreme Gradient Boosting (XGBOOST) algorithms to

“correct” the forecasts errors from statistical methods. In these approach, the statistical

models predictions are used as inputs for the random forests or gradient boosting models

which in turn outputs new forecasts that are slightly better than the simple average.

Besides these methods, is also common to see simple artificial neural network machine

learning models in the industry, like single-layer perceptrons or support vector machines.

However, the performance of this models when compared to statistical ones is not clear.

Statistical models are usually preferred over machine learning because they are easier to

interpret and help in fundamental market analysis.
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New Approach - Curve Forecast

3.1 Introduction

As the literature review from the last chapter as shown, apart from a small family of

models (fundamental or structural) most of the EPF approaches focus on studying the

electricity price as a vector of single hourly observations. These observations can then

be studied as a time series and all the known techniques are available for analysis and

forecasting. The prediction methods tend to disregard that there is an actual physical

structure behind the price, i.e., the price is a consequent construction of a series of offers

that the agents do in an organized market. This means that the electricity price is not the

unknown, the real unknowns are the bids/asks (or the market curves) by themselves, if

you knew how the market curves would look for the future we could accurately infer the

electricity prices.

From an industry point of view, the forecast of the supply and demand curves brings

many advantages when compared to simple price forecasts. You can derive different

measures by looking at the curves, obtaining information impossible to get otherwise,

such as: i) price sensitivity - how will the price change when small changes occur in the

curves; ii) asset optimization - with the market curves predictions we can optimize our

bidding; iii) risk management - how risky it is to operate my power plant in a given time.

For the first point, price sensitivity is important to understand how easily can a price

drop (or rise) if small changes happen in the curve, e.g. the uncertain of the demand or

renewable energy sources production. For the second point, knowing the curve for the

next hours or even days let generation companies optimize their assets in terms of start-up

costs, available power and correct bidding. If we combine the first two points, one can
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even correctly manage technologies that suffer from cannibalization, such as hydro power

plant, by knowing exactly how to bid them and the impact that new generation might

have in the price, helping in the computation of the water value. For the third and last

point, you can easily derive possible losses from the operation and potential gains from

day-ahead trading by comparing the curves to future prices.

With this in mind, in this thesis I formulate a framework for supply and demand

curve forecast, always with the assumption that knowing the exact curves will lead to

the correct price for the future. I start by introducing a Theory for Market Curve Spaces,

how exogenous variables affect the elements of the space and its intrinsic relationship to

electricity prices. Afterwards I design a new method for modulation of the demand and

supply curves and try to forecast this curves for the future. I then calculate the prices from

this curves and compare this method to other methods used in industry for EPF.

3.2 Theory

Taking the electricity price 𝑝 at each time period ℎ we can write that:

𝑝ℎ = 𝑔(𝑠(𝑥), 𝑑(𝑥)) (3.1)

where 𝑔 : 𝒞 → 𝒫 is a function that assigns elements from the set of Market Curves to

elements of the set of Electricity prices, meaning that the price is a function of (interaction

between) the supply curve 𝑠 and the demand curve 𝑑. In fact this function is well known,

and it’s given by the intersection of both curves:

𝑝ℎ = {𝑠(𝑥) : 𝑠(𝑥) = 𝑑(𝑥)} (3.2)

meaning that only 𝑠(𝑥) and 𝑑(𝑥) are needed to find the price.

Let l = (𝑙1 , 𝑙2 , . . . , 𝑙𝑛) be a vector of n variables that I shall call latent variables. l is

composed from many variables that might or might not be observable and from which,

we do not have the whole information. The number of elements of l might actually be

infinite.

The elements of this vector are all the variables that somehow affect the shape of

the market curves, like forecasted wind or solar production, forecasted demand, fuel

prices, hour of the day, day of the week, day of month, available capacity, which are easily
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observable, but also the actions of the market agents, bidding strategy, external markets

inluence, etc, which are much more difficult or even impossible to observe.

Let 𝒞 be a set to which all the Market Curves belong, called Market Curves Set. For

each l there is a subset 𝒞′ of 𝒞, such that

𝒞′ = {𝑠(𝑥) ∈ 𝒞|l} (3.3)

meaning that the elements of 𝒞′ are all the curves that have in common the elements of l.

For simplification, let me say that 𝒞′ are the curves generated by l.

Axiom 3.1 (Bĳection). For a given 𝑠, there is one and only one l = (𝑙1 , 𝑙2 , . . . , 𝑙𝑛 ,

𝑠 𝑙𝑛+1 , . . . , 𝑙𝑛+𝑘) such that 𝑠(𝑥) ∈ (𝐶)|l, i.e. for any element 𝑠 of 𝒞 it’s possible to find a subset

𝒞′ = 𝒞|l of order one whose only element is 𝑠. Likewise, if a set 𝒞′′ is of order one, there are

only one vector of variables (𝑙1 , 𝑙2 , . . . , 𝑙𝑘), with 𝑘 large enough, that conditions 𝒞 such that

𝒞′′ = 𝒞|(𝑙1 , 𝑙2 , . . . , 𝑙𝑘).

This axiom is a clear conclusion from the observation of the market curves. Every

curve is unique and its shape results from a set of factors that somehow conditioned the

offers, if anything changed in these factors, then the curve wouldn’t be the same, you

would have, even if only slightly, a different curve.

Theorem 3.1 (Continuity). Let 𝒞𝑛 be a subset of 𝒞 and l = (𝑙1 , 𝑙2 , . . . , 𝑙𝑛) a vector of latent

variables, such that 𝒞𝑛 = {𝑠(𝑥) : 𝑠(𝑥) ∈ 𝒞|l}. If we have l′ = (𝑙1 , 𝑙2 , . . . , 𝑙𝑛 , 𝑙𝑛+1) and 𝒞𝑛+1 =

{𝑠(𝑥) : 𝑠(𝑥) ∈ 𝒞|l′} then 𝒞𝑛+1 ⊆ 𝒞𝑛 .

Proof. Let’s consider the subset𝒞1 = {𝑠(𝑥) : 𝑠(𝑥) ∈ 𝒞|𝑙1} andthe subset𝒞2 = {𝑠(𝑥) : 𝑠(𝑥) ∈ 𝒞|𝑙2},

we know from conditional set theory that, for 𝒞1,2 = {𝑠(𝑥) : 𝑠(𝑥) ∈ 𝒞|𝑙1 , 𝑙2}, 𝒞1,2 ⊆ 𝒞1 and

𝒞1,2 ⊆ 𝒞2. It easily follow that fora given subset𝒞1,2,...,𝑛−1,𝑛 = {𝑠(𝑥) : 𝑠(𝑥) ∈ 𝒞|𝑙1 , 𝑙2 , . . . , 𝑙𝑛−1 , 𝑛}
anda subset𝒞1,2,...,𝑛−1,𝑛+1 = {𝑠(𝑥) : 𝑠(𝑥) ∈ 𝒞|𝑙1 , 𝑙2 , . . . , 𝑙𝑛−1 , 𝑙𝑛+1}, the subset𝒞1,2,...,𝑛−1,𝑛,𝑛+1 =

{𝑠(𝑥) : 𝑠(𝑥) ∈ 𝒞|𝑙1 , 𝑙2 , . . . , 𝑙𝑛−1 , 𝑙𝑛+1} is such that𝒞1,2,...,𝑛−1,𝑛,𝑛+1 ⊆ 𝒞1,2,...,𝑛−1,𝑛,𝑛+1 and𝒞1,2,...,𝑛−1,𝑛 ⊆

𝒞1,2,...,𝑛−1,𝑛+1, thus prooving the theorem. □

Theorem 3.2 (Convergence). Let 𝑐(𝑥) be an element of the set 𝒞 and l = (𝑙1 , 𝑙2 , . . . , 𝑙𝑛) a vector

of latent variables, such that 𝑐(𝑥) ∈ 𝒞′ = {𝑠(𝑥) : 𝑠(𝑥) ∈ 𝒞|l}, then exists, for 𝑘 large enough, a

vector l′ = (𝑙1 , 𝑙2 , . . . , 𝑙𝑛 , 𝑙𝑛+1 , . . . , 𝑙𝑘) such that 𝑐(𝑥) ∈ 𝒞′′ = {𝑠(𝑥) : 𝑠(𝑥) ∈ 𝒞|l′}, with 𝒞′′ or

order one.
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Proof. It easily follows from the continuity theorem 3.1 and the bĳection axiom 3.1. Take a

vector of latent variables l𝑛 = (𝑙1 , 𝑙2 , . . . , 𝑙𝑛) and another vector l𝑛+1 = (𝑙1 , . . . , 𝑛 , 𝑙𝑛+1), we

know from theorem 3.1 that 𝒞𝑛+1 ⊆ 𝒞𝑛 and an element 𝑐 ∈ 𝒞𝑛 will also belong to 𝒞𝑛+1.

By induction, if we keep conditioning 𝒞 to new elements 𝑙𝑛+2 , . . . , 𝑙𝑘 we will find the set

𝒞𝑘 = 𝒞|(𝑙1 , 𝑙2 , . . . , 𝑙𝑘) stated in axiom 3.1 such that 𝒞 is the only element in it. □

The theory just stated guarantees that, in order to find a particular curve, you only

need to know all the factors that condition it. It also guarantees that, if you have a set of

curves and want to identify a particular one, adding the right conditions on the set will

reduce the number of curves available, converging to the desired one.

These points will be central to the forecasting of market curves discussed below, as I

predict the market curves taking into account my knowledge of the latent variables. The

real challenge is to find out the correct latent variables as most of them, like the agents

strategy, is not observable and thus probably impossible to incorporate in a model.

It is important to note that everything said in this chapter for the supply curve 𝑠(𝑥)

also applies for curves demand curve 𝑑(𝑥) as all theory can easily be rewritten replacing

𝑠(𝑥) by 𝑑(𝑥).
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4

Curve Forecast Model

4.1 The Parametric Curve Forecast

My main purpose is to identify market curves and forecast them to the future. The

theory explained in the last chapter gives the support needed by guaranteeing that there

is a relationship between the market curves and a set of exogenous variables. If such

relationship exists, then you can use any known pattern recognition model, statistical or

neuronal, to infer it.

To use any mathematical model we face the first obstacle: the definition of the object

“market curves”. The easiest way to approach this problem is by imagining that the market

curve is in fact a function defined in the space (Energy, Price) and, although we don’t

know this function explicitly, we can approximate it to a simpler known function or family

of functions. the goal of this approach is to define:

𝑠ℎ(𝑥) = 𝑓 (𝜃ℎ , 𝑥) (4.1)

with 𝑓 is a known function and 𝜃ℎ a vector of parameters of 𝑓 for time period ℎ. What

defines the curves for each time period is the parameter 𝜃 making it the main target to

predict.

4.1.1 The market data

For the construction and evaluation of this model I used market curves data from 2017 to

2020 from the Iberian Market OMIE. This data includes all the offers (energy, price) from

market agents for each hour of the period.

I also include in the analysis, different market data available, like wind production

forecasts, solar production forecasts, load forecasts, availability forecasts for different
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technologies, interconnection capacity and forecasts, French and German market data.

This data will be used as latent variables in the model and will help explain the curve

shape for the future.

4.1.2 Evenly spaced point interpolation

Since the market curves are offers that consist in pairings (energy, price), the actual spatial

representation of them does not define a continuous function, but a discrete function

defined by different blocks, as presented in Fig. 4.1:

Figure 4.1: Example of block offers for a specific hour in the Day-Ahead Market

This block representation make it hard for curve fitting, the existence of very small

(low amount of energy offered) with very big (high amount of energy offered) blocks

makes the space non-uniform and the points might be irregularly spaced. Besides, the

blocks form a monotonic function but not entirely increasing/decreasing, having many

uniform plateaus over the curve, that can vary in size, and the information they contain

might be important for future needs.

The analysis of the blocks and the evaluation of the market curves must be carefully

done and depends both on the market in study and the purpose of the analysis. If the

market is composed by a large amount of plateaus of a significant length, then shape of the

blocks can’t be ignored - is the case of French electricity market, where the non-flexibility
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of nuclear installed capacity creates large plateaus where energy is offered at the same

price; on the other hand, if the curves are mainly composed of small ascending offers,

then the blocks can be ignored and the curve can be studied as explicitly ascending - like

in the Iberian market, where the generation mix is composed mainly of renewable energy

with no costs and gas plants to give the needed flexibility to the system.

In this case, I shall ignore the blocks over 0€/MWh and take only it’s mid-point, the

curve fitting will then be made over this mid-points. Since this market hasn’t seen negative

prices regularly, I consider every block below 0€/MWh has a single large offer of price

0€/MWh.

Consider any offer block 𝑏𝑖 ,ℎ in the market curve as:

𝑏𝑖 ,ℎ = (𝑉𝑖 ,ℎ , 𝑝𝑖 ,ℎ) (4.2)

where 𝑉𝑖 ,ℎ is the volume offered and 𝑝 its price at time period ℎ. The coordinates of the

block are:

𝑏𝑖 ,ℎ = ((𝑣1,𝑖 ,ℎ , 𝑝𝑖 ,ℎ) , (𝑣2,𝑖 ,ℎ , 𝑝𝑖 ,ℎ)) (4.3)

where:

𝑣1,𝑖 ,ℎ =

𝑖−1∑
𝑗=1

𝑉𝑗 ,ℎ with 𝑝 𝑗+1,ℎ >= 𝑝 𝑗 ,ℎ (4.4)

𝑣2,𝑖 ,ℎ = 𝑣1,𝑖 ,ℎ +𝑉𝑖 ,ℎ (4.5)

The interpolation points are then

𝑥𝑖 =


max(𝑣2,𝑖 ,ℎ) 𝑖 𝑓 𝑝𝑖ℎ <= 0

𝑣1,𝑖 ,ℎ + 𝑣2,𝑖 ,ℎ−𝑣1,𝑖 ,ℎ
2 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(4.6)

𝑦𝑖 = 𝑝𝑖 ,ℎ (4.7)

For the demand market curve I do exactly the same but invert the direction and set a

maximum price instead of the minimum 0€/MWh.

As already pointed out, you also have to take into account that this points are not evenly

spaced and since curve fitting is done with the least squares method, the concentration of

point in a given part of the curve can affect the results. A simple way to avoid the problem

is to linearly interpolate the points in (4.6) and then take evenly spaced points (𝑥𝑖 ,ℎ , 𝑦𝑖 ,ℎ)

from the interpolation results, as illustrated in Fig. 4.2.
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Figure 4.2: Interpolation of the block offers

Since I am ignoring the block structure by linearly interpolating points over blocks

midpoint, one concern to take into account is the error in the price forecast that the

interpolation can bring to the model. To evaluate the error of this method I calculate the

price with the interpolated curves and evaluate the error. I obtained a MAE of 0.18€/MWh

for the period 2017-2020, meaning that the interpolation has little to no affect in the price

estimation.

4.1.3 Price Sensitivity Curve

Now that I have estimated the points that represent the market curves, it’s possible to start

the curve fitting.

Since there are two distinct market curves, supply and demand, I have in fact two sets

of coordinate pairs (𝑥, 𝑦) and will need two functions 𝑓 (𝜃𝑠 , 𝑥) and 𝑔(𝜃𝑑 , 𝑥) to correctly

simulate the market, which implies two distinct parameter vector 𝜃𝑠 and 𝜃𝑑, bringing

some complexity to the system in study. However, as a turnaround to this complexity

and recalling the advantages of the curves - price sensitivity to demand volume changes,

confidence intervals over price forecasts and portfolio optimization - the same results can

be achieved looking at the difference:

𝜂(𝑥) = 𝑑(𝑥) − 𝑠(𝑥) (4.8)
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where 𝑑(𝑥) is the demand curve and 𝑠(𝑥) is the supply curve.

This leads to only one single function and only one set of parameters. Let us call this

function the “price sensitivity curve”, since it is a direct measure of the price changes over

volume. The electricity price can be found in the root of this function, more precisely:

𝑝ℎ = {𝑠(𝑥) : 𝜂 = 0 ⇐⇒ 𝑑(𝑥) = 𝑠(𝑥)} (4.9)

On a pratical point a view, since the price is the image of the supply (or demand) curve

on the root 𝜂, I can simplify the price electricity calculation if I actualy take its inverse:

𝜁 = 𝜂−1(𝑥) (4.10)

this way the market clearing price will be the root of 𝜁.

Figure 4.3: On the right, the 𝜂 function. On the left, it’s inverse 𝜁 = 𝜂−1(𝑥)

4.1.4 Curve fitting

With all data from the offers processed as mentioned in this chapter, I am in conditions to

start the curve fitting and to model historic market curves. You have to bring to the curve

fitting your own knowledge of the market, i. e., anything that you know from the curve

shape or size can and should be used as an assumption for the curve fitting and function

family selection, e.g:

• The function 𝜁 is monotonic;

• The markets usually have a negative or zero price floor and a cap of a few hundreds

of euros;

Looking at the shape of the points and taking into account the number of plateaus

expected in the 𝜁 function there are several function families that can be tried. For
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this market in particular I evaluated curve fitting using polynomials of different orders,

sigmoid functions and stepwise linear functions. The purpose of the method is to have the

curve shape around the MCP, meaning that the measures used to compare the different

function have to give weight to points near the root of 𝜁 and I also performed a weighted

fit on the points, using the euclidean distance to the price as the weight.

It’s usual to measure the goodness of fit using measures of the it’s residuals. However,

to understand how the curve behaves near its root, I calculated the MCP as the root of the

fitted function and calculated the error to the real price observed.

Function Weight MAE RMSE RSE
poly3 1 6.18 6.98 2347.1
poly4 1 5.63 6.50 1875.4
poly5 1 5.39 6.23 1413.2
poly6 1 4.44 6.32 743.8
poly3 1/y 1.22 1.50 23.0
poly4 1/y 1.01 1.28 18.8
poly5 1/y 0.82 1.04 15.4
poly6 1/y 0.70 0.88 12.0
poly3 Erf 1.13 1.72 2169.1
poly3 Sigmoid 1.11 1.7 2278.5
poly2 Gaussian 6.88 6.17 22.4
poly3 Gaussian 5.83 5.79 22.1
Segmented 1.28 1.56 747.5

Table 4.1: Parameterization results, error measures for each function family for different
weights.

Taking into account all the measures presented in tab. 4.1, the best function to use is a

weighted 6th degree polynomial 𝑎𝑥6 + 𝑏𝑥5 + 𝑐𝑥4 + 𝑑𝑥3 + 𝑒𝑥2 + 𝑓 𝑥 + 𝑔, where 𝑥 is the price

and the parameters 𝜃 = (𝑎, 𝑏, 𝑐, 𝑑, 𝑒 , 𝑓 , 𝑔) are estimated using the weighted least squares

method.

4.1.5 Parameter analysis

The parameters 𝜃 can be seen as the representation of the market curve 𝜁, every curve

has their own, which make them the main target for our predictions and analysis. Based

in the theory exposed in 3.2, there will be a set of latent variables that characterises each

𝜃, i. e., each curve. Our main objective is to find patterns and relationships between this

variables so that we can, with a given set of latent variables, find the respective market

curve.
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By observing figure 4.4, where every parameter over the period between April and

May of 2020 is plotted, it’s possible to perceive their time series behaviour.

Figure 4.4: Observed standardized parameters for the period range Apr-20 to May-20.

In fact, if you zoom in the time series and observe any random two weeks (Fig. 4.5) a

seasonal behaviour is clear. In electricity day-ahead markets seasonal behaviour is very
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common and arises mainly from demand. The workday and work week cycle dictates the

shape of the demand, which in turn highly influence the electricity prices. This means

that in the data we will most likely find two seasonal periods: 24 hours (daily seasonality)

and 168 hours (weekly seasonality).

4.1.5.1 Seasonality of the parameters

In time series analysis, the presence of various seasonal patterns has always been a

challenge, as most models do not naturally incorporate them. Among all the forecasting

techniques, the seasonal ARIMA (SARIMA) model [19] and the exponential smoothing

[146, 63] are the most common and classic approaches, however the basic forms of this

methods are only suited in modelling single seasonality, and unable to account for multiple

seasonal patterns.

The first successful approach for complex multi-seasonality was built under state

space formulations in [96] and is composed of a Trigonometric seasonal effect, a Box-Cox

transformation, an ARMA model, a Trend and Seasonal components, with the acronym

TBATS. This model is still considered the state-of-the-art for multiple seasonality models

and accounts for multiple, non-integer seasonality.

In order to include seasonality in the model, I first studied the periodicity of the data

series by computing its power spectrum and analysing the periodogram. The periodogram

is an estimate of the power spectrum of a time series, i. e., it shows the strength of the

variations of the energy as a function of the frequency. It refers to the spectral energy

distribution that would be found per unit time, since the total energy of such a signal over

all time would generally be infinite. Summation or integration of the spectral components

yields the total power (for a physical process) or variance (in a statistical process).

The spectrum of a physical process 𝑥(𝑡) often contains essential information about the

nature of 𝑥. For instance, the pitch and timbre of a musical instrument are immediately

determined from a spectral analysis. The colour of a light source is determined by the

spectrum of the electromagnetic waves electric field as it fluctuates at an extremely high

frequency.

The power spectrum is important in statistical signal processing and in the statistical

study of stochastic processes, as well as in many other branches of physics and engineering.

Typically the process is a function of time, but one can similarly discuss data in the spatial

domain being decomposed in terms of spatial frequency. The mathematical process used
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for this decomposition is the Fourier transform.

For a given time series process 𝑍𝑡 , the spectral representation is given by

𝑍𝑡 =

∫ 𝜋

−𝜋
𝑒 𝑖𝜔𝑡𝑑𝑈(𝜔), −𝜋 ≤ 𝜔 ≤ 𝜋 (4.11)

where 𝑑𝑈(𝜔) is a complex-valued orthogonal stochastic process for each 𝜔 such that

𝐸 [𝑑𝑈(𝜔)] = 0, (4.12)

𝐸 [𝑑𝑈(𝜔)𝑑𝑈∗(𝜆)] = 0, for all 𝜔 ≠ 𝜆 (4.13)

and 𝐸
[
|𝑑𝑈(𝜔)|2

]
= 𝐸 [𝑑𝑈(𝜔)𝑑𝑈∗(𝜔)] = 𝑑𝐹(𝜔) (4.14)

where𝑈∗(𝜔) is the complex conjugate of𝑈(𝜔).

Let 𝛾𝑘 be the autocovariance function of 𝑍𝑡 . Its sprectral represetation is

𝛾𝑘 =

∫ 𝜋

−𝜋
𝑒 𝑖𝜔𝑘𝑑𝐹(𝜔), −𝜋 ≤ 𝜔 ≤ 𝜋 (4.15)

where 𝐹(𝜔) is the spectral distribution function. When the autocovariance is absolutely

summable, the spectral density exists and is equal to

𝑓 (𝜔)𝑑𝜔 = 𝑑𝐹(𝜔) (4.16)

In this case, we have

𝑓 (𝜔) = 1
2𝜋

∞∑
𝑘=−∞

𝛾𝑘𝑒
−𝑖𝜔𝑘 , −𝜋 ≤ 𝜔 ≤ 𝜋 (4.17)

which means that the power spectral density is the Fourier transform of the autocovariance

function 𝛾𝑘 .

Recalling that the Fourier transform of the time series 𝑍𝑡 at the Fourier frequencies

𝜔 𝑗 =
2𝜋𝑗
𝑛 , − 𝑛−1

2 ≤ 𝑗 ≤ 𝑛
2 , is

𝑦(𝜔 𝑗) =
1√
2𝜋𝑛

𝑛∑
𝑡=1

𝑍𝑡 𝑒
−𝑖𝜔𝑗 𝑡 (4.18)

the sample spectrum is given by

𝑓 (𝜔 𝑗) = 𝑦(𝜔 𝑗)𝑦∗(𝜔 𝑗) (4.19)

=
1

2𝜋𝑛

𝑛∑
𝑡=1

𝑛∑
𝑟=1

𝑍𝑡𝑍𝑟 𝑒
−𝑖𝜔𝑗(𝑡−𝑟) (4.20)
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After some algebraic manipulation, we obtain that

𝑓 (𝜔 𝑗) =
1

2𝜋

𝑛−1∑
𝑘=−(𝑛−1)

𝛾̂𝑘𝑒
−𝑖𝜔𝑗 𝑘 (4.21)

=
1

2𝜋

[
𝛾̂0 + 2

𝑛−1∑
𝑘=1

𝛾̂𝑘𝑒
−𝑖𝜔𝑗 𝑘

]
(4.22)

where 𝛾̂𝑘 is the sample autocovariance function and is given by

𝛾̂𝑘 =
1
𝑛

𝑛−𝑘∑
𝑡=1

𝑍𝑡𝑍𝑡+𝑘 (4.23)

Although 𝑓 (𝜔 𝑗) is an unbiased estimate, since the sample spectrum is only defined at

the Fourier frequencies and its variance is independent of the sample size n, it is a rather

poor estimate of the spectrum. To solve this problem, we introduce a suitable kernel or

spectral window to smooth the sample spectrum, i.e.,

𝑓 (𝜔𝑝) =

𝑀𝑛∑
𝑗=−𝑀𝑛

𝑊𝑛(𝜔 𝑗) 𝑓 (𝜔𝑝 − 𝜔 𝑗) (4.24)

where 𝜔 𝑗 are the Fourier frequencies, 𝑀𝑛 is a function of 𝑛 such that 𝑀𝑛 → ∞ but 𝑀𝑛

𝑛→0 as

𝑛 → ∞ and𝑊𝑛(𝜔 𝑗)is the kernel or spectral window that is a weighting function with the

following properties

𝑀𝑛∑
𝑗=−𝑀𝑛

𝑊𝑛(𝜔 𝑗) = 1, (4.25)

𝑊𝑛(𝜔 𝑗) = 𝑊𝑛(𝜔−𝑗), (4.26)

lim
𝑛→∞

𝑀𝑛∑
𝑗=−𝑀𝑛

𝑊2
𝑛 (𝜔 𝑗) = 0 (4.27)

Applying the spectral window to the sample autocovariance in 4.24

𝑓 (𝜔) = 1
2𝜋

𝑀∑
𝑘=−𝑀

𝑊(𝑘)𝛾̂𝑘𝑒−𝑖𝜔𝑘 (4.28)

the result is a smoothed power spectrum which is a more accurate representation for the

true spectrum.

The computation of the power spectrum is a useful tool for analysing seasonal and

cyclic components in the time series. It allows for the calculation of harmonic components

present in the parameters of the market curves, i.e., identifies cyclic patters and its
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frequency. A frequency with a higher power is also a frequency where the autocovariance

is higher, representing a significant seasonality.

The spectrum obtained from the calculated parameters can be observed in the fig. 4.6.

The analysis of the spectrum is easier when split in two: high frequencies and low

frequencies. For low frequencies the spectrum shows a peak at frequency 𝑓 = 0.005952,

representig a cycle of 168 hours, i.e., weekly seasonality. For low frequencies, the highest

peak is shown at frequency 𝑓 = 0.04167, representing a cycle of 24 hours, i.e., daily

seasonality. In both cases the spectrum shows lower peaks at frequencies that are multiples

of the ones already identified.

4.1.5.2 Correlations of the parameters

The main purpose of the model is to find the market curve from a set of latent variables.

The statistical linear relationship between two random variables can be measured by

calculating the correlation between them. In most forecasting methods, the study of the

correlations is the starting point for variable selection.

The correlation between the parameters and a set of important market variables can

be seen in fig. 4.7.

It is clear that there is a high, positive and negative, correlation between the different

parameters, we can also observe high correlation with the load forecast, thermal gap

and gas prices. This correlations give some hint on how we should approach the model

construction.

The exogenous variables used for this analysis were the demand forecast for Spain,

Portugal, France and Germany, wind production forecast for Spain, Portugal, France and

Germany, thermal gap forecast for Iberia, the price of gas and the price of 𝐶𝑂2.

4.1.6 Curve forecast model

From the analysis of the parameters there are important remarks:

1. Complex seasonality patterns, with two distinct cycles: 24hours and 168hours,

2. High correlations between the different parameters to estimate, meaning that a

multivariate model capable of capturing these correlations is needed,

3. High linear correlation to known market variables.
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The model proposed consists of a combination a Vector Autoregression (VAR) model

with a seasonal harmonic component of periods 24 and 168 and dynamic exogenous

variables. This model captures the autoregressive behaviour of the time series as well

as the autocorrelations between the parameters. The harmonic component helps to

correctly model the seasonality of the parameters and, since the electricity prices are highly

dependent on external variables like electricity demand or wind and solar production,

which are time series per se, the dynamic external variables are essential to capture the

dynamics of the market curves.

The autoregressive models were lightly described in 2.3.1, recalling the notation, we

can write our model:

𝝓(𝐵)𝑝Y𝑡 =
𝑙∑
𝑖=0

𝜷𝑖X𝑡−𝑖 +
𝐾∑
𝑘=0

(
a1 cos

(
2𝜋
𝑃
𝑘𝑡

)
+ a2 sin

(
2𝜋
𝑃
𝑘𝑡

))
+ c + 𝜖𝑡 (4.29)

Where Y𝑡 = (𝑦1,𝑡 , 𝑦2,𝑡 , . . . , 𝑦𝑚,𝑡) are the 𝑚 endogenous market curve parameters, B is the

backward shift operator 𝐵ℎ𝑋𝑡 = 𝑋𝑡−ℎ , 𝜙(𝐵) is the notation for 𝝓(𝐵) = 1−𝝓1𝐵− · · · −𝝓𝑝𝐵
𝑝 ,

𝝓 are coefficient 𝑚 × 𝑚 matrices for the autoregressive terms, 𝜷𝑖 are 𝑙 coefficient (𝑚 × 𝑛)

matrices for the 𝑛 dynamic exogenous variables for each lag 𝑙, a1 and a2 the coefficient

vectors (𝑚× 1) for the harmonics and 𝜖𝑡 a white noise process with mean 0 and covariance

matrix 𝚺.

The parameters can be estimated with ordinary least squares method by easily trans-

forming the model into a simple regression:

Y = LU + 𝜖 (4.30)
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where

Y =

©­­­­­­­­­­­­­­­­­­­­­­­­­­­­«

Y𝑡

Y𝑡−1
...

Y𝑡−𝑝+1

X𝑡

X𝑡−1
...

X𝑡−𝑙
𝑎1

𝑎2

1

ª®®®®®®®®®®®®®®®®®®®®®®®®®®®®¬

, U =

©­­­­­­­­­­­­­­­­­­­­­­­­­­­­«

Y𝑡−1

Y𝑡−2
...

Y𝑡−𝑝

X𝑡

X𝑡−1
...

X𝑡−𝑙
𝑎1

𝑎2

1

ª®®®®®®®®®®®®®®®®®®®®®®®®®®®®¬

(4.31)

and

L =

©­­­­­­­­­­­­­­­­­­­­­­­­­«

𝜙1 𝜙2 . . . 𝜙𝑝−1 𝜙𝑝 𝛽1 𝛽2 . . . 𝛽𝑙 𝑐

𝐼𝑚 0 . . . 0 0 0 0 . . . 0 0

0 𝐼𝑚 . . . 0 0 0 0 . . . 0 0
...

...
. . .

...
...

...
...

. . .
...

...

0 0 . . . 𝐼𝑚 0 0 0 . . . 0 0

0 0 . . . 0 0 𝐼𝑚 0 . . . 0 0

0 0 . . . 0 0 0 𝐼𝑚 . . . 0 0
...

...
. . .

...
...

...
...

. . .
...

...

0 0 . . . 0 0 0 0 . . . 𝐼𝑚 0
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(4.32)

The ordinary least squares estimate of L can be obtained by

L̂ = Y𝑈(𝑈𝑈′)−1 (4.33)

This estimates assume that the time series Y a normally distributed Gaussian stationary

process, and, if no parameter restrictions are employed on the VAR system, the Ordinary

Least Squares (OLS) estimator is identical to the Maximum Likelihood (ML) estimator.

The hyperparameters 𝑝, 𝑙 and𝐾 can be obtained by performing a search on the hyperpa-

rameter space. First we evaluate of the model results with different hyperparameters and

then we compare the results and choose the best combination possible. For autoregressive
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4.1. THE PARAMETRIC CURVE FORECAST

models, it’s common to evaluate the hyperparameters by using the Akaike Information

Criterion (AIC) or the Bayesian Information Criterion (BIC). In this case, since the main

purpose is to find correct market curves I will evaluate the hyperparameters by compairing

the residuals of the different models.
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Figure 4.5: Observed standardized parameters for 2 weeks. It is possible to see some
degree of daily and weekly seasonality.
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Figure 4.6: Calculated power spectrum for the market curve parameters.

Figure 4.7: Correlation matrix for the parameters and a selection of latent variables
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5

Empirical Results

In this chapter I present the results obtained from the model implementation, as well as a

benchmark with other models from the industry.

In a VAR model, it’s important to guarantee that all variable time series are stationary.

To check the stationarity of the parmeters of the market curves, I used the Augmented

Dickey-Fuller Test (ADF), which tests the null hypothesis that a unit root is present in

the sample. The p-value obtained for all the parameters was 𝑝 < 0.005 rejecting the null

hypothesis and assuming that the time series are indeed stationary.

The model proposed has a large number of hyperparameters: the number of lags 𝑝 for

the VAR model, the number of lags 𝑙 for the exogenous variables and the max iteration

𝐾 for Fourier Series. The hyperparameters were estimated by performing a grid search.

I tried a range of values for each parameter: 𝑝 between 1 and 168, 𝑙 between 1 and 24

and 𝐾 between 1 and 12; and evaluated the model performance in three distinct ways:

computing information criterion AIC, BIC, by calculating the MAE and WMAE of each

parameter and by calculating the MAE of the resulting electricity price. Since the main

target of the model is to produce forecasts for the the 24 hours ahead the main metric used

to evaluate its performance is the MAE and WMAE, objectively, the combination with a

lower combined MAE for the 7 parameters was chosen.

The criterions were evaluated for one year of insample data and the errors for the

parameters and price were calculated for 1 month of outsample predictions and the results

can be summarized in:

1. The AIC shows a descending trend until 𝑝 = 72 and an ascending trend for higher

values. This shows that, for this criterion, the model should be complex enough,

having a high number of lags in the autoregressive term;
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2. On the other hand, the BIC and HQIC seem to be lower with lower parameters (low

𝑝, 𝑙 and 𝐾) and start rising rapidly, suggesting a more simple model. However, the

outsample residuals of parameters and price for the models with lower BIC/HQIC,

are higher than what is expected in the industry.

3. For the parameters error, the higher order parameters MAE was lower with 𝑝 = 24,

but for the lower order parameters, the lowest MAE was found for 𝑝 = 72. Since we

are in the presence of 7 distinct parameters, it is not possible to find a scenario where

all the parameters MAE are lower, however, when comparing the two scenarios just

mentioned, the average of the MAE is lower for 𝑝 = 72.

4. The price MAE is lower when 𝑝 = 48 or 𝑝 = 72, showing some relationship with the

parameters MAE.

5. For every measure, the best models for the remaining hyperparameter were found

for 𝑙 = 24 and 𝐾 = (𝐾1 , 𝐾2) = (10, 1)

After observing this results, the model chosen consisted on the hyperparameters

𝑝 = 72, 𝑙 = 24 and 𝐾 = (10, 1). I ran this model for 2020 and calculated the outsample

predictions for each hour and then compared to some of the best models used in the

industry, both statistical and machine learning.

5.1 Residual analysis

The analysis of the residuals of the model is essential in forecasting models. From (4.29)

we expect the residuals of the model to be a white noise process with mean 0, if not, there

are still some factors that the model does not take into account, leading to some kind of

bias in the results.

In the VAR model, one of the most recurrent problem is the autocorrelation of the

residuals. Autoregressive models tend to propagate errors along the forecasts, meaning

that the residuals will have high correlations with each other for different lags. For this

study in particular, I divided the analysis in two: the residuals of the parameters, which

are the direct results of the model, and the residuals of the calculated electricity price,

that is obtained by calculating the root of a 6𝑡ℎ degree polynomial with the parameters

obtained from the model. This is done because the electricity price is also an important
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figure that can be taken from the predicted curves, probably the most important, and we

have to ensure that there is no bias in the prices obtained.

I tested for normality by plotting the histogram and Q-Q Plot of the residuals from

both parameters (Fig. 5.1 and 5.3) and electricity prices (Fig. 5.2 and 5.4). The histogram

look symmetric for all parameters and the electricity prices, but the Q-Q plots show that

the residuals have a fat-tail when compared to the normal distribution, although not the

direct scope of this work, this may imply that calculation of prediction intervals has to be

taken with caution.

The autocorrelation was tested with the Durbin-Watson test and validated by observing

the Autocorrelation Factors (ACF) and Partial Autocorrelation Factors (PACF). The result

of the test was close to 2 for all parameters (2.0 for parameter 𝑎 and 1.99 for the remaining

parameters) and for the price, showing that there are no significant autocorrelations in

the residuals (Fig. 5.5 and 5.6).

The same conclusion can be taken by looking at the PACF of the parameters, where

the values obtained are within confidence intervals for all lags. However, when observing

the ACF, it’s possible to see significant autocorrelations for lags until around 24 hours.

One of the possible reasons for this autocorrelation is the fact that we observe new data in

blocks of 24 hours, meaning that everyday we are forecasting 24 new parameters for the

day-ahead, and everyday the new 24 market curves are known at the same time. This can

lead to some bias in the data, because when we over (or under) estimate the parameters

the effect may propagate for 24 hours (Fig. 5.7 and 5.8).

5.2 Model benchmark

The model has been benchmarked against othermodels used in the industry, both statistical

and machine learning, and the results obtained can be seen in table 5.1.

The statistical models are dynamic regression models with different combination of

the exogenous variables already discussed in this work, and used in the market curves

VAR model. The Extreme Learning Machines (ELM) models have a 500 sample random

runs and their average is considered as the final forecast, they use different exogenous

variabes between them, but the same hyperparameters. The XGBOOST have a significant

difference to the other models: they use the results from the other models, statistical and

machine learning, as inputs.
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Figure 5.1: QQ-Plot of the residuals for each of the parameters of the market curve

This models forecast the electricity hourly price itself, so, in order to benchmark the

model proposed in this thesis, the metric used for comparison is the electricity price MAE

and WMAE, although, the model actually forecast the market curves for each hour of the

day-ahead. The results can be seen in Table 5.1.

It is shown that the market curve model outperforms the different statistical models
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Figure 5.2: Q-Q plot for the residuals of the electricity prices

Model MAE (€/MWh) WMAE

Market Curves 2.7 8.0%
Statistical1 3.6 10.6%
Statistical2 3.7 10.9%
Statistical3 3.4 10.0%
Statistical3 3.7 10.8%
ELM1 3.5 10.2%
ELM2 3.5 10.3%
XGBOOST1 2.8 8.3%
XGBOOST2 2.7 7.9%

Table 5.1: Model results and benchmark against industry models

already employed in the industry and some machine learning models, like the ELM, just

falling short of the XGBOOST models. However, as already stated, this models work as an

assemble for the forecasts obtained with the other methods, using them as an input. All

the known market variables exogenous to the other models are also used in XGBOOST as

dependent variables.

In the evaluation of the model, I found that in 6 hours (0.000683% of the cases) the

forecasted 6𝑡ℎ degree polynomial did not have a root in an acceptable range of prices, and

therefore, it was not possible to find a MCP. For this reason, these hours were removed of

the analysis. The method for the electricity price calculation still needs some work so it

can account for ths cases.

Since the proposed model outperforms the pure electricity price forecasting ones -
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Figure 5.3: Histogram of the residuals of the parameters

statiscal and ELM - it is reasonable to conclude that it captures some information that

the others cannot find, leading to lower errors. On the other hand, the comparison

with XGBOOST is proof of what is seen in the literature, ensemble models have better

performance than individual forecasting models, being able to capture the advantages of

each models while evading the disadvantages. Being this an assemble model, it is possible
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Figure 5.4: Histogram of the residuals of the electricity prices

Figure 5.5: Autocorrelation factors for the electricity prices

to include the new market curve results in the pool of forecasts already used. By doing

this, the MAE of the XGBOOST can decrease to 2.24€/MWh as seen in Table 5.2.

This means that, not only the market curve model outperforms all the other pure

price forecasting models, but also adds relevant information to the ensemble, significantly

improving its results. This shows that the proposed model is useful on capturing market

dynamics that the other models cannot, dynamics that are only obtainable with the ask/bid

offers information.

Besides that, the model has shown a good adaptability when there are significant price
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Figure 5.6: Autocorrelation factors for the electricity prices

Model MAE (€/MWh) WMAE

Market Curves 2.7 8.0%
XGBOOST2 2.7 7.9%
XGBOOST with Market Curves 2.2 6.6%

Table 5.2: Using the market curve forecasts in the XGBOOST clearly improves the forecasts

Model MAE (€/MWh) WMAE

Market Curves 3.5 9.8%
XGBOOST2 4.1 11.5%
XGBOOST with Market Curves 3.1 8.7%

Table 5.3: MAE of the models when evaluated on the days where the average daily price
changes by more than 3 standard deviations

changes, being able to capture regime changes better than any other model in the industry.

by calculating the MAE of the models in the days, where the average daily price changes

by more than three standard deviations, we can see a lower error than in the XGBOOST

that can be improved even further by including the market curve price forecasts in the

XGBOOST, as shown in Table 5.3.
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Figure 5.7: Autocorrelation factors for the parameters residuals
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Figure 5.8: Partial autocorrelation factors for the parameters residuals
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6

Conclusions and Future Work

The Electricity Price Forecasting field is a very varied field that is attactive for many

reasons: the dynamics of the market are unique, with high volatilities, big complexity and

a chance for arbitrage because of the many organized markets available; the importance

of energy in the actual contest, with direct impact in the world infrastructure and global

climate changes; the challenge of predict electricity prices together with the possibility to

employ a large amount of mathematical techniques. In the industry point of view, it is a

must have for energy management, since it is impossible to correctly dispatch energy or

manage risk without accurate electricity price predictions.

In the actual contest, accurate predictions become more than just a management tool,

they are a differentiating factor from the competition, researching and investing in new

EPF models is needed to keep the competitiveness. This thesis presents not only a new

method for EPF, but a new framework for reaserchers to work with. Looking at the market

curves instead of the electricity price has prooven more efficient than the traditional point

forecasts for electricity price.

A new market curve model was developed for forecasting electricity prices. This

new approach is not only useful for electricity price forecasting, but also brings clear

advantegous for risk management in the industry. To the best of my knowledge, there is

no other model that makes this approach to electricity price forecasting, as models and

methods proposed often disregard the market curves structures that is behind the market

clearing price.

The electrictricity price forecasts made by the market curve model outperformed

traditional statistical models and some machine learning models and also showed a

capacity to adapt to extreme price changes. Regime changes in time series are alway hard
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to forecast without a complete knowledge of the underlying processes, in the electricity

price forecast, the underlying process are the market curves, incorporating them into

the forecasts increases the adaptability of the model in scenarios where there are abrupt

changes to the price.

It has been shown, through the model results, that the offers of the agents in the market

are important and should be included in the forecasting methods available.

Althought the model proposed in this thesis in classic in the sense of the techniques

used - Vector Autoresgression with exogenous variables and an harmonic factor for

seasonality - it was able to obtain better results than the models that are actually used

by the industry in its everyday operation. This shows that the method of using and

forecasting the market curves/offers, which is a novel method built for this nodel, is

essential for EPF and must be studied.

This approach is inovative in the sense that the model described in the literature do

not incorporate the information about the bids/asks in their price forecasts, and this is,

most probably, the first model with a pratical application to be designed with the market

curves and offers in the market at its core.

There are two important remarks to take from this work: First, the job of modelling,

identifying and forecasting market curves is complex and there is still much room to

improve. The second remark is that incorporating this knowledge to the electricity price

forecasting gives better results than traditional models and gives additional information

that are not usually captured by the remaining models.

As for future work, the first remark has to be approached, this work suggested a

parametrization of the curves by fitting them to a known easier to work function and then

analyzing this parameters, however, more complex methods, with a higher number of

parameters, can be used and will probably lead to better overall forecasts. Besides that,

the comparison of curves can be done using different techniques, by defining a distance

betweem them it is possible to apply other techniques, like clustering, that could give

additional information about the market curves. The second remark suggests that more

complex models can be used, like applying feature selection techniques to the exogenous

variables, like the state-of-art statistical models, or use machine learning techniques for

curve forecasting.
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