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We study the behaviour of n players engaged in a conversation, each attempting to predict 
the behaviour of the others. We prove that, under a certain notion of interaction, it is 
possible to learn all other players, but, generally, not without being learned back. We 
then focus on the interaction of two players and consider, for different methodological 
restrictions based on the philosophy of science, whether some form of secretive learning 
can be achieved.
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1. Introduction and motivation

Learning theory emerged in the 1960s [32,37,23,7] and studies the process of an abstract scientist mapping evidence into 
hypotheses. Fix a set of objects, an environment through which data from the objects can be transmitted, conditions that a 
scientist must meet and a criterion for successful learning. We are interested in the question “can the scientist identify an 
object after a finite amount of data?” [30,18].

We will concern ourselves with recursive scientists attempting to discover (possibly different) codes of recursive func-
tions, a learning criterion introduced by Bārzdin, š [19,5] and Case and Smith [9,11].

The learning theory of identification descending from Gold [23] does not take into account the possibility that the 
object being learned interacts with the learner. Montagna and Osherson [29] thus introduced a learning paradigm aimed 
at coordination between two players, where each attempts to predict the behaviour of the other, using only the history of 
earlier predictions (see also Case, Jain, Montagna, Simi and Sorbi [14]).

This work extends Case and Kötzing [16], who considered the additional task of predicting the behaviour of the other 
player, without having our own behaviour predicted. We consider the question of whether some form of secretive learning
is possible when there are more than two players interacting and when players are restricted by some form of behaviour 
rooted in the philosophy of science.

Sample results: coordination of n players is always possible; there is a player that can protect others, by learning back 
any player that learns them; there are consistent players that cannot be secretively learned; simpleminded players can be 
secretively learned.
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2. Background

Background from computability can be found in Rogers [33], from learning theory in Osherson, Stob and Weinstein [30]
and from interactive learning in Montagna and Osherson [29] and Case and Kötzing [16]. We consider partial recursive 
functions, in the sense of the Church-Turing thesis [35], defined over the set of natural numbers N = {0, 1, . . . }. We call 
recursive functions those that, besides being partial recursive, are total, i.e., are defined for every input. We write f (x) ↓ to 
mean that the computation of f on input x halts, and f (x) ↑ otherwise. From now on, fix some encoding of Turing machines 
{φx : x ∈ N} and, for i ≥ 1, let Ri be the set of recursive functions with arity i. For a recursive function f and m ≥ 1, we 
denote by f [m] the array containing f (0), . . . , f (m − 1). Given an array σ , we denote by last(σ ) the last entry in σ and by 
σ(x) the xth entry of σ (the first being the 0th). We denote by 〈x1, . . . , xn〉 some standard encoding of x1, . . . , xn and let 
〈x1, . . . , xn〉i = xi , for i ∈ {1, . . . , n}.

We study a learning paradigm where n ≥ 2 players (recursive functions) interact, each producing an output depending 
on all previous outputs of the other n − 1 players. We represent this interaction via a crossfeeding operator1:

Xn :Rn
n−1 −→ Rn

1

(h1, . . . ,hn) 
−→ (p1, . . . , pn)

where for each i ∈ {1, . . . , n} and m ≥ 1, pi(m) = hi(p1[m], . . . , pi−1[m], pi+1[m], . . . , pn[m]). For each m ∈ N , pi(m) is the 
conjecture of the player hi when it receives all previous m outputs of all other n − 1 players. The time when all pi ’s have 
halted on input m is the stage m of the interaction. By convention, pi(0) = 0, for each i ∈ {1, . . . , n}, representing an output 
when no data has yet been received. From now on, we will always omit the arity in X .

As players interact with each other, the notion of learnability here is different from that in identification theory, where 
one is required to reason about the code of the function producing the data received. In this interactive setting, to predict 
the behaviour of a player is to predict what he will output at each stage m, which, in general, is not what the player outputs 
when given m as input. In the notation above, this is the difference between being required to conjecture the code of some 
hi , or of the function pi , that represents the outputs of hi at each stage. The latter is the notion adopted: a player learns
another if, after a given time, he can predict what the other will output in any future stage of the interaction.

If players learn a subset of the players involved in the interaction, we use indices to identify which ones are being 
learned. In sentences with multiple occurrences of the word “player”, we may use the expression “learner” to refer to a 
player that is learning another.

The central notion of learnability is the following:

Definition 2.1. Let h1, . . . , hn be recursive functions (the players) and let X(h1, . . . , hn) = (p1, . . . , pn). Let i ∈ {1, . . . , n} (the 
learner) be given and, for k ∈ {1, . . . , n −1}, let α1, . . . , αk be different elements of {1, . . . , n} \ {i} (the players being learned). 
We say that hi XBc-learns hα1 , . . . , hαk if there is N ∈ N such that, for all m ≥ N , pi(m) = 〈em

1 , . . . , em
n−1〉 and, for each 

j ∈ {1, . . . , k}, if α j < i, em
α j

is a code for pα j , and, if α j > i, em
α j−1 is a code for pα j .

2

The suffix Bc in XBc stands for Behaviourally correct [19,5,9,11], since, as indicated by the superscript m in the codes em
i , 

the conjectures of the player hi can change in each stage, as long as they are always correct codes for the target functions.
If the conjectures of hi , for each target function, stabilize to a single code, we say that hi XEx-learns hα1 , . . . , hαk . 

The suffix Ex stands for Explanatory [23], as then hi is required to give a single explanation for the data received. If the 
conjectures of hi oscillate between a finite group of correct codes, we say that hi XFEx-learns hα1 , . . . , hαk . The suffix FEx
stands for Vacillatory [3,13], as hi vacillates between different codes.

We say that a group of players coordinate if each of them learns all others, for any of the learning criteria mentioned 
above. We add the suffix “s” to a learning criterion when a player learns the others without being learned back. We may 
write the name of the players together with the learning criterion to emphasise the players involved. For example, “h1
XBcs(h1, . . . , hn)-learns h2” means that, when h1, . . . , hn interact, h1 XBc-learns h2, but h2 does not XBc-learn h1 back.

There will be two types of simulations of the interaction between the players h1, . . . , hn . When the goal of the simulation 
is to return pi(m), the interaction is simulated until the stage m and pi(m) is obtained. When the goal of the simulation is 
to know what pi(m) would be, to then trick the conjecture of hi , the simulation is run until the stage m − 1 (for m ≥ 1) 
and the mth stage is simulate with different possible outputs.

The results we present have essentially two forms. We either show that there is a player that can learn back any player 
that learns him, or that, for any player g with some particular restriction, there is another that learns him and is not learned 
back. For the second type of result, we will construct players which, from the code of g , simulate it on different possible 
inputs and return one that guarantees that g does not learn them back. Although this is somewhat strange, to say that 

1 The letter X comes from cross, as short for crossfeeding.
2 The distinction between α j < i and α j > i is required because the index of a player in an interaction is not necessarily the index in which it appears 

in the conjectures of another player. For example, suppose that h2 XBc(h1, h2, h3)-learns h1 and h3. If, for m ∈N , p2(m) = 〈e1, e2〉, the conjecture for the 
code of p1 is e1, but, for the code of p3, it is e2.
2
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g cannot be secretive against some player that already has access to his code, it shows that given strategies cannot work 
against every player.

2.1. Recursion theorems

A beautiful aspect of formal learning theory is that it provides a means to apply recursion theoretic results to concrete 
scenarios of machines attempting to discover some phenomena [15]. We will require the following tools that we present 
below: the s-m-n theorem, Kleene’s Second Recursion Theorem (KRT), the Extended Recursion Theorem (ERT), the Gener-
alized Delayed Fixed Point Theorem (DFT) and the Operator Recursion Theorem (ORT).

Theorem 2.2 (s-m-n [28]). For every n, m ≥ 0, there is a primitive recursive function sn+m
m such that φsn+m

m (e,x1,...,xm)(y1, . . . , yn) =
φe(x1, . . . , xm, y1, . . . , yn).

The theorem states that, given the code of a function f , one can construct the code of another function that receives 
fewer inputs and behaves as f , when the missing inputs are specific constants.

We require ERT of Smullyan whenever we are dealing with more than 2 players, since each players’ action influences all 
other players, whose output then influences the original players again.

Theorem 2.3 (ERT [34]). Let n > 0 and let F1, . . . , Fn be partial recursive functions of arity n +1. Then there are codes e1, . . . , en ∈N
such that, for all i ∈ {1, . . . , n}, φei (y) = Fi(e1, . . . , en, y).

KRT is the special case of ERT with n = 1. The previous theorems allow us to take partial recursive functions and 
construct others that run their own code on the functions we chose. However, we will also want to exhibit some form of 
behaviour, not on a function, but on the function it conjectures. To reach this form of recursion, we will use a special case 
of DFT and ORT of Case.

Theorem 2.4 (DFT [8]). If F is a partial recursive function of arity 3, there is a recursive function φe such that φφe(x)(y) = F (e, x, y).

ORT applies to recursive operators, which we define as in [8] (see also [33]). A recursive operator is a total map �, from 
the set of partial recursive functions to itself, such that there is a recursive function which, when given any enumeration of 
the graph of a partial recursive function f , outputs an enumeration of the graph of the function �( f ).

Since we can always reduce greater arities, by considering functions that interpret an input as the encoding of two, we 
state the result as it is originally formulated.

Theorem 2.5 (ORT [8]). If � is a recursive operator mapping functions of arity 1 into functions of arity 2, there is a strictly increasing 
recursive function h such that φh(n)(x) = �(h)(n, x).

Taking �( f )(x, n) = f (x), for example, we get a function that outputs ever increasing codes for itself. The fact that h can 
be taken to be strictly increasing guarantees that many players can be protected in the sense of Theorem 3.4.

3. Multi-player interaction

We start by considering n ≥ 2 players interacting, adapting Theorems 4.1 and 4.3 of [16] to this multi-player scenario. 
For simplicity, we will always prove the results for n = 3 and discuss how they can be adapted to more players.

3.1. Coordination

We show that, given some fixed players, one can define others that learn them all. These players can indeed be con-
structed to be a constant functions, whence, for suitably chosen players, coordination of all players involved follows. We 
start with the case where there are only two players involved, to exemplify the structure of the proofs.

Theorem 3.1 ([29,16]). Every player can be XBc-learned.

Proof. Let g be a player and define H as the function specified in Algorithm 3.1.
By DFT, there is a code e such that φφe(σ )(x) = H(e, σ , x). Define h = φe and let X(h, g) = (p, q). Then, since h = φe , the 

algorithm H(e, σ , x) simulates the interaction between h and g until the stage x and outputs q(x). Thus, for every m ≥ 1,

φp(m)(x) = φh(q[m])(x) = φφe(q[m])(x) = H(e,q[m], x) = q(x)

whence h XBc-learns g . �

3
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Algorithm 3.1: XBc-learning a player.

Input y, σ , x;
Simulate X(φy, g) = (p y , qy) until the stage x;
return qy(x)

This process of, knowing the code of g , simulating the interaction between itself and g , will be a key aspect throughout 
the rest of the paper and is what requires the use of the recursion theorems.

We show below that, not only can the above result be generalized to n > 2 functions, but also that the players designed 
to learn can be taken to be constant functions.

Theorem 3.2. For any set of recursive functions g1, . . . , gk, there are recursive functions h1, . . . , hn such that each hi XEx(h1, . . . , hn,

g1, . . . , gk)-learns all g’s and all other h’s.

Proof. We prove the result for k = 1 and n = 2. Let g be a player and denote by C y the constant function that only outputs 
y. For i ∈ {1, 2, 3}, define the function Hi as follows:

Algorithm 3.2: Coordinating with other learners.

Input w, y, z, x;
Simulate X(C〈y,z〉, C〈w,z〉, g) = (p1, p2, q) until the stage x;
return the ith coordinate of (p1(x), p2(x), q(x))

Now, from ERT, there are three codes, e1, e2, e3 ∈N , such that, for each i ∈ {1, 2, 3}, φei (x) = Hi(e1, e2, e3, x). The codes 
e1, e2 and e3 will represent the behaviour of the players h1, h2 and g , respectively, in the interaction.

Define h1 = C〈e2,e3〉 and h2 = C〈e1,e3〉 and let X(h1, h2, g) = (p1, p2, q). We show that h2 XEx(h1, h2, g)-learns h1, g . For 
each m ≥ 1,

φp2(m)1(x) = φh2(p1[m],q[m])1(x) = φ〈e1,e3〉1(x) = φe1(x) = H1(e1, e2, e3, x)

The function H1(e1, e2, e3, x) then simulates the interaction between C〈e2,e3〉 , C〈e1,e3〉 and g , until the stage x, and outputs 
p1(x), so h2 XEx(h1, h2, g)-learns h1. Analogously,

φp2(m)2(x) = φh2(p1[m],q[m])2(x) = φ〈e1,e3〉2(x) = φe3(x) = H3(e1, e2, e3, x) = q(x)

So h2 XEx(h1, h2, g)-learns g as well. �
One may note that a different strategy was employed in the two proofs above. In Theorem 3.1 we used DFT to obtain 

(only) the code of the learner, whereas in Theorem 3.2 we used ERT to obtain three codes, one for each player. The differ-
ence is that, while in the first case the learner was constructed to simulate itself interacting with g , using this simulation to 
predict what the behaviour of g would be, in the second case the learners are no longer simulating themselves, but rather 
constant functions, whose outputs should be correct predictions for the behaviour of the other players. This means that the 
codes for the behaviour of the players being learned have to be determined a priori, which is why three codes as obtained 
in the proof.

If we wanted to include more players to be learned, we would just have to add them in the cross-feeding operator 
simulation, since their code is fixed. If we wanted to add more players learning, we would just have to consider constant 
functions that output encodings of more codes.

The result above shows that coordination is always possible in an “open environment”, where everyone can read every-
one else’s predictions. The rest of the paper regards the notion of being able to learn other players without being learned 
back.

3.2. Secrecy fails

We prove two results that show that, in general, it is not possible to secretively learn other players: there is a player 
that learns back any player that learns him (so secretively learning an arbitrary group of players is impossible) and there is 
a player that “protects” others, by learning back any player that learns them (so, in general, secretively learning any player 
in an “open environment” is impossible).

Intuitively, secrecy fails because of the nature of crossfeeding. If a player h makes a prediction about what g will output 
in a stage x ≥ 1, then h must implicitly also predict what it will itself output at stage x − 1, as the behaviour of g is (or can 
be made to be) dependent on the behaviour of h. One can then construct a player g which, “removing” his own behaviour 
from the predictions made by h, uses the conjectures received to learn h back.
4
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Theorem 3.3. There is a player that cannot be XBcs-learned.

Proof. Let h1 and h2 be two players. We will define a recursive function g such that, if hi XBc(h1, h2, g)-learns g , then g
XBc(h1, h2, g)-learns hi back. For i ∈ {1, 2}, define the recursive operator3

�i( f )(x,σ1,σ2) = last
((

f −1 ((
φ(last(σi))2(x + 1)

)
i

))
i

)
Then, by ORT, there are strictly increasing functions g1 and g2, such that, for each i ∈ {1, 2},

φgi(σ1,σ2)(x) = �(gi)(x,σ1,σ2)

Define g(σ1, σ2) = 〈g1(σ1, σ2), g2(σ1, σ2)〉 and let X(h1, h2, g) = (p1, p2, q).
The inputs σ1 and σ2 represent the history of the outputs of p1 and p2, respectively, which are given to g as input 

at each stage. The code conjectured by each hi , for the behaviour of g , is (last(σi))2, so, if hi correctly learns g , then 
φ(last(σi))2 (x + 1) is the output g gives, when it receives (p1(0), . . . , p1(x), p2(0), . . . , p2(x)) as input. The inverse in the 
operator then represents the act of removing the behaviour of g , which leaves only information from which p1(x) and 
p2(x) can be recovered. In the construction of the operator, the second to last i is used to choose which of the components 
of the output of g to return (to cancel out with the respective inverse function) and the last one to choose between p1(x)
and p2(x).

Below is the proof that g cannot be XBcs-learned. In the equalities where only part of the left-hand side is rewritten 
we use a bold font to emphasize which of its components “triggers” the equality. Suppose that h1 XBc(h1, h2, g)-learns g . 
Then, there is N ∈N such that, for every m ≥ N , φp1(m)2 (x) = q(x). Thus, for m ≥ N + 1,

φq(m)1(x) = φg(p1[m],p2[m])1(x) = φg1(p1[m],p2[m])(x) = last
((

g−1
1

((
φ(last(p1[m]))2

(x + 1)
)

1

))
1

)
= last

((
g−1

1

((
φ(p1(m−1))2

(x + 1)
)

1

))
1

)
= last

((
g−1

1

(
(q(x+1))1

))
1

)
= last

((
g−1

1

(
(g(p1[x + 1], p2[x + 1]))1

))
1

)
= last

((
g−1

1

(
g1(p1[x + 1], p2[x + 1])))

1

)
= last

(
(p1[x + 1], p2[x + 1])1

) = last (p1[x + 1]) = p1(x)

Analogously, if h2 XBc(h1, h2, g)-learns g , there is N ∈N such that, for every m ≥ N , q(m)2 is a code for p2. �
These results imply that any attempt at secrecy between n players fails whenever one of them is defined as in the proof 

above. Any function that is required to learned g will be learned back and, once codes for its behaviour are outputted, all 
other functions will have access to it.

If a player is not defined as in the proof above, one can still show that secrecy cannot always be achieved.

Theorem 3.4. For every injective player g1, there is a protector g2 that XBc-learns any player that XBc-learns g1.

Proof. Let g1 and h be any players, with g1 injective. We define g2 such that, if h XBc(h, g1, g2)-learns g1, then g2

XBc(h, g1, g2)-learns h. Define

G(x,σ1,σ2) = last
((

g−1
1

(
φ(last(σ1))1(x + 1)

))
1

)
Let e be the code of G . Then, by the s-m-n theorem, there is a function s3

2 such that φs3
2(e,σ1,σ2)(x) = G(x, σ1, σ2). Define 

g2(σ1, σ2) = 〈s3
2(e, σ1, σ2),1〉, let X(h, g1, g2) = (p, q1, q2) and suppose that h XBc(h, g1, g2)-learns g1. Then, there is N ∈N

such that, for every m ≥ N ,

φq2(m)1(x) = φs3
2(e,p[m],q1[m])(x) = last

((
g−1

1

(
φ(last(p[m]))1

(x + 1)
))

1

)
= last

((
g−1

1

(
q1(x+1)

))
1

)
= last

((
g−1

1

(
g1(p[x + 1],q2[x + 1])))

1

)
= last

(
(p[x + 1],q2[x + 1])1

) = last(p[x + 1]) = p(x) �
If, in the statement above, the player g1 was not injective, then, while the protector could still compute the “inverse” 

of g1, looking for the smallest input that maps to the correct output, this strategy would no longer guarantee that p(x) is 
obtained, whenever x is greater than the current stage. Note that, if, for any y ∈ N , g1 maps at most a finite number of 
points to y, then the protector can still learn h in some form, by outputting k possible conjectures, one of which must be 
correct.

3 The inverse is interpreted as looking for the smallest x such that f (x) = y.
5
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A possible way to circumvent the proofs above is by relaxing the definition of XBc-learning, so that players may not have 
to encode their predictions in a fixed order, or by allowing the predictions to be split between players that can communicate 
secretly. For the first option, the player constructed in both proofs above fails to learn the target player back, because he 
does not know which part of the learner’s output to use. These ways of attempting secrecy only emerge when there are 
more than two players interacting.

To conclude this section, consider the set SD = { f ∈ R1 : f (0) is a code of f }. It appears in Blum and Blum [7], who 
show that no player can Ex-identify all functions from SD ∪ AEZ, where AEZ is the set of all recursive functions f , for 
which there is N ∈N such that, for every n ≥ N , f (n) = 0. This non-union theorem also holds for Bc-identification [11,5]. As 
remarked in [29], this implies that no player can XBc-learn every player from SD ∪ AEZ, since, for players that ignore the 
other players’ output, XBc-learning reduces to Bc identification.

We will show that, while there are players that can XBc-learn all players in SD, no player can XBcs-learn them all. The 
first part is simple: as a players’ first input is 0, those in SD will output their own code in stage 1, whence learnability of 
all players in SD follows from Theorem 3.1, where all that is required is access to the code of the player being learned. For 
the second part, we will construct a player in SD that cannot be XBcs-learned.

Theorem 3.5. There is a player in SD that cannot be XBcs-learned.

Proof. We adapt the construction of the operator from Theorem 3.3. Define

�( f )(x,σ ) =
{
σ(0) if x = 0

last
(

f −1
(
φlast(σ )(x + 1)

))
otherwise

From ORT, there is a strictly increasing function G such that φG(σ )(x) = �(G)(x, σ). Consider

G ′(y,σ ) =
{

y if σ = 0

G(σ ) otherwise

From KRT, consider the function g(σ ) = φe(σ ) = G ′(e, σ). This is the function from the statement. First, g(0) = G ′(e, 0) = e, 
so g ∈ SD. Let h be any learner, let X(h, g) = (p, q) and suppose that h XBc-learns g . Then, there is N ∈ N such that, for 
every m > N (after which p[m] 
= 0}), we have

φq(m)(x) = φg(p[m])(x) = φG ′(e,p[m])(x) = φG(p[m])(x) = �(G)(x, p[m])
If x = 0, we have that φq(m)(0) = p[m](0) = p(0), so the prediction made by g is correct. For the remaining points,

φq(m)(x) = �(G)(x, p[m]) = last
(
G−1 (

φp(m−1)(x + 1)
)) = last

(
G−1 (q(x+1))

) = last
(
G−1 (g(p[x + 1])))

Since x 
= 0, p[x + 1] 
= 0, so g(p[x + 1]) = G ′(e, p[x + 1]) = G(p[x + 1]), whence

φq(m)(x) = last
(
G−1 (G(p[x + 1]))) = last(p[x + 1]) = p(x) �

In the multi-player scenario, this would be a player that “announces” he will make secrecy fail and no other player, even 
with access to his code, can learn him without being learned back.

4. Special players

Montagna and Osherson [29] consider three types of special players: “forgiving”, which coordinate with a player iff they 
coordinate with any of that player’s finite variants, “blind”, which ignore the other player’s output, and “memory limited”, 
which only remember the last k ∈ N previous outputs of the other player. The function g from Theorem 3.3 is an example 
of a memory limited player, since it only needs the last output from the player learning him. We consider whether some 
form of secretive learning is possible for different restrictions on the players’ behaviour.

4.1. The players

Research on inductive inference often has a close connection with considerations from the philosophy of science [32,23,
5,7,21,25,15,22]. Observing the proof of Theorem 3.3, one can wonder whether, imposing some methodological restriction 
on the behaviour of a player, he can behave as the function that makes secrecy fail, or whether this restriction implies that 
he can be secretively learned. We consider some restrictions rooted in philosophical principles of scientific discovery and 
show that they always entail some loss of “security”. Further examples of such strategies in learning theory are discussed in 
Chapter 4 of Osherson, Stob and Weinstein [30].

Consistent players [4,7,38,1] are restricted to only conjecture functions that agree with the data received so far. This seems 
to be a reasonable restriction, since, in theory, it makes no sense to make conjectures that contradict data we have already 
6
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acquired. However, note that the player from Theorem 3.3 is not, in general, consistent, since his conjectures only become 
correct after he has been learned. In the paradigm of identification, SD is not Ex-identifiable by consistent scientists.

Popperian players [2,7,9,10,12] are restricted to only conjecture total functions. Since we consider that players are recur-
sive functions, we know that, if the learning process is successful, the conjectures will have to represent total functions at 
some point. This restriction imposes that, also during the learning process, the player only conjectures total functions. This 
means that a player’s conjectures can always be tested against future data, which is in conformity with Popper’s refutability 
principle [31]. Note that, given a Popperian player, one can construct a consistent one, which tests the conjectures for the 
data that has already appeared and fixes any errors that might appear.

A generalisation of Popperianism is the notion of accountability. Accountable players [30] are restricted to conjecture 
functions which are defined for more points than those that have already been observed. This means that, although they do 
not need to conjecture total functions, their hypothesis can always be tested against data that has not yet been received.

Finally, for any function f , define min( f ) = min{e : φe = f }. The code min( f ) can be regarded as the smallest code for 
the function f . This is a particular case of a measure of the size of a machine, a notion which was introduced by Blum 
[6]. For b a recursive function, b-simpleminded players [26,20,27,17,24] are restricted to converge to codes of the target 
function p that are bounded by b(min(p)). The idea is thus that a simpleminded player does not learn versions of the 
target function that are unnecessarily large, which formalizes the heuristic known as the razor of Ockham [36]. In the 
paradigm of identification, AEZ is not Ex-identifiable by simpleminded scientists.

4.2. Secretive learning

We will consider the special players mentioned above and prove that, for each of them, some form of secretive learning is 
possible. The idea is to construct learners that explore the players’ limitations from identification learning theory, simulating 
them and outputting different codes for their behaviour, in a way that prevents them from learning the learners back.

Theorem 4.1. Every consistent player can be XBc-learned by some player he cannot XFEx-learn.

Proof. The key aspect of the proof is that, if g is a consistent player, he cannot conjecture the same code when given two 
different inputs, as only one of them can be consistent with his previous conjecture. Then, at each stage, one chooses a 
set of possible codes of g (different codes for the same function can be obtained, for example, by introducing irrelevant 
constants in its program) and outputs one that forces g to make a conjecture that still has not appeared.

Let H as the function specified in Algorithm 4.1.

Algorithm 4.1: Secretively XBc-learning a consistent player.

Input: y, σ ;
Simulate X(φy, g) until the stage |σ | − 1;
Let k be the number of different conjectures made by g;
Calculate k + 1 different codes e1, . . . , ek+1 for the following program:

“Input x;
Simulate X(φy, g) = (p y , qy) until the stage x;
return qy(x)”;

return the ei such that g(p y [|σ |] · ei) is different from all previous conjectures of g

By KRT, there is a code e such that φe(σ ) = H(e, σ). Let h(σ ) = φe(σ ) and X(h, g) = (p, q). Then, for each m ≥ 1,

φp(m)(x) = φh(q[m])(x) = φφe(q[m])(x) = φH(e,q[m])(x) = q(x)

where the last equality holds since H(e, q[m]) returns codes for the function that simulates φe and g until the stage x and 
returns q(x). This simulation corresponds to the actual interaction between h and g , whence h XBc-learns g .

Moreover, since g is consistent, at any stage m ≥ 1, the test of g(p[m − 1] · ei) ensures that, whatever it is that g was 
expecting to receive from h, he will receive something else, whence q(m) must be different from q(m − 1). Since h forces g
to change his conjectures infinitely often, to a conjecture that has not appeared before, g does not XFEx-learn h. �

We show below that, in general, when learning consistent players, XFEx cannot be replaced with XBc-learning.

Theorem 4.2. There is a consistent player that cannot be XBcs-learned.

Proof. We adapt the proof of Theorem 3.3, ensuring the consistency of the player g by using a list containing the history of 
the interaction. This will imply that the conjectures of g never stabilize, which is why we move from XFEx to XBc-learning. 
Let h be a player and define the operator
7



E. Skapinakis Information and Computation 300 (2024) 105196
�( f )(x,σ ) =
{
σ(x) if x < |σ |
last

(
f −1

(
φlast(σ )(x + 1)

))
otherwise

From ORT, let g be the function such that φg(σ )(x) = �(g)(x, σ) and let X(h, g) = (p, q).
At stage m ≥ 1, the data already received by g is p[m] = p(0) . . . p(m − 1). Then, regardless of whether h has already 

learned g , we have that, for any x < m,

φq(m)(x) = φg(p[m])(x) = p[m](x) = p(x)

whence g is a consistent player. Note that, as the list σ changes at each stage, so does the code conjectured by g .
If h XBc-learns g , then eventually the second branch of �(g)(x, σ) will always give the correct answer for p(x), whence 

g also XBc-learns h. �
When we consider accountable players (and thus Popperian players as well) we can employ another strategy for changing 

the conjectures of the player being learned, by simulating the predictions made by their conjectures and acting differently 
than predicted.

Theorem 4.3. Every accountable player can be XFExs-learned.

Proof. Let g be an accountable player. Then, at each stage, the conjecture of g is a function that is defined for some input 
that still has not appeared. We will thus construct a function that searches for this input and returns a code of g that is 
different from the output predicted. Define H as the function specified in Algorithm 4.2.

Algorithm 4.2: XFExs-learning an accountable player.

Input: y, σ ;
Calculate two different codes e1, e2 for the following program:

“Input x;
Simulate X(φy, g) = (p y , qy) until the stage x;
return qy(x)”;

Simulate X(φy, g) = (p y , qy) until the stage |σ | − 1;
Look for the smallest number m ≥ |σ | such that φqy (|σ |−1)(m) ↓ and let d be the result;
If m = |σ |, return the ei such that ei 
= d;
Otherwise, return e1

By KRT, there is a code e such that h(σ ) = φe(σ ) = H(e, σ). Let X(h, g) = (p, q). Since h oscillates between two conjec-
tures only, both of which are correct, h XFEx-learns g . Indeed, for any m ≥ 1:

φp(m)(x) = φφe(q[m])(x) = φH(e,q[m])(x) = q(x)

Consider a stage m ≥ 1. If φq(m−1)(m) ↑, then, since p(m) gives some output, q(m − 1) is a wrong conjecture for the code of 
p. If φq(m−1)(m) ↓, then p(m) gives an output that is different from φq(m−1)(m), so, once again, q(m − 1) is wrong. Thus, at 
each stage m ≥ 1, h outputs a correct code for q that makes the conjecture q(m − 1) wrong, whence h XFExs-learns g .4 �

We conclude with simpleminded players. Since they are restricted to make conjectures with a bounded size, they inher-
ently perform at most XFEx-learning. The intuition for the possibility of secretive learning is that, since a simpleminded 
player can only make a finite number of different conjectures, a player can go through all of them and ensure that each of 
them is wrong.

Theorem 4.4. Every simpleminded player can be XFExs-learned.

Proof. For b a recursive function, let g be a b-simpleminded player. Define H as the function specified in Algorithm 4.3.
By KRT, there is a code e such that h(σ ) = φe(σ ) = H(e, σ). Let X(h, g) = (p, q). We will observe that, for each scenario 

of how the interaction between h and g may go, there is a player that XFExs-learns g .
Let m ≥ 1 be a stage in the interaction. In the first block of the algorithm, two correct codes for q are calculated: e1

and e2. To explore the simplemindedness of g , q(m) = g(p[m]) is compared with b(e), as e is a lower bound for min(h). 
The first if condition thus ensures that, if it holds, q(m) is too large or new, so we set p(m) = e1. As g is a b-simpleminded 
player and the number of available conjectures below b(e) is finite, h will eventually go through all of them. When an old 
conjecture is discovered, it will then ensure that it is wrong.

4 Note that, in this case, g does not even XBc-learn h, as its conjectures are wrong at each stage.
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Algorithm 4.3: XFExs-learning a simpleminded player.

Input: y, σ ;
Calculate two different codes e1, e2 for the following program:

“Input x;
Simulate X(φy, g) = (p y , qy) until the stage x;
return qy(x)”;

m := |σ |;
Simulate X(φy, g) = (p y , qy) until the stage m − 1;
(∗)

If qy(m) > b(y) or qy(m) is a new conjecture, return e1;
Otherwise, simulate φqy (m)(|σ |) for m steps;
If the computation finishes, return the ei that is different from φqy(m)(|σ |);
Otherwise, m := m + 1, simulate giving e1 to g and go back to (∗)

So suppose that, at stage m, h finds that q(m) will be an old conjecture smaller than b(e). Then, h simulates φq(m)(m)

for m steps, to see what g thinks that p(m) will be. If the computation finishes in m steps, h outputs a correct code for q
that was not predicted. If the computation does not finish in m steps, h simulates giving e1 to g and, if q(m + 1) is still an 
old conjecture smaller than b(e), tests it on m again, but this time for m + 1 steps. This process repeats itself until either 
g conjectures something new (which can only happen a finite number of times) or his conjecture halts. There are now two 
cases to consider.

Suppose that there is m′ ≥ m such that φq(m′)(m) halts in m′ steps. Then, p(m) is a code for q that is different from 
φq(m′)(m), so q(m′) is a wrong conjecture for the code of p. We have thus eliminated one of the finitely many possible 
conjectures that g can make for the code of p. Eventually, g will not be able to produce a new conjecture that is still 
compatible with the data received, whence h XFExs-learn g .

Now suppose that φq(m′)(m) never halts, for any m′ > m, when g is constantly given e1 after stage m. Then, we replace 
h with a player h′ , which behaves as h up until the stage m − 1, after which it only outputs e1. The player h′ thus XExs-
learn g . �
5. Conclusion

We have expanded the paradigm of interaction in two distinct directions, considering both the interaction of n ≥ 2
players, each attempting to predict the behaviour of all others, and then, focusing on secretive learning, the interaction 
between players who are restricted by some methodology motivated by the philosophy of science. Each of these directions 
poses some interesting questions that we discuss below.

In the multi-player scenario, we considered that each player has access to the same information: the entire history of 
the interaction. A natural question one can pose is the effect on these results of giving different players a different access 
to previous prediction. We can consider, for example, teams of players which communicate amongst themselves in secret, 
playing against other teams, each with different limitations on how to access information. We can also define various 
notions of successful learning. We considered that a player learns others when his outputs encode correct predictions for 
those players’ behaviour. When we have multiple players interacting, one may consider scenarios where a team of players 
learns another when they produce outputs which can be used, amongst themselves, to predict the player’s behaviour. We 
also saw that we can define a protector, which learns back any player that succeeds in learning the player he is protecting, 
but we can consider other roles for different players. Players that might, for example, be designed to make the learning 
process harder for some player and easier for others. These scenarios seem especially interesting when we start considering 
players with methodological or complexity restrictions.

Regarding the study of special players, we saw that techniques from the learning theory of identification can be adapted 
to the interactive paradigm by designing players that simulate themselves and then, exploring the weaknesses of the players 
from identification theory, act as functions that they cannot learn. There are still many forms of restrictions we did not cover, 
which may exhibit interesting phenomena when carried over to the paradigm of interaction. Combining with the previous 
paragraph, one may consider the effect on interaction of different players, each following some methodological restriction. 
Are there combinations for which some form of secretive learning can be achieved?
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