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ABSTRACT

We consider a dynamic price—setting duopoly selling to a sequence cof
buyers with uncertain demand. We assume that each firm’'s unit cost is a
decreasing function of its cumulative past salee, and characterize
equilibrium. We provide sufficient conditions for the leader’'s dominance to-
be self-reinforcing, in the sense that the probability of winning the next
sale increages with past success. Next, we compare private and social
benefits from learning—-by-doing. BAlthough learning economies are beneficial
from a social standpoint, industry profits are strictly lower in a world of
learning than in a world with no learning. Furthermore, in equilibrium,
learning occure too slowly from society’s standpoint. Finally, we develop a
thecry of predatory pricing based on learning economies, showing that entry
and subsequent exit can be an equilibrium outcome, that the possibility of a,
rival‘s exit induces more aggressive pricing, and that predatory pricing might
be socially beneficial. -

* Faculdade de Economia, Universidade Nova de Lisboa; and Department of
Economics, Boston University, respectively. We thank Jacob Glazer, Boyan
Jovanovic, Robert Rosenthal, and participants at the winter meeting .¢f the
Econometric Society (Alicante, January 1991) for useful comments and
_ suggestions. The usual disclaimer applies.



1. INTRODUCTION

There is a sparse and rather dormant industrial organization literature
on the impdrtance of the lea;ning curve for strategic oligopoly inéentives.l
The learning curve hypothesis is that unit costs decline with cumulative
production. The learning curve gives firms an obvious incentive to produce
more early to lower production costs later. Spence {1981) showed numerically
that firm—specifi; learning might be a barrier to entry,.although Ghemawat and
spence (1985) demonstrated that this effect was attenuated by industry
spillovers. Fudenberg and Tirole (1983) showed for special cases that firms’
cutputs might actually decrease with learning, that learning is socially
beneficial, and fhat a balanced-budget tax—subsidy scheme can improve welfare.
Ross (1986) showed that learning enhanced a_Stackelberg advantagé. All of

these results assumed Cournot guantity setting behavior by firms, excepting.

Rosa’'s Stackelberg leader.

Our approach to the learning curve is very different, is in some respects
more general, and yields new insights. We model a duopoly selling to a
sequence of buyers with uncertain demand. In each period, prices are set
simultaneously and one unit is sold. Each firm's unit cost decreases with its
cumulative past sales. Section 2, which introduces the model in more detail,

1 A business strategy literature, pioneered by the Boston Consulting
Group {1972), discusses a firm’'s optimal pricing strategy with a learning
curve. There is also an empirical literature, e.g. Lieberman {1984) and
references therein. BAnother strand of literature, including articles by Arrow

(1962) and Romer (1986), evaluates the implications of learning-by-doing for
economic growth. :
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provides a gsneral characterization of equilibrium prices. Section 3 shows

how market dominance might be self-reinforcing, in the sense that a 1eaaerfs
probability of winning a sale increases with the length of the lead, although
this is not always so.? Section 4 shows that learning is privately
disadvantagedus, in fhe sensé that industry profite are strictly lower in a
world of learning compared to a world with no learning. Section 5 shows that
learning is always socially beneficial, althocugh gpecialization of preduction
might come too slowly from Bociety's point of view. Finally, Section 6 shows
how our model leads te a theory of predatery pricing. wﬁile prices below
marginal cost are not necessarily predatory, predatory pricing Can.OCCur in
equilibrium if firms have avoidable fixed costs, and may be socially

beneficial. Section 7 concludes with a brief discuseion of some open

questions.

2. THE MODEL

Consider.a‘price setting differentiated duopoly'selling to an infinite

sequence of heterogeneous buyers. In each period, a buyer demands at most one

2 Mookherjee and Rey (forthcoming) analyze a dynamic price-setting
oligopoly with deterministic demand and learning by deing. They focus on
"folk theorem" results, thus jindicating the potential scope for cooperative
behavior. In contrast, our restriction to Markov Perfect equilibria focuses

on noncooperative strategic ihteraction.

3 This suggests that Arthur‘s (1989) model of lock—-in by small historical
events is robust to the introduction of strategic behavior. .Independent work
by Salant (1991) shows market dominance is self-reinforcing in a model with
deterministic demand and stochastic learning.



unit.of the gaod.from either firm i or firm j. The buyer’'s w;llingnegs té.pay
for firm 1‘'s and firm 2'§ products is given by b + y and b + i,.with ¥y = 0 and
k 2 0, Thus, x = z — y ig the price premium the buyer is willing to pay for
“firm 2's product. x Qaries across buyers, péssibly taking any real value. We
refer to x as a buyer's “preference parameter”. \Throughcut, we agsume b is

sufficiently large that in equilibrium a sale alwaYs occurs.?

Firms do not observe buyers’ preferences. The preference parameter x is
i.i.d. according to a twice differentiable c.d.f. F{x)} with full support.

f(x) denotes the corresponding density function, and is symmetric around

Zero. 3

Assumption l: H(x) = F({x)}/f{x) is increasing.

Assumption 1 has the following interpretation.  If x = p, - p, is the price
differential between firms 2 and 1, theh F{x) is the probability that firm 1
makeé a gale, and plfH(x) is the price elasticity of expected demand for firm
1's product. Thus, expected.marginal revenue equals Py — H{x}. The

4 The significance of this assumption will be clear in the proof of
Theorem 2.1 below. See note 8.

S The assumption that f(+) is differentiable only matters for Lemmas 3,2
and 5.2. It is not entirely innocuous. Suppose that y and z are i.i.d. with
a density ¢(*) on the positive real l;ne. Then : :

f(x) = Jm ¢(]x|+z}¢(z) dz. f(x) is differentiable everywhere except zero if
0 : .

$(+) is differentiable, and f£‘(0) existe if and only if ¢(0) = O.



assumption implies that, given a rival’s price, expected marginal revenue

decreases as a lower price increases the probability of a sale.

The kéy aspumption of ocur model is that a firm's unit cost is a
decreasing.function of cumulative past sales, c(g). We further assume that

learning is finite, in that a firm reaches the bottom of its learning curve

upon making m sales.
: _BssumptiDn 2: c{g) > ci{g+l) for q <m and c{g} = ¢c{m} for é z m.
We maintain Assumptions 1 and 2 throughout.

Our solution concept is Symmetric Markov Perfect Eguilibrium (SMPE}.
“This is a subgame perfect equilibrium with the property thgt each firm's
strategy depends ﬁnly on the state of the.game, and not1on the firm‘'s
ideﬁtity. The state of the game.is defined by a pair (i,j}, where i énd j are
the cumulative sales of each fir@. Since learning is bounded, state (i,m+k}
ié egquivalent to htate (i,m) for k > 0. Therefore, a strategy for each firm
is a mapping p(i;j) which gives its price for each possible state_bf the game

and has the property that p(i,m+k) = p(i,m) for k = O.

Given a symmetric strategy, we can define recursively the value functions
v{i,)), giving the value at the beginning of state (i,j) for the firm with
cumulative sales i. Our first result relates theée value functions to the

equilibrium strategies.



B.for. -tlting thi- result, we nand'moré hotaticn. Let C{(i, j} - c(;) -
c(;} d.note the cost diffnrence between firml in utatc (1.3)- Allo, def;ne
the function Il(x) - F(x)}l(x). N{x) ia .qual to th- ont—lhot up.ct.ld praf:.t
of firm 1 if x is the Bertrand equilibrium price diffnrtnce. ringlly, lqt
G(x) = M(x) - M(-x) = H(x} - H(-x}. Note that Il‘{0) = 1}'ntx1 is increasing,
G(0} = 0, G'(0} = 2, and G(x) is increasing.s
Theorem 2.1. A SMPE has the following properties:

P(L,3) = o(i) + H(-P(i.3)) ~ &w(i,4), S € 1

~where ﬁ(i,j)_-.v(i+1;j} - G(i,j+1} is firm i“s value of.winniqg_a sale, and

'P(i,j)_- pii. 1) - ﬁ(j.ij is'the.eguilibrium price diffafoncl;.
v(i,3) = D-P(L3)) + o‘v(_-_i.jﬁn - IR ¢ 31
.P(i.gj';_C{ifj) —_G{P(i;j)) *\5“(1fj);  . :. | '. . (2.3)
wherq ﬁ(igj) -Iw(i,jl_- "tj.i): and
Cv{i,m+1) = i(lfm). : ' ' | - | -_' ' '_{2,4)

3;921;7 Aﬁ each.stage {i.3), the firm with cumulative sales i (refbrfad'to as

L firm i):sdlvos'the following maximization problem:

max'rtq—p)lp—ctil + 6v(i+1,3)) + (1 = F(g-p)}év(i,3+1) o f C 2.8

K 6 These facts follow from the aymmetry and diff-rontilbzlity of f{x) and
A:sumption 1 . _
Th- proof of Thaorum 2 1 doss not niquixc Asuunﬁtion 1.

iy '_':'
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where q is the_pribe set by the rival firm.a The first—brder conditions are
given by' |
F(g-p) - £(g-p) [P — (1) + v(i+1,3)) + £(a-P)6v(i,j+1) = O, (2.6)

which simplifies to p = ¢{i) + H{q—p) - fw(i,3). 'Subﬁtituting P{i,j} and

p{j,i) for p and g, wg_obtain {2.1). _Purthermore; substituting p{i,j) and
p(j,i) for p and q in the'maximgnd of problem (2.5), and simplifying, we
ocbtain (2.2). Taking the difference between (2.1} and its symmetric
counterpart for f;rm j, and simpiifying, we obtain (2.3). Finally, the
boundary'&pnditiona'{2.4) follow frﬁm thé fact_that_(i,hj and {{,m+l) are

equivdlent.states by Assumption 2.

hegr 2;2. A SMPE ekists_uniquely‘

Ergog, IWe first show that the necessary conditions of'Théorem 2.} have a

unique solution. .First, coneider state {m,m}. By Assumption 2, C{m,m}

w(m,m) = Wim,m) = 0. 5ince G(x) ia increasing and G(0)'= 0, eguations

(2.3}, (2.2) and (2.1) imply P{m,m) = O, v(m,m) ='.I‘i{t'.l)/(l-éi) and p{m,m)

c(m) + H{0). Next, consider sﬁate (i,m), i < m, and adﬁpt the induction
hypotheﬁis that a phique SMPE ;xists for the subgame beginning in_stata

(i+1,m);' Equation (2.2) implies that

8 This specification implicitly assumes that p = b over the relevant
range, which is true if b is sufficiently large. A price above b would choke

off some demand. '
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 thus, it follows from tquation (2.3) lnd the definition of. G(x] thlt P(i,m)

.equall the vnluc ot x solving

x + 11+5}H(8) - %i_%% - C(i.m} = 6v(i+1,m) - 6(1-8)v(m 1+1}..If -(2.32i
" The right hand -1&- is bouad.a and ind.pendcnt of x, whil. the 1.:: hand side
is continuququ ingr.;;;nq, rnnging betwaen fﬂ gnd ‘o, It tollowt that
equation (2.12)'yipld-Jn uniqua'-oiﬁcgdn tor P(i,m)." Giv.n_?{iaﬂ)t'bﬂth: .
.pfi,m}.aﬁd p{ﬁ,i):n?b detdrminid 5} éqﬁation (2. 1).  3 |1&11::;-hu£~.ven
-1mp1¢r, induction nrgunent cltablllhnl a uniqui lolution to (2 1) (2 iy for:
.-othgr lqbqamts. Thus, -quationl (2 1)-(2.4) charlctcrizt uniquo noclssary
conditions for & SNPE. sufficiency follows from the fact that Allunpt;on 1
.impii.litho miximinq of_(2.5).is qunui—concave._” o

. Q.E.D.




: xﬁ_ia';ntﬁitivqu_plnuiibie that as cost aitt-t-ﬁcO—'”‘Fﬁi'ﬂ=fi?ﬁ-'wzd§ﬁ;
80 ihoulﬂ-Rric.-differcﬁces_-:Thil is thltl;ly trﬂi-infntafic ‘qd.i;’:;ad:;?_;
Rt qh#'mhé‘l e if the future 15.-“ffiﬁidntly'uhinﬁ°étlﬁ£."Haﬂ‘vér;-__ .
in oue model, this resilt is not a comparative static one, but has dynamic =
.iﬁ’ii“‘gl°“' for the evolution of market structure. With learning, winning a
.'iln Lﬂcr..;;- the pr°b'biiitY.9f ﬁiﬁniﬁg-th;_n;xﬁ lain,ilnd--d; OhCQ.lhﬁld;';
fi?m tcndi ta'.g.y .ﬁ¢.a.'. ' : T _

Ihggxgm_;ii.' ?or-,uf£icient1y'amd11 5, and { <94 sm,

”t“YPﬁdl’df . if i< g,
(i5) P(L,I) < Pei, 341 if 3 <m,

L did) P(Lg) > P(i+1,§) if i < 4.

_ g;gg1.  sinq. hisumptidn 1'impilci-c(-j ié.ihcrcailﬁq,'tho :-ahlti'feilow'ffom 
'Aisumptioh 2 and oquatiod (2.3) ag § = 0. i

 Q.E.D.

 We can also prove that market dominance is self-reinforcing if one firm
.is at the bottom of the iagrning curve and the-othhri!irm-hgl one step to go. -
By implication, self-reinforcing market dominance holds for the -p.c;;l_casé

.of_?onc-stnpﬁiqarping' with m = 1.




Theorem 3.2. P(m—1,m} > O.

Proof. From Theorem 2.1:

_ o)
V(mrm, - (1""‘6] ’
- _ I{-P{m=1,m})
V{m 1;111.) - (1"'6) r
vim,m—1) = I{P{m-1,m)} + EELQL_'
{1-5§)
Thus,
W(m—-1,m) = 2v{m,m} — v(m—1,m) — v{m,m~1)
- 2¢0)  H{(-P{m~1,m)) _ I(P(m-1,m) ~ f?i?:

{1-§) (1-6)

= 228 (A(0) — {~P(m-1,m})]) =~ G(P(m~1,m}).
{(1-6) :
It follows from equation {2.1) ﬁhat P{m-1,m} is the unigque value of x that

solvasg

§(2-6)

(1) O-I(-x)} = cm-1,m),

Pix) = x + (1-6)G(x) +

and the result follows from the .facts that C{m—1,m}) > 0 by Assumption 2, y¥(x)

is increasing by Assumption 1, and ¥(0) = O.

We can also show that self-reinforcing market dominance holds if the

future matters sufficiently. This result builds on two important lemmas.
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lim P(i,3) = O.
51

Proof. See Appendix.

emma P

i=1
lim E‘fé—iﬁ—’ - - Z c(k,m)

6-1 k=i

for i < j.
Proof. See Appendix.

Theorem 3.3. For sufficiently large §, and for.i < 3 <= m,

(i) P(i,j) > O if i< 4,
(ii) P{i,3) < P(i,3+]1), if 4 < m,

(iii) P(i,3) > P(i+1,3). if i < 4.

{3.1)

{3.2)

Proof. Since P(i,3j)~0 by Lemma 3.1, for values of § in the left neighborhood 

of 1, we have P{(i,j) > P(k,1) if and only if dpé;'J’ < dp‘:él’,

then follow from Lemma 3.2.

The results
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The details of the proof of Lemma 3.2, from which Theorem 3.3 follows,
are somewhat complicated. However, the underlying effecta can be found in

'Equation (2,3), which we rewrite as
CP(4,3) + G(P(L,3)) = C(i,3) - 6W(i,3), (3.3

where the left—hand-side is an_increasiﬁg function of P({i,Jj) which equals zero
when P(i,4} = 0. It follows from this equation that P{i,j) > 0 if and only if

the right—hand-side of (3.3) is positive.

We thus have two effects to consider. First there is the coatfdiffereﬁce
effect, which explains Theorem 3.1, Secqﬁd, thefe is the. effect given.by
W(i,jj. Recall that,.by definit;on; W(i,j) = w(i,jj'— w(j,i}, i.e., W(i,j) is
‘the difference between the values of winning for firm i and for firm j.
Therefore, a suffiqient condition for monotonicity is that'w{i,j) inereases
with i and decreases with j; i.e. winning a sale increases the léader's
relative value of Qiﬁﬁing fhe'next gale, and conversely. The proof of‘Lehma
3.2 shows this is_s§ for S close to 1, in which case the second effect

reinforces the cost-difference effect.

There is an alternative way of interpréting the effect'of_wii,j). Recall

_that wi{i,j) = v{i+1,3) — v{i,j+1), and thus

W(i,3) #_ wii, }) - w(j, 1)

= [v{i+l,j) — vi{i,3+1)) — [v{j+1,i} - V{jii+1}l



= [vii+l,d) + v(3,i+1)] = [v(i,3+1) + v(3+1,i)]
= Ugi+l, ) — U{i,F+1)

where U(i,j) = v{i,3) + v(j,i} i= the industry wvalue functign'ac state (i,3).
This equality means that the conditioﬁ of the value of winning a sale being |
greater for the leader than for the follower is equivalent to the.conditiﬁn
fhat industry prbfits beﬁomé greater if the leader wins than if the follower
wins. This ie a generalization of the weil—known condition that industry

profits be greater under monopoly than unde:r duopoly (cf. Gilbert and Newbery,

1982).°

We have not found # general result for intermediate values of § when m >
1. In fact, there are numerical examples vieolating the menotonicity of .
prices, Figure 1 plots the eguilibrium values of p(o,z) and P{1,2}.fcr a
special case as a function of the dispnunt factor §. Notice first that as
6+, both P(0,2) and_P{1f2) - ( {Lemma 3f1)‘ Furthermore, the derivative of
P(0,2) with respect to § is twice the derivative of P{1l,2) with respect to 5
at § =1 fLemﬁa 3.2)1 Ag & result, for values of § close to 1,
P{0,2) > P(1,2) {(Theorem 3.3). However, for lower values of §, but not too

low (Thedrem 3.1), it may be that P(0,2) < P(1,2), as the figure shows.

 Budd, Harris and Vickers {1990} also conclude that "competition tends
to evolve in the direction in which joint profite (i.e. the sum of the two
firms' payoffs in the continuatidn'game} are higher." (p.3) However, the
model they use is different form ours in two important ways. They consider a
one—-dimensional state space and an exogenously given effort cost function,
where effort determines the expected motion along the state space.



.__firms._

" =ld—~

4. PRIVATE REWEFITS OF LEARNING

w¢ ﬁuxt-d.monstrlto how lcnrning'ii privately diladvanfagadul, in the
sense that nymmntric firm- would ‘e hctter otf if ne turthar loarninq were

' posltbln. 311 of thn bencfits of lunrnan,'lnd more, ars Cnnp-t.d away._

Ihgg:gm;jalf v(i,;) > v(i 1+1) for i < m, meli.s that v(i 1) is lower than’ﬁ

At would be in a world with no lcarning bayond {i i}._

'ggggi.- If v(i,i) > w(i,i+1), fhen'fzom equat£0nf(2.2) and nymmﬁtrj
v(i;i) = [[{Q) + sv{i,i+i} - _. A : ;' “(4.1)
<”n(oy + v(i, i)
neo)
<

which equals the presant value of repsated Bertrand profitl for lymmatric

Equation (4.1) has an intefesfing'intarpretation; thting SIi'Q} (o) is.

‘the short run Bertrand profit of a firm facing a lymmltric rival.' Hoﬁevir, ;f - -

§ » 0, the nbility to roducl COltl with cumulativc lllll cr.ltll & ”prize for
winning th- next saln.' Symmetric firms vnlue this prizc thl sens, :nd #o

_completely bid it auly conpnting £or tha n.nt llll- rhus._uport rua oxpectéa*
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préfitl'ixc reduced below I{0Q) ﬁy_thi expecgdd v;;;g of the pri#e._.it fqliowﬁ.
| thiﬁ'éhe prastﬁt value of cufrent dnd future expcétéd ﬁrofits.df:anch fir@ _.
'.equals the -hort run Bcrtrand profit Plus tho vnlue cf lu-inq. lﬁtswhy'dcas.
1enrninq make symmetric firms strictly wor-o off? The rcnson il thtt a f;rm

does not onpitalizo thc 10;-0; that low priccs impo:c on itq rival.

In conjunction wzth Theorem 4 1, tha next rclult points out that learnxng
is pr;vately d;sadvantaqeous whenever market dominance is lelf-rnxnforcxng

' Recall that asction_a.showed th;l_was the case if the futurt-wns_aither

§

sufficiantly unimportan;'orfauffi;itntly important, and fqr;onq—ntép-léarﬁing

{m = 1}4

_ghgg;gm_iLz; It_P(i,k) is increniing in k;'then v(i,j) > vii,j+1).

»

'Progf. From equation (2.2),
v(i,3) = v(i,3+1) = M(=P(4,3)) = (1=6)v(d,3+1).
= M(-P(i,3)) ~ (1-8) f 87 TI(-P{i,j+k)) < O.
S | k=1 S

'since'n(x} is increasing, the_laﬁt inequality follows from'P(i,j+k; > P(i;j)

because

(1=6) Zﬁ i (= ITRE Y
) - F k+1 '} _

iﬁ a weighted average of terms each of which is greater than”ﬂ{-?(i(jj).'
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Q.E.D.

It should he clear from the proof of Thecrem 4.2 that monotonicity of P(i,k)

is sufficient but not necesgary for v{i,j} > v{i,j+l).

Anecdotal evidence suggests that learning does indeed have 'a négative
impact on industry profits. A first example is given bylcoﬁmercial aircrafx
.cbnstruction, which ;s known to be subject to significant learning economies.
Seitz et al (1§85) state that out of 22 commercial aircraft developed; only.
thrée - the Boeing 707,727 and the DC-8 — have been brofitable. Réturhs on

assets and on salees have been significantly below that for all manufacturing.

A éecond'example comes from the sewiconductor industry. “The chip
business is a matter of yields, learning from experience énd fotyard priecing.
The greater the investment a manufacturer makes in a semiconductor plant, the
more chips it.can turn out. The higher its output, thé lower its uﬁit costs
and the greater its 6peratiﬁg experience. That translates, in turn, into
higher yields and still loyef unit costs" (The Economist, July 14, 1990}.
Competition for salas in the previous generation of memory chips (1-Megabit
DRAMs) was such that chip makers "almost bankrupted themselves." Now that a
new generation of ﬁemory chips (4-Megabit DRAMs) is overtakinq the previous
one, "Japan's giant chipmakers are rushing.into what looks like a sujicidal

expangsion of 4-megabit chip production" (The Economist, October 13, 1990).
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5. SOCIAL BENEFITS OF LEARNING

In this section, we contrast equilibrium putcomas.with £h§ll
]cofra-pondiné'to maxim;zed chial'welfara. Firet, we.Aegive.the socially
optima;1iolﬁtion ana show that there are always social benefits from learniﬁg;
.'coﬁirary.tq.the absence éf_pfiv;te benefits. Second, we Bhow that the
équiiiﬁrium raté of learning 5y.tha'ieader is fooziow.ftom a social Eﬁiht of.

view if the future matters sufficiently.

We define social welfare #o bé the ;um of expécted producer‘and consumef
surpluses.  we view the sociai planner as cﬁoosing a symmetric function_
P*{i;j) such that, in state ti,j), the.buyar récgiQes fifm_i'i p:bduct“if his
preference parametef_(x) exceeds P*(i,j), and fi?m.Z's_prngcg otherwise.
‘Again, Qe imp;icit;y agsume b is sufficientiy Bigh that.; transaction always

t#kas place.

In the following thecrem, b +-;'is a buyer's expected value for firm 2°'s

product.
Theorem 5.1. The socially optimal solution is characterized by:thé following
‘properties:
i : o . N : .
P (i,3) = C(i,3) - W (i,3); _ _ : : ' (5.1)

U (i,3) = b + ¥ — c() + SUT(L,3+1) + T(P"(1,3)); C(5.2)
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where W' (i,3) = U"(i+1,3) = U™ (i,j+1), and I'(x) -'Im (1-F{a)) da; and
. X .

v*(i,m+1) = v i,m). ' : (5.3)

Proof: By Bellman’'s principle, U*(i,j) obeys the following equation:

* - * * .
U (i,3) = b + y — c{3) + 68U (i,j+1) + max Jm [x — C(i,3) + 6W (i,})} dF(x)
P P

The first—order condition for optimality can be simplified to get ({5.1}.
Substituting this first—order cendition back into the Bellman equation yields
{5.2)., Finally, the boundary conditions {5.3) follow from the fact that (i,m;

and (i,m+l} are egquivalent states.

Q.E.D.

Theorem 5.2. The maximized social benefite from learning are greater than in

a world with no learning beyond (i,i).

Proef: Trivial.

Next we turn to the results which characterize optimum values for
* oL
P (1.3}~
Lemma 5.1. lim P*{i,j) = O.
§-1

Proof: Analogous to proof of Lemma 3.1. Q.E.D.



Lemma 5.2. a5 35

lim 4P (i), 2 1im LB
51 §~1

Proof: From (5.2), we have

- *
* + — +
o (i,m = 22¥Y = cim F(P (i,m))
1 -8
Therefore,
£'(0) — (P (i £0) — ['(P (i+l
* . _ o)y — (P (i,m)} (O} — I'(P (i+l,m))
W (i,m) = 13 1T {5.4}
By Lemma 5.1 and eguation {5.1), we have lim w*{i,j; = ¢C{i,j). Therefore,
6—1 ‘
(5.4) can be solved recursively to get
r(0) — I(P (i
Lim AL LR gy,
§-1
Finally, applying L’'HOpital’s rule and [''{0} = -1/2 we get
¥ . '.
lim 9—33%3451 = —2s(i) = 2lim-9—3é§491.
- g1 6-1

-The remainder of the proof is similar to that of Lemma 2.2.
Lemmas 3.1, 5.1 and 5.2 lead immediately to the following result.

Theorem 5.3. For sufficiently large §, the eguilibrjum probability of a sale

by the leader is too low from a sccial point of view.
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6. PREDATORY PRICING -

Predation refers to actions which are unprofitable but for their possible
contribution to a rival‘s ekit (Crdover and Willié, 1381). By intreducing an
avoidable fixed cost in our model, we demonstrate how a iaarningicurve can

create equilibrium incentives for predatory pricihg.

Specifically, we amendIOur mod§1 by assuming that firms incur a positive
fixed cost each period they remain iﬁ.the ﬁarket.- At the beginning of each
period, firms decide simultaneousiy whether to remain or exit.. E#iting, a
firm gets a payoff of zeroflo Staying in, the firm pays a fixed cost in the ’

amount. (1-6)A.

If both firms stay in the market, then competition for that perieod -

‘proceeds as before, except that the possible future exit of a rival can affect

equilibrium pricing,'gs we shall demonstrate. TIf its rival exits, a firm with
expe;ience i gets & monépoly payoff of v’{i) = B for the subgame beginning at
that daté. IWB.assume b is sufficiently large that v’(i) > v(i,j)'+-v{j,i) for
all j; monopoly profit is greater than the sum of duopoly profits. It is easy

enough to characterize v*(i} explicitly, but we won't need to do so,.

In what follows, we adopt the following notational convention. For

A =.O; vi{i,j) denotes the equilibrium value function for the subgame beginning

10 por expositional simplicity we assume firms cannot re—enter after
exiting.



in state (i,j)} as cﬁargpterized in Section 2. For A > 0, v'(i,j}.denotes the
value function for the subgame begihning in gtate {L;j) and before firms ﬁave
decided whether to exit, and v"(i,j) denotes the corresponding value function
given that both firms have decided not to exit. P(f},.P'('} and P"(+) are

distinguished similarly, as are p(*), p‘(*}), and p"{*).

' As our purpose is to establish “possibiliﬁy" results, we proceed by
analyzing apecial cases and examﬁles. We begin with the c¢ase of one-step

laarnihg, m =1, In this case we know from Section 3 that
v(1,0) > v(1,1) > v(0,0) > v{0,1).

If v(0,1) = N{-P(0,1)}/(1 - §) = A, there obvicusly exists a SMPE with no
exit, but we sﬁow there might exist also a SMPE with exit in state (0,1).

" Obviously, if v(0,1) <fa; exit must occur in state (0,1).

Theorem 6.1. _If m = 1 and fi - 6)A_= IH{—p(0,1)) ; €, then, fof € >0
sufficiently gmall, there exista a SMPE in which
{a) both firms enter initially,
(b) the firm losing the first eale exits, and

(c) p'(0,0) < p(0,0).

Proof. Adopt the equilibrium hypothesis that exit only occurs in state (0,1). .
Thug,-v*{0,1) = 0 and v'(1,1) = v{(1,1) — A. Suppose that the lagging firm
were to deviate and stay in. Under the hypothesis of equilibrium play in

future periods, and letting g denote the rival‘s price, the deviant chooses p
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to max;mizo ir - c(O).+ Sv'(l.l)}r(q—p). The first—order condition ii

p+ H(puq)'i-c(O) — §{v{i,1) - A], and the corresponding ﬁljoff is

. {HE{a-p) — (1 — §)A). On the other hand;.iha'first—ordlr condithn for the

rival is

q'- Hip-q) = c(1) - s(vF(1) - v(1,1)}.

‘Thus, the nquiiibrlum pricé differanca, P = p - q, satisfies

P+ G(P) = €(0,1) - §{v(1,1) - A] + §(vF(1) - v(1,1)]

= C(0,1) - §W(0,1) = §[v(0,1) - A} + 5[vF(1) - v(1,0))

> €{0,1) —- §W{0,1}.

since v#(1) > v(1,0) + v{0,1) it follows that P > P(0,1), and the firm's
payoff is less than ((-P(0,1}) — (1 - G)A]; Thus, it is an eguilibrium for

the 1ag§ing firm-to exit in sthte (0,1) if
N(-P(0,1)) < (1 — &}A + ¢,

for ¢ > 0 sufficiently small. 'Furthérmorc, initial entry will be profiﬁ;ble

if v'(0,0) > 0.. By an anaiogue of ¢quatidn (2.2), uo-havn
v (0,0) = N(0) .~ (1 = §)A +.6v*(0,1).

Sinb- v'{0,1) = OIbccause of ckit, Lt_followu £hat initial nntfy occurs if
moy > (1 <~ §)A, which follows from Theorem 3.2. It remains to show that exit
in state (0,1) influences pricing in state (0,0). An ;ndlbgu-'ot cquatidn

(2.1) yields
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P’(0,0) = c(0) + H(0) — 6{v¥(1) ~ AjJ.

Since v*(l} > v(1,0) and v(0,1) is approximately equal te A, v#(1) — A >

wt0,0j, and we conclude that p‘(0,0) < p{0,0}.

Q.E.D.

Thus, if A = I[I[{—-P(0,1)} + € where € is a small positive number, there
exist multiple equilibria, one involving predatory pricing and exip. The
intuition behind the predation regult is.clear. -The-possibility_of the
‘rival’s exit increases the "prize" from winning the first eéle, inducing more
aggressive pricing. Moreover, it is clear from the proof that éarts'(a) and
{b) of ﬁhe theorem hold if IF{0) = (1-6) A = H(-Pfo,l)). Thgs, multiple

equilibria exist in a wide range of circumstances.

In cases of multiple equiliﬁria, the predatory one might be considered a
"bootstrap” equilibrium. The leading firm sets a predatory price expecting
that winning the neﬁt sale will induce exit, and this pficing behavior makes
that.expectation self—fulfilling. It is perhaps surprisihg_that Markov
perfection does not eliminate bootstrap equilibri; of this sort; the reason
is that the.lea;ning curve makes history “péyoff relevant" (Maskin and Tirole,
1989). Mﬁreover,_it is tempting to think that an appfopriate forward
induction_afgumeﬁt would eliminate such equilibria, but that is not clear.
Staying in rather than exjiting miéht “signal* that the lagging firm ekﬁects to
play the non predatory équilibrium, but a predatory resbonse might in tufn

signal that the leader expects to play the predatory one. Which signal is

more convincing?
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o o _ . . _
A po-siblc policy drnwback with the mowe 1 pr.dation rtlult 1: thnt thera

il no dittinction botw.cn prodltor and pr.y.. Both firml are pr-datiaq aqainst

'-uach-oth.r. Houcvcr. for morc complicnt.d lalrninq cuzv.l, nayuu-tric nlxkat o

ponitionl can -marqo in which th. lounr colt firm pr.datci. ﬂ..shnw thiqffer_ o

tha caiq of two utop lonrnlng._

Ihgg;gm_ﬁ;z Lnt m= 2, th.re axilt plranntnrl lupportinq an .quilihrium with
'(l)' axit occurring only 1n state {D 2}; - - N |
(b) B'(0,1) > B(0,1)

() P'(1,0) < p(1,0)

Broof. Define P° and A® to satisfy
CP° o+ G(P*) ='C(0,2) - §[v(1,2) +v(2,1) - v*(2) —aA'}
__and _
A® = M(-P°)/(1 - 6).
If A= A® + ¢ for ¢ > 0, then P"(0,2) = p°. A® is thc-lowsqﬁ vilgp of A
'_éonnintcnt..quilibriuq exit in state (0,2). yotcov.r,'forik iu!!&eilntiy'
small and § sufficiently close to one, an evaluation of first-order conditions .
ﬁnstnblish&a tnat this is the only_stqtq iﬁ which exit occurs. fSY‘ah anq1ogug_.

of equation (2.3),
: Ty

P'(0,1) + G(P'(0,1)) = C(0,1) - 5W”i0(1)




= €(0,1) — §[v(1,1) — A] + §(vF(2) - v(1,1))
= C(0,1) —_6“[0,1).+ sa + §(v¥(2) = v(2,0) — v(0,2)]

> ¢(0,1) — 6%W(0,1).

therefor#, P*(0,1) » P{0O,1). By Qn gnnlogu§ of.-qqation (2.;); wéfhavg
pr(1,0) = c{0) + H{P'(0,1)) - Etv'(zi_— v(1,1)] _'
= c(0) + H(P'(0,1)) - 6w(0,1) *.Efv*(Z}:- v(2,0))
'? c(0) + H{P(0;1}) - GWto.l)_- Pfi;olf: 

 Q.E.D.

Theée fasulta'provide a very satisfactory theofy of préﬁato;y pficing,
with tﬁe _f.t.;l'lo“ring features. First, an in;:umbe_n£ £irm _p_er;'.;eives 't.ha_t :a iowe__r
price increases the probability tﬁgt a rival will exi£ the market. Second,
such exit is ratio;';al for the x;ﬁf.val. Third, __it..w;as raf:‘;ondl_ for the rival to
hava'éntered in the first'placé, Fourth..the poésibility'of the rival's'exit
leads the firm to price lowef ﬁhah'it would weré the ;ival'committed not to

exit. ' Fifth, such pricing increases the probability of exit.

We hava shown that;.:or specificharametéf values,_thére.may exist two.
equilibria, oqe:whefe predaﬁidn and e#iﬁ occurs, and ﬁné where it'dugg not. A
nétur;l gquestion to ask is then which_of'the.equilibria is socially bettef.
'Iﬁ.is well known that free entry into an.indgstry with scale econoﬁiea may

lead to ﬁkcnugive onﬁrx_(a.g._uahkiw and Whinston, 1986); Thér.fore, it is
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not surprising that there may exist parameter values such that the predation
equilibrium is sociaily.better than the equiliﬁriuﬁ with no predation.. In
fact, when the two_equilibr;a eo—exist, 4 comparison involves a_trade-bff
between several effects. The predaﬁion equiiibrium features (1) lqés total
productiﬁn bécause of monopoly power; (2) less product va;iety; and.(3} lower
production costs due to quickér learning. It is not hard to construct
examples where this last effect dominates, making the predatory eguilibrium,

better from society’s standpoint.

We next show that prices below marginal cost are not necessarily
predatﬁry {(cf. Areeda and Turner, 1975). Below cost pPricing caﬁ happén even
-when A = 0 preciudes the poséiﬁility of exit. However; once a firm r;aches
the bottom of its learning curve, ghere is no explanation fﬁr below marginal
cost pricing except to induce exit; This suggests that prices below c(m)
indicaté a predatory intent. |

Theorem 6.3. A = O implies lim p(i,j} = c(m) + H(O}.
' ' BT 281

Proof. From egquation (2.1) and by Lemma 3.1, we have

lim p(i,j) = c(i) + H{O} — lim w{i,j).
§+1 | §-1

From the prbdf of Lemma 3.1 (see Appendix), we have lim w(i,j) = C(i,m}.
' &1

Substituting and simplifying we get the desired result.

-
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Our assumptions certainly allow c(i) > c(m) + H(O0), in which_case-p{i,j] <
c{i). for 6.sufficient1y large. Thus, competition to move down the_learning

| curve can itself induce equilibrium priceé below short run marginal cost.
Theorem 6.4. A = 0 implies p(m,i) > c(m).

Proof. From equation (2.2), w(m, i} = v(m,i) ~ v(m,i+1) = M(P(i,m)) -

{1—5}v(m,i+1j. Therefore, from equation (2.1)

pim,i) = c(m) + H(P(i,m}) — éw(m, i)

c(m) + H;p(i,m}}.w'EH(P[i;m}jF(P(i.m)) + §{1l-b6)v(m,i+1)

v

Jc(ﬁ] + (1vE)H{i,mjj + 6(1—§§(m,i+1} > ¢c(m).

'Q.i-:.D.

It is also possible to explain prgdatory pricing-bf a_matﬁre.incumbent
(a£ the bottom of the learning curve), by introducing declining démand into
the.mcdel. Specifidally, suppose that beyond a certain date, say t°, buyers.
begih to arrive more slowly@ This is cgptured by assuming that § is'ibwer
aftef t'. HNow suppdse that ﬁhe market is in state fi,m) St same date t prior
to date t°, ané‘let vii,m,t}) dgﬁote the value funétion for the lagging.firm.
Suﬁposg thﬁt.v(ifm,t+1] < v{i,m,t) since, other things beiné equ?l, thé futuré
‘looks lega.ﬁavorable_as time. goes on; The f;fﬁlmight stay in'at'd;te f;
Hoping to move down the_iegrning cu;ve; but exit at data t+1.;£_it'faiis to.dﬁ

@0, Thip givci;;h& ﬁ;tﬁrc_fikm an incentive to:_pcidatary priclnq'at date t.



7. CONCLUSION

wWe modeled dynamic price competition with 1e;rning by doing for a ducpoly
facing a aéquence of buyers with uncertain demands. We showed that market
dominance can be self-reinforcing, that learning can be soc¢ially desirable
but privately disadvantageous, and that equilibrium learning can be tco slow
from aocietyfs etandpoint. Finally, we developed a theory of predatory
pricing arising from learning economies, and argued that predation might speed

learning in a socially desirable way.

However, this agenda only scratches. the surface. Learning economies give

rise to many other interesting issues for strategic oligopoly interaction.

11 In our

For example, important issues surround the timing of production.
model, the timing of producticn was determined by the exogenous arrival of
buyers. Certainly, this is very artificial. In industries such as airframe
manufacturing; where it has been long known that the learning curve matters
(Wright, 19365,Jdexivery dates are determined endogenously by negotia£ion

between buyers and sellers, and actual delivery lags are very significant.

The optimal timing of production must trade off between short run economies of -

1 Majd and Pindyck (1989) analyze the optimal production plan of a
price—taking firm with a learning curve, short run decreasing returns to
scale, and facing uncertain future prices. Fershtman and Spiegel (1983)
compare optimal production under monopoly and competition. See also Spence -
(1981), Fudenberg and Tirole (1983}, and Gulledge and Womer {1986} on optimal
production plans for a monopelist.



scale and long run economies of learning. A very interesting issue jis how

strategic interaction affects this tradeoff.

There are also Qarious policy issues surrounding iearning economies. We
addressed predatory pricing; but only briefly. Obviously, it would be
desirable fo have a much clearer delineation of when predatory pricing is
likely to be harmful. Also, it would be interesting to address how the
enforcement rules against predatory conduct, such as the Areeda—Turner
_standafd, might effect dynamic oligopoly competition and the evolution of
market structure. Still another area of policy application is the so—called
infant industry argument for tariff protection in the presence of learning
econcmies, briefly analyzed by Krugman (1984). Finally, oligopcly competition
with learning economies might have implications for the optimal design of

patent peclicy.

In short, there is much work left to be done.



—30-

BIBLIOGRAPHY

Areeda, Phillip and Donald Turner (1975), “"Predatory Pricing and Related
Practices under Section 2 of the Sherman Act," Harvard lLaw Review.

Arrow, Kenneth J. (1962), "The Economic Implications of Learning by Doing,"
Revjiew of Economic Studies 29, 155-173.

Arthur, ¥W. Brian (1989), "“Competing Technologies, Increasing Returns, and
Lock—~in by Historical Events," Ecpnomic Jourpal 99, 116-131.

Boston Consulting Group (1572), Perspectives on Experience, Boston.

Budd, Christcepher, Christopher Harris, and Jochn Vickers (1990), "A Model of
the Evolution of Duopoly: Does the Assymetry Between Firms Tend to
Increase of Decrease?," Discussion Paper in Economics No. 47, Nuffield
College, Oxford, February.

Fershtman, Chéim and Uniel Spiegel (1983}, "Monopoly versus Competition: The
Learning by Doing Case," European Economi¢ Review 23, 217-222.

.Fudenberg, Drew and Jean Tirole (1983), "Learning—By-Doing and Market
Performance," Bell Journal of Econcmics 14, 522-530.

Ghemawat, Pankaj and A. Michael Spence (1985), "Learning Curve Spillovers
and Market Performance,* Quarterly Journa)l of Fconomics 100,
Supplement, 839-852. '

Gilbert, Richard J. and David M.G. Newbery (1982), "Preemptive Patenting and
the Persistence of Monopoly," American Economic Review 72, 514-526.

Gulledge, Thomas and Norman Womer (1986), The Fconomics of Made-to-Order
Production, Berlin: Springer-Verlag.

Krugman, Paul R. (1984), "Import Protection as Expert Promotion:
International Competition in the Presence of Oligopolies and Economies of

Scale," in H. Kierzkowski (eds.) Monopolistjic Competition and

International Trade, Oxford University Press.

Lieberman, Marvin (1984), *"The Learning Curve and Pricing in the Chemical
Processing Industries," RAND Journal of Economics 15, 213-228.

Mankiw, N, Gregory and Michael D. Whinston (1985), "Free Entry and Social
Inefficiency," RAND Journal of Economics 17, 48-58.

Maskin, Eric 8. and Jean Tirole {(1989), "Markov Equilibrium,” manuscript.

Mookherjee, Dilip and Debraj Rey (forthcoming), "Collusive Market Structure



-3]1-

under Learning-by-Doing and Increasing Returns,” Review of Economic
Studies.

Ordover, Janusz and Robert wWillig (198l1), "An Economic Definjition of
Predaticon: Pricing and Product Innovation," Yale law Journal 91, 8-53.

Romer, Paul (1986), "Increasing Returns and Long—Term Growth,” Journal of
Political Economy 94, 1002-1037.

Ross, David R. (198&), "Learning to Dominate,” Journal of Industria]
Economicg 34, 337-3513.°

Salant, David {1991), "Stochastic Innovétion Duopoly (and Oligopoly} Races,"
GTE Technical Report, TR—0129-31-419%, February.

Spence, Michael A. (1981}, "The Learning Curve and Competition,™ Bell
Journal of Eccnomics 12, 49-70.

Wright, T.P. (1936), "Factors Affecting the Cost of Airplanes,” Jourpal of
Aeronautical Scienges 3, 122-128.




—32-

APPENDIX

Proof of lemma 3.1. We begin by defining

s(i) = 1im 2O _1H§_P(1'mj)

d=1

—1
We will prove by induction that P(i,3j)~0 and that S{i) = E C{k,m). Using
. k=1
equation (2.2), we can write
wi{i,m} = v{i+l,m) — v({i,m)

M¢0) —~ M¢(—P(i,m)) _ M(0} — N{-P(i+l,m})

= '

- 1-6 1-5
and
w{m,i} = v(m,i} - v(m,i+1)
= M(P(i,m)) + ... + 6™ 1" dmp(m-1,my) + 6™ in(0)/(2-6)
~ I(P(i+l,m)) = ... — 6" I 2(p(m—1,m)) - 6™ Im(0)/(1-5).
= M(P(i,m) — (1-6)I{P{i+l,m)) — ... — (1—6)6mfi_2n(9{m—1,m))
- g™ i-1y0)
If our induction hypothesis holds true for every i’ > i, then
lim w(i,m) = lim 8 '1Hé"9‘i'm}’ - S(i+1)
§-1 : 5-1
and

lim wi{m,i} lim MI(P(i,m)) — II{O).
§-1 _ &1

I
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Substitutiﬁg w{i,m} - wim,i) for W{i,m) in (2.3} and'taking limits as 6-+1, we
get

lim (P(i,m) + (0} — I(~P(i,m)] + lim 4O} = TC=P{i,m))

= C(i,m) + S(i+1).

Since the right-hand side is finite under the induction hypothesis, it must.be

that lim P{i,m) = 0. Therefore, the first term in the left—hand side is zero,
§-1 '

and we get
S{i} = S(i+l} + C(i,m). {A.1)

Since S{m) = Q0 by symmetry, we get

) s m-1
S{i) = Ej C{k,m).
' k=i

Now suppose lim P(i’',j*) = 0 is true for all (i’,j‘). It can be shown
§-1

that

lim wii,3) = S(i) — S(i+l) = C(i,m).
-1 '

Substituting w(i,j) — w{j},i) fer W{(i,}) in equation (2.3), we get

lim [(P(i,m) + G(P(i,m))] + C(i,m} — C(j,m) = C{i,3),
51

which, canceling terms, is eguivalent to
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lim [P(i,m) + G(P(i,m)}]) = D
-1

which, since G(x) is increasing and G(0) = 0, implies

lim P{(i,3) = 0.
&1 . Q.E.D.

Proof of Lemma 3.2. Differentiating equation (2.3) with respect to §, we get

aP(1i,] o L awii,
LU 1+ 6 qpii,gng + Wi,y + 8 T2 o (A.2)

Since G'{0) = 2, from Lemma 3.} we get lim W(i,Jj) = C(i,3) and

5—+1
R(i,j) = —lim Qgé%Lll - % [ C(i,3) + lim Eﬂé%;ll ] . (A.3)
é—1 . 8]
From the procof of Lemma 3.1, we know that
n¢{oy — nN¢(~p(i, M{0) — M(—Pri+l
W(i,m) = (0} _1-é (1,mp) _ ML) 1ig_jl+ (m))
g . m—i~2
- P(i,my) + (1-5)II(P{i+1,m)) + ... + (1-§)6 N(P{m=1))
.+ Emﬂl_ln(OJ (A.4)
Define
.o .. d [ oy — M{-P(i,m))
T{i} = lim ai [ 1-% ]

61
Taking the limits of the derivatives with respect to § in (A.4), and

simplifying, we get

;iT gﬂé%iml = T(i) - T(i+1) + R(i,m). | (A.5)

Applying L'HOpital’s rule to



lim II{C) = N(-P{i,m))
51 1-6

= 5(i),

we get R{i,m) = S{i). Usil.ng this fact and combining (A.3) and (A.5) yields
25(i) = C(i,p) + T{;} — T(i+1)
Using (A.1l) this B;mplifiea to
T(i) - T(i+1) = S(i) + 5(i+1};
We now consider the general (i,j) case, with i, j<m.
W(i ) = I(~P(i+1,3)) + EM(=P(i+1,3+1)) + +.. + 6™ IM(~P(i+1,m)}/(1-6) -

M(~P(i,3+1)) — SI(~P(i,3+2)) — ... — 6™ 37 20(~p(i,m))/(1-6)

I

M(~P(i+1,§)) + SM(~P{i+l,3+1)) + ... + 6™ I~ Imep(is1,m-1y) -

H

- N(~P(i,j+1)) — SN(-P(i,§+2)) = ... — 6™ I 2 (-p(i,m~1))

- gm3lgqoy 4 gmo3mt MO ZTERGEmY) g3 HU0) 2 MEPlindim)

Taking the limit of the derivative with respect to é, and simplifying, we get

;j? gﬁégiil = R(i+1,3) + R(i+1,3+1) + ... + R(i+l,m1)

- R{i,j+1) — R{i,j+2) — ... - R{i,m-1)
+ {(m—3~1}S({i} — (mJ}S(i+1} + T({i) — T(i+1).

R(i+1,§) + R{i+l,3+1) + ... + R{i+l,m—1)



=36

- R(1,3+1) = R(i,3+42) — ... — R(i,m-1).
+M=3)S(L) = (m=3-1)S(i+1)

Together with equation (A.2) and using S§{i) = R(i,m}, this defings a recursive

system in R(i,j). Since

. ) "
R{i,m} = ZN Cik,m),
ke+1i

and the system is linear, a unique solution exists. It can be easily checked

that R{i,j) = S(i) — S(j) solves the gystem. Therefore, for i<j,

f1 dé
m—1 - -1 :
- [Z . Clk,m) - Z‘“ C(k,m) ]
k=i k=4 _

=3
j—-1
= - E: C{k,m).
k=1



FIGURE 1

Equilibrium prices for the special case:
me= 2;
c{(2) =0, c(1) = ¢c(0}) = 1;
x distributed N(0,1}.






