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Abstract

In the late 1980’s, Bottcher and Silbermann asked whether the boundedness
of the Toeplitz operator T'(a) on the space ¢ (Z, ) implies boundedness of the
Laurent operator M (a) on the space {7, (Z). We give the negative answer to
this question.
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1. Introduction and the main result

The Banach algebra of all bounded linear operators on a Banach space
X will be denoted by B(X). Let T := {z € C: |z| = 1} be the unit circle
on the complex plane. For a function a € L'(T), the Fourier coefficients of a
are defined by o

:% -

a(e®)e™™df, neZ.
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Let «, 8 be any real numbers and p, r be real numbers satisfying 1 < p,r < oco.
Following [4, Section 1.49], we denote by (" (Z) the Banach space of all
sequences ¢ = {@, tnez of complex numbers for which

1/p

) 1/r )
[@llrpip.a = (Z |p—n|"(n + 1)7"5) + (Z |onlP(n + 1)”“) < 00.
n=1 n=0

For Z, :={0,1,2,...} and «, p as above, let /2(Z,) be the Banach space of
all sequences ¢ = {@y }nez, satisfying

o0 1/13
[€llp.a = <Z |onl"(n + 1)”) < 0.
n=0

We will use the following abbreviations:
Ce\Z) = G0(Z),  O(Zy) :=L5(Zy), (L) = EG(Z).
The nonweighted space ¢P(Z) will be always equipped with the norm

00 1/17
lelly := ( > !%I”) ,

n=—0oo

which is equivalent to the norm |[|¢l, .00 defined above. Finally, let (°(Z)
and (°(Z,) denote the sets of sequences having finite support in Z and Z,
respectively.

Let a € LY(T) have the Fourier coefficients sequence {a, }ncz. Given
© = {p;}jez € (°(Z), define the sequence a * p by

(a*@); = Z Gj—kPr, J € L.

k=—o00

For 1 <p,r < ocand o, 8 € R, let Mg% denote the collection of all a € LY(T)
for which a ¢ belongs to (3” (Z) whenever ¢ € (°(Z) and

sup {—Ha * Pllrpio Cp € EO(Z), p # O} < 0.
HSO||r,p;ﬁ,oz

If a € Mg", then the operator (%(Z) — (3" (Z), ¢ — a * ¢ extends to a
bounded operator

M(a) : EZZ(Z) — Eg”pa(Z), O ax*p,
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which is referred to as the Laurent (or multiplication) operator on /" (Z)
generated by the function a.
Let P be the projection from £3" (Z) onto ¢%(Z, ) defined as follows:

(Pp),=0 if n€Z\Zs, (Pp)n=v, if neZ,.
For ¢ € (5(Zy), let € €57 (Z) be defined by
On=0 if neZ\Zy, on=v, if neZ,.
For a € L'(T), the Toeplitz operator T'(a) is defined on ¢°(Z, ) by
T(a)p = Pla* @), ¢ l’(Zy).

Let 1 < p < oo and pu € R. Following [4, Section 6.1], we write T'(a) €
B(tr(Zy.)) if T(a)p € € (Zy) for all ¢ € £°(Zy) and

1T (@) Pllp.p

cp e l%Zy), 0 # O} < 0.
1©llp.

HT(G)HB(ez(Z+)) ‘= sup {

For n € Z,, let e, € (°(Z,) be given by (e,)r = Onx, Where d,, is the
Kronecker delta. For ¢ € (?(Z,) and ¢ € ¢4(Zy), where 1/p+1/q =1, let

(9,%) =D athn.
n=0

It is easy to check that
(T'(a)e;, er) = ax—; forall j keZ,.

The following version of the Brown-Halmos theorem for Toeplitz operators
on (7, ) is contained in [4, Theorem 2.7(b)].

Theorem 1.1 (a la Brown-Halmos). Let 1 < p < oo and A € B((P(Zy)).
Suppose there exists a sequence of complex numbers {ay }nez such that

(Aej,ex) = ap—; forall j keZ,;.

Then there exists a € My such that A = T(a) and {an}nez is the Fourier
coefficients sequence of a. Moreover,

1T (a)||8er 2.y = M (a)llBer(z.)-
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Let W(T) be the Wiener algebra consisting of all continuous functions on
T such that their sequences of Fourier coefficients belong to ¢'(Z).

In the late 1980’s Bottcher and Silbermann observed that the above fact
fails in the weighted case. More precisely, the following is true (see [3, Sec-
tions 6.2(b) and 6.3] and [4, Sections 6.2(b) and 6.3]).

Theorem 1.2 (Bottcher-Silbermann). Let 1 < p < oo and u € R.
(a) If T(a) € B((Zy)), then M(a) € B(P(Z)) and

M (@) || serzy) < IT(@)|Ben (2. )-
(b) For every u > 0, there exists a € W(T) such that T(a) € B((5(Zy))
but M(a) ¢ B(¢5(Z)).
If p € R, then it is clear that
M(a) € B(tgh(Z)) == T(a) € B(5(Zy)).

Béttcher and Silbermann asked in their famous monograph [3] (see Sec-
tion 6.4) and, later, in its second edition ([4, Section 6.4]) whether

T(a) € B(h(Zy)) == M(a) € B((5,(Z)).

As far as we know, this problem was open until now. The following theorem
gives the negative answer to this question.

Theorem 1.3 (Main result). Let 1 < p < oo, u € (—1/p,1—1/p) \ {0},
and a (¢) == 0 — 7 for 0 € (0,27). Then T(a) € B((%(Zy)) but M(a) &
B(e(Z))-

The proof of this theorem is given in the next section. It is based on
the observation that M(a) = iH, where H is the discrete Hilbert transform,
which is bounded on the weighted P space with the weight p, = (|n| + 1)*,
n € Z, and is unbounded on the weighted ¢ space with the weight

w — 1, neZ\7Zy,
"l (n+1D*, neZ,.

Indeed, we show that the second weight fails to belong to the Muckenhoupt
class A,(Z) under the assumptions of Theorem [I.3] On the other hand, as
it is well known, under the same assumptions, the first weight belongs to
A,(Z). A self-contained proof of this fact is given in the Appendix.
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2. Proof of the main result

2.1. Discrete Muckenhoupt weights

A weight on I € {Z,Z, } is a sequence {wy, },er of positive numbers. Let
l<p<ooand 1/p+1/qg=1. A weight w = {w, }er is said to belong to
the Muckenhoupt class A,(I) if

Up / n 1/q
— —q
el iy (S) (S <

The following lemma is well known (it is implicit, for instance, in [4]
Section 6.2(f)]). Since we are not able to provide an explicit reference, we
give its proof in the Appendix.

Lemma 2.1. Let 1 < p < oo and pp € R. Then the weight v, = (|n| + 1)*,
n € Z, belongs to A,(Z) if and only if p € (—1/p,1 —1/p).

The following result, analogous to [Il, Example 2.6], is the first key ingre-
dient of the proof of our main result.

Lemma 2.2. Let1 <p < oo and p # 0. Then the weight

w — 1, neZ\7Zy,
"l (n+1D*, neZy,

does not belong to A,(Z).

Proof. Let n € N. If p < 0, then 1 — pug > 1,

n
p
E Wy, >n
k=—n

and

+1

3wy >1+Zk:+1 w>1+/ 1 d

k=—n
nl—ra

=1+ ,
1 —pg

1— g ((n+ 1)t — 1) >



whence

n Up s n 1/q 1,1
1 » y 1 netat nH
> —. = —
o+ 1 (kzz_nwk> (Z bt ) 3n (1—pg)7e — 3(1—pg)/e

k=—n

as n — oo. Therefore, w = {wy, }nez ¢ A,(Z).
Similarly, if g > 0, then 1+ up > 1,

n
E w,!>n
k )

k=—n
and
n n n+1
Subs 4 (b1 [ o
k=—n k=1 1
1 P+l
=1+ n+ 1) 1) > .
up +1 ( ) ) up + 1
Hence
1/p 1/q 1,1
1 & u 1 n“+5+5 n:u
i P > . — N
2n+1 (k;nwk> (g:nwk ) 3n (up + VP~ 3+ pp)r
as n — o0o. Thus, w = {wy }nez ¢ A,(Z). O

2.2. Discrete Hilbert transform on weighted (P spaces
Given a weight w on Z, the weighted space ¢?(Z,w) consists of all se-
quences ¢ = {@, }nez such that

[ee) 1/p
ellpw == ( Z |S0nwn|p) < 0.

n=—oo

Given a sequence ¢ = {¢p }nez, the discrete Hilbert transform of ¢ is defined
by

(Hp)o= Y. - nel

n—m’
meZ\{n}
The following famous result is the second main ingredient in the proof of our
main result (see [B, Theorem 10]).

Theorem 2.3 (Hunt-Muckenhoupt-Wheeden). Let 1 < p < oo and w =
{wn}nez be a weight. Then H € B((P(Z,w)) if and only if w € Ay(Z).

6



2.3. Proof of Theorem[1.9
It is easy to see that

1 2

ap = —
2m Jo

1 —in %7 nez 07
a(ea)e 0d9:{07 n:().\{}

Then M(a) =iH.
Let p € (—=1/p,1 —1/p) \ {0}. Consider two weights p = {p, }nez and
w = {wy, }pez defined by

1, ne€Z\7Zy,

i 1% _

It is clear that (?(Z, p) = (£(Z) and (*(Z,w) = {57},(Z) and the norms in the
corresponding spaces are equivalent.

It follows from Lemma that p € A,(Z). Then Theorem im-
plies that M(a) € B(¢E(Z)). Therefore T(a) € B(¢(Z,)). On the other
hand, Lemma [2.2| says that w ¢ A,(Z). Then Theorem yields M(a) ¢
B((o7.(Z)). O

3. Appendix. Symmetric power weights
in the Muckenhoput class A,(Z)

The aim of this Appendix is to provide a self-contained proof of Lemma[2.1]

3.1. Power weights in the Muckenhoupt class A,(Z)

For the sake of completeness, we give a direct elementary proof of the next
well known lemma, which can also be extracted from a much more general
result proved in [2, Theorem 2.2].

Lemma 3.1. Let 1 < p < 0o and p € R. Then the weight w, := (n + 1)*,
n € Z,, belongs to A,(Zy) if and only if p € (—=1/p,1 —1/p).

Proof. Clearly,
w € AP(Z+) < w_l € Aq(Z+)

So, it is sufficient to show that for p > 0,

1
weAZy) — M<1—5-



—1-1_1
fpu=1 p—q,then

1 n 1/p n 1/q
D —-q
k=0 k=0

n n

1/p 1/q
=~ i - (Z(k + 1)”‘1> (Z(k + 1)—1>

k=0 k=0

1 n+1 1/p n+2 1/q
> / v / x Vdx
n-+1 0 1

1 2))1/e
= (Og(nj— >> — 00 as n — oQ.
P /p

Hence w € A,(Z) in this case.
Ifu>1—%7thenu+%—1>0,and

1 n 1/p n 1/q
g —q
k=0

k=0

n p s n 1/q
= ni - (Z(k + 1>~p> <Z(k + 1)%)

k=0

1 n+1 1/p
> (/ xhP da:)
n —+ ]. 0

(n+ 1)”%71
~ (up+1)MP

Hence w & A,(Z.).
Supposen0w0§u<1—%:%. If n/2 <m < n, then

1 n 1/p n 1/q
vy —q
B (z) (zwk )
k=m k=m

1/p 1/q
= n—;m—l—l (Z(k: + 1)“p> (Z(k: + 1)*“1)

k=m k=m
1

n—m-+1

— 00 as n — oQ.

(n=m~+1)(n+ 1) (n—m+1)(n/2+ 1))/

IN



= (n+1)F(n/24+1)7" < 20,

If 0 <m < n/2, then

1 n 1/p n 1/q
yg —q
L (z) (zwk )
k=m

1 n+2 1/p n+2 1/q
< / P dx / z M dx
n/2+1\J, 0

2 (n+2Mr (n+2)"a 2

Cnt2 (up+ D)V (—pg+ D)V (up+ 1)VP(1 = pg)e
Hence, w € A,(Z4) if 0 < p < 1—117. O

3.2. Symmetric reproduction of Muckenhoupt weights

The following lemma might be known to experts, but we were not able
to find it in the literature (cf. [I, Section 2.4], where similar results in the
continuous case are considered).

Lemma 3.2. Let 1 <p < oo, w: Zy — (0,00) and v, := wy,|, n € Z. Then
weA(Zy) <= wveA(Z). (3.1)

Proof. The implication <= is trivial, so one only needs to prove the impli-
cation = in (3.1). Suppose w € A,(Z;). Take any m,n € Z, m < n. If
m > 0, then, clearly,

1 n 1/p n 1/q
D —q
—n_mH(Z”k) (Z>
k=m

k=m

1 n 1/p n 1/q
- (Z wi) (Z wy ) < cpulZ4),
k=m

Similarly, if n < 0, then

1 n 1/p n 1/q
vy —q
L (z) (zvk )
k=m k=m
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—m p /s _m 1/q
1 —q
Tt (Z wi) (Z " ) o

k=—n k=—n

Suppose now m < 0 < n, and let £ := max{—m,n}. Then

1 n 1/p n 1/q
yg —q
L (z) (zvk )
k=m k=m

n -m 1/p n -m
1
S—n_erl(Zw’,szZwZ) <Zwkq+2wkq>
k=0 k=0 k=0 k=0
1 ] 1/p ) 1/q
H—l (2 Z U}Z) <2 Z wy, q> S 26p7w<Z+>.
k=0 k=0

1 n 1/p n 1/q
— p —q
Cpo(Z) = Ay (k vk> (Z Uk )

S 26p7w(Z+) < 00,

1/q

IA

Hence

and v € A,(Z).

Lemma [2.1] follows immediately from the two previous results.
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