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Abstract

In this work we show how it is possible to test the nullity of covariances, in a set of variables,
using a simple univariate procedure. The methodology proposed enable us to preform the
multivariate test of independence of several variables, under specific conditions for the co-
variance structure. The methodology proposed may be used in the high dimensional setting
and, given its simplicity, allows to overcome the difficulties in using the exact distribution of
the statistic used in the likelihood ratio testing procedure. A simulation study is provided to
assess the power and significance level, in different scenarios, of the testing procedure pro-
posed when compared with different likelihood ratio tests and to the testing methodology in

Schott (2005).
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1 Introduction

The independence of a set of variables is a key assumption in different statistical meth-
ods. Under the assumption of multivariate Normality, to test the independence of a set
of variables is equivalent to test if the covariance matrix is diagonal. The distribution of
the likelihood ratio statistic, A, used to test the diagonal structure of a covariance matrix
may be represented as the distribution of the product of independent Beta random variables
(Coelho and Marques, 2010; Marques et al., 2011). However, as it is well known (Marques
et al., 2011; Marques and Coelho, 2020) this distribution is not easy to handle in practice.
There are several approximations available for the distribution of this likelihood ratio statis-
tic, including the x? (Wilks, 1938), Box type (Box, 1949) and saddle point (Butler et al.,
1993) approximations but these, in some scenarios, may not be precise enough, for example
when the samples are small or when there is a large number of variables. More recently, in
Coelho (2004), the author developed new approximations, the so-called near-exact distribu-
tions, which may be used to develop more precise approximations for the likelihood ratio
statistic used to test the independence structure (Coelho, 2004; Coelho and Marques, 2010).
This test was also addressed in Coelho and Marques (2010) as one of the two tests composed
to obtain the statistic used to test the null hypothesis of a spherical structure. The same
technique was also used in Anderson (2003).
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As it is well-known, the likelihood ratio testing approach can only be considered when
the sample size, n, is greater than the number of variables, p. However, in these cases,
even if p and n are large, the traditional approximations may be inaccurate or may become
excessively time consuming. These scenarios may arise in big data problems. Likelihood
ratio tests can not be used when p > n because the sample covariance matrix is not definite
positive. Thus, our main objective with this work is to provide a simple testing procedure
which may be used to test the independence of a set of variables under specific assumptions,
whenn >porn <p, .

This problem of testing the independence of a set of variables, also designated by complete
independence, has also been address in Schott (2005). The author considers a statistic based
on the sum of squares of sample correlations and shows that its distribution converges to a
Normal distribution when both the sample size and the number of variables go to infinity.
A similar approach was followed by Srivastava (2005). The results in Schott (2005) will
be considered in the simulation section of this work. Ledoit and Wolf (2002) investigated
the consistency property and limiting distribution of several test statistics as dimensionality
and sample size go to infinity together, with their ratio converging to a finite nonzero limit.
In Li and Liu (2016) a permutation test is considered, which is based on the maximum
between the largest off-diagonal entry and the largest eigenvalue of the sample correlation
matrix, which have as limiting distributions, respectively, a type I extreme value distribution
and Tracy-Widom law of type I distribution. In this work we propose a different testing
procedure that is based on a fundamental univariate test and therefore quite straightforward.
The test statistic has an exact y? distribution and can be easily used and implemented.

Thus, the main goals of this work are: (i) to develop a univariate procedure for testing
the independence of a set of variables under the assumption that their covariances are all
non-positive or non-negative, (ii) to apply this procedure in two scenarios, one non-realistic
with known variances and one realistic with unknown variances, (iii) to show that this
methodology may be applied when n < p, and (iv) finally, to show that the new test is more
robust than the existing ones for departures from normality.

This paper is organized as follows: in Section 2, we present the usual likelihood ratio
procedure used to test the independence of a set of variables, and we also present the novel
approach suggested in this study. In Section 3, we use simulations to compare the estimated
power and significance level of the new testing procedure with those of the usual likelihood
ratio test and Schott’s testing methodology (Schott, 2005). We examine two likelihood ratio
tests of complete independence for specific covariance structures in Section 4 and compare
their estimated power to the new approach. Finally, Section 5, is dedicated to the conclusions.

2 Methodology

In this section we present the likelihood ratio test and the new testing procedure, proposed
in this work, to test the independence of several variables.



2.1 The likelihood ratio test

Let us suppose we have a sample of size n from a multivariate Normal population X =

(X1,..., Xp) ~ Np(p, ¥) with mean vector u = (pi1,. .., p1p)" and covariance matrix
2 2 2
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We are interested in testing the null hypothesis
Hy : 0};=0 foralli,j withi#j (2)

which, under Normality, states that the random variables are independent. It is well-known
that, under the Normal assumption, the likelihood ratio test statistic (Anderson, 2003) is

n/2
(@

where A is the maximum likelihood estimator of ¥ and a;; is i-th element of the diagonal
of A. As already mentioned the exact distribution of this statistic is difficult to handle in
practice, so the implementation of the test requires the use of approximations, such as the x?
approximations (Anderson, 2003; Wilks, 1938; Rencher and Christensen, 2012; Mudholkar et
al., 1982). We suggest the use of near-exact distributions (Coelho, 2004; Coelho and Marques,
2010) to approximate the distribution of the likelihood ratio statistic. In Coelho and Marques
(2010), in Section 2, the authors developed near-exact approximations for the test statistic
in (3) and in Subsection 4.1, of the same reference, the precision of the approximations
developed is assessed when compared to the approximation proposed in Mudholkar et al.
(1982).

The likelihood ratio statistic in (3) is used to test the independence without assuming
a specific covariance structure under the alternative hypothesis. In Section 4, we present
two likelihood ratio tests that can also be used to test the independence of variables against
specific covariance structures in the alternative hypothesis.

2.2 Univariate reduction

Let W = Y% | X;. If the variables X; (i = 1,...,p) are independent, then V(W) =

P V(X;), where V() denotes de variance of a random variable. This result, in gen-
eral, is not an equivalence. However, if we consider the assumption that the covariances are
all non-positive or non-negative then, we have an equivalence, that is, if V(W) = "7 V(X;)
then we have the nullity of covariances which, under the normality assumption, ensures the
independence between random variables. Thus, this relation can thus be used to test the

independence of the random variables X; (i = 1,...,p). Consider an observed sample of size



n, (z,...,2,), from a multivariate Normal population X = (X,...,X,)" ~ N,(u, %) with

= (1, .., pp)" and covariance matrix ¥ in (1), we may represent observed sample matrix
as
11 T12 ... Tip
To1 T2z ... Tgp
X = T31 T3z ... T3p
Tn1 Tp2 .. Tpp
then:

(i)

(i)

if the variances are unknown (the most realistic scenario), we may use the maximum
likelihood estimators, S2, to estimate the variances, o2, of each of the variables X

(t=1,...,p);

we may obtain an observed sample for W = " X, which we will denote by
(wy,wa, ..., wy,), where w; = Y8 x; (j=1,...,n) and (z1;,...,Z,;) is the observed
sample of the random variable X; (i = 1,...,p). We may construct a new sample

matrix with a new column for the observed sample of W, more precisely

11 Ti2 ... T1p | W1
To1 Tz ... Top | W2
« _ | w31 T30 ... T3y | W )
X* = 31 T32 3p | Ws | .
Tn1 Tp2 ... Tpp | Wy
using the maximum likelihood estimator, S3,, and the observed sample (wy, wsy, . .., w,)

we can estimate variance of W;

finally, we can consider an univariate test for the variance define as

L2 2 .2 2
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where, under Hy, when the variances are known, o = Y7, 07 and when the variances
2 P2

are unknown o = > 7 | s2 where sZ is the observed value of SZ. When the variances

are known, the test statistics is

(n —1)S3
(oD% e 5)
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where Sa, is the estimator of the variance of W. When the variances are unknown we
replace, in (5), Y7 o2 by >.7 | s%. The distribution of the preceding test statistic

relies on the assumption of normality of W, which is satisfied if X = (X,...,X,) ~
Np (ﬁ7 E)



If the variables X; (i = 1,...,p) are not normal distributed, we may consider asymptotic
results, such as:

e in the absence of the assumption of Normality, when the variables are identically
distributed with finite variances ¢ = o?; if the variables are independent then, the

Central Limit Theorem, ensures that

p p p
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i=1

e there are several generalizations of the previous result that may help us to deal with
other scenarios. For example, without the assumption of Normality, when the vari-
ables are not identically distributed with variances equal to o2, with |X;| having finite
moments of some order 2 + 9 for some 6 > 0, and the rate of growth of these mo-
ments limited by the Lyapunov condition, if the variables are independent, then by the

Liapounov’s, theorem we have

p p p
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When the normality assumption is violated, the independence of the variables is no longer
guaranteed when the covariances are null. Nevertheless, we believe that the test is robust to
the lack of normality and we will examine this point in the simulation section.

Several additional comments are in order:

e if the variances are unknown, large sample sizes are advisable in order to improve the
precision of the estimate of > 7 | 02;

%)

e if there is a departure from the Normality assumption, a large number of variables
improve the approximating results in (6) and (7);

e this method is applicable in high-dimensional settings, i.e., when n < p with large p;

e this approach can also be used in the presence of missing values for some of the vari-
ables.

Lastly, this approach is much simpler and more straightforward than the likelihood ratio
testing procedure, as it reduces a multivariate testing procedure to a well-known univariate
test for the variance of W.

The properties of this testing procedure will be investigated in the following section.

3 Simulations

To understand the properties of this testing procedure, we consider samples from a multi-
variate Normal population with a null mean vector u and a covariance matrix 3 assuming
the following structures:



e Equivariance-equicorrelation or compound symmetry (CS)

1 p ... p
p 1 ... p
Y=Ycs=0"| . |- (8)
p P 1
e Autoregressive (AR)
1 p o> ... pll
p 1 p ... plr2
S =Yap=0" . . , . : (9)
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where b; = b,_; for j =1,...,|p/2], with | - | represents the largest integer that is not
greater than the argument.

Note that in structure (CS), the correlations (or covariances) always have the same sign,
whereas in structures (AR) and (C), we must consider values that ensure this assumption.

The (CS) and the (AR) covariance structures are two of the most frequently assumed
covariance structures (see, for example, Chan and Choy, 2008; Littell et al., 2000). The
circular structure (C) is more generic and includes the former two. The choice of these
structures allowed us to easily define values for their parameters ensuring that the assumption
required for the proposed methodology was verified.

Additionally, we must ensure that the covariance matrices are positive definite, so the
choice of covariance matrix values is not arbitrary. On the zr—axis of all figures presented
in the next subsections, we have the values of p as identified in structures (CS) and (AR)
in (8) and (9), respectively. Regarding the structure in (10), the value of p, in the figures,
can not be directly identified in the matrix. The value of p shown in the xr—axis of figures
is the one used to generate the values in a matrix with the structure (C) in (10). More
precisely, we use the function circulant from the package scipy.linalg of Python to generate
different circular matrices. The values of p are chosen to ensure that in the simulations: (i)
the covariance matrices are positive definite, and (ii) that we range from matrices whose
covariances are all negative and then move on to matrices with all positive covariances.
Although the covariances in this process are guaranteed to have values very close to zero,
the value p = 0 does not ensure that they are all zero. All simulations and calculations were
performed using Python 3.7 through Google Colab platform.



3.1 Plots for the estimated powers

In this subsection, we examine various choices for n and p. We compute the estimated
power for (i) the likelihood ratio test described in Subsection 2.1, (ii) the new univariate
methodology presented in Subsection 2.2 and (iii) the testing methodology developed by
Schott (2005), which uses an approximation to the Normal distribution and may also be
applied in the high dimensional setting (see Schott, 2005). The power is estimated by
simulating 2000 samples for each combination of p and n.

3.1.1 Casel:n>p

In Figures 1, 2, and 3, the estimated test powers considering the covariance structures (8),
(9), and (10) are depicted, respectively. In both Figures 1 and 3, it can be seen that the
estimated power is higher in all situations for the methodology proposed in this paper. The
autoregressive covariance structure (Figure 2) may allow us to see that the trends have
changed and that the differences are not as noticeable. Additionally, it is important to note
that, for the univariate method suggested in this study, there are typically no differences
between the solid and dotted lines representing the estimated powers when the variances are
known or unknown. In many plots, we can only see the solid line. Thus, we can conclude
that, for the univariate procedure introduced in Subsection 2.2, there are no differences in

the estimated power, regardless of whether the variances are known or unknown, particularly
when the sample size and number of variables are large.

(i) p=>5and n = 50 (ii) p =15 and n = 50 (iii) p = 45 and n = 50
10 7 e 10 :
N P N
1 \ ,,/ S‘-
08 (S (—",‘ 084 |\
! Ly v
. [l AL L 1 L
z A \ s §
Z 06 [ 7 i E 06 \ E
a Y S B 1 B
o I Il ] ' b
K 1) 7 ] 1 =
) L I ) i o}
Eos VA Vi E 04 £
& AN F it fi N\ P
\ i .
A £ .
0z AN i 02 N
N [
\ ) Vg
0o 00
02 01 00 01 02 03 006 —004 —002 000 002 004 006 008  —002 000 002 004 006 QOB

010
Values of p Values of p

(v) p=15 and n = 200 (vi) p =50 and n = 200

rd -

10

=
o

08

=
@

=

@

=
=

Estimated power
Estimmated-power

=
=

Estimated-power

=
N}

=

5}

0z

0.0 = 0.0

015 -0.10 -0.03 0.00 0.05 0.10 015 ) -0.06 -004 -002 000 0.02 0.04 0.0 0.08 —0.02 0.00 0.02
Values of p

0.04 0.06 0.08 0.10
Values of p Values of p

Figure 1: Estimated powers of the (i) univariate testing procedure, assuming known variances and unknown variances (solid
and dotted lines, respectively), (ii) likelihood ratio test (dashed line), and (iii) testing procedure presented in Schott (2005)
(dotted-dashed line) as a function of p for random samples from a multivariate Normal population with ¥ = X g in (8).



(i) p="5 and n = 50

(ii) p =15 and n = 50

(iii) p = 45 and n = 50
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Figure 2: Estimated powers of the (i) univariate testing procedure, assuming known variances and unknown variances (solid
and dotted lines, respectively), (ii) likelihood ratio test (dashed line), and (iii) testing procedure presented in Schott (2005)
(dotted-dashed line) as a function of p for random samples from a multivariate Normal population with ¥ =X 45 in (9).
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Figure 3: Estimated powers of the (i) univariate testing procedure, assuming known variances and unknown variances (solid
and dotted lines, respectively), (ii) likelihood ratio test (dashed line), and (iii) testing procedure presented in Schott (2005)
(dotted-dashed line) as a function of p for random samples from a multivariate Normal population with ¥ = X in (10).



3.1.2 Casell: n<p

In this subsection, we address high dimensional scenarios, so we will examine a variety of n
and p such that n < p. In Figures 4, 5, and 6, we only present the estimated powers for the
tests in Subsection 2.2 and Schott (2005) since the likelihood ratio test approach can not
be used when n < p, as stated earlier. These figures may reveal patterns similar to those

previously identified for n > p.
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Figure 4: Estimated powers of the (i) univariate testing procedure, assuming known variances and unknown variances (solid
and dotted lines, respectively) and (ii) for the testing procedure presented in Schott (2005) (dotted-dashed line) as a function
of p, considering random samples from a multivariate Normal population with ¥ = g in (8).
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Figure O: Estimated powers of the (i) univariate testing procedure, assuming known variances and unknown variances (solid
and dotted lines, respectively) and (ii) for the testing procedure presented in Schott (2005) (dotted-dashed line) as a function

08

06

04

02

10

(ii) p =50 and n = 40

(iii) p = 75 and n = 50

(i) p=25and n = 20

-

Estimmated power

=

Estimated-power

—

0.0 0.2 0.4 06 0.8 10 0.0 01 0.2 03 0.4 05 0o 01 02 03 04 035
Values of p Values of p Values of p
(iv) p =100 and n = 80 (v) p=150 and n =120  (vi) p =200 and n = 150
; 10 - 10
e
08
é é 06
=3 B
] b
B ¢
E E 04
4 i
0z
oo ol 0z 03 04 05 0.0 01 02 03 0.4 05 DGD.O 0l 02 03 0.4 05
Values of p Values of p Values of p
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and dotted lines, respectively) and (ii) for the testing procedure presented in Schott (2005) (dotted-dashed line) as a function
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3.2 Significance levels and power estimates

From the plots presented in the previous subsection we may see that all the testing procedures
considered in this work seem to be unbiased in the sense that under the null hypothesis, the
estimated power is always in a narrow vicinity of the type I probability error. In this
subsection, we analyze this property in more detail by comparing the estimated significance
levels associated with the methodology described in Subsection 2.2 to the results presented in
Tables 1 and 2 of Schott (2005). In Schott (2005), Table 1 gives the significance level results
for his proposed methodology, whereas Table 2 displays the likelihood ratio test results. In
this study, we replicate these tables using the univariate method described in Section 2.2 for
a = 0.05 in Table 1, and we also present results for a = 0.01 in Table 2. Following Schott
(2005), the estimated significance levels were derived from 5000 simulations of samples of
size n randomly drawn from a multivariate Normal population with null mean vector and
identity covariance matrix.
When we compare our Tables to the results of Schott (2005), we can see that:

e when p is small, the results of the new univariate method are slightly below the desired
values of 0.05 or 0.01;

e the estimated significance levels converge to the desired values as n and p increase;

e in Table 1 in Schott (2005), mainly for small values of p, the estimated significance
levels are slightly higher than 0.05, in contrast to what occurs with the proposed
methodology in this studys;

e for both n < p and n > p, the outcomes of the new methodology are remarkably
similar.

Table 1: Estimated type I error probabilities (o = 0.05) for the univariate methodology outlined in Subsection 2.2 when the
population variances are unknown.

"y 8 16 32 64 128 256
1 0.020 0.022 0.023 0.022 0.023 0.022 0.025
0.032 0.037 0.035 0.040 0.038 0.037 0.039
16 0.039 0.040 0.041 0.040 0.045 0.040 0.041
39 0.044 0.044 0.043 0.048 0.047 0.047 0.050
64 0.045 0.047 0.043 0.049 0.051 0.046 0.051
128 | 0.046 0.048 0.050 0.048 0.046 0.049 0.046
9256 | 0.045 0.043 0.043 0.045 0.054 0.052 0.045

oo
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Table 2: Estimated type I error probabilities (aw = 0.01) for the univariate methodology outlined in Subsection 2.2 when the
population variances are unknown.

n

4 8 16 32 64 128 256

4 0.004 0.007 0.005 0.003 0.003 0.002 0.003

8 0.007 0.008 0.005 0.007 0.006 0.006 0.005

16 0.007 0.009 0.012 0.008 0.007 0.008 0.009
32 0.007 0.011 0.010 0.007 0.009 0.010 0.010
64 0.008 0.009 0.009 0.009 0.009 0.010 0.010
128 0.009 0.010 0.008 0.008 0.010 0.008 0.010
256 0.009 0.009 0.012 0.009 0.013 0.010 0.008

Schott (2005) estimated the power of the tests in Tables 3 and 4 for one specific choice of
multivariate Normal distribution’s parameters, more precisely, when the mean vector is null
and the covariance matrix has the equivariance-equicorrelation structure in (8) for p = 0.1
and also 02 = 1. In Table 3 of this work, we compute the estimated power, for the same
choice of parameters.

Table 3: Estimated power for the univariate methodology in Subsection 2.2 when the population variances are unknown
and for samples extrated from a multivariate Normal distribution with null mean vector and covariance matrix with the
equivariance-equicorrelation structure in (8) for p = 0.1 and 02 = 1.

Ty 8 16 32 64 128 256
1 0.002 0.001 0.005 0.023 0.102 0.300 0.724
8 0.005 0.028 0.132 0.346 0.734 0.976 1.000
16 0.078 0.259 0.572 0.894 0.997 1.000 1.000
32 0.335 0.661 0.941 0.998 1.000 1.000 1.000
64 0.647 0.922 0.997 1.000 1.000 1.000 1.000
128 | 0.870 0.987 1.000 1.000 1.000 1.000 1.000
9256 | 0.961 0.999 1.000 1.000 1.000 1.000 1.000

Comparing Table 3 with the findings of Schott (2005) results, the following can be ob-
served:

e the estimated power of the testing procedure proposed in Subsection 2.2 of this paper
is almost always higher than the values presented in Tables 3 and 4 of Schott (2005);

e the estimated power increases with the sample size and the number of variables;

e these results are consistent with the behavior depicted in Figures 1 and 4.
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3.3 Departures from normality

In this section, we look at how well the tests discussed in this work handle deviations from
normality. We consider samples from a multivariate ¢ distribution with null mean vector,
covariance matrix define in Eq.(8) and varying degrees of freedom, denoted by df. For each
combination of p, n, and df, 2000 simulated samples were generated, and the estimated
power was calculated. To keep the number of figures to a reasonable level, we ignore the
structures defined in Eqs.(9) and (10). In Figure 7, we consider n = 50 and p = 15, and in
Figure 8, we consider n = 40 and p = 50 in a high dimensional case. In these figures, we
can see that the testing procedure proposed in this study appears to be more resistant to
deviations from normality, mainly for small values of df. As expected, as df increases the
estimated power approximates that obtained when the multivariate normal distribution was
assumed in the previous subsections.
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Figure 7: Estimated powers of the (i) univariate testing procedure, assuming known variances and unknown variances (solid

and dotted lines, respectively) and (ii) for the testing procedure presented in Schott (2005) (dotted-dashed line), as a function
of p for samples of size n = 50, from a multivariate ¢ distribution, with dimension p = 15, null mean vector, ¥ = ¥ g, defined

in Eq. (8), and df.
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Figure 8: Estimated powers of the (i) univariate testing procedure, assuming known variances and unknown variances (solid
and dotted lines, respectively) and (ii) for the testing procedure presented in Schott (2005) (dotted-dashed line), as a function
of p for samples of size n = 40, from a multivariate ¢t distribution, with dimension p = 50, null mean vector, ¥ = ¥ g, defined
in Eq. (8), and df.

4 Likelihood ratio tests of complete independence for
specific covariance structures

It is possible to develop likelihood ratio tests assuming specific covariance structures for
the null and alternative hypotheses. The choice of covariance structures can not be done
randomly. In fact, the structure considered under the null hypothesis must be a special case
of the structure assumed for the alternative hypothesis. When a specific covariance structure
is assumed, the choice of structures can be made so that the obtained likelihood ratio test
is equivalent to a test of independence of a set of variables. Following are two examples of
these tests, along with a comparison of the estimated powers to those obtained using the
methodology described in Subsection 2.2.
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4.1 The sphericity versus equivariance-equicorrelation test

The sphericity test (Mauchly, 1940) is a well-known test in multivariate analysis used to
examine the equality of variances and the independence between all the variables of a mul-
tivariate Normal random vector. The equivariance-equicorrelation test, introduced in Wilks
(1946), also known as the compound symmetry test, is useful for inferring whether the ran-
dom variables of a multivariate Normal vector have the same variances and covariances.
In this section, we consider the test of sphericity versus equivariance-equicorrelation whose
hypotheses, for a p-variate Normal population, X ~ N,(p, X), are represented as

g2 0 --- 0 o o - op
2 O 0'2 o .. 0 O'2p 0'2 DY O'2p

Hy: Y=0°l,= ) . ) vs. Hy: X =%Ycg =
O 0 .. 0'2 O'2p O'2p CEEEEY 0'2

(1)
We should note that Xcg = 0%((1 — p)I, + pJ,), with —1/(p — 1) < p < 1, I, is the identity
matrix of order p and J, denotes a matrix of order p with all elements equal to one. Under the
alternative hypothesis, the considered structure is the one in Eq.(8). This test was initially
discussed by Marques and Coelho (2015). In this work, the authors developed the likelihood
ratio test statistic, the expression of its null moments, and the characteristic function of the
negative logarithm of the test statistic (see expressions (2) and (3) in Marques and Coelho
(2015) for details). In addition, the authors also developed sharp and manageable asymptotic
approximations that facilitate the use of this test and guarantee the accuracy of the results.

The testing procedure presented in this study’s Subsection 2.2 can be used to test the
null hypotheses in Eq.(11). In fact, if we assume that we are working in the space of the
covariance matrices with the structure assumed in Eq.(11) under alternative hypothesis, we
can always use the testing procedure proposed in Subsection 2.2 because all covariances have
the same sign. Additionally, failing to reject the sphericity structure of 3 for the test of null
hypotheses in (11) is equivalent to failing to reject the independence of the variables.

Simulations will be used to compare the estimated power of the test developed by Marques
and Coelho (2015) and the one proposed in this study. Two additional notes: the test for
complete independence described in Subsection 2.2 can be used in a high dimensional setting,
unlike the usual likelihood ratio tests, and it can be applied to hypotheses that are more
general than those underlying alternative hypothesis in Eq.(11).

In Figure 9, we present the estimated powers of the likelihood ratio test and the univariate
testing procedure described in Subsection 2.2, with known and unknown variances. This
figure shows that the estimated powers are very similar and exhibit the same pattern, mainly
for p > 5. Despite this similarity, it is important to note that: (i) the new procedure is based
on a simple x? distribution, making it easy to implement, and (ii) unlike the likelihood ratio
test, the new procedure can be used in high dimensional setting.

4.2 The sphericity versus circularity test

In this subsection, we present a test that also considers the sphericity structure under the null
hypothesis, but for the alternative hypothesis, we assume the circular covariance structure
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Figure 9: Samples from a multivariate Normal population with ¥ = Y g; plots of the estimated powers of the univariate
testing procedures, with known and unknown variances (solid and dotted lines, respectively), likelihood ratio test in Marques
and Coelho (2015) (dashed).

defined in (10). These types of structures may be important in different fields of research
such as biological sciences, psychometry, quality control, signal detection, spatial statistics,
time series analysis and engineering (Khattree, 1996; Gray, 2006). Thus, we are interested
in testing:

9 0 0 i O'2 bl bp—l T
o
0 o2 --- 0 bp—1 o’ bp—2
Hy:Y=0*L,=| . . | vs. H:X=Yc=
S
0 0 o bl b2 02

(12)

If the decision is not to reject the null hypothesis, then the independence of the variables

is also not rejected when the underlying structure is circular. This test was addressed and

introduced in Olkin and Press (1969). The authors show that the likelihood ratio test statistic
raised to the power of 2/N is given by

D m+1 -p
e T, (30)
i=1

j=1

where m = |p/2] and v; are given by (2.5a) and (2.5b) in Olkin and Press (1969). Addition-
ally, the authors show that the exact distribution of A may be represented as the product of
independent random variables with Beta distributions and provide an approximation based
on a mixture of y? distributions.
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In Figure 10, we present the results for the estimated powers of the likelihood ratio test
in Olkin and Press (1969) and for the univariate testing procedure in Subsection 2.2, with
known and unknown variances.
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Figure 10: Samples from a multivariate Normal population with ¥ = ¥¢; plots of the estimated powers of the univariate
testing procedures, with known and unknown variances (solid and dotted lines, respectively), likelihood ratio test in Olkin and
Press (1969) (dashed).

Figure 10 shows that for p > 5, the estimated power values for the new procedure appear
to be greater than those obtained for the likelihood ratio test by Olkin and Press (1969). In
addition, as already mentioned, the new procedure is based on a simple x? distribution and
is applicable in the high dimensional setting.

5 Conclusions

In this paper, we propose a new method for testing the independence of a set of variables
that can be applied to specific covariance structures. More precisely, the methodology can
be employed whenever the covariances are all non-positive or non-negative.

A comprehensive simulation study was conducted to evaluate the properties of the new
testing methodology in comparison to other different likelihood ratio tests and the test
proposed in Schott (2005).

The simulations show that the new testing methodology is more effective than either
the likelihood ratio test in Subsection 2.1 or the test proposed in Schott (2005). Moreover,
the methodology proposed in Subsection 2.2 yields excellent results for high dimensional
scenarios. In comparison to the likelihood ratio tests in Section 4, the new methodology
yields comparable results for the estimated power, with the added benefit of being applicable
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to high dimensional scenarios. The proposed method can also be used when the data has
missing values and seems more robust for violations of the normality assumption. It is shown
that the new test is slightly biased, especially for small values n and p.

It should be noted that the power studies for the (AR) structure show different results
and patterns than the ones for the (CS) or (C) structures. The justification may be related
to the fact that, opposite to the other two structures, for the (AR) structure when p increases
the values of plP=9l j = 1,... p — 2 decrease. Nevertheless, more studies are required to
better understand these results.

This work conclusions are based on numerical studies. The theoretical proofs requires
results for the distribution of the statistics under the alternative hypothesis which are not
available. These proofs will be addressed in future works.

As a final comment, it seems that the new test presented in Subsection 2.2 has excellent
asymptotic properties, being unbiased for large values of n and p and exhibiting large values
of the estimated power for small deviations from the null hypothesis. It is a very simple
procedure can be applied to real-world problems when it is reasonable to assume that the all
covariances have the same sign. This assumption is easily verifiable with some theoretical
understanding of the problem and the variables involved, which can also be confirmed by
computing the sample covariance matrix.
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