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A transformation semigroup over a set X with N elements is said to be a near
permutation semigroup if it is generated by a group of permutations on N elements
and by a set of transformations of rank N —1. In this paper we make a summary of
the author’s thesis, in which are exhibited ways of checking whether those specific
transformation semigroups belong to various structural classes of semigroups, just
by analysis of the generators and without first having to generate them.

1. Introduction

In this paper we make a summary of the more important results of the
author’s thesis [6] about near permutation semigroups S = (G,U), that
is semigroups generated by a group G of permutations on N elements,
for some N € N, and by a set U of transformations of rank N — 1. It
is known that the number of elements of the transformation semigroups
on a set X with a finite number N of elements, grows exponentially with
the cardinality of the set X. We aim to find efficient ways to determine
the structure of a given near permutation semigroup, without first having
to generate it. The motivation for the study of those semigroups is due
to the following. The semigroup 7y of all full transformations on a set
X with N elements, for some N € N, is generated by the the group of all
permutations on the set X and by any idempotent of rank N —1. Similarly
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the symmetric inverse semigroup Zy on X, that is the semigroup of all
injective partial transformations on a set with N elements, is generated
by its group of units and by any idempotent of rank N — 1. For the
two previous results refer to [8]. Other well known semigroups like the
semigroup OPy of all orientation preserving mappings and the semigroup
OPRp of all orientation preserving and reversing mappings, on a finite
chain of order N, are generated by a group of permutations and by an
idempotent of rank N — 1 (see [7]). Moreover, McAlister [12] proved that
all semigroups generated by a group of permutations on N elements and by
an idempotent of rank N — 1 are regular. He also obtained necessary and
sufficient conditions for a transformation semigroup generated by a group
of permutations on N elements and by an idempotent of rank N — 1 to be
inverse. In our work of [3] and [1], we considered a set U of transformations
of rank N — 1 instead of the idempotent e.

To obtain most of the results the author made use of computational
tools such as the PC software [9] and [11].

2. Preliminaries

Let X = {1,2,..., N}, where N € N. As usual, we denote by 7n the
monoid of all full transformations of X (under composition), and by Sy
the symmetric group on X. We call a semigroup generated by a group
of permutations on N elements and by a set of transformations of rank
N — 1 a near permutation semigroup. Denote by (:), where z,y € X, the
idempotent of 7 which maps = to y and 4 to itself for ¢ # x. An useful
observation is that an element a belongs to a subgroup of 7 if and only
if rank a = rank a®. Given z € Ty denote by Im z the image set of the
transformation z. It is also useful to note that given an element e of 7y,
then e is idempotent if and only if it fixes all elements of Im e. Given G a
group of permutations on X and 2 € X define the sets Og(z) = {y € X :
y = xg, for some g € G} and Stabg(z) = {g € G : g = x}, which we also
call the orbit of  under G and the stabilizer of x under G, respectively.

A directed graph T consists of two sets, a non empty set V(I') of vertices
and a set A(T") of arrows of T', together with a mapping ¥ : A(T') —
V() x V(I).

Given a € A(T') and a¥ = (v1,v2), where vy,v9 € V(I'), we call v; and
vo the initial verter and the terminal vertex, respectively. We say that a is
an arrow from vy to vs.

A path between two vertices v; and wvs, in a graph T, is a sequence of
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arrows such that the terminal vertex of one arrow is the initial vertex of
the next and the first arrow of the sequence has initial vertex v; and the
last arrow has terminal vertex vs.

Let S be a near permutation semigroup and u be a transformation in
S of rank N — 1. We denote by «a(u) and 8(u) the two unique distinct
elements a,b € X such that (a,b) € Ker u. We denote by v(u) the unique
element of X \ I'm u. If u is being denoted by w; for some i € {1,...,m},
we abbreviate a(u), B(u) and ~y(u), respectively, by «;, 5; and ;. Given
(a,b) € Ker u, with a # b, in order to choose which one a or b is a(u), we
set a(u) as the minimum of the set {a,b}, for each u € U.

3. Regular near permutation semigroups

Let S = (G,U) be a near permutation semigroup and U = {uq, ..., um}.
Consider the directed graph I'(G;U), where the vertices are the elements
of U and there is an arrow, u; — u; between two vertices u; and wj, if
vig € {ej,B;}. Notice that given u,;,u; € U, the existence of u;, — u; is
equivalent to saying that rank u;gu; = N —1, for some g € G. In that case
we can also refer that property by writing u; —4 u;. In the graph I'(G;U),
represent each vertex w;, where ¢ = 1,...,m, with the triple (ay,5;, V),
where (o, 5;) € Ker u;, a; < B; and ; € X \ Im w;. We call I'(G; U)
a near permutation graph of S. For these defined graphs, if we consider
more than one vertex representing the same H-class, we obtain equivalent
graphs to the ones where there is only one vertex for each H-class in the
sense that both graphs give us the same information for our study. Thus,
when we consider the graph I'(G;U) of a near permutation semigroup .S, we
only include in the set of vertices the elements of U that belong to different
‘H-classes of 7. Hence we choose exactly one vertex, from the vertices that
have the same triples («;, 5i,7i)-

Note that in the graph I'(G;U) there exists at most one arrow between
two vertices.

A special case occurs when U is a group. In this case, the graph T'(G;U)
is complete, that is there exists exactly one arrow between any two distinct
vertices.

Let T'(G;U) be the near permutation graph of a near permutation semi-
group S = (G,U). Then there exists a binary relation € on U induced by
the graph I'(G;U), defined by: given vg, v} € U,

vo e vy if and only if there exists a path vg — v1 — vy — ... = v — v,

in I'(G;U), for some vy, v, ..., v € U.
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Clearly the relation ¢ is transitive. Note also that the existence of a path
V] =g, V2 —g, U1 —g,_, U in T'(G;U), is equivalent to the equality

rank v1g1va...qi_1v; = N — 1.

Observe that, given u,v € U and z € S, if rank uzxv = N —1 then exists
a path, relative to the graph I'(G;U), from u to v.

The first two results show us that we can use the near permutation
graph of a semigroup S in order to determine whether the generators or
the elements of S with rank N — 1 are regular.

Proposition 3.1. [3] Let S = (G,U) be a near permutation semigroup.
Then, the elements of U are regular if and only if the relation e is reflezive.

Theorem 3.1. [3] Let S = (G,U) be a near permutation semigroup. Then
the elements of S with rank N — 1 are regular if and only if the relation €,
induced by the graph T'(G;U), is an equivalence relation.

Before determining a characterization of the idempotents of rank N —1,
we need some more notation. For each u; € U, we fix a u} an inverse of w;
in S, and consider u;u; = (2), where {x;,y;} = {a, 5i}, for i = 1,...,m.
We also define T'= {(3!),..., (™)} and T" = {(5) € S: (3) € T}.

According to the previous definitions, it is important to know when
both idempotents (Z,) and (fl) belong to S. The next proposition gives
an answer to this question and in particular tells us how to determine the

set T" for each semigroup S.

Proposition 3.2. [3] Let S = (G,U) be a near permutation semigroup such
that the relation e induced by the graph T'(G;U) is an equivalence relation.
Then, for each i € {1,2,...,m}, the idempotents (;;:7) and (f/) belong to S
if and only if {ou, Bi} = {Vpg1,V492}, for some g1,92 € G and up,uy € U.

Now we can easily determine the rank N — 1 idempotents of S.

Corollary 3.1. [3] Let S = (G,U) be a near permutation semigroup. Then
the set of idempotents of S with rank N — 1 is J,cq g~ (T UT")g.

The Proposition 3.2 is very important in order to obtain an easy to
check sufficient condition for S to be regular.

Theorem 3.2. [3] Let S = (G,U) be a near permutation semigroup. If
the relation € induced by the graph T'(G;U) is an equivalence relation and,
for each i € {1,...,m}, there exist g;,g; € G and up,uq € U, such that
{ai, B} = {9i:Vq9;}, then S is regular.
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Now we present some more useful and efficient sufficient conditions for
S to be regular which do not involve the determination of the idempotents
of S with rank N — 1.

Theorem 3.3. [3] Let S = (G,U) be a near permutation semigroup. If
for each i € {1,...,m}, the elements a;, B; and ~y; belong to the same orbit
under G, then S s regular.

The next sufficient condition is a particular case of the previous and
says that if for any two elements x and y of X exists g € G such that
xg =y then S is regular.

Theorem 3.4. [3] Let S = (G,U) be a near permutation semigroup. If G
acts transitively on X, then S is regular.

Now we have another condition for the study of the regularity of S which
is independent of the previous and also very useful in some cases.

Theorem 3.5. [3] Let S = (G,U) be a near permutation semigroup. If
the relation e induced by the graph T'(G;U) is reflexive and, for each i €
{1,...,m}, the elements c; and (3; belong to the same orbit under G then S
is regqular.

Next we have a theorem which provides a more general sufficient con-
dition for the study of the regularity of S, which turned out to be also
necessary in all the examples tested.

Theorem 3.6. [3] Let S = (G,U) be a near permutation semigroup. Sup-
pose that the relation € induced by the graph T'(G;U) is an equivalence
relation. If for all (3) € T such that (2%) ¢ TUT' and for all v,g which
are different from oy and By, with s € {1,....,m} and g € G, there exist
g €Gand (;) e TUT satisfying:

i) 59 = ag';

it) g belongs to the orbit of B under the group H(

iii) by’ # By

then S is regular.

ag’ '\ s
by’

The following theorem shows that the study of the regularity of S, when
U is a set of idempotents, depends only on its near permutation graph.
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Theorem 3.7. [3] Let S = (G, E) be a near permutation semigroup, where
E is a set of idempotents. Then S is regular if and only if the relation €
induced by the graph T'(G; E) is an equivalence relation.

In [10] was obtained a necessary and sufficient condition for a semigroup
generated by a group of permutations on a set with N elements and by a
set of idempotents of rank N — 1, to contain all singular transformations of
Tn. With the use of the tools and results obtained in [3] we have a different
approach to that problem, in which case the semigroup is generated by a
group of permutations and by a set of rank N — 1 transformations.

But first we need to define several sets. Let be U = {u,...,um}
and I = {1,..,m}. Let also be A = {{z,y} : =,y € X, = # y},
B = {{ap,8:} : i € I}, C = {a € X\Im w : i € I} and
D ={a; :ie€I}U{p; : i€ I}. Now, the group G acts on the sets B
and C (on the right), in the following ways:

BG = {{wig,Big} i€, g€ G} and CG={ag:a€C, g€ G}.
The proof of the theorem is in [4].

Theorem 3.8. Let S = (G,U) be a near permutation semigroup. Then S
contains Ty \ Sy if and only if

1) The relation € is an equivalence relation;

2) BG = A;

3) D C CG.

4. Near permutation semigroups generated by two groups

An interesting special case of the general case considered previously is when
U is a group. In fact, in the case considered by McAlister in [12], the set U
has only one element, which is an idempotent. Thus it is a group.

Let S = (G, H) be a near permutation semigroup, where H is a group.
We can rearrange the set X so that the identity of H is e = (;)

From now on, given S = (G, H) a near permutation semigroup, where
H is a group, let e = (3) be the identity of H.

The assumption that 2 € Og(1) is crucial in the study of the case
U = {e}. This was shown by McAlister in [12].

Theorem 4.1. Let S = (G, e) be a near permutation semigroup, where e
is an idempotent. If 2 ¢ Og(1), then S is an R-unipotent semigroup.

It was also proved in [12] that S = (G, e) is always a regular semigroup.
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Theorem 4.2. Let S = (G, e) be a near permutation semigroup, where e
is an idempotent. Then S is reqular.

The knowledge of the orbit of 1 under G is also very important in the
more general case, where S = (G,U), as the following results show.

Theorem 4.3. [3] Let S = (G, H) be a near permutation semigroup, where
H is a group. If 2 € Og(1), then S is a regular semigroup.

The next result is obtained by considering a near permutation semigroup
generated by a group and by an idempotent and which contains S. But first
we need to define the following. Let S = (G, H) be a near permutation
semigroup, where H is a group with identity (;) Since the elements of
H are group elements of rank N — 1, and every element h of the group H
satisfies 1 ¢ I'm h and (1,2) € Ker h , we can associate to each h € H a
permutation h such that 1h = 1 and that zh = xh, for all z € X \ {1}.
From now on, we denote by h the corresponding unique permutation of
the transformation h € H. The set of all such elements h is a group of
permutations, that we denote by H. The semigroup (G, H) is a group,
because all its generators are permutations. We denote (G, H) by G(S)
and the set {g € G : 1g # 1} by G’. Observe that S = (G,eH) and S is
contained in the semigroup (G(S5), e). Conversely if G and W are subgroups
of Sy such that the elements of W fix 1, that is lw = 1 for all w € W,
then S = (G, eW) is a near permutation semigroup, where el is a group
of transformations of rank N —1. Now, we have the semigroup S = (G, H)
between two semigroups generated by a group and an idempotent, that is

§"'=(G,e) € S C(G(9),e).

Proposition 4.1. [3] Let S = (G, H) be a near permutation semigroup,
where H is a group. If 2 ¢ Og(s)(1), then S is an R-unipotent semigroup.

To study a near permutation semigroup S = (G, H), it will be very
important to know some results about the local submonoid eSe, where e is
the identity of H. Consider H, as being the H-class of e.

Proposition 4.2. [3] Let S = (G, H) be a near permutation semigroup,
where H is a group with identity e. If 2 ¢ Og(1), then eSe is generated by
H, together with the set {ege: g € G,1g # 1}.

Moreover, the group H, is generated by H together with the set {ege :
g€ G,1g=1}.
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In order to use the results of the previous section it is important the
following result.

Proposition 4.3. [3] Let S = (G, H) be a near permutation semigroup,
with H a group. Suppose that 2 ¢ Og(1). Then there exists an isomorphism
Y between the submonoid eSe of S and a submonoid of Ty . Ny, which has
as group of units Hewp. Moreover, eSe is isomorphic to the near permutation
semigroup Wg = (Hetp, V), where H, is the H-class of e and V = {g €
G:lg#1}.

Using the isomorphic copy of the local submonoid eSe, we can say that
eSe is a near permutation semigroup (Gg,Us), where Gs = H 1) and Ug =
Vp. We recall that it is convenient to consider Us = {uq,...,uy,} and
I ={1,...,m}. Now we can refer some more results about the regularity of
S with the help of the technique described before.

.....

Proposition 4.4. [3] Let S = (G, H) be a near permutation semigroup,
where H is a group and Ws = (Gg,Us). If, for each i € I, the elements
«;, B; and ~y; belong to the same orbit under Gg, then S is regular.

According to the results of the previous section is easy to conclude that
all rank N —1 elements of S are regular. Next we provide a tool for checking
if the elements of rank N — 2 are regular, which is obtained using Theorem
3.1 on the local submonoid eSe of S.

Theorem 4.4. [3] Let S = (G, H) be a near permutation semigroup, where
H is a group and Ws = (Gg,Us), as defined above. Then the elements of S
with rank N —2 are regular if and only if the relation  induced by the graph
I'(Ggs;Us), where the vertices are the elements of the set Us = {u1, ..., um},
is an equivalence relation.

We have one more sufficient condition for S to be regular which uses
Theorem 3.5.

Proposition 4.5. [3] Let S = (G, H) be a near permutation semigroup,
where H is a group and Wg = (Gg,Us). If the relation € induced by the
graph T'(G;Us) is an equivalence relation and, for each i € I, the elements
a; and B; belong to the same orbit under Gg, then S is regular.

It is important to observe that, given a near permutation semigroup
S = (G, H), we can use the more general result of Theorem 3.6, considering
the local submonoid eSe of S and its isomorphic copy Ws = (Gg,Us).
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The results that follow are about inverse near permutation semigroups.
The first one has to do with the semigroup (G, e) and was proved in [12].

Theorem 4.5. Let S = (G, H) be a near permutation semigroup, where H
is a group with identity e. The subsemigroup S' = (G,e) of S is inverse if
and only if 2 ¢ Og(1) and Stabg(1) C Stabg(2).

With the group G(S) previously defined it is possible to say more about
when S is inverse. Next, we obtain a sufficient but not necessary condition
for S to be inverse.

Proposition 4.6. [1] Let S = (G, H) be a near permutation semigroup,
where H is a group with identity e. If 2 ¢ Og(s)(1) and Stabgs)(1) C
Stabg(s)(2), then S is inverse.

It follows a theorem that provides a necessary and sufficient condition
for S = (G, H) to be inverse. Recall that G(S) = (G, H), where H is the
group of permutations associated with H.

Theorem 4.6. [1] Let S = (G, H) be a near permutation semigroup, where
H is a group. Then S is inverse if and only if

(i) 2 ¢ Oges)(); o

(i5) If 1g1h1...gn—1hn-19n = 1 and 1gi1hy...gs—1hs—19s # 1, for all s
such that 1 < s < n, then 29151...971,15”,19” = 2, where g1,...,9n € G
and El, ...,En,1 cH.

Notice that Theorem 4.5, proved by McAlister in [12], is an easy con-
sequence of Theorem 4.6. Moreover, it is obvious that if Stabg(s)(1) C
Stabg(s)(2) then 2h = 2, for all h € H.

Observe also that the conditions of Theorem 4.6 can be simplified when,
for S = (G, H), the elements of H satisfy the equality 2h = 2.

Corollary 4.1. [1] Let S = (G, H) be a near permutation semigroup, where
H is a group. Let G(S) = (G, H), where H is the group of permutations
associated with H. If 2h = 2, for all h € H, then S is inverse if and only
Zf2 ¢ Og(s)(l) and the Stabg(s)(l) g StabG(S) (2)

Theorem 4.6 gives necessary and sufficient conditions for a near per-
mutation semigroup to be inverse. However these are somewhat techni-
cal. A consequence of the first, and simplest, of them is that the semi-
group (G(S),e) is R-unipotent. In particular, its idempotents form an
R-unipotent band. By studying the maximal subsemilattices of this band,
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and maximal inverse subsemigroups of (G(S),e), one can give alternative,
and more structural, necessary and sufficient conditions for (G, H) to be
inverse. This approach is contained in Chapter 4 of the author’s thesis [6],
and proofs will appear in [2] and [5].

Our next aim is to present a set of necessary and sufficient conditions for
a semigroup S = (G, H) to be inverse and to have semilattice of idempotents
E(S) generated by its idempotents of rank greater than or equal to N — 1.

Proposition 4.7. [1] Let S be a semigroup with a subgroup of units G, a
subgroup H and a subsemilattice E that contains the identities of G and
of H. Let also P = {r € GUH : 7 vz, zvz™ € E, for all v € E},
where =1 denotes the group inverse of © within the respective group. Then
L = (P, E) is an inverse subsemigroup of S, with semilattice of idempotents

E.

Next we obtain a necessary and sufficient condition for a semigroup S
to be inverse and its semilattice is generated by the idempotents of S of
rank greater or equal to N — 1.

Proposition 4.8. [1] Let S = (G, H) be a near permutation semigroup,
where H is a group. Then S is inverse with semilattice of idempotents
E(S)={{(5%) : g € G}) if and only if

i) 1gh € Og(1), for allg € G’ and h € H;

ii) 2 ¢ Og(s)(l);

iii) Stabg(1) C Stabg(2);

i) 1grhga =1 implies 2g1hgs = 2, for all g1 € G',92 € G, h € H,.

The following proposition describes the idempotents of rank greater
than or equal to IV — 2 of an inverse near permutation semigroup S =
(G, H).

Proposition 4.9. [1] Let S = (G, H) be an inverse near permutation semi-
group, where H is a group with an identity e. Then the set of idempotents
of S with rank greater than or equal to N — 2 is

A= {(;g) g€ G U {(;g) (lglh”z) 19,920 € G,g1 € G’ hy € H.} U {1}.

291h192

Let S = (G, H) be a near permutation semigroup. We determine ne-
cessary and sufficient conditions for S to be an inverse semigroup whose
semilattice of idempotents is generated by the idempotents of rank greater
than or equal to N — 2.
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Proposition 4.10. [1] Let S = (G, H) be a near permutation semigroup
where H is a group with identity e. Then S is inverse, with semilattice of
idempotents E(S) generated by

A={(5):9€GY U {(5) (5hi2) 19,92 € Gog1 € G',h € He} U {1}
if and only if the following conditions 1), 2), 3) and 4) hold, where

1) 2 ¢ Og(s)(1);

2) 1gihgs = 1 implies 2g1hgs = 2, for all g1 € G', g2 € G,h € H;

3) For all g1 € G',g2 € G, hy1,hy € H,, there exist g3 € G',g4 € G, h3 €
H, such that 1g1h1g2ho = 1gzhsga and 2g1h1g2ho = 2g3haga;

4) Stabg (1) C Stabg(2).
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