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Abstract

Nonrenewable resource scarcity has been a traditional concern when
designing optimal growth models. Technological change has played an im-
portant role in those models, since its presence mitigates the depletion
effect on extraction paths over time. Moreover, in empirical research, when
studying the time trends of prices and other scarcity measures, the role
played by technology is crucial. The effects of technological change have
been studied in previous literature in several different ways. More emphasis
has been placed on capital-resource growth models than on specific sectoral
behaviour models. However, in order to predict actual market dynamics
the latter are more appropriate.

' In this paper, we examine the impact of different kinds of technologi-
cal change on extraction path over time, in the context of a competitive
resource industry. Two cases are considered. In the first case, prices are
assurned to be exogenous, while in the second demand is introduced. There-
fore, both price and extraction paths result from demand/supply dynamics.
Implications for the evolution of scarcity measures (price, marginal extrac-
tion cost and user cost) are derived. :
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1. Introduction

Simple models of nonrenewable rescurce extraction consider the case of a firm
that has a fixed production process, liaplying that the firm’s cost function does
not change throughout the entire period of extraction activities. However, the as-
sumption of no technical improvements in production is empirically inappropriate
for most resources. Technology can be (and historically appears to have been)
an important way to decrease the scarcity problerns inherent of nonrenewable re-
sources, since it allows the extraction of resource stocks that were previously too
expensive, Thus, the analysis of extraction behavior in the presence of technical
change is quite pertinent.

The impact of technological change on resource extraction can be modeled in
several different ways. When using a basic profit maximization model to analyze
resource extraction, technological progress is generally represented by a downward
shift in the extraction cost function and/or in the exploration cost function. A
number of authors have done that in a simple way by including time as an ar-
gument of cost'. However, this implies that progress is basically an exogenous
process, whereas most of the literature suggests that technological change is at
least partly endogenous®. Furthermore, some general results can be obtained even
without this simplification.

Farzin [7] studies the impact of technological change on the behavior of scarcity
measures (price, marginal cost of extraction and scarcity rent) for a competitive
firm. The author begins by considering the case of no technological change, and
presents the dynamics of scarcity measures (with special emphasis to the rela-
tionships between their movements). These results are then extended to the case
of technological change, but his conclusions rely on using a given exiraction path
to compare the case of progress with the case of no progress. This seems quite
illogical, for it implies that the competitive firm does not change the chosen path
for 1ts decision variable even though its cost function has been altered, and hence
it is not behaving as a profit maximizer.

In this paper, a more adequate study of technological change is presented,

1See, for example, Dagupta and Heal [4}, Slade [11], and Berck and Roberts [1]. An example
of a specific cost function that is estimated including time s given in Lasserre and Ouellette
{10]). The same strategy is often applied to production functions in capital-resource models with
consumption, although these have limited interest for empirical studies (again, see Dasgupta
and Hesl [4]).

?The methods used to explain techuicsl progress are similar to those used in investment
theory. For a good introduction to the subject, see Kamien and Schwartz [9].



using comparative dynamic methods £ om Caputo {2] and Sweeney [12]. The basic
behavior of scarcity measures is sketched, then the impact of technical progress on
those measures (as well as on the extraction path) is derived. Finally, an attempt
is made to take demand into consideration, thus gaining some insight into market
dynamics. This first part considers only the case of a single change in technology.
However, a more realistic approach requires the consideration of several stages of
technological improvement. That is the purpose of the second part of this research
study.

2. A Basic Model of Extraction

 Consider the general profit maximization problem for an individeal owner of a
nonrenewable resource deposit when price is taken as given:

T
Mgz 1 = fo [P.B, — C(E:, S:, Zo)] e ™dt

st. § = -E, (2.1)
So = X
Sy = 0
B >0

where S; is the exasting stock of resource in moment t, E,; is the extraction at ¢
and Z,; indicates the level of technology attained at ¢ (assumed to be exogenous).
3 is the known initial number of resource units available®.

The cost function is assumed to have the following properties (all derivatives
evaluated at t):

1. twice continuously differentiable;

3Farzin ([6] and [7]) criticizes the use of a finite, known stock of the resource, and replaces
the state equation in 2.1 with X = E;, where Xy = 0. However, the necessary assumption that

‘lilg X, = X seems to mean exactly the same thing if one is trying to calculate the extraction
path. Moreover, the author’s justification for the existence of a finite maximum for cumulative

extraction is that “barring technological change, increasingly large quantities of the resource
can be exploited only et increasingly high incremental costs...it: will never make economic sense
to extract infinite amount of the resource” ([6], p.615-6). If it is true that the finite initial
stock assumption is unrealistic, then a better way to represent the state equation would be to
include discoveries, which could encompass the effect of new geological information as well as
vechnologica! progress.
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2. strictly convex, thus G > 0, £$ > 0, £§ > 0 and 525
3. according to intuition, in the absence of learning by doing one expects % >

sc f:log 2o #c o
0, 35 <0, 55 <0, and 5555 <0, 5557 <0, 3557 > 0;

Thus, marginal extraction cost is positive and increasing (reflecting dimin-
ishing returns to extraction); there are stock effects in both total and mar-
ginal cost {when the stock decreases, extraction becomes more costly); as for
technology, it is assumed to lower total and marginal extra.ction cost, and
to decrease the impact of stock effects on total cost (note that £< o5 becomes
smaller in absolute value when the level of technology improves)?.

The Hamiltonean (in current value) for this problem is:
Hc = REG - C(Eta St; Zt) + ¢t("Et)
with first order conditions®:

)y % =[R-22]-4<0E>0 B([R-232]-4)=0
i) ¢ _.¢tr = “%_Sf = ;;_.g:
) s =—EB

iv) }Lrg_ $e ™S =0; }H‘}- Gt >0, th_rg S, >0
(2.2
Given the properties of the cost function, H, is strictly concave in (S;, E;).
Hence these conditions are both necessary and sufficient.
From condition i), solving the differential equation:

b= T 09, — f 85’ e~ s (23

Substituting 2.3 into condition #) again, the behavior of ¢ can be summarized
through 8: .

: oC T 3C.
— o= (T~t) T —-r('r 1)) _ _
p=e | (qﬁT r+ 3.5') . 35, dr (2.4)

4These assumptions are similar those found in the literature. See, for example, Farzin [6].
51f the problem has an infinite borizon, then the transversality condition lim eETH, =0

must also hold, but the discount factor ensures that the oondmon is venﬁed as long as H, is
finite.

8The expression 5 ﬂ refers to —(gl .




When the time horizon is far enough into the future (T — oo}, 2.4 becomes:

. (96'.,.

*=") B,

Equation 2.5 shows the close relationship between the behavior of stock effects
throughout time and that of opportunity cost (namely, if %g—: > 0 for 7 >t then

¢ < 0 at t and vice-versa for ‘;ﬁs.:- < 0).
Note, from condition ), that whenever extraction is positive:

e 04 (2.5)

aC -
Pt = E“Ef + ¢t (2-6)
The dynamic version of 2.6 is:
p=%, ¢ (2.7)
)
Note also that: |
oc 8C . *C., &C , ,
35 ~ aEas” tase® tas8z7 - (28)
a8C 8c .. &C 82C .
55 = 35t 5mesS t smaz’ (2.9)

Equations 2.7, 2.8, 2.9, and 2.5 or 2.4 can be used to study the relationship
between opportunity cost, price, and extraction cost along the optimal extraction
trajectory.

2.1 Extraction with Parameter Invariance

In this section it will be assumed that the parameters of problem 2.1 (price,
interest rate, and the level of technology)} remain constant and that the time
horizon is arbitrarily large. Under those conditions, equations 2.7, 2.9, and 2.8
can be combined to yield:

8C . _
0=2x+6 (2.10)

8¢ Z& E | #C\* #coc
35~ é;( )+%[(—3563) N Tr (2.11)
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Frou Z.10, marginal cost and opportunity cost will necessarily be moving in
opposite directions along the optima.l path. However, with cost function convexity
2.11 shows that if 33 oc > 0 then £ as i; if that happens for a long enough period
of time, ¢ > 0. Hence, for the case of invariant pnce it will generally be true that

<Oand¢>0 since ¢ < 0 would mean 2 £s > 0 for at least some periods,

lmplymg %5 < 0 which contradicts 2.107. Under these conditions, equation 2.9
indicates that extraction will be decreasing along the optimal trajectory.

3. Technological Progréss with exogenous prices

3.1. Single dZ

In this section the role of technology will be examined in a comparative dynamics
perspective, although to begin with the comparative static effects on the steady
state shall be ascertained. When the parameters of the model are invariant (price
P, interest rate r, and technological progress Z), the system described by the first
order conditions will eventually reach a steady state, where § = 0 and ¢ = 0.
This steady state may be characterized either by the exhaustion of the initial
resource stock or by the abandonment of remaining units (if price falls below
marginal extraction cost plus opportunity cost, extraction becomes unprofitable
and E = 0, as can be seen from first order condition #)). Note that if the terminal
time is sufficiently far into the future it is possible to have both § > 0 and ¢ > 0
(steady state values) without breaking the transversality condition. This is the
case that will be analyzed throughout the rest of the paper®. It can be shown that
under strict concavity of the Hamiltonean and with a‘?egs < 0 the steady state 1s
a saddle point.
- The first order conditions imply that at the steady state:

¢

3 = — ad E:O,S=§ | (3.1)

"It is possible to have 3% 9¢ - Dand # < O for a period of time lf behaves non-monotonically,
namely if it starts out negat:ve (which it will have to remain as Iong as marginal cost is growing)
and then turns positive. Thus it would be possible, but not necessary, for extraction to grow
for some time and then start decreasing.

8 As Sweeney |12) remarks, the situation where ¢ > 0 s nsually associated with a negative,
stock-dependent externality that would linger even after extraction had ceased.



aC

P=(—9~§

+ ¢ (3.2)

B=05:%5

Now, assuming that the level of technology was higher than in the previous case
(Z' > Z, hence dZ > 0) the effects on the optimal extraction path are examined,
beginning with the steady state. A phase disgrammatic approach similar to the .
one ir Sweeney [12] is presented in the Appendix.

Total differentiation of 3.1 and 3.2 ylelds:

_ 1 {#C - PC

d$ = — (332d5+asazdz) (3.3)
2

dP = Fc dZ + ¢ dS + dé (3.4)

OE3Z OBdS
Maintaining the assumption of constant prices, dP = (, equation 3.4 becomes:

- aC FC '
= "3807% ~ pEas°" | (3:5)
Solving 3.3 and 3.5, and simplifying yields:
_ B _ p PC '
dS = Pge gl (3.6)
BESS ~ 35T

' (atﬁgz aa;gs ”' aga%%) :

dp = — Po oic dz (3.7)

3885 — B5?

Using the properties assumed for the cost function, it is shown that the steady
state stock will decrease with a single technological improvement, which means
that cumulative extraction is higher. This result can be explained intuitively if one
remembers that extraction costs are lower, which combined with a constant price
means that some units that were previously abandoned now become sufficiently
attractive to be extracted. In general, nothing can be said about the sign of d¢
when dZ > 0. The explanation for this indeterminacy lies with the double effect
of technology on costs: on one hand, marginal extraction costs are decreased,
making the value of each remaining stock unit higher; but on the other hand, the
negative impact of depletion on costs becomes smaller, meaning that euch unit of
~ remaining stock has less cost-reducing value. A clear illustration of these effects
is obtamed if one looks at each of them separately, as follows.

7



Technological progress might not affeci bobh mergnal exiractiom crsb and

' marginal depletion cost. Two special cases wil be analyzed™

e Extraction-biased technological changtz 2% < 0 emd £& = 0

In this case equations 3.6 and 3.7 bex:arne.
dS = T,g}f?%@adz (5-8)

s
dg = -—-MPEIL__yu ' (3.9)

Note that the impact on steady stale scaraly 1exi is xo bnge: ambxguc:us
In the presence of this type of technokogical chamge, f inezeases with dZ > 0.

e Depletion-biased t.echnologlcal changer 5% ={ a:ul =0

Now the relevant equations are:
al-d
dS = ——ﬂ—-—d _ (3.10)

"u:as'
Fc g C

= PR dEN_qp (3.11)

T—-.——.

LS
Thus, this type of technological demge ¢auses a decrease of steady state
scarcity rent.

Unlike what has been done so far, a ttue aampazative dynamic analysis re-
quires taking into account impacts on the enire optimal pathh For this purpose a
variational differential equation approach similar to that iz Capute [} is appro-
priatel®. It was shown above that first order corditinns for the single ompetitive
producer problem, with parameter invariance, are given byr

ac -
P = E,-E[E,S,Z)*rd (3-1%]
b = r¢+%g[5,s;2] O (313)
§ = ~E (3.14)

Farzin [7] also presents the case of nentral technolegical chaage, wierm ﬁ does not change
' ¥
with the level of technology. This case brings no additiens] infor retion te aur model, hence it

~ will not be considered here.

12See also Epstein [5] for the infinite horizon ceee.

8



Condition 3.12 defines optimal extracticn:
| = E(S,4; P, Z) | (3.15)
‘The pertial derivatives of 3.15 can be calculated implicitly: |

82

%% =—§_% >0

oE :

28 . <0

> P - - (3.18)

A L |
BEZ

Upon substitution of 3.15 into 3.13 and 3.14, one obtains the following system:

¢ =rd+ % (S E(S ¢ P 2)2)
§ =-E(S¢P7Z) (3.17)

To complete the problem, boundary conditions are necessary. The terminal con-

ditions are replaced with the steady state equations, S =0and ¢ = 0. The

optimal state and costate arcs thus obtained from 3.17, (S{¢; 8), ¢(t; 8)), where

3 denotes the set of parameter values (P,r, Z and Sg), can be plugged back into
3.17, producing; '

¢t 8) = ro(t; B) + 55 (S(t: B), E(S(%; B),4(5; 8), P, 2); Z) (3.18)
S8 =—-E(S _ﬁ) ¢(t B) P, Z) '

The variational differential equations are derived from 3.18 and from the

boundary conditions, by differentiating with respect to Z. The result, using 3.16,

gt

2
- &8s
g% ="§%+(%?' a; %—%( agaz)‘*‘asaz

as 22C o 1 (3.19)
8 —agpRos ) (%42

88g =0

4

as well as equations 3.6 and 3.7.

! Notation has been simplified for clarity, bui it should be remembered that from now on the
values presented are optimal ones.



All derivatives are evaluated at 3 = §,, where §, denotes the initial set of pa-
rameter values. The solution to 3.19, (%, g%), provides the impact of changes
in Z on the entire optimal paths of scarcity reni and stock. Instead of studying
this general case, a distinction will once again be made between extraction and

depletion-biased technological change.

e In the extraction-biased case, 3.19 becomes:

' e
26 _ .08, [oc _ A\PEES] | a5 _ “"(g_g_l_ 2 )
2z 3z 85 20 o7 ~ ‘gl \bz T 8E6Z 520)
- a’c -
as 85 8¢ 4 &C
2z 3z 1 iq (az + 350z
85 DE
8% _
7

as well as equations 3.8 and 3.9

Using cost function properties, a study of variable movements through the
construction of a diagram in (g%, g%)can be undertaken. Figure 3.1 rep-
resents such a diagram, using simplified notation!?. The arrows indicate

motion and are drawn using the following procedure: a sign for (—g—%, ag) is

assumed, then used to calculate the corresponding sign for (3%, g—%), which
is then used to draw the appropriate motion arrows. The results obtained

are summatized in Proposition 1.

Proposntlon 1. Inthe case of an extraction-biased technological change,

that Is, asgz < 0 and a?s'gz = (), where dZ > 0,

88 ac
1L ﬁ<0and0<az<—m

2. %<Omd§¢>0w€]0 +oof

3.0< 2 < -ZC att =0, hence & < 0, which implies 22 > 0,
Le.. 1mt:aJ extraction increases.

Proof: FEquations 3.8 and 3.9 are used directly to obtain the steady .
state results. This defines an area in Figure 3.1. Looking at the motion
arrows and recalling that g% = 0 at the initial moment, if the steady

12For the diagram it is assumed that 3%2% does not. change with stock or extraction, allowing

one to plot the line §2 = — ZC

10
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Figure 3.1: Extraction-biased technological change

state is to be reached then necessarily 2% >0Vte[0+oo[a.nd <0

vt €]0, +oo|. For t = 0, plugging g 0 and -g% > 0 info the az
equation in 3.20 provides the resultl.

~ All subsequent Propositions derive from using the same approach. .

e For the depletion-biased case, 3.19 turns into:

v _
- e\ & (£%)
- 5 Pc _ | P
g% ‘_'(_g_g)%'*‘(?ﬁg“ )%"‘osscz
. -3 SE

. 2 .' : (3.21)
08 _ Hfes , 1 & |
8z - oz 5z -
s _ Oas oF

az

as well as equatlons 3.10 and 3.11

Usmg a procedure a.na.logous to the one described above, this case is plct.ured
in Figure 3.2 and the assocna.ted results are in Proposition 2.

Proposltlon 2. In the caseof a dep]etjon-blased tec:hno]oglcal change
that is, asaz >0 and Z< PEGZ = 0, where dZ > 0,

1.

SN

§§<0amd§§<0

25 <0Vt €]0, +oo]

2 < Gatt=0, hence gg < 0 and once more initial extraction

Increases.

11
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Figure 3.2: Depletion-biased technological change

3.2. Single dZ and dP

In this section, the combined effect of a single change in technology (dZ) and in
the price of the extracted resource (dP) is examined in & comparative dynam-
ics perspective. The case of a single change in the price of the good (dP) was
already examined in Caputo {2]. Except for the transversality conditions, and,
consequently, for what occurs at the boundary, the motion diagram is the same as
in Caputo [2]. Using these results, and those obtained in the previous section, the
. two special cases for technological change are analyzed. The compa.ra,twe statics
results are as follows:

» Extraction-biased technological change: aB 33 < 0 and a%zgz =0

In this case equations 3.6 and 3.7 become:

_8%c

ToEaS as ragss — 5ot

_ -l a’c &c _

dp = —PRIIT d7 — ﬁdp (3.23)
Tagss ~ b5 Tg0s — 837

Note that when dZ > 0 and dP > 0, the impact both on steady state
scarcity rent and stock is amplified, as it is obtained by adding up the
scparate effects ol the same sign. Technological improvcment and price
increase affect the problem in a similar manmner, since both contrilute to
- make extraction more attractive and stock more valuable. Therefore, the

12



steady state stock decreases by more, and the steady state scarcity re.it also
increases by more. However, when dZ > 0 and dP < 0.the signs both on

ds and on d¢ are undeterminec..

¢ Depletion-biased technological change: W =0and &5 Bsaz >0

Now the relevant equations are:

.
T 2502 r
ds = WdZ-F;-m—m'dP (3.24)
3E8S 85! aE9S _ P52 :
e BPc g;cz'
T PSOZ 8EHS _
df = ——SERERS AL — —g g dP (3.25)
T9Es3 — 88t 3568~ 83%

This type of technological change lowers costs but also lowers scarcity rent,
whereas a price increase lowers costs but raises stock value. Thus, ifdZ > 0
and dP > 0 there is an additional decrease of steady state stock, while
steady state scarcity rent may increase or decrease. On the contrary, when
dZ > 0 and dP < 0, the impact on the steady state stock is not clear, while

the steady state scarcity rent decreases by more.

Proceeding similarly as in section 3.1, comparative dynamics results are the
following:

¢ In the extraction-biased case, the variational differential equations become:

820

dp =rdg— 3 (dp+ 25dZ — dP) + ( Bzé_u;) ds

059 o5
45 = 3548 + A (db— dP + 25dZ) (3.26)
g 31(5_ BH8Z
dSo =0

as well as equations 3.22 and 3.23

Using cost function properties, a study of variable movements through the
construction of a diagram in d¢ and 52 can now be undertaken. Again,
the arrows indicate motion and are drawn using the following procedure: a
sign for d¢ and d.S is assumed, then used to calculate the corresponding sign:
for d¢ and dS, which is then used to draw the appropriate motion arrows.
Figure 3.3 depicts the case of a rise in price and Figure 3.4 represents the

13



‘ ¢ “P :ﬂw@c.;dz |

PFigurc 3.3: Extraction-biased change with a price increase

first possibility discussed in Proposition 4 for a fall in price. As usual, all
results are summarized in the following Propositions.

Proposxtlon 3. In the case of an extmctfon-hia.sed technological change,
 that is, Z& <0 and L5 =0, where dZ > 0 and dP > 0, then,

1 d5 <0 and 0 < d < dP — asazdz
2, dS<0andd¢>0‘v’t€]0 +00|

3. 0<dp<dP—LEdZ at t =0, hence dS < 0 and dE > 0, k.., initial

extraction increases.

Note that Figures 3.1 and 3.3 look the same except for the ridge line. This
1s to be expected given the similar effects of extra.ctlon-blased technological im- -
provement and price increase. .

Proposition 4. In the case of an extractlon—bmsed technological change,
that is, 2S < 0 and Z& = 0, where dZ > 0 and dP < 0, several |
possibilities can occur:

~ (i) ifdP — a—Eggdz < 0, then: -

1. dS >0 and dP — Z££dZ < d$ <0

" YWFrom now o, dgp= 8de + —QJP and dS = ——S~dZ + LdP Likewise for de and dS.

14
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Figure 3.4: Extraction-biased change with a price decrease (case (i)) |

2. dS >0, d¢ < 0, ¥Vt €)0, +oo[
3. dP— wade < d¢ < Qatt=0, thus dS > 0 and initial extraction

decreases.
— (i) if dP — E;;"Zdz > 0, then:

1. d5 <0 and 0 < d < dP — a;"gzdz
2. dS <0, d¢ > 0, Vt €]0, +o0]
3. 0<dp <dP—2SdZ att =0, thusdS < 0 and initial extraction
IHCTe&SGS
The diagram for this case also looks exactly the same as that in Figure
3.1, except for the ridge line, hence it is not presented here. Intuitively,
this means a small enough price decrease only dampens the effects of
technological change. The qualitative results are exactly the same as
~in Proposition 1. . _ .
~ (iii) if dP — ££dZ = 0, then the two effects cancel out, and in dis-

B8ESZ
grammatic terms we would never leave the origin.

o For the depletion-biased case, the varia.tiona.l diﬂ'erent_ial ei:lua.tions are:

. . . 2o 2 2
dp =rdp+ |28 %l dS — 293 (dp — dP) + £Sdz
8E ' 51

(3.27)

ot

d§ = b (dg— dP)+EF§ﬁds
dS,

Og
%J

N

15
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Proposition 5. Inthecaseofa dep.ﬂ:mhudt&fmal:gcddmu'e that |

]S, 5552 >0a.nd-9%9——0 wbele::(]anddF::(] them

L (1)dS<0andd¢<0 or(n)JSc:Uand[iddé{dP

2. d§ < 0Vt €]0, 400 _ _
3. dp<dP att =0, hemedS-(D udmmmmdmtzm
Increases.’ _ . _ _

" Proposition 6. Inthecaseofa depldzon—huedta:‘mokgm!dzalp, that
is, 555z >0 and £ =0, where dZ > 0 and 4P < 0, ihen

1. (1)dS<0andd¢<dP<0 a—(xyd.5'>nuz:|dpci¢=:u

2 dSandd(ﬁanywhereexceptm fhe 15t quadrant, V& €0, +o-o|
3. tbesxgnfordSatt—Olsm:fan,thﬂmlonmaJnn&ﬂe
ordecrease .
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Figure 3.6: Depletion-biased change with a price decrease

3.3. The Impact on Scarcity Measures
3.3.1. Single dZ

The purpose of this section is to study which combinations of scarcity measures’
moverments are compatible with optimal behavior, when there is a single techno-
logical improvement, and assuming that price is exogenous and invariant. This
assumpticn will be relaxed below.

If there is a single technological improvement, the comparative dynamics re-
" sults obtained in the previous section can be combined with equations 2.10 and
2.11 to describe possible optimal paths for scarcity measures, namely scarcity rent
and marginal extraction cost (price is still assumed constant at this point). To
begin with, note that the conclusions of section 2.1 can be used in the analysis
of the two separate optimal solutions (one for Z and another for Z’); the afore-
mentioned equations hold for both of them. Hence, in either case scarcity rent
is generally growing, and marginal extraction cost is decreasing (even though the
exact amplitude of these movements cannot be compared). The next step is to
cornsider what happens to the optimal path if technology is initially at Z and then
increases to Z'.

In the extraction-biased case, it was shown in Proposition 1 that scarcity rent
increases with technology. Considering that the price is constant, this implies

oc .
that marginal extraction cost becomes lower, ﬂ% < 0 Vt. These effects have the
same sign as when technology is invariant, therefore it can be concluded that the
optimal path when there is a technological change is also characterized by ¢ > 0

17



and ac < 0. Extraction-biased technological cha.nge does not alter tl.e direction
of scarc1ty measire behavior.

For depletion-biased technological change, on the contrary, the nature of the
optimal path is changed. Proposition 2 shows that both initial'* and steady state
scarcity rent decrease with technological change. Hence, scarcity rent cannot be
growing monotonically, and likewise marginal extraction cost cannot always be
decreasing.

It must be emphasized that, unlike what is done in Farzin [7], for a competitive
producer the price path should be the starting point and not the result of other
scarcity measure movements. That is the perspective of this paper; exogenous
changes in pnce are analyzed in the following sections.

3.3.2. Single dZ and dpP

In the presence of a single technological improvement and a single change in price,
the consequences for scarcity measures’ movements are now examined. Emphasis
is placed on ruling cut certain behaviors, namely monotonic ones, by proving them
to be incompatible with optimal decisions.

In the extraction-biased case, for dP > 0 it was shown in Proposition 3 that
both initial and steady state scarcity rent increase. Therefore, scarcity rent can-
not decrease monotonically with marginal extraction cost always increasing. That
is, ¢ < 0 and 9¢ > 0 cannot characterize the optimal path'®. When dP < 0, by
Proposition 4 m case (i), both initial and steady state scarcity rent decrease.
Therefore, scarcity rent cannot increase monotonically with marginal extraction
cost always decreasing. In case (ii}, initial and steady state scarcity rent increase.
Therefore, scarciiy rent cannot decrease monotonically, whether marginal extrac-
tion cost is always increasing, decreasing or constant. For case (iit), scarcity rent
can either increase or decrease.

In the case of a depletion-biased technological change, for dP > 0, by Propo-
sition 5, all paths are potential optimal paths. For dP < 0, Proposition 6 shows
that initial and steady state scarcity rents decrease. Thus, scarcity rent cannot in-
crease monotonically with marginal extraction cost also decreasing monotonically.
These results can be summarized as follows:

o In the extraction-biased case, the following paths cannot be optimal:

'4Here, initial means at the moment when technology changes.
15The cascs where ¢ < 0 and $¢ < Dor ¢ < 0and §5 ‘90 = 0 are immediately ruled out by
equation 2.6.
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o dP < _
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In the depletlon-blased case, the follomng paths cannot be optimal:

o dP <0
-(i) >0, and %X <0

-(n)¢<0,and%>0;¢<o,and'—g-%<o;&<0,and§§=o.

Thus, for dZ > 0 and dP > 0, or dP < 0, monotonic optimal paths for the
scarcity rent, and, hence, for thc marginal extraction cost are only excluded in
the case of a depletion-biased technological change, with dP < 0 . In the case of
an extraction-biased technological change, it can be optimal to have the scarcity
rent increasing monotonically.

3.4. More comparative dynamics

. Following the dynamic primal-dual methodology of Caputo (3], additional com-
parative dynamic results can be obtained. Specifically, the use of the dynamic
envelope theorem and. of second-order conditions for the primal-dual formulation
yields a number of conclusions that are compatible with those in previous sec-
tions but contain more qualitative information. It can be to shown that (where

II* denotes the optimal value of II):

e AL = Jo° Eye”"dt > 0 => the impact of a price increase on the optimal -
profit is positive, as expected, and equal to discounted cumulative supply.

. %’lz-'- =~ fo° gge""dt > 0 = the impact of a technological improvement on
the optimal profit is also positive, as expected, and equal to discounted cost
savings.

. ._%me""g-gdt > 0 = discounted cumulative supply has a nonnegative slope.
Although this is compatible with the usual static result of npward-sloping
supply, it shows that in a dynpamic problem such a result need not hold at

every point in time.
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o P (ESE+ &5+ ;i;,P e ™dt < 0 = the cumulative impact of tech-
nological change on marginal costs is nonpositive. Note that the term con-

taining g—g would not appear in a static problem since the dynamics of the
resource stock would not be considered.

LI e (%gggg- + 0—3,;%%? etdt = ~ [, -g%e"‘dt = the discounted marginal
impact of technological change on extraction is equal to the discounted in-

direct effect of a price change on % over the entire time horizon, rather

than at each point m iime. Again, the inclusion of g% is due to the dynamic
" nature of the problem.

4. Endogenous price

Allowing price to be determined by market equilibrium requires the introduction
of a demand function. Here it will be assumed that producers are competitive,
so that the model described in the previous sections is an accurate description
of resource supply behavior. However, although price is taken as given by each
producer, price behavior will be determined by demand conditions.

For each period, the total quantity demanded of the resource will be equal
to the sum of the quantities offered by each individual producer, Q, = f;¥ Eidi
(where % is the producer). Demand for the resource is assumed to be a continnous
function of price at t, QP(F,,t}, which can inverted to obtain P(Q;,t). There is a
finite choke price in every period, i.e.. there is a price for which Q2 = 0. Market
equilibrium is given by:

Q.= f' Bidi =QP(B,,t) vt (1)
b Q°(Pt) =ff R Edi< [ Sidi=S

The first equation is a static equilibrium condition, whereas the second one is
a dynamic equilibrium condition. The existence of an equilibrium can be demon-
strated using cost function convexity (see Sweeney {12, pp.819-23)). -
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4.1. Equilibrium without techmnological improvements

Assuming an infinite horizon, each producer z will behave according to the first
order conditions of problem 2.1, namely: '

__act i : i
P = g—gi% + d). if Et >0
P <35t ¢ if E;=0
§oo = “
v =-E& _
fg 45 =0 - fm e 20 Jim 520

If demand is constant or growing, prices must eventually grow as long as the
resource is being extracted. This result can be obtained recalling equations 2.7,
2.9 and 2.11. Since there is no technological change:

. B8Ct ., 8

F=3" * ppo5
If P < 0 for all 7 > t and demand is not decreasing, E > 0 (for the resource market
as a whole, and, since all producers are alike, for each individual deposit as well)
Equation 4.3 can only be verified if ¢ < 0, which is incompatible mthac > 0
(see section 2.1). A constant price path, P =0 forall T > t, can also be ruled

out using the same procedure'®.
If demand is actually constant, growing prices imply decreasing extraction. If
demand is increasing, extraction may increase or decrease with growing prices.

$+é (4.3)

4.2. Equilibrium with technological improvements

In this section, previous results are used to study the case in which a single,
positive technological improvement occurs. In order to examine how this single
change relates to market dynamics, we use the information provided by the time
paths of the stock effect and of the marginal cost of extraction, as follows:

oC _ #C, &C |
5E ~ om" Y oEdS° (“44)

18Notc that a U-shaped price path is not. ruled out, since q&, < 0 can be compatible with an
initially decreasing but then increasing stock effect, ie. %Q < 0 for some time fotlowed by 3% 3(’ > 0.
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These equations have to hold along the optimal path, after the single change in
technology. Therefore, all the derivatives are evaluated at the new technology
level as well as at the price at t, for all.t €]0, +oo[, along the optimal path.

Recalling the results suminarized in previous propositions, and following a
similar procedure as the one adopted in section 3.3.2, an attempt will be made
to eliminate the monotonic paths that are not compatibie with optimality, taking
market demand into consideration. However, only those results that concern the
moment of the technological change (denoted by ¢t = 0, as before) are applied
since future price behavior is not constant, implying that a steady state will not
necessarily be reached. '

In the extraction-biased case, when dP > 0, at ¢t = 0, extraction increases as
well, from Proposition 3. For price and extraction to increase, demand has to
increase, since neither a constant nor a decreasing demand are compatible with
such a behavior. When dP < 0, from Proposition 4, in case (i), both price and
extraction decrease at t = 0. Therefore, only a decreasing demand is compatible,
while in case (ii}, as extraction increases, demand can be constant, increasing or
decreasing. Finally, as in case (iii) nothing happens to extraction at t = 0, it is
again true that only a decreasing demand is compatible.

. In the depletion-biased case, from Proposition 5, when dP > 0, extraction
increases at t = 0. Therefore, only an increasing demand is possible. When
dP < 0, from Proposition 8, as extraction can either increase or decrease at t = 0,
demand can be constant, increasing or decreasing.
The possible monotonic paths once demand is considered become quite few.
In fact, the above results imply that if demand is increasing, then prices may grow
monotonically, but extraction cannot always be decreasing. If the improvement is
extraction-biased, then scarcity rent may always be increasing. If demand is con-
‘stant or decreasing, there are no possible monotonic paths for price. While it might
be expected that technological change could allow price to decrease monotonically,
it should be remembered that technology in this analysis changes only once; in
a model with continuous progress, or with a number of discrete improvements,
these results could be different. This is an area for further research.

22



5. Conclusions

This paper considers a modcl of nonrencwable resource extraction by a firm in
a competitive framework. The main focus is the impact of technological change
on relevant variables in that model, which is anaiyzed through a comparative -
dynamics perspective. The main results are summarized in this section.

When price is considered exogenous, steady state analysis indicates that with
technological change leftover stock will decrease and scarcity rent may increase
(if extraction-biased) or decrease (if depletion-biased). If, along with the tech-
nological improvement, price increases as well, then leftover stock will decrease
even further, as expected. Furthermore, extraction will increase, at least initially.
Scarcity rent will always be higher in the extraction-biased case. On the other
hand, if price decreases, then leftover stock may increase or decrease, depending
on which effect is dominant. The same can be said for initial extraction and
scarcity rent. '

Considering an exogenous demand function, the model predicts that with in-
creasing dernand prices may grow monotonically, but extraction cannot always be
decreasing. If the technological improvement is extraction-biased, then scarcity
rent may always be increasing. If demand is constant or decreasing, there are no
possible monotonic paths for price. Here the emphasis was placed on the existence
of optimal monotonic paths, given the multitude of possible paths for scarcity mea-
. sures’ optimal behavior. The results are compatible with the empirical ﬁndings
that scarcity measures’ paths have rarely shown monotonicity.

Throughout the paper it was considered that technology improved only once.
Thus, comparative dynamics allows a thorough analysis of the effects of this dis-
turbance in the model. The natural question at this point is how these results
could be extended to the more realistic case where technology improves more of-
ten, either continuously or by spurts. That is an area where further research is
important, and it is the purpose of the second part of this study.

A. Appendix

The representation of § = 0 and ¢ = 0 in a phase diagram can be useful for
comparative dynamics. The slope of § = 0 i1s positive; it can be calculated
implicitly using conditions 3.12 and 3.14:
O _ PC
8S ~ ~ BEB8S
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The results attained so far are represented in Figure A.1.The opt.lma.l path has
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Figure A.1: Possible Phase Diagram

Using equation 3.13, the slope of $=0 is: -

(‘5”"’85?33?) S | (A2)

_ : r
Substituting for 52 o

| 8¢ & A
o (55 (b— )
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With cost function oonvemty, this expression is negative.

The results attained so far are represented in Figure A.1.The optlmal pa.t.h has .
been drawn assuming monotonicity of he.nce the negative slope (it was shown '
in section 2.1 that ¢ should be growmg over time).

Ide > 0 then the S-constant locus will be shifted upward, by equatlon 3.12:

»PC
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As for the ¢-constant locus it may be shifted upwa.rd or dewnward. Dlﬂ'&tentm.tnon
of equations 3.12 and 3.13 yields: : . : .
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. e A
ip - -2t (A8)
o SE? S ' :
rig = -_aEa.s*dE-_;asadej- | s _.(A‘B)-_ |

24




 Figure A.2: Extraction-biased Tecknological Change

Combining these two equations and simplifying:

Bc_ ¢ #cC s

_ DESOESZ T DGZoE g7 | -
d¢ — 838820 —— dZ (A.T)_

TaE% — BEBS

The sign of this expression is indeterminate. Following what was done in
the paper, two cases can be distinguished: extraction-biased and depletion-biased
_ technological change. Clearly, if 5 < 0 and Z£ =0, the ¢ = 0 locus will be

shifted upward, and if 2Z& = 0 and 2 > 0 it will be shifted downward, provid-
ing the steady state results that were previously obtained. The phase diagrams
are presented in Figures A.2 and A.3 respectively (note that the § = 0 locus does
not shift for the depletion-biased case, since the marginal cost of extraction is
not directly affected; as for the extraction-biased case, it can be shown that the
upward shift of the § = 0 locus is larger than that of the ¢ = 0 locus).
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Figure A.3: Depletion-biased Technological Change
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