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Abstract

The purpose of this thesis is the factorization of elliptic boundary value problems defined
in cylindrical domains, in a system of decoupled first order initial value problems. We
begin with the Poisson equation with mixed boundary conditions, and use the method of
invariant embedding: we embed our initial problem in a family of similar problems, defined
in sub-domains of the initial domain, with a moving boundary, and an additional condition
in the moving boundary. This factorization is inspired by the technique of invariant
temporal embedding used in Control Theory when computing the optimal feedback, for,
in fact, as we show, our initial problem may be defined as an optimal control problem. The
factorization thus obtained may be regarded as a generalized block Gauss LU factorization.
From this procedure emerges an operator that can be either the Dirichlet-to-Neumann or
the Neumann-to-Dirichlet operator, depending on which boundary data is given on the
moving boundary. In any case this operator verifies a Riccati equation that is studied
directly by using an Yosida regularization. Then we extend the former results to more
general strongly elliptic operators. We also obtain a QR type factorization of the initial
problem, where Q is an orthogonal operator and R is an upper triangular operator. This
is related to a least mean squares formulation of the boundary value problem.

In addition, we obtain the factorization of overdetermined boundary value problems, when
we consider an additional Neumann boundary condition: if this data is not compatible
with the initial data, then the problem has no solution. In order to solve it, we introduce a
perturbation in the original problem and minimize the norm of this perturbation, under the
hypothesis of existence of solution. We deduce the normal equations for the overdetermined
problem and, as before, we apply the method of invariant embedding to factorize the
normal equations in a system of decoupled first order initial value problems.

KEYWORDS: factorization, invariant embedding, Dirichlet-to-Neumann operator, Riccati
equation, Yosida regularization, overdetermined problem.
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Resumo

O objectivo desta tese é a fatorizacao de problemas eliticos com valores na fronteira
definidos em dominios cilindricos, num sistema desacoplado de problemas de primeira
ordem de valores iniciais. Comecamos com a equacao de Poisson com condicées de fronteira
mistas, e usamos o método de imersao invariante: mergulhamos o problema inicial numa
familia de problemas semelhantes, definidos em subdominios do dominio inicial, com uma
condicao adicional numa fronteira moével. Esta fatorizacao inspira-se na técnica de imersao
invariante temporal usada em Teoria do Controlo para calcular o feedback 6timo, pois,
de facto, como demonstramos, o problema inicial pode definir-se como um problema de
controlo 6timo. A fatorizacado assim obtida pode ser considerada como a generalizacio da
fatorizagao LU por blocos obtida pelo método de Gauss, usada em Andlise Numérica para
resolver sistemas de equacgoOes lineares. Deste procedimento surge um operador, que no
caso estudado, tanto pode ser o operador Dirichlet-Neumann, como o operador Neumann-
Dirichlet, dependendo do tipo de dado atribuido na fronteira moével. Em qualquer caso, o
referido operador verifica uma equacao de Riccati, equacgao esta que estudamos diretamente
usando uma regularizacao de Yosida. Estendemos ainda os resultados anteriores a outros
operadores fortemente eliticos. Também obtemos uma fatorizacao do tipo OR, onde Q é
um operador ortogonal e R um operador triangular superior, que resulta duma formulacao
em minimos quadrados do problema de valores de fronteira.

Efetuamos ainda a fatorizacao de problemas eliticos sobredeterminados, quando se con-
sidera uma condicao de fronteira de Neumann adicional: se esta condicao nao é compativel
com os dados iniciais, entao o problema nao tem solugao. Para o resolver, introduzimos
uma perturbacdo no problema original e minimizamos a norma desta perturbacao, sujeita
a condicao de existéncia de solucao. Em seguida, deduzimos as equacoes normais para
o problema sobredeterminado, e, tal como anteriormente, usamos o método de imersao
invariante para obter uma fatorizagao das equagoes normais num sistema desacoplado de
problemas de primeira ordem de valores iniciais.

PALAVRAS CHAVE: fatorizacao, imersao invariante, operador Dirichlet-Neumann, equa-
cao de Riccati, regularizacao de Yosida, problema sobredeterminado.
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Introduction

The method of factorization by invariant embedding [2] is used [1] to derive analytical
and numerical results in various fields such as, for instance, in atmospheric physics, wave
propagation and transport theory. In Control Theory it is used [16, 4] to obtain the
decoupling of systems arising from Optimal Control problems. This technique consists in
embedding a given problem in a family of similar problems defined in sub-domains of the
initial one with a moving boundary, and depending on a parameter governing the position
of the moving boundary. In Control Theory the parameter used is the time variable,
and in this thesis it is a spacial one. We begin by using this method to factorize second
order elliptic boundary value problems defined in a cylindrical domain in a system of two
decoupled first order initial value equations. A similar approach is followed by [9], and
in [19] the same method is used to factorize elliptic problems in circular and star-shaped
domains. We shall also apply the same method to obtain the factorization of a fourth order
boundary value problem in a system of four decoupled first order initial value equations.
In the first Chapter we introduce our case study, problem (Py), that we wish to factorize by
the method of invariant embedding: the Poisson equation with mixed boundary conditions,
defined in a cylindrical domain. We define its variational formulation and show that it is
well-posed. We next consider a fourth order problem for the bi-Laplacian, defined in the
same domain, and show its well-posedness. This result will be used in Chapter 2, to justify
the well posedness of the particular fourth order problem that arises when we consider
an overdetermined problem. Finally, in the last section, following [16], we present a brief
explanation of the method of factorization by invariant embedding.

In Chapter 2, we begin by showing that the solution of (Pp) may be regarded as the optimal
control of a particular control problem. Then we embed problem (Pp) in a family of similar
problems defined in sub-domains of the initial domain, with an additional condition on a
moving boundary: we obtain a system of two decoupled first order initial value problems,
and a Riccati equation in an operator P that can be either the Dirichlet-to-Neumann
or the Neumann-to-Dirichlet operator, depending on which boundary data is given on
the moving boundary. In [9] it is shown that this decoupling may be regarded as a
generalization to infinite dimension of the block Gauss LU factorization. Next, we deduce
the normal equations for the overdetermined problem when we consider an additional
Neumann boundary condition: we begin by introducing a perturbation in the optimal
system equivalent to (Py), and then minimize the norm of this perturbation. As before,
we factorize the normal equations by using the method of invariant embedding: we obtain
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CONTENTS

the same Riccati equation as before, a Lyapounov equation in an operator ¢, and four
decoupled first order initial value problems. Next, we present solutions to the equations
obtained, with the exception of the Riccati equation. This first part of the Chapter can
be found in [13]. Finally, we derive a QR type factorization of problem (Py), where Q is
an orthogonal operator and R is an upper triangular operator.

In Chapter 3, we present a direct study of the Riccati equation by Yosida regularization.
This study can be found in [5]. In [11] the same equation is studied in an Hilbert-Schmidt
framework.

In Chapter 4, we deduce matrix formulae for the operators P and ) with the aid of an
orthonormal basis of HE(O).

In Chapter 5, we obtain a simple factorized formula for the Dirichlet-to-Neumann operator,
solution of the Riccati equation.

Finally, in Chapter 6, we use the method of invariant embedding to factorize more general
elliptic problems.



Chapter 1

Preliminaries

In this chapter, we begin by introducing our case study, a particular elliptic problem,
(Po), defined in a cylindrical domain. Next, in section 1.2, we define the variational
formulation for (Py), and show that it is a well-posed problem. Then, in section 1.3, we
extend the former results to more general elliptic problems that we show to be well-posed.
In section 1.4, we introduce a fourth order problem for the bi-Laplacian, and show its
well-posedness. Finally, in section 1.5, we present a brief explanation of the method of
factorization by invariant embedding. This method will be used to factorize a second order

elliptic boundary value problem in a system of decoupled first order initial value problems.

1.1 Position of the problem (P,)

Let Q be the cylinder Q =]0,1[xO, 2’ = (x,y) € R", where z is the coordinate along
the axis of the cylinder and O, a bounded open set in R"~!, is the section of the cylinder.
The lateral boundary of the cylinder is ¥ =]0, 1[x00. For each s €]0,1], let I's = {s} x O
and ¥ =]0,s[x00. Ty and Ty are the two faces of the cylinder. Given f € L?(Q),

uy € (H%Q((’)))' and u; € H%Q((’)), we consider the following Poisson equation with

1



1. Preliminaries

mixed boundary conditions

2
—Au:—%—Ayu:f in Q,
T
(7)0) u|2 = O7 (1'1)
ou
—a?|r0 =wup, ulr, =uq.

\

Remark 1.1 The space Héf((?) is defined in [17], Theorem 12.3, page 72, as the inter-
polated space of order 1/2 between H}(O) and L*(O)

Hy*(0) = [H}(0), LX(0)]

VI

and, from Theorem 6.2, page 29 of [17], its dual is given by
(Hoy*(0)) = [L*(0), H(O)]

Moreover,

HY(0) € Hy)*(0) € LX(0),

each space being dense in the following one, so, by duality, we have
L7(0) € (Hyy*(0))' € H(0),
each space dense in the following one.
Definition 1.2 We define the following spaces
X = L2(0,1; HY(0)) 1 HY(0,1; LX(0)),

Xo={ue X :ulr, =0},

2

0°u 2 -1
Y:{UEX@EL((LLH (O))}v

with the norms

2
Ou )

o dz, (1.2)

L2(0)

1 1 1
lulk = [ @2 0pde + | lu(@)]320)de +
0 0 0 0

2



1.1 Position of the problem (Py)

2 ! 2 1 ou
= = 1.
ik = [ 1ot [ |50 e (1.9
111 924 2
Jully =l + [ |55 dr. (1.4)
0 19 lm-1(0)

Theorem 1.3 The norms in X and in Xq are equivalent to the norm in H'(Q2). Moreover,

Xy is a closed subspace in X, and X is a Hilbert space for the norm of H* ().

Proof. In fact

1 1 1 ou
||u||§< :/ / |Vyu|2d:6dy+/ / |u|2dxdy+/ / '
0o Jo o Jo 0o Jo|Ox

so we may conclude that the norms in X and in H!(f2) are equivalent. On the other hand,

2
dil?dy = ||U||%I1(Q), Vu S X,

we have

1 1
lull%, = / / IV uldedy + / /
0 (@) 0 (@)

and

8 2
8—u dxdy = / |Vu|*dzdy < Hu||1291(9), Vu € X,
Z Q

lall2 gy = Iz + [Valag) < (c+ DIVulaq) = (c+ Dlulk,, Vu € X,

where ¢ is the Poincaré constant, so the norm in Xy is also equivalent to the norm in

H'(Q). Next, we notice that L%(0,1; Hi(O)) is a Hilbert space for the norm

1
Il 030 = [ el

and H'(0,1; L?(0)) is a Hilbert space for the norm

2

ou
%(.Z') diL',

L2(0)

1 1
HUH%{%O,I;LQ(O)) _/() Hu(x)’%Q(O)d'x—i_/O

consequently, X is a Hilbert space for the norm (1.2), or, which is equivalent, for the norm
of H*(Q). Finally, we show that Xj is closed in X. Consider a sequence (u,) C X such
that u, — uw in X. Then u € X and u, — u in H'(Q)). The continuity of the trace
mapping

u— ulpn

3



1. Preliminaries

from H'(Q) into H %(89) implies, in particular, that
Un|r, — ulr,
so we derive that u|p, = 0 and, consequently, u € Xj. ]

Remark 1.4 We notice that, from Theorem 1.3, Xq is a closed subspace of a Hilbert space
and consequently is itself a Hilbert Space.

Theorem 1.5 Y is a Hilbert space.
Proof. In fact, we can show that Y is complete for the norm

fut = e+ [ 5]

taking into account the continuity of the derivation with respect to x in the sense of

D' (]071[5 H&(O)) u

Definition 1.6 We define the following spaces

W1(0,1) = {u € L*(0,1; H}(0)) : % € L*0,1; L*(0))}

and

ou

Wy(0,1) = {u € L?(0,1; L*(0)) : 5 € L*0,1; HY(0))}.

Remark 1.7 W1(0,1) is a Hilbert space for the norm

2 2
” HWl(O,l) H ”LQ(O,LHl Hax L2(0,1;L2(0))

and the same is true for Wx(0,1), with the norm

oo = NlZacorogocon - | 24
W2(0,1) L2(0,1;L2(0)) I

L20,LH-1(0))

Theorem 1.8 For each u € Y, we have
ou 1/2 1/2
<u, M) e € ([0,1]; Hyl*(0) x (Hyf*(0))')

4



1.1 Position of the problem (Py)

and the mapping

U — u@
" Oz

is linear and continuous from'Y into C ([0, 1]; H&f(@) X (H(%Q(O))’). Besides, for each

ou
U= <U|Fs7 81‘|Fs>

is a linear and continuous mapping from'Y onto HééQ((’)) X (Héf((’)))’.

s € [0,1], the trace mapping

Proof. Consider v € Y. Then u € Wy(0,1), and, by Theorem 3.1, page 19 of [17], we
may conclude that

we ¢ (10,1 Hy*(0),

and the identity mapping, I, is continuous from W;(0,1) into C ([0, 1]; Hééz(O)), which

means that there exists a constant ¢; such that

2 2
llic (o migzop) = i, ¥iu € W1 (0.1)

But
HuHIz/Vl(OJ) <|ul¥,Yu e Y

0
so, the identity is continuous from Y into C <[O, 1]; HééQ((’))). Moreover, 8—u € Ws(0,1)
x

and, by the same Theorem, we conclude that

6u . 1/2 ’
oo e O ([0.1: Hep*(0)').

Again by Theorem 3.1, page 19 of [17], we know that I is continuous from W5(0,1) into

1

C ([0, 1]; Hoéz((’))' ) Therefore there exists a constant ¢y such that

2 2
1l 0,342 0y) = 2P0 Yo € W20, 1),

SO

2 2

ou

— Yu €Y.
B , VU €

W>(0,1)

ke g
a_ >~ €2
02 llo (om0

5



1. Preliminaries

But )
%] <oy
Wa2(0,1)
so the mapping
ou
u — %

is also continuous from Y into C' ([0, 1]; H&gz(O)’ ) Finally, the last part of the theorem

is a direct consequence of Theorem 3.2, page 21 of [17]. [

1.2 Variational formulation of problem (P)

Theorem 1.9 The variational formulation of problem (Py) is
/QVu.Vvdxdy = <UU’U|F0>H§O/2(O)/xH352(O) + /Q fodzdy, Vv € X, (1.5)
where u € X wverifies the constraint ulr, = u;.
Proof. Multiplying both sides of —Au = f by v € X and integrating in €2, we obtain
/(—Au)vdmdy = / fodzdy. (1.6)
Q Q
Integrating by parts the left hand side of (1.6), we derive
ou
Vu.Vudxdy — —uvdo = [ fvdxdy, (1.7)
Q o0 On Q
and, taking into account that
veXg=vly=vr, =0

ou

and ——|p, = up, we conclude that

ox
/Vu.Vvdﬂiy:/ uov|p0d0—|—/fvdxdy.
Q To Q

But v € W1(0,1), therefore, by Theorem 1.8, we derive that v|p, € HééQ(O). We finally

obtain

/QVU.Vvdxdy = <u0’U|F0>H362(0)/xH362(O) + /Q fudzdy, Vv € Xj. n

Next we show the well posedness of problem (FPy) when u; = 0.

6



1.2 Variational formulation of problem (P)

Theorem 1.10 There exists a unique u € Xg, such that

/QVu.Vvdxdy = <u0’U‘F0>Héé2((9)’xHééz(O) —l—/vadmdy,Vv € Xo. (1.8)
Proof. Consider
a(u,v) = /QVU.Vvdxdy, u,v € X, (1.9)
and
(f,v) = <u0’,U|F0>H(%2(O)’><H(%2(O) —i—/gfvdzdy, v € Xp. (1.10)

By Holder inequality, we have

la(u, v)| < [[Vullp2) VUl 2y < lullar@)llvlla @)

and, from Theorem 1.3, we conclude that a(u,v) is a continuous bilinear form in Xj.

Besides
[ullfri ) = lull o) + I Vulliz@) < (e +DIVul?aq) = (¢ + Dalu, u), Yu € Xo,
where c is the Poincaré constant, so we derive that

1 2
a(u,u) > m”“”mmyvu € Xo,

which, again by Theorem 1.3, shows that a(u,v) is coercive in Xy. On the other hand, by

Holder inequality
\/vadivdm <[ fllz2@llvlizz)) < 1 fllz2@) vl 71(@), Yo € Xo.
Moreover, from Theorem 1.8, we know that the mapping
v — v|r,
is continuous from Wi (0, 1) into H&éZ(O), and, due to the fact that
1011, (0,1) < 0%, Yo € Xo,
we derive that the linear form

v — (ug, U|F0>H§é2(0)’xH&{2(O)

7



1. Preliminaries

is continuous in Xy, for in fact, it is the composition of continuous mappings. Thus, (f,v)
is a continuous linear form in Xy. Finally, by Lax-Milgram Theorem, there exists a unique

solution u € X of (1.8). [

We finally prove that problem (F) is well posed in the general case:

Theorem 1.11 Problem (Py) admits a unique solution u € H*().

Proof. From Theorem 1.8, given u; € H30/2((’)) there exists u* € Y such that u*|r, = uj.

Let @ € X be the unique solution of

2~
—Aﬁ:—%—Ayﬂ:f—{—Au* in Q,
ily = 0, (1.11)
o ou* .
_%ho:uo_"%hov U|F1:0'

Then it is easy to show that u = @+ u* € X is a solution of (Fp). Finally we show that the

solution of (Py) is unique. In fact, if 4,4 € X are solutions of (Fp), then u = — 1 € X

verifies
.
—Auy = in Q,
uls = 0, (1.12)
ou
—%h“o =0, u‘rl =0.
so, by Theorem 1.10, we conclude that u = 0. ]

1.3 Other elliptic problems

Let € be the cylinder defined in section 1.1. For the sake of simplicity we will denote
an element of Q by 2’ = (x1,y), with z; €]0,1[ and y = (z2,...,x,) € O. Given f €
L3(2), ug € (H%Q((’)))' and uy € HSO/Q(O), we consider the following equation with mixed

8



1.3 Other elliptic problems

boundary conditions
Lu=f in Q,
uly =0, (1.13)
n
0
- Zaui)lro =uo, ulr, =ur.
70z

j=1 !

where L is the operator defined by:

0 0
L=-> %(ai,y‘aﬁ%) (1.14)

i.j=1

The a; j are real and continuously differentiable functions in  and L is a strongly elliptic

operator in ), i.e., there exists a constant ¢y > 0 such that:

3 aiiis > coll€]?, V€€ R, (1.15)
ij=1

Theorem 1.12 The variational formulation of problem (1.18) is

ou Ov
Z / ,]a . 9%; d:):ldy <u0’U‘F0>H562(0)’XH562(0) —i—/Qf’Ud.%’ldy,V’U € Xo, (1.16)

i,j=1

where u € X wverifies the constraint ulr, = u;.

Proof. Multiplying both sides of Lu = f by v € Xy and integrating in 2, we obtain

- 0 ou
% [ i derdy = [ ey (47
ij=1 ¢ J

Integrating by parts the left hand side of (1.17), we derive

ou Ov
Z/auja 9%, —dx1dy — Z/ aw(9 V. egczda—/gfvdxldy. (1.18)

2,j=1 1,j=1

Taking into account that

U€X0:>U’Z:U|pl =0,
n
0
—Zal,j%)fro = wp, and that v € Wy(0,1), which implies, by Theorem 1.8, that
— J

vlp, € Héf((?), we conclude that

ou Ov
Z/ ’]8 9 dwldy—(uo,v\p0> 0152(0)fo0152(<9)+/Qf”dx1dyawGXO- n

i,j=1

Next we show the well-posedness of problem (1.13) when u; = 0.

9



1. Preliminaries

Theorem 1.13 There exists a unique u € Xg such that:

Ou Ov
Z/ ~—dridy = <“0’U|F0>H30/2(O)/xHé({2(O)+/vad$1dy’vveX0' (1.19)

2 ’38 ; O
Proof. Let
a(u,v) jzl/ a”g;i aamv]dacldy (1.20)
and
(f,v) = <u0’U|F0>H§(§2(O)’><Héé2((9) —l—/gfvdxldy,Vv € Xo. (1.21)

By the Holder inequality, we have:

3u

ij=1 (1.22)

1
2 2
< M(/Q !Vu|2dx1dy> (/Q Vv!2dx1dy> < MlJul| gyl o

so, by Theorem 1.3, we conclude that a(u,v) is a continuous bilinear form in Xy. Besides,

using the fact that L is a strongly elliptic operator, we have:

ou Ou
a(u,u) Z/ama 8

i,j=1 (1.23)
= co/ Vu||*dz1dy.
Q

On the other hand, we have:

1
/|]u]2dx1dy+/ Vul2dzidy < (c+ 1) afwu)  (1.24)
Q Q

where c is the Poincaré constant, and so we conclude that:

a(u,u) >

/HVU||2dx1dy): °1||uy|§q1(m,vuexo. (1.25)
Q

By Theorem 1.3, we may derive that a(u,v) is coercive in Xy. Moreover, by Holder

inequality

| /Q Fodardy) < |fllzo 0l 2] < 1 l2@llolm oy, Vo € Xo.

10



1.3 Other elliptic problems

From Theorem 1.8, we know that the mapping
v — v|p,
is continuous from W7 (0, 1) into HééZ(O), and, due to the fact that
[0l 0,1y < [0l Yo € Xo,
we derive that the linear form

v — (ug, U|F0>H§é2(0)’xH(%2(O)

is continuous in Xy, for in fact, it is the composition of continuous mappings. Thus, (f,v)
is a continuous linear form in Xy. Finally, by the Lax-Milgram Theorem, there exists a
unique solution v € Xy of (1.13), when u; = 0. [

Finally we show the well-posedness of problem (1.13) in the general case:
Theorem 1.14 Problem (1.13) admits a unique solution u € H* ().

Proof. From Theorem 1.8, given u; € HééQ(O) there exists u* € Y such that u*|r, = uj.

Let @ € Xy be the unique solution of
(
Lu=f—Lu* in (),

ily, =0, (1.26)

n ~ n
o1 ou* _
(— Zal,j%)h“o = up + (Z al,j%)lrm ufp, = 0.
j=1 J j=1 J

Then it is easy to show that u = 4+u* € X is a solution of (1.13). Finally we show that the

\

solution of (P) is unique. In fact, if 4,4 € X are solutions of (1.13), then u = —14 € X

verifies
Lu=0 1in Q,
uly; =0, (1.27)
n
ou
(— Za’l,j%)lro =0, ulr, =0.
j=1 !
so, by Theorem 1.13, we conclude that u = 0. ]

11



1. Preliminaries

1.4 A fourth order problem

In this section we are going to justify the well-posedness of the following problem for the
bi-laplacian:

A2y =F, inQ,

uly =0, Auly =0,

ow 9w
9zt~ "0 Ty Mo

(1.28)

= ujy,

ulr, = ug, Aulr, = us,
!/
where F € L2(Q), ug € HY*(0), u; € (H3/2(<9) N H§g2<o>) L up € HY2(0)n HY(0)
/
and us € (Hy*(0)).
Definition 1.15 We define the following spaces

X =L?(0,1; H*(O) N Hy(0)) N H'(0,1; Hy(0)) N H*(0,1; L*(0)),

ou
XO = {u eX: —%h“O = 0,u]p1 = 0},

It is easy to show that the norm in X is equivalent to the norm in H?(2).

Theorem 1.16 The variational formulation of problem (1.28) is

Jo AuAvdrdy = [ Fodady—

(1.29)
v
— (2 Ir 13) 12 om0y 140 V) gtz oy o) VY € Ko
. . . ou
where u € X verifies the aditional constraints: —a—]po = ug, ulp, = us.
x

Proof. Multiplying both sides of A?u = F by v € Xy and integrating in 2, we obtain

/(AQU)vdxdy:/dexdy. (1.30)
Q Q

Applying the Green formula to the left hand side of (1.30), we derive

Au

/V(Au).Vvdq:dy+ vdU:/dexdy, (1.31)
Q Q

oq On

12



1.4 A fourth order problem

O0Au

and, taking into account that v|y = 0 and v|p, = 0, and ———(0) = w1, we obtain:

ox

—/V(Au).Vvdxdy—/ ulvdJ:/dexdy.
Q To Q

(1.32)

v
Integrating again by parts, and noting that 8—|p0 =0, Au|y = 0 and Au|r, = ug, we
x

deduce that:

/AuAvd:cdy—/ uyvdo — avu?,dU:/dexdy.
Q To 0 Q

r, 0%

From the regularity assumptions made at the beginning, we deduce that:

/AuAvdxdy:/dexdy+
Q Q

+<”| > + (w1, vlr,) Yo € X .
Iy U3 UL, VDo) 171/2 (s 7L 20y VU 0-

0w i oy xiyg*o) " Hao™(O)x Hob (©)

We next prove the well-posedness of problem (1.28) when uy = ug = 0.

Theorem 1.17 There exists a unique u € Xgy such that:

/AuAvdmdy:/demdy—{—
Q Q

+ 8v| + ( ITo) Vo € X
—Ir,,u U,V , , Yu .
0 proyxmifroy b (O x<HH©) ’

Proof. We define the following norm in Xg:

wmaz/mew
Q
Let

a(u,v) :/AuAvdazdy,
Q

0
(1o0) = [ Podsy+ (G0 o

r >H352<O>'xH352<o> 0

We have:

|au, V) < [[[ulllxol[v]]]x

+ <U1, U‘F0>H562(O)’XH1(<2((’))'

(1.33)

(1.34)

(1.35)

(1.36)

(1.37)

(1.38)

and consequently a(u,v) is a coercive and continuous bilinear form in Xy. On the other

hand, from the regularity assumptions made at the beginning of the section, it can be

easily shown that (f,v) is a continuous linear form in Xy. The conclusion now follows

directly from the Lax-Milgram Theorem.

13



1. Preliminaries

1.5 The method of factorization by invariant embedding

Following J.L. Lions ([16]), in this section we present the method of factorization by
invariant embedding. Let V', H be Hilbert spaces such that V is dense in H. Assuming
that H' (the dual space of H) is identified with H, we have VC HC V', where each space
is dense in the following one. Considering the Hilbert space of controls &/ and the Hilbert
space of observations H, we are given a continuous and coercive bilinear form on V', that
is

@, — alt; o, )

for each ¢t € (0,7T), such that we may write

alt; ,9) = (A(t)e, ), Alt)p € V',
and verifying A(t)€L(L?(0,T;V); L?(0,T;V")). Let us denote by Ay the canonical iso-
morphism of U onto U’. Given

B € LU; L*(0,T; V'), f € L*(0,T; V'), yo € H,

we consider the control problem

;

2 ylo) + ADy() = [ + B,

y(v)|i=0 = Yo, (1.39)

y(v) € L*(0,T;V).
The function y(v) is the state of the system. The observation is given by
2(v) = Cy(v), C € LIL(0,T; V), H)

and N is such that
N € L(U;U), (Nu,u)y > cl|lu||?,c > 0.

The cost function is

J(v) = | Cy(v) = zall3 + (Nv, ).

14



1.5 The method of factorization by invariant embedding

Let A represent the isomorphism between H and H’'. The adjoint state p(v) is then

introduced by

— b0 + A ([p(0) = CACY() — z4) 0 10.T],

p(T;v) =0 (1.40)

p(v) € L?(0,T;V).
We have the folowing result:

Theorem 1.18 The optimal control verifies (1.39), (1.40) and
A'B*p(u) + N(u) = 0,Yu € U. (1.41)

Now let us assume that & = L?(0,T; E) and H = L?(0,T; F), E and F being separable
Hilbert spaces. Moreover, let B(t) € L(E;V'), C(t) € L(V;F), Vt €]0,T[ such that
t — (B(t)e,v) and t — (C(t)p, f') are measurable Ve € E,¢p € V,p € V, f' € F’, and
IB®)|l (v < 6 ICE)|evry < c. These formulae give us B € L(U; L*(0,T; V")) and
C € L((L*(0,T;V));H). Furthermore let us assume that N(t) € L(E;E),(N(t)e,e1)
measurable, |N(t)||lzgp) < ¢ and (N(t)e,e)p > vlle|%,Ve € E. Representing by Ag
(resp. Ap) the canonical isomorphism of E (resp. F') into its dual space, then Ayu(t) =
Apu(t) almost everywhere and Af(t) = Ap f(t) almost everywhere. Finally we set Dy (t) =
B(t)N(t)"AZ'B(t)* and Do(t) = C(t)*ArC(t). We have Di(t) € L(V;V'), Da(t) €
LV;V'), t = (Di(t)g,4) measurable Y, ¢ € V, [[Di(t)ll ) < ¢ @ = 1,2, and
D1 (t)* = D1(t), D2(t)* = Da(t). Then equations (1.39) and (1.40) may be written as:

oy - i
5 T AQy Dty =1, tin]oT], (1.42)

0
—a*f +A'(t)p — Da(t)y =g, tin]0, T,
with g(t) = —C*(t)Arzq(t), and y(0) = yo, p(T) = 0. The solution {y,p} of (1.42) may

then be written in a unique manner as:

p(t) = P(t)y(t) +r(t),Vt €]0,T7, (1.43)

15



1. Preliminaries

where y,p € C([0,T]; H), and P(t) € L(H,H). P(t) and r(t) are defined as follows:
1. We solve

f%+A(05+D1(t)v:0 in s, T1,

5(8) - h’vfy(T) =0;

and set:
Ps)h =(s); (1.45)
2. We solve (
%+A@n+mﬁﬁzfmbjh
_%+AWK—DNM=gmbfL (1.46)
n(s) = 0,&(T) = 0;
and define:

r(s) = &(s). (1.47)
Formal differentiation of (1.43) and substitution in (1.42) leads to:

—8—]3 + PA+ A*P+ PD1P =Dy in |0, T,

ot (1.48)

—g;—i—A*r—l—PDlr—Pf—i—g in 0, 7.

Furthermore, from (1.43) at ¢t = T we have p(T)) = P(T)y(T) +r(T) =0, so P(T) =0
and r(T") = 0.

16



Chapter 2

Factorization of (P))

In this chapter we begin by showing that problem (Py) may be defined as an optimal
control problem. In section 2.2, we apply the method of invariant embedding to obtain the
factorization of problem (Pp) in a system of decoupled first order initial value problems. In
addition, we obtain an operator Riccati equation where the unknown, P, is the Dirichlet-
to-Neumann operator defined on a section of the domain. Then, in section 2.3, we apply
the same method in the reverse sense and we obtain another factorization of (Py). Next,
in section 2.4, we consider an additional Neumann boundary condition at point 1, and
deduce the normal equations for this overdetermined problem. In section 2.5, we apply
the method of invariant embedding to factorize the fourth order problem obtained in the
previous section, into a system of decoupled first order initial value problems. We obtain
the same operator Riccati equation as before, and a Lyapunov equation in an operator )
that arises from the invariant embedding. Next, we study some properties of the operators
P and . Then, by using evolution operators, we study the equations obtained in the

factorization. Finally, in section 2.8, we deduce a QR type factorization of problem (Py).

17



2. Factorization of (Py)

2.1 Associated control problem

In this section, for the sake of simplicity, we consider ug = 0. We define an optimal control
problem that we will show to be equivalent to (Py). The control variable is v and the state
u verifies equation (2.1) below. Let U = L?(O) be the space of controls . For each v € U,

we represent by u(v) the solution of the problem:
Oz (2.1)
u(l) = u;.
We consider the following set of admissible controls:
Upg={v el :uv) € Xy, }

where

Xy, = {h € L*(0,1; H}(O)) N HY(0,1; L*(O)) : h(1) = uy }.

The cost function is

1
J(v) = [lu(v) = udllz2(0 1,10y + 101|720 /0 IVyu(v) = Vyualzao)da+

// videdy, v € Uyg.

The desired state uy is defined in each section by the solution of

~Ayp(a) = f(z) O,
(2.2)

ploo =0,
where o € L?(0,1; H}(0)). Consequently, we have
ug = (=Ay) ' f € L*(0,1; Hy(0)).
Now we look for z € U,4, such that
J(z) = inf J(v).
(2) = mf J(v)

18



2.1 Associated control problem

Taking into account that U,q is not a closed subset in L?(£2), we cannot apply the usual
techniques to solve the problem, even it is not clear under that form that this problem

has a solution. Nevertheless we can rewrite it as an equivalent minimization problem with

oh
uad:{ax hEXul}

respect to the state

and, consequently

where gu =z, and

- oh o 1
J(h) = [|h - UdHLzo,LHl(o +H HLz /OHVyh—VyUdH%zw)dH

dxdy.

We remark that X, is a closed convex subset in the Hilbert space
X = L*(0,1; Hy(0)) N H(0,1; L*(0))

and, for uqg = 0, (j(h))% is a norm equivalent to the norm in X. Then by Theorem 1.3,

chapter I, of [16], there exists a unique u € X,,,, such that:

J(u) = inf J(h
() W (h)
which is uniquely determined by the condition

T (u)(h —u) > 0,Yh € Xa,.

But Xy is a subspace, and so the last condition is equivalent to

J'(u)(h) = 0,Yh € Xj. (2.3)
Now we have
_ 1 _
T)(h) =0 lim o1+ 6) ~ J(w)] =0 = / / Y, (1 — ug).Vyhdwdy+
1 ou Oh
— —dxdy = h e X
+/0 / Ox Ox = 0,Vh € Xo
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2. Factorization of (Py)

which implies that

L L1 ou 8h

Then, taking into account that ug = (—A,) ™! f, we obtain

' u Oh
800 = £ ooyt [ [ G Sy = 0.0 X
If we consider h € D(Q)), then
0%u
—Aygu— 2 — f.h =0,Vh € D(Q)
Ox? D/(Q)xD()

so, we may conclude that —Awu = f in the sense of distributions. But f € L?(£2), and so

we deduce that u € Y, where
Y ={veX, AveL*Q)}.

We now introduce the adjoint state :

Ip .
%:—Ayu—f in £,
p(0) =0.

We know that —Ayu — f € L*(0,1; H~1(0)). For each h € X,

1 1 8]9
/ (O)xH5(0) 0 \97" /g o)xmi(o)

/ / Nty

and so p € L?(€2). Using the optimality condition (2.3), we obtain:

//<p+>ahdyd$—OVh€Xo,

-p++—=0 (2.4)

which implies that



2.2 Direct invariant embedding

Furthermore, from (2.4) we have that:

o_// p+@ @d d:c——/ / — (- )hdydm+ s

+/o( p+87)( )h(L)dy — /O( p+a—)( )h(0)dy, Vh € X,

0
and, taking into account that h(1) = p(0) = 0, we deduce that a—u(O) = 0. We have thus
x

shown that problem

—=p inQ, u(l)=up,
(Pru){ 97 (2.6)

o= —Au—f mQ, p(0)=0,

admits a unique solution {u,p} € L?(2) x L?(Q), where u is the solution of (Pp).

We can represent the optimality system (2.6) in matrix form as follows:

D 0
A = , u(1l) =uq, p(0) =0, (2.7)
u /
with
a| o
_% —Ay

Remark 2.1 We notice that problem (Py) is equivalent to the optimality system written

in matriz form (2.7).
2.2 Direct invariant embedding

Following R. Bellman [2], we embed problem (P;,,) in the family of similar problems

defined on 4 =0, s[x0,0 < s < 1:

0y o s _
3, V= 0 in €, @(s) =h,
(Psp) {4 ols =0, 28)
0 )
I Agp=F mQ w(0) =,
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2. Factorization of (Py)

where h is given in HégQ(O). When s =1 and h = u; we obtain problem (P, ). Due to

the linearity of the problem, the solution {ys p,¥sn} of (Psp) verifies
d}s,h(s) = P(S)h + T(S)’ (29)

where P(s) and r(s) are defined as follows:

1) We solve
op P _
3 =0 in Q, [B(s) =h,
Bl = 0. (2.10)
0y P _
|~ ~AuB=0 0, 5(0)=0,

and define P(s) as:
P(s)h = ~(s).

We remark that P(s) is the Dirichlet-to-Neumann operator on I'y relative to the domain

Qs.

2) We solve
( 817
i =0 in Qs, 7n(s)=0,
s =0, 211
%3 :
i Ayn=f in Qs £(0) = —uop.

The remainder 7(s) is defined by:

Furthermore, the solution {u,p} of (P14, ) restricted to |0, s[ satisfies (P ;.. ), for s €]0, 1],

and so one has the relation
p(x) = P(z)u(z) + r(x), Vo €]0, 1]. (2.12)
From (2.12) and the boundary conditions at = = 0, we easily deduce that

P(0) =0, r(0) = —up.
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2.2 Direct invariant embedding

Formally, taking the derivative with respect to x on both sides of equation (2.12), we

obtain:
op
ox

B dP ou dr

(@) = @) + P@) 5 (@) + 5 (@)

and, substituting from (2.6) and (2.12) we conclude that:

AP dr
; ?yu —f = T (@u(@) + P@)(Pa)u(x) +r(2) + - & (2.13)

dr
4+ P2+ A — 4P =0.
(dx+ + y)u+dx+ r+f=0

Then, taking into account that u(z) = h is arbitrary, we obtain the following decoupled

system:
P
Cij +P*+A, =0, P(0)=0, (2.14)
or
2 +Pr=—f, r(0)=—uo, (2.15)
ou

where P and r are integrated from 0 to 1, and finally w is integrated backwards from
1 to 0. We remark that P is an operator on functions defined on O verifying a Riccati
equation.

We have factorized problem (Py) as:

« » o i i_
s (Ler) (L),

This decoupling of the optimality system (2.6) may be seen as a generalized block LU

factorization. In fact, for this particular problem, we may write

-p -4 _p I 0 0 4L _p

We will see in section 2.6 that P is self adjoint. So, the first and third matrices are adjoint

of one another and are, respectively, lower triangular and upper triangular.
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2. Factorization of (Py)

2.3 Backwards invariant embedding

In this section we are going to obtain another factorization of (Pp). For that purpose,
we embed problem (Pp) in the family of similar problems defined in Q) =]s, 1[xO with

additional boundary conditions in I's = {s} x O:

p

—Au=f in ),

uly =0,

s,h) ou (2.17)

%|FS — Iy

5

ulp, = ug

We know that, for each h € (HééQ((’)))’ and each s € [0,1], (2.17) is a well posed problem.

Besides, when s = 0 and h = ug, we obtain problem (Py). Then the solution a,j of (2.17)
verifies:

Qs pnlr, = P(s)h +7(s), (2.18)

where P and 7 are defined in the following way:

1. We solve
—Ay=0 in€Q,
7‘2 = 07
(2.19)
o
ox'ts —
7‘1“1 = 0.
Then P(s)h = 7|r,, for s € [0,1], and P(1) = 0.
2. We solve:
/B‘Z - 07
(2.20)
_98, g
ox'ts 7
ﬁ‘l—‘l = Ui,
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2.4 Normal equations for the overdetermined problem

and set: 7(s) = (|p,, and 7(1) = uj. Moreover, the solution u of (Py) restricted to ]s, 1]

verifies (Ps .., ), for s €]0,1], so we have the relation:

u(z,y) = (P(x) (=5 Ir,)(y) + (7)) (y), vz €]o,1]. (2.21)

By formal derivation with respect to  of this formula, we obtain:

du 0P Ou L 0%u,  df
e e e B 2.22
dr Oz ( 835) + 2 8952) i (2:22)
Then substituting from (2.21) and (2.17) we derive:
ou 0P, Ou - - - Ou dr
—=—(—%)+P PA,[P(——— |+ —. 2.2
Ox 833( 8x> F+ PAIEC 8x)+r]+dx (2:23)
Finally, taking into account that —a—Z]ps = h is arbitrary, we deduce
or .. - .
— +PA,P+1=0, P(1)=0
Ox + Y + ) ( )
D pAF— P p 2.24
T4 PA==Pf, (1) = (2.24)
. Ou A ou
P%—{—U:T, ) |1"0—U0

2.4 Normal equations for the overdetermined problem

From now on, we suppose ug € HééQ(O), up € H32(0)n Hé

f e H*Q)NL*0,1; HY(O)) and f|s = 0.

12(0), uy € HYO0),

Assuming we have an extra information, given by a Neumann boundary condition at point

1, we consider the overdetermined system
A = , w(l) = ug, p(0) = —uyp, p (1) = us. (2.25)

If the data are not compatible with (2.7), this system should be satisfied in the least square

sense.
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2. Factorization of (Py)

We introduce a perturbation ,

u F+of

We want to minimize the norm of the perturbation,

1 1
561.80) = 5 [ (1671320, + 190l d (227)

subject to the constraint given by (2.26). This defines problem (P;). Like in section 2.1, we
know that the final optimality problem is well-posed, and we consider the corresponding
Lagrangian.

Taking, for convenience, the Lagrange multiplier of the second equation of (2.26) as u — f,

where u verifies the additional boundary condition u|y = f, we have:

! 0
0 v L2(0) (2.28)

L B )
+/ (u—f,—p—Ayu—f—5f> dx—l—(,u,u(l)—uQ) .
0 O 12(0) O 12(0)

Taking into account that g—; (1) =p(1) +dg (1), we obtain

oL ! ! dp
—, = u—f,—A d +/ <,> de, Vo € ),
(Gee) = [ @ r-domore s [ (55E) ,  an voe

where

y={pem®: 0 e 120, pls =0, 320 =0, w(1) =0}

and, integrating by parts, we derive

<g§7¢) = /01 (=B (@ = £),2) 120 2 — (B(0), 2(0)) + /01 (gi, ¢> o

Now, if p(0) = 0, and because all the functions are null on 3, we conclude that:

oL o .
%—O@*%*Ayu— Ayf
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2.4 Normal equations for the overdetermined problem

On the other hand

oL oy Lo
(8L ) v

() ‘/ < )pandx+(ﬂw)—f(m7wﬂnh%oy‘
— (@) ~ £ (1), (1) 20 + /<,WMQM+m¢mm@

and, if 1 (0) =0 and @ (1) — f (1) = p arbitrary, then
oL _ o ou 8f'

We have thus obtained:

ou of - . -
I —p=f1:= A @ (1) arbitrary, %= fon X,

SO Nji=fy=—Ayf, 5(0) =0,

ox

(2.29)

We finally evaluate the optimal values for § f and dg. We have:

<325Lf)’7> /(5f,) d:c+/01(u—f, Mizoyde, Yy € L*(Q)

and for all £ € L*(Q) such that 25 € L*(Q),

< ?L)7§> /1(5976)L2(0)dx+/01(p, —&) 12(0)d.

At the minimum, we must have

and

In conclusion, we obtain

=
<>,

<
]|

A = - , (2.30)



2. Factorization of (Py)

and the normal equation is given by

P bil o 9
A = L p(0) = —ug, u(l) =1, 5(1) =uz, —5-(0) =ug.  (2.31)
ox 15)
U fo
From (2.29), we have
~ 9%u _0%f

and, from (2.29) and (2.30),

B _ Op B op  0%u

= —A(=Ayi+ Ayf — Au) = A2u+ Ay (At — Af) = A2,

We now notice that
?p 0 B of ou _
922 or (Ayf —Ayu) = Ay <8$ - &U) = —Ayp
and, remarking that p(0) = 0, we derive —A,p(0) = 0 which implies that

U ’p U
X0 (0) = T 210) ~ 9210) = —,m(0) 50) ~ 2 (0) = -2 o).

Furthermore, taking into account that —Au = f in Q and f|y = 0, we conclude that

Auly, = 0. Now we can write the normal equation as

A%y = —Af, in Q,

(P2) (2.33)

2.5 Factorization of the normal equation by invariant embedding

In order to factorize problem (2.33) we consider f € H?(Q) N L*(0,1; H}(O)), u; €
HS/Q(O)OHSO/Q(O), ug, Ug € H(%Q((’)). We embed (2.33) in the family of problems (Ps 1)

28



2.5 Factorization of the normal equation by invariant embedding

o
defined in Q4 =|0, s[xO, for each h € H%((’)) N H&?(O) and each k € (Hy,(0)) . After-
wards we will show the relation between (P ) for s = 1 and problem (2.33).

A%y = —Af, in Q,,
uls =0, Auly =0,
(Ps,k) (2.34)
2% 0) = 0
Moy = -2 o),

ulr, = h, Aulp, = k.

These problems may be decomposed in two second order boundary value problems, as
follows:

1. First, we solve:

—Av=Af, in Qg
U‘E = O,
B o7 (2.35)
v
—%(0) = %(0)7
vlr, =k

\
From section 1.2, we know that this is a well-posed problem, and it admits a unique
solution v € H(1Q).

2. Then we solve:

(2.36)

| ulp, = h

Again, by section 1.2, this is a well-posed problem, and it admits a unique solution u €

H?(€), and so we may evaluate its trace ?(s), which is an affine function of A and &:
x

%(S) = Pi(s)h + Q(s)k + 7(s). (2.37)
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2. Factorization of (Py)

In order to define P; we consider the problem:

A%y =0, inQ,

7l =0, Az =0,

5 OA (2.38)
gi! 71
—(0) = 0)=0
Ty=0, “220) =0,
M, = h, Ay, =0.
This problem reduces to:
A71 = 07 in QS:
Ty =0, (2.39)
om
—(0) =0 = h.
L) =0, .
We set Pi(s)h = 86’;1(5) This defines P; as an operator from H3/2(0) N H&éz(O) into

H%Q(O). From (2.10) we may conclude that P, = P.

To define @), we consider

A?yy =0, in Q,

Y2ly =0, Avyply =0,
(2.40)

02 o\ 0Ayy
%(O) =0, —_ (0) =0,

Y2lr, =0, Ayelp, =k,

and set:

_ 92
Qs)k = - ~(s).

Problem (2.40) can be decomposed in two second order boundary value problems as follows:
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2.5 Factorization of the normal equation by invariant embedding

1. First we solve:

Av =0, in §;,
’U|E = 0,
5 (2.41)
)
——(0)=0
8.’E( ) )
'U’FS =k
2. Next we solve:
AfY? =, in QS?
’)/2‘2 = 07
5 (2.42)
2
——=(0)=0
8$ ( ) M
[ 72lr. =0
Finally, we solve:
A2ﬂ = _Afu m QS7
Bz = AB|s =0,
op OAB of (2.43)
—%(0) = uo, W(O) —%(0)7

and set:

7(s) = %(5)

Then, the solution of the normal equation restricted to |0, s[, verifies (Ps,u‘ps7 AU‘FS), for

s €]0, 1[. So, one has the relation

ou

550 = P(s)ulr, + Q(s)Aulr, +7(s). (2.44)

From (2.44), it is easy to see that Q(0) = 0 and 7(0) = —ug. On the other hand, we may
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2. Factorization of (Py)

consider the following second order problem on Awu as a subproblem of problem (2.34)

A(Auw) = —Af, inQ,

A’U,‘Z = 0,

A of (2.45)
u

W(O) = —%(0)7

Au]F1 = C.

where c is to be determined later, in order to be compatible with the other data. From

(2.15) and (2.16), it admits the following factorization:

ot of
& pi=-Af, t0)= - (0),
3%‘8 A Ox (2.46)
—a—xu + PAu=—t, Au(l)=c.
Formally, taking the derivative with respect to x on both sides of (2.44), we obtain:
0%u dP ou dQ 0Au dr
@(95) = E(x)u(f) + P(x)%(x) + %(fE)AU(@ + Q(l‘)ﬁ(%) + %(1’)
and, substituting from (2.44) and (2.46), we obtain:
dpP . dQ dr
Au— Ayu = %u+P(Pu+QAu+T) + %AU+Q(PAU+75) + T (2.47)
or which is equivalent
P, dQ ar . _
(%+P —I—Ay)u—l—(%+PQ+QP—I)Au+%+Pr+Qt—O. (2.48)
Now, taking into account that u|p, = h and Au|pr, = k are arbitrary, we derive
dpP
7 P2+ A, =0, P(0)=0, (2.49)
dQ
Tr +PQ+QP=1, Q0)=0, (2.50)
ot of
— +Pt=-Af, t0)=—-= 2.51
ot £, 10)=-2L), (251)
o | pr— —Qt, 7(0)=— (2.52)
8;6 r = , T = —Uuop, :
A
a@azu —PAu=t, Au(l)=c, (2.53)
ou -
Fr Pu=QAu+7, u(l)=u. (2.54)
x



2.6 Some properties of P and @

L /
It is easy to see, from the definition, that Q(1) is a bijective operator from (Hy,(O)) to
1
HZ)(0), so we can define (Q(1))~!. From (2.37) and the regularity assumptions made at

beginning of this section, we can define:
¢=(Q(1)) (uz — P(1) wg — #(1)). (2.55)

Remark 2.2 We remark the interest of the factorized form if the same problem has to be
solved many times for various sets of data (uy,us). Once the problem has been factorized,
that is P and Q) have been computed, and t and 7 are known, the solution for a data set
(u1,u2) is obtained by solving (2.55) and then the Cauchy initial value problems (2.53),
(2.54) backwards in x.

We have factorized problem (P3). We may write

2.6 Some properties of P and ()

In this section we study some properties of the operators P and () appearing in the previous

sections.

Definition 2.3 Given s €]0,1], we define the following spaces:

X = L*(0, 5, Hy(0)) N H'(0,5; L*(0)),

9%u

Yo ={ue X;: 922 e L*0,s; H1(0))},

Lemma 2.4 For each s € [0,1], and each h € HééQ(O), (Ps,n) is a well-posed problem,

and P(s) € E(HééQ((’)); (H&éQ((’)))’). Moreover, for each s € [0,1], r(s) € (Héf(@))’.

Proof. The linearity of P(s) is an imediate consequence of the linearity of problem (P; ).
On the other hand, similarly to section 1.2, it is easy to show that for each s € [0, 1] and

each h € HééQ((’)), (Ps,n) admits a unique solution us € Y. Let v € Y, be the solution
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2. Factorization of (Py)

of (2.10). The (Qs), and its trac (Héf((’)))'. On the other hand, let

Vs
ox

Bs € Y be the solution of (2.11). Then r(s) = ﬁs

Ir, € (Hy (0))' .

Lemma 2.5 For each s € [0,1], P(s) is a self—adjoint non negative operator and it is

positive if s # 0.

Proof. In fact, the property is obviously true when s = 0. On the other hand, let s €]0, 1],
hi,he € L*(O), and {B1,71},{32,72} the corresponding solutions of (2.10) and (2.11) to

hi and hy. From the definition of P we may conclude that P(s)h; = aﬂl Ir,, where ; is
the solution of:
—A,Bl =0 in QS,
Bils =0,
9B
——|p, = 0. = hi.
O |F0 07 ﬂ ’Fs
We then have that:
0= / (—ABy)Bodady = / VBV Badzdy — /8 ﬂﬁzda
s Qs
o, _ ,
and, taking into account that fa|yx =0, D Ir, = 0 and fa|r, = ha, we conclude that:
x
_ [ 95 _
(P(S)hl, h2) = a ( )52 dU Vﬁ1Vﬁgdxdy
which shows that P(s) is a self—ad301nt and positive operator. [

Lemma 2.6 For each s € [0,1], Q(s) € L((HY*(0)): HY*(0)) N L(L2(0); HL(O)) is a
self-adjoint, non negative operator in L*(0), and it is positive if s # 0.

Proof. In fact, the result is obviously verified if s = 0. On the other hand, if s €]0, 1],
ki € L?(0), and ~; are the solutions of the problems:

AQ’YZ‘ = 07 in QS?
Yilgs =0, Avils =0,

M oy OAv;
P (0) =0, o (0) =0,

(2.56)

Yilr, =0, Avilr, = ki, i=1,2,
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2.7 Solving the equations

then, by Green’s formula, noticing that v1|x = v1|r, = 0 and %(0) = 0, we have:
0= / 11 A%y dxdy = —/ V71V (Avq)dzdy
Qs Qs
and, again by Green’s formula, remarking that A~,|s; = 0 and %(0) = 0, we obtain

(Q(s)k1, k2) :/r x(S)A’m(S)dU:/Q Ay1Aypdzdy

which shows that Q(s) is a self-adjoint non negative operator in L?(0). On the other
hand

(Q(s)k, k) =0 < / (Ay)dzdy =0= Ay =0in Qy = k = Ay|r, =0
Qs
and so Q(s) is positive for s €]0,1]. ]
2.7 Solving the equations

In this section we are going to present formal solutions of the equations (2.50) through
(2.54), obtained by means of an evolution operator. As for equation (2.49), it is studied

in chapter 3 by Yosida regularization.

Lemma 2.7 For each x € [0,1], —P(z) is the infinitesimal generator of a strongly con-

tinuous semigroup of contractions in L?(O).

Proof. In fact we know that, for each x € [0,1], P(x) is an unbounded and self-adjoint
operator from L?(0) into L?*(O) with domain H{(O). By [6], proposition II.16, page 28,

—P(x) is a closed operator. On the other hand
(=P(z)h,h) < 0,Yh € H}(O)

so, —P(x) is a dissipative operator. Finally, by [18], Corollary 4.4, page 15, —P(z) is
the infinitesimal generator of a strongly continuous semigroup of contractions in L2(0O),

{eXp(—tP({L‘)}tZ(). | ]
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2. Factorization of (Py)

Definition 2.8 An evolution operator in a Hilbert space H is a two parameter family

of bounded linear operators in H, U(z,s), 0 < s < z < 1, wverifying U(z,x) = I

U(x,r)U(r,s) =Ul(x,s), 0 < s <r <z <1, and such that (z,s) — U(x,s) is strongly

continuous for 0 < s <z < 1.

Lemma 2.9 There exists a unique evolution operator U(x,s) in L?(0), solution of the

equation:

%U(:{:,s)h =U(z,s)P(s)h, VYhe H}O), ae in 0<s<z<l.

Proof. It is easy to see that the family {—P(x)},¢[0,1) verifies the conditions of Theorem
3.1, with the slight modification of remark 3.2, of [18]. This implies that there exists a

unique evolution operator U(x,s) in L?(0), such that [|U(x, )20y < 1 and

%U(aj,s)h = U(z,s)P(s)h, Yhe HY}O), ae in 0<s<az<l1. [

Formally, from equation (2.50), we have:

i(U(:v, $)Q(s)U*(x,s)) = U(x,s)U"(x,s).

Integrating from 0 to x, and remarking that Q(0) = 0,
Q(z) = /Ox U(x,s)U*(x,s)ds.
Definition 2.10 We define a mild solution of the Lyapunov equation (2.50) by
(Q(x)h, h) = /OI(U*(x,s)h, U*(x,s)h)ds, Vh,h € HLO).
By the preceeding remarks,

Lemma 2.11 Equation (2.50) has a unique mild solution.

Again formally, from equation (2.51), we have

0

%(U(m, s)t(s)) = Ulx, s)@ +U(x,s)P(s)t = =U(x,s)Af,

O0s
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2.8 QR type factorization of problem (7))

Definition 2.12 We define a mild solution of (2.51) by

t(z) = fU(LO)%(O) — /Ox Ul(z,s)Af ds.

For equations (2.52), (2.53) and (2.54) we proceed in a similar way, noting that for (2.53)

and (2.54) the integral is taken between = and 1.
2.8 OR type factorization of problem (P)

In Numerical Analysis, when solving a system AX = B, instead of obtaining the LU
factorization of A, where L is a lower triangular matrix and U an upper triangular matrix,
for the sake of stability we often prefer a QR factorization. We proceed in the following
way: let AT A = RT R be a factorization of the normal equation, with R an upper triangular
matrix. Then A = A"TRTR, and defining @ = A~TR”, we have that QTQ = I, and the
problem reduces to solving QY = B, RX =Y. Similarly to this procedure, in this chapter
we are going to obtain a QR type factorization of problem (Py), where Q is an orthogonal
operator and R is an upper triangular operator. For this purpose we proceed in the
following fashion: consider the problem Au = f, and let A*A = R*R be a factorization
of the normal equation, with R an upper triangular operator. Then A = A7*R*R, and
defining @ = A™*R*, the operator Q is orthogonal, A = QR, and the problem reduces to
solving QRu = f.

We return to section 2.5 and equations (2.49) through (2.54): eliminating ¢ from (2.52)
and (2.53), we have:

0 0
— + P)Q ' (5 + P)F = Af. 2.
(2 + P)Q (o + P)F = Af (257
From (2.53) and (2.54) we obtain:
0 L
Q (7_P)UZAU+Q r,
5 Oz 5 5 (2.58)
o -1, 9 _ _ o 1z
((% P)Q ((%U P)u t+(8x P)Q T
Substituting ¢ from (2.52) in the last equation, we derive:
9 _ 19 _ o4y 9 9 —1\~
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2. Factorization of (Py)

and, consequenyly we deduce that:

0 1 0 o g 2_ -1~
Q. —PIQ™ (5~ Plu=(=(5-+ P)Q+Q(5- - P))Q"T. (2.60)
Using (2.50), we have that:
_(8‘1 +P)Q + Q(;; —P)=-1, (2.61)
and so we obtain:
QUL ~ PYQ (-~ Pyu=—7 (2.62)
ox ox ' .

Finally, by substituting r from last equation in (2.57), we have:

0 0 3} 3}
— +P)Q (= +P)Q*(=— - P)Q (== — P)lu=—-Af. 2.
(4 P)Q (o P)Q (o~ P)Q (o~ Pu=—Af (263)
. 0 1, 0 . o
Letting R = Q(a— - P)Q (8— — P), we have thus obtained the factorization of (2.33)
x x

(or, which is equivalent, of A? plus boundary conditions) as R*R. Let A = —A. Then:
A*A= A2 =R*R,and so A = A~'R*R. By defining Q@ = A~'R*, we have that A = OR,
and the problem of solving Au = —Awu = f reduces to solving QRu = f, in the following
way:

1. Given f regular enough, we evaluate Af = —Af, then we solve

o _of
S+ Pt=—Af, #0)=—32(0)

followed by

o7

a—; +Pi=—-Qt, #0)=—up (2.64)
and evaluate g from 7 = Qg.
2. Next we have to solve Ru = g. Letting z = Au + Q~!¥, and using equations (2.50),

(2.52) and (2.53), we may easily deduce that:

O Pi= Q= -Q % (1) =t Q)R (2.65)

where ¢ is given by (2.55). We now evaluate z from (2.65) and finally u from

0
8—2 —Pu=Qz, u(l)=u.
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2.8 QR type factorization of problem (7))

Next we show that Q is an orthogonal operator. From the definition of Q, it is easy to see

that given f € L?(Q2), then g = Qf is evaluated in the following way:

1. We first apply: R*: f — R*f = (2 —1—P)Q_1(2 + P)Qf = h.

ox ox
2. We solve: —Ag = h.
We then have:

QO*(f) = (A R*R(=A)H(f) = (—A) 'R*Ru = (—A)1A%u = —Au = f. (2.66)
On the other hand, we have that:
Q*Q =R(—A) H-A)'RF = R(AY)TIR* = R(R*R) " 'R* = I. (2.67)

and so we conclude that Q is an orthogonal operator.
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Chapter 3

Direct study of the Riccati
equation by Yosida regularization

In this chapter we present a direct study of the Riccati equation

% +P*=-A,, P(0)=0, (3.1)
satisfied by the Dirichlet-Neumann operator P defined on a section of the domain. The
additional difficulty of this problem is due to the unboundedness of the right-hand side and
of the solution of the equation. This causes a problem to define powers of FPy. The Yosida
regularization is used to overcome it. In [?] its well-posedness was proved by adapting
the Galerkin method used by J.L. Lions in [16]. In [10] a direct study of the operator
equation was made in a Hilbert-Schmidt operator framework inspired from [21]. Due to
the unboundedness of the operator, the fixed point argument used in [4] and [20] does not
work any more. In [4] (p. 405) the case of the unbounded observation is studied, but

the assumptions relate this unboundedness to the one of the generator of the evolution

semi-group (which is here 0) and are not satisfied in our case.
3.1 Yosida regularization

Let A be the unbounded operator —A, in the Hilbert space H = L?(0), with domain
D(A) = H*(O) N H}(O), and let A,, be its Yosida regularized A,, = nI — n*R(n,—A) =
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3. Direct study of the Riccati equation by Yosida regularization

nl —n?(nl + A)~!. We know that

lim Ayh = Ah, Vh e D(A).

n—-4o0o

Each A, is a linear, bounded, self adjoint and positive operator in H, and so we can define
1
Az, the positive square root of A,, which is a linear, bounded, self adjoint and positive

operator, which also verifies:

1
= HAnHZ(H) ,Vn € N. (3.2)

|+
e

Let P, be the solution of the corresponding Riccati equation:

dP,
—r 4+ P2=4,, P,0)=0. .
o b ; (0)=0 (3.3)

From [4], the equation (3.3) admits a solution given by:
1 1 1
Po(z) = A2 (exp(22A2) — I)(exp(2zA2) + 1)~ 1. (3.4)

1
First of all, we notice that each operator A2 is a linear bounded operator in H, and so
it is the infinitesimal generator of an uniformly continuous semigroup of bounded linear

operators in H:

1
T, (x) = exp(zAz), >0, n €N, (3.5)

1
and taking into account that A3 is self adjoint Vn € N, then T, (z) is also self adjoint
Vn € N.

Theorem 3.1 For each x > 0, P,(x) is well defined and P, (x) € L(H) is a positive and

self adjoint operator in H. Moreover, we have that:
By, € CY([0,1]; £L(H)). (3.6)

1
Proof. First of all, we notice that for each > 0, the linear operator exp(2zAz3) + I is

1
invertible in H. In fact, we know that T, (x) = exp(z A7) is self adjoint in H, Vz > 0,
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3.1 Yosida regularization

and so we have that:

(exp(22A2) + Dhh) = (exp(zAZ) exp(zA2)h, ) + (h, h) = (3.7)
—  (exp(zAZ)h, exp(zA2)h) + B2 > (3.8)
> |h|*,Vhe H (3.9)

1
and, taking into account that exp(2xAZ) + I is continuous in H, then, by Lax-Milgram

theorem, we may conclude that it is invertible in H, and we have also that:

1
(exp(2zAZ) +I)~! <1,Vz >0. (3.10)

L(H)

We remark that, for each x > 0, P, (z) is the product of self adjoint, positive and bounded
operators in H, that commute with each other, and, consequently, we may conclude that
P, () is a self adjoint, positive and bounded operator in H, Vx > 0. Next we show that
P, € C1([0,1]; L(H)) Let z¢ € [0,1] arbitrary. Then:

= AZ[(exp(22A432) — I)(exp(229A3) + I)(exp(220Az2) + I)~H(exp(2zAZ) + 1) ~1—

1 1 1
= AZ[(exp(22AZ) — I)(exp(2x9A2) + I)—
1 1 1 1
—(exp(2z0A42) — I)(exp(22A2) + I)](exp(2xAZ) + I) " (exp(2z0AZ) + 1)1 =
1 1 1 1 1
= 2A2[exp(2243) — exp(220A3)](exp(22A2) + I) "L (exp(2w9AZ) + 1)~ L.

1 1
Taking into account that each A2 is bounded in L(H), (exp(2xAz2) is an uniformely

continuous semigroup of bounded linear operators in H and

1
(exp(2zAZ) + I)~! <1,Vx >0,VneN

L(H)

it follows that

lim || P, (z) = Po(0)l £ () = 0,

T—x0
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3. Direct study of the Riccati equation by Yosida regularization

so P, is continuous in xg. From (3.4) we obtain:

dP, 1 1
- = 4A, exp(2zA2 ) (exp(2zA2) + 1) 2. (3.11)
x

Let o € [0, 1] arbitrary. Then:

dP, dP,

dx drg

— 4 A exp(20 A2 ) (exp(20A2) + I)~2 — exp(200 A2 ) (exp(20 A2 ) + 1)~2] =

— A [exp(20 A2 ) (exp (220 A2 ) + T)2(exp(220AZ ) + I)~2(exp(20AZ) + I)~2—
— exp(220A2 ) (exp(20A2) + 1)2(exp(20A2) + I)2(exp(2w0A2 ) + I)2] —

= 4An[(exp(2:1;AflL) exp(?moA%) - I)(exp(?ajoA%) - exp(2:L‘A%))].
.(exp(2x0A§L) + I)_z(exp(QmAé) +1)72

As before, we know that:

1 1
lim ||exp(2zA7) — exp(2z0A7 )| o) = 0. (3.12)
T—T0
. . dP, dP,
Moreover, all the other factors present in the expression of — — T are bounded op-
i B

erators in L(H ), so we deduce that:
lim || —— — THL(H) =0 (3.13)

which shows that % is continuous at xp. Since xo € [0, 1] is arbitrary, we deduce that

P e O([0,1]; L(H)). ]
Theorem 3.2 For each h € D(A) there exists a constant c(h) > 0, such that
| P (z)h|| < c(h),Vz €[0,1],Vn € N.

Proof. By (3.11) and, being the product of positive operators that commute with each

other, we may conclude that:

dP,
— >0, YneN, Vz>0.
dx
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3.1 Yosida regularization

From the Riccati equation (3.3) we have:

AP
dzx

h,h) + (P%(x)h,h) = (Ah, h),

P, being self adjoint,

P,
(%h, h) + ||P(z)h||* = (Auh, h), Yhe H¥z >0,

and so we may conclude that:

1Py (2)R])> < (Anhy h) — (Ah, h),Yh € D(A),Vz € [0,1],

and, consequently, for each h € D(A) there exists a constant ¢(h) > 0, such that:

| Pn(z)h|| < c(h),Vz € [0,1],Yn € N. m

Theorem 3.3 For each h € D(A), the following limit: lil}rl P, (z)h exists strongly in

H, uniformly in x € [0, 1].

Proof. For each h € H and each x € [0,1], we consider the sequence {P,(z)h}, cx-
Now, it can be shown that for each z > 0, P,(z) and P,,(z) commute with each other,

Vm,n € N, and so we have that:

%(Pn(x) — Po(2))h + (Po(@) + P (2))(Pa(2) — Pm(z))h = (An — A)h.  (3.14)
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3. Direct study of the Riccati equation by Yosida regularization

Multiplying by (P, (x) — Pp,(x))h it results that

IN

L((Pu(x) = Pn(@)h, (Pu(w) — Pr(x))h)

D=

< ((An = Am)h, (Pa(2) — P(2))h) <

< 1(An = Am) [ [(Pa(2) = P (2))b]| <

& 54 [(Pa() = Pan(2))h)?

= |(Pu(x) = Pu(@)h] & [|(Pu(x) — Pm(a))h]| <
< [(An = A [[(Pn(x) = Prn(2))h]|

= & |(Pu() = Pr(2))hl] < [|(An = Am)h|

= [[(Pa(z) = Pr(2))h]| < z[[(An = Am)|

< (An = Am)hll Y € [0,1],Vh € H.

We obtain the estimate
|(Pa() — Pu())h]| < [(An — Am)hl] ¥z € [0.1] VA € H. (3.15)

Since A,h — Ah,Vh € D(A), and remarking that (A, — A;,)h| does not depend on z,
we conclude that, for each h € D(A), the sequence {P,(x)h}, o is a Cauchy sequence,
uniformly in x € [0,1], and, consequently, for each h € D(A), the sequence {P,(z)h},cy

is strongly convergent in H, uniformly in z € [0, 1]. [

3.2 Passing to the limit

We now define, for each h € D(A) and each = € [0,1]: P(z)h = lim P,(x)h, which, by

n—-+00

linearity, defines the operator P(x) from D(A) to H.
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Theorem 3.4 The operator P is a solution of the Riccati equation (3.1) in the following

%(P(az)h,ﬁ) + (P(x)h, P(z)h) = (—=Ayh, h), Yh,h € H*(O)N Hy(O), (3.16)
and P(0) = 0.

Proof. We know that each P, verifies:

dP,

(S0 B) + (Pa(w)h, Pa(@)R) = (Aah,B), Vi € H.

Let ¢ € D(]0,1]). Then:
1 _ 1 _ 1 _
—/ (Pn(x)h,h)cp’(x)dx—i—/ (Pn(x)h,Pn(m)h)go(a:)dx:/ (Aph, h) o(x)dx. (3.17)
0 0 0

For each h, h fixed in D(A) = H?(O) N H(O), we have:

ngrfoo(Pn(x)h, h) ¢ (z) = (P(z)h,h) ¢'(x), Vx€]0,1] (3.18)
and
‘(Pn(:r)h,ﬁ) ¢'(z)| < c(h). HEH ¢ (z)|,Vz € [0,1],¥n € N. (3.19)

We also have that

lim_(Pa(a)h, Pu(a)R) g(x) = (P(0)h, P@)B) ola). Vo € 0.1]  (3.20)
and
|(Pa(x)h, Po(z)h) o(z)| < c(h).c(h)|o(z)|, Vo € [0,1],Vn € N. (3.21)

Finally, we notice that:

1 B o
lim (Anh, h) o(x)dx = (Ah,h)/o o(x)dx. (3.22)

n—-+oo Jo

Consequently, we may use the Lebesgue dominated convergence theorem to pass to the
limit for each term of (3.17). Then (3.16) is satisfied in the sense of distributions on |0, 1]
for each h,h € D(A). Furthermore, since P,(0)h = 0 for all n € N and h € D(A) then,
by Theorem 3.3, P(0) = 0. [
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3. Direct study of the Riccati equation by Yosida regularization

Theorem 3.5 The operator P(x) verifies:
(ah, h) > 0,Yh € H*(O) N Hy(O). (3.23)
Proof. From Theorem 3.4, we know that P(x) verifies:

dP

(o) + |P(x)h||* = (—Ayh, h),Yh € HX(O) N HL(O). (3.24)

We also know that, for each n € N, P, (x) verifies:

(%h,h} + || Pa(2)h]|* = (Anh, h),Yh € L*(O).
Now, taking into account that, for each h € H?(O) N HL(O), P.(z)h N P(x)h,
strongly in L?(0O), uniformly in x € [0,1], and
(Anh,h) — (=Ayh,h), ¥h € H%*(0)N H}(0), (3.25)
we may conclude that:
(%h, h) N (%h,h),Vh € D(A).

On the other hand, we know that % > 0in L?(0), and so we conclude that:
(%h, h) > 0,Yh € D(A). .
Theorem 3.6 The operator P(x) verifies
1P 2y < 1My ¥ € HE(O) N HA(O), ¥ar € [0,1],
and, consequently, it also verifies
P e L>®(0,1; L(H?*(O) N H}(0), L*(0))). (3.26)
Proof. We know that P(z) verifies
(Fh ) +IIP@)R]* = (=Ayh,h) = || Vyh|*
= 1hlIZ o) < Wl Fr2(0),  Vh € HX(O)N Hi(O)

and, taking into account that (%h, h) > 0,Vh € H?(O) N H}(O) the conclusion is now

obvious. ]
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3.2 Passing to the limit

Theorem 3.7 There exists an operator
P € L®(0,1; L(H(0), L*(0))) (3.27)

solution of the Riccati equation

dP

(%hﬁ) + (P(x)h, P(z)h) = (Vyh,V,h),Yh, h € H}(O) (3.28)

verifying P(0) = 0. This solution is strongly continuous in the sense that P(x)h €
C([0,1]; L*(0)), for all h € H}(O).

Proof. The operator P, referred in the previous theorems, can be extended by density,
taking Theorem 3.6 into account, to an operator P from Hg(O) to L?(O). This extension

is unique and we name P by P. From Theorem 3.6, we may conclude that:
1P (@)l 20y < 1Pl 30y » VI € Hy(0),Vz € [0,1], (3.29)

and, consequently, P € L>(0,1; L(H(O), L*(0))).

Following a similar way to the one we used in the proof of Theorem 3.4, it can be shown
that P(z) verifies the Riccati equation (3.28). By Theorem 3.3, P(x)h € C([0,1]; L?(0)),
for all h € H%(O) N HE(O). The remaining property follows from (3.29). L]

Remark 3.8 The uniqueness of the solution of (3.1) can be proved. The easiest way is
to use the interpretation of P as a Dirichlet-Neumann operator and to use the uniqueness

of the solution of the boundary value problem.

Remark 3.9 If instead of A = —A, we consider the operator
=l g P
A== g (w03
with a; j(y) = a;i(y), Vi,j and Yy € O, a;; being continuously differentiable in O, and
A being H&(O)—elliptic, we can do everything as before with almost no changes. In fact,
A remains self adjoint, positive and —A is the infinitesimal generator of a strongly con-
tinuous semigroup. The explicit formula at the begining remains. The norm of P in
L>=(0,1; L(H(0), L*(0))) is now bounded by M for some M, instead of 1. This is the

unique little change.
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3. Direct study of the Riccati equation by Yosida regularization
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Chapter 4

Discretization

In this chapter we are going to obtain matrix formulae for the operators P and () written

with the aid of an orthonormal basis of H} (O).

4.1 An expression for P

From ([6]), Theorem IX.31, pag.192, we know that there exists an orthogonal basis (e,),,cy
of L? (0), which is an orthonormal basis of H} (O), formed by the eigenfunctions of the

problem:

—Ayen = Apen, in O,
(4.1)

6n’8(’) =0.
where the sequence (A,),cy is a positive and non-decreasing sequence in R, such that:

lim A\, = 4o0.
n——+o0o

It has the following properties:

1
2. (en>em) i (o) = Jo Vyen Vyendy =0, Vn,m e N,n#m. (4.2)

3. The set {Z Miei, A € R} is a dense subset of Hj (O).

finite
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4. Discretization

1 1
In addition, the spaces L% (O), Hi (0), HE (0) and HE (O)" may be defined as follows:

L2(0)={u=> tnen: Y |un|* < +o0} (4.3)
H} (0)={u= Zunen : Z (14 M) [un]? < 400} (4.4)
1
He (0)={u= unen: > (14 A)? un|? < +00} (4.5)
1
HE(0) = {u=> upen: > (14 X) 7% |unf? < +o0}. (4.6)
Given h € (H&éQ((’)))’, by the definition of the operator P, P(s)h = g;’rs where w is the
solution of
Au=0 in Qg
uly =0, (4.7)
ou
—%h"o = 0, U|1"S = h.

But u € L(0,1; H}(O)) N HY(0,1; L*(0)), and so its trace in each section I'y, for a fixed

x, may be written in the basis (e,)nen in the following way:

+oo
u(w,9) = Y wn(w)ealy)s where wn(z) = [ u(wpen(y)dy. (4.8)
TL:1 T
We then have:
+o00 d2u
Au=0 in Qs & W;(a@)en(y) + un(z)Ayen(y) =0 in Q
n=1 (49)
d?u,,

ﬁ(x) — Aun(z) =0 in Q4 VneN.
T

From the boundary conditions we derive that:

ou = dun dun
2 = = —(0)e,(y) = —2(0) =0, ) 4.1
Sl =0 nzldx (Oen(y) =0 —(0) =0, VneN (4.10)
and
+oo +oo
u(s) =h & Zun(s)en = Zhnen & Up(s) = hy, Vn eN. (4.11)
n=1 n=1
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4.2 An expression for @)

Thus, for each n € N, u,, is the solution of

d*u,,
—u2 — A\ = 0,
dcif (4.12)

%(0) =0, up(s)=hy.

The solution of this problem is given by:

e )\n:r_i_ef An®

Un(x) = hy Y P Vn € N, (4.13)
and so we conclude that:
ou = eVAns _ o=V ns
P(s)h = ——Ir, = nzlhm/xnems — e (4.14)

From the last expression, we conclude that the operator P is diagonal, and its components

are:
VAns _ o=V ns
ey e —e
PUs) = Ve i (4.15)
4.2 An expression for ()
Given k € (HééQ((’)))’, let u € H?(Q) be the solution of the problem:
(
A2y =0 in Q,,
uly = Aulyx =0,
(4.16)
%| _0 8Au| _0
ozt~ op Mo
ulp, =0, Aulp, = k.
Let w = Au. Then w is the solution of
Aw =0 in Q,
w]g = 0, (4'17)
ow
—%h"o :0, UJ‘FS =k.
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4. Discretization

and, by the previous section, we may conclude that:

+oo
y) =S w(@enly) (1.18)
n=1

with:
AnT —VAnx
n + e n
Wy (2 —k , VnéeN. 4.19
@ =k e (4.19)
+oo
If u(z,y) = Zun(x) (y), then
n=1

400 2
d“uy,
Au=win Qs & Z < 702 (x) )\nun(az)> en(y) = an(x)en(y) &
n=1 n=1 (4.20)
2 An® —VAnx
Pn (03— At (&) = wn (@) = ki e € Wn € N.

dx2 eVAns + e~ Ans

From the boundary conditions we derive that:

5 J (4.21)
U Up,
8JJ ‘FO g d ( )
The solution of this problem is given by:
kns e~ VAns _ gVns o\ X
up(x) = eVt 4 em VAT 4
SN (evAn® + e AnS)Z’( | (4.22)

K,
_.I_
2v/ A (eVAns 4 e=VAns)

We finally deduce the formula for the operator Q:

x(e An _ o~ ’\”$).

)\ns_e )\ns)(e AnS e~ )\ns)

ou = duy, <2 kns(e” —
Q(s)k = %h“s = 2 Een(y) = Z [ 2(eVAns + e=VAns)2 +

n=1

N Afjﬂ_ ) (e Ans e A"S+\f3< Ros msmen:

4\/784-62 )\nS_e—Q AnS
; 2\/76 )\ns+€ )\ns)

en-

(4.23)
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4.2 An expression for @)

Thus Q(s) is diagonal, and its components are:

0us) 4/ Ans + €2VAns _ =2V Ans
n\S) = >
R /An(e Ans + e~ )\ns)2

In particular, ) is an invertible operator, and the components of the inverse operator are:

Q-1 (s) = 2V An(eV2 4 eV A)?
S - )
n 4@8_’_62%5_672 AnS

Vn € N. (4.24)

Vn € N. (4.25)
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Chapter 5

Homographic transformation

In this chapter we are going to obtain a simple factorized formula for the Dirichlet-to-
Neumann operator P, solution of the Riccati operator equation. We begin by showing
that the Riccati equation of P is equivalent to a first order linear coupled system. Next, by
changing variables, we show that the former system is equivalent to a first order decoupled
linear system. Finally we obtain an explicit formula for the operator P, which verifies the

Riccati equation (see section (4.2)):

dp
-+ P2+ A, =0, P(0)=0. (5.1)

5.1 Linear system for the Riccati equation

Let u € HY(Q) be the solution of (Py) with f = 0, up = 0 and u; € H&éz((’)). We
define the operators X (x) € E(H%Q((’)),H%Q(O)') and Y (x) € E(H%Q((’)),HééQ((’))) in

the following way:

X(z): wu(l)— %(x), (5.2)
Y(z): u(l) — u(x). (5.3)

Taking into account the definition of the operator P, we have:

P(z)Y(z) = X(z), Vxe€]0,1]. (5.4)
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5. Homographic transformation

Furthermore, X and Y verify X (0) =0, Y(1) = I. Taking the derivative with respect to
x on both sides of the identity

X(@u()) = 2 (@) (5.5
and due to the fact that Au = 0 in €, it follows
0X 0%u
o4 N=2%0% = _A , .
2 @u(1) = T (@) = ~Agu(a) (5.6
Then
X
i(m)u(l) = —-AY (z)u(1), (5.7)
ox
and, due to the fact that u(1) is arbitrary, we derive that
0X

Similarly, taking the derivative with respect to x on both sides of

Y(z)u(l) = u(x) (5.9)
we derive
oY ou
5, @) = 5-(2) = X(2)u(l) (5.10)
and, because u(1) is arbitrary, we conclude that
Y
%(x) = X(z). (5.11)

We have thus obtained the following linear system:

dX
C;Z;(gg) = -AY(z), X(0)=0, (5.12)

Next we show that problem (5.12) and the Riccati equation of P are equivalent, by means
of the relation (5.4). Let P be the solution of (5.1). Taking into account (5.4) and recalling

that P is the Dirichlet-to-Neumann operator, then, formally, we have:

dX dP dY
@) = T @Y (@) + Pla) (@) =

= (=P2—A))Y(z) + P(z)P(z)Y (z) = =AY (z),
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5.2 Diagonalization of the linear system

so X and Y verify the linear system (5.12).
Conversely, let X and Y be solutions of (5.12) for x €]0, 1[. From the definition it is easy
to show that Y (z) is an injective operator with dense image, for each x €]0, 1], and so we

can define the operator P(x) through the relation:
P(2)Y(z) = X(z), VY €]0,1]. (5.13)

Formally taking the derivative with respect to x on both sides of this equation, we derive

dP dY dX
@Y @+ P@) @) = T () (5.14)

Taking into account the equations verified by X and Y, it follows that:

dP

d—(x)Y(x) + P*(2)Y (z) = —A, Y (z). (5.15)
x

Finally, again due to the fact that Y (z) is an operator with dense image, for each x €]0, 1],

we conclude that P verifies the Riccati equation, and from P(0)Y (0) = X (0) = 0 we derive

that P(0) = 0.
5.2 Diagonalization of the linear system

In this section, we consider as an orthonormal basis of L?(O) the set {e, }nen of eigen-
functions of the Dirichlet problem

—Ayen(y) = Men(y), YyeO, neN
(5.16)

€n|220, Vn € N,

with ()\;) a positive and non decreasing sequence such that lim\; = +oo. Let Py €
1——+00

L(H}(0), L*(0)) ﬂﬁ(H&f(O), HééQ((’))’) be the positive stationary solution of the Riccati

equation (5.1):

N|=

Py=+(-A)z. (5.17)

Py is a particular diagonal solution of the Riccati equation, which is invertible, because

Ap >0, Vn €N,

59



5. Homographic transformation

Theorem 5.1 The linear system

Py =-ay@, x0)=0
)= x@), Y)=1

1s equivalent to the diagonal system

%@ = Pyp(x), ¢(0) — Poy(0) =0,

W)= —Pe), Bye) + v =1,

(5.18)

(5.19)

where the operators ¢(x) € E(Héf(@),Héf(O)’) and Y(z) € £(HS(§2(O),H562(O)) are

related with X and Y through the equations

X:SO_PO,Qb)

Y =P lo+y,

Y =1y -PlX).

Proof. Taking the derivative with respect to x on both sides of (5.21), we have:

(5.20)

(5.21)

W 1y 4 x) = Jx - aY) = LR - B - A, (R + )] =
= %2P0<p = Pyop.
and

1
= Sl — Pow — Po(Py o +1p)] = —Pyip.

Finally, we have:
X(0) =0 ¢(0) = Ryyp(0) =0,

Y(1)=1% Pylto(l) +4(1) = 1.
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5.2 Diagonalization of the linear system

Conversely, if (¢,) are solutions of (5.19), then, using (5.20), we can easily show that
(X,Y) verify (5.18). ]
We have thus showed that the operators

and

are similar. In fact, in matrix form:

dX
— 0 —A X
dx _ Y

dY ’
— I 0 Y
dz

de

n Py, 0

dx _ 0 ) v
dyp ’
—= 0 —PR

T 0 (0

X I -PR ©

Y PytoT P

Now, due to the fact that Py is independent of z, integrating (5.19), and representing by
exp(Ppx) the semigroup generated by Py, we obtain:

p(z) = ¢(0) exp(FPor),
(5.22)

P(z) = (1) exp (=Po(z — 1)).
and consequently

©(1) = ¢(0) exp(F),
(5.23)

$(0) = ¥ (1) exp(Fp).
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5. Homographic transformation

Taking into account the initial conditions verified by ¢ and 1, it follows that

©(0) = Pop(0) = Poyp(1) exp(Fy), (5.24)
o Lo(1) + (1) = Py (0) exp(Po) + (1) = 1b(1) exp(2Py) + ¢(1) = I.

From the last equality, and due to the fact that Py, P, L and exp(Py) comute with each
other, we derive that

Y1) = (exp(2Po) + 1)~ (5.25)

and

©(0) = Py (exp(2Py) + 1)L exp(Fy). (5.26)

Finally, we deduce:

o(z) = Py (exp(2Py) + 1) exp (Py(1 + ),
(5.27)

d(x) = (exp(2Py) + 1)~ exp (= Po(z — 1))

5.3 Homographic representation of P
Theorem 5.2 The operator P may be written in the following way:

P(z) = (p(x)y™ (@) = Po)(Py p(a)y™ (x) + )7 (5.28)
Proof.

P(z) = X(2)Y " !(z) = (p(z) — Poyp(2))(Fy "o(x) + () =

= (p(x) ™ (@)p(x) — Povb(a))(Py tp(a)p~ (@) (z) + () ! =
(5.29)

Let
W(z) = p(x)p " (z). (5.30)



5.3 Homographic representation of P

From the definition, we derive an explicit formula for W:

W (x) = p(a)y4 (@) = Py (exp(2Py) + )" exp (Fo(1 + ) |(exp 2Py + )" exp (~Po(w — 1))]

— Py (exp(2Po) + )" exp (Po(1 + 2)) exp (Polx — 1)) (exp(2Fy) + I) =

= Pyexp(2Pyx).
(5.31)
In addition, W(0) = ¢(0)x»~1(0) and, from (5.26) and (5.27) we deduce that W (0) = F.

Theorem 5.3 The operator W is solution of the linear differential equation:

aw
% = FPW + WP, W(O) =F. (5.32)

Proof. In fact, formally taking the derivative with respect to x on both sides of (5.30)

we have:

aw .« dy 10 _ —1 24 -1

M (@) = () — o)™ @2 (@) (@) (5.39)
and, from (5.19) the conclusion is obvious. (]

We finally deduce an explicit formula for the operator P:

Theorem 5.4 The operator P may be defined in the following way:
_ -1
P(z) = [(exp(Pyzx) Py exp(Pox) — Fo)] [PO 1 exp(Pox) Py exp(Pyx) + [} (5.34)

Proof. The result is obvious: we just have to replace W(z) = exp(Pyx)Pyexp(Por) in

(5.29). .
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Chapter 6

Factorization of other elliptic
problems

In this chapter, we apply the method of factorization by invariant embedding to factorize

more general elliptic problems, by proceeding in the straightforward way.

Using the same notations and conditions, we consider the problem defined in section
1.3. We embed problem (1.13) in the family of similar problems defined in Qj, s €]0, 1],
h € HY*(0):

Lu=f in Q;,

ulg =0, (6.1)

n
ou
- E au‘% Ity = uo, ulr, = h.
j=1 J

From Theorem 1.14, we know that these are well posed problems. For each s €]0, 1] we

define



6. Factorization of other elliptic problems

where v, 5, is the solution of the problem:

Lysp =0 in Q,

Ys,nle =0, (6.3)

n

s,h
> a2 | ey =0, ealr, = b
j=1 /

and P(0) = 0. Moreover, for each s €]0, 1], we set

m(s) =Y m 0B Ir. (6.4)
j=1

where (3, is the solution of

¢

LBsp=f inf,

Bsnls =0, (6.5)
n
9Bs,n
_Zal,j% ‘FO = uo, /Bs,hh“s = 05
— T
\ J
and 7(0) = —ug. Then the solution s of (6.1) verifies:
n 877,57}1 — _
> ay 5 | Ir, = Ps)h+17(s), Vs €[0,1]. (6.6)
j=1 /

Furthermore, the solution w of (1.13) verifies (6.1) with A = @|r,, for each s € [0, 1] so we

have the following identity:
- ou _ B
ZaLj% r,, = P(x1)ulr,, +7(z1), Vi €]0,1]. (6.7)
=1 !
Formal derivation of (6.7) with respect to x; leads to:

- u— P2 e e 0,1] (6.8)

0 (g on) o
Lg Ox; dxq ory dx
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By substitution from (1.13) and (6.7), and noting that

ou 1 ou
e =aj; | Pu+7— ]ZQal,]a (6.9)
we obtain:
apr = ou or
——u—Pa; | P — =
dxlu agq u—+r jz;ama y o1
"y . ) "y 5 (6.10)
u u
=2 Jj=2 4,]=2
so, we deduce:
dP
d + Pa1 p— Pa11 Z al’ﬂa + Z al 1a1 ) —
7]_
_Z (aia7 a1,5) + Z I <aija) ut (6.11)
i 28 833 ij=2 8:1:1 690]-
—i—panr—i— Za azlau F)+f=0
and taking into account that u|p, = h is arbitrary, we finally conclude that:
( )
dixl Z 8 al 1“11 ) + Pan P — Pay; Zalu D -
_Za azlallalu +Z (awa >:07 P(0) =0,
o L=2 (6.12)
6—+Pa 774’2 (aipap'F) + f =0, 7(0) = —uo,
ou - _ -1 —1-
“om Z;au a ; +a P(z)u=—aj;r, u(l)=wu
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