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1. Introduction

Recently new techniques for producing lower bdu"nds have appeared in the literature:
bound improvement sequences, Bdrcia [1985], Bdrcia {1987] and Bdrcia & Holm [1988] and
Lagrangean decomposition, Jornsten & Ndsberg [1986) and Guignard & Kim {1987).

Bdrcia &'Jdrnsren [1990] have combined these approaches yielding the Improved
Lagrangean decomposition which was applied with success to the Generalized Assignment |
Problem. - '

In this work we will follow this path applying this combined approach to the Asymmetric
Travelling Salesman Problem, (ATSP).

The results obtained using the Improved Lagrangean decomposition show that these new
bounds often bridge the duality gap without needing valid inequalities or Branch&Bound

techniques.
This work is organized as follows:

In section 2 we will briefly sketch the bound improving sequence technique which
consists in building a sequence of Lagrangean duals that progressively reduces the duality gap.
Section 3 deals with the main ideas of Lagrangean decomposition. In section 4 we will see
how these two ideas can be combined yielding stronger bounds.

Section S, which contains the main contributions of this paper, discusses the issues
related with the application of the previous ideas to the Travelling Salesman Problem: We start
by exploiting the r- Arborescence structure of the Asymmetric TSP and we show that the
formulation thus obtained is as strong as the usual one. Then we apply the improved
Lagrangean decomposition concept on this formulation obtaining bounds which are able to
bridge the duality gap. Finally we present a new extended version of the subgradient method
which was developed to speed up the computation of the bounds aforementioned.

We terminate the paper with some computational experience on randomly generated
problems and we provide some concluding remarks.



2. Bound improving sequence

We start by presenting a brief sketch of the basic ideas and main results of the bound

improving sequence technigue.

One way of getting Jower bounds fora difficult minimization problem is to relax some of

its constraints in order to obtain an easier problem. But if the corresponding Lagrangean dual
satisfies the integrality property then its bound does not dominate the bound given by the Linear
relaxation, see Geoffrion [1974). '

One recent and useful technique is 1o add to the original formulation a redundant
~ constraint which will reduce the set of feasible solutions of the Lagrangean dual. This way we
can expect to obtain better lower bounds. ' '

Consider the following integer linear programming problem:

(P) z=min cx
Ax €D
x €%

where c is an integer n-vector, b an integer m-vector and A a nxm-matrix of integers.

For simplicity we will assume that % is bounded and that (P) has a finite solution.

If a lower bound for z, J, is known then we can construct an alternative formulation for
(P) using a redundant constraint cx 2 :

(Py) z = min cx
Ax<b
xeB={xe X cxzi}

Using Lagrangean relaxation we can develop the following Lagrangean dual:

LD L= Maxm min cx - p(b-Ax) k=0, 1, ...
pek, - . :

xe‘I.k

The usual Lagrangean bound, /, can be obtained by solving {LDg) where IO=-°°.



-Solving (LD, ) depends mostl_y' on what kind of subproblem tms up. For instance if
%={0,1)" then the subproblem consists of a binary Knapsack Problem, which is onc of the
easiest non-polynomial problems, see Walukiewicz & Dudzinsky [1987).

Using this technique we obtain a non-decreasing sequence of lower bounds for (P),
I=lgshiShs.... |

Bdrcia [1985), Bdrcia [1987] and Bdrcia & Holm {1988) present necessary conditions for
equality to hold in that sequence. Conditions for a strict increasing sequence of lower bounds
are also presented. Nevertheless these conditions are too difficult to verify in practical

" sitpations.

Another result pointed out is that to optimize (LD, ) is equivalent to convexifying the non
relaxed constraints in (P ):

Ik+1='mincx
Ax £ b
xECb(mk)

3. Légrangean decomposition

In this section we will present the basic ideas and main results of the Lagrangean
decomposition technique.

The usual Lagrangean approach is based on the identification of a group of "nice"
constraints which define a problem for which we know an efficient algorithm. However it is
possiblc to find for the same problem two or more sets of "nice” constraints. A straightforward
possibility is to solve each of these Lagrangean duals and to consider the best Lagrangean
bound among them. '

- Jornsten & Nc'isbérg [198€] and Guignard & Kim | 1987] have presented a new
Lagrangean relaxation which takes advantage of the whole structure of the problem:

Consider the following integer linear programming problem:

(P) z= min cx
Ax £ b
Bx £d
x €l



-where the problcms defined by the constraints { xe T" Ax<b } and by { xe %. Bx<d j are
easier to solve than the original problem.

If we duplicate the variables, x, we can restate the problem (P) as:

©OP) z = min [ acx + Pey |

Ax £b
x €%
X =y
By <d
y €Y

as.suming that o, $>0 such that a+B=1 and that HgY.

Relaxing the equality constraints we obtain two subbrob]ems, x- and y-subproblems,

which are separable.
The associated Lagrangean Dual will be:

d = Mz;tn [ mip (oc+pu)x  +  min (Bep)y ]
he Ax<b By < d
x €% yey

This Lagrangean Dual takes full advantage of the problem structure as it explores both
substructures at the same time. : :

Guignard & Kim [1987} have proved that this new lower bound, d, dominates the
bounds obtained by relaxing any of the two sets of constraints.

Lagrangean relaxation does not dominate the bound given by the Linear relaxation when
its dual has the integrality property, see Geoffrion [1974}. This same concept can be .
 generalized to the Lagrangean decomposition, see Guignard & Kim [1987]. In ordc_f to clarify
this point we will describe the primal interpretation of L_agrﬁngean decomposition:

d = min X
xeo{x: Ax<b,xe % ]
xeCo[x:Bde,xeB }

ie. computmg d'is equivalent to optimize the pnmal objective function on the intersection of
thc convex hulls of two constrainis sets.



Now it is clear that if we have Co{ x: Ax €b, xe % ) = {x: Ax £ b, xe Co(X%) } (the -
——-sesanvexity propcrty) then d will be equal to tl'fe Lagrangean bound one gets when constraints

o . .x<b are relaxed.

Improved Lagrangean decomposition

Both techniques described seck to obuain stronger lower bounds. Bdrcia & Jornsten

290] have developed an approach which combine these two techniques.

The main idea is to strengthen the Lagrangean decornposition in order to obtain a Jower
- 2und which dominates the bounds generated by both techniques individually. |

So if we have a lower bound for (P), /,, we can restate (P) as follows:

- (DPy) z= mno [ acx + fey ]

Ax £b
x €%,
X=y
By £d
y €Y

2oz zssuming that ¢, $>0 such that a+B=1 and that %, CY.

| Relaxing the equality constraints we obtain the following Dual:

oD dpy = M?;‘n [ min (cc+p)x +  min (Be-p)y ]
€ '
H Ax<b Bys< d
x €Ly ye Y
Each (LDk) yiélds a lower bound and so we can construct 2 non-decreasing sequchce of

————r:z==ounds. Now % can have a more complicated structure, say {0,1)" with Semi-Assignment
~————==—=onstraints but then the x-subproblem consists of a binary Multiple Choice Knapsack Problem
—nich is as easy as the binary Knapsack Problems, see Walukiewicz & Dudzinsky [1987].

. The Improved Lagrangean decomposition yields bounds that dominate the ones obtained
———nen applying each technique individually: | _
* Gen2h
dy 1 2dy2d



The following primal interpretation of this dua! heips 10 understand the cases where we
“have strict dominance of the sequence of bounds.

dy, 1= min cx

\ xeCol xe% @cx2d, AxSb)N Cof xe Y [ Bx<d}

5. Bounds for the Asymmetric Travelling Salesman Problem

5.1 Formulations for the Travelling Salesman Problem

The Travelling Salesman Problem (TSP) is the problem of finding 2 minimum cost tour
so that each of n cities is visited exactly once.

One of the most well-known mathematical formulations for the Asymmetric Travelling
Salesman Problem is due to Danizing, Fulkerson & Johnson[1954).

Considering a direct and weighted graph § = (N, A, C) with node set N={1,2, ....,n }
and an arc set A = NxN\ {(1i)), and weights ¢;;20, (i,j)e A, and let x;; (i,j)e A:

{1 if (i,J) belongs to the problem solution

X =
" lo otherwise

(ATSP) min 3, Y cjx; (0)

ieN jeN
s.t.: injzl ie N (1)

jeN
2 xjj=1 je N e
ieN '
z injzl YSCN:1<|Si<n (3}
ieS 8
_x;je {0, 1} _ i,je N (4)

~ This formulation is redundant. The assignment constraints, (1) and (2), ensure that the
solution has disjoint subtours. If we impose r-connectivity, i.e. from a specific node r all the
others can be reached, then only tours are feasible and so constraints (3) can be halved:




(ATSP),  min Y 3 cj X;j | (1)

ieN jeN
s..: 2 Xij = ieN | Nt

Z xjj = | je N @)

iEN i

Y Yx21 YSCN:re$, ISl<n (3"

ieS je§ _

xj€ {0,1) ije N 4)

These two formulations are obviously identical but the last one yields the possibility of
developing a new procedure to achieve lower bounds for the (ATSP). '

The Linear relaxation of the (ATSP) associated with the first formuiation, (A?SP), is
known for producing good bounds, see Christofides [1971). So it is interesting to find out if

the bound produced by (ATSP), is as good.

The following results are an answer to this Question.

Theorem I:  Foralire N the set of feasible solutions of (ATSP), and the set of feasible
solutions of (ATSP) arc the same. |

Proof: -

Lt A ={x x,,e[o 1], Zx,,_l Exu-—i(n ,eN;]

C ={xxeA, ) quzl VSN 1slsi<a))
ieS jeS

€ ={xx€A Y Y x;21vscN:res, [sl<n)
. : i€l jes

C,=C.
? : '
C = C,. By contradiction, supposc that exists x €C, such that x ¢C then:

3 seN, 1<isi: 2 qu<land such thatreS so we have Z qu 1 and
- €S jeS . i#S8 jeSs

then we get: )y qu Z Z"u"o *)

iceS je$ ieS jeS

Asxea’l Zx,j qu-b qu—land Exu Ex”-l- qu- 1 we can

ieN i€s JES
rewrite ("‘_) as:



4 — fywig - {‘)

i€S jes €S j€S

and simnilarly as:.

PIDRTEDADIETEI TN EDID NPT EIEI I IE TR

€S je§ €S je$S S jes i€s jes

The above inequali.tics are not compatible. This contradiction shows thatC 2C,.

The following result arises naturally:

Corolary 1:  V(ATSP), = V(ATSP) for alire N
- are good in the asymmetric case, see Balas & Toth {1985].

If we drop constraints (1) we will have the Min-sum r- Arborescence Problem. This
problem can be solved in O(n?) time by finding the Shortest Spanning Arborescence rooted at
node r (see Fischetti & Toth [1989], Edmonds [1967] ) and by adding the minimum-cost arc
entering node r. However the Lagrangean dual with the Min-sum 1-Arborescence as it

subproblem satisfies the integrality property so its optimum value is V(ATSP), = V(ATSP):

5.2 New Bounds

We can identify in the (ATSP), formulation two sets of "nice” constraints: (1) the Semi-
Assignment constraints and (2), (3) the r-Arborescence constraints. -

- By considering the Lagrangean decomposition we can not expect to obtain a better bound

than the boung given by (ATSP) because both x- and y- subproblems have the &-convexity
property. | |



Trying to break the % -convexity property we can introduce in the (ATSP), formulation

the redundant constraint Z Z C;j Xij 2 dy Where dy is a lower bound for (ATSP).
ieN jeN :

The Improved Lagrangean decomposition reformulation will be (letting a=1 and B=0):

min Y, 3 cjj X;j

i€eN jeN .
s.t: inj:l ieN
JEN :
2 ZCijxijde
€N jeN
xjj€ {0.1) i.JEN
Xij=VYyj i,j€N
-}E35=1 jeN
ieN :
E ZyijZI VSCN:reS, |S]|<n
€S s
yij€ {0, 1) i,jeN

Relaxing now the equality constraints we get:

dys1 = m[ min 3 Z(Cij“_#ij)xij + min Y Euijyij ]

] ieN jeN ieN jeN
s.t Z xjj = 1 ~ teN s.t Z Yij = 1 jeN
jeN ieN
2 zcijxijzdk Z ZyijZI VSCN: reS.|S|<n
ieN jeN i€S jeS§
Xjj € {0, 1} i,jeN Yij € {0, 1) i,j€EN

Thus x-subproblern is now a Multipie Choice Knapsack Problem which does not have
the %-convexity property and so we can hope that the bounds given will bridge the duality

gap.

To solve each of these duals we use the subgradient method, see Shapire {1979]. In fact
we can guarantee that the first bound obtained is greater or equal to the bound given by the

resolution of (ATSP) using:
' Cii = As —
ui} =—t5— (i,jeN) and do=[V(ATSP)]
where A, are the optimum values of the linear du_al variables associatéd_ with constraints (1).

.']0- :



This practical result may seem 100 demanding in the sense that it asks for the optimization

of (ATSP). However, if we usc the Lagrangean relaxation with the Min-sum r-arborescence as
its subproblem we can replace ii by the best Lagrangean multipliers, ?L: found during the
optimization of the assoctated dual.

Once solved eaéh dual if dy,1>dy then a new dual is produced otherwise we reached the
optimal dual solution.

5.3 Extended subgradient method

The method described is computationally expensive due to the optimization of the x-
subproblems. |

‘However considering only a fixed root r we are not taking full advantage of the y
structure. Considening all the g min-sum r-Arborescence problems, with re N, we can obtain
the best bound in only O(n?) time.

In this way we obtain the best possible bound of each set of multipliers and so we can
expect to reduce the number of iterations of the subgradient method and so the number of -
binary Multiple Choice Knapsacks Problems to be solved. |

So we developed the following extended dual, (EDy,):

dye1 = ufzg‘g‘ [fm" 2 2 G- + Max [min 33 pyyy ] ]

ieN jeN reN ieN jeN
st x=1 ieN st Y y;=1  jeN
jeN ieN _
z 2 Cij Xijzdk' z Z Yijzl VYSCNre S, 18| <n
ieN jeN icS jesS.
Xjj € {0, 1) _iJEN Yij € {0, 1} ijeN

Note that the function to be maximized is no ionger concave as we can see on the
following bidimensional exampie, where the bold line represents the (EDy, 1.(1)):

-11-



d k+]

To optimize (EDy,|) we adapted the subgradient method.

The two procedures, though very similar, differ in one aspect. Instead of using the
subgradient of the function to be maximized on each iteration, which does not exist, we use the
subgradient of the subfunction which gave the best bound for the current set of multipliers.

Nex1 theorem shows that the extended subgradient method will converge to the optimum

value of (EDy,1), 1.€. dyyy:

Theorem2: Consider a finite number of concave functions, f(y) iel and for any
ye R", and de_nble by Bfi(y) its subdiferential. Assurmne also that all these

functions share the same maximal value F*.

Define F(y) = Max f(y) = f(y) and ¥ (y)e d6y(y).

‘ ) F* - F(y!
Define y**) = y'+ 6,74 with 6, = p-pr—y 53 and &< p, <2,

If 3 M>0 : B¥ (yH)l< M then there exists a sub-sequence {y'},.y. L¢N,
such that: im F(y!) = F*
el
Proof: |
Notice that F* = f,(y}) = Max f(y).
Y
Iy Llyth? = W40 7 (y)-yii? = KylylH2 + 0207 (yOU2 - 20 (yly T (YY) <
By the concavity of f: -
S Wy + o7 (2 20 [f iy (Y] =

2p,) [F*-F(yH]?

= yoyrzs O
Yy W7 Yz

=12 -



. . -F 1 . . .
Let A =) m,;)‘:z’% >0 then (p,” -2p[)d pt(pl 28,5 €180, = €8, (€ > )

© And finally ¥ y*! . y* B2l ytoy? ﬁi-e&‘ VieN

" As y't“ is a maximizer of one of the functions f,(y), and as there isonly a finite number of |
those functions, there exists 2t least one subsequence of indexes, t€ LEN, for which the
maximizer yf is always taken on the same function {;. Thus y‘:‘ wil] not depend on the
choice of ie L and so we will write y* instead of y}. - |

"Then on this subsequence we shall have Ny} -y* 2<ly'-y* 12 €A Vel (1)

* This inequality shows that the sequence Il yt - y* 12, i€ I, is non-increasing and bounded -
by zero which implies that it has a limit, Now if we takc the limit of (1) along the
subseguence 1€ i we shall have: ' '

R 2
i A, = i LES QY]

4 LT =0and asF is contimious and §7 (yHi<M then:
te € y -

m FyY=F*
13 8 .

6. Computatnonal Results

For the computanonal tests we used a PC-IBM compatibie, Unisys FW-800 mth a CPU
_ 803 86 at 20 MHz MICROSOFT FORTRAN and Pascal compﬂ ers were used.

The cost mamxcs of the test problems_ were rax_ldom]y generated. Two classés of test
“problems were considered: class I with costs in the set {0, 1,...,50) and class II with costs in _
- the set {0, 1,...,500}. Nonce that as the costs, Cjjp are integer. ‘the value of the ob;ecuvc_.
function will be integer. In order to obiair: the optimumn value of the test problems we used a
Branch&Bound algorithm, see Gromicho {199G]. | )

The compu:anona} expenence wported about the inproved 1.agrangean decomposition is
limited by the cede for the Multiple Choice Knapsack Pmblem The code used does not take
any advantage of the characwnsnrs of our subproblem.

. We use the Lagrangr.an rclaxation with the Min-sum r-Arbbrcsce’ncé prbblem to
- approximate the bound given by the Linear mlaxaﬂon and we iniialized the exiznd subgrad:em '
- method muluplxcrs aocm‘dm gly '

. -B.




On the following results we have on column OQpt the optimum value, column LP the
bound given by the linear programme, followed by the column Gap which represents the gap
percentage. The other results concem the improved Lagrangean decomposition: colqmn EDis
the bound given by the improved Lagrangean decomposition; column Gap is the gap
percentage; column Bt is the iteration where the best {integer) bound was achieved; column
TIt is the total number of iterations performed and 0* denotes the cases where the bounds

given by the improved Lagrangean dual did not manage to increase the Linear bound in one

unity.

6.1 Class I

The following examples were taken from 2 sample of a hundred instances with five
nodes: ' |

Opt | LP | Gap%| ED | Gap% | BIt | T |
g5 1 8100 | 12 ¥ 717
45 | 4250 | 50 1.5
56 | 5250 | 6.3 0
69 | 6800 | 1.2 »
114 | 10850 | 4.8 .
88 | 86671 1.5 .
111 | 10700 | 36 1.
61 | 5950 | 2.5 *
g4 | 7500 | 107 a.
61 | 5200 | 1438 5.
78 | 7350 | 5.8 2.
3, T.

The following examples were taken from a sample of fifty instances with ten nodes:

I — —
Opt | LP |Gap%| ED |Gap%|Bnhi | Tit I
64 | 6299 | 16| 6315 | * 0 10
121 | 11695 | 33| 11799 | 2.5 | 33 ] 151
76 | 7500 | 13| 7500 | 13| o] 151
92 | 8999 | 22 9099 | 1.1 | 15] 151
92 | 8746 49| 8880 | 3.5 | 41] 151
o2 | 8898 | 33| 8899 | 33 [ 0] 15
53] 5100 38| 5100 | 38 [ 0] 151
79 | 7448 | 57| 7718 | 2.3 |116 | 151
97 1 900 1.0} 9600 | 10| 0} 151
03 | 9164 | 15| 9206 | * 27| 27
90 | 83411 73| 8397 | 67
109 | 10236 | 6.1 ] 10295 | 5.5
72| 6794 56| 6992 [ 29

N

-14 -



The following examples were taken from a sample of twenty-five instances with fifteen

~ nodes:

6.2 Class 11

The following examples were taken from a sample of a hundred instances with five
nodes:

= —— _ﬁ'

- Opt LP Gap% ED Gap% | BIt
697 { 61450 | 11.8 656.84 5.8 1108 | 151
947 { 934.00 1.4 | 946.26 * '
617 { 575.50 6.7} 612.53 0.7
847 ¢ 730.50 } 13.8 | B835.14 1.4
724 | 705.50 261 721.71 0.3
782 | 753.50 3.6 1 781.03 *

894 | 884.50 1.1 | 893.35 *
973 | 963.00 1.0 ] 972.05 *
829 1 808.50 2.5 ) 828.25 *
820 | 750.50 851 77638 5.
793 | 735.00 7.3 | 783.58 1.
482 1 439.00 8.9 | 478.53 0.

5.8 1.

iOElLP

696 | 665.40
752 | 748.50
595 | 539.30
608 | 5713

The following examples were taken from a sample of ten instances with fifteen nodes:

-15-




e e ._._._.._—___.-

75006 16 151 151
118 151

6.3. Coments

The bounds given by the improved Lagrangean dual do manage to bridge the duality gap
for both classes of test problems as we can see on the results above. '

7. Conclusions

Using the improved Lagrangean decomposition we manage to bridge the duality gap
without using valid inequalities or a Branch&Bound method. We can expect to achieve the
same kind of results, or better ones, with other problems.

- The extension of the subgradient method presented may also be applied to another class
of problems with the same characteristics.
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