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Section 1: Introduction.

The economic literature has demonstrated a long standing interest in the question of
search. In the elementary search model, the distribution of prices is common knowledge
(see S. Lippman and J. McCall (1981)). The optimal rule is then myopic (i. €. the
consumer stops if and only if he cannot improve his expected utility by searching exactly
one more time) and consists in a reservation price (1. e. the consumer only buys if he gets a
better price than his reservation benchmark), also the rule for a consumer who forfeits the
option to buy at the current price if he continues searching (no recall) is the same as the rule
with recallable prices. As Diamond (1971) remarked in the context of a job search model,
such an assumption may lead to a degenerate distribution in which the firms set the
discriminating monopsony wage, as the unique wage rate for the economyl.

In view of this limitation the consumer may well decide that his decision rule should
be independent of it. Criteria for optimality of behavior can be drawn over the set of
outcomes, for instance the minimax rule (see Savage (1954)). However most of the
research has assumed that when the consumer who does not know the distribution of prices
will try to gather information about it from the search process itself. Rothschild (1974)
considered the problem of a sequential Bayesian search with no recall, and established the

weaker reservation-price property (i. e. a strategy which defines for each round a

1Such a result can be interpreted in the light of the recent bargaining literature: assume as in
Rubinstein and Wolinsky (1985) that buyers and sellers meet at random, Also assume, unlike the model
presented there, that buyers always quote the price, and sellers cannot make counter-offers (Sellers act as
Stackelberg leaders in the bargaining game). Then it is easy to see that the only perfect equilibrium for this
economy is for the sellers to extract all consumer surplus from the buyers. This result is not entirely
satisfactory because it is true even when the time discount factor of the buyer is very small (he is very
patient), at the same time as the time discount factor of the seller is very large (he is very impatient).
Therefore the buyer disposes of a very serious (for his opponent) low-cost (to himself) threat, but the

requirement for game perfectness prevents him from using it.
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benchmark price, the consumer buys if he gets a price better than the benchmark, and
continues otherwise ) for consumers who hold Dirichlet beliefs. Rosenfield and Shapiro
(1981) extended this approach to a larger set of priors, establishing conditions for the
optimal strategy to be myopic and exhibit the reservation price property. Putting together
both sides of the market, Jovanovic (1979) showed with a job-matching model how price
dispersion could hold when both sides of the market were taken into account. Further
interest in equilibrium price dispersion was attested by the articles of Burdett and Judd
(1983) where price dispersion resulted from randomness in the sample size, and Albrecht
and Axell (1984) which used heterogeneous agents to obtain the result. Inquiries about the
optimality of the search procedure were conducted by Morgan and Manning (1985) who
looked into searches with non-constant sample size, Wolinsky (1987) who studied an
gconomy in which agents bargained while conducting search on the side, and McAffe and
McMillan (1988) who considered buying mechanisms mixing search and auction

procedures for agents facing small population of traders.

The main emphasis of the existing literature in search has been to prove the
existence, characterize and study the properties the optimal strategies, but it is notably short
on explicit solutions to the search problem when the distribution of prices is unknown. The
purpose of this paper is to find such an explicit optimal strategy when the consumer already
had some experience in the market, or even when he comes as a first tirne buyer and knows

nothing about the distribution of prices.

We will only consider searches with recall, that is a consurmer buy at any price he
observed in the past. We consider two types of search: one in which the consumer knows
the set of prices he is facing is finite (the discrete case), and other in which this setis a
continuurn of prices (the continuous case). For the discrete case, we solve the problem of a
Bayesian searcher who holds Dirichlet priors, though we will show that the solution we
present can be extended to a more general class of beliefs. Dirichlet priors are interesting on

at least two grounds: First because as Rothschild (1974) wrote ‘... as experience



accurnulates, all searchers come to behave as if their priors were Dirichlet’ (page 657). And
second, because we will show that these priors enable us to justify the attitude: ‘I will
assign a probability to an event according to the frequency I observed it in the past’ as a
Bayesian approach,

For the continuous case, the Bayesian approach runs into technical difficulties,
unless one restricts the admissible set of price distributions in order to have only a ﬁnite.
number of parameters to estimate. A typical example is to assume that it belongs to the class
of normally distributed density of probability functions, some parameters of which are
unknown . We propose a methodology which allows us to explicitly solve the search
problem without having to impose such a constraint on the distribution of prices!: Instead
of relying on some unexplained priors and Bayes rule, the consumer uses the Maximum
Entropy Principle to estimate the true distribution of prices. Interestingly, in both the
discrete and the continuous cases the solution is defined as the myopic rule.

We will also discuss some of the properties of these solutions. We will show the
optimal strategy exhibits a monotonous price reservation property. We will also show that
as the consumer becomes more patient, the length of his search will increase, and that the
consumer may need to take advantage of the recall option. All these are reasonable
properties one may expect from a search sirategy. They also tally with some empirically
observed facts:

- The wage an applicant is willing to accept decreases with the length of

the tenure of his search {mentioned by Vishwanath (1984)), this can be

explained by the decreasing reservation wage predicted by our solution;

Hf the consumer knows that the true distribution is normal, then he is better off using a parametric
Bayesian search (as in Rosenfield and Shapiro (1981)), he could pretend he ignores this fact and use our
methodology, but he would then lose some efficiency. On the other hand, the converse is not true: a
consumer who just postulates that the true price distribution is normally distributed without having
information to that effect exposes himself to problems of inconsistency (his estimate of the true

distribution does not improve with time),
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- For long duration stints of unemployment the rate of mortality is far
greater than the rate of new job offers (see Blau (1988)), this can be
explained by job applicants returning to take jobs they did not select at

first,

This paper is organized as follows: Section 2 introduces the model and presents the
consumer’ § maximization problem. Section 3 is concerned with consumers holding
Dirichlet prior beliefs. Some properties of Dirichlet priors are presented, and a statement
presenting the optimal search strategy is provided (proof in section 6). An example is
worked out. Section 4 presents an optimal strategy for a class of beliefs which includes the
Dirichlet distribution (proof in section 6). The optimal strategy is shown to be a myopic
rule, to safisfy the monotonic reservation price property, the use of the recall option is
shown to occur in some circumstances, and an increase in the time discount factor is shown
to increase the length of the search. Section 5 discusses some of the limitations inherent to
the previous framework. A very short introduction to the Maximum Entropy Principle
follows. Next is discussed how this principle can be used in the context of search, the
optimal strategy is then presented, and an example follows. Section 6 contains the proof of
the optimality of the strategies presented in the three previous sections. Section 7 draws the

conclusions to this paper.



Section 2: Framework, and definition of search
strategies.

2,1 - Framework,

A consumer wants to buy one unit of a good. This good is available in an infinite
set of stores that the consumer can visit sequentially. He believes that the prices he will
observe during this sequential search are independent realizations of the same random
variable which takes its value on some compact set P. We will examine two possibilities:
either prices can take a finite number of values P = {p?, ..., pN} with
p?=0<p! <... <pN =11, this is the discrete case, or prices belong to the interval
P = [0, 1]2, the continuous case. The consumer derives utility from consuming the good,
from income and he discounts time as well. More precisely, if the consumer buys the good
after searching t stores and at a price p, his utility is>:

Sl —p), with0 <8< 1,and u(0)=0
where & is his time discount factor, and u is a strictly increasing function; if the consumer
does not buy the good, his utility is zero. We will assume that the consumer c¢an always
return to a store he visited earlier in his search, that is price quotations are recallable. Asa
consequence, the consumer’ s utility only depends on the lowest price he observed at the
time he decides to stop his search,

Actually the material presentation of the rest of the paper is much simplified by
using the following notation: let q = 1 — p which we will refer to as a g-price quotation

Since we will exclusively deal with g-prices in the reminder of this paper, we will often

IThe assumption that p0 = 0 and pN = 1 is just a matter of convenience so that both cases, discrete
and continuous distributions of prebabilities, can be treated simultaneously without additional notations.

ZThis assumption can be interpreted as follows: If the commaodity is not a bad, the price must be
greater than zero; on the other hand the price the consumer is willing to pay is bounded either by his
consumer’ § surplus (this is the discriminating monopoly price), or by his total income. Therefore the range

of interest for prices is compact, and setting the upper bound to 1 is only a normalization convention.
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refer to them simply as prices, using sometimes the term g-price for emphasizé. The
consumer is to look for the highest g-price, and his utility is 8'u(q), which is an increasing
function of q, so the only modification required in order to transform our model into a job
search model is to interpret g as a wage. The set of g-prices is the set , with either

Q=1{q%...qN} with @® =0 <ql <...<q¥=10r Q ={0, 1].

2.2 - ition I ’

First we shall introduce some notations. An infinite search would produce an
infinite sequence of price observations or quotations, leth = {q;, g3, ...} be such a
sequence; we will call it a pgalization of the history of price search. At time t, only the
finite subsequence of the t first components of the eventual realization h is known, and we
will denote by hy(h) the function which associate to a realization the subsequence of prices
revealed at time 2. We will also denote by h; = {qy,..., q} the subsequence of price itself
and call it the past history. Of course at time t the past history h, does not indicate
unambiguously what the whole realization h would eventually be. Let
du(ho) = Maxee{q1, ..., Q)3 be the order statistic associated with past history h;, and a
denotes the order statistics itself, which is a random variable at time T < t, and the
realization of this random variable at times T2 t.

Qur consumer may have some prior information about the distribution of prices he
is receiving quotes from, but he does not know the distribution for sure. It is logical for

him to use whatever information he gets from his search for the best price to try to improve

iI_/a.t Q) be the set of underlying events, a quote al time (: g, is 2 random variable: 2 — . An infinite
search sequence {q,, @y, ...} is a random variable: QL2 ..} Q[l- 2, ...). h is a realization of such a
sequence, and the set of all h is Q{1+ 2% -},

Zhy.) is a function from Q{12 --) — Q% it is a projection of h on its first-t components, h, is an
element of Q% and {qj...., q;} is either the random variable: (¢ — %, or its realization h,. As is
customary, a random variable will often be identified with its realization when such an identification does
not induce confusion,

33;(.) is a function: Qt — Q, &: is a random variable: QO —» Q.



his knowledge of this distribution. The consumer we will be considering uses the
following scheme: He starts with an initial belief on the cumulative distribution of prices
F1(.)L, at this stage he believes his first price quotation will be drawn from this distribution;
he then observes this first price quotation ¢;. He then uses an updating mechanism to
update his belief on the distribution of prices and obtains a new distribution F5(.l q;), at
this stage he believes that his next price quotation g will be drawn from this disiribution.
In his mind, the consumer can keep on repeating this process, determining for all possible
past histories what his belief on the distribution of prices is for the next period. Using the
law of conditional probabilities, he can then determine what is the joint probability
distribution of any realization?, We will refer to these probabilities as the stochastic
process generated by the initial beliefs and the updating mechanism of the consumer.

A strategy ¢ of the consumer is a rule which associate to each possible past
history h, an action of the set {S, C}, either to stop the search and buy at the best price so
far al(hg, or to continue searching3, let Z be the set of all feasibie strategies. To each

realization h, the strategy G associates a pair [qg(h), ts(h)}* which are:

1F is an increasing function Q —» [0, 1], with F1(0) 2 0, and F1(1) = 1. In a Bayesian framework,
Fy is the total cumulative probability distribution derived from the Bayesian priors {see next section).

2This is the Kolgomorov conslfuction of a probability space for the infinite dimensional space of
price quotations {(sec Gihman and Skorchod (1974)). It is a stochastic process, that is; Consider a possible
past history b, and the let Bl b, be the set of all possible realizations which admit h, as their first-t
components; this construction insures that the unconditional probability of h, is equal to the probability of
HI h,, that is that the consumer is always consistent in his assignment of probabilities form one period to
1the next.

3Consider a function from Q{12 -} — Q x Q? x Q? X ... which associates to each realization h the
infinite sequence of all its past histories {h(h), hy(h), ...). Let TQ be the image of Q by this
ransformation, the set of trees generated by Q. ¢ is a function from TQ — {§, C}H1 2}, with the
propeity that Vhe Q, ofh()] =S = V12, obh)]=S.gis rcally_ defined on the set of realizations,

but the previous property implies that {¥h e Hi h,, o(h) leads to the same decision at time t} which means
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to(h) = Mine {7/ olho(h)] = 5}
Let to(h) =7, qo(h) = Ge(ho)

i, the stopping time associated with the rule ¢, and the buying m‘_u‘& Qg are random
variables which distribution of probability is derived from the joint probability distribution
of realizations. This allows us to define W(c)! the value of the search associated with the
strategy © as:

W(0) = E[8% u(qo)]
where the expectations are computed according to the probability distribution we just
discussed2. The consumer’ s problem is then to find a strategy which would maximize his

expected utility (if such a strategy exists), that is to find 6* such that:

that one can define the strategy at fime t o(H! hy) as a function, and the t-th component of ¢ only
depends on the past history h,,
4The functions qz(.): Q{121 > Q, and t(.): QI»%-1 = (1, 2, ...}, and the random variables:

Qo: Q0 2) 55 Q, and t,: Q121 5 (1,2, ...}

1'1_"he function W: £ — IR, Notice that W is not a random variable.

2This remark illustrates the limitation of the probabilistic approach to search. Consider a consumer
who is “sure’ that the price disl:ributioh is concentrated at {1}, that is he believes Pr{g# 1} =0, and has 2
linear utility function and a discount factor of § = 0.9. Suppose he receives as a first quote q, = 0.5, then he
will interpret this as ‘T have been infinitely unlucky’, and will continue his search, If the beliefs of the
consumer are really represented by the previous statement, then after having observed 432,000 times the
price 0.5,_ the consumer will say ‘I have been infinitely unlucky to the power 432,000, and will stilt
coatinue searching. Of course non-psychotic consumers would not behave that way, which is an indication
that real people do expect the impossible to occur with a non-zero probability. The point however is that
the consumer only maximizes expected discounted utility with respect to the stochastic process defined by
his beliefs, whereas what he would really want to do is to maximize with respect to the e distribution,
Notice that this is true quite independently of whether the consumer conducts a Bayesian search or not. Now

one can always invoke asymptotic properties of some well chosen estimator of the distribution of prices to
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W(o*) = Maxge 5 {W(0)}
The yalye of the search to the consumer is then defined as V = Maxgcs{W(0)}; this value,
which the consumer computes prior to receiving any price quotation, depends on one hand
on his initial beliefs and on the updating mechanism, on the other hand on his utility u(.)

and on his time discount factor!.
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Section 3: Interpretation of the Dirichlet
distribution, and derivation of its
associated optimal strategy.

One of the key to our interest in the Dirichlet distribution is that it can provide a
theoretical underpinning to a very appealing behavior. Consider a consumer who faces a
discrete distribution of prices Q = {qC, ..., gN}. Prior to initiating the current search, either
in the course of a previous search or because he inadvertently saw price quotes even though
he was not in the market at the time, he has observed each price (g, ..., o) times, all
o’ s being strictly positive, but these prices are not available to him any longer (*he has
forgotten where the store was’). He then decides on the empirical rule:

‘I will assign to the event [q = q"} the probability % where N, is the

number of times I have observed the price q" either before or during the
n=N

course of the present search, and N= Y N,.’
n=1

Proposition 1: The empirical rule above can be interpreted as the Bayesian rule
for a consumer with Dirichlet priors (N, ..., Nn).
The proof of this statement follows. Let’ s consider a consumer whose prior beliefs
about this distribution, at this stage of the search, are captured by a Dirichlet prior
distribution function with parameters (g, ..., o) all strictly positive. This means the

following. A given distribution of probability on the set Q is characterized by the vector
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where q is the next realization of the price quotel. The Dirichlet priors assigns a density of

probability to each possible probability distribution on Q according to?:
=N’

- I Zai)
f[Xg, ..., XN; ®XQ, ..., CN] S E—CC R P
I'(cg)...F(ow) ¢ N

where I” is the gamma function:

I'(e)= Ju*-levdu foro >0

Using this priors, we can compute the probability the consumer associates at this stage of
his search with the event {q = gt}:
1
1
Tn(Qg, ..., AN) = Jdm( ---d[dXN (xnf[xg, ..., XN; @0, ..., OND) -..)
= E[xn; aO’ LA | aN]

[rg, -..» TN] is the vector of total probabilities®, it characterizes the belief of the
consumer about the cumulative distribution of probability of prices F of the previous
section. We can also use Bayes’ rule to compute how the consumer revises his beliefs as he
receives more price quotes. The results to these two computations is given by the next

lemma:

IThe set of all possible distributions of probability on Q is the N+1-Simplex
i=N
A={(xg, ... %) € [0, 1IN, Fx.=1}.
i=0

2f(.; o, ..., ON) is a density of probability measure on A, that is a function A — R* such that

Jix)dx = 1.
A
=N
3Foralln=0, ...,N, i, is an element of [0, 1], and =1
n=l
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o :
Lemma_ 1; (0o, ..., OAN) = i=r:rl . and if the consumer

D

i=0
observes {tg, ..., tn} times the events
{Pr{q = g%}, ..., Pr{q = gN} }, he will revise his beliefs to a
Dirichlet distribution with parameters {cg + tg, ..., 0N + IN].
Proof: See DeGroot page 51 equation (6) and page 174 Theorem 1. Q.E.D. .
Proof of Propgsition 1: The proposition is true initially by construction, and after search is
underway by Lemma 1. Q. E. D. .

There is however a limitation on the interpretation we presented: the consumer
cannot start with a set of parameters that includes a zero. So, in our interpretation, we must
require that any consumer who wants to apply it to itself must have observed every
possible price at least once prior to the inception of the search. The reason that no parameter

can be a zero is that the integral:

1 1
DIdX(}( ~-~U[de (flxo, -, XN; @0, ...y AND ..0)

which is integral of a probability density on the whole space, and is required to be equal to
one, diverges if one of the o’ s is less or equal to zero.

There 1s some logic to why this restriction appears in our model, other than a
problem with the mathematics. The consumer attaches probabilities to a restricted set of
prices. He excludes the possibility that prices other than the ones figuring in the set Q may
be observed. Indeed if such a price whe;re to be observed, the consumer would have to
rethink his search from scratch. Why would then the consumer entertain the possibility that
some prices may appear but not others? It must be the case that he has some information on
the prices which may show-up. In our interpretation, the information on a price was
qualified by the number of past observations of this price, hence the requirement about the
parameters & What would then do a consumer who does not feel he can exclude some
prices from the set [0, 117 We refer the reader to the section on search based on the

maximum entropy principle for a solution to this problem.
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2 - imal ho holds Dirichl rior
beliefs,
Consider a consumer who starts his search with Dirichlet priors with parameters

(0, ..., o) let’” s define the sequence of functions!:

=i

o;+t-1 = ,
ou{g)

Vie {0, ..., N}, fgh = u(q) £ * N
Yo +t-1 2oi+t—1
i=0 i=0

j=itl

This sequence of functions only depends on the utility function of the consumer and on the
parameters of its initial beliefs, they do not depend on the strategy adopted by the
consumer. In section 6, we will prove that for all t > 0, fy(.) is an increasing function of gi,
and that for all qi, f{qY) is a decreasing function of t. For each period t, we can find a
benchmark &; € Q such that:

Vg 2§, u(q) 2 8fi(ql), and Vqi < &, u(g)) < 8fi(q)
Notice that these benchmarks are the solution to an ordinary equation. Because fi(.) is a
decreasing function in t, the benchmarks &, form a decreasing sequence, and their limit is 0

as will be shown in the same section. The next proposition will define an optimal strategy

for the consumer:;
Proposition 2, An optimal strategy for the consumer who holds Dirichlet priors
is, for each period t:
Stop at tif and only if §, = &,
Continue at t if and only if at <&,
where §; is the best price observed at time t.
Proof;, The proof will be presented in section 4 and section 6. .

This strategy can also be presented more elegantly in terms of stopping times, that
is given the best price so far §; = qi, the stopping time t(qi) tells the consumer to Stop now

(at time t) if and only if t 2 t{g}). A straightforward manipulation shows that:

IForall t= 1,2, ..., f,(.) Q = [u(0), u(1)].



o -G s o
t(q) =———— 1 [6) o — D aijul(g) + 8 ) ou(g)
P o |/ gne e e

Therefore we have the corollary:

Corollary 1; The previous optimal strategy can be expressed as:
Attime t, if § = qi, Stop if and only if: t > t(qf)
Continue if and only if: t < t(q?)
where t(q) are the above benchmarks.
Notice that the total probability the consumer, who has observed gl as his best price in t— 1
previous observations, will attribute to the event {G, = i} is:

(Ij-I-t—l

s A o j=0
Flqt Gy =) = —

Zai+t—1

i=0

and that the probability the same consumer will attribute to the event {4, = i} for j > i is:

Pr{ (4 = g3} Gy = qi} =— o

Zai+t—1

i=0

Actually, using these probabilities, this result can be generalized to a larger class of

consumers as we will see in the next section.

3.3 - An example; The case of the linear utility function,

Let’ s consider a consumer whose utility function u(.) is linear:

u(g)=aq,a>0

who is facing N + 1 prices uniformly dg'stributcd on the interval {0, 1], that is:
Vie {0,..,N},g=x

and who starts with Dirichlet prior beliefs with identical parameters o; = «.

A short calculation shows that the stopping times are:
. o o 2 S : S(N + 1) ]
t‘=-—-—-—-——|:—N 1“ (N +1 - =)gl + ~———ae——t
(q") g1 - 5) ) [q'] ( 2)q 5
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One can check that t(q?) is a decreasing function of g, and that therefore a consu:ﬁer who

stops now at a low price would have stﬁpped as well if he had gotten a better price, just as

stated in the previous proposition.

Example: Let’ s suppose that the set of prices is Q = {0, 1/4, 1/2, 3/4, 1}. The stopping

times for this case are: |
(1) =-S5 <0

a 16315
t(3/4) =
) ===

o 135-10
-3 2
o

1-38

1/2) =
t(n)l

t(1/4) =

(115-5)

t(0) = oo
A negative stopping time means the consumer will buy at this price at the first occasion, or
that if he could have chosen between proceeding with the search or buying at this price with
no search at all, he would elect to renounce searching. We will not discuss how the time
discount factor affects the strategy of the consumer as this will be discussed for the more

general case in the next section.



Section 4: Search with a discrete distribution of
prices.

4.1 - The discrete case,
In this section we will generalize the proposition established for a consumer with

Dirichlet priors, and discuss some properties of the optimal strategy.

Consider the consumer we described in section 2. Let” s define Fy(xl h_;) as the
cumulative distribution of probabilities the consumer believes in at time t — 1 conditional on
the observed past history h,_; when forecasting the price quote for time t: q,. We will only
consider distributions such that Fi(x| h,_;) only depends on the initial beliefs of the
consumer F.(.), the time t and the number of observatons below x in the past history.
Actually the consumer is only interested in forecasting the distribution of the highest g-
price, the order statistic §;. Since Qt 2 at—l’ and since the price quotes are independent
random variables, the cumulative distribution of the order statistic al, forecasted at time
t — 1 conditional on the observed past history h,_;, only depends on the sufficient statistic
ﬁtﬁl. Let Fy(xl ﬁt_I =q)= Pr{ﬁ_L <xl at—l = q} be the cumulative disfribution of the order
statistic §;:

F,(xI a[_l =q)=0 forx<q
Fy(x! Gy = q) = Pr{g; < xl h.y} forx2q
Fi(llG1=9) =Pr{q <1 he ) =1
We will impose the following assumptions on the stochastic process defined by the initial

beliefs and on the updating mechanism of the consumer,



Assumptjons (A):

(A-1) Fuxlh) =Fyxl§_1 =q),and Vx 2 q’ >q,
F( §1=9)=Fxq1=9)

(A-2) Vxe Qnq, 1], Vt2 1, Fuy(xl §=q) 2 F(xI §1 = )

(A-3) Vxe QNIg, 11, Pr{§y =xI§=q} <Pr{§ =xI G =q}

(A-4) Ve>0,3TE)21,Vi2T(E), Vge [0, 1),
0<1-F(gd.1=q) <¢

(A-5) Ve>0,Vt21,3TM 2 L, Pridromna=014:=0} <¢

(A-6) The utility function is a strictly increasing function of q.

Interpretation of the assumptions:

(A-1) states that ﬁt_l is a sufficient statistic to determine the cumulative
distribution of §, and that F, only depends on the number of
observations below §,_;, not its value.

(A-2) states that the distribution of the order statistic of period t — 1 first
order stochastically dominates the order statistic of period t. That is
as the search progresses the probability to improve over what has
already been achieved decreases with time.

(A-3) Assumption (A-2) implies that the probability that §,; strictly
improves over § is not as great as the probability that g, strictly
improves on §,_,. This assumption adds that the lower probability
for Gu1 holds not onty globally for the all set of realizations which
would constitute an improvement, but also for each individual
realization in that set.

(A-4) states that after a consumer has spent enough time searching, he
believes his chances of improving tend to zero.

(A-3) states that no matter how long the consumer has spent searching an
encountered only zero-prices, he still believes that, given enough
time, he will most certainly find a non-zero price. This assumption

does not contradict (A-4).



Lemmg 2; The distribution generated by Dirichlet beliefs satisfy
assumptions (A).

Proof: Since the cumulative distribution and probability disiribution of the order statistic
generated by Dirichlet priors are:

taj+t—l

HEA) - j=0
F(glg1=q)= 5

Zai +t-1
i=0

. . o
and Pr{{al=q‘]}| at—l =ql}= =N d
2(1‘1 +t-1
i=0
the assumptions are satisfied. Q. E. D. .
42 - imal i roperti

Let’ s define the function fi(.) as:
Vgie Q, fg) = wghFuql 1 =) + Y u(@Pr{§: = q¥'l §y = qi)
q>q '

Proposition 3: Under assumptions (A), for all t 2 1, there exists a unique
sequence of decreasing benchmarks {&, &, ...} € Q{1.2....}
such that:

Vxe Q x25 e u(g) 2 8fia(gd),
and x<t e u(g’) < 8fi1(qd)
12§,2...282...50
Lim; . & =0
and the following strategy 6* is optimal:
Vi21,0%{q <&} =C 0*(§;2&) =S.
Proof: Section 6 will prove this proposition. Q. E. D. *
Notice that the benchmarks are the solution to ordinary equations involving the
utility function of the consumer and the conditional probability beliefs of the consumer. The

next propositions establishes some properties of this optimal solution.
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Proposition 4; The optimal strategy imply that the consumer may need to use
the recall option.
Proof: The benchmarks are decreasing; suppose that at time t the price quote turns out to be
the best price so far 0 < q; = §, but that g, < &, so that the consumer will continue
searching. We know that 3T > t, such that &7 < q; since Limy_,.. & = 0. Consider the
history up to time T for which:
Vie {t+1,t+2,....T}, g« <8r=0q
Then at T, the optimal strategy of the consumer directs him to stop, and the

consumer will return to the store he visited at time t to buy. Q. E. D. .

Propositign_5: This optimal strategy is a myopic rule, aﬁd it exhibits a
decreasing reservation ¢-price property.
Proof: Since fi,1(.) is the expected value of the utility of the consumer for the next quote,
and since the consumer stops if and only if &8fy,; (ﬁt) < u(p), then his strate gy is myopic.
The reservation g-prices are the benchmarks &; * s, and these benchmarks are

decreasing. Q. E. D, *

Now consider a sequence of consumers, each with the same utility function u{.)
and the same initial prior beliefs and updating mechanism, but with increasing time
discount factors 8; < ... <8, < ... < 1, and Limy_,.. &, = 1. Increasing time discount
factors corresponds to increasingly patient consumers, and 8 = 1 corresponds to a
consumer who does not discount time. Let’ s assurne that we are conducting and
experiment in which all these consumners independently visit the same string of stores in the
same order. They receive identical realized price quotes {q:, gz, ...}, and let’ s assume
that:

Viz1l,q<1and Limy . q=1.
The next proposition is a statement about the duration of the search as a function of

the time discount factor.



- Proposition 6: Increasingly patient consumers such as in the above experiment
will conduct a search of increasing duration, and in the limit, the
consumer who does not discount time will search forever.

Proof: Let {£;(8,), £2(8y), -..} be the sequence of benchmarks for consumer n. Because

all consumers share the same utility function u(.) and the same stochastic process, they also
share the same functions fi(.). Consider the benchmark &,(8,,), it is such that:

Vx e Q. x < §i(8y) & ux) < dnfir1(x)
Suppose that m > n, then 8y, > 8, therefore u(x) < 8,fi+1(X) < Spfyr1(x), so that
x < &1(8m). Henceforth &(8,) < &(8y), S0 any g-price quote that would have stopped
consumer m would also have stopped consumer n. Since these two consumers face the
same sequence of price realizations, this means that consumer n stops before corlsﬁmer m
does.

We have also:
Ve Q,8:f(q) ~u@ = X [8,u(g) — u(@JPr{§: = qil §iq = q)
q>q

— (1 -3)F(q! Geq = Qu(@)
Therefore Vi1,
Limg . [8,f:(q) — u(@] = Y Limy.[8au(qh) - u(@)]Pr{, = qil §,-; = q}.
g>q

If6, > l,then Vqe Q,q#1,Vqgi>q,IN21,¥n 2N, du(g) — u{g) >0, and
therefore forallt 2 1, and all g e Q, q = 1, Limp . [8,f:(@) — u(g)] > 0. Therefore

Vit 1, Limpe[£4(8,)] = 1, and the consumer who does not discount time searches

forever. Q. E. D, - .



Page 21

Section 5: Search with a continuous distribution of
prices.

- ign i h i I Principl

Since prices are always expressed in terms of a smallest indivisible unit (say in
terms of cents), it would appear that the previous section gives a reasonable answer to the
problem of search, save for the special case when the consumer has not been able to
observe all prices beforehand. We are going to argue that this special case is however the
most relevant one: Consider the opposite case, in which the consumer was able to observe
a ‘large’ number of prices!. Then the histogram of the empirical distribution, which
produces a consistent estimator of the true cumulative distribution of probabilities by the
strong law of large numbers, is a good estimator of this true cumulative distribution. Then
the consumer operates as if the distribution of prices were known, and Diamond’ s
argument should apply for economies with duplicate agents.

On the other hand, if the consumer has not observed a ‘large’ number of prices, he
cannot be sure of having observed all prices. He can then either ignore unobserved prices,
but at the risk that his search will breakdown if one of these shows up?, or he can assign
them arbitrary priors. In the latter case, the solution to the search problem depends on an
element which is not explained By the model.

The strength of the methodology we will use, the Maximum Entropy Principle, is
that it offers a guide on how to form initial beliefs. In addition, consider the case of
consumer who has no experience with the market, and who is unwilling to make
assumptions about the shape of the distribution of probability. Then at any time in his
search, the consumer divides the set of prices between the ones which are below the

maximum he already observed, and whose distribution of probability is of no concern to

1By targe we mean that the strong law of large numbers applies to the sample.
2Bayes rule does not allow to update a distribution with an observation which had zero total prior

probability.



him, and the one above this maximum, which by definition he has not observed. The
problem of the consumer is clearly to try and forecast the probability of an event he never
observed. In that sense the consumer never learns anything about prices he did not
observe, but only on the range these prices may belong to. The estimator of the price
distribution we propose is particularly well suited to take advantage of the latter

informaton.

On an other hand, the restriction of a discrete set of prices is not entirely welcome
eitherl. In most of the rest of economic literature the range of prices is continuous,
therefore for the sake of comparison, one would not want to discard this assumption when
studying search, As we will see, the Maximurm Entropy Principle can be harnessed to solve

this problem.

I'There are considerable technical difficuliies in using Bayesian analysis with a continuous random
variable. The set A mentioned in the footnote of section 2 becomes a set whose dimension has the power of
the continuous. Defining a probability distribution on such a set is a problem: for instance there are no
untiform priors on such a set (just as there are no uniform priors for the real line). A standard way around
this problem is to assume the true distribution belongs 1o some restricted set which can be finitely
parameterized, such as the class of normally distributed densities of probability. However, the consumer
should not assume such a restriction, unless he really knows it holds, first because the estimator he would
get would not be consistent, second because having a continuous set of prices does not mean that no price
should be assigned a probability mass, hence the possibility of repeated observation that rhe Bayesian

consumer cannot handle.



5.2 - The Maximym Entropy Principle.

Since some readers may not be familiar with the Maximum Entropy Principle, we
shall give a brief intuitive introduction to the matter, based on an examplel. Our
presentation is based on the notion of information as developed by Shannon (1948).

Let’ s suppose that a statistician has placed a bet on a soccer match between team A
and team B, and is waiting for the reliable message informing him who won. If the two
team are, in the statistician opinion, of equal strength he can not say that the message “A
has won™ surprises him more than the message “B has won”, both of them carry the same
‘amount of information’. On the other hand if team A 1s the Bayern of Munich (a leading
European soccer team) and team B is the local ball club of Knocklezout-les-Oies, if he
receives the message “team A won” he may say ‘I already knew that’, whereas if he
receives the message “team B won”, he may feel he is living through Homeric times.
Indeed, if an event has a probability one to occur, the message that this event actually
occurred provides no information to the statistician. This remarks leads to the notion that if
a random variable can have N possible realizations say {x;, ..., x5} to which the

n=N
statistician assigns subjective probabilities {py, ..., pN} with Yp, = 1, the information
. n=1

content of the message “event x,, occurred” is assigned an information content £(1/py),
where f is an increasing function. In order to obtain some desirable properties, for instance
that the information provided by two independent messages is the sum of the information
provided by each event, f is taken to be the logarithmic function f(1/p,) = log 1/py.

Next is defined the expected value of the information that the statistician is waiting
to receive a.k.a. the entropy of the message. It depends on the subjective assignment of
probability the statistician makes prior to receiving the message:

n=N
I(ps, - PN) =~ Elpn log pa
n=

Hnterested readers are referred to Theil (67) for a more thorough introduction, to Jaynes (83) for a
discussion of the place of the Maximum Entropy in the development of probability and statistics, and to

Shore (1980) and Skilling (1986) about an axiomatic derivation of the Maximum Entropy Principle.



The statistician may have some information about the true distribution of probabilities. This
information is particularly easy to process with the Maximum Entropy Principle when it is

provided in the form of a constraint on the moments of the distribution, like the expected
=N

value, and so on. These constraints plus the equality Y.p, = 1 define a set of admissible
n=1

distributions of probability for the problem.

The Maximum Entropy Principle then directs the -statistician to choose among these
the distribution which maximizes the entropy, that is the statistician ought to maximize the
information content of the message he is about to receive . Since the entropy is a concave
function of the probability distribution, providing the constraints mentioned above define a
convex set, the solution to this problem is unique.

A useful remark is that, when the statistician does not have any information about
the distribution of probability of the random variable under consideration, the Maximum
Entropy Principle tells him to assign equal probability to all events.

This idea can be extended to distributions of probability on continuous sets.
Suppose the set of realizations is the interval [0, 1], and that the subjective density of
probability of obsarving1 event x is f(x), then the entropy of this distribution is:

I[f] =—J f(x} log f(x) dx

and the statistician proceeds as before. If the the statistician does not have any information
about the distribution of probability of the random variable under consideration, then the
Maximum Entropy Principle directs him to select the uniform distribution on that interval,

We will make use of this remark next.

- rch for wh he Maximum Entropv Principl
Let’ s consider a consumer who knows the g-prices belong to the interval [0, 1],
but who has no ground to restrict his beliefs to a finite set of prices. The simplest case is
when the consumer has no further information about the price distribution, we will refer to
him as the ‘naive’ consumer. We may also want to consider the case of a consumer who
has in the past observed some prices which are not recallable now, he would then be an

‘experienced’ consumer,



Distribution function of the beliefs of a naive consumer:

The consumer we are considering has no previous experience with, or prior
information about the market he is in, except that price quotes belong to [0, 1}, and that
quotes are independently identically distributed random variables. He uses the Maximum
Entropy Principle to attach probabilities to observing price quotes. Prior to receiving any
price quote the consumer will opt for the distribution of probability F; whose density
function maximizes:

Maxo[lf(x)logf(x)dx
1
subject to: é[f(x)dx =1
It is clear that the solution to this problem is:

f(x)=1, or Fi(x) = jf(x)dx =X

Let’ s now assume that the consumer has received a price quote ¢;. He needs now
to forecast what the probability distribution of the order statistic will be if he draws an
additional quote. It is clear that this order statistic §, will be greater or equal to q;. Consider
two prices q; < q <q’ £ 1, under which circumstances does the information that q; has
been observed in the first drawing incite the consumer to think q or q” are more likely to be
drawn next? If the consumer has some information or beliefs about how the probability
attached to q; is related to the ones attached to q and q’. Since we are interested in a
consumer who does not draw this kind of inference, we must conclude that the observation
of q; should not lead the consumner to attach different probabilities to g and q’, that is the
consumer must opt for the uniform distribution of probability on (q;, 1]. The guestion then
is how much weight should the consumer attach to the event {q; < q;} = [ﬂg =g}, as
opposed to the event
{@2>q1} = {82 >q;}. Suppose the true distribution of prices is F*, and that the price
quotes really are i.i.d. random variable from {0, 1] . Then the true expected value of the
probability of the event {q2 > q;} 15:

1
ElPr{qz>qi}] = [Pr{qz > q1}dF*(qu) = [[1 - F*(qn)]dF*(q) = %;



We propose that this be the probability the consumer will attach to the event G2 >q1).
More generally speaking, we can compute the expected value of Pr{q,,; < ﬁt} as:
1 1

d[PT[CIH-I < q)dPr{§=q) = DIF*(q)t[F*(an-

5=1 .
since dPr{f = q) = 3.Pr(Vs’ #5, g < q}dPr{gs =q) = (F*@]-1dF*(q)
s=1

and we propose that after having observed a history h; such that Tt = g, the consumer
T on the distribution of

processes this information as the constraint Flﬂ(ql G=q = : +

prices quotes for time t + 1, The consumer then derives the density of distribution fi4; as

the solution to:
1

Max J fer1(x)logfi (x)dx

1 1
subject to: g frr(x)dx = 1, and [fi(x)dx =
q

1
TR fir1(q) = Dirac(z + it

The distribution function of at+1 is then:

Fm(xl qt Q= if0<x<«q
Fraxl (h Q= (t + 1)(1q_ Q ifizxzq
ibution function of the belief; ien er;

Let’ s suppose the experienced consumer has observed prices {¢Y, ..., q\, ..., ¢V}
each a number {¢g, ..., O, ..., 0N} of times, with the convention g =0 and ¢¥ = 1 (and
therefore oty and cny may be equal to 0). We will assume the consumer treats these pre-
search price quotes as he does for current ones. This leads him to attribute the following

probability distribution to Gl § = q, when gi £q < gi*h:

F1+1(x|qt=q)=0 iff0<x<q
j=i

t+ aj

Fr(xl § = 1 if qitl > x > q
i%* 1 (t+ JZ i+ 1(g*! - q)
=0
t+ Eaj o
- j=0 X = ql . v e .y .

Fie1(xl § = q) N + = ifqg*l>x2q! fori’>1

t o+ 2o+ 1 (6 + Qo+ 1)(gi*! - gi')
=0 =0

ety

le(”‘lt Q=1
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Notice that this distribution is stepwise continuousl, the set of jump points being
I~ [G, 1], where T = {q9, ..., qi, ..., qN)} if a9 # 0 and oty # 0, and the obvious alteration
if either of these parameters is zero.

The graph below represents this distibution when there are two such discontinuity

points at q! and g2,

Ft+1 x)
1

q 2 | q-prices

ok
Lad
L=l

Assumptions (A’):
The stochastic process géneratcd by the believes of the consumer is characterized by
the above distribution of probability, and the utility function of the consurner is a strictly
increasing concave differentiable function.

These assumptions imply (but are not equivalent to) assumptions below:

1In the consumer” s opinion the true distribution of probability may well be a mixture of a
continuous and of a discrete distribution of probability, For repeated observations, the consumer believes

they correspond to a price to which the true distributon of probability assigned a probability mass.
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(A™-1) F(xl h) =F(xI §1 =q)
(A’-3) Vxe (Q\N N [q, 1}, dF(xl §; = q) = dFyyq(xl §, = q) and
VxeIn(q 1L R =9 ~F(xd =9 2Fn® § =9 -FinGxt 81 =9
(A’-6) The utility function is a strictly increasing, differentiable, strictly
concave function of q.
Assumptions {A-2), (A-4) and (A-5) without modifications.
F\(x—) is the left hand limit of the function F, at the point x, dF, is the differential of F;, at

points at which itexistsand Q\J = {x e Q,x ¢ J}.

4 - imal i rti

Let’ s define the function f,(.) as:
1

£4Q) = u@Figl 1 = @) + [JuC)dFxi Gt = @)
q

Proposition. 7;: Under assumptions (A’), for allt > 1, there exists a unique
sequence of decreasing benchmarks {&;, &3,...} € Q{12 ...}
such that:
Vxe Q, x =& & u(gd) 2 8f1(q),

and x < & < u(@) < 8fiy1(ah)
128>...252...>0
Limy ;.. & =0

and the following strategy ¢* is optimal:
Vizl,o* (G <&} =C o*(q 28] =S

Proof: Section 6 will prove this proposition. Q. E. D. .
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Hg) = { ia ] J—Zm,]u(q) +5 ) oqu(qi) + [3g(q) - u(q)]}
(1- 8) ( ) j=0 j=i+l
! j=N-1 ¢+
) u(x u(x)
with 8(q) = qu (x) Sdx + oI g dx
j=itl

This leads to the two corollaries:

Corollary 2: The previous optimal strategy can be expressed as:

Attimet, if§; = g,
Stop if and only if: t 2 t{g)
Continue if and only if: t < t{q)

where t(g!) are the above benchmarks.

Corollary 3: The solution to the search problem of a consumer using a
continuous distribution model verifies the properties mentioned
for the solution to the discrete case, namely propositions 4, 5

and 6.

- ).4 le: i ility fun
Let’ s consider a consumer whose utility function u(.) is linear:
u(g) =aq,a>0
and who is a naive consumer. Then a short calculation shows that the reservation prices for

this consumer are:

Vt21,§t= 8

WL—B)t+2-3
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Section 6: Existence and characterization of the
optimal strategy.

6.1 - Intuition for the proof of the optimality of the myopic rule,

The construction of the optimal strategy is based on the following remark. Consider
the myopic rule, it is defined by a sequence of decreasing reservation g-prices (lemma 6
and 7), that is the consumer is less and less finicky. If the consumer were to search with a
finite horizon, then by backward induction the myopic nile would be the optimal rule (see
theorem 4). Such a finite horizon is provided by theorem 3 for an optimal strategy, the
existence of which is established by theorem 2. Lemma 5 is instrumental in establishing the
finiteness of search: it is clear that the most arduous problem in finding the optimal strategy
is to compare strategies which do not stop under the same circumstances. Lemma 5 is the
place where this is done in this proof for one particular case. It rely on the assumption that
the in the sequence of estimators the consumer uses to estimate the true distribution of

probability, each estimator first order stochastically dominates the next.

- Exi f r im

An optimal strategy is said to be regular if it stops in finite time almost surely and
if, at any time, it directs the consumer to continue the search only when the expected value
of the continuing the search under the said strategy is strictly greater than the value of
stopping immediately.

Given a past history hy = (q, q2, ..., q¢) in general a strategy would associate a
decision at time t to the whole vector h,. However, since the consumer is only interested in
the best price, and since the stochastic process defined by his beliefs only depends on the
sufficient statistic at because of assumption (A-1) or (A’-1), his decision to stop or
continue at time t should only depend on this sufficient statistic. A strategy which at time t
only depends on the sufficient order statistic §, is said to be history independent. It is

clear that an optimal strategy must be history independent.



Given a set of realizations A and a past history h;, let Af h; be the set (possibly
empty):
{Alh} = {he A, hi(h) =h,}
Given a set A of realizations, the expected value of some randbm variable z(h) which is a

functon of the realization of price quotes is defined as:
E[zl A]= |z(h) dPr(hi h € A)

LLemma 3. Let’ s suppose assumptions {A) or (A”) hold. Suppose that
Pr{ Al by} = o > 0, then there exists a time T and 8 > 0 such that
vt 2 T, E[uGo)l {Al he}] > 8p.
Proof: Assumption (A-5) insures that there exists a time T 2 1 such that
Pr{fr >0l h} > 1 — . We have:
Pr[{&r>0) N {Aih}] = Pr{Gr >0l h} +Pr{Al h)} — Pr[{§r > 0} U {Al h/}]
o o
21 -5 +a—1=7 > 0.
Since limp, .. {41 > % }= {Gr > 0}, there exists an ng such that

Pr{ {Gr > }'115] A {Al h}] >%. Let 8¢ = au(z/n") . Then

vt 2 T, E[uGo)! {Al b} ]2 E[u@r) {Al b 1> 8 Q. E. D. .

We are now going to extend the notion of stopping times to finite past histories.
Given a past history hy, for o(hp = 8§, let’ s define tg[h] to be the stopping time as before,
and let’ s denote by tg{h) > t the case o(hy) = C. Given a past history h; and a strategy &,
such that tg(hy) > t, let’ s define the set of realizations:
Ao, h) = {he QL2 I/ h(h) =hy, to(h) 2 1}
and Au(0, h) = M1 (1, 2, ...} AT, hy)

INotice that the expectation which is defined is not the value of some strategy, since no discount
factor is involved. In particular this lemma should not be interpreted as urging the consumer to continue

past time T,
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For any strategy o, let’ s define oth, as its conditional strategy that is the
strategy which ‘starts” at time t, that 1s:
Vr21,1<t= (clh)[h(h)] = C,and T2t = (cth[h] = o[h].
Let Zlh; be the set of all these conditional strategies. Let’ s define values of the search after
some history has been observed: |
W(ol hy) = E{0in? u(gem,)! hi
Notice that W, reflects value discounted back to time t, and not to the inception of the
search. For history independent strategies, h, is summarized by §; since optimal strategies
are history independent, we can define the value of the search at time t conditional on §; = q

as:

V@) = Maxge £m,{ Wi(clhy) }

Theorem 1. Let’ s suppose assumptions (A) or (A’) hold. Given a past history h,
and a strategy G, such that tg(h) > t and Pr{A.(c,h)} = >0,
there exists a strategy ¢~ such that tg*(hy) > t and Pr{A..(¢",h)} =0
and W(c’lhy) > W(al hy).
Proof: By lemma 3, there exists Tg and 8y such that ¥t = Ty E[u (’c\h)l Ao, h)] > &.
Because A+(0, hy) is a decreasing sequence of sets converging to A..(G, hy),
Pr{A(c, h)} = Pr{A.(c, h)}, and 3T}, V1 2 Ty, Pr{A«(0, h) \ A.(0, h)} <S—?% ,
where the set AAB = {x e A, x ¢ B}.
Let T = Max{Tp, T1}, and let’ s define the strategy G as follows: First we impose
ta'(hy) > t. Then on the set of realizations H(hy) = {h € Q1.2 .-}/ hy(h) = b} compatible

with past history h,, we define ¢’ as:



Ldpt JJ

Wi(c’l hy) E[W(c’l hpl Hh)M\ (o, h)]Pr{Hh\r(o, h)} +
E[W (o’ h)l At(o, h)M.(0, h)IPr{AT(c, h)\A (0, b)) +

E{W{c’l h)l A..(c, hg]Pr{A..(o, hy}

Il

= Wyolhy +
E[W(6’1 hy) — WSl hl AT(6, hMAw(S, h)]Pr{ A1(S, h\A(G, ho} +
E[W{6’l h)i Au(0, h)IPr{A(c, h}

> Wyol hy) — 5Tu(1)Pr{AT(G, h\A(5, hy} + E[5Tu(qr)l A(s, holo:
> Wyolh)— aTulf(l—l)f"a + 8T8oa

= Wyol h) Q. E. D. ¢

Lemmga 4: Givenany t 20, and any past history h;, let
W* = Supgm, { Wi(ol h)}. Then there exists a strategy o*Ih, such
that W(c*| h) = W*.

Proof: See DeGroot (1970), Theorem 1, p 347. Q. E. D. .

Theorem 2. Let’ s suppose assumptions (A) or (A’) hold. Given any t 2 0, and

any past history h;, there exists a regular strategy ¢* such that

W(o* hy) = Supg{Wi(cl hy}.
Proof: Lemma 4 establishes the existence of a strategy whose expected value reaches the
supremum of expected utility, whereas Theorem 1 proves that this strategy stops in finite
time with probability one. It is clear that an optimal strategy which stops in finite time

cannot direct a consumer to continue searching if the value of the subsequent search is less

than the value of stopping immediately, hence this strategy is regular, Q. E. D. d
-_Exi
n rv
Lemma 5: Both assumptions (A) and (A’) imply that V. (q) € Vi(q).

Proof: Since we are looking at optimal strategies, we can restrict ourselves to history

independent histories, Consider the conditional strategies associated with the history
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summarized by G, = q, we will note them olq. Let 6**1lq be the optimal strategy! which
yields Vi,1(q) given that ﬂm = q. We want to construct a strategy otid, = q which will
yield a higher value to the search given that ﬁl =q. Let’ s define 1'*1 as the stopping time
associated with the strategy ot*llg, and qg+1 the associated buying price. Then:
Vi(@) = E[3* - &1} u(gaet)l Gt = q

We are going to show that we can define a strategy denoted by oliq which defines a
stopping time T which is a random variable with the same distribution as tt+! and whose
associated buying price qq is always greater than or equal to gg+1, this would establish the
claim.

If Vi11(Q) = u(g), then define (otq)[4; = q] =S, and the claim is true. For the rest

of the proof, we will assume that (o*1g){§; = q] = C.
To simplify notations let F::é(x) = Foo(xl §41 = q), and let

F, :l (x) = Fryy(xt §; = q). Let’ s establish a relationship zt between the set of realizations
of Gertl G:=q:[q, 1] N Qandits iinagc by the probability measure: (0, 1]. Let’ s define

the correspondence:
If x is not 2 jump point of F,;,, z(x) = F,; (x).

If x is a jump point of F,;, zi(x) = &(F,;,(x-), E,},x)]
where ¥ is the uniformly distributed random variable, f(x—) is the left hand limit of the

function f at the point x. z! is a correspondence from [q, 1] n Q onto (0, 1]. Let’ s now

establish another correspondence r* from (0, 1] onto the set of realizations of il Gt = q:

fq, 1] Q. For ze (0, 1]:

TActually ot*iq is the restriction of the optimal strategy to periods t+ 1, t+ 2, .., for an history
which specifies §;,.1 = q. Because optimal strategies are history independent this strategy so restricted does
not depend on prices gy, ..., ¢;, and we can disregard entirely these prices. ¢'lq must be interpreted in the

same way.



If dy € [q, 1] » Q, such that F::;(y) =1z,

14(z) = Min{y € [q, 1] " Q /Fi1z(y) = 2}

t+1

If3y’ e [q, 11N Q, Fiy(y”) =z, then Jy € g, 11 1 Q, FiFy(y) > 22 Fy1,(y-), and:

Mz)=y
r* is onto the support of §.;2. Now define the correspondence ot =1t z¥; it is a

correspondence from the set of realizations of §;411 §; = g onto the the set of realizations

of at-{—?.l am-l =4q.
. A A i+l A A
By construction, Pr{o'(qr+1)| §: = q £z} = F_,(2), therefore o'(qGe+1)! 4: =
has the same distribution as §,2! 1 = q. Furthermore 04§.;) < §uey: Let x be the
realization of §;,1, and y be the realization of of(x). Suppose y > x. If y is not a jump point

for Firy, then Fi1p(x) < Fira(y) = z(x) < F,},(x) which contradicts assumption (A-2). If y

is a jump point for F::l, then F:i'%(x) < F::é(y—) SZHx) £ F, ll(x). So the only solution is

that Ey(x) = Froj(y-) = 210) = F,},(x) < F3(y), and (x, y) € Q. But then

&

Zi(x) = F::%(x) = o'(x) = x which contradicts oi(x) =y.

Let’ s define the strategy otq for period t + 1 as: (G'lg) (’c‘lm) = § if and only if
(0‘+1Iq)[o‘(at+1)] =S. Ffom what precedes it is clear that G!lq will stop in period t + 1 with
the same probability that 6**liq stops in period t + 2, and that it only stops at a higher price.
Hence when olt stops in period t + 1 it contributes a higher value to the search than its
counterpart for srrategy 1t

For histories ht such that (c!lg)(ht) at time t + 1 is continue, we shall define
similarly a correspondence ot+! between the set of realizations of
Q2! {0%(@ue1) = q1, & = q, and Guual (§es2 = q1, Geer = q). Since 04Gu) < Govn,

Pr{f,.> <al 04(8u1) = q1, § = @} < Pr{2 < a! 81 = qu, & = q) which implies as

before that ottl (ﬁHz) < at+2. The result is then established by forward induction. Q. E. D.*

Representation of the construction of ollq for the case of a continuous distribution.

The first diagram shows how to associate to a realization x of a[+1 a value y for ot(am); the

Fal
consumer does for g1 what he would have done under 6'*! when aH.Z =y. The second



diagram shows what happens when the consumer decides to continue under o**1. The

distribution for §;42 §¢+1 = x, §, = q is denoted by F,2, whereas the distribution for

ﬁ:+3l at+2 =Y. ﬂm =q is denoted by Fi.3.
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The next diagram presents the idea for a discrete distribution; it illustrates how the
strategy ¢'lq can become a random rule for jump point of F, jl: For §41 = q2, 04(&i+1) = Q1

with 20% probability, o‘(am) = qz with 80% probability.

Fg)
1
Ft+2( ql )
Ft+i( q1 )
q, q, 1 q
Theorem 3: Under assumptions (A) or (A”), if a price q > 0 is observed, then

there exists a ime horizon T(q) past which an optimal strategy will
not proceed.

Proof: At time t, if the price § = q has been obsérvcd an optimal strategy will stop if;
V@ 2 SE[Vi@en)t 4 =d

We havel: E[Vm(ﬁm)l at =q] = val(x)dl:t«:-l(xl at =q)

1
= Vit @Fu1(@ 8= 0 + [Vui(0dFuixl & = q)
g

< Vi(@Fen (gl §e=q) + u(D)[1 - Feui(gl § = q)]
the last inequality being true because of lemma 5, and because u(1) is an upper bound for

the value of the search. Hence;

Vi@ - 8B Ve @u) & = ql 2[1 - 8F(gl G = 9IVLQ) - [1 - Fusalgl 8 = g)J8u(l)

1This proof is presented for the continuous case. For the discrete case, the integral is replaced by a

finite sum.
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2 (1 - 8)u(g) - [1 - Fua(q! § = q)18u(l)

because an optimal strategy will always verify V(q) = u(g) and Fi1{dl 4 =q) < 1. Take
. L-Bu@
28u(1)

this €. Then:

> 0, and take T(q) as the time horizon specified in assumption (A-4) fo;

V2 T@, Vi@ - EVerr Gt = @) 2059 5

and Vq’ 2 q, Vt 2 T(qg),

V@)~ B Vi @) G = 41 2 (1 - B{uq) - 250y > LD

So for all t2 T(q) and all ¢’ € [q, 1], V(@) > SE[ V1@ G = ], so a consumer who

uses an optimal strategy , and has observed §, = q" will stop. Q. E. D. .

4 - ion h i r
For the case of a distribution function with a continuous support, consider the

function:
1

£(Q) = W(@Fiq Gt =@ + Jux)dFxl Gt = @)
q

For the case of a discrete support, define the function f,(q) for values of g which
belong to the support of the distribution function as:
f(gf) = w(@)Fu(qil &1 = g + D u@HPrf; = qi'l §1 = qi)

i’ > i

Lemma § :  Under assumptiéns (A) or (A”), the benchmarks & form a
decreasing sequence of t, and tend to 0 when t tends to infinity.
Proof: The benchmark &; is the solution the point such that:
Yq 2 &, u(g) 2 3fi(q), and Vq < &, u(g) < dfq)
Suppose that fi4+1(q) < f{q), then 8f,1(E) < 8f(&) < u(€). Hence
E € {qe Q/ &fi1(q) < u(q)), so &y <&, Furthermore the intermediate value theorem
implies that:
Acqc € [9, 11, fi(q) = u(@)F(ql §i 1 = g) + ulcg, M1 — Flql iy = )]
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Since Fy{ql §_; = qQ) = 1- when t — oo, therefore f(q) — u(g)— when t — oo, Therefore
for § >0, Vq > 0, limy_,0f{Q) < u(q), and limy,..0f(0) = u(0) = 0. Hence the lemma
would be proved.

For the continuous case:
fr(Q — flq) = UEQ)[FM @ & =9 -Fla Gy =gl

+  Ju)dFui(xl §; = @) - dFu(x! §ra1 = @)1

q
1

= [lu@) - WIAFur1(xi §; = @) — dF(xl §rar = Q)]
q

< 0 by assumption (A’-3).
For the discrete case, the integral is replaced by a finite sum, and assumption (A-3)
gives the result. Q. E. D, ¢

Lemma 7: Under assumptions (A) or (A’), the functions u(q) and 8f,(q) are
increasing functions of q, and 3§, € [0, 1]! ,Vx 2§, x e Q,
u(x) = 8f,(x),Vx’ < &, x* € Q, u(x’) < 8f;(x").
Proof: For the continuous ¢ase. The function f,{q) is continuous on [0, 1]. It is
differentiable only on [0, 1]\ ], where J is the finite set of jump points of Q. Let g be such

a point, ¢i < q < gi+l:
1

@) = 0 (@Fd i1 = @) + Ju(x)dFugxl §it = @) — u(@Fux(@H &1 = @)
’ q

where Fi.q1s the derivative of F(x! at_l = (]) with respect to q and Fp.x(x+!.) is the right-

hand derivative of F(xl aH = q) with respect to x. We have:
' q1+1 - X

Fiq(x! G1=9) =- N for q < x < @i+l
(t + > o)(qi ~ g)?
i=0
=0 for gi+! €x
1
Fix(qH Ga=q= =Y

(qi*! — @)(t + D,0u)
i=0
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qi+1
Hence £ (q) = % {t-1+apu'(q)+ m Jux)dx _a.;l—hqu(q)}
I+ Zai :
i=0
1

qi+1
= (- 1 0@ + T g7 100 — @)

t+2ai

i=0
Therefore £°{(q) is always strictly positive, and since fi(q) is continuous, it is a strictly

increasing function of q. Also because u(q) is concave:

» gl
U@ S (6 1+ ow(@) + ol ooy JIx - qldx)

t+Zai B

i=0
= — (- 1+ @+ 52
t + Zai
i=0
<u’(@

Hence since both fi(q) and u(q) are continuous and strictly increasing functions, and fi(.)

always increases less than u(.), therefore the functions 6fi(.) and u(.) intersect at most

once. In addition, we have:

1
Vi>0,V5e [0, 1], 8(0) =J5u(x)dFl(xl de1=0)dx > 0 = u()L,

and u(l) = 8f,(1) = du(l)
Therefore by the intermediate value theorem, there exists a &; such that u(§) = 8f,(€), and

since 8f;’(q) <u’(q), the rcsult-is established.

Eor the discrete case. The function fi{q!) can be written as: _
£i(qY) = w(@FqH §ir = q) + u(g*)Pr(gi*i 4 = q) + Y u(q")Pr(§; = qi'l G,y = qi)

i'>i+l
also fq@*?) = u(@*HFq*l Gy = ¢ty + Y u(gIPr(d: = 'l iy = qi*t)
i'»i+1
But for i’ > i+1, Pr§; = qi'1 §uq = g*1) = Pr(§ = ¢¥'1 §u1 = qD)

and Fy(qitll at—l = gi) = Fy(qi+ll a:-l = gi+l)
because of assumption (A-1); also:

Fy(qi*! §;1 = q') = Fi(qil §1 = q) + Pr(gi*!l §_1 = q)

1This is a consequence of assumption (A-4).



Page 41

Therefore f(qi*)) — fi(qd) = [u(gi*) ~ u(g)IPr(gi* §,.1 = qi)
and 0 < fi(qi*!) — fi(qd) < u(qi+!) ~ u(g)

So fi{q) is an increasing function with a smaller rate of increase on its support set
than u(q); fi(q) can then be extended to the whole interval [0, 1] so as to apply the same
argumnent as for the continuous case. Then &, is defined as the element of Q which is the

minimum of the set {q € Q, 8f,(q) < u(g)}. Q.E.D. - .

Theorem 4: Under the assumptions {A) or (A’), the following strategy ¢* is an

optimal strategy which is history independent and regular:

Fort >0, Iet hy = {q, ..., q;}, and let ﬁ[ = SUpre (1, ..., gl{q:}.

Then: ¢*(h) =S & (’i; 2 &,

and o*h)=C e § <&
Proof: From theorem 2, we know that the search problem admits an optimal strategy
which is regular. This strategy ¢ must satisfy the principal of optimality: Given a history h;
with an order statistic §; = q:

Vi) = Max (u(q), SE[Vis1(Gert)l G = 1)
The expected value (computed at time t) of continuing search in period t + 1 and beyond
isl: |

1
E[Via@)l & = ] = Ve (QFua@ &= ) + qIVHl(X)dFm(X' b=
Let’ s suppose first that the consumer was searching with a finite horizon T. Let o7

be optimal regular strategy given the limited horizon T. It is clear that in period T — 1, the
value of continuing search is given by ti'lc equation above in which the function V() is
replaced by the function u(.) since the consumer stops anyway at T. Hence in period T -1,
oT(q.1 = q) must select the max{u(q), 8f._1(q)}, i. e. 6T(G_y) = S if and only if
Gy 2 &t O‘T(at_ﬂ = C otherwise. We are going to use backward induction to establish

the result {still under finite horizon T) for all periods.

IThis proof is presented for the continuous case. For the discrete case, the integral is replaced by a

finite sum.
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Let’ s suppose that for t=t +1, ..., T, 6T(qy) = S if and only if §, > &,
oT(§o) = C otherwise. At time t, for any history h, with an order statistic §; = q, we have:

Vi(G) = Max (u(@), SE[Vun1@e1) G = q1}
Suppose q < &;. Then any strategy crg which includes the statement: O'g(a; =q)=3S

is, by definition of &;, dominated by the strategy 0{ which is defined as:
Vh, such that §; = q, GZ(GJ = q) = C exactly one more time,

Vh, such that § # q, Gu(h) = oy (hy).

Hence an optimal strategy at time t must include the statement: if h, is such that Q: < & then
oT(hp = C.

Suppose q = &, then lemma 6 implies that q > ., therefore by the induction
hypothesis: ¥x > q, Vi;1(x) = u(x), and V(G = Max{u(q), 8f.(q)}. Hence if g, = E, then
oT(h) =S, and the backward induction has been carried one step back. Notice that the
benchmarks &;” s used to construct the strategies under finite search horizon do not depend
on the horizon chosen. We are left to remove the time horizon constraint. We will proceed
to do this with forward induction.

Let’ s suppose that in period t = 1 the consumer observes a price q; > 0. Then by

theorem 3 we know that the search will not proceed past an horizon T(q). It is also clear

that u{q;) = Bf-r(ql)(ql), otherwise the consumer would have opted to continue at least one
more time at time T(qq) if al’(ql) = q1, which would have contradicted the time horizon
T(q1). Hence the consumer could use the strategy o1(a). Notice that the strategy o* would
have lead to the same outcome, given the initial observation of q;. Let’ s suppose that the
consumer observes the price q; =0 in period t = 0. If the consumer stops, his pay-off is
u(0) = 0. This pay-off is less than the discounted expected pay-off of a strategy which
directs him to continue exactly one more time, hence a strategy which includes the
statement 0(q; = 0) = S cannot be optimal. So for an optimal strategy o{q; = 0) = C; notice
that ¢* verifies this condition.

Let’ s suppose that we have shown that the optimal strategy of the consumer is

defined for all history up to period 1, T <t as:
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- if V1’ <1, Q¢ =0, and §; > 0, then adopt the strategy G*
-if§ =0, then 6(§, = 0) = C
Then if §;4q > 0, there exists a finite horizon for the search i. . min{t + 1, T(§;,1))
and using the strategy ¢* yields the same outcome as the use of such a finite horizon
strategy; if 41 = 0, then it is clear that we must have for an optimal strategy
6(d.1 =0) = C, hence in both cases the use of the strategy o* is equivalent to the use of an
optimal strategy, hence the forward induction is established, and the strategy ¢* is proved

to be optimal. Q. E. D. *
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Section 7: Conclusion.

This paper has presented explicit solutions to a range of approaches 1o search with
recall. An interesting feature of this solution is that it can be described as ‘choose the
myopic rule” (by the way, this was also a way to characterize the solution of search with a
known distribution). There is something very satisfying about such a result. The search
problem is complex, and one could have thought that the optimal solution would require the
consumer to take into account the consequences of action far removed in time. If this had
been the case, one would hardly have expecied to observe such a behavior in practice, and
one would have concluded that if, in theory, economic agents optimize, in reality they do
not, and that economic theory is a hopeless representation of actual economic activity. As it
turns out, the optimal rule sounds like a rule of thumb, a rule that economic agents could
have learned through experience, and apply without realizing its optimality properties. This
would have been a weak point if we had found a myopic rule hopelessly difficult to
compute. But at least for the case of Dirichlet priors, or for the case of the Maximum
Entropy estimator we described, this rule does not require much pondering.

An other appealing aspect of these models is related with their managernent of
information. As search is sequential, the past history of search is described by an order
sequence of bits of information. Because the price quotes are assumed to be i. i. d. the
ordering can be discarded. This still requires the consumer to possibly store quite a few
numbers. However for the two cases we mentioned the consumer only needs to keep a
record of the highest price and the number of stores searched saving him memory storage
space, which is again a consideration that could hardly be overlooked in practice.

The simplicity of the behavior of the consumer, and the fact that they are
impervious to the type of blackmail outlined by Diamond could prove of considerable help

in designing new models of search and matching, and of equilibrivm price dispersion.
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